MAT 545 FALL 2025
HOMEWORK 2 SOLUTIONS

Problems 1-3 are routine, problems 5 and 6 are multivariable calculus

exercises on the use of Stokes’ theorem, so here we concentrate on problems
4 and 7.

1.

2. Let X be a complex manifold with the holomorphic atlas {(Uq, ¢u) tacA,

(i)

9ap

(i)

Let X be a smooth (or complex) manifold with the open cover-
ing {Uq }aeca and the assignment for each nonempty ordered in-
tersection U,NUpg a smooth (holomorphic) map gas : UsNUg —
GL(r,R) (or GL(r, C)), satisfying

'9/37'9’701:[ on UaﬂUﬁﬂU’Y?ﬁ@a and  gaa =1,

where I is the identity operator on R” (or C"). Let E be smooth
(or holomorphic) rank 7 real (or complex) vector bundle over
X, defined by

E=||UsxK/~ (K=RorC),
acA

where (z,u) € Uy xK" is equivalent to (y,v) € UgxK" iff x =y
and u = gog(x)v. Prove that transition functions for E are g,g.
Let X be connected complex manifold and £ be a locally free
sheaf of Ox-modules over X. Prove that there is a holomorphic
vector bundle over X whose sheaf of holomorphic sections is £.

dimc X = n. Show that the functions g,s = J(¢a ogogl) o g, where

J(f) is the Jacobian matrix of a holomorphic map f of a domain
D in C" to C", are transition functions of the holomorphic tangent

bundle Tx of X.

3. Show that the complex manifold is canonically oriented.

4. Let D C C" be a polydisk, and suppose that w € AY1(D) satisfies

dw = 0 and is real-valued. Prove that there is a smooth function

f: D — R with the property that w = i00f.

Solution By Poincaré lemma, w = df, where 0 € A'(D). Writing

0 =040 + %1 where 010 € AY0(D) and 0%! € A% (D). We have

w = 00" + 00" + 90" + 56"

Comparing (p,q) degrees, we get 9% = 0 and 96°! = 0. Thus by

Dolbeault-Grothendieck lemma %! = g and 610 = Oh, so

w=00d(g—h).
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Since w is real, g — h = if, where f: D — R.
5. Consider the Bochner-Martinelli kernel

n

kem(z) = cn > (1)

k=1

2k
2n

H Ay A ANdeg NdELA - dZg A -+ A dZn,
V4

where ¢,, = (—1)@ (n—1)!/(2m)", and dz, means that the factor
dZzy, is omitted.

(a) Prove that dkgy = Okpy = 0 on C™ \ {0}.

(b) Let S?"~! ¢ R?" ~ C" be the (2n — 1)-dimensional unit sphere.

Show that
/ kv = 1.
‘5‘271,71

(¢) Let m: C™ x C™ — C"™ be the map 7(z,{) = z — ¢, and let
K (z,¢) = 2" kg

(note that projector 20 is actually redundant since kgyr has
type (n,n —1)). Let D C C™ be a bounded domain with a
C! boundary and let f € C!'(D). Prove Bochner-Martinelli
formula:

f6) = [ KGO1©O+ [ K0 0010
oD D
6. Let
EP9(2, () = TR0 kg
(the projector I12? is actually redundant), and let ¢ € AP (C")

be a differential form of type (p,q) with compact support. Prove
Koppelman formula:

p(z) = 0 : EP47H(z,¢) A p(Q) + : EP(z,0) A 0p(C).-
(Hint: Use relation 9, KP? = —9,KP%~! which is derived from
part (a) of problem 5).

7. Let B = {z € C" : [z| < 1} be the unit ball in C" centered at 0,
S?n=1 — 9B and let f € O(B). Using the following steps, prove
Leray-Fantappie formula

6= [ O8G0,

where
I L Y e R N NI
S(z,¢) = @ri)n 1( 1) deI/\ dCp N\ - - ANdCuNACGL A - -NdCy

k
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(a)

K:(va7C) = Cn (_l)kil

(dwy — dGy
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Put (as in class)
g (- G)
2 =0 (w-0)

YA - A(dwp—1 — dCr—1) A (dwpyy — dCor1) A -+ A (dwy, — dG)

and

Ko(z,w, ¢) = MPOMLOI " (2, w, ),
so that
K(Za C) = ’CO(z7 Z, C)
— a pullback of Ky under the map 7 : C* xC"* — C*" x C* x C"
given by (z,¢) = (2,%,¢). For f € O(B) and z,w € B put

g(sz) = KO(vaLUvC)f(g)

0B
Show that g € O(B x B).

Solution. Just observe that Ky(z,w, () is holomorphic in z and
w.

Using Bochner-Martinelli formula, for f € O(B) and z € B
show that f(2) = g(z,w)|,_s-
Solution. Follows from 5 part (c) since 9f = 0.

Prove that d,g(z,w) = 0, so g(z,w) does not actually depend
on w. Get Leray-Fantappie formula by putting w = 0 in the
integral formula in part (a).

Solution. It follows from part (a) that for small enough z and
w we have the power series expansion

g(z,w) = Zauz]w‘] and f(z) = ZszK
1,J K

where we are using multi-indiex notation. By part (b) we get
Z CLIJZI,?J = Z bKZK.
1,J K

Replacing z by tz, t € R, and differentiating with respect to ¢
at ¢ = 0, we obtain identities

E CL[L]ZIEJZ Z bKZK,
[+[J|=k | K |=k

which show that ar; = 0 unless J = 0. Thus g(z,w) does not
depend on w for small w and, therefore, for all w € B.

8. Prove that f € O(B) admits a power series expansion in B, which
converges absolutely and uniformly for z in every ball centered at 0
of radius r < 1.

(dz1 — dCi) A~ A (dzm — dCa)A



