
MAT 538 RIEMANN SURFACES

HOMEWORK 1

1. Let X be a topological manifold, F be a presheaf of abelian groups
over X and F̃ is the corresponding étalé space with the projection
p : F̃ → X. Prove the following statements.
(a) For open U ⊆ X let F̄ (U) be the space of all sections of F̃

over U — continuous maps

f : U → F̃

such that p◦f = idU . Prove that F̄ with natural inclusion maps
is a sheaf.

(b) There is a natural isomorphism of the stalks

Fx
∼→ F̃x for all x ∈ X.

(c) If F is a sheaf, then the natural mapping

F (U) 3 σ → σ̃ = {σx}x∈U ∈ F̃ (U)

defines an isomorphism of sheaves

F ' F̃ .

2. Let X be a complex manifold. Prove that

F (U) = O(U)/ expO(U),

where exp f = e2π
√
−1f is a presheaf but not a sheaf.

3. (Leray) Let X be a topological space with a sheaf F of abelian
groups and open covering U = {Uα}α∈A such that H i(Uα,F ) = 0
for all α ∈ A. Prove that

H i(X,F ) ' H i(U,F ).

4. Let
0→ E → F → G → 0

be an exact sequence of sheaves over the topological space X. De-
scribe the connecting homomorphism (Bockstein homomorphism)

δ∗ : H i(X,G )→ H i+1(X,E )

in the corresponding long exact sequence of the sheaf cohomology
groups.

5. Let X = Cn with complex coordinates zi = xi +
√
−1 yi and with

the Hermitian metric

h =
n∑
i=1

dzi ⊗ dz̄i.
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The corresponding Riemannian metric

g := Reh =

n∑
i=1

(dx2
i + dy2

i )

and the associated (1, 1)-form

ω := − Imh =
n∑
i=1

dxi ∧ dyi

determine the volume form on Cn,

dVol =
ωn

n!
= dx1 ∧ dy1 ∧ · · · ∧ dxn ∧ dyn.

Let ∗ be the Hodge star operator on differential forms on Cn
associated with the Riemannian metric g, and let A,B and M be
pairwise disjoint ordered subsets of {1, 2, . . . , n} of cardinalities a, b
and m. For A = {i1, . . . , ia}, B = {j1, . . . , jb} and M = {µ1, . . . , µm}
put

dzA = dzi1 ∧ dzi2 ∧ · · · ∧ dzia , dz̄B = dz̄j1 ∧ dz̄j2 ∧ · · · ∧ dz̄jb
and

ωM = dzµ1 ∧ dz̄µ1 ∧ · · · ∧ dzµm ∧ dz̄µm .
Prove the following result (A. Weil).

∗(dzA ∧ dz̄B ∧ ωM ) = γ(a, b,m)dzA ∧ dz̄B ∧ ωM ′ ,

where M ′ = {1, 2, . . . , n} \ (A ∪B ∪M) and

γ(a, b,m) = ib−a(−2i)p−n(−1)
p(p+1)

2 , p = a+ b+ 2m.

6. Prove that Hodge theorem I = P +∆G implies the following decom-
positions into the direct orthogonal sum:

Ap(X) = H p(X)⊕ dAp−1(X)⊕ d∗Ap+1(X)

for smooth compact manifolds, and

Ap,q(X) = H p,q(X)⊕ ∂̄Ap,q−1(X)⊕ ∂̄∗Ap,q+1(X)

for complex compact manifolds.
7. Let L → X be a holomorphic line bundle over a complex manifold

X. Prove the ‘twisted’ Dollbeault isomorphism

Hq(X,O p(L)) = Hp,q

∂̄
(X,L),

where O p(L) is the sheaf of germs of holomorphic L-valued p-forms
on X (‘twisted by L differential forms’), and Hp,q

∂̄
(X,L) is the Doll-

beault cohomology group of L-valued (p, q)-forms on X.


