MAT 538 RIEMANN SURFACES
HOMEWORK 1

1. Let X be a topological manifold, .7 be a presheaf of abelian groups
over X and 7 is the corresponding étalé space with the projection
p:# — X. Prove the following statements. .

(a) For open U C X let .#(U) be the space of all sections of .7
over U — continuous maps
U= ZF
such that po f = idy. Prove that .%# with natural inclusion maps

is a shealf.
(b) There is a natural isomorphism of the stalks

Ty 3 F, foral zeX.
(c) If # is a sheaf, then the natural mapping
F(U) 30— 6 ={0s}sev € F(U)
defines an isomorphism of sheaves
F~F.
2. Let X be a complex manifold. Prove that
F(U) = 0U)/expO(U),

where exp f = 2™V g a presheaf but not a sheaf.

3. (Leray) Let X be a topological space with a sheaf .# of abelian
groups and open covering $ = {U,}aca such that H (U,, #) = 0
for all & € A. Prove that

HY(X,7)~ H'(4U,ZF).
4. Let
0—>&—F —>9—0
be an exact sequence of sheaves over the topological space X. De-
scribe the connecting homomorphism (Bockstein homomorphism)
& HY(X,9) —» HTY(X, &)

in the corresponding long exact sequence of the sheaf cohomology
groups.

5. Let X = C" with complex coordinates z; = x; + +/—1y; and with
the Hermitian metric

h = g" dz; ® dz;.
i=1
1
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The corresponding Riemannian metric

g:=Reh=> (dz} + dy})
i=1
and the associated (1, 1)-form

n
w:=—Imh = dei A dy;
i=1
determine the volume form on C",

n

dVolz%:dml/\dyl/\---/\dmn/\dyn.

Let * be the Hodge star operator on differential forms on C"
associated with the Riemannian metric g, and let A, B and M be
pairwise disjoint ordered subsets of {1,2,...,n} of cardinalities a, b
and m. For A = {i1,...,io}, B={j1,...,pand M = {p1, ..., um}
put
dza =dzy, Ndziy N--- Ndz;,, dzZp = d5j1 VAN d5j2 VANCIERWAN dijb
and

wy = dzy, NdzZy, N Ndzy,, Ndz,, .

Prove the following result (A. Weil).

*(dza NdzZp Nwyr) = v(a,by,m)dza N dzZp N wyy,
where M’ ={1,2,...,n}\ (AUBUM) and

p(p+1)

v(a,b,m) = i*"4(=2i)P""(=1) 2 , p=a+b+2m.

. Prove that Hodge theorem I = P 4+ AG implies the following decom-
positions into the direct orthogonal sum:

AP(X) = P (X) @ dAPH(X) @ d* APTH(X)
for smooth compact manifolds, and
API(X) = A#PYX) ® OAPIH(X) @ O* APITL(X)
for complex compact manifolds.

. Let L. = X be a holomorphic line bundle over a complex manifold
X. Prove the ‘twisted’ Dollbeault isomorphism

HY(X,07(L)) = Hy*(X, L),
where OP(L) is the sheaf of germs of holomorphic L-valued p-forms

on X (‘twisted by L differential forms’), and HZ?(X, L) is the Doll-
beault cohomology group of L-valued (p, ¢)-forms on X.




