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EIGENVALUES OF FUNCTIONAL-DIFFERENCE
OPERATORS FOR MIRROR CURVES
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Abstract. We investigate Weyl type asymptotics of functional-difference operators
associated to mirror curves of special del Pezzo Calabi-Yau threefolds. These opera-
torsare H(() =U+U "'+ V+¢V~"and Hy,, = U+V +¢ ™" U™V ", where U
and V are self-adjoint Weyl operators satisfying UV = ¢*VU with ¢ = ei”bQ, b>0
and ¢ > 0, m,n € N. We prove that H({) and H,,, are self-adjoint operators with
purely discrete spectrum on L?(R). Using the coherent state transform we find the
asymptotical behaviour for the Riesz mean 3 ;o (A — ;)4 as A — oo and prove
the Weyl law for the eigenvalue counting function N () for these operators, which
imply that their inverses are of trace class.

1 Introduction

Let P and @ be quantum-mechanical momentum and position operators on L?(RR),
satisfying on their common domain the Heisenberg commutation relation [P, Q] = il.
Consider the corresponding Weyl operators U = e " and V = e*™@ where b > 0.
The operators U and V are unbounded self-adjoint operators on L?(R), satisfying
on their common domain the Weyl relation

UV = ¢*VU,

where ¢ = ™. In the coordinate representation (Pi)(z) = i¢)/(x) and (Qu)(x
x(x), and the Weyl operators have the form (Uv)(x) = ¢(x + ib) and (V)(x
e?™%q)(x). Their respective domains are

D) = {w € L*(R) : ¢ >™4(k) € IR)
D(V) = {v € L’(R) : @™(x) € *(R)]

~— —

where F is the Fourier transform

~

B(k) = () (k) = /IR o2 () da

on L?(R). Equivalently, D(U) consists of those functions 1 (z) which admit an an-
alytic continuation to the strip {z =z +iy € C: 0 < y < b} such that ¥ (z + iy) €
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L3(R) for all 0 < y < b and there is a limit ¢ (z + ib — i0) = lim. o+ ¥(z + ib — i¢)
in the sense of convergence in L?(R), which we will denote simply by v(x +1ib). The
domain of U~! can be characterized similarly.

Using the Weyl operators U and V', one constructs the operator

H=U+U"1'+V,
which in the coordinate representation becomes a functional-difference operator

(Hv)(x) = (x + ib) + ¥(z — ib) + 2™ ih(z).

The operator H first appeared in the study of the quantum Liouville model on
the lattice [FT86] and plays an important role in the representation theory of the
non-compact quantum group SL4(2, R). In the momentum representation it becomes
the Dehn twist operator in quantum Teichmiiller theory [Kas01]. In particular, in
[Kas01] the eigenfunction expansion theorem for H in the momentum representa-
tion was stated as formal completeness and orthogonality relations in the sense of
distributions.

The spectral analysis of the functional-difference operator H was done in [TF14].
The operator H was shown to be self-adjoint with a simple absolutely continuous
spectrum [2,00), and the eigenfunction expansion theorem for H, generalizing the
classical Kontorovich-Lebedev transform, was proved.

It was discovered in [ADKMVO06] that the functional-difference operators built
from the Weyl operators U and V, also appear in the study of local mirror symmetry
as a quantization of an algebraic curve, the mirror to a toric Calabi-Yau threefold.
The spectral properties of these operators were considered in [GHM14]. The typical
example is a so-called local del Pezzo Calabi-Yau threefold, a total space of the
anti-canonical bundle on a toric del Pezzo surface S. In the simplest case of the
Hirzebruch surface S = P! x P! one gets the following operator

H)=e P +e 4+ 4+ (e =U+U ' +V+(V !, (1)

where ¢ > 0 is a “mass” parameter, so that H = H(0). In case S is a weighted
projective space P(1,m,n), m,n € N, the corresponding operator is

Hm,n — e*bP + eQTI’bQ + eme727ran — U + V + q—anfmvfn’ (2)

and H = H o (see [GHM14] for details). It was conjectured in [GHM14] for the cases
¢ > 0 and m,n € N that these operators have a discrete spectrum, their inverses
are of trace class and their Fredholm determinants can be explicitly evaluated in
terms of enumerative invariants of the underlying Calabi-Yau threefolds. In a recent
paper [KM15] some of these conjectures were proved and the authors obtained a
remarkable explicit formula for the operators H(¢)~! and HT;}n in terms of the
modular quantum dilogarithm.

The present paper is devoted to the study of Weyl type asymptotics for the
operators H(¢) and H,, ,, as self-adjoint operators on L?(R). Namely, we prove that
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they are operators with purely discrete spectrum and investigate the asymptotic
behavior of their eigenvalues, from which it immediately follows that H(¢)~! and
Hn_%ln are of trace class. Our main results are Theorems 2.2 and 3.1 on the asymptotic

behaviour of the Riesz mean } ;- (A—A;)+ and Corollaries 2.3 and 3.2 on the Weyl
law for the eigenvalue counting function N () for these operators. Namely,

im N()N) 1
A—00 log2 A - (Wb)Q

(3)
for the operator H(¢) and

N()) Cmn (m +n+1)?

s log? X (27b)?’ cm, 2mn )

for the operator H,,,. The proof follows ideas developed in [Lap97], where the
Fourier transform is replaced by the coherent state transform. The applied methods
also mimic the derivation of the Berezin—Lieb inequality [Ber72a,Ber72b,L73].

2 The Operator H(()
Let Ho=U + U~ and W(¢) = V + ¢V~ so that H(¢) = Ho + W(¢) and formally
(H(Q)¥)(2) = v(x +ib) + 1z — ib) + (7™ + (e™>™ ) (x).

It is straightforward to show that FHoF ! = W, where we put W = W (1), which
yields o(Hp) = [2, 00) and consequently H > 2. The operator H (¢) is semi-bounded
and symmetric on the common domain of Hy and W ((),

(H(Q),¥) = (0, H(Q)W) = 2|y 1%,

where ( , ) stands for the inner product in L?(R). Thus we can define a self-adjoint
Friedrichs extension of the operator H(() (see e.g. [BS87, Chapter 10.3]). It is this
extension that we mean when we refer to the operator H(¢). We first show that the
spectrum of H(() is purely discrete.

PROPOSITION 2.1. Let L(x) be a continuous, real-valued, bounded below function
such that L(x) tends to +00 as |z| — oco. Then the operator T'= Hy+ L has purely
discrete spectrum consisting of finite multiplicity eigenvalues tending to +o0.

Proof. Indeed, by using the variational principle and the Birman—Schwinger principle
we have

dim [+ (T.) < A(.v)
<dim {v: (Ho ) = (AP - (L0 0) <0

= dim {¢ : (WaH "W, ¢) > 1},
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where Wy = /(A — L)4. The operator K = W)\Ho_lw,\ is an integral operator

27r1(x y)k
() (= / / 2COSh(27Tbk‘)W )Y (y) dk dy.

Since L(x) tends to +oo as |x| — oo, the support of W) is compact. Therefore
K, is a compact operator and this proves that its spectrum above one is finite. This
implies that the spectrum of T below A is also finite for any fixed A > 0.

Clearly T' cannot have finite rank since it is the sum of two unbounded positive
operators. Therefore the spectrum of the operator 1" is discrete. O

Let Ay < A2 < --- denote the eigenvalues of H({) with the corresponding
complete system of orthonormal eigenfunctions ; € L?*(R). We are interested in
the asymptotic behaviour of the Riesz mean >, (A — Aj)4 as A — oo. Here
x4 = (Jz| + z)/2 is defined as the positive part of a real number . Our main
result is the following.

Theorem 2.2.  For any ¢ > 0 the eigenvalues \; of the operator H(({) have the
following asymptotic behaviour

SO =)+ A(IT‘:;QA O(Alog)) as A — oo. (5)
j>1

The following is an immediate consequence of Theorem 2.2.

COROLLARY 2.3. For any b > 0 the number N(\) = #{j € N: \; < A} of eigen-
values of H(() less than \ satisfies

N1

A—00 ]og2 A a (ﬂ'b)z

In particular, the operator H(¢)™! is of trace class since

+/ N d\ < oo.
2
9 2

N
Z e AECLOEE o

2

REMARK 2.4. Theorem 2.2 and Corollary 2.3 are Weyl type results that link the
asymptotical behaviour of quantum mechanical expressions to classical phase space
integrals. Namely, let

o(k,x) = 2 cosh(27bk) + > 4 (e~ 2T

be the total symbol of the operator H(¢). Then the term log? \/(7b)? is precisely the
leading term of the phase volume of the classical region {(k,z) € R? : o(k,z) < A}
as A — oo. Similarly, Alog? \/(7b)? coincides with the leading term in the phase

space integral
// (AN—o(k,z))+dkdz as X — oo.
R2
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To prove Theorem 2.2, we establish lower and upper bounds on the Riesz mean
2j>1()\ — Aj)+ in Sections 2.2 and 2.3 respectively. To this end we introduce the
coherent state representation of H(¢). To simplify notation and to keep focus on the
arguments involved, we concentrate on the case ( = 1, where W = 2 cosh(27bx).
Subsequently, we will be using notation H = Hy + W, not to be confused with the
operator Hy + V. The general case ( > 0 is a straightforward generalization, as is
explained in Section 2.5.

2.1 The coherent state representation. Let g be the Gaussian function
g(z) = (a/m)Y%e 5% with some a > 0. Clearly g satisfies ||g| = 1 in L(R). For
Y € L%*(R) the classical coherent state transform (see e.g. [LLO1, Chapter 12]) is
given by

b(k,y) = /Re_%ikzg(x —y)(z) dr.

Denoting by (f*g)( fR y) dy the convolution of f and g, Plancherel’s
theorem shows that

/R 1Bk, ) 2 dk = (12 # |gl2) (), (6)

JAECORE PO (7)

The proof of the second identity also uses the convolution theorem.
We aim to find representations of (Hy,1) and (W1, ) in terms of coherent
states. It follows from (7) that

// 2 cosh(2mbk) |1 (k, y)|2dl<:dy—// 2 cosh(2bk) [0 (k — q)*[G(q)|? dk dg,

and using
cosh(z + y) = cosh z cosh y + sinh x sinh y

we obtain

//R 2 cosh(2mbk) |4/ (k, y)|* dk dy
= //R2 2 cosh (27'('1)(/6' - Q))h/b\(k: — (])|2 COSh(2ﬁbq)|§(q)|2 dk dg
+ //R 2sinh (2rb(k — ) |4 (k — q)| sinh(27bq)|§(q)* dk dg.

Recalling that FHoF~! = W, the first integral on the right-hand side can be
computed to be 3(Hov,¥)(Wg,g). Since g(z) = g(—x), it holds that g(k) = g(—k)
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and consequently the second integral vanishes. Thus for ¢ € D(Hj) we obtain the
representation

(Hoth, ¥) = dy / / 2 cosh (2mbk) |1 (k, y)|? dk dy (8)
RZ
where
2 )
d :T:e_ab/4<l.
LT Wg,9)

Similarly, we can use (6) to compute that

J[[ 2eostbpld abay = [[ 2coshizmby)lity - 0Plo(a) dy da
R2 R2

which with the help of the same trigonometric identity as above can be simplified to

//R 2 cosh(2rby) ¥ (k, y)[> dk dy = %<W¢, VY(Wy,g).

Thus for ¢ € D(W) we have the representation

Wi, 0) = da [ [ 2cosh ety 0k, ke, 9

where
2

e —(mb)?/a
=€ < 1.
<” g)g>

do =
Summarizing, we obtain

(Hp, ) = / /]R 2 cosh(2mbk) + dy cosh(2xby)) [ (k, ) dkdy.  (10)

2.2 Deriving an upper bound. We apply ideas that were used in [Lap97] in
investigation of the upper bounds on the eigenvalues of a general class of operators on
sets of finite measure with Dirichlet boundary condition. While these results relied
on the representation of the operators in Fourier space, we will use the representation
in terms of the coherent states.

As areminder, \; denote the eigenvalues of H and v; the corresponding orthonor-
mal eigenfunctions which form a complete set. We first observe that representation
(10) yields

ST = X =D (A= (Hpjv5))4

i>1 j>1

=3 (/\ — / / 2 2(d; cosh(2mbk) + do cosh(2mby)) |¢; (k, y)|? dk dy>

j>1 +
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By Plancherel’s theorem it holds that

J [ Bt akdy = ) =1 ()

and consequently we can apply Jensen’s inequality with the convex function = —
(A — )4 to obtain

A=) — 2d; cosh(27bk) — 2ds cosh 27rby w (k,y 2 dk dy.
j
j>1 R2 =

Put ey, (z) = e™*g(z — y). Since the eigenfunctions v; form an orthonormal
basis in L?(R),

Z (i (k)P = D lenys )P = lleny | =1 forall kyeR,
7j=1 =1

and we arrive at the upper bound

> (A=) / / A — 2d, cosh(2mbk) — 2dy cosh(2mby)) , dkdy .
j>1 R

To investigate the behaviour of the integral on the right-hand side as A — oo,
we first note that

A=) <4 A — 2dq cosh(27wbk) — 2dy cosh(27by) ) , dk dy
J )+ 0 0 +
j>1

<4 / / (X = d1e*™F — dye®™) L dkdy,
0 0

where we used that 2coshz > e® for £ > 0. Changing the variables u; = dye?™*,
us = doe?™¥ we arrive at

> (A=)

Jj=1

)+ dUQ du1

di Jdy Uiz

A— d2 A— Uq )\ o ul
du2 duq ,
7Tb ) ds ULUY

where A > dj + ds since A > 2 and dy,d2 < 1. Now we immediately obtain

)\ d2 )\ U1 )\ 1— d2/)\ 1— —U1
- U1 u9g 1-— 1}1
/ / dug dug = )\/ / dvg dvy
dy ds u1u2 di /X da/A V102

= AlogZ A 4+ O(Alog \)

as A — 00, so that

Alog? A
(A= Ny < e +O(Mog \).
Jj>1
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2.3 Deriving a lower bound. To obtain a lower bound, we use a different
argument. The ideas in this section are again taken from [Lap97], where a lower
bound on the eigenvalues of a general class of operators on sets of finite measure with
Neumann boundary condition was obtained. Similarly to the previous subsection,
the coherent state transform will replace the Fourier transform.

Recalling (11), we start from the identity

L)L — oy ~ )
;()\ )\])-1— - ;()\ )\])-i- //Rz Wjj(k,y)‘ dk dy,

and observing that

bj(k,y) = /ij(fv)%y(%) dz = (¢, exy),

we obtain

Z(}\ — )‘j)-l- = //R2 Z()\ - )\j)+<w]7 6k,y>mdk dy

Jj=21 Jj=21

B //]1{2 Z(A n )‘j)+<<€k7y, %’Wj, ek,y> dk dy,

Jj=1

Denoting by dE,, the projection-valued measure for H on [2,00), we conclude
that

D A=)t = //R2 /200()\ — )+ (dEpueky, exy) dk dy.

Jj=1

Since by the spectral theorem

o0
2
/2 (AByehys ehy) = (hynerg) = gl = 1,

we can apply Jensen’s inequality with the convex function z — (A — )4 and obtain
the lower bound

S (=) > //R <)\ _ /:O W(dEen, ek7y>)+ dkdy. (12)

Jj=1
Again it follows from the spectral theorem that

o0
/ p(dE ek y, eky) = (Hegy, ery) = (Hoeky, exy) + (Wegy, ery) -
2

The two terms on the right-hand side can be computed explicitly. We first con-
sider (Hey,y, ej,) and note that

glr —y+ib) = e%g(x _ y)e$a(:v—y)ib’
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whence

(Hoeky, ery) = /R (7™ g(x —y +ib) + ™ g(x —y — 1)) g(x — y) dz

:e% <e27rbk/ g(z)2efiabz dz+62ﬂbk/ g(z)Qeiabz dZ)
R R

1
= —2cosh(27bk) .
dq

For the second term, (Weyy, e ), we get

Werysery) = | 2eosh(2mba)g(c - ) do
R
— / 2 cosh (27rb(:z — y)) cosh(27by)g(x — y)2 dx
R
+ / 2sinh (27Tb(a: — y)) sinh(27by)g(x — y)2 dz
R

1
= —2cosh(27by) .
do

Combining these two results with (12) we arrive at

2 2
A= Ny = // <>\ — = cosh(2mbk) — — cosh(27rby)> dk dy
R2 d d +

i>1 ! 2

= 4/ / A — — cosh(27bk) — — cosh(2nby) | dkdy.
o Jo d d n

1 2

Note that 2 coshx < 2e* for z > 0 and thus

=Ny = 4/ / <)\ — bk e%by) dkdy .
o Jo dy d +

Jj=1

The integral on the right-hand side is computed in the same way as in the pre-
vious section. The only difference is that the numbers d;, ds have been replaced by
2/dy,2/dy. These coefficients have no influence on the leading term for large A as
long as A > 2/d; + 2/ds, and we conclude

1
A= M)g> W)\log? A4+ O(\log)) as A — oo.
T
jz1

2.4 The number of eigenvalues. = We present two proofs of Corollary 2.3. One
uses the Karamata—Tauberian theorem [K31] to deduce it from Theorem 2.2, while
the other consists in obtaining the optimal bounds for N(A) from the Riesz mean.
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2.4.1 Proof of Corollary 2.3 with the Karamata—Tauberian Theorem.  The
Karamata—Tauberian theorem (for the proof see, e.g. [Sim05, Theorem 10.3]) con-
nects the asymptotic behaviour of N()) for large A to the divergence of tre =" for
small ¢. In [Lap99] a general method was discussed that allows to obtain asymptotics
of the traces of convex functions of self-adjoint operators from the behaviour of their
Riesz means. Namely, from the representation

e =142 / (s —N)yie “ds
R

for A > 0 and asymptotic behaviour (5) we get the upper bound

tre t = ¢2 Z(s —)j)+e P ds
0 j=1

r 5 /oo s(log s)%e™ " ds + t2C /00 s(log s)e " ds
(wb)* Jo 0

<

with some constant C' > 0, as well as a similar lower bound with a different constant.
The two integrals on the right-hand side are computed explicitly and we obtain

—tH 1

li = .
tEI(l) ]()g2 t (7Tb)2

A slight modification of the Karamata—Tauberian theorem that allows for loga-
rithmic terms [Sim83] implies that

. N 1
lim 5 = 5 -
A—oo log“ A (7rb)

2.4.2  Direct Proof of Corollary 2.3.  To derive an upper bound on N()\), we let
p > p > 0 and note the that

D= A)e =D (w=X)= D (u=2X)>pN(u—p).
Jj=1 Aj<p Aj<p—p

We can now use asymptotic behaviour (5) of the Riesz mean to conclude that
there exists a C' > 0 such that

plog”p  C
N(p—p) < ——5 + —plogp.
( ) p(mb)* ~ p

With 7 > 0 we now choose = (14 7))\ and p = 7\ such that 4 — p = X and

N < (1 + i) (log®(A + A7) + Clog(A + A7) .

(mb)?
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It remains to optimize this upper bound with respect to 7 > 0. The minimum is
attained at 7y defined by the equation

279 = log(A + A70) .

Since 27 — log(1 + 7) is bijective as a function from [0, c0) to [0,00), a unique
solution 7y exists for every A. It clearly holds that 7y — oo as A — oo and thus
70 < log A for sufficiently large \. We can conclude that
N()N) 1

lim su .
/\Hoop log? \ — (wb)?

To find an analogous lower bound we note that again by (5) for A > 2

N =) <1 — A;) = %Z(A — Xy > ()2 + C'log A

j=1 + j=1

with some constant C' > 0.

2.5 The general case { > 0. It is straightforward to generalize the proof of
Theorem 2.2 to any ¢ > 0. The coherent state representation of W(¢) =V + (V!
can be computed to be

W) = [[ (@ Gl ) dky

for ¢ € D(W(()). Repeating calculations of Section 2.2 leads to an upper bound of
the Riesz mean ) ]21()‘ — Aj)+, which can be written as a sum of four integrals of

the form fooo fooo()\ — c1e?™F — 2e?™Y) , dk dy. The asymptotic behaviour of these
integrals was discussed in Section 2.2. A lower bound of the Riesz mean can be
established by repeating verbatim the computations in Section 2.3, which proves
Theorem 2.2 and Corollary 2.3 for ¢ > 0.

3 The Operator H,,

The operator Hy,,, = U +V + ¢ ™U™V ™" is given by the following formal
functional-difference expression

(Himnt)(z) = (x4 ib) + 2™ (x) + ¢ ™"e 2% (1 — mib) .

The operator H,, ; is symmetric and non-negative on the domain 1) € & consist-
ing of linear combinations of the functions p(z)e~* "+ where p(z) is a polynomial
and ¢ € C. Indeed, for ¢ € Z it follows from the Weyl relation

UV " = g™V "U"™, where V =V/2=¢™C

that B B
g UV T My = (UTTMV T M, VM) > 0. (13)



GAFA WEYL TYPE ASYMPTOTICS AND BOUNDS FOR THE EIGENVALUES. .. 299

Whence H,, ,, admits a Friedrichs extension and in what follows we will continue to
denote it by H,, . The spectrum of this operator consists of positive eigenvalues \;
that converge to infinity, lim; .o, A\; = oo. The proof of this statement is deferred
to the end of Section 3.1 since it makes use of the coherent state representation of
Hpy, -

Theorem 3.1. For m,n € N the eigenvalues \; of the operator H,,, have the
following asymptotic behaviour

Z()\ —Aj)t = Cm,m MogZ A+ O(\log\) as A — oo,

= J (27h)?
1 2
where ¢, = D7
’ 2mn

Having established Theorem 3.1, the exact same argument as in Section 2.4
proves the following corollary.

COROLLARY 3.2. The number N(X\) = #{j € N: \j < A} of eigenvalues of Hy,
less than A\ satisfies
. N<)\) _ Cmn
1L 2y 2
A—00 log A (271’b)

In particular, this implies that the operator Hn;}n is of trace class since

=1 | N\ [ >N
> — / —dN(\) = N +/ (j) d\ < oo.
=N A Ay oA

1 1

REMARK 3.3. As in Remark 2.4, the term ¢, , log? \/(27b)? is precisely the leading
term as A — oo of the phase volume of the classical region {(k,x) € R? : e=270F 1
e?mbe 4 @2mb(mk—nz) < A1 Similarly, the term ¢, ,Alog® \/(27h)? coincides with the
leading term in the phase space integral

// ()\ o e—27rbk o eQﬂ'bx o e27rb(mk—n:c))+ dkdr as )\ — oo.
R2

As in Section 2, we first obtain a representation of H,,, using the coherent state
transform and then prove the upper and lower bounds. The computations will closely
follow those in Sections 2.1, 2.2 and 2.3, and we will just highlight the main points.

3.1 The coherent state representation. Let 1; again denote the coherent
state transform of a function 1y € L?(R) with respect to the Gaussian function
g. In complete analogy with Section 2.1, identity (7), together with the facts that
U=3F1V"1F and e 270k — o=27b(k—0)27b¢ aa(s to the representation

W) =di [ k)P akdy.
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Here, we have used the symmetries of the functions involved to conclude that
1 B 2
(V-'g.9)  (Wg,9)

=d.
Similarly,

W ) = [ ) P dkdy.
In the same way identity (6) yields the representation

Vi) =da [ [ i) iy,

where we have used that
1 B 1 B 2
Vg,9)  (V7lg,9)  (Wy,g)

:d27

since g is even.
To derive of the representation of the mixed term ¢~ ™"U ™"V ™" we use (13) to
get

qun<U7menw7¢> _ <U7m¢17w1> _ de //1%2 eQﬂbmkth(k’y”Q dk dy,

where 91 (k,y) is the coherent state transform of the function ¢ (z) = (V""¢)(x) =
e~ ™m%)(1). Completing the square, we obtain

(7!"!1!))

il(k’y) — /Re—27rikmg(x . y)e_ﬁbnxl/}(fb) dr = e 2 —wbnyq/} (ki y— L”b) ’

so that
q—mn<U my - nw 1/)> —d m2 (w;b) // e27rb(mk—ny)’{£( y_Lnb) ‘Qdkdy
RQ
—aray’ [ gy k.
R?

Summarizing, we obtain the coherent state representation of the operator H,, ,

Hypnt, )
/ / d o2tk 4 g 2y | d3ezwb<mk—ny>) 1k, y))?dkdy, — (14)
RQ
where we put d3 = dT’z dgﬂ‘

Using representation (14), we can now prove that the spectrum of H,, , is dis-
crete.
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PROPOSITION 3.4. The operator Hy, ,, satisfies Hy, , > cI, where the constant ¢ > 0
depends on m,n € N, and has purely discrete spectrum consisting of finite multi-
plicity positive eigenvalues tending to infinity.

Proof. According to (14), the quadratic form of the operator H,, ,, is

(i) = [[ W)l akay,
where
U(k,y) = die>™" 4 dge®™¥ + dge®™ e 2T (15)
If £ <0 and y > 0, then omitting the last term in (15) we obtain

dy

d
U(k,y) 2 5 (7™ 4™ 4

-2
If k>0 andy <0, then

(eﬂby + e—7rby> )

eZﬂbmkef2Trbny > (eQﬂbmk + efQﬂbny>

N

and therefore
\P(k,y) > d1672ﬂ'bk + d2627rby + % <627rbmk + 6727rbny> )

Consider the case k > 0, y > 0. Assume that Smk > ny, where 8 < 1. Then

e27rbmke—27rbny > e27rbm(1—ﬁ)k'
If now & > 0, y > 0 and fmk < ny, then we omit the last term in (15) and use
e27rby > % <e2ﬂ'by + e,@m'nﬁlk) )

Similarly we treat the case £ < 0, y < 0. Finally we conclude that there are
positive constants ¢; and co such that

U(k,y) > ®(k,y) =1 (e_c2k + ek f ey 4 ecgy) . (16)

Denote by A the operator defined by the quadratic form

A0y = [ @100k P ak

Then (16) implies Hy,,, > A and it follows from the Plancherel theorem that
A > cl, where ¢ = 4c¢;. Obviously due to Proposition 2.1 the spectrum of A is
discrete. By the min-max principle we can conclude that the same holds for the
spectrum of H,, , and the proof is complete. O
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3.2 Deriving an upper bound. Repeating the computation in Section 2.2
and using Jensen’s inequality we obtain

Z()\ )\ // A d e727rbk d eZﬂby d e27Tb(mk ny)) dk dy
R2

Jj=1

To find an upper bound on the right-hand side, we separately consider all four
quadrants of R2.

If ¥ < 0,y > 0, an upper bound is obtained by omitting the mixed term
dge2™(mk=ny) " The double integral is then of the same form as the upper bound
in Section 2.2 and its leading term as A — oo is Alog® \/(27b)>2.

If £k >0,y <0, we omit two exponentially decaying terms d;e and doe
Changing variables u; = dze®™™* and uy = e 2™ we obtain the double integral

M X — uyug Mog? A
dugdu) = ———— Alog A 1
mn( 27rb ~/d3 / U U uz 2mn(2mh)? +ORlog ) (17)

—2mbk 2mwby

as A — oo, which can be easily verified by direct computation.
In case k > 0,y > 0 we omit the term dije 2™ and changing variables u; =
dge2™(mk=ny) and uy = dee?™ yields the integral

A—u
2)\—’11,1
2 duy d 18
%b /d /d/ 2y du, (18)

where dy = d3dy and \ is the root of equation A = dqu;, " + ug. It is easy to
see that for A — oo one can replace A by A and obtain the leading term (n +
2)Alog? A\/2m(2mb)2. The case k < 0,y < 0 is treated similarly with the leading
term (m + 2)Xlog? \/2n(2mb)2.

Summarizing, we arrive at the estimate

A=\ mnNog? A+ O(Alog A
;( i)+ < anb)? ( ).

3.3 Deriving a lower bound. To derive a lower bound we repeat computa-
tions in Section 2.3. Denoting the projection-valued measure of H,,, on [0,00) by
dF},, we obtain upon an application of Jensen’s inequality that

/ /R< / <dFMek,y,ek,y>)+dkdy

for A > 0. The spectral theorem implies that

]>1

o
/ pdF ek y, eky) = (Hmneky, €ky)
0

= (Ueky: eky) + (Very, ery) +a " UV "egy, ery) -
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The three inner products on the right-hand side can be computed explicitly and
we get the inequality

1 1 1
§ : A — )\ > A\ — —27bk 2rby 2wb(mk—ny) dk du .
( i)+ 2 // ( 4 " ds* N Y

j>1

To obtain a lower bound on the right-hand side, we again consider separately all
four quadrants of R2.

If £ < 0,y > 0 we make the integrand smaller by replacing e2>™°("+F—) with
e2™_ The resulting double integral is of the form discussed in Section 2.2 and its
leading term as A — oo is Alog? \?/(27b)?.

In case k > 0,y < 0, we decrease the right-hand side by replacing both e
and e?™ with e2>7*("mk—nY) This yields a double integral of the same form as (17)
with the leading term \log® \/2mmn(27b)>.

For k > 0,y > 0 we bound e~ 2™ from above by 1. The integral takes the same
form as (18) with A replaced by A — 1/d;. This does not affect the asymptotical
behaviour (n + 2)Xlog? \/2m(27b)? as A — cc.

The last case, k < 0,y < 0, yields the leading term (m 4 2)Xlog® \/2n(27b)? and
we conclude that

—27bk

Cm.n
A=)y > @mb)? AMog? A + O(\log \) .
j=1

The proof of Theorem 3.1 is complete.
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