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Abstract

We prove a generalization of Kawai theorem for the case of orbifold Riemann surface.
The computation is based on a formula for the differential of a holomorphic map from
the cotangent bundle of the Teichmiiller space to the PSL(2, C)-character variety,
which allows to evaluate explicitly the pullback of Goldman symplectic form in the
spirit of Riemann bilinear relations. As a corollary, we obtain a generalization of
Goldman’s theorem that the pullback of Goldman symplectic form on the PSL(2, R)-
character variety is a symplectic form of the Weil-Petersson metric on the Teichmiiller
space.

1 Introduction

The deformation space of complex projective structures on a closed oriented genus
g > 2 surface is a holomorphic affine bundle over the corresponding Teichmiiller
space. The choice of a Bers section identifies the deformation space with the holomor-
phic cotangent bundle of the Teichmiiller space, a complex manifold with a complex
symplectic form. Kawai’s theorem [16] asserts that symplectic form on the cotangent
bundle is a pulback under the monodromy map of Goldman’s complex symplectic
form on the corresponding PSL(2, C)-character variety.

However, Kawai’s proof is not very insightful. In fact, he does not use Goldman
symplectic form as defined in [6], but rather uses a symplectic form on the moduli
space of special rank 2 vector bundles on a Riemann surface associated with projective
structures, as it is defined in [8]. The computation is highly technical and algebraic
topology nature of the result gets obscured. Recently a shorter proof, relying on theo-
rems of other authors, was given in [18]. Also in paper [4] it is proved, using special
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homological coordinates, that canonical Poisson structure on the cotangent bundle of
the Teichmiiller space induces the Goldman bracket on the character variety.

Here we prove a generalization of Kawai theorem for the case of orbifold Riemann
surface. The computation is based on a formula for the differential of a holomorphic
map from the cotangent bundle to the PSL(2, C)-character variety, which allows to
evaluate explicitly the pullback of Goldman symplectic form in the spirit of Riemann
bilinear relations. As a corollary, we obtain a generalization of Goldman’s theorem
that the pullback of Goldman symplectic from on PSL(2, R)-character variety is a
symplectic form of the Weil-Petersson metric on the Teichmiiller space.

The paper is organized as follows. In Sect. 2.1 we recall basic facts from the
complex-analytic theory of Teichmiiller space 7 = T (I"), where I" is a Fuchsian
group of the first kind, and in Sect. 2.2 we define the holomorphic symplectic form @
on the cotangent bundle .#Z = T*7 .In Sect. 2.3 we introduce the PSL(2, C)-character
variety % associated with the Fuchsian group I', and its holomorphic tangent space
at [p] € J, the parabolic Eichler cohomology group lear(F, gAdp)- The Goldman
symplectic form wg on % is introduced in Sect. 2.4, and the holomorphic mapping
Q: M — X, as well as the map F : T — i, are defined in Sect. 2.5. In Sect. 3
we explicitly compute the differential of the map Q in the fiber over the origin in 7.
Lemma 1 neatly summarizes variational theory of the developing map in terms of the
so-called A-operator, the classical third-order linear differential operator

—d3+2()d+ "(2)
17 g3 Ty T

A -
d

associated with the second-order differential equation

2y 1
—_— —_ = 0,
a2t 79@Y

where ¢ is a cusp form of weight 4 for I. Its properties are presented in A1-AS (see
also, B1-B3).
The main result, Theorem 1,

is proved in Sect. 4. The proof uses Proposition 1 and explicit description of a canonical
fundamental domain for I' in Sect. 4.1. From here we obtain (see, Corollary 3)

owp = F*(wg),

which is a generalization of Goldman theorem for orbifold Riemann surfaces.
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On Kawai theorem for orbifold Riemann surfaces 925

2 The basic facts
2.1 Teichmiiller space of a Fuchsian group

Here we recall the necessary basic facts from the complex-analytic theory of Teich-
miiller spaces (see, classic paper [1] and book [2], and also [19,23]).

2.1.1. Let T" be, in classical terminology, a Fuchsian group of the first kind with
signature (g; n, ey, .. ., ey), satisfying

m
1
2g—2+n+z<1—;> > 0.
i=1 !

By definition, I is a finitely generated cofinite discrete subgroup of PSL(2, R), acting
on the Lobachevsky (hyperbolic) plane, the upper half-plane

H={z=x4++—-1y:y >0}

The group I" has a standard presentation with 2g hyperbolic generators ay, b1, .. ., ag,
bg, m elliptic generators cy, ..., ¢y, of orders ey, ..., ey, and n parabolic generators
Cm+1s - - - » Cm+n satisfying the relation

—1,—1 —1;—1
arbra; b, ---agbgag bg c1- Cmgn = 1.

The group I' can be thought of as a fundamental group of the corresponding orbifold
Riemann surface X ~ I"'\H.

2.1.2.Let A~ L1 (HI, T) be the space of Beltrami differentials for '—a complex Banach
space of u € L°°(H) satisfying

w22 — @) forall y e
y'(2)

with the norm

litlloo = sup | (2)].

zeH

For a Beltrami coefficient for I', u € A~ (H, I') with ||it||o < 1, denote by w* the
solution of the Beltrami equation

w; =pwt, zel,

=0, z € C\H,

w
Z
nw
wz
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926 L. A. Takhtajan

that fixes 0, 1, co, and put H* = w#* (M), I'* = w* ol o (w")’l. The Teichmiiller
space T'(I") of a Fuchsian group I is defined by

T ={ue A NHD) : Inloo < 1}/ ~,

where u ~ v if and only if wH|g = w"|r. Equivalently, & ~ v if and only if
Wy|p = wylg, where wy, is a g.c. homeomorphism of H satisfying the Beltrami
equation

(wp)z = pn(wy)z, z€H.

We denote by 1] the equivalence class of a Beltrami coefficient .
Teichmiiller space 7T (I') is a complex manifold of complex dimension

d=3g—-34+m+n.

The holomorphic tangent and cotangent spaces Ty 7 (I') and TO* T (") at the base point,
the origin [0] € T(I'), are identified, respectively, with Q~L1(H, I')—the vector
space of harmonic Beltrami differentials for I', and with Q% (H, I')—the vector space
of cusp forms of weight 4 for I'. The corresponding pairing 7T (I') ® ToT(I') — C
is given by the absolutely convergent integral

/ /F w(2q()dxdy,

where F is a fundamental domain for I". There is a complex anti-linear isomorphism
Q2H, T) = Q LU(H, T) given by ¢(z) — u(z) = y*q(z). Together with the
pairing, it defines the Petersson inner product in 757 ("),

(J1, p2)wp = / /F 1 (D) pa(z)y 2dxdy.

There is a natural isomorphism between the Teichmiiller spaces 7' (I') and T'(I",,),
where I'y = w, ol o w;l is a Fuchsian group. For every [] € T'(I') it allows us to

identify 77,7 (I") with Q=1 1(H, ') and Ty, T () with Q2(H, T',). The conformal
mapping

hy=wy, o (w"™ ' H > H,
establishes natural isomorphisms
Q MM, ) S @ MEM, TH) and QF(H, T,) — QP(HF, TH).
According to the isomorphism 7'(I') 2 T (I",), the choice of a base point is inessential
and we will use the notation 7 for T'(T").

The Petersson inner product in the tangent spaces determines the Weil-Petersson
Kéhler metric on 7. Its Kihler (1, 1)-form is a symplectic form wwp on 7,

@ Springer



On Kawai theorem for orbifold Riemann surfaces 927

1 _
owp(i1, f1o) = g //F (m(z)uz(z) - m(z)m(z)> y~2dxdy, (D

where 11, uo € To7T .

2.1.3. Explicitly the complex structure on 7 is described as follows. Let w1, ..., (g
be a basis of Q"I (H, I'). Bers’ coordinates (e1, ..., &7) in the neighborhood U of
the origin in 7 are defined by ||i]lcc < 1, Wwhere u = &1y + - - - + e4144. For the
corresponding vector fields we have

. M
=P ([ E ) owy ) ea @, T,

where P _j 1 is a projection on the subspace of harmonic Beltrami differentials. Let
Pl ..., pabethebasisin Q*(H, I'), dual to the basis i1, . . . , pg for Q=1 (H, I'). For

the holomorphic 1-forms de;, dual to the vector fields — on U, we have d¢; | W= pf‘ s
Ej

where the basis pi‘, e pg in Q2(H*, I'*) has the property

ad
38,'

P (pf 0w )?) = pi,
with P» being a projection on Q2 (H, I).

2.2 Holomorphic symplectic form

Let .# = T*T be the holomorphic cotangent bundle of 7 with the canonical
projection 7 : .# — 7. 1Itis a complex symplectic manifold with canonical (2, 0)-
holomorphic symplectic form w = d¥, where ¥ is the Liouville 1-form (also called a
tautological 1-form). At a point (¢, []) € .# it is defined as follows (e.g., see, [3])

() = q(mv), v € Ty .

For the points in the fiber 7 ~!(0) the symplectic form w is given explicitly by

w((q1,m),(qz,uz))=//F(ql(z)m(z)—qz(z)m(z))dxdy, (2)

where (g1, i11), (2, n2) € Tig,00# =TT @ ToT.

2.2.1. Let 6(¢) be a smooth curve in .# starting at (¢,0) € .# and lying in T*U,
where U is a Bers neighborhood of the origin in 7. Correspondingly, u(¢) = 7 (6(t))
is a smooth curve in U satisfying 1(0) = 0, and without changing the tangent vector
to 6(¢) at 1 = 0 we can assume that u(¢) = ru for some u € Q~1(H, T'). We have

d
0([) = Zui(l) d(‘)i'tu ,

i=1

@ Springer



928 L. A. Takhtajan

for small ¢ and

d
0(0) =Y u'(0)pi =q € Q*(H,T).

i=1

The tangent vector to 6(¢) att = 0 is @, p) e T(y,0)-# , where

d
6=7) i Op;.

i=1

Here and in what follows the ‘over-dot’ denotes the derivative with respect to ¢ at
t=0.
Equivalently, the curve 6(¢) is given by the smooth family ¢’ € Q*(H'*, I''*) with

0
>=/f q®)p; dxdy,
tiL F

q° = q, and so
q(t) = q' o w'™ (wi)?, A3)

. 0
1 t) = t7
u'(t) (q 96

where

is a pull-back of the cusp form g’ on H'* to H by the map w’#. It is a smooth family
of forms of weight 4 for I" and

u"(0)=// Guidxdy, i=1,....d,
F
so that

0 = Pa(g).

222.To summarize, the value of the symplectic form (2) on tangent vectors 61, 1)
and (6>, py) to the curves 61 (¢) and 62 (¢) att = 0, is given by the following expression

(@1, 1), (62, 1)) = / fF (@112 — dor)dxdy. @

Remark 1 Though ¢ is a non-holomorphic form of weight 4 for I', it decays exponen-
tially at the cusps. Indeed, by conjugation it is sufficient to consider the cusp co. Since
wh(z + 1) = w™(z) + c(t), we have ¢’ (z + ¢(t)) = g’ (z) and

o0
q()(z) = Z Ay (1) 2TV =1 @) /e(®) wé“(z)z,

n=1

@ Springer



On Kawai theorem for orbifold Riemann surfaces 929

where ay, (¢) are corresponding Fourier coefficients of g (z). Therefore

G = Y @™V £ 2q (@)l + ¢/ () (" (2) — ),

n=1

where prime always denotes the derivative with respect to z. Since ¢(z) and ¢'(z)
decay exponentially as y — oo, we obtain

G(z) = 0(™™) as y— oo.

2.3 The character variety

Here we recall necessary basic facts on the PSL(2, C)-character variety for the fun-
damental group of the orbifold Riemann surface X ~ I"'\H.

2.3.1. Let G be a Lie group PSL(2,C) and g = sl(2, C) be its Lie algebra. As in
0

[6, §2.3], we identify g with the Lie algebra of vector fields P(z)a— on H, where
z

P(z) € &5 is a quadratic polynomial. Explicitly,

a b 2 8 3
> —2az —b)— € Yy —.
g (c —a> — (cz az )aZ 2 9z

Let (, ) denote a 1/4 of the Killing form! of g. In terms of the standard basis {1, z, zz}
of &, the Killing form ( , ) is given by the matrix

0 0 -1
c=1o0o 12 o],
-1 0 0

where C;; = (z7Y, z/71,i, j = 1,2, 3. In general, for P, P, € 9,

1
(P1, ) = _EBO[PI, P>1(2), ©)
where for arbitrary smooth functions F and G,
Bo[F, Gl = F::G + FG; — F.G.. (6)

Note that the right hand side of (5) does not depend on z.

2.3.2. As in [6,7], let # be the G-character variety of an orbifold Riemann surface
X5

= Homy(T, G)/G,

1 Representing g by 2 x 2 traceless matrices over C gives (x, y) = trxy.

@ Springer



930 L. A. Takhtajan

which consists of irreducible homomorphisms p : I' — G, modulo conjugation,
that preserve traces of parabolic and elliptic generators of I'. The character variety
J is a complex manifold of complex dimension 2d = 6g — 6 + 2m + 2n, and the
holomorphic tangent space 7Tj,}-# at [p] is naturally identified with the parabolic
Eichler cohomology group

HJ\ (T gadp) = Zpo (T, gadp)/B' (T, gaap)-

Here g is understood as a left I'-module with respect to the action Adp, and a 1-cocycle
x € Z\(T, gadp) isamap x : I' — 7 satisfying

x(iy2) = x(v) +p) - x(2), v, r2el, (M
- . d
where dot stands for the adjoint action of G on g ~ f@za—,
z
P '(2)
g P))=—"L ¢cG, Pe. ®)
(7))

The parabolic condition, introduced in [21], means that the restriction of a 1-cocycle
x € Z\(T, gAdp) to a parabolic subgroup I'y of I'—the stabilizer of a cusp « for
I'—is a coboundary: there is some P, (z) € &, such that

xW)=pW) Py — Py, yeTl,.

We denote by [x] the cohomology class of a 1-cocycle x.

Remark 2 Ttis well-known (see, [21]) that the restriction of x to a finite cyclic subgroup
of I' is a coboundary. Indeed, if y” = 1, then it follows from (7) that

0=x") =U+p@)+-+p@" DN x(». )

Using the unit disk model of the Lobachevsky plane, we can assume that y (u) = ¢u,
where ¢ = 1 and |u| < 1. It follows from (8) and (9) that

X)) = au® +b,
and there is P € &7, with the property
x()(u) =¢Pu/t) — Pu).
2.4 The Goldman symplectic form
24.1. In case X ~ I'\H is a compact Riemann surface (the case m = n = 0),

Goldman [6] introduced a complex symplectic form on the character variety .2 . At a
point [p] € £ it is defined as

@ Springer



On Kawai theorem for orbifold Riemann surfaces 931

wG(Lxil 2D = (DalV De (XD,  where [x1], [x2] € Tip1 % (10)

Here [ X] is the fundamental class of X under the isomorphism H> (X, Z) ~ H>(I", Z),
and ([x1]U[x2]) € H 2(I'R)isa composition of the cup product in cohomology and
of the Killing form. At a cocycle level it is given explicitly by

(1Y x2)(v1, v2) = (x1(y1), Adp(y1) - x(72)), v, v2 €T

Since the right-hand side in (10) does not depend on the choice of representatives
X1, X2 € zZNT, gadp) of the cohomology classes [x1], [x2] € HYT, gadp), we will
use the notation wg (X1, x2)-

According to [6, Proposition 3.9], the fundamental class [ X] in terms of the group
homology is realized by the following 2-cycle

IR IR
C=Z{<@,ak)+<@,bk)} e (T, 2), (11)

k
Ry =[Jaibia; b, k=1,....¢.
i=1
and by the Fox free differential calculus

= _ B = _1d .
3 k—1 kOk alk k—1dk k

In these notations (10) takes the form
g
oR oR
w6 (X1, x2) = — Z<xl(#—> : Xz(ak)> + <xl<#—> : Xz<bk>>, (13)
P day oby

where a cocycle x extends from a map on I" to a linear map defined on the integral
group ring Z[I'], and # denotes the natural anti-involution on Z[I'],

#(Znﬂg) = anyj_l.

Remark 3 We have

$ IR _ g1 a ) and 4R R = B
— = —ag) an —_— = - ,
day k=1 k by, k k

2 See also, exercises 4(b) and 4(c) on p. 46 in [5].
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932 L. A. Takhtajan

where o = Rkbk_le_ I and Bx = Ria; 1Rk_ _1 1» are dual generators of the group I'
(see, Sect. 4.1.1), and expression (13) takes the form

o

w6 (1, x2) == Y (), p(Ri-)-xa(@x)) + (x1(Br), p(Re)- x2(br)) -
k=1

24.2. Incase m +n > 0, we define R, k =1, ..., g, as before and put
Reyi=Rgcr---¢ci, i=1,....,m+mn; R = Rgvmtn-
According to [10,11,14,17], the Goldman symplectic form wg on the character variety

 associated with the fundamental group of an orbifold Riemann surface is defined
as follows

i IR R
wG(X1, X2) = — <X1 (#—) , X2(Clk)> < (#—> , Xz(bk)>
kX:; doay 0
m-+n 9R m+n
-3 <xl (#5) . x2(ci) > Z xi(c; . Pu),  (14)

i=1

where
oR
Fyole Rgti-1, (15)
1

and Py; € &, are given by
) =pW) Pi— Py, yeli={(y), i=1....m+n.

As in the previous case, the right-hand side of (14) depends only on cohomology
classes [x1], [x2] € leaI (T, gadp)- For details and the proof that it defines a symplectic
form on #” we refer to [10,11,14,17].

2.5 The holomorphicmap Q : .7 — 7

The holomorphic map Q : .# — ¢ is defined as follows. Let (¢, []) € .#, where
g € Q*(H*, I'*). On H* = wH(H) consider the Schwarz equation

L(f) =q,

where . stands for the Schwarzian derivative,

f/// 3 (f//>2
shH=1—-2(L) .
=" 37
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On Kawai theorem for orbifold Riemann surfaces 933

Its solution, the developing map f : H* — P! = C U {oo}, satisfies
foyt=py)of forall y* =whoyow*) "' e¥,

and determines [p] € Homo(T", G)/G.
Indeed, f can be obtained as a ratio of two linearly independent solutions of the
differential equation

1
v+ 74@¥ =0. (16)

Since g is a cusp form of weight 4 for I'**, a simple application of the Frobenius method
(e.g., see, [15]) to (16) at cusps and elliptic fixed points shows that p preserves traces
of parabolic and elliptic generators of I". Namely, the substitution { = €2 V=12 gends
the cusp oo to ¢ = 0 and transforms (16) to a second order linear differential equation
with regular singular point at { = 0. The characteristic equation has a double root
r = 0, which corresponds to a parabolic monodromy, and similar analysis applies to
elliptic fixed points.

Since the representation p is irreducible [9,20], we have [p] € ¢, which allows
us to define the holomorphic map Q by

A3 (q, (1)) = Qlg, [n]) =[pl € A .

Remark 4 Besides the holomorphic embedding 7 < .# given by the zero section,
there is a smooth non-holomorphic embedding ¢ : 7 — .#, given by

T3 [pul > (F(h),[u)) € A,

where h;, = w0 (w*)~! (see, Sect. 2.1.2). The image of the smooth curve {[#1£]} on
7 under the map F = Q o 1—the curve {I';, } on J#—lies in the real subvariety %k
of 7, the character variety for Gg = PSL(2, R).

3 Differential of the map ©Q
3.1 The set-up
Consider a smooth curve 6 (¢) on.# , defined in Sect. 2.2.1. Its image under the map Qis
a smooth curve on .#, given by the family {[p]}, where [0°] = [p] = Q(g.0) € .Z .
According to Sect. 2.5,

o'(y) = floy™o(fH~! forall y™ eTI'*
The maps f! : H'* — P! are defined by

L(fH=4q", (17)
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934 L. A. Takhtajan

where [0 = f : H — P! satisfies
() =4
and
foy=p(y)of forall y eT.
Put g’ = f' o w' : H — P'. It follows from (17) that
S8 =S () ow Wl + .7 (w'™) = q(1) + L ('), (18)

where ¢ (¢) is a non-holomorphic form of weight 4 for I', given by (3). Differentiating
with respect to ¢ at = 0 the equation

gloy=0p')og
we get
goy=pof+p()ofs
and using the equation
p) o f fl=foyy,
we obtain
g 1 pWy)

1 g
—_ — =—+ — ——of.
Y S et ey o

For the corresponding cocycle x, representing a tangent vector to the curve [p’] at
t = 0, we have

. S ATH
X)) =py)oply) = o
so that . .
1 -1 1 g
7X()/ )o f_?——,7 Y- (19)

Indeed, it immediately follows from (19) that x € ZNT, gAdp)- To show that x
is a parabolic cocycle, it is sufficient to check it for the subgroup ', generated by
T = (0 1 ) which corresponds to the cusp at co. We can assume that the maps f' fix
00, so that the maps g’ = f o w'# also have this property,

g+ =g"@ +c@.
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On Kawai theorem for orbifold Riemann surfaces 935

Thus g(z + 1) = g(z) + ¢ and x(r) = ¢. Whence there is P € &% such that
x(t)y=Pot— P.

3.2 Differential equation and the A-operator

From (18) it is easy to obtain a differential equation for ¢. Namely, differentiate
equation (18) with respect to # at t = 0. Using ¢* = f and w!. = 0 for u €
Q~L1(H, I'), which follows from classic Ahlfors’ formula in [1], we get

. " "2 "
s =4 g (3 - ke

qZEt:O

Since g = . (f), a simple computation shows that this equation can be written neatly
as follows .
8 .

where A, is the following linear differential operator of the third order,
ANg(F)(2) = Fopr +2q9() F; + q/(Z)F-

In case ¢ = 0 the operator Ay is just a third derivative operator. The A-operator
is classical and goes back to Appell (see, [22, Example 10 in Sect. 14.7]). Its basic
properties are summarized below.

A1l. If | and ¥, are solutions of the ordinary differential Eq. (16), then

Ng(Y1y2) = 0.

1
Since for ¢ = ¥ (f) one can always choose V| = —= and Y =

VI
A, (P—O,f) =0
f
for every P € &;.

A2. If a function & satisfies Ag(h) = p and f is holomorphic and locally schlicht,

f
VI

h
then H = L/f satisfies

where ¢ = .7 (f) and P = po f(f))>.
A3. Ifgoy (y')? = ¢ for some y € G, then

Fo
Aq (—y,y> =Ag(F)oy (¥)%

@ Springer



936 L. A. Takhtajan

A4. The general solution of the equation

Ag(G) = 0,
where g = .’(f) and Q is holomorphic on H, is given by

1 (7 (f)— fw)? 1
G)== | = d
@=3], Forw 2"t o

where a, b, ¢ are arbitrary anti-holomorphic functions of z.

(af @)* +bf(2) + o),

AS5.
Ag(F)G + FA¢(G) = (By[F, G]:,
where the bilinear form B, is given by
BylF,Gl=F;G+FG;; — F,G, +29(2)FG.
All these properties are well-known and can be verified by direct computation. In

particular, property A4, according to A2, follows from case ¢ = 0, when the equation
Ao(G) = Q is readily solved by

G =5 / (¢ — w2 Q(u)du +az® + bz +c.
20

Bilinear form B, introduced in AS, will play an important role in our approach. It
has the following properties.

B1. We have
F G
B, [ ff ff] = By[F,G]o f,
where g = .7 (f). In general,
Fof, Gofs
(Bo(i[F.Gl) o fo=Bs(fiop) [T 7 ]
2 2
B2. If g o y (y')? = ¢ for some y € G, then
Foy Goy
Bq[F,G]O)/ZBq[T, 7// i|

!/
B3. If (Fo y)y—/ = F for some y € G, then
14

Goy
o

By[F,G]— By[F,Gloyy' = By[F,H], where H=G —

/
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3.3 The differential

We summarize the obtained results in the following statement.

Lemma 1 Let (6, p) € Tiq,0), where 6 = P5(§), be a tangent vector corresponding
to a curve {q'}. For a representative x of the cohomology class

[X] = dQl(q,O) (é, ,bL) € lear(r’ gAdp)v

we have

Lo o8 _ 18
f/x(y Jof A

oY,
g .

where — satisfies
f/

g\ _ . 9 (&) _
Aq(?)—q’ a‘z(?)‘“'

Proof 1t remains only to check the last equation. Since g’ = f o w'#, it follows from
the Beltrami equation for w’# that on H the function g’ satisfies

gt=1tpgl,
and therefore
gz=unf,
ie.,
d (&
— (=) = . 21
E (f) " .
O
Remark 5 We have
Aq (M) = éZ»

which is a compatibility condition of Egs. (20) and (21). It can be also verified directly
by differentiating the equation

il 0
— —tpu— =2t t)=0
(az rp Mz)CI()

attr =0,

G: =2qu; +q'n = Ay ().

@ Springer



938 L. A. Takhtajan

Corollary 1 The function % is given by the following formula

6@ 1@ = fw)?. P(f(2)
_ 2 YR =SS g BT
o POt T rorw WM TG

where P € Py and § = 4 — Ag(W) = ¢ — 2qi, — q'.

Proof 1t follows from properties A1 and A4, since the holomorphic function % —w

satisfies

]

Remark 6 Similarly to Wolpert’s formulas [24] for Bers and Eichler—Shimura cocy-
cles, from Corollary 1 one can obtain an explicit formula for the parabolic cocycle

X € Zpue (T, gadp)-

Corollary 2 For every cusp o for T there is Py € &5 such that

8@ _ Pu(f(2)
f(@) f(@)

+ O(e @M%y 4¢ Tmoyz — oo,

where o, € PSL(2, R) is such that o4 () = 00 and ¢ > 0.
Proof 1t follows from Remark 1 and Lemma 1 (or from Corollary 1). O

Remark 7 For the family ¢' = .#(h;,,), introduced in Remark 4, we have g’ = wy,
and ¢ = g,,. It follows from classic Ahlfors’ formula in [1] that

. 1 )
9=-59 where @ = y°q.
Thus

dilo (W) = (=g, 1) € To.#,

and it follows from (1) that
1" (w) = V=1 owp.
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4 Computation of the symplectic form
4.1 The fundamental domain

Here we recall the definition of a canonical fundamental domain for the Fuchsian
group I" (see, [13] and references therein).

4.1.1.Incasem = n = 0 choose zg € H and standard generators a, b,k =1, ..., g.
The oriented canonical fundamental domain F with the base point zg is a topological
4g-gon whose ordered vertices are given by the consecutive quadruples

(R20. Rirr120, Rears1big120, Reapgrbisrag 200, k=0,....g—1.
Corresponding A and B edges of F are analytic arcs Ay = (Ry—120, Rk—1ax20)
and By = (Rkzo, Rxbrzo), k = 1, ..., g, and corresponding dual edges are A;( =
(Ribrzo, Ribrarzo) and B]/( = (Rr—1axz0, Ribrarzo) (see, Fig. 1 for a typical funda-

mental domain for a group I" of genus 2).
We have

8
9F = Z(Ak — By — A} + BY).
k=1

Here
Ar = ar(Ay) and Br = Bi(By),

where oy = Rk_lblle,:] and B = Rkalle,:_]l. They satisfy

[k, Bl = Re—1 Ry,

-1
a1b1a1 Z20 A/ (11b120

@120

—1
R1a2b2a2 20

Fig. 1 Fundamental domain for a group I' of genus 2
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so that
k 8
Ri=[Tlo. il =Ry and [Jewprey ' =1
i=1 k=1

The generators o, Br, Kk = 1,..., g, are dual generators of I', introduced by A.
Weil [21] (see also, [12]), and

ak_l = RkﬁkRk_,l], bk_l = Rk—lakRk_l
We have Ay = (Ri! 20, B 'Ri '20), Be = (R} ‘20, o 'Ry ! 20) and
2g
OF =y (S1—%i(S),
i=1
where Sy = Ay, Skpg = —Brand Ap = o ' gy = B Lk =1,.... .

Remark 8 The ordering of vertices of F for the dual generators corresponds to the
opposite orientation, so that (cf. (11))

(3] + (32 ))

4.1.2. In general case m + n > 0, oriented canonical fundamental domain F with
the base point z¢ is a (4g + 2m + 2n)-gon whose ordered vertices are given by the
consecutive quadruples

-1
(Rizo, Riar+1z0, Reai1be4120, Rear+1bk+1ai120), k=0,...,8 =1,
followed by the consecutive triples (Rg1;—120, Zi, Rg4iz0), i = 1,...,m +n. Here
zi e H,i =1,...,m, are fixed points of the elliptic elements

1
Vi = Rgyi—1¢; Rg+l 1

and z;,4; € R, j =1, ..., n, are fixed points of the parabolic elements

1
Ym+j = Rgm+j— 1Cm+jRg+m+/ 1

(see, Fig. 2 for a typical fundamental domain of group I" of signature (1; 1, 6), where
71 1s elliptic fixed point of order 6 and z» is a cusp).
We have

m+n

OF = Z(Ak—Bk A+ B+ > (Ci—C).
k=1 i=1
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Rib12 a1by 2o

aizo

Fig.2 Fundamental domain for a group I" of signature (1;1,6)

where
Ci = (Rg4i-120.2i), C} = (Rg+iz0.2i), Ci=yi(C), i=1,....,m+n.

The generators o, Br, k = 1,...,g,and y;,i = 1,..., m +n, are dual generators
of I' satisfying
ReV1 - Vmin = L.

We have C; = (R;i_IZo, z;) and

N
OF = (Sk — M(SK), N =2g+m+n, (22)
k=1
where Syg1; = Ci, Aygqi = yfl,i =1,....,m+n.

4.2 The main formula

Here we obtain another representation for the symplectic form w. Put F¥ = {z €
F : Im(ajfl) <Y,j=1,...,n}, where ajfl(x,-) = oo, and denote by H;(Y)
corresponding horocycles in F. We have

. ) —
(01, n1), (02, n2)) = V-1

lim/ (Gip2 — qap1)dz A dz.
Y—>oo FY

Lemma 2 The symplectic form o, evaluated on two tangent vectors (61, n1) and
(02, o) corresponding to the curves 01(t) and 02(t), is given by
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(B, k1), (02, 112))

e (Gt e QI AR O

Proof Denote the 1-form under the integral by . We have, using Lemma 1,

) g1 . & . (&
dv = ( gz —g1:22 — dzind
<612 7 +q2(f/> q1 7 <f’> ) ZNdz
81 0
A A A A d dz
< (Mz)f + w2 (f) (Ml)f — K <f>) ZAdZ

& _
<612zf, + gai1 — 611zf 611Mz) dz ANdz
&2 ) -
+<q2zf, + 12qi —qlzf —qu> dz NdZ
= 2(q1 2 — G2pt1)dz N dZ.

Since due to exponential decay of ¢i, g2 and w1, uy at the cusps the integrals over
horocycles H;(Y) tend to 0 as ¥ — oo, by Stokes’ theorem we get (4). m]

The line integral over d F in Lemma 2 can be evaluated explicitly.

Proposition 1 We have

(01, 1), (02, 112))
as; (1)

Sowre s )
Z_:( [f’ f,X1( Yo f i f,xz( Dot -

Proof Using Lemma 2, formula (22), Lemma 1 and property B3, we get

(61, k1), 62, 12))

) . 81 )
2 _g122)d B .= |-B , d
</ A<s>>{<q ‘“f/) ”( q[“z f/] ‘1[“‘ f]) Z}
/ i “Bof—g — o
l fsi{<qz f,m(ki Yo f —q1 f/xz(?» h f)dz

1 1
- (Bq [m, 7)(1(%,-_1) o f] — By [m, sz(x;‘) o f]) dz} :

S
=

™M=1 Mz

1

Using Lemma 1 and properties A1 and AS, we obtain

3 g -1 ]
B A , A
[ f,x( Ho f] [f’ f,x( Jo f
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and

5 )
—x (A o f} (%)yx(k )o f—q7x(k Ho f.

B |: 1’ rr
o r
Since

®:d7 =dd — d.dz,

we finally get (note how the signs match)

w((91 ©1), (62, 12))

N
B d f ’ 71 ])
2 [ (ema[ oo s|=an{ 5 a0t es

N

=Z<B [f’ FHee f} [f”f”‘(A e f])

According to Corollary 2, B [

ﬁ\#

aS;(1)

95i(0)

A —X (A_l) of ] (z) has a limit as z approaches the

cusps for I'. O

4.3 Main result

Theorem 1 The pull-back of the Goldman symplectic form on JZ by the map Q is
/=1 times canonical symplectic form on M,

o= —v/—10"(wg).

Proof Since the choice of a base point for 7 is inessential (see, Sect. 2.1.2), it is
sufficient to compute the pullback only for the points in Q(g, 0). For the convenience
of the reader, consider first the case m = n = 0, when N = 2g. Using property B2
and Egs. (7)-(8), we have for arbitrary o, B € T,

1 (é 1
B =)o
[f/ f,Xz(Ol) f}(ﬁzo) [’3, (f’) B. 7 <f,xz(0£) f) ,3}(10)
81 1 1
[f’ 7 xi(B~)o f, 7 Xz(ﬂ 'a)o f 7 Xz(,B ) f] (z0)
=B , Mo
[f’ 7 — OB ') = 2B f} (z0)

+Bolx1 (B, x2(B7Y — x2 (B~ e)1(z0)-
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Using (5), (7) and Adp invariance of the Killing form, we obtain

Bolx1(B™H. x2(B™H — 2B ') 1(zo) = 2(x1 (B, p(B™ D xa(@))
= =2(x1(8), x2()),

so that

B — x2(@)o f} (Bzo)

[f” I

=B [7,7()(2(/9 o) — XZ(ﬁ_l))of](ZO)—Z(Xl(ﬂ),XZ(Ol»- (23)

Now for i = k using (23) for o« = o, B = ,Bk_le_l and o = oy, B = Rk__ll, we
obtain

38k (1)

B [f” f/Xz(k Ho f} 25,0
= [f’ Iz e (RiBraw) — x2(RiBr) — x2(Ri—1ar) + x2(Rik—1)) o f} (zo)
2006, "Ry = xt(RiL ), xa(ew)). (24)

Fori =k +gweusea = B, B = Rk_l ando = B, B = ak_lR;_ll to compute

0S4k (1)

B I:f/ f/XZ()Ll_-Q-lk) fi|

3Si+1(0)

[f’ 7 (2 (RiBr) — x2(Ri) — x2(Rik—104 i) + x2(Ri—10)) o f](zo)

200RY = xier "R ) x2(Bi))- (25)

Since Ry 104 Br = RiProk and Ry = 1, we see that the sum over k of terms in the
second lines in Eqs. (24)—(25) vanishes. Using (12)—(13) and Remark 8, we get

N

8

aSi (1)
| i ]
8

95 (0)

1=

=2)" (m(Rk,l) x1B RED. o) + e 'Ry D — i (RED. X2(ﬁk))>
k=1

=206 (X1, X2)-
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Similarly,

2g . aS;(1)
=, —=x1(x;
gj [ ISR f]

i=1

35:(0)
= —2ws¢ (X2, X1)

and we finally obtain

(@1, k1), (62, 112)) = —v—1wc (X1, x2)-

In general, assume that m + n > 0. In this case

2g

0 1
> Bq[%, ?Xz(kfl)Of]

i=1

95 (1)

95;(0) N [f/’ f/XZ(Rg) ° f}(ZO)

8
23" (bR = B R D, xo@o) + 0@ Rl ) = R h. e B

k=1
(26)

and we need to compute

m+n [ Zi
> By % /Xz(yl) f}
i=1 i R;—H—IZO
Using (23) witho = y; and B = Rg+l 1> We get

B [f’ f,XZ(J/z) f](Rgﬂ 120)

[f’ 7 (x2(Rg4i) — x2(Rgti-1)) © f] (z0) + 2(X1(Rgii_1), x2(¥i))-

Since restriction of x; to the stabilizer I'; = (y;) of a fixed point z; is a coboundary,
there is Py; € £, such that

x2(vi) = p(yi) Pai — Pai.
Using property B2, y;z; = z; and (5), we get

: 1 1 _
Bq[%v ?XZ(Vi)of](Zz) = Bq|:f/7 o 71)/ <f/ 2i © f) Vl' f/P21 °fi|(zz
1 & 81
:Bq[yilf/oyi f,vf,PzzOf}(z,
= —Bolx1 (7 ). Pail@) = 2001 (v, Pai).
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Thus using Rg4m+n = 1 we obtain

m+n

1
Z Bq[f/, f,Xz(Vi)Of]

i=1

Zi

—1
Rg+i—lzo

m-+n
=B [f,, F1(Ry) o f}(mwzg(mmwl) RO + a7, Pa).
27)

Putting together formulas (26)—(27) and using (14)—(15), we finally obtain

(@1, 1), (2, 12)) = —v/~1wg(x1, x2)-
m]

Remark 9 The above computation is a non-abelian analog of Riemann bilinear rela-
tions, which arise from the isomorphism

HYUX, C)/H (X, Z) = Hap,

where H1(X, C) is the complex vector space of harmonic 1-forms on X and J%, =
(C*)%8 is the complex torus—a character variety for the abelian group G = C*.

Combing Theorem 1 and Remark 7, we get a a generalization of Goldman’s theorem
[6, Sect. 2.5] for the case of orbifold Riemann surfaces.

Corollary 3 The pullback of the Goldman symplectic form on the character variety
JER by the map F is a symplectic form of the Weil-Petersson metric on T,

owp = F*(0g).
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