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1 Introduction

In [5, 6], we initiated the path integral study of classical trace formulas by formulating a
new supersymmetric localization principle. It was applied to the Eskin trace formula [11],
which deals with the spectrum of the Laplacian on compact Lie groups, and to the Selberg
trace formula [22], which deals with the spectrum of the Laplacian on weakly symmetric
Riemannian spaces.

Although the main ideas, as articulated in [5, 6], were the same, the physical models
and observables used were quite different. Thus in case of the Eskin trace formula, we
used a supersymmetric non-linear sigma model on G and the supertrace with fermionic zero
modes inserted as a natural observable, while in case of the Selberg trace formula, we used a
supersymmetric gauged sigma model on a quotient of a group manifold by a discrete subgroup,
and a natural observable was a singular line operator with fermionic zero modes attached.

In the present paper, we consider a ‘non-chiral’ generalization of the Eskin trace formula
for a general semisimple compact Lie group G, the so-called Frenkel trace formula. The
methods used for its derivation naturally bridge our approaches in [5] and [6].

Let’s recall that the Eskin trace formula deals with the operator trace of the Euclidean
evolution operator on the Hilbert space L?(G,dyg),

Tr[Lgem286] = 37 dyalg)e 2740, (1.1)
Aelrrep G

where dg is the Haar measure on G is associated with the Riemannian metric determined
by the negative of the Cartan-Killing form, and Ly, is a left translation operator on L*(G),
Ly f(g) = f(gig). This formulation is in some sense ‘chiral’ since it only involves the
left action (of course, one can also formulate it in terms of the right action). The Eskin
trace formula expresses this trace in Lie algebraic terms as a sum over the characteristic
lattice I' = {y € t : ¢ = 1} of G, where t is a Cartan subalgebra of the Lie algebra
g = Lie(G). Namely,
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where n = dimg, p = %Zaelﬁ a is the Weyl vector, ¢; = e with regular h € t, and
|h +7]? = (h+~,h +7), where (, ) is the inner product on g, given by the negative of
the Cartan-Killing form (see [5] for details).



Physically, the Eskin trace formula deals with the integrated propagator
Tr [Lye 326] = [ {gigle™352]g)dg = vol(G) {gle™+74]1) (13)
G

of the quantum mechanical non-linear sigma model on G. Note that the second equality
in (1.3) is due to the bi-invariance of the action.

A remarkable physical interpretation of the Eskin trace formula has been found in [4, 5,
8,9, 17, 20, 21]. Namely, the right-hand side of (1.2) is precisely the one-loop contribution
around the non-trivial critical points of the action, which are geodesics connecting g and
g19. Moreover, using a new supersymmetric localization principle [5], it is possible to show
that the path integral representing (1.3) localizes to these geodesics. The essential part of
the localization locus is in one-to-one correspondence with the lattice I', and the exponents
in the exponential factors in (1.2) correspond to the classical action. The elementary
prefactors correspond to one-loop determinants, while the exponent involving the Weyl vector
corresponds to the DeWitt term, which is obtained from the supersymmetry algebra [5].

The natural extension of the Eskin trace formula comes from a simple observation that
there are other commuting operators that can be inserted into the trace (1.1). Namely,
consider the right translation operators R, on L*(G), R,.f(g) = f(g9gr) and the following
‘non-chiral’ trace

1 _ _1
Tr Ly Ryre 2726 = 37 o (g)xalgy e 270, (1.4)
Aelrrep G

It is natural to ask whether a similar trace formula exists. The answer is positive, and
such formula, in the case of simply connected, simple compact Lie groups, was derived by
I. Frenkel [12, Theorem 4.3.4] by combining the Weyl character formula and the Poisson
summation formula. The Frenkel trace formula has the following form (see also [2, 3])

vol(T)ezA(er) S (w)e*”hl_u;}ZMHQ (w5
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Tr {ng Rg;leféﬁAG} =

where T C G is the maximal torus, r = dimT, and g;,, = e~ with regular hi, € t.
Furthermore, Q" is the coroot lattice, W is the Weyl group and 8(h) is a denominator of
the Weyl character formula

3(h) & I] 2sinh <O‘2h> (1.6)
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Having in mind the rich history of physical interpretation of the Eskin trace formula,
one can ask whether the Frenkel trace formula (1.5) can be interpreted as a semiclassical
sum over critical points. For this aim we observe that similar to (1.3), the operator trace
in (1.5) can be represented as the integrated propagator of a quantum mechanical non-linear
sigma model on G,

_1 _ _1
Tr | Ly R -1e7272¢| = | (ggg; e 272¢|g)dg. (1.7)
9r a



However, there are significant differences between Frenkel and Eskin trace formulas. First,
the integrated propagator in (1.7) cannot be simplified as in (1.3). Second, the semiclassical
saddle points of the integrand in (1.7) for each g are geodesics connecting g and g;gg, !, and
each of them has a semiclassical action proportional to the geodesic length square, which
non-trivially depends on g. However, the right-hand side of the Frenkel trace formula (1.5)
has an exponent which does not depend on g at all. Moreover, the sum in the Frenkel trace
formula additionally goes over the Weyl group W (note that I' = 2wiQV for simply connected
(), whose semiclassical interpretation in terms of the geodesics on G is not clear.

Here we present two complementary approaches to semiclassical interpretation of the
Frenkel trace formula, which are exact and obtained from our new supersymmetric localization
principle. As a result, we get a general form of the Frenkel trace formula, valid for an
arbitrary semisimple compact Lie group.

The first approach is based on the non-linear sigma model on G, used in the proof of
Eskin trace formula in [5]. Suitably modifying the framework by incorporating the right twist
R gl We show that the localization formalism worked out in [5] is adaptable in this case.

The second approach is based on the interpretation of the non-linear sigma model on G
as a gauged non-linear sigma model on G x G using the isomorphism

(GxG)/G~QG. (1.8)

The derivation of the Frenkel trace formula using this approach becomes quite analogous
to the derivation of the Selberg trace formula in [6] by localization. We will see how many
novel concepts introduced in [6] are naturally applied here.

The main mathematical input in both approaches is the Harish-Chandra formula [15]
(see also [1, chapter 7.5])

) 1 27 i
/G/T o0y = ( I e A)) 2 clw)et T, (19)
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where X, A € t are regular, and the Haar measure dg on G is associated with the Riemannian
metric on G, determined by the negative of the Cartan-Killing form. It identifies the orbital
integral — Fourier transform of a Liouville volume form on a coadjoint orbit — with the
sum over the Weyl group.

The organization of the paper is the following. In section 2 we prove the Frenkel trace
formula using our new supersymmetric localization principle, applied to the non-linear sigma
model on G as in [5]. In section 3 we follow [6] and present another derivation, that uses
the gauged sigma model on G x G. These two approaches bridge our papers [5] and [6], and
these two sections can be read independently of each other.

2 Supersymmetric sigma model on G

We start by recalling necessary basic facts about the supersymmetric nonlinear sigma model
on a compact semisimple Lie group G (see [5] for the detailed exposition and notations).
The total Hilbert space of the model is

H = L*(G) Q@ Wy,



where # 4 is the Hilbert space of n free Majorana fermions (irreducible Clifford algebra
module of dimension 2"/2). Let g be the Lie algebra of G with a basis {7}, where [T, Ty] =
5T, and let gop = —B(Ty,Tp), where B is the Killing form. The supercharge Q is the
following operator on #,

Q =0l + & fured 9, 1)

where I, are first order differential operators on L?(G) generated by the left-invariant vector
fields on G, and 12“ are Majorana fermions. They satisfy the following commutation relations

[Zaa ib} = 7ifac,blAC, [1;&5 ,(Z;b] = gab' (22)
The supersymmetric quantum Hamiltonian is given by

N A9 1 R .

H=qQ :§A+ﬁj’ (2.3)
where A = g“bfafb is the Laplace operator on GG, and R is the scalar curvature of the Cartan-
Killing metric on G. Using the Freudenthal-de Vries’ ‘strange formula’, we have R = 6(p, p),
where p = %Za€R+ « is the Weyl vector.

The main task is to identify the localizable supertrace, which is directly related to the
bosonic trace (1.4) of the Frenkel trace formula. A generic form is

Str OLglegle_’BH} (2.4)

with the insertion of some operator O, which we will identify later. As was explained in the
section 1, we can assume that g;,g, € T, so g, = elir where hi, €t

Also, since we extended the bosonic Hilbert space L?(G) to the Hilbert space #, we
need to specify how operators Lg,, Rgr_l in (2.4) act on the fermionic Hilbert space # pg.
It is natural to require that operators L,, R ot and Q commute. This can be achieved
by the following natural action

[Lgl’ 77/3] =0, [Rg;l7’(72] = 97“1/397"_17 where 77/3 =T, (2-5)

There are two natural ways of interpreting the insertion of operators L, R -1 into (2.4)
in terms of the path integral formulation of the supertrace. One is to change periodic
boundary conditions to twisted boundary conditions while keeping the action associated
with H , and the other is to modify the action to a twisted one while keeping the periodic
boundary conditions. Here, as in [5], we adopt the latter point of view.

Namely, we note that Ly and Rg;1 are unitary operators of the left and the right global
G-symmetries. Therefore, the twisted action of the model can be understood as a result
of coupling to the background gauge fields A; = % and A, = % This straightforwardly
determines the twisted Euclidean action as

B /1 1
Sgl’hr — / (2(,]“"’ Jlﬂ’) + 5(11)7 (at —+ adm/ﬁﬁﬁ)) dT,
; h (2.6)

b
CRCA

where (, ) is a bilinear form on g given by the Cartan-Killing metric.

I =T+ Ady J=g"g,

— 4 —



Moreover, since Ly, Rg;1 and Q are mutually commuting, the twisted action possesses
a supersymmetry, which is manifested by the transformations

dg = g

Sp = —J" — p, &1)

where J' = J 4+ Adg-1 .

It is really nice that this supersymmetry is exactly the same as the one used in our
derivation of the Eskin trace formula [5]. Namely, it does not depend on h,, because our
supersymmetric particle on G is endowed with the left-invariant connection with totally
antisymmetric parallelizing torsion.

For regular h,, the twisted action (2.6) has r = dim T fermionic zero modes,

) 1 B8 .
X’:f/ ’(ﬂsz, T,et, i=1...r (28>
B Jo

where we expand 1 in terms of the Cartan-Weyl basis [5], so T; = iH;, where H; € it
and <HZ,H]> = 51]

Choosing the operator O in (2.4) to be ¢, - {" where! ¢, = +i"~D/2 we get the
following supertrace

7 hy,hy
I = Stry [cr)zl e )A(rLgle_w*'BH} = / xt--- XrefsEl DIDY, (2.9)
" nrLG

where IIT'LG denotes the configuration space of field configurations (g,) consisting of a
loop g € LG together with a Grassmann-odd tangent vector ¢ € T,LG ~ F(Sé,g*TG).
Here LG = Map(Sé, ) denotes the free loop group of G, i.e. the space of smooth maps
g(T) - Sé — G.

It corresponds to the operator part of the Frenkel trace formula, since

~ ~ _BH _1 _1 ~ ~
Stree [Crxl"'XTLgle;1€ BH} =e 25<p’p>TrL2(G) [Lglerfl@ 25AG} Strge ., |:CTX1"'XTR9;1:| )
(2.10)
where Lg, is dropped out of the supertrace because of (2.5). The fermionic trace can be
computed as in [6], which gives

Stroe., [crgl...gTRgr_l] = [ —2sinh

a€ER4

<h’“2’ ") _a(—n). (2.11)

Now it is straightforward to see that the path integral in (2.9) can be computed by the new
supersymmetric localization principle in [5], where the localizing deformation is the same
as in our derivation of the Eskin trace formula. Namely,
1 B8 . .
V=-—5 (Jlﬂ/J)dﬂ
0 (2.12)

2
5V = ;/OB (G0 + (@, (05 +ad p)eb) ) dr,

!The overall sign ambiguity in the definition of ¢, is fixed by the definition of the fermion measure 1) in
the path integral; see [5] for details.



so the remaining task is to evaluate the localized path integral

hy ko
I = lim Xt Xre_SEl ~5V G gD (2.13)
s=oo J NTLG

The localization locus is the subset in LG, defined by J! = 0. Similar to [5], it follows
from the periodic boundary conditions ¢g(0) = g(3) that solutions are

1
g(t)=€7""gy, ~ye€T, (2.14)

where g(0) = go € G is the initial condition, and I' = {y € t : €7 = 1} is the characteristic
lattice. Therefore after localization, the infinite-dimensional bosonic integration domain
LG reduces to the set (2.14), parametrized by gy € G and v € T". The corresponding
classical action is given by

1 _
Sp" (90,7) = % (1 + 117 = 2k + 7, gohrgg ) + o) - (2.15)

The computation of the one-loop functional determinants is identical to the one performed
in [5], so we obtain

Pf(—@f - ad(hl+7)/5a72-)‘Lg/g _ i %<O[, hl + 7> — iﬂ-(hl + ’Y) (2 16)
det(=07 — ad(n+0)/80r)|Lg/g B2 seq, isinhgla,hi+y) B2 8(h+7)
where 8(h) was defined in (1.6), and we have put
def .
w(h) = T[ —ife,h). (2.17)

aERL

The remaining finite-dimensional fermionic integral over the space II(g/t) C IILg of
constant modes ty/4 is easily computed to be

/ ey %(¢g/¢,(3t+adhr/ﬂWg/‘)de%/t = I —ile,hy) = m(hy). (2.18)
(a/t)

aER

Thus the localized path integral I in (2.4) takes the form

Z/ (b + ) (hy) - Ihg 12 =2(hy+v.90hrgg D+ IIAr|I?

27 dgo
= (27P) 2§ (hy + )
Z hl+7 7 (hy) Ilhz+'vl22ﬁ+hrll2/ <hl+v,gghrg81> p 219)
= e e 90 2.19
o 27r6) 23(h; + ) G

g+~ 12+l 12 (hi+7v,90hrgg D)
= vol(T) ) il i_wﬂ-(hr) - / e~ 7 dgo.
yer (2mB)28(h; + ) G/T

The orbital integral in (2.19) can be evaluated using the analytic continuation X — —iX
of the Harish-Chandra formula (1.9) for compact G,

1dim(G/T)
(Xg~1hg) g, - (202 WAX) ¥ A et. 2.20
Jom 9= Ry &, e X (220



Thus we obtain

T — 55 —
I = Z Vgl( ) e(w)e QIﬂth wh+|2 (2'21)
(w,y)EW xT (27B)28(h +7)
where r = dimT. Together with (2.10) and (2.11), we get
; by —why ]2
1 T ’ﬂ(P:P> _T
TrLQ(G) {Lgle:leiéﬁAG} = w e(w)e (222)

(2nB)2 (W xT 3(hy+v)8(—h,)

At first glance, the denominator makes this formula look woefully asymmetric with respect
to h; and h,.. However, we have the following basic fact.

Lemma 1. Let G be a compact semi-simple Lie group, and I' be its characteristic lattice.
Then ¢/ =1 for alla € R and v € T.

Proof. For each a € R, there is a natural 1-dimensional representation of T acting on g, by
the adjoint action,
AX =ePX, t=creT, Xegq.,

which immediately follows from Ad o exp = expoad. Since this equality is true for any h €t
satisfying ¢ = e, we necessarily have a(y) = (a, ) € 2miZ for all « € R and vy € T. O

From Lemma 1 we have e3(®7 = +1 which gives
3(hy +7) = 8(h)eP) = 8(hy)e= P, (2.23)

where p = %Za€R+ « is the Weyl vector.
As a result, we have obtained the generalization of the Frenkel trace formula for a general
compact semisimple Lie group G,

18(p.p) 17 —why |2
vol(z"]l“)e2 > e(w)e@me—%. (2.24)
(27B)28(hy)8(—h,) (w,y)EW xT

_1
TI‘LQ(G) [Lgle:16 QBAG:| =

In the special case when G is simply connected, T' = 27iQY and e!»?) =1 for all v € T,
so our formula (2.24) reduces to the formula (1.5), derived by Frenkel [12] (see also [3]).

3 Supersymmetric gauged sigma model on G X G

As was briefly mentioned in section 1, we can alternatively view G in terms of the sym-
metric space

(GxG))G~G, (3.1)

where the quotient identifies (g1,92) ~ (919,929) and the isomorphism is given by the
mapping (g1,92) + 9195

In view of (3.1), we can equivalently represent the non-linear sigma model on G as the
gauged sigma model on GG X G, obtained by gauging the subgroup G with the gauge symmetry
given by diagonal right G-action on G x G.



To write down the corresponding quantum mechanical model, following [5] we first
introduce the bosonic non-linear sigma model on the group G x G with the action

LEv = (J1, 1) + (J2, J2), (3.2)

where g, are G-valued fields and J,, = g, 1 gp, p = 1,2, are left-invariant currents. This system
has a Hamiltonian HE, . = 1(A1 + As) acting on the Hilbert space # e = L*(G) @ L*(G),
and its spectrum is parameterized by Irrep G x Irrep G.

As in [6], the quotient by G can be physically realized by introducing a g-valued gauge

field A which is a connection on a principal G-bundle P over a 0 + 1 dimensional ‘spacetime’

Sé = R/BZ. This implements the following gauge symmetry
gp = gpg(t), A g (HAg(t)+97 (1)g(t), p=1,2. (3.3)
Then the action of the bosonic gauged sigma model on (G x G)/G is
Lloxay e = (1.4, J1.4) + (Ja,a, J2,.4), (3.4)

where J, 4 = J, — A are covariant currents, p = 1,2.
Consider the operators [} = I, ® I and I2 = I ® 1, on L*(G x G) = L*(G) ® L%(G), where
[, were defined in section 2. The quantization of the Gauss law

Jia+J24=0
leads to the constraints
%+l3=0, a=1,...,n

on the states in #gxg = L*(G x (), and defines the physical Hilbert space ¥ axa/a =~ L*(G).
Then it is straightforward to see that the physical spectrum of the Hamiltonian is isomorphic
to Irrep G with %CQ(R) as corresponding energy eigenvalues, therefore giving a physical
interpretation of the isomorphism (3.1).

The corresponding supersymmetric gauged sigma model can be constructed in the spirit
of [6] where the Lagrangian is

Laxaya = (1,4, J1,4) + (Ja,4, Jo,4) + i{e1, Darbr) +i(bo, Data), (3.5)

which possess a supersymmetry

5910 = igp¢n
(51bp = —Jp7A — Z'ibpi/Jp (3.6)
0A =0.

Now we need to implement the action of Ly R ot in the gauged sigma model picture.

The advantage of the coset formulation is that the ‘non-chiral’ twist Ly, R gt on G becomes

purely a left twist L(g})ng) acting on G x GG, where Lép) acts on the p-th factor of G, p =1, 2.

In terms of adding a background gauge field, what we need is a replacement

1
Jpp = Ty = Jpoa + Egp—lhpgp, (3.7)



where for notational simplicity we have introduced hy = hy, ha = h,, so g = eM, g, = 2.

The corresponding twisted action in the Euclidean signature becomes
hp
SE' = Z p A7 (¢p7 DAwp)) (38)

and has a Euclidean supersymmetry
Ondp = Gp¥p,
h
5h¢p = _prax - ¢pwp7 p=12.

This setup is quite analogous to [6], where bosons and fermions were coupled through

(3.9)

the gauge field. Namely, for regular A the action (3.8) has 2r = r + r fermion zero modes,
coming from the kernel of V4 = d + ad4 for each v,, p = 1,2. For each v, denote by
X]l,, ..+, Xp the zero modes and put

Xp(A) = ¢ 2T/2 - Xp» (3.10)

where now the extra factor of 2" appears because of the normalization of the fermionic
Lagrangian in (3.5). The normalization is fixed by the requirement that these zero modes are
associated with the orthonormal basis of t in the temporal gauge A =0 and A € t. Then we
have the following identity, relating the bosonic trace in terms of a path integral associated
with the gauged sigma model action S, (cf. [6, section 5]),

e3B(0:p) / x1(A)x2(A)e 5+
vol(G) {Pf’ ( (Hol 1/2(VA) Holl/Q(VA))>

_1
Trre() | Lo Ryre 2786 ] = S (3.11)

x 1 29,2¢,2A.

p=1,2
Here the denominator comes from the fermionic path integral, and e38(P) is a DeWitt term
that naturally comes from the supersymmetry algebra as in [5, 6].
Finally, following closely [6], we localize the right-hand side of (3.11). First, we gauge fix

A to the temporal gauge A = h/3 = const and use the residual gauge symmetry to effectively
reduce the integration over A to the integration along the holonomy t = e" € T as

58(p:p) h h
TrL2(G) {Lgler—le ZﬂAG < /|(5 (/Xl( /B)xa(h/B)e” H @gpgwp) dt,

]W\vol 3(h)? p=12
(3.12)
where . .
a,h _ {a,h
6(t) = det(1 — Ady)g/s = g <e 2 —e 2 ) , t=c¢" (3.13)
ach
erefore |0(t)|” = 8(h)8(—h) =8 — dim?GT,am ence (3. is simplified as
Therefore [(t)|> = 8(h)3(—h) = 8(h)2(~1)""%", and hence (3.12) is simplified
, 58(p:p)
—1pAg] _ , q\dmE/mD ez
Trpe(g) [Lg Rymre™2726] = (1) T Tvol(T) (3.14)

x/ (/Xl(h/B)XZ(h/B 5 H ggp%d’p)

p=1,2



In accordance with the new localization principle [5, 6], the path integral in the r.h.s. of (3.14)
admits the following invariant deformation Sy — S + \op (Vi + Va) with

B . . B
Vp:_/ (Jhpva)dT:_/O(ph/gvdjp)

(3.15)
o= [ (0 )+ 1,0+t )00 ),

where Ji? = J, + Egp_ Yhpgp, p = 1,2.
The localization locus is determined by the equation Jg ?» — () whose solutions are
l T
gP(T) =ed” gp,0, Vp € I (3.16)

It is parametrized by (71,72) € I' x I and the corresponding classical action is

h 1 -
St ({0} 091 A= 5) =5 X (It 20l = 200 + 90 300bgz0) + A7) . (317
p=1,2

As in (2.16), the-loop determinant is given by

I PH(—07 — ad(h,1+,)/807)lLasa _ 1 11 m(hy + ) (3.18)
1o det(=07 —ad(n,4n,)/607)Lgsg B 214 8(hp + ) '

so using (2.18), we get for the remaining fermionic integral

/ 6_ foﬁ(¢P19/t7(8t+adh/ﬂ)wp’g/t)d7—dd}g/t — 2d1m(G/T)ﬂ_(h)2 (319)
p=1,2 (g/t)

Combining these results, we see that localization reduces the path integral into the
following orbital integral

(—1) Mvol(’lfﬂ r+dim(G/T) o 38(p.p)

(W[(2mB)"

y Z m(h1 +71) w(ha +92) (bt lP+HIe+22)
8(h1+ 1) 8(h2 +72)

Trpe() | Lo Ryre 2786 ] = (3.20)

Y1,v72€l

x /T w(h)%e a“(

where the extra factor 2" comes from (3.10), since the path integral measure for fermions is

H / % ther,gp,ohg;,fl))dgp O) dt,
G bl

p=1,2

scale-invariant (see [5, Remark 5]). Here we effectively reduced the integration range of the
bosonic zero modes g, to be G/T with an overall factor of vol(T) by using invariance of the
classical action (3.17) under the right quotient over T, i.e. g, — gyt for t € T.

Now we can use the Harish-Chandra formula (2.20) to compute the integrals over G/T,
which gives
dim(ZG/'JI‘)

vol(’]I‘)e%m"”m
(W(mB)"

e(w)e(ws) 1 ([ [+ a-tael?)
DD 3
v1,72 €T w1, w2 €W §(hl + ’yl)g”'»(hg + 72)

—2|nlI2+2
« / o= 3l +3 (Wi (ha4m)Fwa(ha+2)h) gy
T

-1
Trpo(gy | Lo Ryre 2746 = =) (3.21)

,10,



Completing the square in the total exponential factor in (3.21), we obtain

1(h1 + 1) + wa(ha + ¥2)
2

o ik

‘ (3.22)
|wihy + w11 — wahg — wayel?.

25

To simplify, for fixed wy,wy € W, the summation over I' x I" in (3.21), we use another
basic fact.

Lemma 2. let p be the Weyl vector. Then P = e for allw € W and v € T.

Proof. Since (p,wy) = (w™'p,v), it is sufficient to verify this formula for a Weyl reflection
Wq, Where « is a simple root. Denoting by o the corresponding coroot, we have

wap=p—(p,a’)a=p—a,
since (p,a) = 1. Then by Lemma 1 we obtain
elwap) — olo—am) — o) O
Using (2.23) and Lemma 2, we obtain

1 — elpwimi—way2) 1

§(h1 +’Y1)§(h2 —l—’}/Q) ﬁ(hl)é(hQ).

Now for fixed wi,we € W we put

- w1y1 + w22
Nn=——-

5 , Y2 = w1y — w22,

so for wy7y1,waye € I' we have w7y = A1 + %ﬁg and ways =91 — %:yg. Thus if A2 = 29 + 0,
where \y € T and o € T'/2T", then necessarily 43 = A\ + %a, where A\ € I', and we have
an isomorphism

I'xT ~ |_| T+ 30) x (2T + o). (3.23)
oer/2r ’

Thus we can rewrite the double sum over I x T" in (3.21) as follows

SN AL = D) D> D f(+ o +o).

y1€l v2€l Aoe2ll gel’ /2T M€l

Combining the sum over A\; with the integral along the maximal torus, after change of
variables h — h + (wihy + wahg — 0)/2 we obtain a simple Gaussian integral over t ~ R",

Z/e BRI gy — ( 5) : (3.24)

A el

where we used our choice of the Haar measure on G.

— 11 —



Thus we obtain

G] vol(T)ez#(p)
W15 28()8(h)
X Z Z e(wl)e(w2)€<p’:y2>e_%||wlh1—w2h2+:m”2'

Fo €l wy,wa €W

Trp2(q) [Lg Ry-1e72%2 (3.25)

Introducing new variables w = wj 'wy € W and v = w; '42 € T', we obtain

> 2 <€(w1)6(102)6(”’@6_%H“’l}”_wﬂ”M?”2

F2 €T w1, w2 eW

; 2
Z Z €(w)e<P7’Y>6_ﬁHh1—wh2+,yH o
w1 EW (w,y)EW XTI ( | )
(w,y)EW T

This completes our second derivation of the generalized Frenkel trace formula (2.24) using
the gauged sigma model picture.

4 Outlook

We conclude by outlining several future directions suggested by our results.

First, we emphasize again that the Frenkel trace formula naturally bridges the nonlinear
sigma model (NLSM) approach underlying the Eskin formula [5] and the gauged sigma
model approach to the Selberg trace formula [6]. Since the Eskin formula arises as a special
degenerate limit of the Frenkel trace formula, it is clear that the same gauged sigma model
framework should provide an alternative and conceptually straightforward derivation of
the Eskin trace formula.

In contrast, the Selberg trace formula presents a qualitatively different situation. In
that case, we were unable to apply our new localization principle directly at the level of
supersymmetric quantum mechanics with target a hyperbolic Riemann surface. Instead,
the gauged sigma model description appears to be more powerful: its localization frame-
work provides a unified semiclassical interpretation of the identity, hyperbolic, and elliptic
contributions to the Selberg trace formula. Historically, semiclassical analyses of a parti-
cle on a Riemann surface have only transparently captured the hyperbolic sector [13, 14].
Establishing a comparable semiclassical interpretation for all contributions directly within
the particle-on-a-Riemann-surface picture therefore seems to be a necessary step toward
realizing localization in the NLSM framework.

A second natural direction is the extension of the Frenkel trace formula to non-compact
semisimple Lie groups, such as SL(2,R) or SL(2,C). The generalization of the Eskin formula
to non-compact semisimple Lie groups — physically corresponding to the real-time quantum
mechanical propagator between states related by exponentiated group elements g = e, h € g
— was first studied in [16], and later reformulated compactly using the localization principle of
the present work in [6]. In the Frenkel setting, however, additional structure arises because
left and right twists may belong to distinct conjugacy classes of G. Understanding this richer
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structure may shed light on the nature of quantum mechanical propagation in non-compact
Lie groups, particularly in so-called shadow regions, where group elements are not connected
to the identity by exponentiation (i.e. G # €9), as occurs for example in SL(2,R).

Another important generalization concerns higher-dimensional quantum field theories,
where the most natural framework is provided by two-dimensional sigma models with target
space G. In [19], such generalizations were studied in the context of WZW conformal field
theories with compact Lie groups, as well as non-compact targets such as SL(2,R) and
ng . Since the (supersymmetric) quantum mechanics on G appearing in our localization
framework can be viewed as a dimensional reduction of (supersymmetric) WZW models,
it would be interesting to apply the gauged sigma model perspective developed here to
gain further insight into the two-dimensional NLSM formulation, as well as to analyze coset
conformal field theories.

It is also worth noting possible connections to related developments in two-dimensional
conformal field theory and holography. Trace-formula-like structures have appeared in the
study of AdS3/CFTy, including relations between modular invariance, spectral statistics, and
random matrix theory, as well as in Gutzwiller-type trace formulas for two-dimensional CFT
spectra [7]. While these works address rather different physical questions, the appearance of
trace-formula-like structures in both settings highlights intriguing structural parallels, whose
precise relationship to the framework developed here would be interesting to explore.

Finally, it would be interesting to explore the holographic interpretation of the supersym-
metric deformations introduced in this work, at least in the setting of a particle on a Lie group
or supersymmetric WZW models. As discussed for example in [18], a particle on a Lie group
may be interpreted as a holographic dual of BF theory with suitable boundary conditions,
closely related to the Chern-Simons/WZW correspondence [10, 23]. Understanding how our
localization framework fits into this holographic picture could provide a deeper conceptual
understanding of the trace formulas studied here.
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