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1. We emphasize that the insertion of x, saturates the zero modes in the path integral
side of eq. (2.9) and makes it non-zero, while the insertion of local operators X,
saturates the fermion number operator (—1) in the spectral side of eq. (2.9). It is
important to observe that the operators ¥, are not naive quantization of the zero
modes, since the latter are generically non-local in time and have no counterpart in the
Hamiltonian formalism. The local operators X, are just 1&“(0), where fermion operators
are normalized to satisfy eq. (2.8).

2. The identification in section 2.2 between the product of fermionic zero modes has a
missing overall numerical factors to be consistent with ((—1)¥)2 = 1, and therefore
the correct equality is (—1)f = 221" with ¢, = £i""D/2_ Two choices of
¢, simply reflects the Zo ambiguity in the definition of the total fermion parity. The
choice of ¢, is reflected in the overall sign factor in the fermionic path integral measure.

3. In section 4, it is more natural to use the Cartan-Weyl basis (see appendix A) for the
description of the fermion number operator (—1)¥. And this will identify the correct
fermionic measures in the path integrals. The following is to replace from the beginning
of section 4.2 to the end of page 19.

Namely, we have

$(0) = 6 (0)Ta = 30 - iHj + 3 YaFa, (1)

a€ER
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where ¢ = v/—1 and sz = 1y, o = —1)_q. Corresponding fermion operators satisfy
anti-commutation relations

i, 5] = 0ijy [tharPp] = —0a,—p,

where @ZA)ZT = 1[11 and @ZA)(E = —@ZA),O‘. Introduce Hermitian fermion operators Y, = 1@- and
Xas X—a by the following formulas
. 1 4 A R 1
Xa = 7(1?04 - w—a)a X—a = 1\7@

The operators {X;, Xa» X—a} satisfy canonical relations (2.8). For each two-dimensional

(Yo +¥—a), where a € Ry.

fermion Hilbert subspace generated by @Ea and ﬂ,a, we have a natural fermion num-
ber operator
(1) = 2i%aR -0, a€Ry.

Thus the fermion number naturally associated with the Cartan-Weyl basis is

A~

cntht ..

. 772)” = X1 Xr H iXaX-a = 2_n/2(*1)F’ (2)
aERy

where the phase ¢, is such that {(—=1)}? = I holds. So according to (4.22), bosonic

and fermionic degrees of freedom are totally decoupled and

Str(crfg X H i)%af(,ae_ﬁH) — ¢ PR Ty o35,
OéER.»,_

Since A commutes with left and right translations, one can also express the heat kernel
on G as a supertrace. Namely, we recall that the heat kernel is a fundamental solution
K. (g1, g2) of the heat equation on G

with respect to g1, satisfying

lim K, (g1, 92) = c(g195 ),
7—0

where dg is the Dirac delta-function on G with respect to the Cartan-Killing volume
form. Fix a Cartan subgroup 7' in G and corresponding Cartan subalgebra t in g,
dim t = r, the rank of g. It follows from the bi-invariance of the heat kernel that it only
depends on g1g;* € T, and we will denote it by k¢(e”), where h € t and e € T. Using
Dirac notation,

be(eh) = Ko (e, 1) = (eMle™278 1),

where 1 is the identity element in G.

Correspondingly, Tr e"3P8 = Vaks(1), where Vi is the volume of G, and more generally

Ty e—%ﬁA+i(h,f) = ngg(eh),



where 7 = 7T,. The extra term i(h,#) in the exponent can be thought as a (imaginary)

3

chemical potential’ added to the Hamiltonian H. Since the operators #* commute with
Q, we have

Str (CX1X 11 i;gax_aeﬂﬁﬂhf)) = Ve  12PRk4(eh). (3)

acER
Here the supertrace is given by the following path integral
. _qh
Xt1---Xr || iXaX-a€ °E 29D, (4)
N7TLG a€Ry

with the Euclidean action

2/ ((,0) + (.0) d7+5/ (Ad,-1h, J)dr + - (h, ) (5)

26

and G-invariant ‘measure’ Zg. The fermion ‘measure’ 2 is determined from
the condition

1 ="Try (CT)A(I o Xr H iXaX-a (_1)F)

aER

/ X1---Xr H IXaX—a€ 2f0 (wwdTgw

NTLG acRy
which follows from (2).

Indeed, using the Cartan-Weyl basis we have,

o0 T oo
Z Z¢j,n~iHjei“"T+ Z Z@Da,nEaew”, (7)

n=—o0 j=1 n=—o00 a€ER

where Ejm = V) —n, Emn = —1_q,—n, SO
(w /(/) dT - Z Z@Bwn% nw]n + Z Z Zﬁwnwa lean
n=1j=1 n=—o00 a€R

Now if the fermion measure is chosen to be

Gp=(—1)rr=I/2 (ﬁdwj,o) (H ﬁz’dwj,ndwj,n) ( I1 Hidwa,ndwa,n>, (8)
j=1

j=1ln=1 a€ERneEZ

then it follows from (7) then the only terms in 1 ... X, [loer, iXaX—a that give non-
zero contribution to the path integral come from ;¢ and 14,0 so using the rules of the
fermion integration and the formula

[o¢]
H (2mn) 1 H —27n)
n=1



where the 2nd identity comes from

[e.o]

Hz:eqo)logzzl/\/g, —r < argz <, 9)

n=1
we get (6).
Now let us return to the full path integral (4). Because of the additional term (Ad,-1h,.J)

in the action, it is easy to verify that S]% is invariant under the modified supersymmetry
transformation ¢, which in the Euclidean time for fixed h € t has the form

ong = g7,
Spip = —J" — Yy,
5h.]h = (0 +ad )1,
where Jh = J 4+ Ad 1h.

g
4. As a consquence, eq. 4.33 and 4.34 also has to be modified as follows

. _gh
X1---Xr H XaX-at SE.@991/1

TLG acRy
‘ _gh_
= / X1---Xr H iXaX—ae BT Qg (10)
TLG acRy

/ Xt X I ixax—ae 5675 299
TLG acRy

_VG( I z) / e=SE=0YV 9l g, (11)

a€Ry 7 yr0G
5. Finally, the computation of the Pfaffians in page 34 should be changed as
Pf( 8 ad(h+7)/ga )
det (—872_ — ad(h+,y)/587—)

1 H(w Lt a) 2>/<1°:°[ )TH ﬁ@ﬁﬂwwnf

aERL n#0 ﬁ
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E
v

(n:l = a€R4 n#0
00 —1
=<Hwn> [T TT (o0 2200
n=1 acRL n#0 B
3lah+7)

= isinh $(a,h +7)’

where factors of i’s comes from (9).

Finally, together with the additional factor of ¢’s in r.h.s. of (11) from the zero modes
integrals, the final result for the Eskin trace formula is unchanged.
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