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QUANTIZATION
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Abscrace. In this arcicle we propose a general definition for the quantization of
classical mechanics with an arbitrary phase space. We consider the case where the
phase space is a complex K4hlerian manifold. As an example we consider uniform
bounded regions in C” with 2 Bergman metric, 2nd also the two~dimensional cylinder

and torus.

Introduction

The term '‘quantization’’ arose over a span of twelve years in the literature of phys-
ics, and from the outset was used in two ways. The first meaning referred to the dis-
cretization of the set of values of some physical quantity. The second meaning referred
to a construction, starting from the classical mechanics of a system, of a quantum sys-
tem which had the classical system as its limit as » » 0, where 5 is Planck’s con-
stant('). In this paper the term ‘'quantization’’ is used in this second sense. In this
way the problem of quantization, from the point of view of physics, is fundamentally
nonunique: since quantum mechanics describes nature in so much more detail than is
done classically, it is possible to alter any quantum system without changing its clas-
sical limit.

The role of quantization, if we approach it in this way, consists in rendering help
to physical intuition in making a proper comparison of mathematical objects with natu-
ral phenomena. The purely mathematical significance of quantization is that it provides
a source of important constructs. In this connection we point to the theory of pseudo-
differential operators, at whose foundation lies the quantization of the classical me-

. chanics of systems with a linear phase space, and also to the work of A. A, Kirillov,
B. Kostant and their successors who have used ideas from quantization in representa-

tion theory for Lie groups (see [3], [4], [5] and references given there).

AMS (MOS) subject classifications (1970). Primary 70H1S, 81A17; Secondary 81-02, 70G99.

(1) The constant & has dimensions (equal to the product of the dimensions of energy by
time). Therefore the numerical value of 4 depends on the choice of the system of units. Letting
h tend to zero means going from a system of units in which a quantized object is described, to a

system more and more appropriate to a classical description.
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1110 F. A. BEREZIN

In the literature of physics, quantization is always understood intuitively. Appar-
ently, the first precise mathematical description of quantization is due to Hermann Weyl
[1]. Weyl’s quantization is only applicable to classical systems which have a plane
phase space, since it is based on the use of canonical coordinates p,, g,. The guanti-
zation of systems with curved phase space (more precisely, systems possessing inter-
connections) is the subject of the well-known book [2] of P. A. M. Dirac. This problem
is an active one in contemporary quantum field theory. One should not consider that it
has been completely solved in [2].

In this article we propose a more general definition for quantization, as well as
carry out the quantization for the case where the phase space for the classical system
is a complex Kihlerian manifold. Although the construction appears to be almost uni-
versal, that it is meaningful is only established for the case where the manifold is C"
or a uniform bounded region of C”. In the latter case we find a curious circumstance:
Planck’s constant cannot take on all nonnegative values, but is bounded from above:

h < c, where c is a constant which depends only on the region. This situation is in-
vestigated in detail elsewhere. For the case of C” our construction leads to the well-
known Wick quantization.

At the end of the paper we consider quantization on a cylinder and a torus, which
provides an example of Weyl quantization. The basic results of this paper were an-

nounced in [6]..
$1. General problem of quantization

1. Classical mechanics. Let N be a differentiable manifold on which there is
given a second rank skew-symmetric tensor field w, which in local coordinates has

differentiable components w'*(x) and satisfies the equation

vk 0B .Bk dVe at 00f? ]
o ® =0. (1.1)
Z,,:[m o T ox* * ox*

The components of the field w will always be denoted by letters with upper indices.
Let A(R) denote the algebra (with respect to the usual operations of linear combination

and multiplication) of differentiable complex-valued functions on M and define a Pois-
son bracket for elements of A(H):
of ¢
I/, gl= No* L% 1.2)
2 oxt ox*

It is easily verified thet if the functions f,, /,, /3 are twice differentiable, then (1.1)
is equivalent to the Jacobi identity for the Poisson bracket (1.2):

[fl’ {fs. f';]] + [fs’ pr [0 4+ [f2v Ifss f1]] =0. (1.3)

(The latter, among other things, shows that the condition (1.1) does not depend on the
choice of coordinate system, which is not immediately obvious.)

In what follows, the manifold I together with the algebra A(M) supplied with the
Poisson bracket (1.2) will be called a classical mechanics and be denoted (I, w).



QUANTIZATION 1111

Examples. 1. ® = R?" is 2n-dimensional affine space. For the coordinates x* in
R2" we introduce the notation x' = p; fori=1,--+,n and xi= g;., for i=n+1,
cee,2n. Weset w ' =1,i=1 ... 7 and w* =0 for |i~ k| £ n. The Poisson
bracket (1.2) has the classical form

- O 9g _ of og .
If, gl = E,J(aﬁi o 0p¢)' (1.4)

2. Let @ be a Lie algebra, e’ a basis in @, and Cij the structure constants which
correspond to e’. As M we take the space of linear forms on @, and let x* denote the
coordinates in M which correspond to the basis e! (if £= 3 aiei €6 and xe R, then

(&) =2 xiai). We set
0* (x) = JC*x', (1.5)

where Ci" are structure constants. The property (1.1) is equivalent to the Jacobi iden-

tity for the structure constants:

SUCHCEP + Clei® + ek <o

&
The Poisson bracket (1.2) has the form
[fgl= 3 C* 2L %8 ;s (1.6)
1,k,s ax‘ axk

This example was considered previously in [7].

In particular, take @ to be the Heisenberg-Weyl algebra, i.e. the Lie algebra with
basis £, ﬂi, ¢, i =1,---,n, and relations [£F, 777] =8ij and [£ <] =_-[77", {]
(€7, €1 =[5, 5'] = 0. The coordinates in M which correspond to the basis &7, 7,

are denoted p;, g;, ¢. The Poisson bracket (1.7) has the form

- Ot og 9 %
[f! g] =¢€ 2 (ap‘ aqi aq[ ap,)’

i

~,

¢

i.e. differs from (1.5) only by the multiplier e.
3. Let M be a symplectic manifold, i.e. a manifold of even dimension on which a

nondegenerate closed exterior 2-form w is given. In local coordinates
m=2m.~,.(x)dx‘/\a’x".

In distinction from the components of the tensor field introduced earlier, which were
denoted by the same letter, the components of the form w,, will always be provided with
lower indices. By nondegenerate we mean that detljw;,(x)]| # O for all x € . Conse-
quently for each x the inverse matrix w*(x) exists. It is easily proved that the closure
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of the form @ is equivalent to the property (1.1) of the matrix w*x).(?) Therefore a
classical mechanics always exists on a symplectic manifold.

Remark. If the tensor field w'*(x) is not degenerate, i.e. det|lw™ )]} # 0 for all
x €M, then we can consider the inverse matrix wik(x) and by means of it the exterior

form

w = z @ (x) dx* N\ dx®.

Condition (1.1) is equivalent to the closure of the form w. Thus, in this case the mani-
fold I is symplectic. However, there exist important mechanical systems for which the
requisite nondegeneracy of wi*(x) is unnatutal.(3)

Transformations of classical mechanics. Let (5‘]1p w,), i=1, 2, be classical me-
chanics where det]jwl’| # 0 and detnw’;]] # 0. A diffeomorphism ¢ : M, > W, will

(2)In terms of the components «;, the condition dw= 0 has the form

é O g
Oy - Ops + O

=0.
ofF X ox® ()

By differentiating the relation Zg waEwB)F 8,‘; we find

2 (quﬁ aﬁ)ﬂv A 0
—— g, + 0¥ —~} =0,
8 axk By (xF )

so that

Lol = — 2 0% i o®.
ox* st ox

By inserting this expression into (1.1), we find

6 v
@ 9o + ot oo™ o™ duf? = > 0Me®uf
- +
® ox axk axk kst

o, 0wy, 0wy
!_ _l_ .
| ar | o )

Thus, when @ is nondegenerate, the conditions (1. 1) and (%) are equivalent.

(3)See Example 2 in the case where dim @ = 1(mod 2). In particular, chis situation arises
for the motion of a solid body about a fixed point. The algebra @ in this case is the algebra of
three-dimensional rotarions, and the Poisson bracker is given by the formula

Xy X2 X3
SF o o
[f.gl=| & 0x, ox;

dg Og og
le ax; 6)53

The Hamiltonian has the form
3
H= 2 hopXidp, hyp = by = hy;.
i k=1
The corresponding equations of motion axi/at =[H, xi] are called the Euler equations, and the

matrix hik is called the moment of inertia tensor.
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be called a mapping of classical mechanics if the conjugate mapping takes the form w,
into w,; in local coordinates

dy? ay"

@y,ij (¥) = 2 @3, (Y (\)) y =

e (1.7)

2. General definition of quantization. We call an associative algebra with involu-
tion ¥ a quantization of the classical mechanics (!, ) if it possesses the following
properties.

1) There exists a family 4, of associative algebras with involution such that

1,) the index A runs over a set E on the positive real axis which has 0 as a limit
point (0 does not belong to E), and

1,) the algebra U is a subalgebra of the direct sum %, p @A,. It is convenient
to represent the elements of ¥ in the form of functions f(h), h € E, with values in A,
In the usual way mvolunon and multiplication in ¥ are related to involution and multx-
plication in A, by f ¥(h) = (P(5))°, where & and o denote involution in ¥ and 4,
respectively, and (fy ¥ 1,)(h) = f,(b) % {,(h), where % and * denote mulnplxcauon inl
and A, respectively. In the following we shall denote multiplication and involution in
U and A, by the same symbols.

2) There is a homomorphism ¢ from the algebra ¥ into the algebra A(M). This
homomorphism must have the following properties:

2,) For any two points x, x, € I there is a function [(x) € (W) such that /(x,)
£ [,{x)).

2) 9|5 (Feg—gh] = Ho (. o0,

i

where * denotes multiplication in & and [-,-.1 is the Poisson bracker in A(M).

23) (/%) = q—;(__/), where - {7 denotes involution in ¥ and the bar denotes com-
plex conjugation. The parameter b plays the role of Planck’s constant.

Properties 2), 2,) and 2,) will be called the correspondence principle. For a quan-
tization ¥ we shall say that it possesses the correspondence principle in weak form if
the conditions 2), 2,) and 2,) are replaced by the following:

2') In ¥ there exists a linear manifold & on which there is defined a mapping
b: A~ AD wich the following properties:

20) $fy * 1) = ) - $f,) for [14 [y 1y * 1, €.
2) o+ (fx*fz‘*fz*fx)) I AR(A)

for [1, [y %f3s [ %], € ‘I

2) For any two points x;, x, € ll there exists a function f(x} € ¢(2I) such that
f(x)) ¥ =)

2) /) = S,

We point out that from a general point of view quantization appears as a noncommu-
tative extension of the algebra A(),

In the classical mechanics (&, w) let there be given a dynamical system with
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Hamiltonian H. For what sorts of these does there exist a quantum dynamics? From our
point of view the answer is as follows. Consider the quantization U of the mechanics
(M, @) and let f(h) denote a preimage of H under the homomorphism ¢. Fix » and con-
sider a linear representation of the algebra A, in Hilbert space. The operator f corre-
sponding to f(h) is the Hamiltonian of the corresponding quantized system. The non-
uniqueness in the choice of the preimage f(h) reflects the great precision of the quantum
mechanical description of nature compared to the classical one, as poted in the Introduc-
tion.

We turn our attention to an important particular case of quantization.

3. Special quantization. We shall call by this term a quantization which possesses
the following additional properties:

3) The algebra A, consists of functions f(x), x € .

4) The algebra U consists of functions f(h, x), {(b, x) €A, for fixed h.

5) The homomorphism ¢ : U » A(M) is given by the formula

® () =Limf(, x).

The quantizations studied in this section will be special quantizations. In §5 we
shall give two examples—quantization on a cylinder and on a torus~which illustrate the
general definition. '

Besides the properties 1)—35) just enumerated, the quantizations examined here have
the properties:

6) Involution in A, is complex conjugation.

7) The algebra A, has a unit, namely the function fy(x} = 1.

8) The algebra A, has the trace

o = f(9)dp (0),

where du(x) is some measure on W.(%)

We point out that if the tensor field wii(x) is not degenerate, i.e. if there exists on
% a closed second-degree exterior form w = X wiidxi A dx7, then M has the natural
measure du(x) = 0™ 2.(%)

4. Adjoined elements. Let a special quantization be given and let [‘(x) €A, bea
one-parameter semigroup. The function ¢(x) = lim_, df (x)/dt (if it exists in some
sense) will be called an element adjoined to the algebra A,. Let d’A,7 and Af be the
subsets of A, for which the limits lim o/, *g €A, and lim,_, g */, €A, exist, re-
spectively. We reserve for these limits the notation ¢ *g and g *¢. (In concrete cases,

(4) The trace tr [ is a linear functional which is defined on some submanifold '}ib C Ab'
The sets A, and ur { should possess the following properties:
b ~ 2
DI fysf, €A, then f,+ [ €A,.
DU fyx ], edy, then ulfy » f;) =y » [}
It is clear that tr f is defined only up to a constant multiple.
(%) In case M is a Kdhler manifold, other natural measures are also possible. See below.
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as we shall see, the multiplication [*g in A, is defined by means of an integral of the

form
(F+8) () = [ G (s %1 9) F () £ () dit () s ()

¢ *g and g *¢ are given by similar integrals.)

The function ¢(h, x) is called an element adjoined to the algebra ﬂ if, for each
given b, ¢lh, x) is an element adjoined to A,

We shall let ®¥ and U® denote the sets of functions /(h, x) € ¥ such that, for
fixed b, f(b, x} € ¢Ab and Af, respectively.

An element adjoined to ¥ is called proper if #(0, x) = lim, , @(h, x) exists and
the set 2 C #U N U® is sufficiently rich so that for f € 2 P

@*f) (A, x)=0(0, x) f(0, x) + 0 (1),
o) (h, x) =9 (0, x)f (0, x) +0(1),

1 1
T o=+ Nt x)=—If, 910, 1) + o (1).
We shall say that the adjoined element ¢ has the quasiclassical property if in place of

the last relation we have the equation
1 1
—(@sf—fea)(h, x) = —lo, fih, 2).

We shall not make the words *‘sufficiently rich’’ more precise, thus leaving ourselves
some extra freedom. In the case where the algebra ¥ is topological, it is natural to re-
quire that ¥ be dense in U. In other cases it may be more natural to require that for any
xy, ¥, €9 an element [(), x) € ¥ exists such that (0, x ) # f(0, x,).

5. Symbols. Consider a linear representation [ - / of the algebra A, in Hilbert
space. By definition, the element { is a symbol for the operator f (with various addi-
tional indices, related to the details of its construction). The adjoined element ¢ will
be called a symbol for the infinitesimal operator $ = lim,_, dft/dl.

6. Quantization functor. Let B, and B, be algebras constructed similarly to quan-
tizations: there exist algebras Bgl), h € El, and Bgz), h e E,, such that Bi consists
of functions f(h), b € E,, which have values in B;i). A homomorphism ¢: B, - BZ of
such algebras is called admissible if it is generated by homomorphisms ¥, of the alge-
bras B;)i): (GfXh) = ¢ f(h). (In order that an admissible homomorphism B, » B, exist,
it is necessary that E, CE,.) In the same way we define admissible homomorphisms for
the algebras Bi'

Ve fix a class of classical mechanics & and 2 category K of mappings of the ele-
‘ments of 6. Let a quantization ¥ be associated with each classical mechanics (7, w)
€&.

We call the association (%, w) »> U the quantization functor, if for any pair of clas-

sical mechanics (‘IR', @), i=1, 2, related in the manner

(mz’ 0,) = ) (WMy, o), Dex,
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~.
there is an admissible homomorphism @ such that the diagram

(D, @) U, — A (W)
) ) o*t (1.8)
(M, @g) me Uy — A (M)
is commutative, where ¢, and ¢, are the homomorphisms involved in the definition of
a quantization and ®* is the mapping of functions conjugate to the diffeomorphism ®.

We denote the quantization functor by Q. If the association (¥, w)»* ¥ is a func-
tor, we shall denote this by writing U = (T, w).

The quantization functor Q is called special if all the quantizations U= (N, w)
are special.

7. The natural property. For objects associated with special quantizations there
occurs the important property of being natural. Let X be some category of mappings of
classical mechanics, and let (mf coi) and 911. be two classical mechanics and their
quantizations.

The admissible homomorphism ¢ : U, » U, is called natural with respect to K if
there exists a mapping ® €KX, M, w,) = (R, ©,), such that

W) (B, x) = f(h, @ (x)), x=M, (1.9)

The homomorphism ¢ related to the mapping ® by (1.9) will be denoted ¥ = @

The special quantization functor Q is called natural with respect to K if in the dia-
gram (1.8) $ = o

The special quantization % = (M, w), where Q is a special functor, will be called
natural with respect to the category K, if Q has this property. In §8 it will be shown
that there is no special quantization functor  which is natural with respect to the cate-
gory of all mappings of classical mechanics.

8. Groups of actions. Let ({, ) be a classical mechanics and let G be a group of
transformations of M which belongs to some category X of mappings of classical me-

chanics. The last circumstance means, in particular, that the transformation Te in A(TH:

(Tef) () = F(g7'%) (1.10)

is a Lie algebra automorphism with respect to the Poisson bracket. Let U be a quanti-
zation of the classical mechanics (M, w) which is natural with respect to the category
K. It follows immediately from the above definitions that the transformation (1.10) is an
automorphism for all the algebras A,.

Consider the one-parameter semigroup Te(d of automorphisms (1.10) of the algebra
A,. Suppose that these are represented in the form 7,/ =0,, *[*0_,,, where 0, €
A, is a one-parameter group and g = lim,_ dot/dt is a proper adjoined element, and the
set U consists of functions which do not depend on 4. In this case the element g pos-

sesses the quasiclassical property. Indeed, it follows from (1.10) that

lim 2@ (0)2) =+ (@ f— @) = S 1g. I Fo(l)
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For [ € ¥ the left-hand side of this equation does not depend on h; consequently the
right-hand side has the same property, so that o(1) = 0.
9. Egquivalence of quantizations. Let U be a quantization of the classical mechanics
(M, ), E a set of values of b, and let s some one-to-one transformation of E. The map-
ping s generates an automorphism s* of the algebra U: (s™/)(h) = /(sh).
Now let ¥, and U, be quantizations of one and the same classical mechanics
(R, w). U and ¥, are said to be equivalent if 1) there exist an isomorphism @: U, »
?Iz and an isomorphism s*: ?11 - 912 of the sort described above such that the isomor-
phism Os™ A - ?12 is admissible, and 2) the diagram
U, By,
o\ L0 (1.11)
A()

is commutative, where ¢ are the homomorphisms which occur in the definition of the
quantizations.

In the case where a transformation group G acts on I, which belongs to the cate-
gory with respect to which the quantizations 211 and ?Iz are natural, we can introduce
the concept of natural equivalence: in addition to (1.11) the diagram

*
o, 2,

Tg\L @ s* \!/rg
U — A

(1.12)

must also be commutative, where Te is an isomorphism of the form (1.10).

10. Commentary. 1) The motivation for introducing the notion of a special quanti-
zation is as follows. According to physical notions, quantization is a linear assignment
g: (%)~ f of an operator in some Hilbert space to a function.

We assume that the mapping g is one-to-one on the set A C A(M) and that the image
of A is some operator algebra A.. In this case we can carry over into A multiplication
from Az (f; % [,Mx) = ¢ NA/D&/,). The set A provided with this multiplication is pre-
cisely the algebra A, in the definition of a special quantization.

From the viewpoint of the ideology of quantum mechanics, the manifold ft of the
classical mechanics should appear in the limit as » + 0. Therefore the special quanti-
zation in which % takes part from the outset can scarcely be appropriate in all cases.
The more general definition is free from this deficiency and is, apparently, universal.

2) The algebraic and topological properties of the algebras A, and U, and also the
properties of the functions [(x) € A, and f(h, x) € U have not been circumscribed in the
general definition in order that we may fix these properties in the most convenient way in
concrete cases,

3) The cormrespondence principle fixes only the asymptotic behavior of the algebras
A, as h - 0. The requirements of being a functor and of being natural restrict this
arbitrariness.

For the case I = C” we prove in §7 the uniqueness up to equivalence of a natural

quantization, under several additional conditions of an algebraic and topological nature.
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$2. Quantization in Kahler manifolds

1. The algebra of covariant symbols. We shall construct the algebras A, for a
Kahler manifold with the aid of covariant symbols for the operators,

We recall some basic definitions [8].

Let H be a Hilbert space and let M be some set with the measure da. A system of
vectors e, € H, a € M, is called complete if for any f, g € H Parseval’s identity

(f, g) = j'(f, €a) (8, g) da 2.1)

is valid,
Let do(a) denote the following measure, which is absolutely continuous with re-

spect to da:
do (o) = (eq, €5) da.

Note that a complete system generates an inclusion of H into the space LM) by the

formula
f'-’f(a) = (f' ). (2.2)
Starting now, we shall assume that the space H is realized as a subspace of L%(M).
In particular, it follows from (2.2) that
60 (B) = (ea, &) = (€5, €a) = &5 (0). (2.3)
Let f’a be the orthogonal projection onto e,. The covariant symbol for an operator A in
H is the function

(Ae g, €5

(eu,' eq)

A(@) = tr (APg) = (2.4)
From the definition it is clear that a covariant symbol is uniquely defined for every
operator for which e, is in the domain of definition for all a € M, and, in particular, for
any bounded operator. Note that the covariant symbol for a bounded operator is bounded:
|A(a)| < [|A]l« It can happen that several operators have the same covariant symbol. We
shall see below that this does not occur in cases of interest to us: there is a one-to-one
correspondence between 6perators and covariant symbols. Let A be a bounded operator
in H and let A(a) be its covariant symbol. It is shown in [8] that the action of the op-

erator on a vector is defined by
@n@ = [1®146, a2

d
ey 29 o B), (2.5)

where
(ﬁfa, Eﬂ)
(eq,' eﬂ)

Ag, B) = (2.6)

is the extension of the function A{a) to M x M.
It follows rapidly from (2.5) that if A= /TIA\Z' and A, A| and A, are the covariant

symbols for the corresponding operators, then
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Lo @)y ) 4y o). 2.7)
(egs €0) (ey, €y)

AM=$A%@&&ﬂ

The algebra with the multiplication in (2.7), which consists of covariant symbols for
bounded operators, is basic for the remainder of this paper. The role of the set M can
always be taken by the manifold | which is the phase space for the underlying classi-
cal mechanics. It follows from the definition of a covariant symbol that if the operator
A has the covariant symbol A(a), then the Hermitian conjugate operator A* corresponds
to the complex conjugate of the symbol, Ala).

In the general theory developed in [8], along with covariant symbols, the contra-
variant symbols for operators also play an important part. A function A(a) is called the
contravariant symbol for the operator A if this operator can be represented as the weak

integral
A= (a(4)b,do(a).

Between the covariant and contravariant symbols of a given operator we have the rela-
tion
(ea, eﬁ) (eﬂ, ea)

: do (B). .
o 20l 5 29 (6) (2.8)

A@ = (4@
Note that the multiplication given in (2.7) and the relation between covariant and con-

travariant symbols are given by means of the single function

(eqr ep) (eps €g)

. 2.
(eqs €q) (eb, ep) (2.9)

G(a, B) =
The integral operator (2.8), for which (2.9) is the kernel, plays an important role in this

theory. We shall denote it by T.
For completeness we present formulas for the trace of an operator and the trace of

a product of operators:(®)

tr A= j‘A(a) do (a) = jﬁ(a) do (a), (2.10)
r (AB) = | A (a) B (a) do (a). 2.11)

2. Kahler manifolds. Let M be a Kihler manifold, so that in local coordinates
ds*=3gdz'd?*, o=2gdz' \d7"
By the definition of a Kihler manifold, dw = 0 and det "gik‘" #0. Consequently M is

(6) It is shown in [8] that the existence of a kernel for 4 follows from the existence of
the second integral in (2.10); the existence of the first integral is a consequence of the exis-
tence of this kernel. In particular, we note that the covariant and contravariant symbols for the
operator A =17 are A{@)= Z(a) = L. Therefore the finiteness of the incegral [ do(a) is equivalent
to the finite dimensionality of the space H, and dimH=u /= fdo-(a).
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a symplectic manifold. The classical mechanics (!, w) always exists on M. The Poisson
bracket in complex local coordinates has the form
(Fa fal =i g'k(-(—f‘-i*-——if‘fiﬁ—). (2.12)
2 oz* (7t 9zt ¢2f
In the following there will frequently occur functions on M x t which are analytic
with respect to the first argument and antianalytic with respect to the second. We shall

denote such functions by f= f(z, 7).
In this subsection we shall describe a general scheme for the quantization of the

classical mechanics (I, w).
We recall that the potential of a Kahler metric is a function ®(z, Z) which satisfies

the system of equations
9P
ozt 92*

=& (2.13)

The Kihler condition dw = 0 is also the condition for local solvability of the system
(2.13). Equations (2.13) have a real solution and, without restriction, we shall assume
that @ is a real function. We shall also assume that the potential ¢ exists globally on
M and that it possesses an analytic extension ®(z, 7) to some neighborhood of the diag-

onal in T x M.
Consider the Hilbert space F_ of functions on M with scalar product

—_— - :-‘— ®(2,2) _
o =ct) [f@z@e du (2, 9, .14
where
dp (2,2) = 0" = det| g5 "HGEE/\TJ{ (7
T

Here 5 plays the role of Planck’s constant and the function () is defined below. The
integral in (2.14), as all similar integrals below for which the domain of integration is
not indicated, is assumed to extend over all T,

Let /k(z) be an orthogonal basis of normalized vectors in F,.

Theorem 2.1. 1) In each coordinate neighborhood the series

Li(z,d =@ @ (2.15)

is absolutely and uniformly convergent.
2) The function Lz, Z) is indcpendent of the choice of orthonormal basis f,.

(M ", n= dim_R, is one of the possible natural measures on a Kiahler manifold. Another

possible variant is dp= w'l', where
02 In
o =3t g d NP, g =det]gg].

The reason that @” was chosen is that only in this case can one prove the correspondence prin-

ciple. See the following section.
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The proof of the first statement duplicates the standard proof of the existence of a
Bergman kernel function (see [9], for example) and will therefore be omiteed.(]) By ap-
plying the Cauchy-Bunjakovskil inequality we find as a consequence of the first state-

ment that the series
Lu@v) = e (@) e @) (2.16)

is absolutely and uniformly convergent in each coordinate neighborhood in %t x M. We
shall denote by Li(‘f.‘i) the Hilbert space of all measurable functions on | which are
square summable with respect to the measure c(b)e"'"”’a’p, and by P the orthogonal

projection of Li(?ﬁ) onto F,. It is clear that

FHE@ =ct) §Fe DLa e " du D).

Hence Lb(z, 7) is independent of the choice of basis.
From the Cauchy-Bunjakovskil inequality we have the important inequality

| Loz o) << La(z, 2) L (v, 0). (2.17)
Let us set
@5(2) =Ly (2, 0). (2.18)

We note that
e [0z F @7 = D @@ = La@,9)

Consequently ®_ € F,. From (2.18) and (2.16) it follows that for any f € F,
v
(f, @3) = f (v)- (2.19)
(2.1) obviously follows from (2.19), where the role of a is played by the point v of the
manifold M, and
-Fom?d - _
da =c(h)e du(z,2), do(a)=Ls(z 2)da. (2.20)
(8) The proof of the existence of a kernel function is based on the inequality

Sk
et <al 1 @ H"ik-z-’;\f-‘— ()

14

?

where U is a coordinate neighborhood centesred at z;. We set

p(z,2) = exp {— —1-11- @ (z, E)} det | g5z, 2) | .

It is clear that p(z, Z) 2 a; = ao( U) >0 with z € U. Therefore from (*) we have the inequality

dzk
Vo <aa“S 1} @ [ —— ’\ (%)

The first assertion of the theorem follows from (**) in exactly the same way as the existence of
a kernel function follows from (*).
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Thus the function ‘I) (z) forms a complete system in F,. We form the algebra A, out

of covariant symbols *for bounded operators in F,. We point out that the covariant sym-
bol A(z, Z) of the operator A is the diagonal z = v of the function

(ADz;, @)

Az, v) = o5

’ (2.21)

defined on M x M. The specialization of (2.5), (2.7) and (2.10) to the case being con-
sidered gives

@@ =ct [AGD O L@ * " duo, 9, (2.22)

L,(z,9)L, (o, z) L, (v, )

——du (v,0), (2.23)
L, ) L, (v, v) Ll

(A + A) (2, z)—c(h)yA (2,0) 44 (0, 2)

Ly (2,

a
e .

o h=c h)SA( (:’ du (2,3). (2.24)

~

Remarks. 1. According to (2.22), the operator A is generated by the function A(z,7)
which is the analytic continuation of A(z, Z) from the diagonal in M x M to all of M x .
Also in our case the operator A is uniquely generated by its covariant symbol Alz, 7).
The correspondence between operators and covariant symbols is one to one.

2. Consider the family of Kdhler metrics which differ from one another by a constant
factor A: ds? = )\“dsg. The potentials of the metrics ds? and dsg are connected by the
relation ¥z, 7) = /\'I(I)o(z, z). Thus the scale factor A in this theory plays essentially
the role of Planck’s constant.(?)

3. Auxiliary assumptions and hypotheses. We consider the function

9@ 2, 0) =0 v)+ P, 2) — D (v, ) — D 2). (2.25)
By our general assumptions, the function ®(z, ?) is defined in a neighborhood of the di-
agonal of the manifold T x M. Thus the function ¢ is also defined in a neighborhood of
the diagonal of Ml x M. We shall assume in addition that ¢ possesses an analytic con-
tinuvation to the entire manifold ! x M (as will be seen in due course, this is possible

without the function ®(z, ¥) having to possess the same property).
We shall call the point z € 1 proper if for any neighborhood U of the point z there

exists an a{l) > 0 such that ¢(z, Z|v, ) > -a(l) for v ¢ U.
The following lemma serves as the basis of the proof of the correspondence princi-

ple.

Lemma 2.1. Let z, be a proper point, let f(v, ¥) be a triply continuously differen-

tiable function and let the integral

(9) Note, in connection with this, that if M is an irreducible symmetric space, then an in-

variant metric ds? is defined on it up to a constant multiplier.
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1 (0,0 | 2,0 7,)

s @) =n"[f@ o) dy (v, 0) (2.26)

exist and be absolutely convergent for h=h,. Then §(b) exists for all 0< h< hy, and
as h-0

S (B) =f (200 29) + B (Af (200 2o) +OF (20, 2)) + 0 (), (2.27)

where A is the Laplace-Beltrami operator on M, and

0 =0t 2) = Blngls 2) g2 = det] gz, I

Proof. We note that @lv, 7|z,, Z,) <0 and that
1 1 11
JOAS A a(n h.)". (2.28)

Consequently e® /b < ewbo for 0< h < by, and the integral (2.26) exists for 0< h < h.
Now let U be a neighborhood of z; such that for vy, v, € U the function v, 7,) is
analytic with respect to v, and antianalytic with respect to v,. We break the integral
§(h) up into the sum §(») = §,(h) + §.(h), where §,(h) extends over U and gz(_b) over
TM\U. We find from (2.28) that for 0< b < b,

o o k)
Thus 92(/7) < 52(170)e"(1”h" 1”’0)8, and consequently .‘12(/7) -+ 0 as # - 0 faster than any
power of A.

We turn to the integral gl(b). Introduce coordinates ¢! into U so that the coordi-
nates of z, are ¢’ = 0. We decompose ¢ into its Taylor series. This is conveniently
carried out by means of the operators L =X t13/9r% and Zz =3 r9/9rk:

P@.0|2,2) =Y, =D O, H+ D¢ 0)—D (0,0 —D (¢, §)
= —[LLi+ LT+ L) + - LT UL+ LID|® (5 D) my TRy

where
R= 3 1 'Rpltd)
lo}+igl=6
Rp q(t, T) is an analytic function in U x U, and p and ¢ are muldi-indices. We now

make use of Lemma A.1l of the Appendix. According to this lemma, in the coordinates

t! as b0 we have

d1(8) = (0, 0) + h (Af (0, 0) + o/ (0, 0)) + 0 (h),
where 0 = 3A In g/2, A is the Laplace-Beltrami operator and g = det ||gl_k_“. The lemma
is proved.

Corollary. Let the integral (2.26) exist for h=hy and {(v, ¥} = 1. For 0< h< b
define the function (b} = &(h|z, Z) by the equation
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1 - -
-~ — @2, 2|v, v) -
¢ h) = 5e" dp (v, 0). (2.29)
Then &(h) = ?‘l(b)/b", where ?l(h) is a function which is continuous in 0< h < by and
differentiable at h = 0, where

~ ~ ’ 3 -
a@=1 ¢(0)=—0c=—3Ing2. (2.30)

The proof is obvious.

We make the following important definition. The point z;, € 2 is called distinguished
if ®(z,, ) = 0 when v runs over some neighborhood U of the point 2,

Note that the potential defined by the system of equations (2.13) is not unique, but
is given only up to terms of the form Y{z) + Y(2), where /(2) is an arbitrary analytic
function. By selecting the function {(z) in a suitable fashion, we can make any point
of T distinguished. Conversely, by singling out some point we determine the potential

up to an additive constant.
We now formulate the assumptions under which we shall construct a quantization on

Kiahler manifolds.
Hypothesis A. There exists in Ri a set E having 0 as a limit point and such that

for h € E
- Foe
Lu(z,2) = Ae . (2.31)

Hypothesis B. A point b, € E exists such that for 0<h< h,, h €E, the functions
{(2) € F, separate points of ! (i.e. for any z,, z, €M there is an [(z) € F, such that
1z # [(z,).

Hypothesis C. Let z, be a sequence of points of M having the property that for
b, defined under hypothesis B, for any [ € F, the limit lim /(zn) exists and is fi-
nite. Then the sequence z  bhas a limit z; € ;. ’

Hypothesis D. There exists a distinguished point on .

We shall deduce a number of consequences from these hypothese's. Let Fb"z‘) de-
note the space F, constructed by means of the potential ®, (z, z) having the distin-
guished point z,, which is normalized by the condition (D,_O(zo, z,) = 0.

Lemma 2.2. Let condition A hold for the potential ®, and let Lh(z, v) £ 0 for any
z,v €N and h € E. Then the [ollowing assertions are true:
1) For any point z, € 1l there exists a potential ¥, (z, Z) which produces the
same metric as Oz, Z) and which has z, as a distinguished point.
2) The spaces F, and Fh,zo are isomorphic under the isomorphism U: Fh.zo - Fy
given by
f@ Ly 2)

Uh@ = —L-Vﬁ
h \*01 <0
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Proof. Consider a segment on the negative part of the real axis and select a single-
valued branch of the logarithm by means of the condition In 1= 0. Set

D.,(2,2) = D (2, 2) —hIn (L4 (2,2)) Ln (2, 2)) + 10 La (2, 29).
According to condition A, in a sufficiently small neighborhood of z
Lz, 7) = —:;‘D (2,2,) + Inh.
Therefore
D, (2,2) =D 22— D (2, 2) — D (2 2) + D (2, 20)

gives the same metric as ®(z, Z). It is clear that z is a distinguished point for the
potential ‘DZO(Z, z)
A scalar product in F;,'zo is given by the formula

L, (2, 2) Ly (2, 2;)

Ly (2, 20 Ly (2, 2)

(0 =c {111 du (2, 3).
By setting

@) Lytz: 20
2)={Uf)(z Bl —
g@=WUNe) Vi

we obtain the isomorphism U: F‘b'z0 - F,.

Remark. L (z, ¥) # 0 forany z, v € M in the case where the ser E contains an
interval. Indeed, let A C E be an interval, a € E. It follows from hypothesis A that
L,(z v) =[Lfz ?)] @/bh_ From analyticity with respect to z and the uniqueness of
L,(z, ¥) for h € A it follows that L (z, 7) £ 0.

Lemma 2.3. Let hypothesis A be valid. Then the following assertions are true:
1) For b € E the function e(b) which normalizes the scalar product (2.14) can be

defined uniquely by the condition

- -1,-1- ®(2,2)
Ly(z,2) =e . (2.32)
2) This value of c(h) is given by the [ormula
Ly (z, v) Ly, (v, 2) -
) = [ 2R gy (2.33)
L,(z,2) L (v, )

(the integral on the right is independent of z and Z).

3) The function $lz, Z|v, U) has a unique analytic continuation in the real sense
from a neighborhood of the diagonal in M x M to all of Wx M.

4) lf, besides bypothesis A, hypothesis D is also valid, then (2.33) can be replaced
by the simpler expression

-1(h) — du (v, v) ‘
¢ (h) ffﬁﬁf' (2.33")
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Proof. For the moment, let L;)I)(z, Z) denote the function Lh which corresponds
to c{h) = 1, and let LS,")(z, Z) denote the function which corresponds to an arbitrary
c(h). It is clear that Lg") = c"l(b)Lgl). Hence (2.32) defines (/) uniquely.

We now apply (2.23) in the case where the operators /fl and /fz are unitary. In
this case A = A, = A, *A, = 1. By using (2.32) we obtain (2.33). Formula (2.33) is
obtained from (2.33) with z = z,, where z; is the distinguished point.

Let by € E. According to condition A, in some neighborhood of the diagonal in

M x ! we have the equation

hy
- - s
oo [ Lt AL (2.34)
Lho (_z, z) Lh. (U, U)

The expression in brackets on the right-hand side is defined for all z, v €l and is posi-
tive. Consequently the right-hand side of (2.34) is an analytic function in the real sense
on I x M. By taking the logarithm and multiplying by » we find the required analytic

continuation for ¢. The lemma is proved.

Corollary. For h € E
D;(2) =¢ . (2.35)

Proof. According to (2.18), (I);(z) is a single-valued analytic function on T x %,
According to (2.32) the left and right sides of (2.35) are equal for z = v.

We point out that although ®_(z) is a single-valued analytic function on the entire
manifold : x M, it does not follow from (2.35) that (2, ) has the same property.

Lemma 2.4. Let conditions A, B, C and D be satisfied. Then 1) each point of the
manifold M is proper, and 2) the integral (2.26) exists for {{v, v)=1 and b € E.

Proof. It follows from (2.34) that for h= by € E and [= 1 the integral (2.26), up
to a constant multiplier, is equal to the right-hand side of (2.23), where A; = A, = 1,
i.e. when the operators 21 and AZ are unitary. Hence the integral (2.26) exists for
f=1,h€E.

We turn now to the first assertion. Recall that <D;(z) = Lb(z, v) € F, for any v
and for any h. In particular, this is true for v = v, (a distinguished point) and h € E.
By hypothesis A, in this case

1 -
) =e =1

(see (2.35)). Thus [f2)=1€F, for h € E.

We fix a point z, and a neighborhood U of this point. From (2.17) and (2.34) it
follows that e®/? <1 for z=2z, and v ¢ U. Thus if the point z, is not proper, then

there exists a point vy € U such that
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Ly, (20, %) Ly, (05, 2,)

p — = |, .
Lh. (20, 20) Lllo (o, vy) (2.36)

or there exists a sequence of points v, ¢ U such that

NG 5_,,) Ly, (v,,,_?o) -1 | (2.37)
Ao L . (245 25) Lh. (Un» Up)

Consider the first possibility. We show that in the case of (2.36) we have f(z,) = /(v )
for any function f € F,. Let fo(2) = 1 and f(2) € F,. We set f,(z) = “fO""%/D and
{(2) = af(z) + B, where a and B are chosen by the condition (/1,/,) =0 and (/5,17
= 1. We augment the pair of functions to form a basis f, in F,, and use this basis in
(2.16). From the properties of the Cauchy-Bunjakovskii inequality it follows from (2.36)
that [,(z0) = A {v(). By applying this relation for k=1 and k = 2; we find that A= 1
and that [(zo) = f(uo). According to hypothesis B, from this we have v, = z,, which
contradicts the condition vy ¢ U.

Now consider the second possibility. Let H be an arbitrary Hilbert space, & n,€H,
and (S 9 /€N ln, )l » 1. Let e, =0 /lin || and select a weakly convergent subse-
quence e, . Let e=lime, . Then (&/1 €], e = 1, whence it follows that e = A§/|| €],

Al = 1. Since [jell = 1, the subsequence e  converges, not only weakly, but also
q 4 Yy

"k
strongly. Consider as H the space /,, and set

E == (fl (Zo), f2 (20), LI '}’ 'fln = (fl (vn)n fl (Un), L '}9

where f, is the basis in F, containing the function f,(2} = const. Since f,(zy) = f)(3;)
= const 4 0, it follows from the condition e = A¢/[[£]| that lim nr),, | <co. Let n_ be a
subsequence of the numbers n, for which lim Hnn | exists. It is clear that as s » o,
lim /k(” ) = f, exists and is fmxte, and in the strong sense lim Mn, =1 = (fyafqree)
Equatxon (2.37) means that [(§ p)|/|€] [nll = 1. Thus n=2§ i.e. [, = A (). By
setting k= 1, we find that A= 1. Let {(2) =X ¢,f,(2); then

[f0u) — F @l < S| cw [ ) fa On) — fr @)
=1l _T'Inkn’ —+0 as koo,

According to hypothesis C it follows from this that v, = lim Vp, € N exists, and accord-
ing to hypothesis B v, = z(, which contradicts the condition that v, ¢ U. The lemma
is proved.

Lemma 2.4 shows that from hypotheses ‘A-D follow the conditions of Lemma 2.1.

4, Correspondence principle. Consider the set of functions f(h|z, ), h > 0, which
are continuous with respect to all the arguments and which have the property that
{(h|z, Z) € A, for fixed h. Let E be the set described in hypothesis A. Let ¥ denote
the algebra which consists of the values of the functions {(h|z, Z) with h € E. Let B

-

denote the set of functions which can be represented in the form

f(hlz, 2) = f Oz 2) + hf, (2, 2) + W5 (h]2,2),
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where /(0}z, %), /,(z, Z) and (b2, Z) are functions which possess analytic continua-
tions onto M x M. With respect to these analytic continuations we assume that there

exists an b, such that for h < h,
c®) [ 1Oz + |16 A+ htladle " du@a<r,

where 7 = r(v) does not depend on 5.
We show thar the weak form of the correspondence principle holds for the algebra
¥ and the set Y= U I B. Thus we shall establish that the algebra ¥ is a special

quantization.

Theorem 2.2, Let hypotheses A, B, C and D be valid, and let [, g € B. Then as
h-+0,h€E,

(fe8)(8]2,2) =F(0]2,2)g(0]2,2) + o (1), (2.38)
—:;-(f*g-g*f)(hla 2) =-§—If, gl 0]z 2) +o(l). (2.39)

Proof. Let uhlv, 7) = f{h|z, T)g(h|v, Z), and write the left-hand side of (2.38) in

the form

1 -
e @(z, zlv,0)

blz2) =ct) [ut]ov)e dp (v, 0), (2.40)

where ¢ is defined by (2.25) and <(4) = 2(4) is given in (2.29).
According to the assumptions made regarding the functions [ and g, the function «

can be represented in the form
u(h}o, v) =u(0]v,v) 4+ hu (o]0, 0),
where
. u0o9)=f0|29¢0]s,2),
ul (hlvvv) =f(0|2,5)g1 (v: ;)+f1(z! Z)g(olv’z—)_‘—hu‘](hvya)l
U (h|v, ) =F012,0)g:(h10,2) + fa(h]2,0) g O]0, 2) + f, (2. 0) g1 (0, 2).

From these assumptions it also follows that for A < A

:r,»-

ey [l dp 0,9 <a,

where a = a(z, ) does not depend on A.
Now recall that according to (2.29) and (2.30) with » € E we have

clh) =ch) = 1=H®)
hn
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with 5(0) = 9. We apply Lemma 2.1 to the integral (2.40) (note that according to Lemma
2.4 the applicability of Lemma 2.1 follows from hypotheses A-D). As a consequence of

some obvious calculations and estimates we obtain
V(a2 2) =f0]22)g 0]z 2) + h(Asi (0]2 0) g (0|0, 2oz
©:

- - - - = (2.41)
+f0lz2)g:(6 2+ (2 g0]22) +o(h).

Equation (2.38) follows immediately from (2.41). By interchanging the roles of [
and g we find, in addition, that

—trg—gen(rlz3)
=285 02,9 2(0]52) —g 0|2 0)} (0|0 o, + 0 (1).

D2

(2.42)

Let us now turn our attention to the fact that the Laplace- Beltrami operator on a

Kghler manifold in local coordinates has the form (as applied to functions)
A=3) g2 (2.43)

(see Lemma 3 of the Appendix). By comparing (2.42) and (2.43) with the expression for
the Poisson bracket (2.22), we see that the first term on the right-hand side of (2.42) is

equal to [f, g]/i. The theorem is proved.

Theorem 2.3. Let hypothesis B be valid. Then, for any points z,, z, € I, there
exists a function f(h|z, ) € U N B such that [(0|z,, 7)) # [(0|z,, Z,).

Proof. Let z,, z, € M. According to hypothesis B, for some a € E there exists a
function ¥,(z) € F_ such that ¢ ,(z,) # ¥,(z,). We shall show that there also exists in
F, a function Y(z) which has the property |¥(z,)| # |¢¥(z,)|. Indeed, if ¢,(2) does not
possess this property, then for suitable ¢, |¢| = 1, the function

—=F 1 (2)
W @)=lole) e b @)

certainly does, where f,=1 € F, _

Consider the function l,/lz(z)@-;(—_z)e"’(z'z /2 14 case it does not separate points 2z,
and z,, by replacing ¥,(2) by v,lt(z)-‘: ¥ (2) + pfo(z) with suitable p we can arrange it
so that the function Y(2)Y(z)e~®(Z:5)/2 4ill separate the points z, and z,.

Consider the twice continuously differentiable function €(h) possessing the prop-
erties €(h) > 0,¢(0) = 1 and €(h) = 0 for h> a. We shall show that the function

Low?

Fhlz2) =emv@V@e ° (2.44)

is the one desired. Let A be the operator in F, with covariant symbol (2.44), h<a

and b € E. Let us estimate [|Alj:
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Loeo-town -
a A dp(v,v).  (2.45)

(&
A =cmv@ct) [$O) foe”
Denote the integral on the right-hand side by §(z) and apply the Cauchy-Bunjakovskii

inequality to it:

1S @<t @] 1o O

By making use of the inequality &z, 7) + ®(v, Z) - Hv, V) - ¥z, Z) < 0 we obtain

)@ 510w, D - 00, 9)

aj=

(- dy. (v, 7).

the further estimate
s @P< A @I 5 P [ T P d 0,5)
— e @ 1 Fete T e,

Returning to (2.45), we obtain

VAR < er (b e ) o) DT IR [ v @
=e*()c(h)c @ v If P

(+- “?) oz - 0 D

du (2,2)

Hence [|A]} = e(h)c¥ (A~ )|y} 2, so that /(h|z, Z) € U
We now show that / € B. Set

f; ®(2, 0)

i@ =v@) .
It is sufficient to verify that f; € F, for h< a and v fixed, and that ||f,||, <7, where

r=r(v) does not depend on h. Let ¥{z, ) denote the function
1 - -

- ~ (D2, V)+D(0, 2))

Xz 2) =|y @)e *

and let z, be the distinguished point. In this case
¥ o Tz, 7)

ﬂf1ﬂ2=6(h)fx(z.5)e du (2, 2),
where
Q22|20 2)) =@ (2,2)) + D (2, 2) — D (25, 2) — D (2, 2) =—D (2, 2)

in view of the fact that 2z is the distinguished point. We are now in a position to apply

Lemma 2.1. According to this lemma, as » » 0 the function 2|/1||,2, has the limit

E_‘gﬂflﬂﬂ = X (2, 20) < oo,

from which the necessary estimate follows. The theorem is proved.
Theorems 2.2 and 2.3 mean that the correspondence principle in its weak form is

satisfied.
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5. Properties of the operator T,. In general, the operator T is given by (2.8). In
our case the measure o and the vectors ¢, depend on b, and therefore the operator
T =T, also depends on h. By taking hypothesis A into account we see that for » € E
the operator T, is equal to
(hﬁ@ﬁ%:jﬂw@Guaﬂmamum@, , (2.46)

where

L, (z, 0L, (v, 2)
Ly@ DLy (0,9)

Gy (z,2]v.0) =c(h)

We shall consider operators T, which belong to L? on . The L? norm of T, is de-
noted by || Tyl ,-

Theorem 2.4. 1) [T, ||, < 1. 2) As b0, lim T, =1 in the weak sense, where |

is the unit operator in LP,

Proof. The kernel G,(z, Z|v, ) has the following properties: 1) G, > 0.
2) Gb(z, ziv, ) = Gb(v, vlz, ). 3) th(z, z|v, V)dply, 7) = 1.

(Properties 1 and 2 are obvious; property 3 follows from (2.23) with A; = A, = L)
Therefore the first assertion of the theorem follows from the following general fact.

Let M be a set with measure dx, and let A be an operator in LP(M), p > 1, de-
fined by

(4 (x) = [ K (x, 9) } () dy,

where K(x, y) > O for almost all x,y € M and [ K(x, y)dy = [K(x, y)dx = 1. Then
Al < 1

Indeed, by Riesz’s theorem [10), In "A“p is a convex function of p—1 for 1< p<oa,
Therefore it is sufficient to verify the estimate for the norm in the spaces LYM) and

L=(M) (/). = sup|f(x)}). These estimates are obvious:

A< [ K (% o)l F )l dydx = (1F @)ldy =1
1AFL, <sup [K (5, )| F )| dy < sup sup | £ ()] K (x, ) dy = sup | (3)] =1

We turn now to the second assertion. First let / be a continuously differentiable
function which is equal to zero outside of some coordinate neighborhood U. In consid-
eration of hypothesis A we write T, f in the form

1

Tif @2 =c®) [ fo.0)é

®(v v]2, 7

du. (v, v).

According to Lemma 2.3 it follows from hypotheses A, B, C and D that each point of :
is proper and therefore ¢ < 0, so that the inequality is strict if z# ». If z = v, it fol-
lows immediately from (2.25) that ¢ = 0. Consequently for fixed z the function ¢ has

its maximum with respectto v at v =2z. Let U; D U be a larger coordinate neighborhood.
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Letus fix 2 € U1 and introduce coordinates ¢' into U1 so that the coordinates of z are

t¥ = 0. By the above, in these coordinates
?(z]o,0) =v@z|th = ozt + R, B,
Rt,H= 3 IRy,
lP1+]q]=3
where R, q(t, ) is a continuous function and p and ¢ are multi-indices. We see that

we can apply Lemma 3 of the Appendix, according to which, for z € U,

of

(Thf) (2, 2) — f(2.2)| <a Vh Mmax ( o

of
lat‘ D +i@ o). 2.47)

In case z ¢ U,, it follows from the fact that z is a proper point that

b
Tihen<ae *, b>0, (2.47")

Let b, -0, let T,, be a weakly convergent sequence, and set Q = lim T,, From (2.47)
and (2 47') it follows that if / is a continuously differentiable function and / 0 outside
of some coordinate neighborhood, then Qf = /. Therefore 0 = I. Thus Q cannot depend
on the choice of the sequence 5, and consequently T, has a weak limit as 5 - 0:
limT, =1

6. Discussion of the hypotheses. The basic hypothesis concerning the existence
of a potential is valid for local Kahler manifolds, i.e. for bounded regions in C” having
Kihler metrics. Kihler potentials certainly do not exist globally on compact manifolds.
However, they can exist on a manifold ﬁ obtained from a compact manifold & by remov-
ing a submanifold of smaller dimension.

There follows from the hypotheses A—D a curious differential-geometric property of
the manifolds .

Theorem 2.5. Let glz, ) = det “gik'"' When hypotheses A=D are valid, gz, Z)

satisfies the equation A ln g = const, where A is the Laplace-Beltrami operator on .

Proof. By Lemma 2.3, hypotheses A-D imply the applicability of Lemma 2.1 to the
function [(z, ) = 1. In this way we also have (2.30). Note that

m*C(hlz, 7)—1

(2.48)

%0 =7 0]z 2 = lim2B=a0 _ 1y
h—o0 h h—o

Now let » -+ 0 on the right-hand side of (2.48) by means of some sequence 5, € E, where
E is the set involved in condition A. With » € E, 2(h|z, ) = c(bh) is independent of

(z, T) (see (2.33) and (2.33’)). Consequently ?‘{(0) possesses the same property, and,
in view of (2.30),

0(z2) = —g—A Ing (z, z) = const.

The theorem is proved.
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7. Dimension of the space E,.

Theorem 2.6.

, - D -
dim Fy =C(h)j.Ln @2e " " du. (2, 2). (2.49)

Proof. Equation (2.49) follows from (2.24) with A = I (see also footnote (%)).
8. Possible generalizations. Consider the associative algebra A which consists
of those functions on M which can be analytically continued to M x M. In analogy with

(2.23) we give the law of multiplication in A in the form

(Aedy) (2 2) = [ A1 (2,0) 4, (0,2) G (v, 9|2, 2) dp (0, 0). (2.50)
It can be shown that if A contains sufficiently many elements, then necessarily

¢-ldrod,
F(z,2) F(v,v)
where F(z, 7) is an analytic function on f x ! and P(v, ) is some function of M.

If the algebra A possesses property 8) of quantizations (regarding the trace) and
the set A on which the trace is defined is sufficiently large, we necessarily have
Flo, ) = cFlv, 7).

We shall not dwell on these statements, but merely note that in the case where the
region of C” is bounded, but not homogeneous, it is natural to try to construct an alge-
bra by means of (2.50) and (2.51) by setting F(z, 7) = Kl/h(z, z), F= cF, where K is
the Bergman kernel function. In this case the correspondence principle would follow
from Lemma 2.1. However, even in this simple situation, if just hypothesis A is not

valid, it cannot be proved that an algebra having the law of multiplication (2.50), (2.51)

(2.51)

exists which contains any other function f(z, Z) than f(z, ) = 0.
$3. Quantization in homogencous Kihler manifolds

1. Linear representations of a local group of motions in the space F,. Let M be a
homogeneous Kahler manifold, let G be a group of motions in M, and let ™z, Z) be a
potential, invariant with respect to G, for a metric on J. We shall assume that the po-
tential @ exists globally on the set M obtained from M by removing a submanifold %'

of smaller dimension. From the invariance of the metric generated by ® it follows that

®(g2,g2) =D (2,2) +v (g, 2+ V(@ 2), 3.1)

~ .
.where U(g, z) is for fixed g an analytic function of z defined over W [} gf. Relation
(3.1) defines a function Yg, z) up to a purely imaginary term. In order to remove this

indeterminacy we select a point z; and set

V(& 20) = = (D (220, 220) — @ (2 7).

N
Fix an open set 9320 CIl. Consider a symmetric neighborhood U, of the unit e of the
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~
group G which is sufficiently small that gty C% N gg'\ﬁ for g € U It follows from
(3.1) that for g, g,, 818, € U; and z €

Revy (g8, 2) =Re ¥ (g, g,2) + Re P (g2 2).

In turn, from this under the same conditions we get the relation

V(818w 2) = ¥ (g1, £92) + \P(gzv 2) + ia (g, gy, (3.2)

where alg, g,) is a real function.
We shall show that for any z € 9

P(e 2) =0. (3.3)
The relation (3.3) is correct for z = z, by the definition of the function ¢, Setting g, =
g, = e in (3.2) shows that Yle, z) = ~ale, e) does not depend on z. In particular, 0 =
Yle, zy) = —~ale, €), so that Yle, z) = -~ale, €) = 0
Theorem 3.1. Let hypothesis A be valid and let g € U, Then the [ollowing asser-

tions are true:
1) If [(2) € F,, then the function
\b(g.z)

flez)e '

defined originally on 5920, can be continued analytically to N and belongs to F,.
2) The operators in F,

ThH@)=flg™)e

are unitary and define projective representations of the local group Ug-

3) In the case where relation (3.2) ’2fining « is

e (g gx) = 0 (g8 — O (gl) — 0 (g2),

Y(g-\2)
F (3.4)

the operators T ei%(8 form a linear representation of Ue

4) The representalzons Tg are irreducible.

S) Let A be a bounded operator in F, let Alz, Z) be its covariant symbol, and
let (7 A)(z, Z) be the covariant symbol for the operator T AT“1 Then:

5 \) the function Alz, Z) originally defined on W can be contmued analytically to

all of m, and
5,) forall z €M

eA) (2, 2) = A(g™%2, g72). (3.5)
Proof. Using (3.1), we find from (2.35) with v, z € ) N gﬁ that
*(l- » )+ l.
z-ln (g" 2) = @ @e h £+ - B(~%.0)

Let w= g“lu and use the fact that according to (3.3) and (3.2),

V(€™ g =—P(g 2)—ia(g™ g).

(3.6)
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As a result we have

) - L¥@ o - ag o

Oz (g2)e * = Qgz (2)e (3.7)

Note that the right-hand side of (3.7) for fixed w can be continued analytically with
respect to z to 9. Consequently the left-hand side has the same property.

Therefore the operator (4.3) is defined for the functions ®_(z), v € o ﬂ g‘"t We
denote the operator (3.4) restricted to functions of this type by T . It follows from
-7 that T, ‘®_ € F,. By using (3.7) and (3.6) we find

Y ~ ‘—[W( ) ‘b( ’ )]
(T 0z, T,O;) = (Pm, D) e BV

—W(s.w)w(g.v)]
= Qg (gv) e = Dz (v) = (Pg, Dy).

(3.8)

Let F, denote the set of finite linear combinations of the vectors CDUk(z) v, €
) N gi'fl From the general formula (2.19) it follows that F is dense in F .

Let T denote the extension, by linearity, of T to F and let T be the closure
of T It is clear that T is defined by (3.4). The umtanty of T follows from (3.8).
Let /n € F and [=lim /n with respect to the norm of F,, It follows fiom (2.19) that
[=lim{ uniformly within any open set contained with its closure in . Hence it fol-
lows that Te as also defined by (3.4), i.e. T"’ = T In particular, the right-hand side
of (3.4)is a smgle-valued analytic function, and (T & T 7) ={f, f). Hence the fact that
the operators T form a projective representation of the 1ocal group U follows imme-
diately from rela;ion (3.2). Thus we have the third assertion of the theorem.

We prove the fifth assertion. Using (3.7), we obtain for v € I

a ~a - - 7 e V(g o)+ p(Eo)]
(TEAT;‘(DE (],);) = (AT?(DE f'; ! d)'ﬁ) =(A(Dg-’n, g-'v) e ) .

In particular, with A=1
1 e
- v Lo+ e )]
(D5, T3) = (V=) Dw)e :

Consequently the symbol for the operator 'f' /ﬁ“"l with v € ‘mo is

F AT '0;, ;) A=, O=) -
° =——L2 B2 - A(g™, g 7). (3.9)
( v y) (mg—lv) mg—lv)
The left-hand side of (3.9) obviously has an analytic continuation to I, so that the
right-hand side has the same property. Let v, € ¢ = fm\m and let the element g € U,

possess the property that v, =gy, € ‘Iﬁ (10) The left-hand side of (3.9) is defined for

v =v,. This makes it possible to define the right-hand side for v = v,. Thus we can
define the symbol A(z, ¥} over the entire manifold M. It is clear that the function
Alz, ) defined over all of 3 which is obtained in this way is analytic in the real
sense and thar (3.9) has a meaning for all v € .

(10) Such an element exists because of the assumption that M’ is a manifold of smallest

dimensionalicy.
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We next turn to the fourth assertion. Let A be a bounded operator which commutes
with all t_lle__Tg, and let A(z, Z) be its symbol. It follows from (3.9) that A(z, ) =
Alg™'z, g7'2) for g € U_. Since the group G is generated by any neighborhood of the
identity, the last relation is correct for all g € G. By the transitivity of the action of
G on M it follows from this that A(z, Z) = a = const. In view of the one-to-one charac-
ter of the correspondence between symbols and operators we therefore have that A= al,
where | is the unit operator in F,. The theorem is completely proved.

2. Projective representation of the total group of motions in the space F,.

Theorem 3.2, The representation (3.4) can be extended to a unitary projective

representation of the entire group G.

Proof. Consider the algebra A, as a linear space, and look at the representation
of the local group U, in A, defined by (3.5). This representation can be extended to
a linear representation of the whole group G, since G is generated by U,. On the same
basis, for all g € G the wansformations (3.5) are automorphisms of the algebra A,. By
construction, A, is isomorphic to the algebra of all bounded operators in F,. It is well
known{11] that the automorphisms of the algebra of all bounded operators in Hilbert
space are inner. Therefore for each g € G there exists a bounded operator Ug in Fy
which generates the automorphism (3.5):

Af = J,A0;, (3.10)
where A 1;13 is an automorphism of the operator algebra corresponding to 7o+ The
operator Ug is given by (3.10) up to a factor. It is clear that these operators form a
projective representation of G.

The transformation Te takes real functions into real functions. Consequently the
automorphism (3.10) takes Hermitian operators into Hermitian operators. Hence the
operator U differs from a unitary operator only by a factor. Thus the operators: Ue can
be considered as unitary operators multiplied by a factor of modulus 1. The theorem is
proved.

Let & denote the group which consists of all the operators U , 8 €G. Itis clear
that G isa central extension of G. Thus the operators U form a umtary linear repre-
sentation of G. We denote this representation by T Let 7: G » G denote the homo-
morphism defined by the equation ﬂ(Ug) =g In what follows, elements of G will be
denoted by 2"

Let UsC G be the preimage of the neighborhood UG under the homomotphism 7y
and let Tg be the representation (3.4). By definition T = OF with g € U~, g=n(@)
and |0] = 1. Consequently

_W(r 2) (3.11)

(T:NE =Flg™2)e

where (2, z) = (g, z) + iB(Z), B(Z) being a real function defined up to a term of the
form 2anh. This indeterminacy may be removed by setting B(e) = 0. In this case, by
(3.3) we also have ¢(e, z) = 0. In the following it will be assumed that Ke) = e, 2)=0.



QUANTIZATION 1137

Theorem 3.3. Let {(2) =1 €F,. Then 1) the function e~ ~@A/b cap be extended

t0 G x N with preservation of analytzc:ty with respect to z, and 2) a global representa-

tion TZ" of the group G is given by (3.11).

Proof. From the fact that the operators (3.11) form a representation of the local
group Ua, and from the condition ¢le, z) = 0, it follows that for 2y &5 8%, € Ua and
z el

0

Q€812 =@, 82)+ 9@ 2), & =m1(g). (3.12)

Setting f(z) =1 in (3.11), we see that ¢(2, z) = exp[- &g, z)/h] is defined on U6 x 0
and is an analytic function of z for fixed g. From (3.12) it follows that for ¥, 8,,28,
€ UE and z €M

e(@en 2 =@ g)e@nd (G=n(E) (3.13)
Now recall that the representation (3.11) can be extended to a unitary representation of
the whole group G. In particular, T~1 7'3-2 TE—I-EZ with g7, gz € U- By combmmg
these identities with (3.13), we find that (2, z) has a unique extensxon to Ua x Eﬂ
which preserves analyticity with respect to z, the property (3.13), and the fact that the
operators 7"&' have the form (3.11) with g’ € U%. By repeating this argument ve find that
for any integer n> 0 there is a single-valued extension of ¢(g, z) to U.'é x M which
preserves analyticity with respect to z and property (3.13), and extends formula (3.11)
to U" This concludes the proof of the theorem, since G= UU%

3 Covariant symbols of the operators ’f . By combmmg (3.2) and (3.12), we find

that alg,, g,) = B(g,2,) - BE)) - BEF,). In parncular alg™!, @) = - B(@) - BEH.
Therefore it follows from (3.7) and (3.11) that

A ‘p(gvv)
(TE'O:?, QE) = ( ) h
—-9(g. 0) - 9iz.0 -
=05 @e " =Ly (v, go)e * ., &= n(g).

Hence we have the covariant symbol for the operator T_:
g

. ({70.,0) L m 5@
Tz(z,2) = 22 = —¢ . (3.14)
E (ozn 0‘;) Lll (2, 2)

Let 2(¢) be a one-parameter subgroup of G. Represent the operator '7" Z A in the form
T o= °*P ((t/b)S‘f) The covariant symbol £(z, ) for the Lie operator £ can be cal-

~

culated by setting & = 2(¢) in (3.14) and then evaluating the derivative of (3.14) at
t= 0. It follows from hypothesis A thar £(z, ) does not depend on A:

,1 o 0@ D-0@2-0 @3]

227 = lmo = 7‘;— D g2) — (g ey
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Theorem 3.4. 1) The syubols for the Lie operators possess the quasiclassical
property. 2) If (1) is a one-parameier subgroup of G, £(z, ) is the covariant symbol
for the corresponding Lie operator, and g(t) = n(g(1)), then

d d ,, - S 1
o Te e = —- A 1(t) 2, g 1(6)2) L_.,=-i—[$, A], (3.15)

where [£, A] is the Poisson bracket in A(N).

Proof. In view of the connection between the representations T and T_ we have
g

d 1 »
E;TIU)AL-0=-;($*A—'A*£)' (3.16)

Both functions £ and A do not depend on h. Therefore as b » 0 the right-hand side of
(3.16) is equal to [£, Al/i + o(1), where [£, A] is the Poisson bracket.(!!) Since the
left-hand side of (3.16) does not depend on b, we must have o(1) = 0. The theorem is

proved.
§4. Quantizations in C"(!2)

1. Wick quantization. This version of the quantization of a mechanics with plane
phase space is the simplest example of the two constructions in $2. In suitable coor-

dinates the Kihler potential has the form
D (2 2) = 3 %2 (4.1)

The distinguished point is the origin.
The space F, consists of entire functions which are square summable with respect

to the measure

(D= ﬂlf(z) I’e—_"_o(";) dp (2, 2), (4.2)

where dyu = dp,;/n", du, being ordinary Lebesgue measure on C”. In this case F, is

called a Fock space.(”) One orthonormal basis in Fh consists of the vectors
kS

@)= [[——=. k=ty ..., kn (4.3)
V enks

It follows from (4.3) that

S )

La(z, §)=2f.(z)fk(z)=e—"_ Fhoe .

(11) We omit the demonstration that the conditions of Theorem 2.2 are met.

(12) This section contains a short survey of the known results. For a more detailed exposi-
tion see [12], [13], [14] or [15).. Further references to the literature are given in these places.

(13) This was introduced by V. A. Fock in [16] and [17]. The scalar product he used was
given not by the integral (3.2), but by a series in the Taylor coefficients of the function f. A
description of the scalar product in F, in the form (3.2) was first published in a paper by
Bargmann [18]; however, it was well known well before the appearance of this article (see the
reporc by R. A. Minlos, L. D. Faddeev and the author at the All-Union Mathematical Congress

in 1961 [19).)
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Consequently hypothesis A is valid. The correctness of hypotheses B and C is clear.
The specialization of formulas (2.22), (2.23) and (2.24) is well known in the theory of
Wick quantization.

In F, consider the operators &, and 3: (the **annihilation’’ and ‘‘creation’’

operators)

@f) () = g’—k (@) @) = zf (2). 4.4)

The expression of an operator A by means of a, and &: in the special form
A= Apn @ a"
(m, n are multi-indices) is called its Wick normal form.

The term *'Wick quantization’’ is related to the fact that the covariant symbo! for

the operator 4 is a product of functions in Wick normal form
Al 2) = D Amn2"™2". (4.5)
If the operator A can be expressed in reverse (anti-Wick) normal form
~ Ly “m ~ n
A = 2 Amna (a') '
then it can be associated with the product
o - o -
Alz2) =3 A" 2"
o ~
The function A is the contravariant symbol for the operator A.
In this case the covariant and contravariant symbols for operators are also called
Wick and anti-Wick.
The connection between the Wick and anti-Wick symbols, as well as the law of mul-

tiplication in the algebra of Wick symbols, according to the general theory, is given by
the operator T,. In the present case the kernel of this operator has the form
1. - -
- =S (2-0)Z 7))
Gy=—g TR (4.6)
hn

i.e. is the Poisson kernel. Consequently the operator 7T, can be represented in the form

Th =€, (4.7)
where A is the Laplace operator.
2. Weyl quantization. This version of quantization does not make use of the com-
plex structure, and therefore it is more natural to consider it as a quantization on R?"
" rather than on C” As usual, we denote the coordinates in R%" by p = (pl, SRR RN
q = (ql, ces, qn). Let ¢(a, BMadB, a =(a,, -+, a ), B=(B;, . Bn), be a com-

plex-valued measure of bounded variation in R2", and set
A(p, q) = | £**P ¢ (a, B)dadp
' (4.8)
(PG =>par B =73 fhﬁk) :
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We associate a function &(p, ¢) with a bounded operator A in some Hilbert space H in
the following manner. Let G denote the Heisenberg-Weyl group and let @ be the Lie
algebra of this group. Let Tg be an irreducible unitary representation of this group in
the space H. Let £, 7., { be the basis in 8 having the standard commutation rela-
tions [£,, 17].] = 3ij and [£,, f}.] = [y, njl = [fk, '/ =.[77k’ ¢ =0. The representation
Tg associates skew-Hermitian operators fk’ ;Ik and { with the elements &, M and
¢ in H. Let f, ;}k and Z denote the corresponding Hermitian operators §, = -ifk,

g, =-in, and Z = -il. Because of irreducibility we have Z = hl, where I is the iden-

tity operator.('4) Therefore among the ﬁk and ék we have the relations

~ ~ h ~ ~ ~ ~
[ow, q)) = 5»;-71 v pe pil = lgw, g1 =0. (4.9)
Let
A= 5 o ¢ (a, B) da dp. (4.10)

The association of the function (4.8) to the operator (4.10) was first proposed by
Weyl (1] and is called Weyl quantization. The function ((p, ¢) is called the Weyl sym-
bol for the operator A. The operators (4.10) form a subalgebra of the algebra of bounded
operators for which A < [|pldadp.

Let us consider the realization of the space H in the form L2(R™) and try to ex-

press the operators §, and §, by the formulas
- 3 -
(Pef) () = = b?;f (x),  (qef) (x) = xaf (x). (4.11)

In this realization of the algebra @ the operator (4.10) is described by means of a ker-
nel K(x,y) which is associated with its Weyl symbol by the formulas

K(x, y)= (2;)n S A (p, f‘__i'z_-'/_) eiTp‘x—y) i,

4.12
™ ( )
h

u4(p.q>=j1<(q—-§—,q+§)e dt,

~A A

The multiplication law in the algebra of Weyl symbols follows from (4.12): if A= AlAz,
then the corresponding symbols are connected by the relation(!?)
2\* % ®
A (p.g)= (_h.) S"A’ (p(l)’ q(l)) As (p(z), q(Z)) e 4 dpll) dq(l) dp(z) dq(t)' (4.13)
where A is the triangle in R?" with vertices at the points (p(D, (1), (p?), 4®) and
(0, 9), while w = T dp, Adq,. The integral [, w is easily calculated:

(14) By von Neumann’s famous theorem [20], the representation 7’g is defined by the num-
ber h up to unitary equivalence.
(15) In the preceding works concerning formula (4.13), the integral j‘;w is replaced by the

explicit expression (4.14).
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1 1 1
Xm =51 o @l (4.14)
* ) o

For the sake of completeness we give the relation between the Wick and Weyl quantiza-
tions. For this purpose consider a representation of the algebra @ in the space F,. Let

1 ~ ~ & -~ 1 ~ ~%
Pr = s @ —ar), Gp=—(a+ar), (4.15)
i /

V2

where 4, and 3: are defined by (4.4).
The operator A now acts in F,. Being bounded, it has the Wick symbol Alz, 7).
Ve see that

A 2) =TrA)(2) (4.16)

where T, is the integral operator with kernel (4.6). In applying formulas (4.16) we as-
sume that v = (g + ip)/\/2 and T = {g - ip}/y/2. By combining (4.16) and (4.7) we find

AP, ) =(T14)(, 9

(now z ={g + ip)/\/2 and T = (g - ip)/\/2).

3. Projective representations of the group of parallel translations in the space F,,
The group of parallel translations acts transitively on C”. According to the general
theory developed in §3, if Az, ¥) is the covariant symbol for the operator ;1\, then
Alz - &, 2 ~ &) is the covariant symbol for the operator f’éb)[&(?éh))"‘, where f'(f”) is
the operator in F, defined by

1 = 1,52
N ——(2E=—tb)
TPh@ =fe—8e"  °* (4.17)
The relation among the Ti(,b) follows from (4.17):
1 - =
Y o, ""@Tl-g'ﬂ)a -~
TOTY =7 " TPTE. (4.18)

The relation (4.18) shows that the operators '7‘2,") form a projective representation of the
group H and, at the same time, form a linear representation of the Heisenberg-Weyl

group G.(1®) From von Neumann’s theorem [20] it follows that the representations f'é(.b)
are inequivalent for different 5 and that every irreducible unitary representation of G is

equivalent to one of the 'fé”).

>

§5. Quantization in homogencous bounded regions

1. Construction of the quantization. Let §) be a bounded homogeneous region in C”,
and let K(z, Z) be a Bergman kernel. Q is a Kihler manifold with respect to the metric

ds?, whose potential is ®(z, Z) = In K(z, ¥). By following the scheme described in §2,

(16) The group G is a one-dimensjonal central extension of the group H.
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we consider the space F, of analytic functions in Q) with the scalar product

(F.H=c@t) [IfQPK* @2 dn @, 2), (5.1)
where
Sk dp (22
o az* at
and dy, (2, ¥) is Lebesgue measure on Q. Consider the function L (z, 7') defined by

(2.16) and the complete system ®_(z) = Lb(z, 7). We form the algebra A, of covariant
v
symbols of bounded operators in F, and the algebra Y, which consists of the fuactions

dp (z, z) = det

»

{(hlz, £), 0 < h < 1, which for fixed h are elements of A, and continuous in b, z andZ.

Theorem 5.1. The algebra ¥ is a special quantization with the weak correspon-

dence principle.

In view of the fact that the set E in this case consists of segments, according to
Lemma 2.2 and the remark made after it, it is sufficient to verify hypotheses A, B and C.
The proof of Thecrem 5.1 is based on the following assertions.

Theorem 5.2. For homogeneous bounded regions (Q:

1) det uaz In K/&zia'z'kll =AK(z, T);

2) Lb(z, Z) = pKl 'b(z, T), where A = MQ) and i = Q) are constants which de-
pend only on (1;

3) for 0<h <1 the spaces F, are not empty: F, D H, where H is the space of
analytic [unctions on ) which are Lebesgue square summable.

The second assertion of the theorem shows that hypothesis A is valid.

Proof of Theorem 5.2. Let H denote the Hilbert space of analytic functions on
with Lebesgue square summable modulus, let G be a group of transitive actions on Q,
and let &gz)/dz be the analytic Jacobian of the transformation z -+ gz: dgz)/dz =
det ||dvi/0z*]|, where z* are the coordinates of the point z and v! are the coordinates
of the point v = gz. '

It follows immediately from the definition of the kernel function that(”)

K7 =K@z g | 72

(5.2)

Now let p(z, Z) = det ||8? In K(z, £)/9z%9z %], In turn, it follows from (5.2) that

plz, ) satisfies the similar identity:
2
. (5.3)

Pad) =P ez o) |22

Therefore the function A = p(z, Z)/K(z, Z) is invariant with respect to G and, because

- a7y 1f ¢n(z) is an orthonormal basis in //, then xn(z) = ¢n(gz)a(gz)/az has the same
property. Therefore

- BL 1]
K D= 1201 = Sleaten*| L[ = ke, 72 |22
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of transitivity, is a constant. This proves the first assertion. The third is an immediate
consequence. Iudeed, by the first assertion of Theorem 5.2 the measure dp in (5.1) is
equal to

du (2, 2) = MUK (z, 2) due (2, 2). (5.4)

Let H denote the space of analytic functions over {} which are Lebesgue square
summable. Consider in H an orthonormal basis which includes the function ]'O(z) =

const. By using this basis we see that K(z, ) > I/O[Z. Therefore, for 0< h <1

1 1

—-— 1-

- =
K @ a<|hl = const
and it follows from (5.4) that H C Fb‘ We note that H = Fl’ We turn to the second asser-
tion.

Lemma 5.1. There exists a neighborhood U. of the identity of the group of motions
G, for which |Kgz)/dz —1| <Y forall z €S and g € U.

Proof. First of all, consider the fact that the action of the group G can be extended

by continuity to the closure Q of the region Q.(}8) We define

)

(gz,)

for ze= Q.

j(gv ?) = lim

Zp—2 n
It is clear that the function j(g, z) is continuous in the variables g € G and z Q.
Note that j(e,z) =1 for all z € Q. Now suppose that there is no neighborhood U hav-
ing the required properties. If this is the case, then there is a sequence g -~ e and a
sequence z_ €{l such that

0z I

n

2 (8,2,) 1
l-*— >3- (5.5)

By compactness, with no loss of generality it can be assumed that z_»z € Q. By taking
the limit in (5.5) as n + o, we find that |j(e, z) = 1| > %4, which contradicts the equa-
tion jle, z) = 1. The lemma is proved.

Now let 0 (z) be an orthonormal system of functions in the space F,, and take
g € U. By introducing a cut along the negative real axis in the w-plane we define a
single-valued branch of the function wl’b by the condition 17k 21, Keeping this

branch in mind, we consider the function
d 1/h
n @) = o (g2) [ L]

which, in view of the definition of the neighborhood U, is a single-valued analytic
function on 2. It follows from (5.2) that the transformation

1
K

F@— 1) (7]

(18) Actually, the action of G extends in a continuous fashion even to some complex mani-
fold which contains 2 [21].
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is a unitary operator in F,. Therefore the functions xn(z) form an orthonormal basis in

F,. Consequently
L"(Z'z)=2Xn(z)m=26n(gz)mla—(§ z/h.

2 —
h =Ly (g2 g2) l 2lez) ,(;;Z) 15.6)

Since the last identity is valid for all g € U, it is automatically true for all g € G. On
the other hand, it follows from (5.2) that the function K”b(z, Z) satisfies a similar
identity. Therefore p = LbK"l”’ is a function invariant with respect to G, so that

i = const. Theorem 5.2 is completely proved.

This establishes the validity of hypothesis A. That of B and C is obvious for 0 <
h < 1. This concludes the proof of Theorem 5.1.

Remarks. 1) In the case where € is a circular region, the point z = 0 is the dis-
tinguished point for the potential ® = In(K(z, Z)/K(0, 0)).. In this case there exists in
) a complete orthonormal system consisting of homogeneous polynomials of nonnega-
tive integer degree. By using this system we find that K(z, 0) = K(0, %) = K(0, 0),(1°)
which is equivalent to the fact that the point 0 is distinguished.

2) The space F, is certainly not empty if 0 < h< 1. In case h> 1, the integral
(5.1) can begin to diverge. In this case it is natural to ury to understand matters by
means of analytic continuation in 5. For the case where { is a symmetric region, this
possibility has been studied in detail. It appears that for the case where Q is the com-
plex sphere, the space F, can be constructed for any 5> 0. In all other cases the per-
missible values of b are bounded by a constant c(Q): for b > c(Q) the scalar product
defined by means of analytic continuation is not positive definite.

3) A projective representation Ug of the group G acts in ihe space F,. Ina suf-
ficiently small neighborhood of the identity the operator Ug = T8 is defined by the gen-
eral formula (3.4); the function Y(g, z) is defined in (5.2). By taking the logarithm of
(5.2), we find that

D(z 2) = Dgz, g2)+1Injlg 2) -+ Inj(g, 2),
where j{g, z} is the analytic Jacobian. Consequently

Teh @) =Fe* " (@, 2). (5.7)

§6. Quantization on a eylinder and torus

1. General remarks. The two-dimensional cylinder and torus are Kahler manifolds.
Their complex structure and metric can be defined in the usual way by unfolding them
onto a plane. We denote real coordinates on the cylinder and torus by p and g, where
in the case of the cylinder p runs over the real axis and g is a cyclic coordinate with
period 2m, while in the case of the torus both coordinates are cyclic with period 2m.

In either case we set z = ¢ + ip. There is a global potential

(19)= ;L(Q)-%, where u(Q) is the Lebesgue volume of 0.
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D7) = —-;-(.z—z)2 =2p? (6.1)

for the metric on the cylinder. In the case of the torus, a global potential exists on the
set i obtained from the torus by removing the circle g = const. Equation (6.1) can be
considered as the potential on . In neither case is hypothesis A valid, and therefore
it is not clear that by the method in §2 a quantization can be constructed using the al-
gebra A, which admits the correspondence principle. In this connection we shall con-
struct quantizations on the cylinder and torus along the lines of Weyl quantization in
the plane.

2. Cylinder., Formula (4.13), which provides a law of multiplication in the algebra
A for the case of Weyl quantization in the plane, cannot be exactly carried over to the
cylinder. The problem is that in the plane there is a unique triangle whose vertices lie
at three given points, whereas on the cylinder there exist many such geodesic triangles.
In this connection we introduce a definition.

A set I, of points on the cylinder M is called admissible if when the vertices of

the triangle A belong to M, the function

eXP—fz'li ® (6.2)
A
does not depend on the choice of the triangle.
We begin with a description of admissible sets. Note that

fo=90i—p) + 60— + a0, (0—py). (6.3)
A
By taking into consideration the fact that ¢ is a cyclic variable of period 27, we find
that for the function (6.2) to be independent of the sides of the triangle, but to depend
only on its vertices, it is necessary and sufficient that the differences p, - p, p; — p
and p - p, take on values of the form nh/2 with integer n.
Thus those sets 3)2,) are admissible which consist of circles on I which are parallel
to the base and are a distance hn/2 apart.

Corresponding to this we modify formula (4.13):

111
p ‘h_ P P2 P
L
APq =3 S-/lx (Pv 41) Az (P2 ga) e "* ™ ?dg, dg,,
nyn,
(6.4)
1 15 P2=1, 5 p= >
Going over to the Fourier transform, we obtain
4
0N
Ap, )= [ ¢@p)da, B=0, =1, ... (6.5)
B o

(the function ¢la, B) is periodic in a with period 4a/h).
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A law of composition for ¢ follows from (6.4):

4
a B

o Bl ga’, (6.6)

in

T .
?@ B =3 | o@—0, p—B)n(@, f)e’
g o

Let ||@]] = 2,3 [1¢la, B)|da It follows from (6.6) that |@|l < [l [l ll,l. Consequently
the set of functions ¢ such that ||¢] < = is closed relative to the composition (6.6),
and thus the set of functions & of the form (6.5) with {|@]] < = is closed relative to the
composition (6.4). We denote the latter set by A};’

We shall establish the associativity of the composition (6.4). In L2(0, 27) consider
an integral operator with kernel K(x, y), which is 2n-periodic in x and y. To it we as-
sociate a function &(p, q) by a formula similar to (4.12):

o _eg
Ap)=2(K@—tq+¥e "dh p=T1 a0zl ... (@7
0

Inverting (6.7), we have

RLJP

K (x ) =%2./l(p, %l)e“ (6.8)
The operator product A= 2132 in L2(0, 2n) corresponds to the composition of their
kernels K(x, y) = [ K,(x, s)K,(s, y)ds. Going over to the functions Q(p, q) by formulas
(6.7) and (6.8), we find, after an obvious transformation, that the composition (6.4) is
generated by the operator product. Thus the functions &(p, g) of the form (6.5) with
llp[i< e and with the multiplication law (6.4) form an associative algebra. Formulas
(6.7) and (6.8) describe a linear representation of the algebra Ah in LZ(O, 27).

' We .construct the quantization ¥ out of those functions @(h|p, ), 0 < h < o, for
which @h|p, q) € A, for fixed h.

The correspondence principle (in its weak form) follows from the following consid-
erations. Let the functions &l(blp, q) and az(blp, g) be defined for all (p, q) € M and
0 < b < oo and be continuously differentiable in all variables. In this case the right-
hand side of (6.4), after multiplication by h/2,isa defining sum for the integral (4.13)
(for n = 1), extended over M. Consequently (6.4) and (4.13) have a common asymptote
as h 0.

Thus the correspondence principle for our quantization on a cylinder follows from
the correspondence principle for the Weyl quantization on the plane. We shall not dwell
on this point.

3. The torus. As a starting point for the construction of a quantization, we again
consider formula (4.13). The same arguments as in the case of the cylinder show that,
on an admissible manifold Wlb, by, b, and p cantake on only the discrete values hn/2.
In view of symmetcry with respect to p and g, it follows that ¢,, g9, and g also take on
only these discrete values. Since, on the other hand, p and g are cyclic coordinates,

the number of distinct values accepted by p and g is finite and is given by the relation
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Nb/2 = 27, with N an integer. Thus we see that b can take on only the discrete set of
values(zo)

P (6.9)
N

The lattice B2 (p, q) = (m, »)h/2 on the torus is an admissible set.

We modify equation (4.13) in the following way:

" AP
AP, 9 = (“5) E Ay Py @) AL Dy go)e 10 (6.10)

P4 5932;,

Let K, denote the lattice on the circle 7 < x < 27 consisting of the points x =
nh/2, and let L2(K,) be the Hilbert space of functions on K, with the scalar product

h ——
(o= [0Ee
x=Kp
I is clear that dim L?(K,) = N = 4n/h. Every operator in the space L%(K,) is defined
by a kernel K{x, y), x,y ¢ K,. We assign to each operator in Lz(Kb) a function @(p,q)
on ‘.mb by the formula, which is similar to (6.7),
2ip

A (p, q)=h2K(q—-§,q+§)eT§- (6.11)

The inverse of (6.11) coincides in form with (6.8). The operator product a- 21;12 in
L%(K,) corresponds to the composition of kernels Klx, y) =(5/2) 2K (x, s)K,(s, y).
Thus by means of (6.11) and (6.8) we can go over to the functions @(p, g)- An obvious
calculation shows that the composition of the functions {(p, 9), which comes about in
this manner, is identical with (6.10).

In this way (6.10) defines an associative algebra. The algebra ¥ is defined just
as for the cylinder,(?!) and the validity of the correspondence principle is established
exactly as in that case.

In concluding we point out that all the formulas which relate to the quantization in
the case of the torus are obtained from the similar formulas for the Weyl quantization of
the plane by replacing the integrals by their defining sums with increment b/2

§7. Questions of uniqueness

In this section we examine, on the basis of some general considerations, the unique-
ness of the Wick and Weyl quantizations in C”.

1. Additional definitions. Let ¥ and ¥, be quantizations of the same classical
mechanics. We call U, a subguantization of U, (A, CU,) if an admissible homomor-
phism ¢: %, - ?12 exists.

(20) It will be shown elsewhere that in the case of a compact symmetric space with a semi-
circle group of actions the sitvation is similar.

(21) The only difference is that & takes on values of the form (6.9), and not the half line
(0, ).



1148 F. A. BEREZIN

The quantization ¥ is called maximal if A C U, implies that U = %4,

Let ¥ be a special quantization of the mechanics (M, ®) which is natural with re--
spect to some category X to which the group G of motions of the manifold f belongs.

As has been repeatedly noted, in this case the translations generate automorphisms

of the algebra A, by the formula
(taf) (x) = f (g7'%). (7.1)

The quantization ¥ will be called effective if there is no natural isomorphism be-
tween algebras A, and A b, for b1 £ 172 (i.e. none which commutes with all rg).

A quantization is called irreducible if the algebras A, have faithful irreducible
representations as bounded operators in a Hilbert space.

A quantization is called a w*quantization if the algebras A, are w*-algebras.

In particular, in the case of an irreducible w*-quantization the algebras A, are iso-
morphic to the complete algebras of bounded operators in a Hilbert space.

2. General considerations. Consider the set N of *-algebras A consisting of func-
tions on a homogeneous manifold N which admits a group G of motions and which has
the properties:

i) The algebra A is isomorphic to an algebra of bounded operators on a Hilbert
space.

ii) The translations (rg {)x) = {(g"1x) are isomorphisms of the algebras A.

iii) The identity of A is the function f(x) = 1.

The algebras A and A, € M are called naturally isomorphic if there is an iso-
morphism between them which commutes with the automorphisms T

We denote the set of classes of pairwise naturally isomorphic algebras A by M.

Next, let T denote the set of all irreducible projective representations of the
group G, and let T denote the set of classes of unitarily equivalent projective repre-
sentations of G. We shall construct a monomorphic mapping M » T.

Fix an algebra A € M. Let A be isomorphic to an algebra of bounded operators L
/in the Hilbert space K, and let ¢ denote the isomorphism A » L. Let o, = ¢rgq_’>’l be
an automorphism of L. Since all the isomorphisms of L are inner, there is a bounded

operator Ug, defined up to a constant factor A, which generates o,
~ ~ o~ 1 9
of =U,fUq . (7.2)
. * . . . . « o .
In view of the fact that o, is an automorphism, in partxcular it takes Hermitian opera-
tors into Hermitian oprrators. It therefore follows that U differs by only a constant fac-
tor from a unitary op :rator. We can therefore consider U to be unitary with |A| = 1.

The operators U form a unitary projective representatxon of the group G.
We shall show that the U are irreducible. Let /0 € L. commute with U and

/o(x) =¢” l(/0) By (7.2),
fo (@71%) = (tgfo) (x) = @7* (Ugfo) =q (UxfoUg) = ¢~} (fo) = fo (x).
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Because of the transitivity of the action of G on 1, it follows that {{(x) = f, = const.
Because of iii), this means that /70 = fol, where I is the identity operator in K. Thus
to each algebra A ¢ M we have assigned an irreducible projective representation Dg of
the group G.

Theorem 7.1. The algebras A, and A, are naturally isomorphic if and only if the
corresponding representations Uél) and 0(32) are unitarily equivalent.

Proof. We shall supply the index i =1, 2 to objects which relate to the algebras
A . Suppose that the representations U(gi) are unitarily equivalent, and let V: }(1 —»}(2
be an isomorphism of the Hilbert spaces which underlies this equivalence: Vflg(l) =
0;2) V. By means of V we construct the isomorphisms L, > L, and A} - A:

fo VIV, [(0) =@ (Vo (A VY =9 (). (7.3)
The isomorphism { » ¢(f) in (7.3) is natural:
YN = @' VOP o () TPy V) = o Ve () VT = <% (7).

Conversely, let the algebras A, and A, be naturally isomorphic, and let ¢y: 4, - A,
be the isomorphism. In this case y = ¢21//¢1‘1 is an isomorphism between the algebras
L, and L,. Since the L, are complete operator algebras, an isomorphism V: }(1 - 3‘(2
exists which generates y: X7= V7V'l, 7 € L,. The uniqueness of ¢ implies the iden-

tity l,/r(l) (2)(,&. It follows from this that xa; (2)X where a(g') are automorphisms
of the Ll of the form (7.2). In more detail,

VOPF 0Pyt v =08 v 9™ 7.4
From this we have

VO WUOLF = Fv @P) O (7.5)

Since (7.5) is correct for any / €L, we have V“(U(Z))-’vu“) Al, so that U(l)
A1y, This equation implies the unitary equwalence of the projective represen-
tations U;” and Ué’). The theorem is proved.

3. Uniqueness of Wick quantization. In this subsection we shall consider C” as a
uniform space with a group of actions G, which is composed of parallel translations
and unitary transformations. We denote the first of these subgroups by H and the sec-
ond by U. We adjoin to the algebras A,, 0 <h <, which enter into the construction
of the Wick quantization, the algebra C of complex numbers. For convenience we shall
assume that C = A . The quantization formed by means of the algebras A,, 0 <4 <o,

will be called the extended Wick quantization.

Theorem 7.2. All irreducible, effective, maximal w*-quantizations in C" which are
natural with respect to the group G, are naturally equivalent. One such quantization is
the extended Wick quantization. In 1his way all these quantizations are naturally equiv-

alent to the extended Wick gquantization.
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Proof. To each algebra which arises in the extended Wick quantization we assign

an irreducible unitary projective representation U;”)

subsection 2. By Theorem 7.1, to prove Theorem 7.2 it is sufficient to verify that the

of the group G,, as was done in

representations U(g”), up to unitary equivalence, exhaust all the irreducible projective
representations of G.. Every projective representation of G, is a linear representation
of some central extension G, with respect to a center which is no more than one-dimen-
sional. By means of standard homological algebraic methods it is easily established
that: 1) each such extension is a semidirect product 61 =U x i)', where U is a unitary
group and H is an extension of the group of parallel translations of H; 2) if the group
H is not commutative, then it is the Heisenberg-Weyl group.

The group H acts transitively on C™. Consequently the restriction of the represen-
tation U;”) to H is irreducible. Hence it immediately follows that if for some ho the
group H is commutative, then the space Fb is one-dimensional, and consequently Ab
e (2 2)

In the case where the group H is the Heisenberg-Weyl group, each of its irreducible
representations, up to projective equivalence, can be uniquely compléted to an irredu-
cible representation of the group 51.(23) Now recall that according to $4.3 the repre-
sentations 0(3”), 0 < ) < =, generated by the Wick quantization, up to equivalence, ex-
haust all the irreducible unitary representations of H. Theorem 7.2 is completely proved.

Remark. Let B, be an algebra which is naturally isomorphic to the algebra A, of
Wick symbols. Since the isomorphism ¥: B, » A, is a linear correspondence, it must

have the form

A(z,2) = SJY‘ (2, 2|u, u) B (4, u) dp (4, ), (7.6)

where B €B, and A =B €4,
The requirement that it be natural leads to the fact that

X (g2, gz|gu, gu) = K (2, z|u, ) for gEGy.

Therefore we have
# (@ zlu,u) =K(lz—ul) (J2!= 2P (7.7)

Formula (4.16), which relates the Wick and Weyl quantizations, is a particular case of

(7.6) and (7.7).

(22) It is natural to consider the unit representation ¢ as ’l\f 0’ . Note that ¢ -llm U(h)
in the topology of the re:resentation space (see [3]). This circumstance is the basis for the
notation A4 _ = C.

23 Let Tg and 1. be n'reduClble unitary representations of '(\; whose restrictions to F

coincide: § = Lé for £¢€ lI Since i is a normal divisor of 8‘1, we have
-1 _
Py =

whence i“i ;' = ’f‘ 17T . Because of the irreducibility of T, it follows that T =L , i.e.
~g g £7e & £ g g

Tg and Lg are projectively equivalent.

zEz"' EL = Lz&r‘ =T g
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4. Uniqueness of the Weyl quantization. Let G, denote the group of all linear non-
homogeneous canonical transformations in R?", i.e. the group of all linear nonhomo-
geneous transformations which leave the form w = X dp, Adg_ invariant. In the com-
plex coordinates z, = (g, + ip,)/\V2 we have w =(1/1) 2 dz, A dz, so that the group
G, considered above, which preserves the metric ds? =% dz,dz,, is a subgroup of G,.

Ve adjoin to the algebras A, 0 < h <o, which compose the Weyl quantization, the
algebra A = C, and call the quantization constructed by means of the algebras A4,

0 </ < o0, the extended Weyl quantization.

Theorem 7.3. The extended Weyl quantization is the unique maximal, irreducible

and effective w*-quantization which is natural with respect to the group Gz.(“)

In order not to obscure simple ideas with complicated details, we shall restrict
ourselves to giving a heuristic proof of this theorem.

First step. By repeating in full detail the proof of Theorem 7.2, we see that the
extended Weyl quantization is, up to natural equivalence, the unique quantization having
the properties enumerated in the conditions of Theorem 7.3,

Second step. Let B, be the algebra of Weyl symbols in A,. Write the isomorphism
Y Bb - Ah in the form (7.6). The requirement that it be natural with respect to Gz
leads to the fact that K(gx|gy) = K(x]y), where x = (2, %), y = (v, ¥) and g €G,.

Thus X(x]y) is an invariant pair of points. However, in R2™ there is no pair of
points invariant under G,. Consequently K(xly) = 8(x - y), where 8(x) is the Dirac
S-function, and A = B.(®3)

§8. Concluding remarks

1. Nonexistence of a universal quantization. Let § denote the group of all one-
to-one transformations of the space R?" which leave invariant the form w=2 dpi/\dqz.,
i.e. the total group, including nonlinear canonical transformations. A gquantization

which is natural with respect to the group § will be called universal.
Theorem 8.1. There exists no irreducible universal w*quantization.

Before proving this theorem, we note that it provides a negative solution to the
question of the existence of a quantization which is natural with respect to the category
of all morphisms of classical mechanics.

Proof of Theorem 8.1. Let 0 be a universal quantization. With no loss of gener-
ality we can assume that it is maximal. It must therefore coincide with the Weyl quanti-
zation. In fact, since the group of all linear canonical transformations is a subgroup of

*B, the quantization Q satisfies the conditions of Theorem 7.3. Consequently the law
of multiplication in the algebras A, is given by (4.13). Thus for a universal quantiza-

tion Q it is necessary that

L4

(24) A similar result in another context is proved in {22].
(25) The basis for a rigorous proof of Theorem 7.3 is the irreducibility of the representation
of G2 in LZ(RZ") defined by the formula (rgf)(x): f(g'lx).
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F (gx,, gxa, 8xs) = F (x3, %3, %3), (8.1)
where )
F (xy, xq, x5) = \‘ 0,
A(Xyox3,Xs)

and A(xl, Xy, x3) is a triangle with vertices xyl, Xgy Xy If the transformation g € §
does not take straight lines into straight lines, i.e. is not affine, then (8.1) is impossi-
ble (since the sides of A(xl, Xy x3) are straight line segments).

The theorem is proved. Its proof can be summarized by saying that the group §
does not leave a triple of points invariant.

2. Remarks concerning terminology. Let £(1) denote the Lie algebra with respect
to the Poisson bracket which consists of infinitely differentiable functions on a sym-
plectic manifold M. The term ‘'quantization’’ is sometimes applied to a linear represen-
tation of this algebra. To me this usage seems incorrect because of the fact that the
quantization used in physics cannot in any of its mathematical interpretations be con-
sidered as a linear representation of the algebra £(). In this connection we shall prove
the following theorem.

Let go denote the Lie algebra with respect to the ordinary Poisson bracket which

consists of polynomials in two variables ¢(p, g).

Theorem 8.2. There exists no representation Ty of the algebra Eé in L2RY) with

the following properties:
1) A Schwartz space S forms a part of the region of definition of all the ’I"75 and is

invariant with respect to all the T¢.

2) Tof = ipf =i Li%f;, T.f = igf = ixf. (8.2)

Proof. We shall break the proof up into several steps.

1) Let Td> be a representation with the property (8.2). We shall show that the
operator T can be represented as a polynomial in the operators p and g whose
degree is no higher than m with respect to p and no higher than » with respect to §.

But first we note that from the equations
0="Tm =e Tl =14, Tl

it follows that T _ =/ (7). Similarly, T =g (). Fromthe invariance of the space §
under T ,, T and the Fourier transformation it follows that the functions of a real
variable /n(xls and g (x) are infinitely differentiable

Next, if [(x) is an infinitely differentiable function, then

b F@I=F @, 1 F@==F@ SRR

(in the first equation we have the Poisson bracket; in the second, the commutator).



QUANTIZATION 1153
By applying (8.3) n + 1 times, we find that

0=Ty, oo =210 oo 10, fa (@ = R0 (g),

where /ﬁl’”l)(x) = d"“/n(x)/dx"*l. Consequently / (x) is a polynomial of degree no

higher than n. g n(x\ has the same property. Now note that

p!ﬂq’l = [pﬂﬁ'l' qn"'] ]‘

1
(m+1)(n+1)

Consequently

1 R R
T pmen = e ysrwy (9,41 (P)s fryy @)

By making use of the commutation relation [§, 3] = hl/i, we find from this, after an ob-
vious transformation, that the operator Tp,,,q,, can be written as a polynomial in § and
g of degree no higher than m in § and » in 7.

2) Let @ {0+ @) denote the Weyl symbol(*®) of the operator T. We shall show
that(27)

Ao (p, ) = iho (%. —Z—) +¢, ¢ =c(p)=const. (8.4)
We make use of the following general formula f15]. Let fl and 72 be any operators,

and let f,(p, q) and /z(p, q) be their Weyl symbols. In addition, let g = [71, 72] and
g(p, q) be the Weyl symbol for §. Then

g(p. @) = = [ fi
(8.5)

00 B \3+1 2 ik—l ak+ lfl ak-}lfz ak+ ’fl. alH»lfz
PR g (e s o)
? 2 k+lmsgn+l kit oqkapl apkaq’ 6p"6q’ ap’aqk

where

[fu fol =39 o0 dp

is the Poisson bracket.

(26) The Weyl symbol for a differential operator with polynomial coefficients is obtained
from the general formula (4.8), where &(a, 8) is a linear combination of 8-functions and their
derivatives. For these operators one can provide an independent definition of the Weyl symbol
as follows. Let 4 and B be any noncommuting operators. The symmetrized product (4™B") of
these operators is the coefficient of (m + n)a™B8"/min! in the expansion

(GA-]-ﬁB)N: 2 NI amﬁn(AmBn).

min}

m+n==N
(For example, (4B)="%(4B + BA).) By using the relation [p, '(}] =1h/2, we can write every
operator which is a polynomial in p and ¢ in symmetrized form: 4 = 2 amn(ﬁm?]"). The Weyl
symbol for the operator 4 in terms of the coefficients is a . @, =2 am"p”’q".
(27) It will also be shown that the constant ¢ in (8.4) is equal to 0. However, this stronger

version of (8.4) is not needed here.
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For the following it is essential that if /, is a polynomial of no higher than second
degree and [, is an arbitrary polynomial, then all the terms in (8.5) beyond the first are

equal to zero.
By the conditions of the theorem, formula (8.4) with the constant ¢ = 0 is valid with

¢ =p and ¢ =g. Let us find aqz (p» ). By the above, @qz(p, q) = {,(4) is a polyno-
mial of at most second degree. Applying (8.5), we find

2ig = A (b, 9) = hIp.fl@))=hf: ().
Hence [ (q) = ig?/h + c,. Similarly, g,(p) = ip?/h + €,
Next, we have pq = %[p?, g2]. Therefore
1 1 & 1
Ao = Apralpg) =& (0) H@)= —h‘-P‘I-

Thus (8.4) is valid if ¢ is a polynomial of no higher than second degree.
We now turn to the general case. Let ¢ be a polynomial of at most second degree

and let / be any polynomial. By (8.5),

P .
Aon(ps 9) = - [ A, As). (8.6)
By setting ¢ =p and ¢ =g in (8.6), we obtain
a4 (X3
Ao =h—, Ay = h—d1, 8.7)
u % » o
Let B,(p, ) =@ /(ph, gh). It follows from (8.7) that
OB 0% }
Rop =——L, RBop =—. 8.8
z " 1= (8.8)

Let L denote the linear operator { -+ .(B/. As was noted above, &l’ and consequently
also 93/, is a polynomial whose degree in p and ¢ does not exceed the degfeerf I8
Let fn denote the space of polynomials of degree at most » in p and ¢. The space
gn is invariant with respect to L; and, in addition, it follows from (8.8) that L com-
mutes with d/dp and d/dg. Therefore

L=SLn Lo= S au~L, gy const. (5.9)
% k+12a=n apk aql

(The series in the first equation of (8.9) is a formal series. It is meaningful only inso-

far as L can be only applied to polynomials.)
We make use of (8.6) for the case where ¢ is a homogeneous second degree poly-

nomial:

Bio.n (0, 9)=Ae.n1 (O, gh) =i‘ [Ae Aj] (ph, gh)=[0, A;] (ph, qh)
= [¢, %f] (pv q)

Consequently L commutes with the operation of taking the Poisson bracket with ¢,

i.e. with the operators
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i il 0
Pr—y §—, P—/—, qi‘ (8.10)
Note that commutation with the operators (8.10 ) does not change the order of a homo-

geneous differential operator with constant coefficients. Consequently each operator

Ln commutes with the operators (8.10). In particular,

é
0= L, ——]= ka
[" s 2 Map‘*a‘

k4 lmn

2 lay ——

kal=n

0= [Ln, q -56-—] "
q ap aq

Hence a,, =0 for k# 0,140, i.e. L =0 for n# 0. Thus L =L, B,(p, ¢) =
Lof(p,q) and @ 8, 9) =L of(p/h, q/b) From the condition @ o5 4) = ip we find that
L, =ih. This ptoves (8.4).
3) According to (8.4),

Ap(p ) = Sop* e Ae(p, ) =g+,
= 6 dy = 16

Applying (8.5), we find
h
16—2— psqs + Cg = A[pl,q‘] = —i- [u4p‘, ‘AII‘]

h —sﬁaﬁ' a-?gq¢— ' 3
+(34231 ap® o ¢+ﬁu 31

(8.11)

(4% pg.

Equation (8.11) is inconsistent. Therefore the theorem is proved.
Appendix
1. The asymptotic behavior of some integrals. Let ¢(t, 1) be 4 times and u(t, T')
3 times continuously differentiable in the region D C C” defined by the conditions

|£;] < e. In addition, suppose that the function ¢z, I') has a local maximum at ¢ =0

and thar det|02¢/dt 07, # 0.
Let L, be the operator L = p3 zia/azi, and let Et be the operator = t‘ia/azi. Let

R be the function

R = 2 t[l PN tip t,l P t]q Ril,...,ip[jl....,]q (t’ t)l
pro=+
where k’l' N P ,iq(t’ 1) is a function continuous in the closure of D. From this
point on it will be implicitly assumed for simplicity that

LiLie = LiL]p|

z=2=0 °
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Finally, let

gt ) =det| 22| gpij— [JLAGE

Consider the integral
- - —Xou> -
Inw) =h"Sut,Dg ¢t h e F "
where
- - 1 [y ad T2 1 272 1 Y2 T
Qi t)=LiLio+ 3 (Lile+ LiL) @+ 'Z'LILt ¢+ (LiLe+ LiL) @ (A.1)
+ R D).

Lemma 1. For ¢ sufficiently small the integral §b(u) has as b » 0 the asymptotic

behavior

9h(@) =1(0, 0) + h(Au + %uAlng) hzes + 0 (5),
where A is the Laplace-Beltrami operator for the metric

dst = 3 L2 gt
at,0%,

Proof. Let
1 .0
— QD

v, H=e
Q =W+ TL)e+ - Lilie+ o WL+ Lo+ R (4a2)

—1,

and expand i in powers of bl
v=v%+R
irt — - _
W= WL+ i) o+ T LiTte
1 e s { o o (A.3)
+ 5 WL+ LiLde| + o LiLw - TiLe.

Corresponding to (A.2) and (A.3) the integral §,(u) can be represented in the form §,()
= gg(u) +94,(x), where

1 -
$hw) =—;;S(l L puge P qar, (A.4)
1 -
Tnlw) = — \ Ruge™ ® "™° gedi. (A.5)
hn

The standard saddle-point methods show that §,(u) = o(h). Therefore it is sufficient for

our purposes to limit ourselves to considering the integral gg(u).
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In the neighborhood of the point t =7 = 0 we have

wt, g, H) =u®,0)g(©,0)+ L (ug) + L; (ug) + LiL: (ug) + T (£, ), (A.6)

where
7 (f, f) = 2 th e tiptil e t/qu,,....tpli,.....i¢
p+q==3
d 'f . . £ .
and T; ... ’ip‘jl' .+, iq 1s a continuous function.

Corresponding to (A.G), the integral gg(u) breaks up into the sum of two terms which
it is convenient to discuss separately. We begin with the first:

l i -
I8 @) =u(0,0g(0, O)ﬁS (L+ e * 1 e, (A7)

We insert t,:'/o from (A.3) into (A.7) and investigate the resulting integrals,

o7 —‘1"-{1:-1‘? 3 T2 "'—ILtzt‘P i
1) S LiLipe & dtd? = S Lil%pe & dtd? = 0, (A.8)
Indeed, by making the change of variables ¢ » 0, T - 04, |6] = 1, we find that the first
- of these integrals is multiplied by 6 and the second by . But since, on the other hand,

they do not depend on @, they both must vanish. In the same way we establish the

equation
S LiTpe~ wel® g S L,—l:‘;‘cpe—lTL’ L® 4tdi = 0.
2) Consider the following formal identity:
wHE® gy

{LiLie) (2 2)e *

d\t O\ — _ilx- Ly Lyp+uly +uly - -
= f— [ y € dtdt
6e) ) 3e ® (e, 2) did]

(A.9)

p,:zi;:ﬂ’

where exp [-—/7"1L1Et¢ +puL + ﬁZ z] denotes the operator which acts on a function
#(z, Z) by the formula

1 -— — -—
e- i Ly Lyp+puly +ply L Ly Lyp

Q@ z)=e @z + ut, z + pi).

By completing the square in the exponent on the right-hand side of (A.9) and integrating
*with respect to t and T, we find that

l L. -

{WiTio) @ D™ 7 5 atd
L2 2 (A.10)
HEC g, 2)

a 0 \2 -
— 2g-1hn+z (—;z; (41} E) @ (2, 2),

p=p=o
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h -
e Lol w05 2
PYs az 05, Pix azk ’

and ¢ = ||§,}§lk|| is the matrix inverse to ||az¢/aziazk||.
3) Note that

LiL« - LiLip

=(2,,63) (2 )(zt, )(Zn -)q»(v 9P, 5) |y oo

o-=w=0

and for simplicity introduce the notation

a
W=, oyl
25

0w,
(A.11)
L“) tg —_— Zt(’) = t: ..a_ .
3 S
By a transformation similar to the preceding one we get
1 -
(L TPy Chow, Do, w)e & ddf
- __L__ S -—— Ly L1W+u.L;l)+uL£I)+0L$2)+aL$2)
dp2opdodat
X @ (v, 0) ¢ (w, w)Hdtdt’ (A.12)
U=Oax0
d 3 3
o p(dad)olid ol
=pgrt e V% o s
g ouvnacan? P V)9 (w, w) o

(o (ot riibed) o) Los
X @ (v, ) ¢ (0, ).

We extend the transformation of the integrals (A.10) and (A.12). We write for brevity

2% p+q e 32
Qir = T~ and f Pip = f ‘q)k
0292, |, 5o 2P0 azr0f ot |z,

Using these abbreviations we find that the integral (A.10) for z = ¥ = 0 is equal o

0 Qr;

1’1’”: 2 (ptkCPaﬂ 7 azﬁ

Similarly, (A.12) with v =7 =w =@ = 0 is equal to

—y [ 9%y Og; 0Py 0Py ]~ ~ ~
21" g™ '—.——a—“ +2—== 3 > | PurPuPst.
azi zk azl zk
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Thus we find the following final expression for (A.7):

9 @ =u (O, 0)[1+-—{2

+ ) QP

Oy

(Plkq)ﬂ-ﬂ
3z azﬁ

~ ~ ~ 09y g Sors o 9%u 9%
( oz [ |

We turn our attention to the second integral:

3 (@) = (L wg) (1 + %)

First of all we find that

9z 9z, 65/

e Ll s,

1 ! _
SL: (ug) e F M 'vH dtdf = SL‘ (ug) (LiTip) e~ 7 1%

= { L (ug) (W) CiLew) %

HEO [ ded

— ~LT -
= (Li(ug) LLg) e * 0T dtdi = 0.

Equation (A.15) is established by the same calculation as (A.8). Thus

1 — L
15 (W) = — pory 5‘ Li(ug)(LiLigp)e *

LT

dtdt.
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(A.13)

(A.14)

(A.15)

(A.16)

As above, we introduce operators LED, Zfl), LSZ) and ZEZ) as in (A.11) and consider
the auxiliary integral, which differs from (A.16) by the fact that the factor before the

exponential has been replaced by

(L{ug) (v, v) (L)% LPg)

(@, @).

By using the argument by which we calculated the integral 4% we find that

-1

w W)= Ton da%pdo

xe"(“a%”%)m"(a 5 )u(v v) g (v, ) 9 (w, w)\

Hence

2w =— hg-l(—-m——)(:%m—:;)u(v, v) g @, )¢ (@, ©)

~ o~ O - -
= —hgGugn 2 L2 (e, 2)g(2)
azi 02,

The integral
I8 @ = [Lowe) (14 v €

is calculated similarly. It is equal to

z==;=0

1 -—
— MMy,

L gV ]
Ose =0’

L ]

(A.17)
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— ~ Oy O
K@) =—hg™ oupu —é— a_ (ug) (A.18)
z=='z-=o
Turning to the integral
04 1- - . —--I—Lt th -
Ww=— (WiLug)(t+ yo) e ™ atdt. (4.19)

the usual considerations show that
1 = -1 .
— [ LiLiug) 4o ™% "M tdE = o (h).
Therefore
.04 1 - ——I-LIZN Pyl
I8 ) = - f (LiLug)e * dtdt + o (h).

By using the method used above, we find from this that

+o(h). (A.20)

2mzem0

W) =hg™ 3 pu (ug)

Lastly, by an obvious calculation,
495 -n Lt Lo
R ="h jTe [[atit = o (n).
Finally we obtain

95 (@) = u (0, 0) — Ay, (0, 0) + o (h), (A.21)

where

1 ~ ~ 0% ~ ~ ~ 09, 09
= u{—2 3, Gupun £ z w,kcpﬂq»s,( —4
Z dz.
7

azk

99, 99, aa~ =~ (9% 9 0Py g
+2=—\| —g™ > oupi f‘ AL £
azl_ azk Zf 621 azl az,‘

g ou ~ o~ a%z
- +
920z, } 2 ( Z ‘sz(Pu 9z;

+Eq’” —10g}+26u(' Z(Pik(P/l 0@y, ’_Z(Pkglag) i-zfpm

(A.22)
+g7

zu)z 3

We shall transform this result. For this purpose we use the easily proven identities

Oq) ~ Oy ~
‘k‘ Z(Pls_“q)ﬂz, (4.23)
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_1 ag a(psk
2 (A.24)

where x denotes either of the variables z, or z . By (A.24) we find that

~~ 0P
prug —=E<Pz%s——

% l

whence we have the vanishing of the coefficient of 6u/azl. The vanishing of the coef-
ficient of au/afi is shown similarly.

Let us turn to the coefficient of u. It follows from (A.24) that

~ ~ [0y 3g , 9P dg -1 oz

QuPjt + == = 2 g%

Z ( 0z 0z, 0z 0z, 2' az, dz

By using this identity, and also the fact that d@,; /az = 0o, /6— (which is a conse-
quence of the definition ¢ = 82¢/az 0z ) we see that the coefﬁcxcnt of u is equal to

"—Z(Pik[

6 8,
+ g7 2 onfg =L 2% %\,
6z<?zk 9z, 9z,

PjtPst ————

~ ~ Ogy I
9z, 0z

Next, combining (A.23) and (A.24), we find

r— s ——— —— i p——

07,02, dz,dz, 9z, 9% 9z, 0%

- 0 ~ d'g ~ ~ 30, dgy 09y O,
g e~ pa"l'z(Pll‘Pst( CaL L ’)-

Hence we have

2 Pie [ 2 %p

~ ~ Oy 0
+E l(Psti&]

0z,

~ ~ Op, 39

—ZQ’tk g -1 pn - (pll‘:l)siT”'i
82,02k 0z, 9%

S 9y dg 9
=g N ou (gL — L)
62 0z, 0z 9%

Now note that

a‘lng= -3 a%g __ g og
02,0z, 023z, 0z 0z,

Thus the coefficient of # is equal to

021
2 Csz ng'
2 02,02,2
It will be shown below (see Lemma 3) that the Laplace-Beltrami operator for the metric
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D= 82¢/az'.67k when applied to functions is equal to

Therefore our result can be reformulated:

u, = Au+ —Z—uAIng.

The lemma is proved
— . - - . - “ — .
Let u(t, T) be a continuously differentiable function, let ¢ =210, 7,, i, k=1,
-, n, be a positive definite quadratic form, and let R be a function of the form

R (t, 7) = Z tl, e tlp?i‘ . e .t-fqﬁil""'lp MHareenriq (t) 7))
pgm=s

s . I3 — -
where the Ril . are continuous functions. We denote by g(t, ¥) a continu-

v aiplin, e
ously differentiable function Such that &(0, 0) = det ||, II-

Consider the integral

- hi [l +R{t Y]

snw=-= [ u¢,Het e dtd, (A.25)

1; I<e

Lemma 2. For sufficiently small ¢

Ou

a7,

ou

o,

?

90 @ —u(0,0)]<c l//—zmlax(

It \<e

)-{—u(O, 0) <0 (1), (A.26)

where ¢ and o{l} do not depend on u.

Proof. In the integral (A.25) make the change of variable 7 » t\/z, 7—»7\/—17 We shall
show that following this we can take the limit under the integral sign. We decompose ¢
into the sum ¢ = ¢, + @', where ¢, and @' are positive definite quadratic forms, with
@' > |R] for |t < ¢ (it is this condition which determines ¢). Thus

1 1
e = (P+R) —— — — e _ -
e T <e F®  ang e WRWE.TVR )ée oultl)

Consequently the integral §,(x), after the substitution ¢ - b, 1 >1h, is boundedly
convergent, so that we can take the limit under the integral sign, whereupon we find

that
lim 9x() =u(0,0).
h—o

In particular, if ¥ = const, it follows that gh(u) —u=u- ofl}, where o1} does not de-

pend on u
Now let #(0,0)=0 and u(t, T) =S tu, + 73’1. , where u; and ; are bounded func-

tions. A repetition of the above argument shows that
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|52 @ISVR{ S (w¢VE VB + [ ¢Vh TR 4]
XgmrJVE'%me<thmu(Mﬂtﬂlmﬂﬁp

Ll i<

N,
Now u; and 4; can be chosen so that

| ] < e max a

[ | < ¢ max
tgi<e

tal<e

o
Let uo(z, 1) = u(0, 0) = const. By combining this result with the previous one, we find

that

Snu) = Sn(u—up)+ 9alt)) = Jn(e —uy) + 1y +up - 0(1),

EANED
e
The lemma is proved.
2. The Laplace-Beltrami operator on a Kéhler manifold. Let a metric

so that

| 95 () —u(0,0)| < cVh max (

Litgl<e

\)—i—u(0,0) o (1).

ds® = 2 1p;kdz,d_zk. (A.27)

be given in some region D C C”. A necessary and sufficient condition for (A.27) to be
a Kidhler metric, and also for the local existence of a function ¢ such that '/”ik =
alel/a~ 07, is that the identities

Oie _ ok

0z, 9z '

M (A.28)
Iz, B 0z,

be satisfied. We have the following general assertion.

Lemma 3. The Laplace-Beltrami operator for the metric (A.27) when applied to

functions(*8) has the form

A= z
'lpik'—_"
2 92,0z,
where “zxk“ is the inverse of the matrix [ |-

Proof. By our general formula,

1

Au=—2—- [ —l 2 ll’tkg—u -+ g —"IP:kg—u] =

(28) But not to tensor fields!
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~ Q% 1 d ~ \ du 9 ~ \ du’
= — 5 —= — [ —1.
2 - 9202, ! 2 [ (azi gwik) %2 (az,, g‘p[k) 9z, J

By (A.23) and (A.24)

-’ 0 -~ - ag ~ ag.k\
71N —gyn = g = Y+ —‘)
2 0z 2 0z dz;

~ g ~ o~ Oy ~
= ——— —_— —_ J— 0
E: Yis 5 Vir Z,Qst 53 L7 )

so that, according to (A.28), 9y, /0%, = &) ,/0Z,. Inthe same way one can show that
the coefficient of au/afi also vanishes.

Received 6/SEPT/73
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