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Preface

This book is based on graduate courses taught by the authors over the last fourteen years
in the mathematics department of Stony Brook University. The goal of these courses —
the one year sequence Mathematical Physics I and II — was to introduce second year
mathematics graduate students with no prior knowledge of physics to the basic concepts
of classical mechanics and classical field theory, and then to quantum mechanics and (very
introductory) quantum field theory.

Classical physics, especially classical mechanics and theory of electromagnetism, was
an integral part of mathematical education up to the early twentieth century, with lecture
courses given by Hilbert and Poincaré. To revive this tradition, the sequence Mathematical
Physics I and II was created, with the goal to make classical and quantum physics accessible
to graduate students and research mathematicians. The monograph [Tak2008] partially
filled the gap by exposing mathematicians to the apparatus of quantum mechanics.

There are many excellent physics textbooks on theory of electromagnetism, special
relativity and theory of gravity, starting from the classic text [LL1971], and every textbook
on quantum field theory starts with succinct review of the first two topics. Development in
the twentieth century, especially the advent of the theory of gauge fields — the Yang-Mills
theory — revealed the geometric origin of classical field theories and put geometric methods
at the forefront. This led to the great advances in fundamental mathematics, especially in
topology and geometry of 4-manifolds, with several monograph dedicated to this subject.

However, a graduate student or a working mathematician can find few sources on classi-
cal field theory. The most comprehensive are lectures [DF1999] by P. Deligne and D. Freed
at the special year 1996-1997 on Quantum Field Theory at the Institute for Advanced Study,
Princeton.

The present book gives a comprehensive pedagogical treatment of classical field theory
from a mathematics perspective. It is intended as an introduction rather than an in-depth
monograph; yet we believe it touches all the important topics in classicl filed theory — with
a notable expection of supersymmetry.

xi



xii Preface

As the warm-up, the book starts with Part 1 devoted to classical mechanics and special
relativity. This material is quite standard; our exposition is based on Hamiltonian approach
and emphasizes the Hamiltonian action of the relevant Lie groups. Thus in Chapter 6 we
show how the Galilean group acts naturally on the phase space of a free particle, and show
that this action is Hamiltonian, while in Chapter 8 we exhibit the Hamiltonian action of
the Poincaré group on the phase space of a free relativistic particle. In the same chapter
we discuss the no interaction theorem in special relativity, which explains that relativistic
invariance requires that physics phenomena is described by fields. These topics are not
usually covered in mathematics textbooks. Also in Chapter 7 we discuss Hamiltonian
systems with constraints. This formalism goes back to Dirac and is fundamental for the
quantization of gauge theories. Surprisingly, a popular mathematical notion of Hamiltonian
reduction is the special case of Dirac formalism.

Part 2 bridges classical mechanics and classical field theory. Here we, as in [DF1999]
develop all necessary tools: Lagrangian formulation of the classical field theory, conservation
laws and Noether theorem and Hamiltonian formulation. Compared with more abstract
[DF1999], our approach can be considered as “neoclassical”. We give all necessary facts
about jet bundles, multivariable calculus of variations, etc; however, we mostly skip the
analytic subtleties necessary to develop rigorous geometric methods for infinite-dimensional
manifolds, leaving it to a more sophisticated and interested reader. Instead, we do things
more at a formal level (like physicists). Continuing the line of group actions on phase
spaces, in Chapter 13 we discuss the Hamiltonian action of the Poincaré group on the
infinite-dimensional phase space of a free scalar field.

In Part 3 we discuss the gauge field theory: Maxwell’s theory with the abelian structure
group U(1), and the Yang-Mills theory with the structure group being semi-simple compact
Lie group. For the convenience of the reader, in Chapter 17 we collect all necessary facts
about connections and curvature in vector and principal bundles. Using Dirac formalism
developed in Chapter 7, we carefully discuss Hamiltonian formulation of the Maxwell’s
and Yang-Mills theories. These theories play a fundamental role in the Standard Model
of elementary particles, and we briefly discuss their couplings with matter fields. From
mathematics perspective, we also discuss self-duality equations and Hitchin’s equations,
which play important role in fundamental mathematics. Finally, in Chapter 19 we introduce
the Chern-Simons theory, the basic example of topological field theory, which plays a very
important role in low-dimensional topology.

In Part 4 we briefly discuss theory of gravity, the Einsten’s general relativity. Since there
are plenty of physics and mathematics sources, our goal here is a coherent mathematical ex-
position of the basic notions. Thus in Chapter 21 we carefully discuss basic properties of the
spacetime in general relativity and emphasize the notion of globally hyperbolic spacetime.
In Chapter 22 we give a standard derivation of the Einstein’s field equations with matter.
In Chapter 23 we discuss the so-called Palatini formalism, an approach to Hilbert-Einstein
action when 10 matrix elements of the metric tensor and 40 components of the symmetric
Christoffel symbols are independent variables. We also briefly discuss Hamiltonian formal-
ism for Einstein equations and their special solutions, with and without the cosmological
constant.



Preface xiii

Though we freely use all the necessary tools of modern mathematics, for convenience
of the reader we motivate and remind them. Each chapter in the book concludes with a
special Notes and references section, which provides references to the necessary mathemat-
ics background and physics sources. A courageous reader can actually learn the relevant
mathematics by studying the main text and consulting these references, and with enough
sophistication, could “translate” corresponding parts in physics textbooks into the math-
ematics language. For the physics students, the book presents an opportunity to become
familiar with the geometric foundation of the classical field theory.

There are several ways to study the material in this book. A casual reader can study
the main text in a cursory manner, and ignore numerous remarks and problems, located
at the end of the sections. This would be sufficient to obtain basic minimal knowledge. A
determined reader is supposed to fill in the details of the computations in the main text,
which is the only way to master the material, and to attempt to solve the basic problems.
Finally, a truly devoted reader should try to solve all the problems (probably consulting the
corresponding references at the end of each part) and to follow up on the remarks, which
may often be linked to other topics not covered in the main text.





Part 1

Foundations of
Classical Mechanics
and Special Relativity





Chapter 1

Lagrangian Mechanics

We assume that the reader is familiar with the basic notions from the theory of smooth
(i.e., C∞) manifolds, and recall here the standard notation. Unless it is stated explicitly
otherwise, all maps are assumed to be smooth, and all functions are assumed to be smooth
and real-valued. For a smooth mapping of manifolds f : M → N we denote by f∗ : TM →
TN and f∗ : T ∗N → T ∗M , respectively, the induced mappings on tangent and cotangent
bundles.

We will frequently use local coordinates: a choice of a coordinate chart (i.e. an open
subset U ⊂M and an embedding φ : U → Rn) defines local coordinates q = (q1, . . . , qn) in
U . For a real-valued function f defined on U , we will use the shorthand notation

∂f

∂q
=

(
∂f

∂q1
, . . . ,

∂f

∂qn

)
for the gradient of f .

For a vector field X onM , we will denote by ∂X the corresponding differential operator;

in particular, given a choice of local coordinate system qi, we will denote ∂i =
∂

∂qi
.

Other notations, including those traditional for classical mechanics, will be introduced
in the main text.

1.1. Generalized coordinates

Classical mechanics describes systems of finitely many interacting particles. Position of
a system in space is specified by the positions of its particles and determines a point in
some smooth finite-dimensional manifold M , called a configuration space of the system.
Coordinates on M are called generalized coordinates of a system, and the dimension n =
dimM is called the number of degrees of freedom.

A state of the system at any instant of time is described by a point q ∈ M and by
a tangent vector v ∈ TqM at this point. The basic principle of classical mechanics is the
Newton-Laplace determinacy principle, which asserts that a state of the system at a given
instant of time completely determines its motion at all times t (in the future and in the

3



4 1. Lagrangian Mechanics

past). The motion is described by a classical trajectory — a path γ(t) in the configuration
spaceM . In generalized coordinates γ(t) = (q1(t), . . . , qn(t)), and corresponding derivatives

q̇i =
dqi

dt
are called generalized velocities.

The Newton-Laplace principle is a fundamental experimental fact. It implies that gen-

eralized accelerations q̈i =
d2qi

dt2
are uniquely determined by the generalized coordinates qi

and the generalized velocities q̇i, so that classical trajectories satisfy a system of second
order ordinary differential equations, called equations of motion.

1.2. Principle of least action

Classical mechanical systems are most commonly described using Lagrangian formalism.
In this approach, a mechanical system with a configuration space M is determined by a
smooth, real-valued function L on TM × R, called the Lagrangian function (or simply,
Lagrangian).

The motion of a Lagrangian system (M,L) is described by the principle of least action
formulated as follows.

Definition 1.1. For a path γ : [t0, t1] →M , its action S(γ) ∈ R is defined by

S(γ) =

∫ t1

t0

L(γ(t), γ̇(t), t)dt.

Principle of Least Action. Classical trajectories of a Lagrangian system are critical
points of the action functional on the space of smooth paths with fixed endpoints

P (M)q1,t1q0,t0
= {γ : [t0, t1] →M | γ(t0) = q0, γ(t1) = q1}.

Note that the path space is infinite-dimensional. One can rigorously define the notion
of a critical point on such space using the language of Fréchet manifolds and Gateaux
derivatives. However, it is also possible to define the notion of a critical point in a simpler
way: a path γ ∈ P (M) = P (M)q1,t1q0,t0

is a critical point of the action functional, if for any
one-parameter family of paths γε ∈ P (M) with γ0 = γ, one has

(1.1)
d

dε

∣∣∣∣
ε=0

S(γε) = 0.

The critical points of the action functional are called extremals; thus, the principle of
least action states that a Lagrangian system (M,L) moves along the extremals.

Remark 1.2. The principle of least action does not state that an extremal connecting
points q0 and q1 is a minimum of S, nor that such an extremal is unique. It also does not
state that any two points can be connected by an extremal.

1.3. Euler–Lagrange equations

The extremality condition (1.1) can be rewritten as a system of differential equations, called
equations of motion, or the Euler–Lagrange equations. In this section, we will write these
equations in local coordinates on TM .
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Specifically, the equations of motion have the most elegant form for the following choice
of local coordinates on TM .

Definition 1.3. Let (U,φ) be a coordinate chart onM with local coordinates q = (q1, . . . , qn).
Coordinates

(q,v) = (q1, . . . , qn, v1, . . . , vn)

on a chart TU on TM , where v = (v1, . . . , vn) are coordinates in the fiber corresponding

to the basis
∂

∂q1
, . . . ,

∂

∂qn
for TqM , are called standard coordinates.

For a path γ(t) in M , let γ′(t) be the canonical lifting of γ to TM :

(1.2) γ′(t) = (γ(t), γ̇(t)) ∈ TM,

where the dot stands for the time derivative. We will call γ′(t) tangential lift of γ. In
this case, it is immediate that if γ in local coordinates on U is described by q(t) =
(q1(t), . . . , qn(t)), then γ′(t) in standard coordinates is given by

(q(t), q̇(t)) = (q1(t), . . . , qn(t), q̇1(t), . . . , q̇n(t)).

Motivated by this and following a centuries long tradition1, we will usually denote standard
coordinates by

(q, q̇) = (q1, . . . , qn, q̇1, . . . , q̇n),

where the dot does not stand for the time derivative. Since we only consider paths in TM
that are tangential lifts of paths in M , there will be no confusion2.

Any change of local coordinates in M induces a change of standard local coordinates
in TM . We leave it to the reader to check that under such changes, for any function f on
TM , components of the vector

∂f

∂q̇
=

(
∂f

∂q̇1
, . . . ,

∂f

∂q̇n

)
transform in the same way as components of a one-form on M ; in particular, this implies
that

(1.3) θf =

n∑
i=1

∂f

∂q̇i
dqi

is a well-defined 1-form on TM which does not depend on the choice of local coordinates.

Theorem 1.4. The equations of motion of a Lagrangian system (M,L) in standard coor-
dinates on TM are given by the Euler-Lagrange equations

(1.4)
∂L

∂q
(q(t), q̇(t), t)− d

dt

(
∂L

∂q̇
(q(t), q̇(t), t)

)
= 0.

1Used in all texts on classical mechanics and theoretical physics.
2We reserve the notation (q(t),v(t)) for general paths in TM .
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Proof. Suppose first that an extremal γ(t) lies in a coordinate chart U of M . Then a
simple computation in standard coordinates, using integration by parts, gives

0 =
d

dε

∣∣∣∣
ε=0

S(γε)

=
d

dε

∣∣∣∣
ε=0

∫ t1

t0

L (q(t, ε), q̇(t, ε), t) dt

=
n∑
i=1

∫ t1

t0

(
∂L

∂qi
δqi +

∂L

∂q̇i
δq̇i
)
dt

=

n∑
i=1

∫ t1

t0

(
∂L

∂qi
− d

dt

∂L

∂q̇i

)
δqidt+

n∑
i=1

∂L

∂q̇i
δqi
∣∣∣∣t1
t0

.

where, as usual in the calculus of variations, we denote

δqi(t) =
∂

∂ε

∣∣∣∣
ε=0

qi(t, ε).

The second sum in the last line vanishes due to the property δqi(t0) = δqi(t1) = 0, i =
1, . . . , n.

The first sum is zero for arbitrary smooth functions δqi on the interval [t0, t1] which
vanish at the endpoints. This implies that for each term in the sum the integrand is
identically zero,

∂L

∂qi
(q(t), q̇(t), t)− d

dt

(
∂L

∂q̇i
(q(t), q̇(t), t)

)
= 0, i = 1, . . . , n.

Since the restriction of an extremal of the action functional S to a coordinate chart onM
is again an extremal, each extremal in standard coordinates on TM satisfies Euler-Lagrange
equations. □

Remark 1.5. In calculus of variations, the directional derivative of a functional S with
respect to a tangent vector V ∈ TγP (M) — the Gateaux derivative — is defined by

δV S =
d

dε

∣∣∣∣
ε=0

S(γε),

where γε is a path in P (M) with a tangent vector V at γ0 = γ. The result of the above
computation (when γ lies in a coordinate chart U ⊂M) can be written as

δV S =

∫ t1

t0

n∑
i=1

(
∂L

∂qi
− d

dt

∂L

∂q̇i

)
(q(t), q̇(t), t)vi(t)dt

=

∫ t1

t0

(
∂L

∂q
− d

dt

∂L

∂q̇

)
(q(t), q̇(t), t)v(t)dt.(1.5)

Here v(t) =

n∑
i=1

vi(t)
∂

∂qi
is a vector field along the path γ in M with v(t0) = v(t1) = 0,

representing a tangent vector V ∈ TγP (M). Formula (1.5) is called the formula for the first
variation of the action with fixed ends. The principle of least action is a statement that
δV S(γ) = 0 for all V ∈ TγP (M).
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Remark 1.6. It is also convenient to consider a space P̂ (M) = {γ : [t0, t1] → M} of all

smooth parametrized paths inM . The tangent space TγP̂ (M) to P̂ (M) at γ ∈ P̂ (M) is the
space of all smooth vector fields along the path γ inM (no condition at the endpoints). The
computation in the proof of Theorem 1.4 yields the following formula for the first variation
of the action with free ends:

(1.6) δV S =

∫ t1

t0

(
∂L

∂q
− d

dt

∂L

∂q̇

)
v dt+

∂L

∂q̇
v

∣∣∣∣t1
t0

.

In expanded form, the Euler-Lagrange equations are given by the following system of
second order ordinary differential equations:

∂L

∂qi
(q, q̇, t) =

d

dt

(
∂L

∂q̇i
(q, q̇, t)

)
=

n∑
j=1

(
∂2L

∂q̇i∂q̇j
(q, q̇, t) q̈j +

∂2L

∂q̇i∂qj
(q, q̇, t) q̇j

)
+

∂2L

∂q̇i∂t
(q, q̇, t), i = 1, . . . , n.

In order for this system to be solvable for the highest derivatives for all initial conditions in
TU , the symmetric n× n matrix

HL(q, q̇, t) =

{
∂2L

∂q̇i∂q̇j
(q, q̇, t)

}n
i,j=1

should be invertible on TU .

Definition 1.7. A Lagrangian system (M,L) is called non-degenerate if for every coordi-
nate chart U on M the matrix HL(q, q̇, t) is invertible on TU . Otherwise the Lagrangian
system is called singular.

It is easy to see that the condition detHL ̸= 0 does not depend on the choice of standard
coordinates.

Inverting the matrix HL, we can write Euler-Lagrange equations for a non-degenerate
Lagrangian in the form

(1.7) q̈i = F i(q, q̇, t), i = 1, . . . , n.

Remark 1.8. Let (L,M) be a time independent non-degenerate Lagrangian system and
let γ(t; q0, v0) be the solution of differential equation (1.7) with the initial conditions

γ(t0) = q0 ∈M and γ′(t0) = v0 ∈ Tq0M.

It follows from basic theorems of the theory of ordinary differential equations that there
exist some t1 > 0, a neighborhood V0 of v0 in Tq0M , and neighborhoods Ut of γ(t; q0, v0) in
M for times t0 < t < t1, such that the mapping

(1.8) V0 ∋ v 7→ q(t) = γ(t; q0, v) ∈ Ut

is a diffeomorphism. It is said that the extremal γ0(t) = γ(t; q0, v0) is included into the
central field of extremals γ(t) = γ(t, q0, v) for times t0 < t < t1, where v ∈ V0. In standard
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coordinates the mapping (1.8) is given by q̇ → q(t) = γ(t; q0, q̇). We define the action as a
function of coordinates (also called the classical action) by

S(q, t; q0, t0) =

∫ t

t0

L(γ′(τ))dτ,

where γ(τ) is the extremal from the central field connecting q0 and q ∈
⋃
t0<τ≤t Uτ .

1.4. Newtonian spacetime

The Newtonian space E3 is a 3-dimensional Riemannian manifold which is isometric to the
standard Euclidean space R3 with the usual metric. Note, however, that we do not fix a
choice of an isometry between E3 and R3; such an isometry is called a frame in E3. Since
it is known that any isometry of R3 with itself is an affine transformation, it follows that
any two choices of a frame in E3 are related by an affine transformation

r 7→ g · r + r0, g ∈ O(3), r0 ∈ R3.

The Newtonian spacetime is defined as direct product E3 ×R. Points in the spacetime
are called events. Two events (r, t) and (r′, t′) are called simultaneous if t = t′. The distance
can be defined only for simultaneous events and is the Euclidean distance |r − r′|.

An inertial reference frame in the Newtonian spacetime E3 × R is an isomorphism
E3 × R → R3 × R which has the following properties.

• It preserves the notion of simultaneous events; for such events, it also preserves
the distance between events.

• It preserves time intervals and time direction.

An obvious choice of an inertial frame is choosing a frame in E3, i.e. an identification
φ : E3 → R3, and extending it trivially to E3 × R. However, this is not the most general
choice. It is easy to show that composing any inertial frame with a transformation of R3×R
given below gives again an inertial frame:

(1.9)

(
r
t

)
7→
(
g · r + vt+ r0

t+ t0

)
for some g ∈ O(3), r0 ∈ R3, v ∈ R3, t0 ∈ R. Conversely, any two inertial frames can be
obtained from each other by applying a transformation of this form.

The group G of all transformations of R3 × R of the form (1.9) is called the Galilean
group. This group is a semidirect product G = G0 ⋉ R4, where G0 is the homogeneous
Galilean group, consisting of transformations(

r
t

)
7→
(
g · r + vt

t

)
.

In particular, transformations with g = e, the identity in O(3), describe a uniform motion of
spacetime. Again, it is easy to see that G0 is just the Euclidean group E(3) — a semidirect
product E(3) = O(3)⋉R3; it can be explicitly described as a subgroup in GL(4,R):

E(3) =

{(
g v
0 1

)
: g ∈ O(3), v ∈ R3

}
,
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acting on the spacetime R3 × R by

(1.10)

(
r
t

)
7→
(
g v
0 1

)(
r
t

)
=

(
g · r + vt

t

)
.

Thus, the final description of the full Galilean group is

(1.11) G = E(3)⋉R4.

This is a 10-dimensional Lie group. Its action on the spacetime can be described by the
following subgroup in GL(5,R):

(1.12)

rt
1

 7→

g v r0
0 1 t0
0 0 1

rt
1

 =

g · r + vt+ r0t+ t0
1

 .

One of the fundamental principles of Newtonian mechanics is the relativity principle,
formulated by Galileo.

Galileo’s Principle of Relativity. The laws of motion are invariant with respect to the
Galilean group.

In particular, it shows that in Newtonian mechanics, the space is homogeneous (laws of
nature are invariant under translations) and isotropic (invariance under rotations) and the
time is homogeneous. Note, however, that the time in Newtonian mechanics is absolute (up
to translations).

The Galilean invariance imposes restrictions on Lagrangians of mechanical systems. In
particular, the Lagrangian of a closed system3 in Newtonian mechanics does not explicitly
depend on time.

1.5. Lie algebra of the Galilean group

For future use, it will also be convenient to have an explicit description of the Lie algebra
of the Galilean group. It is easy to see that it is given by

(1.13) g = (so(3)⋉R3)⋉R4

where

(1.14) so(3) = {a ∈ gl(3) | at + a = 0}

is the Lie algebra of skew-symmetric matrices. This Lie algebra has a standard basis

(1.15) J1 =

0 0 0
0 0 −1
0 1 0

 , J2 =

 0 0 1
0 0 0

−1 0 0

 , J3 =

0 −1 0
1 0 0
0 0 0

 ,

corresponding to one-parameter subgroups of rotations around x, y, and z axes. More
concisely, they can be defined by the following formula, where as usual we assume summation
over repeating indices:

(1.16) Jiej = ϵijkek

3A system is called closed if its motion is not influenced by the outside material bodies.



10 1. Lagrangian Mechanics

where ei is the standard basis in R3 and ϵijk is the fully antisymmetric tensor:
(1.17)

ϵijk =

{
sgn(σ) if (i, j, k) is obtained from (1, 2, 3) by applying a permutation σ,

0 otherwise.

It is easy to check that these generators satisfy the commutation relations

[J1, J2] = J3, [J3, J1] = J2, [J2, J3] = J1,

which is commonly written as

(1.18) [Ji, Jj ] = ϵijkJk.

It follows from (1.18) that the Lie algebra so(3) is isomorphic to the vector space R3,
considered as a Lie algebra with respect to the cross-product (see Exercise 1.6 for details);
the latter also gives the action of so(3) on R3. This fact will be very useful later, when
we discuss angular momenta (see Example 2.2). However, the isomorphism so(3) ≃ R3 is
a pure coincidence, a special property of the three-dimensional space. In other dimensions,
there is no isomorphism between so(n) and Rn, and Rn does not have a natural Lie algebra
structure (other than the zero one). The proper generalization of commutation relations
(1.18) to so(n) will be given in Exercise 2.6.

We can also give an explicit basis in the Lie algebra se(3) of the homogeneous Galilean
group E(3) = O(3)⋉R3, by combining the basis Ji ∈ so(3) defined above with the standard
basis in R3, which we denote by Ki, i = 1, 2, 3. We leave it as an exercise to the reader to
check, using (1.10), that the commutation relations of se(3) in this basis are given by

(1.19)

[Ji, Jj ] = ϵijkJk,

[Ji,Kj ] = ϵijkKk,

[Ki,Kj ] = 0.

The Lie algebra g of the Galilean group is obtained by adding to the basis Ji,Ki elements
Pi and P0, corresponding to the standard basis in R3 × R. As it follows from (1.11), they
satisfy commutation relations

(1.20)

[Pi, Pj ] = 0, [Pi, P0] = 0,

[Ji, P0] = 0, [Ki, P0] = Pi,

[Ki, Pj ] = 0.

Commutation relations (1.19)–(1.20) describe the Lie algebra g of the Galilean group.

Remark 1.9. The Lie algebra g of the Galilean group is not semisimple and admits a
one-dimensional central extension

g̃ = g⊕ Rz.
Here z is the central element and the commutation relations in g̃ are given by (1.19)–(1.20)
except relations [Ki, Pj ] = 0, which are replaced by

(1.21) [Ki, Pj ] = δijz

(in fact, it can be shown that this is the only non-trivial central extension of g, see Sec-
tion 7.4).
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We leave it to the reader to show that this central extension can be lifted to define a a
central extension G̃ of the Galilean group G:

0 → R → G̃→ G→ 0.

1.6. Examples of Lagrangian systems

Physical systems are described by special Lagrangians, in agreement with the experimental
facts about the motion of material bodies.

Example 1.1 (Free particle in Euclidean space). The configuration space for a free particle
is M = R3, and the Lagrangian is given by

L = 1
2mṙ

2.

Here m > 0 is the mass of a particle4 and ṙ2 = |ṙ|2 is the length square of the velocity
vector ṙ ∈ TrR3 ≃ R3.

This system is invariant under Galilean transformations. Indeed, under the Galilean
transformation r 7→ r + vt we have

(1.22) L = 1
2mṙ

2 7→ L′ = 1
2m(ṙ + v)2 = L+

d

dt
(mrv + 1

2v
2t),

so that Lagrangians L and L′ have the same equations of motion (cf. Exercise 1.2). Specif-
ically, Euler-Lagrange equations give Newton’s law of inertia,

r̈ = 0.

More generally, it is not hard to show that r̈ = 0 is the only possible equation of motion in
R3 which is invariant under the Galilean group.

Example 1.2 (Interacting particles). A system of N interacting particles in R3 with masses
m1, . . . ,mN is described by a configuration space

M = R3N = R3 × · · · × R3︸ ︷︷ ︸
N

with a position vector r = (r1, . . . , rN ), where ra ∈ R3 is the position of the a-th particle,
a = 1, . . . , N . The Lagrangian is given by

L =

N∑
a=1

1
2maṙ

2
a − V (r) = T − V,

where

T =

N∑
a=1

1
2maṙ

2
a

is called the kinetic energy of a system and V (r) is the potential energy. The Euler-Lagrange
equations give Newton’s equations

mar̈a = Fa,

where

Fa = − ∂V

∂ra

4Condition m > 0 is necessary for the action functional to be bounded from below.
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is a force on the a-th particle, a = 1, . . . , N . Forces of this form are called conservative. Thus
the interaction of particles is through the action of potential forces, and is an instantaneous
action at a distance: change in positions of particles produces instantanous change in the
forces exerted by these particles on other parts of the system.

It follows from the homogeneity of the space that potential energy V (r) of a system of
N interacting particles with conservative forces depends only on relative positions of the
particles, i.e., V (r1 + c, . . . , rN + c) = V (r1, . . . , rN ) for all c ∈ R3, which leads to the
equation

N∑
a=1

Fa = 0.

In particular, for a system of two particles F1 +F2 = 0, which is the equality of action and
reaction forces, also called Newton’s third law.

The potential energy of a closed system with only pairwise interaction between the
particles has the form

V (r) =
∑

1≤a<b≤N
Vab(ra − rb).

It follows from the isotropy of the space that V (r) depends only on relative distances
between the particles, so that the Lagrangian of a system of N particles with pairwise
interaction has the form

L =
N∑
a=1

1
2maṙ

2
a −

∑
1≤a<b≤N

Vab(|ra − rb|).

Example 1.3 (Universal gravitation). According to Newton’s law of gravitation, the po-
tential energy of the gravitational force between two particles with masses ma and mb is

V (ra − rb) = −G mamb

|ra − rb|
,

where G is the gravitational constant. The configuration space of N particles with gravita-
tional interaction is

M = {(r1, . . . , rN ) ∈ R3N : ra ̸= rb for a ̸= b, a, b = 1, . . . , N}.

Example 1.4 (Particle in an external potential field). Here M = R3 and

L = 1
2mṙ

2 − V (r, t),

where potential energy can explicitly depend on time. Equations of motion are Newton’s
equations

mr̈ = F = −∂V
∂r

.

If V = V (|r|) is a function only of the distance |r|, the potential field is called central.

Example 1.5 (Harmonic oscillator). Consider a particle of mass m on a line M = R in a
potential field V (x) = 1

2kx
2, i.e. with the Lagrangian

(1.23) L(x) = 1
2mẋ

2 − 1
2kx

2.

In this case, the Euler–Lagrange equation of motion takes the form

mẍ = −kx.
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Denoting ω =
√
k/m, we can rewrite this equation in the familiar form

ẍ+ ω2x = 0.

Solutions of this equation are

x = A cos(ωt+ α)

and describe periodic motion with frequency ω and with period T = 2π/ω.

This system is called the harmonic oscillator and is probably the simplest mechanical
system after the free particle.

We will consider generalizations of this system in the next chapter.

Example 1.6 (Free particle on a Riemannian manifold). Let (M,ds2) be a Riemannian
manifold with the Riemannian metric ds2. In local coordinates x1, . . . , xn on M ,

ds2 = gµν(x)dx
µdxν ,

where we are using summation over repeated indices. The Lagrangian of a free particle on
M is

L(v) = 1
2(v, v) =

1
2∥v∥

2, v ∈ TM,

where ( , ) stands for the inner product in fibers of TM , given by the Riemannian metric.
The corresponding functional

S(γ) = 1
2

∫ t1

t0

∥γ̇(t)∥2dt = 1
2

∫ t1

t0

gµν(x)ẋ
µẋνdt

is called the action functional in Riemannian geometry. In this case, it can be shown that
the variation of the action is given by

δS = −
∫ t1

t0

⟨∇γ̇ γ̇, δγ⟩dt,

where ∇ is the Levi-Civita connection — the unique torsion-free metric connection in the
tangent bundle TM — and ∇ξ is the covariant derivative with respect to the vector field
ξ ∈ Vect(M). Extremals of this action are the geodesics on M , traversed with constant
speed: ∥γ̇∥ = const.

1.7. Exercises

Exercise 1.1. Show that the action functional is given by the evaluation of the 1-form Ldt on
TM × R over the 1-chain γ̃ on TM × R,

S(γ) =

∫
γ̃

Ldt,

where γ̃ = {(γ′(t), t); t0 ≤ t ≤ t1} and Ldt
(
w, c ∂

∂t

)
= cL(q, v), w ∈ T(q,v)TM, c ∈ R.

Exercise 1.2. Let f ∈ C∞(M). Show that Lagrangian systems (M,L) and (M,L+df) (where df
is a fibre-wise linear function on TM) have the same equations of motion. In general, L′(q, q̇, t) =

L(q, q̇, t) +
d

dt
f(q, t) have the same equations of motion. Thus the Lagrangian is defined up to an

addition of a total time derivative of a function of coordinates and time.

Exercise 1.3. Give examples of Lagrangian systems such that an extremal connecting two given
points (i) is not a local minimum; (ii) is not unique; (iii) does not exist.
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Exercise 1.4. Show that every extremal can be included into the central field, introduced in
Remark 1.8.

Exercise 1.5 (Action as a function of coordinates). Let S(q, t; q0, t0) be the classical action,
introduced in Remark 1.8. Using formula (1.6) show that

∂S

∂q
(q, t) =

∂L

∂q̇
(q, q̇) and

∂S

∂t
= L(q, q̇)− q̇∂L

∂q̇
(q, q̇).

Exercise 1.6. Consider the following vector space isomorphism

R3 → so(3)

r 7→ r̂ = r1J1 + r2J2 + r3J3

where Ji ∈ so(3) are defined by (1.15).

Prove that then

(1) û · v = u× v
(2) [û, v̂] = û× v

where u× v is the usual cross-product in R3, given by ei × ej = ϵijkek, or equivalently,

u× v =

u2v3 − v2u3
u3v1 − v3u1
u1v2 − v1u2

 .

Exercise 1.7. Consider the Lie algebra u(2) of skew-hermitian matrices. This algebra has a
standard basis iσ0, iσ1, iσ2, iσ3, where σk are so-called Pauli matrices:

(1.24) σ0 =

(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

In particular, matrices iσ1, iσ2, iσ3 form a basis in the algebra su(2) of traceless skew-symmetric
matrices.

Define a linear map so(3) → su(2) by

Jk 7→ 1

2i
σk.

Show that this map is an isomorphism of Lie algebras. (It can be shown that this isomorphism lifts
to an isomorphism of Lie groups SO(3) ≃ SU(2)/Z2.)

As an immediate corollary, we see that the same formulas also give an isomorphism of complex
Lie algebras

so(3,C) ∼= sl(2,C).



Chapter 2

Integrals of Motion and
Noether’s Theorem

To describe the motion of a mechanical system one needs to solve the Euler-Lagrange
equations — a system of second order ordinary differential equations for the generalized
coordinates. This could be a very difficult problem. However, in many cases this problem
can be simplified by using conservation laws.

Definition 2.1. A smooth function I : TM ×R → R is called an integral of motion, or first
integral, or conservation law for a Lagrangian system (M,L), if

d

dt
I(γ(t), γ̇(t), t) = 0

for all extremals γ of the action functional.

In this chapter we discuss how one can construct such integrals of motion.

2.1. Conservation of energy

The best known example of a conserved quantity of a mechanical system is the energy.

Definition 2.2. The energy of a Lagrangian system (M,L) is the function E on TM ×R,
defined in standard coordinates on TM by

E(q, q̇, t) =

n∑
i=1

q̇i
∂L

∂q̇i
(q, q̇, t)− L(q, q̇, t).

It follows from the fact that components of
∂L

∂q̇i
transform in the same way as components

of a one-form on M (see Section 1.3) that the expression q̇
∂L

∂q̇
is independent of the choice

of local coordinates, and thus the energy is well-defined on TM × R.

15
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Proposition 2.3 (Conservation of energy). The energy of a Lagrangian system in which
the Lagrangian has no explicit dependence on time is an integral of motion.

Proof. For an extremal γ put E(t) = E(γ(t), γ̇(t)). We have, according to the Euler-
Lagrange equations,

dE

dt
=

d

dt

(
∂L

∂q̇

)
q̇ +

∂L

∂q̇
q̈ − ∂L

∂q
q̇ − ∂L

∂q̇
q̈ − ∂L

∂t

=

(
d

dt

(
∂L

∂q̇

)
− ∂L

∂q

)
q̇ − ∂L

∂t
= −∂L

∂t
.

Thus
∂L

∂t
= 0 implies that the energy is conserved. □

This proof is not very illuminating; to understand the true meaning of the energy
conservation law, we will need to understand the relation between integrals of motion and
the symmetries of a system, which will be done in the next section.

2.2. Noether’s theorem

In Section 1.1, we discussed that one of the postulates of Newtonian mechanics is invariance
of the equations of motion under the group of Galilean transformations of the spacetime.
This a common phenomenon: in many cases, mechanical systems we consider have some
symmetries. The definition below makes it precise. For simplicity, we begin by considering
only Lagrangians which have no explicit dependence on time; more general case will be
considered later (see Remark 2.8).

Definition 2.4. A Lagrangian L : TM → R is invariant with respect to a diffeomorphism
g : M → M if L(g∗(v)) = L(v) for all v ∈ TM . In this case, the diffeomorphism g is called
a symmetry of the Lagrangian system (M,L).

A Lie group G is a symmetry group of (M,L) (group of continuous symmetries) if there
is a left G-action on M such that for every g ∈ G the mapping M → M : x 7→ g · x is a
symmetry.

In particular, it is immediate from the definition that if g ∈ Diff(M) is a symmetry
of the system, then the set of extremals is invariant under g. Note that converse is false:
a transformation can preserve the extremals and yet not preserve the Lagrangian. For
example, Galilean transformations of the spacetime do not preserve the Lagrangian of the
free particle, see Example 1.1.

The fundamental theorem of Emmy Noether establishes a relation between continuous
symmetries and conservation laws.

Theorem 2.5 (Noether). Suppose that Lagrangian L : TM → R is invariant under a one-
parameter group {gs}s∈R of diffeomorphisms of M . Then the Lagrangian system (M,L)
admits an integral of motion I — the Noether integral — given in standard coordinates on
TM by

I(q, q̇) =
n∑
i=1

∂L

∂q̇i
(q, q̇)ξi =

∂L

∂q̇
ξ,
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where ξ =
n∑
i=1

ξi(q)
∂

∂qi
is the vector field on M associated with the flow gs:

ξ =
dgs(q)

ds

∣∣∣∣
s=0

.

Proof. In Section 1.2 we have shown (see Remark 1.5) that for any one-parameter family
of trajectories γε (not necessarily with fixed endpoints), we have

d

dε

∣∣∣∣
ε=0

S(γε) =

∫ t1

t0

(
∂L

∂q
− d

dt

∂L

∂q̇

)
ξ dt+

∂L

∂q̇
ξ

∣∣∣∣t1
t0

,

where ξ =
d

dε

∣∣∣∣
ε=0

γε (for simplicity, we drop the indices).

Let us apply it to the one-parameter family γε = gε(γ). Since gε is a symmetry of the
Lagrangian, S(γε) is constant and thus the left-hand side of the previous formula is zero. If,
in addition, γ is an extremal, then by Euler–Lagrange equations the integrand is identically
zero, so we get

∂L

∂q̇
ξ(t0) =

∂L

∂q̇
ξ(t1),

which is another way of writing that
∂L

∂q̇
ξ is a first integral. □

Corollary 2.6. Let G be a Lie group of symmetries of a system (M,L), and let g be the
Lie algebra of G. Then every element a ∈ g defines a one-parameter group of symmetries
gs = exp(sa), s ∈ R, and thus an integral of motion Ia of the system.

We will later show that in fact one can define a Lie algebra structure on the space of
integrals of motion, so that a 7→ Ia is a morphism of Lie algebras.

Remark 2.7. Theorem 2.5 has an infinitesimal analog, in which diffeomorphisms are re-
placed by vector fields. Namely, a vector field X on M is called an infinitesimal symmetry,
if the corresponding “time s” local flow gs of X is a symmetry: L ◦ (gs)∗ = L on Us.

Every vector field X on M lifts to a vector field X ′ on TM , defined by a local flow on
TM , induced from the corresponding local flow on M .

It is easy to verify that X is an infinitesimal symmetry if and only if dL(X ′) = 0 on
TM . We leave it to the reader to modify the proof of Theorem 2.5 to show that in this
case,

I(q, q̇) =
∂L

∂q̇
X = θL(X

′),

where θL ∈ Ω1(TM) is defined by (1.3), is an integral of motion.

Remark 2.8. Noether’s theorem generalizes to time-dependent Lagrangians L : TM×R →
R. Namely, on the extended configuration space M1 = M × R define a time-independent
Lagrangian L1 by

L1(q, τ, q̇, τ̇) = L

(
q,
q̇

τ̇
, τ

)
τ̇ ,
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where (q, τ) are local coordinates on M1 and (q, τ, q̇, τ̇) are standard coordinates on TM1.
The Noether integral I1 for a closed system (M1, L1) defines an integral of motion I for a
system (M,L) by the formula

I(q, q̇, t) = I1(q, t, q̇, 1).

When the Lagrangian L does not depend on time, L1 is invariant with respect to the

one-parameter group of translations τ 7→ τ + s, and the Noether integral I1 =
∂L1

∂τ̇
gives

I = −E. This explains the energy conservation law discussed in the previous section: energy
conservation is a corollary of time-independence; energy is the first integral corresponding
to the time translations.

Noether’s theorem can be generalized further: instead of requiring dL(X ′) to be zero,
we can require it to be a complete derivative.

Proposition 2.9. Suppose that for a given Lagrangian L : TM → R there exist a vector

field X =
∑n

i=1X
i ∂

∂qi
on M and a function K on TM such that for every path γ in M ,

dL(X ′)(γ′(t)) =
d

dt
K(γ′(t)),

where, as before, γ′ is the tangential lift of γ. Then

I =
n∑
i=1

Xi(q)
∂L

∂q̇i
(q, q̇)−K(q, q̇)

is an integral of motion for the Lagrangian system (M,L).

Proof. Using Euler-Lagrange equations, we have along the extremal γ,

d

dt

(
∂L

∂q̇
X

)
=
∂L

∂q
X +

∂L

∂q̇
Ẋ =

dK

dt
. □

For a closed, non-degenerate Lagrangian system (M,L) this result can be generalized
further by allowing coefficients Xi(q) of the vector field X to depend also on q̇. Namely,

rewrite Euler-Lagrange equations as in (1.7), and consider a vector field X̃ on TM , given
in the standard coordinates by

(2.1) X̃ =

n∑
i=1

Xi(q, q̇)
∂

∂qi
+

n∑
i,j=1

(
q̇j
∂Xi

∂qj
(q, q̇) + F j(q, q̇)

∂Xi

∂q̇j
(q, q̇)

)
∂

∂q̇i
.

Proposition 2.10. Suppose that for a closed, non-degenerate Lagrangian L there exist a
vector field X̃ on TM of the form (2.1), and a function K on TM such that for every path
γ in M ,

(2.2) dL(X̃)(γ′(t)) =
d

dt
K(γ′(t)).

Then

I =
n∑
i=1

Xi(q, q̇)
∂L

∂q̇i
(q, q̇)−K(q, q̇)

is an integral of motion.
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Proof. Along the extremal γ(t),

dI

dt
=
∂L

∂q
X +

∂L

∂q̇
Ẋ − dK

dt
= dL(X̃)(γ′(t))− d

dt
K(γ′(t)) = 0. □

2.3. Examples of conservation laws

Example 2.1 (Conservation of momentum). Let M be an affine space associated with the
vector space V , and suppose that a Lagrangian L is invariant under translations gs(q) =
q + sv for some vector v ∈ V . According to Noether’s theorem,

I =
n∑
i=1

vi
∂L

∂q̇i

is an integral of motion. In particular, if L is invariant under translations by any vector v,
this implies that each of the quantities

(2.3) Pi =
∂L

∂q̇i

is an integral of motion.

As a special case, consider the Lagrangian system of N interacting particles in R3

discussed in Example 1.2. We have M = V = R3N , and the Lagrangian L is invariant
under a simultaneous translation of coordinates ra = (x1a, x

2
a, x

3
a) of all particles by the

same vector c ∈ R3. Thus for every c = (c1, c2, c3) ∈ R3, the Lagrangian L is invariant
under translations by a multiple of v = (c, . . . , c) ∈ R3N , which implies that

Ic =

N∑
a=1

(
c1
∂L

∂ẋ1a
+ c2

∂L

∂ẋ2a
+ c3

∂L

∂ẋ3a

)
= c1P1 + c2P2 + c3P3

is an integral of motion. The integrals of motion P1, P2, P3 define the vector

P =
N∑
a=1

∂L

∂ṙa
∈ R3

(or rather a vector in a dual space to R3), called the momentum of a system. Explicitly,

P =

N∑
a=1

maṙa,

so that the total momentum of a closed system is a sum of the momenta of individual
particles. Conservation of total momentum is a fundamental physical law which reflects the
homogeneity of the space.

Traditionally, for any Lagrangian system with local coordinates qi, expressions pi =
∂L

∂q̇i

are called generalized momenta corresponding to generalized coordinates qi, and Fi =
∂L

∂qi

are called generalized forces. In these notation, the Euler-Lagrange equations have the same
form

ṗ = F ,
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as Newton’s equations in Cartesian coordinates. Conservation of momentum implies New-
ton’s third law.

Example 2.2 (Conservation of angular momentum). Let M = V be a vector space with
Euclidean inner product. Assume that the Lagrangian L is invariant under the action of
some subgroup G ⊂ SO(V ). Denote by g ⊂ so(V ) the Lie algebra of G. As discused in
Corollary 2.6, in this case every u ∈ g defines an integral of motion

Iu =

n∑
i=1

(u · q)i ∂L
∂q̇i

.

In particular, let (M,L) be a Lagrangian system of N interacting particles in R3, considered
in Example 1.2. We have M = V = R3N , and the Lagrangian L is invariant under a simul-
taneous rotation of coordinates ra of all particles by the same orthogonal transformation
in R3. Thus, in this case G = SO(3) is a group of symmetries of this system, and for every
u ∈ so(3),

Iu =
N∑
a=1

(
(u · ra)1

∂L

∂ẋ1a
+ (u · ra)2

∂L

∂ẋ2a
+ (u · ra)3

∂L

∂ẋ3a

)
is an integral of motion.

Let u = u1J1 + u2J2 + u3J3, where J1, J2, J3 is the standard basis in so(3) ≃ R3,
introduced in Section 1.1. Then u · ra = u × ra, where u = (u1, u2, u3) (see Exercise 1.6)
and we have

I = u1M1 + u2M2 + u3M3,

where M = (M1,M2,M3) ∈ R3 (or rather a vector in a dual space to so(3)) is given by

M =

N∑
a=1

ra ×
∂L

∂ṙa
.

The vector M is called the angular momentum of a system. Explicitly,

M =
N∑
a=1

ra ×maṙa,

so that the total angular momentum of a closed system is a sum of the angular momenta
of individual particles. Conservation of angular momentum is a fundamental physical law
which reflects the isotropy of the space.

In particular, for a single particle in R3, the generator Ji of so(3) corresponds to the
following integral of motion

(2.4) Mi = (r× p)i = ϵijkx
jpk, p =

∂L

∂ṙ
.

Generalizations of these formulas from R3 to Rn is duscussed in Exercise 2.6.

Example 2.3 (The center of mass). Let (M,L) be a Lagrangian system of N interact-
ing particles, considered in Example 1.2. Under a one-parameter group of simultaneous
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Galilean transformations of all coordinates ra 7→ gs(ra) = ra + svt, and corresponding
transformations of velocities ṙa 7→ ṙa + sv, using (1.22) we have

L 7→ L′ = L+
d

dt

N∑
a=1

ma(srav + 1
2s

2v2t).

Therefore for an infinitesimal Galilean transformation — the time-dependent vector field

X̃ =
N∑
a=1

(
tv

∂

∂ra
+ v

∂

∂ṙa

)
equation (2.2) holds, where the function K is given by

K =
N∑
a=1

marav.

According to Proposition 2.10, the vector

I = tP −
N∑
a=1

mara

is an integral of motion, İ = 0 on the solutions of the Euler-Lagrange equations. This is
equivalent to the statement that the center of mass of the system

R =
1

m

N∑
a=1

mara,

where m =
∑N

a=1ma is the total mass, moves with the constant velocity V = P /m.

Of course, in case of a free particle we have rather obvious integrals motion, components
of the vector tP −mr.

2.4. Exercises

Exercise 2.1. Prove that a Lagrangian system (M,L) is non-degenerate if and only if the 2-form
dθL on TM is non-degenerate.

Exercise 2.2 (Second tangent bundle). Let π : TM → M be the canonical projection and let
TV(TM) be a vertical tangent bundle of TM along the fibers of π— the kernel of the bundle mapping
π∗ : T (TM) → TM . Prove that there is a natural bundle isomorphism i : π∗(TM) ≃ TV(TM), where
π∗(TM) → TM is the pullback of the tangent bundle TM of M under the map π.

Exercise 2.3 (Invariant definition of the 1-form θL). Let θL be the one-form on TM associated
with a Lagrangian L (see (1.3)). Show that θL(v) = dL(π∗v), where v ∈ T (TM) and π is the
projection map TM →M .

Exercise 2.4. Prove that if a vector field X on M is an infinitesimal symmetry of the Lagrangian
system (M,L), then LX′(θL) = 0, where LX′ stands for the Lie derivative along X ′.

Exercise 2.5. Prove that a path γ(t) in M is a classical trajectory for the Lagrangian system
(M,L) if and only if

ıγ̇′(t)(dθL) + dEL(γ
′(t)) = 0,

where γ̇′(t) is the velocity vector of the path γ′(t) in TM and ıγ̇′(t) stands for the interior product
with γ̇′(t).
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Exercise 2.6. Let Eij be the standard basis of matrix units in the algebra of n×n real matrices.
Define

(2.5) Mij = Eji − Eij .

Obviously, Mij = −Mji and Mij , i < j, form a basis in the Lie algebra so(n) of skew-symmetric
matrices.

(1) Prove that so defined Mij satisfy commutation relations

(2.6) [Mij ,Mkl] = δjlMik − δjkMil − δilMjk + δikMjl.

(For n = 3, the basis of Mij coincides with the basis Ji introduced in (1.15): Mij =
ϵijkJk, e.g. M12 = J3. Thus, formula above generalizes the commutation relations (1.18).)

We will generalize this further, replacing Rn by an arbitrary vector space with a non-
degenerate bilinear form, in Exercise 7.1.

(2) Consider a mechanical system with configuration space Rn and a Lagrangian L which is
invariant under the group SO(n). Show that in this case, the angular momenta

(2.7) Mij = qipj − qjpi, pi =
∂L

∂qi

are integrals of motion of this system. (Compare with Example 2.2).



Chapter 3

Integration of
Equations of Motion

In this chapter, we give several examples in which one can not only write down the equations
of motion, but can also solve them explicitly.

3.1. One-dimensional motion

The motion of systems with one degree of freedom (i.e., when the configuration space is
one-dimensional) is called one-dimensional motion. In the simplest caseM = R, with global
coordinate x, the Lagrangian takes the form

L = 1
2mẋ

2 − V (x).

The conservation of energy

E = 1
2mẋ

2 + V (x),

(see Section 2.1) allows one to solve the equations of motion in a closed form by separation
of variables. We have

dx

dt
=

√
2

m
(E − V (x)),

so that

t =

√
m

2

∫
dx√

E − V (x)
.

The inverse function x(t) is a general solution of Newton’s equation

mẍ = −dV
dx

,

with two arbitrary constants, the energy E and the constant of integration.

Since kinetic energy 1
2mẋ

2 is non-negative, for a given value of E the actual motion
takes place in the region of R where V (x) ≤ E. The points where V (x) = E are called
turning points. The motion which is confined between two turning points is called finite.

23
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The finite motion is periodic — the particle oscillates between the turning points x1 and
x2 with the period

T (E) =
√
2m

∫ x2

x1

dx√
E − V (x)

.

If the region V (x) ≤ E is unbounded, then the motion is called infinite and the particle
eventually goes to infinity. The regions where V (x) > E are forbidden. Thus on Fig. 1
the motion between points x1 and x2 is periodic, and in the region x3 ≤ x the motion is
infinite; all other regions there are forbidden.

x

V

V (x) = E

x1 x2 x3

Figure 3.1

On the phase plane with coordinates (x, y), where y = mẋ is the momentum, Newton’s
equation reduces to the first order system

mẋ = y, ẏ = −dV
dx

.

Trajectories correspond to the phase curves (x(t), y(t)), which lie on the level sets

y2

2m
+ V (x) = E

of the energy function. The points (x0, 0), where x0 is a critical point of the potential
energy V (x), correspond to the equilibrium solutions. The local minima correspond to the
stable solutions and local maxima correspond to the unstable solutions. For the values of
E which do not correspond to the equilibrium solutions the level sets are smooth curves.
These curves are closed if the motion is finite.

3.2. Harmonic oscillator and small oscillations

The simplest non-trivial one-dimensional system, besides the free particle, is the harmonic
oscillator with V (x) = 1

2kx
2 (k > 0), considered in Example 1.5. The general solution of

the equation of motion is

x(t) = A cos(ωt+ α),
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where A is the amplitude, ω =
√

k
m is the frequency, and α is the phase of a simple harmonic

motion with the period T = 2π
ω . The energy is E = 1

2mω
2A2 and the motion is finite with

the same period T for E > 0.

More generally, consider a particle of mass m in Rn moving in a potential field V (q),
and suppose that potential energy V has a minimum at q = 0. Expanding V (q) in Taylor
series around 0 and keeping only the quadratic terms, one obtains a Lagrangian system
which describes small oscillations from equilibrium. Explicitly,

L = 1
2mq̇

2 − V0(q),

where V0 is a positive-definite quadratic form on Rn given by

V0(q) =
1
2

n∑
i,j=1

∂2V

∂qi∂qj
(0)qiqj .

Since every quadratic form can be diagonalized by an orthogonal transformation, we can
assume from the very beginning that coordinates q = (q1, . . . , qn) are chosen so that V0(q)
is diagonal and

(3.1) L = 1
2mq̇

2 − 1
2

n∑
i=1

ω2
i (q

i)2,

where ω1, . . . , ωn > 0. Such coordinates q are called normal coordinates. In normal coordi-
nates Euler-Lagrange equations take the form

q̈i + ω2
i q
i = 0, i = 1, . . . , n,

and describe n decoupled (non-interacting) harmonic oscillators with frequencies ω1, . . . , ωn.

3.3. Coupled harmonic oscillators

Consider a system of n particles on real line; for simplicity assume that each has mass 1
and the Lagrangian of the system has the form

L = 1
2 q̇

2 − V (q),

where q = (q1, . . . , qn) are coordinates of the particles.

If V (q) =
∑
V (qi), then Euler–Lagrange equations become q̈i = −∂V

∂qi
; this is a system

of n independent equations, each involving only one of the variables qi. In this case, physi-
cists say that the particles are non-interacting. Otherwise, the particles are interacting, or
coupled.

The simplest case of a system of interacting particles is given by the Lagrangian

(3.2) L(q) = 1
2 q̇

2 − V (q),

where V (q) = 1
2

∑
aijq

iqj is a positive definite quadratic form. In this case the same argu-
ment as in the previous section shows that one can find an orthogonal change of coordinates
Qi = cijq

j such that in new coordinates, the Lagrangian becomes

L = 1
2

n∑
i=1

(
(Q̇i)2 − ω2

i (Q
i)2
)
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where frequencies ωi can be computed from the fact that λi = ω2
i are eigenvalues of matrix

(aij).

Thus, after the change of coordinates, the system becomes equivalent to a system of n
decoupled harmonic oscillators, and

Qi(t) = Ai cos(ωit+ αi), i = 1, . . . , n.

In physics literature, such solutions are called normal modes of the system.

Remark 3.1. If quadratic form V (q) is only positive semi-definite, the normal modes Qi

with ωi = 0 will represent free particles.

Example 3.1 (One-dimensional crystal). Consider the Lagrangian

(3.3) L(q, q̇) = 1
2

N∑
j=1

(q̇j)2 − 1
2

N∑
j=1

ω2(qj+1 − qj)2, qN+1 = q1.

Here periodic boundary condition qN+1 = q1 mean that we have a system of N harmonic
oscillators on the circle with the nearest-neighbor interaction. This system describes a one-
dimensional “crystal” — a large polyatomic molecule. At the equilibrium its atoms are
evenly spaced on a circle, and qj is the displacement of a j-th atom from its equilibrium.

Lagrangian (3.3) has the form (3.2) with symmetric positive semi-definite N×N matrix
A = {aij}:

A = ω2



2 −1 0 · · · 0 −1
−1 2 −1 · · · 0 0
0 −1 2 · · · 0 0
...

...
...

. . .
...

...
0 0 0 · · · 2 −1

−1 0 0 · · · −1 2


.

To diagonalize A, we use the ZN symmetry of the problem. Namely, let B = {δi+1,j} be
the N ×N cyclic shift matrix, where the indices are considered modulo N .

It is easy to see that matrices A and B commute, so that A preserves the eigenspaces of
B. Diagonalizing the matrix B is easy: it satisfies BN = I, the N ×N identity matrix, so
its eigenvalues are the N -th roots of unity. Denoting by ζ a primitive N -th root of unity, it
easy to check that the eigenvalues of B are exactly ζk, k = 0 . . . N−1, each with multiplicity
1; the corresponding eigenvectors are

vk =
1√
N

 ζk

...
ζNk

 , k = 0 . . . , N − 1,

(they have been normalized to form an orthonormal basis). Since A commutes with B, each
of these vectors is an eigenvector for A, and explicit computation shows that Avk = λkvk,
where

λk = ω2(2− ζk − ζ−k), k = 0, . . . , N − 1.

(This computation is just a simplest case of a general approach to diagonalizing oper-
ators using symmetries. Readers familiar with representation theory will observe that the
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same approach works for any system with a symmetry described by a finite or compact
group G. In this case, eigenvectors of B should be replaced by irreducible representations
of G.)

The eigenvector v0 corresponds to the eigenvalue λ0 = 0 and reflects the motion of the
center of mass (see Example 2.3). Using the symmetry v̄k = vN−k, it is easy to write down
the corresponding orthonormal basis in RN and to introduce the normal modes Q1, . . . , QN .
Correspondingly, Lagrangian (3.3) takes the form

(3.4) L = 1
2(Q̇

1)2 + 1
2

N∑
i=2

(
(Q̇i)2 − ω2

i (Q
i)2
)
,

where for even N

ω2l = ω2l+1 = 2ω sin
πl

N
, l = 1, . . . ,

N

2
− 1 and ωN = 2ω,

and for odd N

ω2l = ω2l+1 = 2ω sin
πl

N
, l = 1, . . . ,

N − 1

2
.

3.4. Two-body problem

The motion of a system of two interacting particles — the two-body problem — can also be
solved completely. Namely, in this case (see Example 1.2) M = R6 and

L =
m1ṙ

2
1

2
+
m2ṙ

2
2

2
− V (|r1 − r2|).

Introducing on R6 new coordinates

r = r1 − r2 and R =
m1r1 +m2r2
m1 +m2

,

we get
L = 1

2mṘ
2 + 1

2µṙ
2 − V (|r|),

where m = m1 +m2 is the total mass and µ =
m1m2

m1 +m2
is the reduced mass of a two-body

system. The Lagrangian L depends only on the velocity Ṙ of the center of mass and not
on its position R. A generalized coordinate with this property is called cyclic. It follows
from the Euler-Lagrange equations that generalized momentum corresponding to the cyclic
coordinate is conserved. In our case it is a total momentum of the system,

P =
∂L

∂Ṙ
= mṘ,

so that the center of mass R moves with constant velocity. Thus in the reference frame
R = 0 the two-body problem reduces to the problem of a single particle of mass µ in the
external central field V (|r|).

It follows from the conservation of angular momentum M = µr × ṙ that during the
motion position vector r lies in the plane P orthogonal to M in R3. Choosing the z-axis
along M , the plane P becomes the xy-plane and in polar coordinates

x = r cosφ, y = r sinφ

the Lagrangian takes the form
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(3.5) L = 1
2µ(ṙ

2 + r2φ̇2)− V (r),

which describes the motion of a particle of mass µ in a central force field with potential
V (r).

The coordinate φ is cyclic and its generalized momentum µr2φ̇ coincides with |M | if
φ̇ > 0 and with −|M | if φ̇ < 0. Denoting this quantity by M , we get the equation

(3.6) µr2φ̇ =M,

which is equivalent to Kepler’s second law1. Using (3.6) we get for the total energy

(3.7) E = 1
2µ(ṙ

2 + r2φ̇2) + V (r) = 1
2µṙ

2 + V (r) +
M2

2µr2
.

Thus the radial motion reduces to a one-dimensional motion on the half-line r > 0 with the
effective potential energy

Veff(r) = V (r) +
M2

2µr2
,

where the second term is called the centrifugal energy. As in the previous section, the
solution is given by

(3.8) t =

√
µ

2

∫
dr√

E − Veff(r)
.

It follows from (3.6) that the angle φ is a monotonic function of t, given by another quad-
rature

(3.9) φ =
M√
2µ

∫
dr

r2
√
E − Veff(r)

,

yielding an equation of the trajectory in polar coordinates.

The set Veff(r) ≤ E is a union of annuli 0 ≤ rmin ≤ r ≤ rmax ≤ ∞, and the motion
is finite if 0 < rmin ≤ r ≤ rmax < ∞. Though for a finite motion r(t) oscillates between
rmin and rmax, corresponding trajectories are not necessarily closed. The necessary and
sufficient condition for a finite motion to have a closed trajectory is that the angle

∆φ =
M√
2µ

∫ rmax

rmin

dr

r2
√
E − Veff(r)

is commensurable with 2π, i.e., ∆φ = 2π
m

n
for some m,n ∈ Z. If the angle ∆φ is not

commensurable with 2π, the orbit is everywhere dense in the annulus rmin ≤ r ≤ rmax. If

lim
r→∞

Veff(r) = lim
r→∞

V (r) = V <∞,

the motion is infinite for E > V — the particle goes to ∞ with finite velocity
√

2
µ(E − V ).

1It is the statement that sectorial velocity of a particle in a central field is constant.
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3.5. Exercises

All problems below discuss the motion of a particle in a central force field described by
(3.5).

Exercise 3.1. Show that if
lim
r→0

Veff(r) = −∞,

then there are orbits with rmin = 0 — “fall” of the particle to the center.

Exercise 3.2. Prove that all finite trajectories in the central field are closed only when

V (r) = kr2, k > 0, and V (r) = −α
r
, α > 0.

Exercise 3.3. Prove that trajectories for the Kepler problem V (r) = −α/r are conic sections.

Exercise 3.4. Show that the Kepler problem has three additional integrals of motion — the
Laplace-Runge-Lenz vector W , given by

W = ṙ×M − αr

r
, r = (x1, x2, x3).

Exercise 3.5. For the Kepler problem, consider vector fields Y = (Y 1, Y 2, Y 3) on R6, defined

by (2.1) with aij(r, ṙ) = 2ẋixj − xiẋj − δijr · ṙ. Prove that they satisfy (2.2) with K =
2αr

r
=

(K1,K2,K3), and show that corresponding integrals of motions are components of the Laplace-
Runge-Lenz vector.

Exercise 3.6. Using the conservation of the Laplace-Runge-Lenz vector, prove that trajectories
in Kepler’s problem with E < 0 are ellipses. (Hint: Evaluate W · r and use the previous exercise.)





Chapter 4

Hamiltonian Formalism

In the previous chapters, we have discussed the Lagrangian formalism, where a state of the
system is described by a point in the tangent bundle TM to the configuration space M ,
and equations of motion are derived from the principle of least action. In this chapter we
will discuss an alternative approach, called the Hamiltonian formalism, in which a state of
the system is described by a point in the cotangent bundle T ∗M .

4.1. Legendre transform

Let T ∗M be the cotangent bundle of an n-dimensional manifold M . As in case of the
tangent bundle, a choice of local coordinates q = (q1, . . . , qn) on open chart U ⊂M defines,
for any point x ∈ U , a basis dqi in the cotangent space T ∗

xM and thus a choice of coordinates

(p, q) = (p1, . . . , pn, q
1, . . . , qn)

on T ∗U . Such coordinates will be called standard coordinates.1

Definition 4.1. The 1-form θ on T ∗M , defined in standard coordinates by

(4.1) θ =
n∑
i=1

pi dq
i = p dq,

is called Liouville’s canonical 1-form.

It is easy to show that θ doesn’t depend on the choice of local coordinates and thus is
well-defined on T ∗M . It also admits an invariant definition:

θ(u) = p(π∗(u)), where u ∈ T(p,q)T
∗M,

and π : T ∗M →M is the canonical projection.

1Following tradition, the first n coordinates parametrize the fiber of T ∗U and the last n coordinates parametrize

the base.
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Recall (see Section 1.3) that given a function L on TM , the partial derivatives
∂L

∂q̇
=(

∂L

∂q̇1
, . . . ,

∂L

∂q̇n

)
transform as a one-form and thus can be considered as a point in the

cotangent bundle T ∗M .

Definition 4.2. Legendre transform associated with the Lagrangian L is the fiberwise
mapping τL : TM → T ∗M given in the standard coordinates by

τL(q, q̇) = (p, q), where p =
∂L

∂q̇
(q, q̇).

The element p ∈ T ∗
qM is called the momentum, and the space T ∗M is called the phase

space.

The Legendre transform also admits an invariant definition: it is uniquely defined by
the condition

θL = τ∗L(θ)

where θL =
∑n

i=1

∂L

∂q̇i
dqi (see (1.3)) and θ is the Liouville’s canonical 1-form on T ∗M .

Lemma 4.3. The mapping τL is a local diffeomorphism if and only if the Lagrangian L is
non-degenerate (see Definition 1.7).

Example 4.1. Let M = Rn and let the Lagrangian be given by

L(q, q̇) = 1
2mq̇

2 − V (q).

In this case, it is immediate that the Legendre transform is given by pi = mq̇i, or p = mq̇.

More generally, if M is a Riemannian manifold, and L = 1
2m(q̇, q̇)−V (q), where ( , ) is

the inner product defined by the Riemannian metric (see Example 1.6), then p ∈ T ∗
qM is

defined by ⟨p,v⟩ = m(q̇,v) for any v ∈ T ∗
qM , where ⟨ , ⟩ is the canonical pairing between

the tangent and cotangent spaces. Thus, up to a factor of m, in this case the Legendre
transform τL is just the fiberwise isomorphism between a vector space and its dual, defined
by the bilinear form ( , ).

4.2. Hamilton’s equations

Let (M,L) be a Lagrangian mechanical system, and let τL : TM → T ∗M be the Legendre
transform defined in the previous section. Assume that τL is a diffeomorphism. Then we
show that in this case the equations of motion of the system (M,L), when rewritten in
terms of the phase space T ∗M , take an especially simple form.

Definition 4.4. Suppose that the Legendre transform τL : TM → T ∗M is a diffeomor-
phism. The Hamiltonian function H : T ∗M → R, associated with the Lagrangian L is
defined by

H(p, q) = EL = q̇
∂L

∂q̇
− L, where (p, q) = τL(q, q̇).
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In other words, the Hamiltonian is the energy function of the mechanical system, as
defined in Section 2.1. In standard coordinates, the Hamiltonian is given by

(4.2) H(p, q) = (pq̇ − L(q, q̇))|
p=

∂L
∂q̇
,

where q̇ is a function of p and q defined by the equation p =
∂L

∂q̇
(q, q̇) (recall that we are

assuming that τL is a diffeomorphism).

Theorem 4.5. Suppose that the Legendre transform τL : TM → T ∗M is a diffeomorphism.
Then the Euler-Lagrange equations (1.4) on TM are equivalent to the following system of
first order differential equations in standard coordinates on T ∗M :

(4.3) ṗi = −∂H
∂qi

, q̇i =
∂H

∂pi
, i = 1, . . . , n.

These equations are called Hamilton’s equations (or canonical equations).

Proof. We have

dH =
∂H

∂p
dp+

∂H

∂q
dq

=

(
p dq̇ + q̇ dp− ∂L

∂q
dq − ∂L

∂q̇
dq̇

)∣∣∣∣
p=

∂L
∂q̇

=

(
q̇ dp− ∂L

∂q
dq

)∣∣∣∣
p=

∂L
∂q̇

.

Thus under the Legendre transform,

q̇ =
∂H

∂p
and ṗ =

d

dt

∂L

∂q̇
=
∂L

∂q
= −∂H

∂q
. □

It follows from the energy conservation law (Proposition 2.3) that the Hamiltonian is
constant on the trajectories of the Hamilton’s equations; we will give an independent proof
of this result later (see Corollary 4.18).

Remark 4.6. Let S(q, t; q0, t0) be the classical action, introduced in Remark 1.8. It follows
from Exercise 1.5 that

(4.4) p =
∂S

∂q
and H = −∂S

∂t
,

where p is determined by the velocity q̇ of the central field extremal at time t.

4.3. Examples of Hamiltonian systems

For the Lagrangian

L = 1
2mṙ

2 − V (r) = T − V, r ∈ R3,

of a particle of mass m in a potential field V (r) we have

(4.5) p =
∂L

∂ṙ
= mṙ.
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Thus the Legendre transform τL : TR3 → T ∗R3 is a global diffeomorphism, linear on the
fibers, and

H(p, r) = (pṙ − L)|
ṙ=

p
m

=
p2

2m
+ V (r) = T + V.

In this case Hamilton’s equations

ṙ =
∂H

∂p
=
p

m
,

ṗ = −∂H
∂r

= −∂V
∂r

are equivalent to Newton’s equations with the force F = −∂V
∂r

.

For the Lagrangian system describing small oscillations, considered in Section 3.2, we
have p = mq̇, and using normal coordinates we get

(4.6) H(p, q) = (pq̇ − L(q, q̇))|
q̇=

p
m

=
p2

2m
+ V0(q) =

1

2m

(
p2 +m2

n∑
i=1

ω2
i (q

i)2
)
.

Similarly, for the system of N interacting particles, considered in Example 1.2, we have
p = (p1, . . . ,pN ), where

pa =
∂L

∂ṙa
= maṙa, a = 1, . . . , N.

The Legendre transform τL : TR3N → T ∗R3N is a global diffeomorphism, linear on the
fibers, and

H(p, r) = (pṙ − L)|
ṙ=

p
m

=

N∑
a=1

p2a
2ma

+ V (r) = T + V.

In particular, for a system with pairwise interactions,

H(p, r) =
N∑
a=1

p2a
2ma

+
∑

1≤a<b≤N
Vab(ra − rb).

In general, consider the Lagrangian

L =

n∑
i,j=1

1
2aij(q)q̇

iq̇j − V (q), q ∈ Rn,

where A(q) = {aij(q)}ni,j=1 is a symmetric n× n matrix. We have

pi =
∂L

∂q̇i
=

n∑
j=1

aij(q)q̇
j , i = 1, . . . , n,

and the Legendre transform is linear on the fibers. It is a global diffeomorphism if and only
if the matrix A(q) is non-degenerate for all q ∈ Rn. In this case,

H(p, q) = (p q̇ − L(q, q̇))|
p=

∂L
∂q̇

=

n∑
i,j=1

1
2a

ij(q)pipj + V (q),

where {aij(q)}ni,j=1 = A−1(q) is the inverse matrix.
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Remark 4.7. Writing equation (4.5) in coordinates gives pi = mẋi, which looks like a
rather disheartening mixing of vector and covector indices. Of course, in this case we have
a Lagrangian system with the matrix aij(r) = mδij , so raising and lowering the indices is
done by using the Euclidean metric on R3.

4.4. Symplectic manifolds

Hamilton’s equations on the phase space T ∗M can be rewritten in an invariant form, without
using a choice of local coordinates. To do so, observe that T ∗M has a structure of a
symplectic manifold.

Definition 4.8. A symplectic manifold is a manifold M together with a 2-form ω ∈ Ω2(M )
which is closed (dω = 0) and non-degenerate: for every x ∈ M , the pairing TxM ⊗TxM →
R, given by ω, is non-degenerate.

Example 4.2. Let M = T ∗M , and let ω = dθ, where θ ∈ Ω1(T ∗M) is the Liouville form
(4.1). Then M is a symplectic manifold, with the symplectic form ω = dθ.

Indeed, in standard local coordinates we have θ = p dq =
∑n

i=1 pi dq
i, and

(4.7) ω = dp ∧ dq =

n∑
i=1

dpi ∧ dqi,

which is easily seen to be non-degenerate.

Not every symplectic manifold has the form T ∗M (for example, the two-dimensional
sphere S2 with the volume form is an example of a compact symplectic manifold); however,
it is easy to see that any symplectic manifold is even-dimensional, and Darboux theorem
states that locally any symplectic manifold admits coordinates pi, q

i such that the symplectic
form takes the form (4.7). Such coordinates are called canonical or Darboux coordinates.

Example 4.3. A non-degenerate Lagrangian function L : TM → R provides a tangent
bundle TM with a structure of a symplectic manifold. Indeed, the 2-form ωL = dθL, where
θL is defined by (1.3), is obviously closed and is non-degenerate (see Exercise 2.1). In this
case, if the Legendre transform τL : TM → T ∗M is a global diffeomorphism, it is also an
isomorphism of symplectic manifolds.

On a symplectic manifold M , the symplectic form ω defines an isomorphism

(4.8) J : T ∗M → TM

between tangent and cotangent bundles, given by

ω(u, Jϑ) = ⟨u, ϑ⟩, u ∈ TxM , ϑ ∈ T ∗
xM ,

or equivalently

ω(u1, u2) = ⟨u1, J−1(u2)⟩, u1, u2 ∈ TxM .

The mapping J induces the isomorphism

Ω1(M ) ≃ Vect(M )
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between the infinite-dimensional vector spaces of 1-forms and vector fields on M , which is
linear over the ring C∞(M ). Namely, if ϑ is a 1-form, then the corresponding vector field
X = J(ϑ) on M satisfies

(4.9) ω(Y,X) = ⟨Y, ϑ⟩ for all Y ∈ Vect(M ),

and, correspondingly,

(4.10) ϑ = J−1(X) = −ıXω.

As a corollary, we see that on a symplectic manifold M any function H ∈ C∞(M )
defines a vector field XH = J(dH), called the Hamiltonian vector field. This vector field
satisfies

(4.11) dH = −ıXH
ω.

In canonical coordinates, this vector field is given by

(4.12) XH =
n∑
i=1

(
∂H

∂pi

∂

∂qi
− ∂H

∂qi
∂

∂pi

)
=
∂H

∂p

∂

∂q
− ∂H

∂q

∂

∂p
.

In particular,

Xp =
∂

∂q
and Xq = − ∂

∂p
.

Assume now that M = T ∗M and H = pq̇ − L is the Hamiltonian function defined in
Definition 4.4. Comparing the formula for XH given above with the Hamilton’s equations
(4.3), we see that these equations can be rewritten in the simple form

(4.13) ẋ = XH ,

where x = (p, q) ∈ T ∗M and H is the Hamiltonian.

Motivated by this, we will call any pair (M , H), where M is a symplectic manifold and
H ∈ C∞(M ) a Hamiltonian system, and will call (4.13) equations of motion, or Hamilton’s
equations, for this system.

If the vector field XH on M is complete, i.e., its integral curves exist for all times, then
the corresponding one-parameter group {gt}t∈R of diffeomorphisms of M generated by XH

is called the Hamiltonian phase flow generated by H. It is defined by gt(x) = x(t), where
x(t) is a solution of Hamilton’s equations satisfying x(0) = x.

Theorem 4.9. Hamiltonian phase flow on a symplectic manifold M preserves the sym-
plectic form.

Proof. It suffices to prove that LXH
ω = 0, where LXH

is the Lie derivative along the
Hamiltonian vector field XH . Using the Cartan identity

(4.14) LX(ω) = d(ıXω) + ıX(dω)

and the fact that the symplectic form is by definition closed, we get LXω = d(ıXω). On the
other hand, for a Hamiltonian vector field X = XH , we have by (4.10) that iXω = −dH,
so LXH

ω = −d(dH) = 0. □
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The canonical symplectic form ω on a symplectic manifold M defines the volume form

(4.15)
ωn

n!
=

1

n!
ω ∧ · · · ∧ ω︸ ︷︷ ︸

n

, n = dimM /2,

on M , called the Liouville’s volume form.

Corollary 4.10 (Liouville’s theorem). The Hamiltonian phase flow on T ∗M preserves
Liouville’s volume form.

4.5. Lagrangian submanifolds and polarizations

The basic example of a symplectic manifold is the cotangent bundle: M = T ∗M . It is
easy to see, however, that not every symplectic manifold has such a form (e.g., a compact
symplectic manifold can never be a cotangent bundle). Instead, we can introduce a weaker
notion.

Definition 4.11. A submanifold L of a symplectic manifold M is called a Lagrangian
submanifold if dimL = dimM /2 and ω|L = 0.

It follows from Theorem 4.9 that the image of a Lagrangian submanifold under the
Hamiltonian phase flow is a Lagrangian submanifold.

For example, for M = T ∗M , each fiber TxM is a Lagrangian submanifold. This moti-
vates the follwoing definition.

Definition 4.12. Let M be a symplectic manifold of dimension 2n. A polarization of M
is a foliation of M whose leaves are (locally) Lagrangian submanifolds.

Equivalently, the polarization is described by a subbundle V ⊂ TM such that

(1) For every point x ∈ M , Vx ⊂ TxM is a Lagrangian subspace.

(2) V is an integrable distribution.

In the case of cotangent bundle M = T ∗M , we have a canonical polarization, whose
leaves are fibers of the natural projection T ∗M → M . In general, polarization can be
thought of as representing M locally as the fiber bundle with Lagrangian fibers. Note that
not every symplectic manifold admits a polarization.

4.6. Classical observables and Poisson bracket

Let M be a symplectic manifold, with symplectic form ω (for example, M = T ∗M). Any
function f ∈ C∞(M ) is called an observable; from physicists’ point of view, such functions
represent measurable characteristics of a system, such as coordinates, momenta, or energy.

Functions on any manifold form a commutative algebra with respect to pointwise mul-
tiplication. However, it turns out that on a symplectic manifold, the algebra of functions
has an additional structure, called the Poisson bracket.

Recall that on a symplectic manifold any function f gives rise to a Hamiltonian vector
field Xf = J(df), defined by

ω(v,Xf ) = ⟨v, df⟩ = ∂vf

for any vector field v on M .



38 4. Hamiltonian Formalism

Definition 4.13. Let f, g ∈ C∞(M ). Their Poisson bracket {f, g} ∈ C∞(M ) is defined
by

(4.16) {f, g} = ∂Xf
g = ω(Xf , Xg).

This definition immediately implies that for any observable H, we have

(4.17) ∂XH
f = {H, f}.

It follows from (4.12) that in canonical coordinates the Poisson bracket takes the form

(4.18) {f, g} =

n∑
i=1

(
∂f

∂pi

∂g

∂qi
− ∂f

∂qi
∂g

∂pi

)
=
∂f

∂p

∂g

∂q
− ∂f

∂q

∂g

∂p
.

In particular,

(4.19)
{pi, pj} = {qi, qj} = 0,

{pi, qj} = δji .

These relations are commonly called the canonical relations.

Theorem 4.14. The Poisson bracket has the following properties.

(1) It satisfies the Leibniz rule:

{f, gh} = {f, g}h+ g{f, h}.

(2) It is skew-symmetric: {f, g} = −{g, f}.
(3) It satisfies Jacobi identity:

{f, {g, h}}+ {h, {f, g}}+ {g, {h, f}} = 0.

(4)

X{f,g} = [Xf , Xg],

where the [ , ] in the right hand side is the commutator of vector fields, which is
defined by

∂[ξ,η] = ∂ξ∂η − ∂η∂ξ.

Proof. The Leibniz rule and the skew-symmetry immediately follow from the definition
(4.16) of the Poisson bracket.

Jacobi identity can easily verified by a straightforward computation using formula (4.18)
for the Poisson bracket in canonical coordinates. The more conceptual proof goes as follows.

Let ξ be a Hamiltonian vector field on M , and let φt be the time t flow of ξ (defined
for small t in a neighborhood of some point). By Theorem 4.9 we have φ∗

t (ω) = ω, which
together with (4.16) implies that the Poisson bracket is equivariant with respect to φt:

φ∗
t {f, g} = {φ∗

t f, φ
∗
t g}.

Taking derivative at t = 0, we get

∂ξ{f, g} = {∂ξf, g}+ {f, ∂ξg}.

In particular, if ξ = Xh so that ∂ξf = {h, f}, we get

{h, {f, g}} = {{h, f}, g}+ {f, {h, g}}
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which is equivalent to Jacobi identity.

The last part follows from the Jacobi identity: indeed, rewriting it in the form

{{f, g}, h} = {f, {g, h}} − {g, {f, h}}

we see that

∂X{f,g}h = ∂Xf
∂Xgh− ∂Xg∂Xf

h.

□

Parts (2)–(4) of the theorem can be restated as follows.

Corollary 4.15. The Poisson bracket defines on the space of observables C∞(M ) a struc-
ture of a Lie algebra, and C∞(M ) → Vect(M ) : f 7→ Xf is a morphism of Lie algebras.

Remark 4.16. Amanifold P with a bilinear operation { , } on C∞(P ), satisfying properties
(1)–(3) of Theorem 4.14 is called a Poisson manifold ; thus, Theorem 4.14 can be restated
by saying that any symplectic manifold is also automatically a Poisson manifold. Converse
is obviously false (e.g., one can take the Poisson bracket to be identically zero).

Using Poisson bracket, one can rewrite Hamiltonian equations of motion in terms of
observables as follows.

Lemma 4.17. Let (M , H) be a Hamiltonian system. Let x(t) be a classical trajectory, i.e.
a solution of Hamilton’s equations. Then for any observable f ∈ C∞(M ), we have

(4.20)
d

dt
f(x(t)) = {H, f}(x(t)).

Proof. By (4.13), we have ẋ = XH , so
df

dt
= ∂XH

f = {H, f}. □

As before, we say that an observable f is an integral of motion (or conserved quantity)

if it is constant on classical trajectories:
d

dt
f(x(t)) = 0.

Corollary 4.18. An observable f ∈ C∞(M ) is an integral of motion of a system (M , H)
if and only if {H, f} = 0.

In particular, this immediately implies that H itself is an integral of motion: since the
Poisson bracket is skew-symmetric, we have {H,H} = 0.

4.7. Completely integrable systems

Let (M , H) be a Hamiltonian system.

Lemma 4.19. The space I ⊂ C∞(M ) of all integrals of motion of a system (M , H) is
closed under the Poisson bracket.

Proof. By Corollary 4.18, an observable f is an integral of motion iff {H, f} = 0. Now the
result follows from Jacobi identity: if {H, f} = {H, g} = 0, then

{H, {f, g}} = {{H, f}, g}+ {f, {H, g}} = 0. □
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Of special interest is the case when we have a collection of integrals of motion I1, . . . , Ik
such that {Ia, Ib} = 0 for all a, b. In this case we say that these integrals of motion Poisson-
commute, or that they are in involution. If, in addition, we have an open subset U ⊂ M
such that the covectors dI1(x), . . . , dIk(x) ∈ T ∗

xM are linearly independent for every point
x ∈ U , then we say that I1, . . . , Ik are independent on U .

Lemma 4.20. Let I1, . . . , Ik be integrals of motion in involution, which are independent on
open U ⊂ M , and let X1 = XI1, . . . , Xk = XIk be the corresponding Hamiltonian vector
fields. Let D ⊂ TM be the subbundle generated by X1, . . . , Xk. Then D is an integrable
distribution, so that through every point x ∈ U there is a unique (locally) submanifold
N ∋ x of dimension k such that Xi are tangent to N . Moreover, this integral submanifold
is isotropic: restriction of the symplectic form ω to TN is zero.

This lemma is a very special case of general Frobenius integrability criterion: since the
functions Ia are in involution, the vector fields Xa commute. The fact that N is isotropic
follows from ω(Xa, Xb) = {Ia, Ib} = 0.

Let dimM = 2n. Since it is well-known that the dimension of an isotropic subspace in
2n-dimensional symplectic vector space can not be more than n, we see that one can not
have more than n independent integrals of motion in involution.

Definition 4.21. A Hamiltonian system (M , H), dimM = 2n, is called completely in-
tegrable if there exist n integrals of motion I1, . . . , In in involution which are independent
everywhere on M .

Remark 4.22. Sometimes the requirement of being everywhere independent is replaced by
the requirement of being independent on an open dense subset.

A fundamental result of Liouville shows that every completely integrable system is in
a certain sense exactly solvable. We present it here, without proof, in a modern form due
to Arnold. Before stating it, recall that a (multivalued) complex function of one variable is
expressed by quadratures if it can be obtained from constant functions by using arithmetic
operation, logarithm, exponential function, differentiation and integration. Similarly, a
differential equation is solved by quadratures if its solutions are expressed by quadratures.
It should be noted that this is a rare and wonderful event: general differential equation,
even in one variable, is not solvable by quadratures.

Theorem 4.23 (Liouville–Arnold). Let (M , H), dimM = 2n, be a completely integrable
system, with independent integrals of motion in involution H = I1, I2, . . . , In. For a =
(a1, . . . , an), let Ma = {x ∈ M | Ii(x) = ai} be the level set of I1, . . . , In. Then

(1) For each a, Ma is a smooth Lagrangian submanifold in M , invariant under the
flow of each of vector fields Xi = XIi (in particular, under the flow of XH).

(2) Assume additionally that Ma is compact. Then each connected component M of
Ma is a torus: M ≃ Tn, where T = R/2πZ. Moreover, there exist a neighborhood
Ua ⊂ Rn of a, a neighborhood U of M and an isomorphism
U ≃ Ua × Tn : u 7→ (I1, . . . , In, φ1, . . . , φn) such that the Hamiltonian H only
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depends on I = (I1, . . . , In), and the symplectic form ω is given by

ω = dI ∧ dφ =
n∑
i=1

dIi ∧ dφi.

Coordinates Ii, φi are called action-angle variables.

(3) Hamilton’s equations on M are solved by quadratures.

In action-angle variables Hamilton’s equations take form

İi = 0,

φ̇i =
∂H

∂Ii
= ωi(I),

and the trajectories are quasiperiodic: time t flow is given by

Ii(t) = const,

φi(t) = φi(0) + ωi(I)t mod 2πZ.

The Liouville-Arnold theorem explains a special role of integrable systems in classical
mechanics; essentially all systems we can solve explicitly are completely integrable.

Example 4.4. Let dimM = 2, so that n = 1. In this case any such system is completely
integrable (assuming that dH ̸= 0): one can take I1 = H.

Example 4.5. Consider a particle in a two-dimensional central field: M = T ∗R2, with

H =
p2

2m
+ V (|r|).

The Hamiltonian system (M , H) is completely integrable, as one can take energy E and
the total angular momentum M = |p× r| as two independent integrals of motion.

4.8. Exercises

Exercise 4.1. Suppose that for a Lagrangian system (Rn, L) the Legendre transform τL is a
diffeomorphism and let H be the corresponding Hamiltonian. Prove that for fixed q and q̇ the

function pq̇ −H(p, q) has a single critical point at p =
∂L

∂q̇
.

Exercise 4.2. Give an example of a non-degenerate Lagrangian system (M,L) such that the
Legendre transform τL : TM → T ∗M is one-to-one but not onto.

Exercise 4.3. Let (M , H) be a Hamiltonian system. Show that if all level sets of H are compact
submanifolds of M , then the Hamiltonian vector field XH is complete.

Exercise 4.4. Prove that LXH
(θ) = d(−H + θ(XH)), where θ is Liouville’s canonical 1-form.

Exercise 4.5 (The principle of least action in Hamiltonian mechanics). Consider the Hamil-
tonian system M = T ∗M , H ∈ C∞(M ). For a path γ : [t0, t1] → M in the phase space, let γ̃ be
its lift to the extended phase space M × R: γ̃(t) = (γ(t), t). For such a path, define the action
functional by

S(γ) =

∫
γ̃

p dq −H dt.
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Show that then for any pair of points q0, q1 ∈M , extremals of the action on the space

P (M)q1,t1
q0,t0 = {γ : [t0, t1] → M | q(t0) = q0, q(t1) = q1}.

are exactly the solutions of the Hamiltons’ equations (4.3). Note that we only fix the generalized
coordinates q(t0), q(t1); there are no restrictions on the momenta p(t0),p(t1).

Exercise 4.6. Let M = T ∗R3, and let M1,M2,M3 be the components of the angular momentum
M = r × p (see (2.4)):

Mi = ϵijkx
jpk.

(1) Show by explicit computation that the Poisson brackets of Mi are given by

{Mi,Mj} = −ϵijkMk

(these could also be derived from general theory, see Example 5.3).

(2) Prove thatM2 =M2
1 +M2

2 +M2
3 Poisson commutes with each of Mi, i.e. {M2,Mi} = 0.

Exercise 4.7. Let M be a symplectic manifold, and let V be a polarization of M . For an open
subset U ⊂ M , denote by AV (U) ⊂ C∞(U) the space of functions which are locally constant along
the leaves of the foliation:

AV (U) = {f ∈ C∞(U) | ∂ξf = 0∀ξ ∈ V }

Prove that then the Poisson bracket vanishes on AV (U): for any f, g ∈ AV (U), we have {f, g} =
0.

In particular, in the case M = T ∗M , with canonical polarization, we get AV (M ) ≃ C∞(M).

Exercise 4.8. Let g be a finite-dimensional real Lie algebra, and let g∗ be its dual space. Define
a Poisson bracket on g∗ (considered as a smooth manifold) by letting, for f, g ∈ C∞(g∗)

{f, g}(u) = ⟨u, [df(u), dg(u)]⟩, u ∈ g∗,

where ⟨ , ⟩ is the pairing between g∗ and g, and we use a natural identification T ∗
ug

∗ = (g∗)∗ = g
to consider df(u), dg(u) as vectors in g. Prove that { , } defines on g∗ a structure of a Poisson
manifold. (This Poisson bracket was introduced by Sophus Lie and is called linear, or Lie-Poisson
bracket.)

Show that {f, g}(u) = 0 for all g if and only if ad∗ a · u = 0, where a = df(u) ∈ g and ad∗ is the
coadjoint action: ⟨ad∗ a · u, b⟩ = −⟨u, [a, b]⟩.

Exercise 4.9. In the notation of the previous problem, let G be a connected Lie group with Lie
algebra g. Let Ad∗ be the coadjoint action of G on g∗, defined by ⟨Ad∗ g · u, x⟩ = ⟨u,Ad(g−1) · x⟩,
where u ∈ g∗, x ∈ g.

For an element u ∈ g∗ let Ou = G · u be the orbit of the coadjoint action containing u.

(1) Let f ∈ C∞(g∗); as before, let a vector field Xf on g∗ be defined by ∂Xf
(g) = {f, g},

where { , } is the Lie–Poisson bracket. Show that then, for any u ∈ g∗, Xf (u) is tangent
to the coadjoint orbit Ou.

(2) Show that the Lie–Poisson bracket descends to a Poisson bracket on Ou.

(3) Show that the Poisson structure on Ou defined above is non-degenerate and thus, Ou has a
canonical structure of a symplectic manifold. The corresponding symplectic form is called
the Kirillov-Kostant-Souriau form.



Chapter 5

Hamiltonian Action
and Moment Map

5.1. Hamiltonian actions

Let G be a Lie group with Lie algebra g, and let ρ : G → Diff(M) be an action of G on a
smooth manifold M , which we will simply denote by g · x. In this case, every a ∈ g defines
a vector field ξa on M , a generator of the one-parameter group gs = esa of diffeomorphisms
of M .

Lemma 5.1. The map

(5.1)
g → Vect(M)

a 7→ −ξa
(note the minus sign!) is a morphism of Lie algebras:

−ξ[a,b] = [−ξa,−ξb], a, b ∈ g

where, as before, commutator of vector fields is defined by ∂[ξ,η] = ∂ξ∂η − ∂η∂ξ.

Proof. It immediately follows from the fact that we have an action of G on the space
C∞(M), defined by (g · f)(x) = f(g−1x), where g ∈ G, f ∈ C∞(M), so

−ξa(f)(x) =
d

ds

∣∣∣∣
s=0

f(e−sax)

is the action of Lie algebra g. □

Note that without the negative sign in (5.1), the lemma would fail.

Assume now that M is a symplectic manifold with the symplectic form ω, and G acts
on M by symplectomorphisms: for any g ∈ G, g∗(ω) = ω. In this case, for every a ∈ g, the
corresponding vector field ξa satisfies Lξa(ω) = 0, where L is the Lie derivative. It is easy to
show (see the proof of Theorem 4.9) that this implies that locally, ξa is a Hamiltonian vector
field: there exists (locally) a smooth function Ha such that XHa = −ξa, where XH = J(dH)
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is the vector field defined by (4.12). The global existence onM of such a generating function
Ha is not guaranteed, so we adopt the following definition.

Definition 5.2. An action of a Lie group G by symplectomorphisms on a symplectic
manifold M is called Hamiltonian if we are given, for every a ∈ g, a function Ha ∈ C∞(M )
such that

(1) For any a ∈ g, −ξa = XHa .

(2) The map g → C∞(M ) : a 7→ Ha is linear.

(3) {Ha, Hb} = H[a,b].

In other words, in this case we have a commutative diagram

g C∞(M)

Vect(M)

a7→Ha

a7→−ξa H 7→XH

Note that all maps in this diagram are morphisms of Lie algebras. Also note that −ξa = XHa

is equivalent to the condition

(5.2) ξa(f) = −{Ha, f} = {f,Ha} for all f ∈ C∞(M ).

It is easy to show that if G is connected (which we will always assume below unless
explicitly stated otherwise), conditions (1)–(3) imply that the map g → C∞(M ), given by
a 7→ Ha, is G-equivariant: HAd g·a = g∗Ha, for any g ∈ G, where Ad stands for the adjoint
action of G on g.

For future use, we elucidate the role of condition (3) in this definition. Namely, it follows
from Theorem 4.14, Part (4), and Lemma 5.1 that conditions (1)–(2) imply that

X{Ha,Hb} = [XHa , XHb
] = XH[a,b]

,

so
{Ha, Hb} = H[a,b] + c(a, b)

for some locally constant function c(a, b). In case when M is connected, c(a, b) is constant,
and we get a skew-symmetric function

c : g⊗ g → R.
It follows from the Jacobi identity that c is a Lie algebra 2-cocycle:

c([x, y], z) + c([y, z], x) + c([z, x], y) = 0, x, y, z ∈ g

(we refer to Section 7.4 for the discussion of the Lie algebra cohomology). Note that
conditions (1)–(2) determine the Hamiltonians Ha up to the addition of a linear function
⟨λ, a⟩ for some λ ∈ g∗. It is easy to see that under such change, cocycle c(a, b) is changed
by a coboundary:

c(a, b) 7→ c(a, b) + δ1λ(a, b) = c(a, b) + ⟨λ, [a, b]⟩.
In other words, such a change allows one to make the cocycle c zero if and only if its
cohomology class1 [c] inH2(g) is zero, and this is the meaning of condition (3). In particular,

1In notation of Section 7.4, H2(g) = H2(g,R), where R is considered as trivial g-module.
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if Lie algebra g is semisimple, it is known that H2(g) = 0, and condition (3) is satisfied
automatically.

If the cohomology class [c] ∈ H2(g) is non-zero, we can use it to define a central extension
g̃ of g, by letting g̃ = g⊕ R · z with the commutator given by

[a, b]g̃ = [a, b] + c(a, b)z, [z, a] = 0, a ∈ g.

In this case, extending the map g → C∞(M ) by letting Hz = 1, we see that this map is
a morphism of Lie algebras. In other words, in the situation when [c] ̸= 0, the Poisson
brackets of Hamiltonians Ha satisfy the relations of a central extension g̃ of g.

An alternative way of describing Hamiltonian actions is by using the moment map.

Definition 5.3. Let ρ : G → Diff(M ) be a Hamiltonian action, with the Hamiltonian
functions Ha. Then the moment map µ : M → g∗ is defined by

⟨µ(x), a⟩ = Ha(x), x ∈ M , a ∈ g,

where ⟨ , ⟩ is the pairing between g∗ and g.

It follows from the definition of the Hamiltonian action that for connected G, the mo-
ment map µ is G-equivariant,

Ad∗ g · µ(x) = µ(g · x),

where Ad∗ is a coadjoint action of G on g∗, and that for any vector field v on M ,

(5.3) ∂v⟨µ(x), a⟩ = ∂vHa(x) = ω(v,−ξa)(x), a ∈ g.

Conversely, it is easy to see that if we have an action of G on M and a G-equivariant
map µ : M → g∗ satisfying (5.3), then this action is Hamiltonian, with Ha(x) = ⟨µ(x), a⟩.

Example 5.1. Let M be a manifold with an action of a Lie group G. Then the corre-
sponding action of G on M = T ∗M is Hamiltonian, and the moment map is given by

Ha(p, q) = ⟨µ(p, q), a⟩ = −⟨p, ξa(q)⟩, p ∈ T ∗
qM, q ∈M, a ∈ g.

Indeed, in this case it is easy to see that the Liouville one-form θ = p dq on T ∗M is
G-invariant, so for any a ∈ g

Lξ′a(θ) = 0.

Here ξ′a is the vector field on on T ∗M , induced by the vector field ξa on M , and L is the
Lie derivative. It follows from the Cartan’s formula (4.14) that

0 = Lξ′a(θ) = iξ′aω + d(⟨θ, ξ′a⟩), where ω = dθ.

Therefore, iξ′aω = dHa, where Ha ∈ C∞(T ∗M) is given by

Ha(p, q) = −⟨θ, ξ′a⟩(p, q) = −⟨p, ξa(q)⟩.

We leave it as an exercise to check that so defined Hamiltonians satisfy {Ha, Hb} = H[a,b].

In particular, if M = V is a vector space, so that T ∗V = V ⊕ V ∗, G = GL(V ), then
ξa(q) = a · q and thus

Ha(p, q) = ⟨µ(p, q), a⟩ = −⟨p, a · q⟩, p ∈ V ∗, q ∈ V.
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Choosing standard coordinates qi, pi on T
∗V , we see that the Hamiltonian function for a

matrix a = (aij) ∈ gl(n) is

Ha = −
n∑

i,j=1

aijpiq
j .

5.2. Noether’s theorem

Recall that in Section 2.2 we have proved Noether’s theorem in Lagrangian mechanics:
any one-parameter group of symmetries of a Lagrangian system gives rise to an integral of
motion. In this section, we give an analog of this result in Hamiltonian mechanics.

Theorem 5.4. Let (M , H) be a Hamiltonian system, with a Hamiltonian action of a Lie
group G which preserves H. Then for each a ∈ g, the corresponding Hamiltonian function
Ha is an integral of motion of (M , H).

Proof. The proof is immediate: since the action of G preserves H, it implies that ∂ξaH = 0
for any a ∈ g. On the other hand, ξa = −XHa , so ∂ξaH = −{Ha, H}; now the result follows
from Corollary 4.18. □

Note that not only each a ∈ g gives rise to an integral of motion, but by the definition
of the Hamiltonian action, Poisson brackets of these integrals satisfy the same relations as
commutators in g: {Ha, Hb} = H[a,b].

Let us consider a special case of this theorem. Consider a Lagrangian mechanical system,
with the configuration space M and a non-degenerate Lagrangian L(q, q̇). As discussed in
the previous chapter, in this case we can use Legendre transform to define a Hamiltonian

H(p, q) = (pq̇ − L(q, q̇))|
p=

∂L
∂q̇
,

on M = T ∗M (see (4.2)).

Assume now that we have an action of a Lie group G on M which preserves the La-
grangian. In this case, every element a ∈ g defines an integral of motion Ia of the Lagrangian
system (see Corollary 2.6). On the other hand, by Example 5.1, action of G on M lifts to a
Hamiltonian action of G on M = T ∗M , so every element a ∈ g also defines Ha ∈ C∞(M ).
The following proposition shows that these two constructions coincide up to a sign.

Proposition 5.5.

(1) Given an action of G on M which preserves the Lagrangian L(q, q̇), the corre-
sponding action of G on M = T ∗M defined in Example 5.1 is Hamiltonian and
preserves H.

(2) For every a ∈ g, the Hamiltonian Ha ∈ C∞(M ), defined in Theorem 5.4, af-
ter Legendre transform coincides with the integral of motion Ia in the Lagrangian
mechanics, defined in Corollary 2.6 up to a sign:

Ha(p, q) = −Ia(q, q̇)|
p=

∂L
∂q̇
.
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The proof is obvious since by Theorem 2.5 Ia =
∂L

∂q̇
ξa(q), and according to Example

5.1 we have Ha = −p · ξa(q). This also explains the origin of the minus sign: it appears
because of the minus sign in the map g → Vect(M) : a 7→ −ξa, which in turn was necessary
to make this map a morphism of Lie algebras.

Example 5.2. Consider the action of Rn on itself by translations: r 7→ r + a. In this

case, the corresponding vector field is given by ξa =
∑n

i=1 a
i ∂

∂xi
. By Example 5.1, the

corresponding action on T ∗Rn is Hamiltonian, with the Hamiltonian functions

Ha(p, r) = −
n∑
i=1

aipi.

This also can be verified directly using (5.2), since in this case

ξa(f) = {f,Ha}.
In other words, the integrals of motion corresponding to generators of translation in xi

directions are negative of the corresponding momenta pi. Compare with Example 2.1,
where we derived the same result without the minus sign in the Lagrangian picture.

Example 5.3. Consider the action of G = SO(3) on M = R3 and thus on T ∗R3. By
Example 5.1, this action is Hamiltonian: for any a ∈ so(3), the corresponding Hamiltonian
is Ha = −

∑
aijpiq

j . In particular, if we take a = Ji to be the infinitesimal rotation around
i-th coordinate axis (see (1.15)), then the matrix entries of JI are given by (Ji)jk = −ϵijk,
so the corresponding vector field is ξi = ϵijkx

j∂k, and the corresponding Hamiltonian is
exactly the i-th component of the angular momentum M = r × p with minus sign:

HJi = −Mi = −ϵijkxjpk
(compare with Exercise 4.6). Thus, the Poisson brackets of M1, M2, M3 which we found in
Exercise 4.6 by explicit computation, immediately follow from the commutation relations
for the standard generators of so(3) discussed in Section 1.1.

5.3. Galilean group action in T ∗R3

Here we consider the Galilean group G = E(3)⋉R4, introduced in Section 1.4. It naturally
acts on the Newtonian spacetime R4 = R3 × R by formula (1.9), which we rewrite as

(5.4) R4 ∋ x 7→ λ · x+ a ∈ R4,

where

λ =

(
g v
0 1

)
and x =

(
r
t

)
, a =

(
r0
t0

)
.

Recall that here g ∈ O(3), r, r0,v ∈ R3 and t, t0 ∈ R.
Note that G acts on the spacetime R3 × R and not on the space R3. Yet it turns out

that one can define a natural action of G on the phase space T ∗R3. To do so, consider
first the set X of all solutions of equations of motion for the free particle of mass m in R3;
we consider each such solution as (unparametrized) trajectory in spacetime R3 × R. Since
the Galilean group acts on R4 preserving equations of motion of a free particle, this action
descends to an action on X ; thus, we have a natural action of G on X .
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On the other hand, for each (p, r) ∈ T ∗R3, there exists a unique solution satisfying the

initial conditions r(0) = r,
∂L

∂ṙ

∣∣∣∣
t=0

= p. Thus, we have an identification of the phase space

and X ; therefore, the action of G on X automatically gives an action of G on T ∗R3.

It is easy to write this action explicitly in coordinates. Solutions of classical equations
of motion for a free particle are straight lines; thus, every solution has the form

r(t) = r0 + tv0

for some r0,v0 ∈ R3. Using p = mv0, we see that the correspondence between T ∗R3 and
X is given by

(p, r) 7→ l =
{
(r + t

p

m
, t)
}
t∈R

∈ X .

This gives the following action of the Galilean group G on T ∗R3:
(5.5)

(λ, a)(p, r) =
(
g · p+mv, g · r − t0g ·

p

m
− t0v + r0

)
, λ =

(
g v
0 1

)
, a =

(
r0
t0

)
.

It is easy to see that restriction of this action to SO(3) ⊂ G coincides with the obvious
action induced by the action of SO(3) on R3. It is also easy to see that elements of G
preserve the Hamiltonian H of a free particle, except for the pure Galilean transformations,
which act on T ∗R3 by (p, r) 7→ (p+mv, r) and do not preserve H.

It is natural to ask whether this action of G is Hamiltonian. It turns out that it is not
quite true; to make it Hamiltonian, we need a central extension of G. Recall that we have
defined a central extension G̃ of G in Remark 1.9. The action of G̃ on T ∗R3 is given by the
same formula (5.5), where we let the center act trivially.

Theorem 5.6. The action of the central extension G̃ of the Galilean group on the phase
space T ∗R3 is Hamiltonian.

The Hamiltonian functions corresponding to generators Ji, Ki, Pi of the Lie algebra of
the Galilean group (see Section 1.5) and the central element z are given by

Ĵi = −Mi = −ϵijkxjpk,

K̂i = mxi,

P̂0 = H =
p2

2m
,

P̂i = −pi, i = 1, 2, 3,

ẑ = m.

The Poisson brackets of these functions are given by

{P̂i, P̂j} = {P̂i, P̂0} = {Ĵi, P̂0} = 0, {Ĵi, Ĵj} = ϵijkĴk,(5.6)

{K̂i, K̂j} = 0, {Ĵi, K̂j} = ϵijkK̂k,(5.7)

{K̂i, P̂0} = P̂i, {K̂i, P̂j} = mδij , {Ĵi, P̂j} = ϵijkP̂k.(5.8)
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Proof. The result follows from explicit computations, based on (5.5). The Hamiltonian
functions for space translations Pi and space rotations Ji have already been computed in
Examples 5.2 and 5.3.

For the time translations

(
r
t

)
7→
(

r
t+ t0

)
the formula (5.5) gives

(p, r) 7→
(
p, r − t0

p

m

)
,

so the corresponding vector field is ξ = − p
m

∂

∂r
, and −ξ is generated by the Hamiltonian

function H =
p2

2m
since

ξ(f) = {ξ,H}.

Finally, pure Galilean transformations act on R4 by(
r
t

)
7→
(
r + tv
t

)
,

and on T ∗R3 they act by (p, r) 7→ (p+mv, r). The corresponding vector field is ξv = mv
∂

∂p
,

so −ξ is is generated by the Hamiltonian function Hv = mv · r since

ξv(f) = {f,Hv}.

Taking v to be one of the basis vectors in R3, we get the Hamiltonian functions K̂i = mxi.

For the central element, the corresponding vector field is zero, so we can take any
constant function as a Hamiltonian.

The Poisson brackets of the Hamiltonian functions are obtained by an elementary com-
putation, which is left to the reader (see Exercise 5.3). We emphasize that it is the relation

{K̂i, P̂j} = mδij which warrants the central extension of the Lie algebra g of the Galilean
group. Namely, in g we have [Ki, Pj ] = 0, whereas in the central extension g̃ we have
[Ki, Pj ] = δijz. Thus, setting ẑ = m, we see that Poisson brackets (5.6)–(5.8) exactly
match the Lie brackets of g̃. □

Remark 5.7. Note that we also identify X with T ∗R3 by setting r(t0) = r,
∂L

∂ṙ

∣∣∣∣
t=t0

= p

for some fixed t0 (not to be confused with the arbitrary time translation t0 in in Galilean
group!). Then corresponding Hamiltonian functions will be the same, except for those
associated with the pure Galilean transformations. Namely, we obtain

K̂i = mxi + t0P̂i,

and the Poisson brackets (5.7)–(5.8) will be the same. Since {H, K̂i} = −P̂i, the observables
K̂i are not integrals of motion, while components of the vector I = tP −mr in Example 2.3
(note that P̂ = −P ), considered as functions on T ∗R3 × R, are obviously conserved.
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5.4. Hamiltonian reduction

If we have a Hamiltonian system with a symmetry group G, one can ask if it is possible
to take the quotient by the action of this group, considering states which can be obtained
from each other by action of G to be physically equivalent. Common examples of this
situation is when the group G acts by changes of a basis, or changes a trivialization of
some vector bundle. The proper mathematical formalism for such constructions is known
as Hamiltonian reduction.

We begin with some differential geometry preliminaries. Recall that an action of a Lie
group G on a manifold M is called proper if the map

M ×G→M ×M

(m, g) 7→ (m, g ·m)

is proper. This is equivalent to the requirement that for every compact subsetsK1,K2 ⊂M ,
the set

{g ∈ G | gK1 ∩K2 ̸= ∅} ⊂ G

is compact.

It is easy to show that if G is compact, then its action is automatically proper.

Properness condition guarantees that we have a good local model of the action. In
particular, for a proper action one can show that any G-orbit G · x ⊂M is a closed smooth
submanifold ofM of dimension dimG−dimGx, where Gx is the stabilizer of x. Moreover, if
in addition the dimensions of stabilizers dimGx are constant on some open subset U ⊂M ,
then the quotient space U/G has a canonical structure of a smooth manifold of dimension
dimM−(dimG−dimGx). In particular, if the action is free and proper, so that dimGx = 0,
then M/G is a manifold of dimension dimM − dimG. (Note that properness condition is
required: just having a free action of G is not enough).

Let us now consider group actions on symplectic manifolds. In this case, one can not
hope to get a symplectic structure on M/G (for example, if G-action is free and dimG is
odd, then dimM/G = dimM − dimG is also odd). The correct construction makes use of
the moment map.

Recall that the action of a Lie groupG on a symplectic manifold M is called Hamiltonian
if we have a moment map µ : M → g∗ which, among other things, is required to be G-
equivariant. This implies that for every coadjoint orbit O ⊂ g∗, its preimage µ−1(O) is a
G-invariant subset of M (see Exercise 4.9 for the discussion of coadjoint orbits). We will
denote by Ou the orbit of u ∈ g∗.

Theorem 5.8. Let M be a symplectic manifold with a proper Hamiltonian action of a real
Lie group G, and let µ : M → g∗ be the corresponding moment map. Let u ∈ g∗ be such
that the following conditions hold:

(1) The point u ∈ g∗ is a regular value of µ, so µ−1(u) ⊂ M is a submanifold.

(2) The action of the stabilizer Gu ⊂ G of u (under the coadjoint action of G on g∗)
on µ−1(u) is free and proper, so that µ−1(u)/Gu is a smooth manifold.

Then µ−1(u)/Gu = µ−1(Ou)/G has a canonical structure of a symplectic manifold, inherited
from M . This manifold is called the reduced phase space.
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Example 5.4. Let M be a C∞ manifold with a free proper action of a Lie group G; let
µ : T ∗M → g∗ be the corresponding moment map (see Example 5.1). By Theorem 5.8,
µ−1(0)/G has a canonical structure of a symplectic manifold, inherited from T ∗M . Then
we have a symplectomorphism

T ∗(M/G) ≃ µ−1(0)/G.

5.5. Exercises

Exercise 5.1. Consider the two-dimensional sphere S2 ⊂ R3. Let ω be the volume form on S2

induced by the metric in R3; this defines on S2 structure of a symplectic manifold. Let G = S1

act on S2 by rotations around z-axis. Show that this action is Hamiltonian, and the corresponding
moment map is given by µ(x, y, z) = z.

Exercise 5.2.

(1) Let V = R2 be the two-dimensional symplectic vector space with coordinates p, q and let
ω = dp ∧ dq. Let G = SL(2,R) acting on V in the obvious way. Show that this action is
Hamiltonian and write the corresponding moment map.

(2) Consider the bilinear form on g = gl(2,R) given by (a, b) = tr(ab). Show that this form is
non-degenerate and thus gives an isomorphism g∗ ∼= g; therefore, this allows us to consider
the moment map of the previous part as a map V → g. Show that then, for any v ∈ V ,
µ(v) is nilpotent.

Exercise 5.3. Prove formulas (5.6)–(5.8).

Exercise 5.4. Consider the space V = End(Cn) of complex n×n matrices. Consider the action of
the group G = U(n) on V given by conjugation: g ·A = gAg−1. Show that this action is Hamiltonian,
with the moment map given by

µ(A) =
i

2
[A,A∗]

where A∗ is conjugate transpose of A, and as in Exercise 5.2, we identify g ∼= g∗ using the bilinear
form (a, b) = tr(ab).

Exercise 5.5.

(1) In the assumptions of the previous problem, show that µ−1(0) consists exactly of those
matrices A that can be diagonalized by a unitary change of basis. Deduce from it that
µ−1(0)/U(n) = Cn/Sn.

(2) Let X = µ−1(0)/U(n) = Cn/Sn; it is not a smooth manifold, but it contains an open
dense set X0 ⊂ X consisting of conjugacy classes of diagonalizable matrices with distinct
eigenvalues. By Theorem 5.8, X0 has a canonical symplectic structure. Describe this
symplectic structure explicitly in terms of coordinates xi = Re(λi), yi = Im(λi).





Chapter 6

Hamiltonian Systems
with Constraints

The construction of a reduced phase space by Hamiltonian reduction, discussed int he
previous chapter, is a special case of a more general procedure, developed by Dirac for
Lagrangian and Hamiltonian systems with constraints. As we will see later, such systems
naturally occur in gauge theories and in the theory of gravity.

6.1. First order Lagrangian formalism

Definition 6.1. A mechanical system in first order Lagrangian formalism is a pair (M,L),
where M is a smooth manifold and a L ∈ C∞(TM) is the Lagrangian function which is

linear in generalized velocities: if ξα, α = 1, . . . , N are local coordinates in M and (ξα, ξ̇α)
are corresponding coordinates in TM, then L has the form

(6.1) L(ξ, ξ̇) =
N∑
α=1

fα(ξ)ξ̇
α −H(ξ), N = dimM.

This is a special case of Lagrangian formalism developed in Chapter 1. In particular,
for a path γ : [t0, t1] → M one can define the action

(6.2) S(γ) =

∫ t1

t0

L(γ′(t)) dt =
∫
γ̂

(∑
fα(ξ)dξ

α −H(ξ)dt
)

where γ′ is the lifting of γ to TM, and γ̂ = {(γ(t), t)} ⊂ M × R. We can then study
extremals of this action, which are defined by Euler–Lagrange equations. Note, however,
that Lagrangian (6.1) can not possibly be non-degenerate in the sense of Definition 1.7, so
existence and uniqueness of solutions, even locally, is not guaranteed.

We will denote by ϑL the one-form on M×R which appears in the formula for action:

(6.3) ϑL =
∑

fα(ξ)dξ
α −H(ξ)dt.

53
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This form is obviously invariant under translations in t direction. Conversely, it is obvious
that any 1-from on M× R which is invariant under time translations has the form above,
and thus can be described as ϑL for some first order Lagrangian L. Thus, a first order
Lagrangian on M is effectively the same as a time-independent 1-form on M× R.

Note that it is obvious from (6.2) that adding a full derivative to ϑL doesn’t change
equations of motion: if first order Lagrangians L, L′ are related by ϑL′ = ϑL + dS for some
function S ∈ C∞(M), then the Euler–Lagrange equations for these Lagrangians have the
same solutions.

Even though technically first order Lagrangian systems are special cases of Lagrangian
systems described in Chapter 1, their physical interpretation is quite different. Namely, as
the examples below show, in this case the manifold M plays the role of the phase space
(and not the configuration space!) of the system.

Example 6.1. Let (M,L) be a Lagrangian system with the Lagrangian L being non-
degenerate as defined in Definition 1.7. Let M = TM and define the Lagrangian L on M
by

(6.4) L(q,v, q̇, v̇) =
n∑
i=1

∂L

∂vi
(q̇i − vi) + L(q,v) =

∂L

∂v
(q̇ − v) + L(q,v), n = dimM.

Then Euler–Lagrange equations for system (M,L) are equivalent to Euler–Lagrange equa-
tions for (M,L).

Indeed, the Euler–Lagrange equations for (M,L) are

(6.5)
d

dt

∂L
∂q̇

− ∂L
∂q

= 0 and
d

dt

∂L
∂v̇

− ∂L
∂v

= 0.

Since
∂L
∂v̇

= 0, the second equation in (6.5) gives

0 =
∂L
∂v

=
∂2L

∂v∂v
(q̇ − v)− ∂L

∂v
+
∂L

∂v
=

∂2L

∂v∂v
(q̇ − v).

Since Lagrangian L is non-degenerate, this is equivalent to

q̇ = v.

Using this relation, we can rewrite the first equation in (6.5) as

0 =
d

dt

∂L

∂v
− ∂2L
∂q∂v

(q̇ − v)− ∂L

∂q
=

d

dt

∂L

∂v
− ∂L

∂q

which are exactly the Euler-Lagrange equations for the Lagrangian system (M,L).

Note that Euler–Lagrange equations for (M,L) are a system of 2nd order differential
equations in n variables qi (see (1.7)), while Euler–Lagrange equations for (M,L) is a
system of first order differential equations in 2n variables qi, vi. Thus, this example is a
special case of a familiar phenomenon in the theory of differential equations: a system of
second order differential equations in n variables can be replaced by a system of first order
differential equations in 2n variables.

Example 6.2. As in Chapter 4, consider a Hamitonian mechanical system, described by a
symplectic manifold (M, ω) and the Hamitlonian function H ∈ C∞(M).
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By Darboux theorem, we can choose local coordinates p, q inM such that the symplectic
form is given by

ω = dp ∧ dq.
Define (locally) the first order Lagrangian on M by

(6.6) L = pq̇ −H(p, q)

(compare with Definition 4.4).

Then it is easy to see that the Euler–Lagrange equations for (M,L) are exactly the
canonical equations of Hamiltonian mechanics (see Theorem 4.5):

(6.7) q̇ =
∂H

∂p
and ṗ = −∂H

∂q
.

Thus, in this case the Hamiltonian system (M, ω,H) can also be described (locally) by
the first order Lagrangian formalism.

Thse two examples are closely related. Recall that given a non-degenerate Lagrangian
system (M,L), we can define Legendre transform τL : TM → T ∗M . We leave it to the reader
to check that in this case, the Legendre transform identifies the first order Lagrangian (6.4)
on TM with the first order Lagrangian (6.6) on T ∗M .

Motivated by the last example, we give the following definition.

Definition 6.2. Lagrangian L given by (6.1) is called non-degenerate if the 2-form

(6.8) ωL = d

(
N∑
α=1

fα(ξ)dξ
α

)
=

N∑
α,β=1

∂fβ
∂ξα

(ξ)dξα ∧ dξβ

is non-degenerate on M.

In particular, it is easy to see that the Lagrangians (6.4), (6.6) in examples above are
non-degenerate.

If the Lagrangian L is non-degenerate, it follows from Darboux theorem that N = 2n is
even and there exist local canonical coordinates (p, q) = (p1, . . . , pn, q

1, . . . , qn) on M such
that

ω = dp ∧ dq and ϑL = pdq −H(p, q)dt+ dS

for some function S onM. Since adding dS doesn’t change the equations of motion, without
loss of generality we can assume that in this case

(6.9) L = pq̇ −H(p, q)

and therefore, we are exactly in the situation of Example 6.2.

6.2. Singular Lagrangians

Let us now consider the more general case of first order Lagrangian system where we do
not assume that the 2-form ωL defined by (6.8) is non-degenerate. For reasons that will be

clear shortly, let us change the notation and use letter M̃ to denote the manifold; thus, we

have an N -dimensional manifold M̃ and a first order Lagrangian L ∈ C∞(TM̃).
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Assume for simplicity that ωL has constant rank rkωL = 2n in a neighborhood of some

point p of M̃. Then by Darboux theorem, one can choose local coordinates (p, q,λ) =

(p1, . . . , pn, q
1, . . . , qn, λ1, . . . , λm), 2n+m = dimM̃, such that

(6.10)
ωL = dp ∧ dq =

∑
dpi ∧ dqi

ϑL = p ∧ dq −H(p, q,λ)dt+ dS

for some function S on M̃. Since adding dS doesn’t change the equations of motion, without
loss of generality we can assume that

(6.11)
ϑL = p ∧ dq +H(p, q,λ)dt

L = pq̇ −H(p, q,λ).

In this case, the Euler-Lagrange equations for the Lagrangian L have the following form

(6.12)

ṗ = −∂H
∂q

q̇ =
∂H

∂p

∂H

∂λ
= 0.

The last equation in (6.12) shows that solutions of equations of motion must lie in the
subset

M̃0 =

{
(p, q,λ) ∈ M̃ | ∂H

∂λ
= 0

}

If the m × m matrix

{
∂2H

∂λa∂λb

}m
a,b=1

is non-degenerate, it follows from the implicit

function theorem that M̃0 is a submanifold in M̃ of dimension N −m = 2n, and p, q are

local coordinates on M̃0: one can express λ in terms of p, q. Thus, the original system is

equivalent to the first order Lagrangian system on M̃0 defined by

H̃(p, q) = H(p, q,λ(p, q)) and L̃ = pq̇ − H̃(p, q),

The latter system is a non-degenerate Lagrangian system, so in this case we are back to the
situation discussed in the previous section.

Let us therefore consider the case when the matrix

{
∂2H

∂λa∂λb

}m
a,b=1

is degenerate. For

simplicity, let us consider the extreme case, when this matrix is zero in a neighborhood of

a point in M̃0 (it can be shown using same ideas as above that the general case can be
reduced to this one). This means that for fixed p, q, H is a linear function of λ, so L has
the form

(6.13) L = pq̇ −H(p, q)−
m∑
a=1

λaφ
a(p, q).
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In this case the Euler–Lagrange equations (6.12) become

ṗ = −∂H
∂q

−
m∑
a=1

λa
∂φa

∂q
= {H +

∑
λaφ

a,p},(6.14)

q̇ =
∂H

∂p
+

m∑
a=1

λa
∂φa

∂p
= {H +

∑
λaφ

a, q},(6.15)

φa(p, q) = 0, a = 1, . . . ,m.(6.16)

where {, } is the Poisson bracket defined by the symplectic form dp ∧ dq.
Note that there are no equations for the time evolution of λ; instead, λ plays the role

of Lagrange multipliers, used in multivariable calculus for finding conditional extrema of
functions. It is convenient to write

M̃ = M× Rm

(locally), whereM is a 2n-dimensional manifold with coordinates p, q, and λ are coordinates
in Rm, and consider equations (6.14)–(6.16) as describing a trajectory of a point in M which
depends on additional parameters λ.

The functions φa(p, q) are called constraints, and equations (6.16) determine a subset

(6.17) M0 = {(p, q) | φα(p, q) = 0} ⊂ M.

In case when m× 2n matrix

(
∂φa

∂pi
,
∂φa

∂qi

)
has rank m on M0, the set M0 is a submanifold

of M of dimension 2n−m. Thus, adding term
∑
λaφ

a(p, q) to the first order Lagrangian
effectively constrains the solutions to the submanifold M0 ⊂ M.

To write down the corresponding Lagrangian system on M0, one needs to restrict the 1-
form ϑL on M0×R and use Darboux theorem to obtain corresponding coordinates (p, q,λ).
If the result is a non-degenerate Lagrangian system, than it corresponds to the Hamiltonian
system and we are done. If it results in a singular Lagrangian, we need to repeat the above
construction and obtain a submanifold M1 of M0, and so on. To apply Darboux theorem
at each step of this procedure one needs to solve the constraints (6.16), which could be a
very difficult problem. However, there is important class of constraints for which one does
not need to solve equations (6.16).

6.3. First class constraints and reduced phase space

As in the previous section, consider the Lagrangian (6.13) on M̃ = M×Rm and assume that

the matrix

(
∂φa

∂pi
,
∂φa

∂qi

)
has rank m. We have shown that solutions of equations of motion

must be constrained to the submanifold M0 ⊂ M, given by equations φa(p, q) = 0. To
simplify further, we will assume that the inclusion map i : M0 → M is a proper embedding.

This naturally leads to the following questions.

• Can one restrict to the manifold M0 equations (6.14)–(6.16)? In other words, do
all trajectories (p(t), q(t)) of the Hamilton’s equations (6.14)–(6.15) lie on M0 if
(p(0), q(0)) ∈ M0?
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• Can we describe the algebra of observables whose evolution does not depend on
the arbitrary parameters λ1, . . . , λm in (6.14)–(6.15)?

Let A = C∞(M) be the algebra of observables of our system, and let A0 = C∞(M0).
Since M0 ⊂ M is a proper embedding, we have

A0 = A /I
where I ⊂ A is the structure ideal of M0, the ideal consisting of functions on M that
vanish on M0. For every function f ∈ A0 we have

f = f̃ |M0 ,

where f̃ ∈ A is defined mod I .

Condition that the matrix

(
∂φa

∂pi
,
∂φa

∂qi

)
has constant rank m on M0 leads to the fol-

lowing result.

Lemma 6.3. Ideal I is generated by the constraints φ1, . . . , φm.

It is remarkable that, as was discovered by Dirac, an affirmative answer to both questions
asked in the beginning of this section is provided by the following definition. Let { , } be
the Poisson bracket on M associated with the symplectic form dp∧dq (see Definition 4.13).

Definition 6.4. Constraints φ1, . . . , φm for the singular Lagrangian (6.13) are called first
class constraints if {φa, φb}, {H,φa} ∈ I for all a, b = 1, . . . ,m.

In other words, there are smooth functions gabc and hab on M such that

(6.18) {φa, φb} =

m∑
c=1

gabc φ
c and {H,φa} =

m∑
b=1

habφ
b.

Throughout the remainder of this section, we assume that φa(p, q) are the first class
constraints.

Lemma 6.5. For the first class constraints, trajectories (p(t), q(t)) of the Hamilton’s equa-
tions (6.14)–(6.15) lie on M0 if (p(0), q(0)) ∈ M0.

Proof. It follows from (6.14)–(6.15) that

φ̇a = {H,φa}+
m∑
b=1

λb{φb, φa},

and it follows from (6.18) that φ̇a = 0 on M0. Thus φa(p(t), q(t)) = φa(p(0), q(0)) = 0,
a = 1, . . . ,m. □

In general, according to (6.14)–(6.15), the evolution of arbitrary f ∈ A is given by

(6.19) ḟ = {H, f}+
m∑
a=1

λa{φa, f},

and it follows from (6.18) that restriction of this equation to M0 does not depend on the
choice of a representative of f mod I and defines the evolution in the algebra A0 = A /I.
Still, this evolution depend on the choice of parameters λ1, . . . , λm.
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Definition 6.6. Admissible observables are functions f on M0 whose extensions f̃ to M
satisfy

(6.20) {f̃ , φa}|M0 = 0, a = 1, . . . ,m.

We will denote the space of admissible observables by A ∗
0 :

(6.21) A ∗
0 = {f ∈ A0 | {f̃ , φa}|M0 = 0, a = 1, . . . ,m}.

In particular, H|M0
is an admissible observable. It follows from Lemma 6.3 and (6.18)

that condition (6.20) does not depend on the choice of extension f̃ . The Poisson bracket of
admissible observables is defined by

{f, g}0 = {f̃ , g̃}
∣∣∣
M0

,

where f̃ , g̃ are extensions of f, g respectively. It follows from (6.20) that A ∗
0 is a Poisson

algebra. For admissible observables equation (6.19) takes the form

(6.22) ḟ = {H|M0 , f}0
and no longer depends on on the choice of arbitrary parameters λ1, . . . , λm.

According to the above definition, the algebra of admissible observables A ∗
0 is a sub-

algebra in the quotient A /I. Alternatively, A ∗
0 can also be defined as a quotient of a

subalgebra in A . Namely, let

A ∗ = {f ∈ A | {f, φa}|M0
= 0, a = 1, . . . ,m}.

Lemma 6.7. A ∗ is a Poisson subalgebra of A : if f, g ∈ A ∗, then fg ∈ A ∗ and {f, g} ∈
A ∗. Moreover, I ⊂ A ∗ is a Poisson algebra ideal of A ∗ and

A ∗/I ≃ A ∗
0 .

Proof. Follows from Lemma 6.3, equations (6.18) and the Jacobi identity. □

In other words, we have the following commutative diagram, where columns are algebra
embeddings and horizontal lines are surjective algebra morphisms (restricting to M0).

(6.23)

A A0

A ∗ A ∗
0

⊂ ⊂

The functions f ∈ A ∗
0 depend on 2n−m−m = 2(n−m) parameters and in many cases

can be thought of as functions on the reduced phase space — symplectic manifold M∗
0 of

dimension 2n− 2m. This can be described geometrically as follows.

Let Xφa ∈ Vect(M) be the Hamiltonian vector fields corresponding to the functions φa

on M. We have, according to part (4) of Theorem 4.14 in Chapter 4,

(6.24) [Xφa , Xφb ] = X{φa,φb}, a, b = 1, . . . ,m.

We also have

ω(Xφa , Xφb) = {φa, φb},
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so that
ω(Xφa , Xφb)|M0 = 0.

Denote by Ya the vector fields Xφa restricted to M0. It follows from (6.18) that Ya are
tangent to M0 and

ω|M0
(Ya, Yb) = 0, a, b = 1, . . . ,m.

Thus the closed 2-form ω0 — a restriction of the symplectic form ω to M0 — has an m-
dimensional kernel, generated by the vector fields Ya ∈ Vect(M0). It follows from (6.18)
and (6.24) that

[Xφa , Xφb ] =
m∑
c=1

gabc Xφc .

This means that the vector fields Y1, . . . , Ym generate a smooth involutive distribution on
M0 — a subbundle P of the tangent bundle TM0 such that[X,Y ] ∈ P if X,Y ∈ P.
By Frobenius theorem, M0 is a foliation with m-dimensional leaves given by the integral
manifolds of the distribution P.

Theorem 6.8. Assume that the foliation P defined above is a fibration: there is a smooth
manifold M∗

0 and a map π : M0 → M∗
0 such that π is a fiber bundle and fibers of π are

exactly the integral manifolds of P.

Then M∗
0 is a manifold of dimension 2n−2m which has a closed non-degenerate 2-form

ω∗ such that the 2-form ω|M0 defined above is the pullback of ω∗: ω|M0 = π∗(ω∗).

Moreover, C∞(M∗
0) = A ∗

0 is the Poisson algebra defined above.

In other words, (M∗
0, ω

∗) is a symplectic manifold, the reduced phase space. Though
not every foliation is a fibration, one can always find an open subset in U ⊂ M0 such that
the restriction of the foliation to U is a fibration. Thus, we can always define the reduced
phase space locally.

One can show that one can also define (locally) space M∗ so that we have the following
geometric analog of diagram (6.23).

(6.25)

M M0

M∗ M∗
0

⊃

⊃

Remark 6.9. Hamiltonian reduction, considered in Theorem 5.8 in Chapter 5, is a special
case of the Dirac formalism. Namely, let M be a symplectic manifold with a proper Hamil-
tonian action of a real Lie group G and let µ : M → g∗ be the corresponding moment map.
Choose a basis ξa ∈ g and define the constraints

φa(m) = ⟨µ(m), ξa⟩.
Then it is easy to see that φa are first class constraints; in this case,

M0 = {m ∈ M | φa(m) = 0} = µ−1(0).

The integral manifolds of the distribution P are the orbits of G-action, so in this case

M∗
0 = µ−1(0)/G
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which coincides with the definition of Hamiltonian reduction.

Note that the construction above defines the reduced phase space M∗
0 as a quotient of

M0 by an appropriate equivalence relation. However, it is often convenient to define M∗
0

as a submanifold in M0 (at least locally). It can be done by choosing a transverse slice,
a (local) submanifold S ⊂ M0 which is transversal to the integral manifolds of P. Then
since locally every integral submanifold intersects S at exactly one point, one can identify
M∗

0 ≃ S. We will later see that this construction is very common in gauge theories, in
particular in Maxwell’s theory of electromagnetism and in the Yang-Mills theory, where it
is usually referred to as “gauge fixing”. It is important to note that the choice of such
transeverse slice is not unique: there are many ways to choose it (in the language of gauge
theory, there are many different ways to fix the gauge).

The easiest way to define a transverse slice is by imposing additional m equations

(6.26) χa(p, q) = 0, a = 1, . . . ,m,

called additional constraints. Condition

(6.27) det
(
{χa, φb}

)m
a,b=1

̸= 0

guarantees that the submanifold S ⊂ M0, defined by (6.26), intersects transversally the
integral manifolds of the distribution P.

If we choose the additional constraints so that

(6.28) {χa, χb} = 0, a, b = 1, . . . ,m,

then one can easily find canonical coordinates on M∗
0. Indeed, by Darboux theorem, one

find canonical coordinates pi, q
i, i = 1, . . . , n on M such that pn−m+a = χa and

ω =
n∑
i=1

dpi ∧ dqi.

Transversality condition (6.27) becomes

det

(
∂φa

∂qn−m+b

)m
a,b=1

̸= 0.

By the implicit function theorem, it means that one can use constraints φa(p, q) = 0 to
express qn−m+a in terms of remaining variables. Thus, the reduced phase space

M∗
0 ≃ S = {(p, q) | φa(p, q) = χa(p, q) = 0}

is given by the equations

pm−n+a = 0, qn−m+a = fa(p∗, q∗), a = 1, . . . ,m,

where p∗ = (p1, . . . , pn−m), q
∗ = (q1, . . . , qn−m). Thererore, p∗, q∗ are coordinates on M∗

0;
in these coordinates,

ω∗ = dp∗ ∧ dq∗.
We also have f∗(p∗, q∗) = f(0,p∗, qa(p∗, q∗), q∗) and

(6.29) {f∗, g∗} =
∂f∗

∂p∗
∂g∗

∂q∗
− ∂f∗

∂q∗
∂g∗

∂p∗
.
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Remark 6.10. For the Hamiltonian reduction, considered in Example 5.4 in Chapter 5,
additional constraints χa determine an embedding of M∗

0 = µ−1(0)/G into M0 = µ−1(0)
by choosing a representative in each orbit.

6.4. Exercises

Exercise 6.1. Prove that when the matrix

{
∂2H

∂λa∂λb

}m

a,b=1

has constant rank k < m, one can

locally choose coordinates λ = (λ1, . . . , λm) such that λ1, . . . , λk are expressed in terms of p and q,
and the Hamiltonian H is a linear function in the remaining λk+1, . . . , λm.

Exercise 6.2. Prove Lemma 6.3.

Exercise 6.3. Prove (6.29) by computing Poisson bracket {f, g} on M in coordinates η =
(pa,p

∗, φa, q∗).

Exercise 6.4. Constraints φa for which det
(
{φa, φb}

)m
a,b=1

̸= 0 (this implies m = 2k is even) are

called the second class constraints. Define the Dirac bracket on M by the formula

{f, g}DB = {f, g} −
2k∑

a,b=1

{f, φa}Cab{φb, g},

where { , } is a Poisson bracket on M associated with the symplectic form ω, and Cab is the inverse
matrix to ({φa, φb}).

(1) Prove that Dirac bracket is a Poisson bracket on M.

(2) Prove that Dirac bracket is degenerate and its center consists of the functions F (φ1, . . . , φ2k),
where F : R2k → R.

(3) Prove that Dirac bracket restricts to M0 as a non-degenerate Poisson bracket that corre-
sponds to the symplectic form ω0.

Exercise 6.5. Let φa(p, q) be the first class constraints on the symplectic manifoldM and χa(p, q)
be the additional constraints.

(1) Show that φa and χa can be combined into the second class constraints.

(2) Prove that Poisson bracket on the reduced phase space M∗ for the first class constraints φa

coincides with the restriction to M∗ of the Dirac bracket for the second class constraints
φa, χa.



Chapter 7

Special Relativity

In this chapter, we formulate the main principles of Special Relativity, in which the New-
tonian spacetime E3 × R, described in Chapter 1, is replaced by the Minkowski spacetime
M4 = R1,3 with the Minkowski metric. Correspondingly, the Galileo’s principle of relativity
is replaced by the Special Principle of Relativity, which we state in the modern form below.

7.1. Minkowski spacetime and the Lorentz group

Recall that in Section 1.1, we have defined the Newtonian spacetime E3 × R; choosing a
frame, we can identify it with R3 × R, where R3 is considered with the usual Euclidean
metric. We also defined the Galilean group G = E(3)⋉R4, where E(3) ≃ O(3)⋉R3 is the
homogeneous Galilean group, consisting of transformations

(r, t) 7→ (g · r + vt, t)

Finally, we formulated one of the main principles of Newtonian mechanics: the laws of
motion are invariant under the action of the Galilean group.

Note, however, that the Newtonian spacetime was not given a metric: we only defined
the notion of distance for two points in spacetime (events) which are at the same time.
Moreover, the action of the Galilean group preserves the notion of simultaneous events:
time in Newtonian mechanics is absolute.

However, by the end of 19th century it became clear that the Galileo’s relativity principle
is not compatible with Maxwell’s formulation of electrodynamics. The latter is not invariant
with respect to the Galilean group; instead, it is invariant with respect to a deformation of
the Galielan group — so-called Lorentz group (see below).

The solution was found by Einstein, who formulated the special theory of relativity in
1905. It was observed by Minkowski in 1908, based on the earlier 1904 paper by Poincaré,
that in the special theory of relativity the space and time are unified into a four-dimensional
continuum, the Minkowski spacetime.

Namely, denote by R1,3 the 4-dimensional real vector space with the Minkowski metric

(7.1) ds2 = ηµνdx
µdxν = (dx0)2 − (dx1)2 − (dx2)2 − (dx3)2,
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where η = diag(1,−1,−1,−1). We will commonly use Greek letters for the spacetime
indices ranging 0, 1, 2, 3, and Latin letters for the spacial indices ranging 1, 2, 3. Minkowski
metric allows us to identify the dual vector space to R1,3 with R1,3. Denoting corresponding
vectors by (x0, x1, x2, x3), as it is commonly used by physicists, we have

xµ = ηµνx
ν , and x2 = ηµνx

µxν = xµx
µ.

Correspondingly, xµ = ηµνxν , where η
µν is the inverse matrix to ηµν . It is also common to

introduce a variable t (time) such that x0 = ct, where c is the speed of light in vacuum;
thus, in terms of t,x the metric is given by

(7.2) ds2 = c2(dt)2 − (dx1)2 − (dx2)2 − (dx3)2.

A vector x ∈ R1,3 is called time-like if x2 = xµxµ > 0, and space-like if x2 < 0. Vectors
with x2 = 0 are called light-like; the set of all such vectors is called the lightcone. The
picture below illustrates this (for R1,2).
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Figure 7.1. Light cone

Definition 7.1. The Minkowski spacetime M4 is the pseudo-Riemannian manifold which
is isometric to R1,3.

We will refer to a choice of isometry M4 ≃ R1,3 as an inertial frame, or simply a frame.

By definition, any two frames are related by an isometry of R1,3. This group plays an
important role in special relativity and has a special name.

Definition 7.2. The Poincaré group P is the group of all isometries of R1,3.

It is easy to show any such isometry has the form

x 7→ g · x+ a
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for some a ∈ R4 and g ∈ O(1, 3); thus,

(7.3) P ≃ O(1, 3)⋉R4.

In particular, this implies thatM4 has a canonical structure of an affine space. Points in the
spacetime M4 are thought of as representing events. We call a pair of events P1, P2 ∈ M4

space-like if the vector P1 −P2 (the interval between events) is space-like, and similarly for
time-like and light-like.

The group O(1, 3) of linear transformations of R1,3 preserving the Minkowski metric is
called the Lorentz group and is denoted by L:

(7.4) L = O(1, 3).

As we will later show, in the limit c → ∞ the Lorentz group becomes the homogeneous
Galilean group E(3) introduced in Section 1.1, and the Poincaré group becomes the full
Galilean group. Exact meaning of the limit will be clarified in Section 7.4.

Orbits of the Lorentz group in R1,3 have the form

Om = {x ∈ R1,3 | x2 = m}, m ∈ R.

For m > 0, these orbits are two-sheeted hyperboloids; for m < 0, they are one-sheeted
hyperboloids, and for m = 0, they are cones (see Fig. 7.1).

It follows from the transitivity of the L-action on orbits that for any pair of timelike
events P1, P2 ∈ M4 there is a frame such that these two events take place in the same
point in space: P1 = (ct1,x), P2 = (ct2,x) so that P2 − P1 = (c(t2 − t1), 0, 0, 0). Similarly,
for any two space-like events there is a frame such that they happen at the same time:
P1 = (ct,x1), P2 = (ct,x2), so that P2 − P1 = (0,x2 − x1).

Finally, the Galileo’s principle of relativity is replaced by

Special Principle of Relativity. The laws of motion are invariant under the action of
the Poincaré group in the Minkowski spacetime M4.

In particular, it implies that if a particle is traveling at the speed of light in one frame
(i.e. its velocity vector is light-like), it will also travel at the speed of light in any other
frame: speed of light is the same in any frame1.

7.2. Structure of the Lorentz group

In this section we discuss the structure of the Lorentz group L = O(1, 3). By definition,
this group consists of 4× 4 matrices Λ = {Λµα} satisfying

(7.5) ΛtηΛ = η,

where η = diag(1,−1,−1,−1). The group L acts linearly on R1,3, x 7→ x′ = Λx, where
x′µ = Λµνxν . It easily follows from the definition that

(Λ0
0)

2 − (Λ1
0)

2 − (Λ2
0)

2 − (Λ3
0)

2 = 1,

1Originally, Einstein formulated the special principle of relativity as invariance of the laws of physics under a
shift of inertial reference frames and the invariance of the speed of light in vacuum. It is equivalent to the modern

formulation stated in the text.
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so that Λ0
0 ≥ 1 or Λ0

0 ≤ −1. We also have detΛ = ±1, so that the Lorentz group L has at
least four connected components determined by the signs of Λ0

0 and detΛ.

Definition 7.3. The restricted Lorentz group L↑
+ is the subgroup of L which preserves

orientation and time direction:

L↑
+ = {Λ ∈ L | Λ0

0 > 0, detΛ = 1}.

It can be shown (we skip the proof) that L↑
+ is connected and thus is the connected

component of identity in L. Other connected components are obtained from it by applying
the space inversion P = diag(1,−1,−1,−1) or the time reversal T = diag(−1, 1, 1, 1), or
PT .

The restricted Lorentz group L↑
+ is a six-dimensional connected Lie group. It can be

shown that it is generated by the subgroup SO(3) of spacial rotations and the Lorentz boosts,
described below.

Consider the two-dimensional x0x1-plane. Denoting for simplicity x1 = x, x0 = ct,
consider the transformation of this plane given by (t, x) 7→ (t′, x′), where

(7.6)
x = x′ coshψ + ct′ sinhψ,

ct = x′ sinhψ + ct′ coshψ.

for some ‘angle’ ψ ∈ R. It is easy to see that this transformation preserves the form c2t2−x2.
It can be trivially extended to R1,3, leaving x2, x3 unchanged; so defined transformation lies
in the Lorentz group. Replacing x1 by x2 or x3, we get similar transformations acting in
planes x0x2 and x0x3, respectively. Transformations of this form are called Lorentz boosts.

Putting

coshψ =
1√

1− v2

c2

, sinhψ =

v

c√
1− v2

c2

,

where |v| ≤ c, we get

(7.7) x =
x′ + vt′√
1− v2

c2

, t =
t′ +

v

c2
x′√

1− v2

c2

.

This transformation relates coordinates (t, x) in the inertial reference frame K with the
coordinates (t′, x′) in the inertial reference frame K ′ moving relative to K with velocity v
along the x-axis. The formula for (t′, x′) in terms of (t, x) is given by replacing v by −v.

Remark 7.4. Transformations (7.7) have a number of elementary but rather surprising
corollaries such as the Lorentz contraction (length of a rod measured in a moving frame is
less than in a frame in which it is at rest), the time delay (the time between events occurring
at the same place in a moving reference frame is always smaller than the time between these
events in a reference frame at rest) and many others, which are discussed in great detail in
introductory physics textbooks.
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7.3. Lie algebra of the Lorentz and Poincare groups

The Lie algebra so(1, 3) of the Lorentz group is a Lie algebra of 4× 4 matrices X satisfying

Xtη + ηX = 0,

which is obtained from (7.5) by setting Λ = esX = I + sX +O(s2). Equivalently, it means
that so(1, 3) consists of matrices of the form

(7.8)

(
0 vt

v u

)
, v ∈ R3, u ∈ so(3).

This implies that as a vector space (but not as a Lie algebra!), so(1, 3) is the direct sum
so(3)⊕ R3. In particular, dim so(1, 3) = 6.

Thus, we can easily define a basis of so(1, 3). Namely, recall the basis Ji of so(3) which
was defined in Section 1.1. Using the embedding so(3) ↪→ so(1, 3), we can consider Ji as
elements in so(1, 3):

(7.9) J1 =


0 0 0 0
0 0 0 0
0 0 0 −1
0 0 1 0

 , J2 =


0 0 0 0
0 0 0 1
0 0 0 0
0 −1 0 0

 , J3 =


0 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 0

 .

In addition, taking the vector v in (7.8) to be one of the standard basis vectors in R3, we
get three more basis vectors in so(1, 3):

(7.10) K1 =


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 , K2 =


0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

 , K3 =


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

 .

Using

exp

(
s

(
0 1
1 0

))
=

(
cosh s sinh s
sinh s cosh s

)
it is easy to see that the one-parameter subgroup generated by K1 is exactly the group of
Lorentz boosts in x0x1 plane described by (7.6); similarly, K2, K3 generate boosts in x0x2

and x0x3 planes.

Elements Ji,Ki form a basis of so(1, 3). An explicit computation shows that in this
basis, the commutation relations are given by

(7.11)

[Ji, Jj ] = ϵijlJl,

[Ji,Kj ] = ϵijlKl,

[Ki,Kj ] = −ϵijlJl,

where ϵijk is the fully antisymmetric tensor, see (1.17).

We can also give a basis in the Lie algebra p of the Poincaré group P = O(1, 3) ⋉ R4.
Denoting by Pµ the generators of p corresponding to spacetime translations, we obtain the
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following set of relations:

(7.12)

[Pi, Pj ] = [Pi, P0] = 0,

[Ji, P0] = 0, [Ji, Pj ] = ϵijkPk,

[Ki, P0] = Pi, [Ki, Pj ] = δijP0.

It is also common in physics literature to use generatorsMαβ of so(1, 3), α, β = 0, 1, 2, 3,
defined by the following formulas

(7.13) Mij = −ϵijkJk, M0i = −Mi0 = Ki, i, j = 1, 2, 3.

This is a special case of a more general definition, which works for any non-degenerate
bilinear form η, see Exercise 7.1. Then relations (7.11), (7.12) can be rewritten in the
unified form:

(7.14)

[Pµ, Pν ] = 0,

[Mλµ, Pν ] = ηλνPµ − ηµνPλ,

[Mλµ,Mρσ] = ηλρMµσ − ηλσMµρ + ηµσMλρ − ηµρMλσ,

often used by physicists. (We leave derivation of these relations to the reader; see Exer-
cise 7.1).

Remark 7.5. In Example 2.6, we used generators Mij defined by Mij = ϵijkJk, which
differs by sign from the formula above. The reason for this sign change is that now we use
a different metric, so now ηii = −1 for i = 1, 2, 3.

It is also common to “raise indices”, defining Pµ = ηµνPν , M
µν = ηµαηνβMαβ so that

(7.15) M ij =Mij = −ϵijkJk, M0i = −M0i = −Ki, i, j = 1, 2, 3.

We leave it to the reader to check that so defined generators satisfy

(7.16)

[Pµ, P ν ] = 0,

[Mλµ, P ν ] = ηλνPµ − ηµνP λ,

[Mλµ,Mρσ] = ηλρMµσ − ηλσMµρ + ηµσMλρ − ηµρMλσ.

Remark 7.6. Note that for Lie algebra of the Galilean group, we had a relation [Ki, Pj ] = 0
in g, but that Lie algebra allowed a central extension, in which that relation was replaced
by [Ki, Pj ] = δijz (see Remark 1.9). For the Lie algebra of Poincaré group, we now have
[Ki, Pj ] = δijP0, so this commutator is non-zero even without taking a central extension.
In fact, one can show that p has no non-trivial central extensions (see Section 7.4 below).

Formulas (7.11) look almost like two copies of the relations for generators Ji of Lie
algebra so(3). More precisely, we have the following result. Let sl(2,C)R denote the Lie
algebra sl(2,C) considered as a 6-dimensional real Lie algebra.

Lemma 7.7. Consider the map

(7.17)

so(1, 3) → sl(2,C)R
Ja 7→ 1

2iσa

Ka 7→ 1
2σa
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where σa, a = 1, 2, 3, are Pauli matrices (see Exercise 1.7). Then this map is an isomor-
phism of real Lie algebras.

The proof is immediate from an explicit computation (compare with Exercise 1.7).

It can be shown that this isomorphism lifts to an isomorphism of real Lie groups

(7.18) SL(2,C)/Z2
∼= L↑

+.

We give an explicit construction of this isomorphism in Exercise 7.4. Note that since
SL(2,C) is simply-connected, this shows that SL(2,C) is the universal cover of the restricted
Lorentz group.

As an immediate corollary, we get the following description of the complexified Lie
algebra of the Lorentz group

(7.19) so(1, 3)⊗ C ∼= sl(2,C)⊕ sl(2,C)

which will be very useful in the future. In particular, this shows that so(1, 3) is semisimple.
An explicit construction of this isomorphsim is given in Exercise 7.2.

7.4. Lorentz group as the deformation of Galilean group

If instead of using coordinates x0, . . . , x3 in R1,3 we use (t, x1, x2, x3), where x0 = ct, then
in these coordinates the Lie algebra of the Lorentz group is given by

Xtηc + ηcX = 0,

where ηc = diag(c2,−1,−1,−1). Solutions of this equation are matrices of the form

(7.20)

(
0 1

c2
vt

v u

)
, v ∈ R3, u ∈ so(3).

Thus, we can choose a basis Ji, K̃i, where K̃i are defined by
(7.21)

K̃1 =


0 1/c2 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 , K̃2 =


0 0 1/c2 0
0 0 0 0
1 0 0 0
0 0 0 0

 , K̃3 =


0 0 0 1/c2

0 0 0 0
0 0 0 0
1 0 0 0


It is easy to see that these generators satisfy commutation relations

(7.22)

[Ji, Jj ] = ϵijlJl,

[Ji, K̃j ] = ϵijlK̃l,

[K̃i, K̃j ] = − 1
c2
ϵijlJl.

One can view these relations as defining a family of Lie algebras, depending on parameter
c, on the same vector space, with basis Ji, K̃i.

Note that for any c ̸= 0 these Lie algebras are isomorphic (indeed, each of them is
obtained from the usual so(1, 3) by a change of basis in R1,3). However, in the limit c→ ∞,
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we get a different Lie algebra structure: in this limit, the commutation relations become

[Ji, Jj ] = ϵijlJl,

[Ji, K̃j ] = ϵijlK̃l,

[K̃i, K̃j ] = 0

and coincide with the commutation relation in the Lie algebra se(3) of the homogeneous
Galilean group E(3) = O(3)⋉R3, see (1.19).

This is a special case of a general situation commonly called deformation of Lie algebras.
Namely, a formal deformation of a finite-dimensional real Lie algebra g with a Lie bracket
[ , ] is a Lie algebra g̃ = g⊗ R[[h]] over R[[h]], a ring of formal power series in the variable
h, with the Lie bracket

[x, y]h = [x, y] + hm1(x, y) + h2m2(x, y) + · · ·

In particular, setting h = 1/c2, we see that the family of Lie algebra structures given
by (7.22) is a deformation of Lie algebra se(3).

It is natural to ask whether one can classify all deformations, up to a suitable notion of
isomorphism. Namely, we say that two formal deformations [ , ]h, [ , ]′h are equivalent if
there is an automorphism

F (x) = x+ hf(x) + · · · ∈ End(g)[[h]]

such

[x, y]′h = F−1([F (x), F (y)]h).

Replacing in the definitions above R[[h]] by the quotient R[[h]]/(h2), i.e. keeping only
terms of degrees 0 and 1 in h, we get a definition of the infinitesimal deformation. It turns
out that the set of isomorphism classes of infinitesimal deformations admits a description
in terms of the Lie algebra cohomology.

Remark 7.8. The relation between infinitesimal deformations and formal deformations is
non-trivial: for example, not every infinitesimal deformation can be extended to a formal
one. We will not discuss the details here, restricting ourselves to the study of infinitesimal
deformations.

Recall that for any g-module M , one can define the cohomology of g with values in M
using the general formalism of Ext functors:

(7.23) H i(g,M) = Exti(R,M),

where Ext functors are computed in the category of g-modules (or, equivalently, category
of modules over the universal enveloping algebra Ug).

These cohomology also admits a more explicit definition using the Chevalley-Eilenberg
complex:

Ck(M) = Hom(Λkg,M)
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with the differential δk : C
k → Ck+1 given by

(δkf)(x1, . . . , xk+1) =
k+1∑
i=1

(−1)i+1xi · f(x1, . . . , x̂i, . . . , xk+1)

+
∑

1≤i<j≤k+1

(−1)i+jf([xi, xj ], x1, . . . , x̂i, . . . , x̂j , . . . xk+1).

Cohomology of this complex coincides with the cohomology defined before via Ext functors
(this follows from using a very special resolution for computing the cohomology).

Remark 7.9. Consider the case when g = Vect(X) is the Lie algebra of vector fields on a
compact smooth manifold X, and M = C∞(X). Since g is infinite-dimensional, the space
of all linear maps Hom(Λkg,M) is too large. Instead, notice that we have a natural pairing
Λkg ⊗ Ωk(X) → C∞(X), where Ωk(X) is the space of differential forms of degree k on
X. Thus, we have an embedding Ωk(X) ↪→ Hom(Λkg,M). Restriction of the Chevalley-
Eilenberg differential to the subcomplex Ω•(X) coincides with the exterior derivative on
differential forms. Thus, in this case (properly understood) Chevalley-Eilenberg complex is
exactly the de Rham complex Ω•

dR(X,R).

Theorem 7.10. Isomorphism classes of infinitesimal deformations of a finite-dimensional
Lie algebra g are in bijection with the space H2(g, g), where g is considered with the adjoint
g-action.

Proof. Any infinitesimal deformation of g

[x, y]h = [x, y] + hm(x, y) mod h2

is determined by the linear function m(x, y), which clearly must be skew-symmetric and
thus can be considered as an element of C2(g) = Hom(Λ2g, g).

Jacobi equation on [ , ]h gives the following condition on m:

[m(x, y), z] +m([z, x], y) + [m(y, z), x]

+[m(z, x), y] +m([z, x], y) +m([y, z], x) = 0(7.24)

for all x, y, z ∈ g. Comparing it with the differential of the Chevalley-Eilenberg complex,
we see that this condition is equivalent to δ2m = 0. Thus, m defines a Lie algebra structure
if and only if it is a 2-cocycle.

Similarly, if two cocycles m,m′ define isomorphic deformations:

[x, y]′h = F−1([F (x), F (y)]h) mod h2

for F (x) = x+ hf(x) mod h2, then

m′(x, y)−m(x, y) = [x, f(y)]− [y, f(x)]− f([x, y]) = δ1f(x, y)

is a coboundary, so [m] = [m′] in H2(g, g). Conversely, if m′ −m is a coboundary, then the
corresponding deformations are isomorphic. □

As an immediate corollary, we see that if H2(g, g) = 0, then g has no non-trivial
infinitesimal deformations. Such Lie algebras are called stable. It can be shown that for
stable algebras, there are also no non-trivial formal deformations: small deformations of a
stable Lie algebra gives an isomorphic Lie algebra.
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Any semisimple Lie algebra is stable. However, for the Lie algebra g = se(3) we
have H2(g, g) = R; the generator of H2 is the 2-cocycle m with the only non-zero val-

ues m(K̃i, K̃j) = ϵijkJk.

The corresponding infinitesimal deformation is given by

[Ji, Jj ] = ϵijlJl,

[Ji, K̃j ] = ϵijlK̃l,

[K̃i, K̃j ] = hϵijlJl.

Setting h = −1/c2, we get exactly the relations (7.22) of Lorentz Lie algebra. In this case,
this is not only an infinitesimal deformation but an actual deformation defined over R[h]:
Jacobi identity holds perfectly, and not just mod h2.

The Lorentz Lie algebra so(1, 3) is semisimple and therefore is stable. Thus, the pas-
sage from the Newtonian spacetime to the Minkowski spacetime is a deformation from the
unstable structure to the stable one, so the special relativity is a natural deformation of the
Newtonian mechanics.

In a similar way, one can show that central extensions of a real Lie algebra g are classified
by cohomology H2(g,R). For the Lie algebra of Galilean group, we have H2(g,R) = R,
so this Lie algebra has a non-trivial central extension, which is unique (up to rescaling the
central element); this central extension has been constructed in Remark 1.9. For the Lie
algebra of the Poincaré group, we have H2(p,R) = 0 (which is related to the fact that
p = so(1, 3)⋉R4, and so(1, 3) is semisimple); thus, it has no non-trivial central extensions.

7.5. Exercises

Exercise 7.1. Let V be n-dimensional real or complex vector space with non-degenerate symmetric
bilinear form η. Let SO(η) be the group of automorphisms preserving η and the orientation and let
so(η) be the corresponding Lie algebra.

(1) For any v1, v2 ∈ V , define the linear operator Mv1,v2 : V → V by

(7.25) Mv1,v2(w) = η(v1, w)v2 − η(v2, w)v1.

Prove that v1 ∧ v2 7→Mv1,v2 gives an isomorphism

Λ2(V )
∼−→ so(η).

(2) Let eα be a basis in V , and let ηµν be matrix of η in this basis: ηαβ = η(eα, eβ). Let η
µν

be the inverse matrix.
Define Mαβ ,M

αβ ∈ so(η) by

Mαβ =Meα,eβ ,

Mαβ = ηαµηβνMµν .

Show that then matrix entries of Mαβ are given by

(7.26)
(Mαβ)

µ
ν = ηανδ

µ
β − ηβνδ

µ
α

(Mαβ)µν = ηβµδαν − ηαµδβν .

In particular, for η = diag(1,−1,−1,−1) this coincides with (7.13), and for V = Rn

with the standard inner product, so defined Mαβ coincide with generators introduced in
Exercise 2.6.



7.5. Exercises 73

(3) Show that Mαβ , Mαβ satisfy the following commutation relations:

(7.27)
[Mλµ,Mρσ] = ηλρMµσ − ηλσMµρ + ηµσMλρ − ηµρMλσ

[Mλµ,Mρσ] = ηλρMµσ − ηλσMµρ + ηµσMλρ − ηµρMλσ

(compare with Exercise 2.6).

Exercise 7.2. Consider the following basis of so(1, 3)⊗ C:

J
(±)
k = 1

2 (Jk ± iKk).

Show that so defined elements satisfy

[J
(+)
i , J

(+)
j ] = ϵijlJ

(+)
l , [J

(−)
i , J

(−)
j ] = ϵijlJ

(−)
l , [J

(+)
i , J

(−)
j ] = 0,

and deduce from this that the map

so(1, 3)C → so(3,C)⊕ so(3,C)

J
(+)
k 7→ (Jk, 0)

J
(−)
k 7→ (0, Jk)

is an isomorphism of Lie algebras.

Since so(3,C) ∼= sl(2,C) (see Exercise 1.7), this gives another construction of the isomorphism
so(1, 3)⊗ C ∼= sl(2,C)⊕ sl(2,C) (compare with (7.19)).

Exercise 7.3. The goal of this problem is to describe the group Spin(4) – the universal cover of
SO(4).

Recall that the algebra of quaternions H is the four-dimensional algebra over R with basis
1, i, j,k and relations

i2 = j2 = k2 = ijk = −1

ij = −ji, ik = −ki, jk = −kj.
The complex conjugation and norm in H are defined by letting for h = a+ bi+ cj + dk

h̄ = a− bi− cj − dk,

|h|2 = hh̄ = a2 + b2 + c2 + d2.

(1) Consider the embedding of H into the algebra of 2× 2 complex matrices given by

a+ bi+ cj + dk 7→
(
a+ bi c+ di
−c+ di a− bi

)
Show that this embedding identifies the group of unit quaternions U = {h ∈ H | |h| = 1}
with SU(2).

(2) Consider the action of U× U on H given by

(X,Y ) · h = XhY

Show that this action preserves the norm and thus defines a morphism
U× U = SU(2)× SU(2) → SO(4).

(3) The morphism defined in the previous part gives rise to a morphism of Lie algebras su(2)⊕
su(2) → so(4) and thus to a morphism of their complexiofications

sl(2,C)⊕ sl(2,C) → so(4,C).

Show that this morphism is an isomorphism. (After identifying so(4,C) ∼= so(1, 3)C, this
isomorphism coincides with the isomorphism constructed in the previous problem.)
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(4) Show that the morphism defined in part (2) is surjective and its kernel is
{(I, I), (−I,−I)} ∼= Z2, thus establishing an isomorphism

SO(4) ∼= (SU(2)× SU(2))/Z2.

Exercise 7.4. In this problem, we describe the group Spin(1, 3) — the universal cover of the
Lorentz group.

Consider the following isomorphism between vector space R1,3 and the space of Hermitian 2× 2
matrices:

x = (x0, x1, x2, x3) 7→ X = x0σ0 + x1σ1 + x2σ2 + x3σ3 =

(
x0 + x3 x1 − ix2

x1 + ix2 x0 − x3

)
,

where σµ are the Pauli matrices defined in Exercise 1.7):

(7.28) σ0 =

(
1 0
0 1

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

(1) Show that x2 = detX.

(2) Use the previous part and the action of SL(2,C) (considered as a real Lie group) on
the space of Hermitian matrices given by X 7→ AXA† (here † stands for the Hermitian

conjugation) to define a morphism of real Lie groups SL(2,C) → L↑
+, given explicitly by

Λµ
ν = 1

2 Tr(σµAσνA
†).

(3) Show that the morphism constructed in the previous part gives rise to isomorphism of real
Lie algebras defined in Lemma 7.7.

(4) Show that the morphism constructed in part (2) gives an isomorphism of real Lie groups

L↑
+
∼= SL(2,C)/{±I},

so that SL(2,C), considered as a real Lie group, is the universal cover of L↑
+.



Chapter 8

Relativistic Particle

In this chapter we give Lagrangian and Hamiltonian descriptions of a free relativistic par-
ticle, i.e. the particle whose motion is invariant under the action of the Poincaré group.

We show that the Poincaré group acts naturally on the phase space of a free particle and
this action is Hamiltonian. Finally, we explain that special principle of relativity imposes
strong restriction on the interaction between the particles, which can be only described
through their interaction with a field and not by potential forces.

Here we continue to use the Minkowski spacetime M4, defined in the previous chapter.
We will often assume that we have chosen an inertial frame, so there is an identification
M4 ∼= R1,3 with the standard coordinates x0 = ct, x1, x2, x3 in R1,3. However, we will be
careful that all our constructions are actually independent of the choice of frame.

8.1. World line of a particle

A motion of a particle in M4 is described by a world line, connecting timelike events
P0 = (ct0, r0) and P1 = (ct1, r1). By definition, it is a map γ : [τ0, τ1] →M4, γ(τ) = xµ(τ),
such that γ(τ0) = P0, γ(τ1) = P1, and at each τ ∈ [τ0, τ1] the tangent vector γ

′(τ) is timelike
(see Section 7.1).

Note that in this case τ should not be considered as time: it is just a parameter along the
trajectory. Moreover, trajectories which only differ by a reparametrization are physically
equivalent. Thus, it is common to choose the parameter in a special way.

The simplest choice is to use time t (relative to a chosen inertial frame) as parameter
so that γ(t) = (ct, r(t)). In this case, γ′(t) = (c,v(t)), v(t) = ṙ(t), and

|γ′(t)| =
√
c2 − v2(t) = c

√
1− v2

c2
,

where v(t) = |v(t)| is the Euclidean length of a vector v(t) in R3. Another choice is to use
the natural parameter s, the Minkowski length along the trajectory:

s =

∫
|γ′(τ)| dτ

75
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which manifestly doesn’t depend on the choice of a frame or any other choices (up to adding
a constant).

The relation between these parametrizations is given by

s(t) = c

∫ t

t0

√
1− v2(τ)

c2
dτ.

In particular, if we choose a frame in which the particle is stationary (r(t) doesn’t depend
on t), then s(t) = c(t − t0). For this reason, the quantity c−1s(τ) is frequently referred to
as proper time along the trajectory. In terms of the natural parameter the tangent vector
of unit length is

(8.1) uµ =
dxµ(s)

ds
=

 1√
1− v2

c2

,
v

c

√
1− v2

c2

 , u2 = uµu
µ = 1.

8.2. The principle of the least action

As in Chapter 1, our goal is to define trajectories of motion as extremals of the action

S(γ) =

∫ τ1

τ0

L(γ(τ), γ′(τ)) dτ.

Note however that in this case, we want the Lagrangian to be independent of reparametriza-
tion of the trajectory and invariant under the action of the Poincaré group. Also, since space
and time are now unified into the Minkowski spacetime, the configuration space of a rela-
tivistic particle is M4 and not R3; time in a given reference frame is just one of possible
parameterizations of a world line.

The simplest and most natural choice of a Poincaré invariant action is

(8.2) S(γ) = −α
∫ P1

P0

ds = −α
∫ τ1

τ0

|∂τx| dτ, |∂τx| =
√
∂τxµ∂τxµ,

where ∂τx
µ =

dxµ

dτ
. Here integration goes over the world line γ with timelike velocity

vectors that connects initial and final events P0 and P1, and α is a constant.

If we use τ = t as the parameter, then this action can be rewritten as

(8.3) S(γ) =

∫ t1

t0

L(γ′(t))dt, where L = −αc
√

1− v2

c2
and v = |ṙ| < c

(note that |ṙ|2 = ṙ · ṙ stands for the Euclidean metric in R3).

We can now consider the extremals of this action on the space of trajectories with
fixed endpoints. As before, we only consider the situation when the interval between the
endpoints is timelike.

Theorem 8.1. Extremals of action the (8.2) are straight lines in Minkowski space with
timelike velocity vectors.
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Proof. Choosing τ = t as a parameter, from (8.3) we immediately obtain that in this
reference frame ∫ P1

P0

ds = c

∫ t1

t0

√
1− v2(t)

c2
dt ≤ c(t1 − t0).

Thus, if α > 0, then S(γ) ≥ −αc(t1 − t0), with the equality only if v(t) = 0 on γ. This
corresponds to straight line trajectory r(t) = const. Thus for α > 0, such a trajectory is
the absolute minimum of the action functional. □

To compare L with the Lagrangian for a free particle in classical mechanics, let us
consider the limit c→ ∞. In this limit,

L = −αc
√
1− v2

c2
= −αc+ αv2

2c
+O(αc−3).

Thus we see that letting α = mc and omitting the constant term −αc, which does not affect
the equations of motion, this expression matches the Lagrangian of a free non-relativistic
paricle:

(8.4) L = −αc
√

1− v2

c2
= −mc2 + mv2

2
+O(c−2), α = mc.

Therefore, we set α = mc in (8.2) and define the action for a free relativistic particle of
mass m by

(8.5) S(γ) = −mc
∫ P1

P0

ds =

∫ τ1

τ0

L(γ′(τ))dτ,

with the Lagrangian function

(8.6) L = −mc
√
∂τxµ∂τxµ.

In particular, if we choose parametrization τ = t, this becomes

(8.7) L = −mc2
√

1− v2

c2
.

As in Section 1.3, we can easily write down corresponding Euler-Lagrange equations in
relativistic invariant form.

Proposition 8.2. The Euler-Lagrange equations of a free relativistic particle are

duµ

ds
= 0

where uµ is the unit tangent vector (8.1).

Thus, solutions of these equations describe motion with constant velocity.

Proof. Since ds =
√
dxµdxµ, we have along the worldline γ,

δ(ds) =
1

2

(
dxµ
ds

δdxµ + δdxµ
dxµ

ds

)
= uµdδxµ

= d(uµδxµ)−
duµ

ds
δxµds,
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and using δxµ(P0) = δxµ(P1) = 0, we obtain

δS = −mc
∫ P1

P0

δ(ds) = mc

∫ P1

P0

duµ

ds
δxµds. □

We also have the variational formula with free ends (cf. Remark 1.6),

(8.8) δS = mc

∫ P1

P0

duµ

ds
δxµds−mc uµδxµ|P1

P0
.

As in Chapter 2, we define the momentum covector (pµ) ∈ T ∗R4 by

pµ =
∂L

∂(∂τxµ)
.

Since the Lagrangian L with arbitrary parameter τ along the world-line is given by
L = −mc

√
∂τxµ∂τxµ, we can rewrite the previous formula as

(8.9) pµ = −mc∂τx
µ

|∂τx|
.

Choosing τ = t as a parameter, we get

(8.10)

pi =
∂L

∂vi
=

mvi√
1− v2

c2

, i = 1, 2, 3

p0 =
−mc√
1− v2

c2

where vi = ẋi and v =
√∑

(vi)2 is the particle speed (computed in the usual Euclidean
metric on R3).

The component p0 can be interpreted in terms of the energy of the particle. Following
Definition 2.2, we define the energy of a relativistic particle by

(8.11) E =
∂L

∂v
v − L =

mv2√
1− v2

c2

+mc2

√
1− v2

c2
=

mc2√
1− v2

c2

.

At v = 0 we obtain the rest energy E0 of the particle,

E0 = mc2,

which is proportional to the mass of the particle. At small velocities v we obtain

E = E0 +
mv2

2
+O(v4),

which, except for the rest energy, is the classical expression for the kinetic energy of a free
non-relativistic particle.

Comparing the formula for p0 with (8.11), we see that p0 = −E /c.
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It is common in physics to define the energy-momentum 4-vector p = (pµ) ∈ TR4 by

(8.12) pµ = −ηµνpν = −ηµν ∂L

∂(∂txν)

(note the minus sign!), which gives us p = (p0,p), where

(8.13) p0 = E /c =
mc√
1− v2

c2

, p =
mv√
1− v2

c2

and p2 = ηµνp
µpν = (p0)2 − p2 = m2c2.

Equations (8.13) imply the following identities, which we will frequently use:

(8.14) p0 =
√
p2 +m2c2, p =

p0

c
v.

Remark 8.3. There are several reasons for introduction of negative sign in (8.12). First,
it makes the component p0 positive: p0 = E /c. More importantly, it means that the
spacial momentum vector p is given by the familiar formula p = ∂L

∂v , where, as in classical
mechanics, we identify 3-dimensional vectors and covectors using the usual Euclidean norm
in R3; this guarantees that in the limit c → ∞, our formulas for p match non-relativistic
formulas (see Example 2.1).

Remark 8.4. For fixed P0 ∈ M4 we define the classical action S(P ) (cf. Remark 1.8) as
−mc times the Minkowski length of the timelike interval between points P0 and P . In other
words,

S(P ) = −mc
∫ P

P0

ds,

where integration goes along the straight line connecting points P0 and P in M4. Denoting
by xµ the coordinates of P , we get from (8.8):

(8.15)
∂S

∂xµ
= −mcuµ,

so

(8.16) pµ = − ∂S

∂xµ
.

As was observed in Remark 4.6, there is a difference in sign in the formulas expressing the
energy and momentum of a non-relativistic particle in terms of the classical action. However,
in formula (8.16) the time and spacial components of the energy-momentum 4-vector are
introduced in a relativistic invariant way.

8.3. Noether integrals

Here we give a more invariant derivation of integrals of motion. Recall that the Lagrangian
(8.7) of a free relativistic particle is invariant under the Poincaré group action

xµ 7→ x′µ = Λµνx
ν + aµ

on R1,3.

Since Poincaré group is 10-dimensional, according to Noether theorem — Theorem 2.5
in Chapter 2 — there are ten integrals of motion corresponding to the generators Pµ and
Mλµ of the Lie algebra p of the Poincaré group in Section 7.3.
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Namely, the Lagrangian L with arbitrary parameter τ along the world-line is

L = −mc|∂τx| = −mc
√
∂τxµ∂τxµ.

Therefore, the Noether integrals of motion for the abelian Lie algebra R4 are given by

Iµ =
∂L

∂(∂τxµ)
= −mc∂τxµ

|∂τx|
,

and are reparametrization invariant.

Choosing τ = t, we see that Iµ = pµ are exactly the components of the momentum
covector defined by (8.9).

We can also define the integrals of motion corresponding to generators Mµν of the
Lorentz Lie algebra, defined in (7.15). Namely, the corresponding vector field on R1,3 is

Xµν = (Mµν · x)σ ∂

∂xσ
= (ησνxµ − ησµxν)

∂

∂xσ
,

and the Noether integral associated with this vector field is

Iµν = (ησνxµ − ησµxν)

(
∂L

∂ẋσ

)
= (ησνxµ − ησµxν)pσ = xνpµ − xµpν .

Thus we obtain components of the total angular momentum

−I12 = x1p2 − x2p1, −I23 = x2p3 − x3p2, −I31 = x3p1 − x1p3,

and the integrals of motion corresponding to Lorentz boosts

I0i = p0xi − x0pi.

Note that though I0i depend explicitly on t, they are still integrals of motion:

dI0i

dt
= vip0 − cpi = 0,

due to the relation (8.14).

8.4. The Hamiltonian formulation

Since in the special relativity all velocities are less than the speed of light, instead of a
tangent bundle TR3 in Newtonian mechanics, one uses a subbundle of TR3 whose fibers
are open balls B(0, c) of radius c in R3, centered at the origin. Of course, this fibre bundle
is just the product R3 ×B(0, c). According to the Definition 4.2, the Legendre transform is
the map τL : R3 × B(0, c) → T ∗R3,

R3 × B(0, c) ∋ (r,v) 7→ (p, r) ∈ T ∗R3,

where canonically conjugated momentum p = τL(v) is given by1

(8.17) p =
∂L

∂v
=

mv√
1− v2

c2

,

1Here we again identify a momentum 3-covector

(
∂L

∂v1
,
∂L

∂v2
,
∂L

∂v3

)
— an element of T ∗R3 — with a 3-vector p

— an element of TR3 — using Euclidean inner product in R3 and not the metric η.
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which is the formula (8.13). It is remarkable that τL is a diffeomorphism between R3×B(0, c)
and T ∗R3.

As in Section 4.2, T ∗R3 is a symplectic manifold with the symplectic form

ω = dp ∧ dr = dp1 ∧ dx1 + dp2 ∧ dx2 + dp3 ∧ dx3

and the Poisson bracket

{f, g} =
∂f

∂p

∂g

∂r
− ∂f

∂r

∂g

∂p
.

The Euler-Lagrange equations for a free relativistic particle are the Hamilton’s equations

(8.18) ṗ = {H ,p} = −∂H

∂r
, ṙ = {H , r} =

∂H

∂p

with the Hamiltonian function H = E ◦ τ−1
L . Explicitly,

H = cp0 = c
√
p2 +m2c2,

and for small p we have

H = mc2
√
1 +

p2

m2c2
≃ mc2 +

p2

2m
.

8.5. Hamiltonian action of Poincaré group on T ∗R3

Recall that in Section 5.3 we defined the action of the Galilean group G on the phase space
T ∗R3 of a free particle, and have shown that this is a Hamiltonian action of the central
extension of G. In this section, we give a relativistic analog of this result: Poincaré group
P also acts naturally on the phase space T ∗R3 of free relativistic particle, and its action is
Hamiltonian.

Namely, as in Section 5.3, let X be the set of all classical trajectories of a free relativistic
particle, the set of timelike straight lines in R1,3. Since the Poincaré group P group acts on
R1,3 preserving equations of motion of a free particle, this action descends to an action on
X ; thus, we have a natural action of P on X . On the other hand, for each (p, r) ∈ T ∗R3,

there exists a unique solution satisfying the initial conditions r(0) = r,
∂L

∂ṙ

∣∣∣∣
t=0

= p. Thus,

we have an identification of the phase space and X ; therefore, the action of G on X
automatically gives an action of P on T ∗R3.

It is easy to write this action explicitly in coordinates. Solutions of classical equations
of motion for a free particle are straight lines; thus, every solution has the form

r(t) = r + tv, |v| < c

so X = {(r,v)} = R3 × B(0, c). According to (8.14), the correspondence between T ∗R3

and X is given by

(8.19) (p, r) 7→ l =

{(
r + t

cp

p0
, t

)}
t∈R

∈ X .

Correspondingly, this defines the action of P on T ∗R3. We won’t write down an explicit
formula for that action since it is rather messy; we just note that this action is not linear.
The action of SO(3) ⊂ SO(1, 3) is, of course, just the regular action of SO(3) on T ∗R3.
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It is also easy to see that the elements of P preserve the Hamiltonian H = cp0 of a free
relativistic particle, except for the pure Lorentz boosts which do not preserve H .

Theorem 8.5. The action of Poincaré group P on the phase space T ∗R3 of free relativistic
particle with mass m is Hamiltonian.

The Hamiltonian functions corresponding to generators Ji, Ki, Pi of the Lie algebra of
the Poincaré group (see Section 7.3) are given by

Ĵi = −ϵijkxjpk,

K̂i = xi
√
p2 +m2c2,

P̂0 = p0 =
√
p2 +m2c2,

P̂i = −pi, i = 1, 2, 3.

The Poisson brackets of these functions are given by

{P̂i, P̂j} = {P̂i, P̂0} = {Ĵi, P̂0} = 0, {Ĵi, Ĵj} = ϵijkĴk,(8.20)

{K̂i, K̂j} = −ϵijkĴk, {Ĵi, K̂j} = ϵijkK̂k,(8.21)

{K̂i, P̂0} = P̂i, {K̂i, P̂j} = δijP̂0, {Ĵi, P̂j} = ϵijkP̂k.(8.22)

This theorem is an analog of Theorem 5.6, in which we had established a similar result
for the Galilean group. Note, however, that for the Galilean group we needed to introduce
a central extension in order to get a Hamiltonian action. For the Poincaré group, this
problem does not arise: the Poisson brackets of the generating functions exactly match the
commutation relations (7.11)–(7.12) in the Poincaré Lie algebra p. This is to be expected,
as P has no non-trivial central extensions, see remark at the end of Section 7.4.

Proof. As we already have seen in Section 5.3, the action of the Euclidean subgroup E(3)

of the Poincaré group P is Hamiltonian with the Hamiltonian functions2 P̂i = −pi and
Ĵi = −ϵijkxjpk, i = 1, 2, 3.

The one-parameter subgroup of translations in x0 direction acts on X by l 7→ l +

(s, 0, 0, 0), or (r,v) 7→
(
r − sv

c
,v
)
. Using (8.14), this gives the following action on T ∗R3:

p 7→ p, r 7→ r − sp

p0
.

Thus the corresponding vector field is ξ0 = − p
p0

∂

∂r
. On the other hand we have

∂p0

∂p
=
p

p0
,

so the vector field −ξ0 is generated by the Hamiltonian function P̂0 = p0 =
√
p2 +m2c2.

Computation of Hamiltonian functions K̂i for the generators of Lorentz boosts is more
involved, so we outline it in the Exercise 8.2.

2Note that canonically conjugated momenta to xi are components pi of the 3-vector p.
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The Poisson brackets of the Hamiltonian functions are verified by direct computation;
the key step is the following relation:

{xi, p0} = − pi

p0
.

We leave the details of this computation to the reader. □

Remark 8.6. As in the non-relativistic case (see Remark 5.7), we can identify X with

T ∗R3 by setting r(t0) = r,
∂L

∂ṙ

∣∣∣∣
t=t0

= p. The Hamiltonian functions will not change, except

for those associated with the Lorentz boosts, which will become

K̂i = xi
√
p2 +m2c2 + ct0P̂i = xip0 − ct0p

i.

Observables K̂i = xip0 − ct0p
i are not integrals of motion, while xip0 − x0pi are Noether

integrals.

We can also easily compute the Poisson brackets of the generators of Poincaré Lie algebra
and coordinate functions on R3:

{Ĵi, xj} = ϵijkx
k,(8.23)

c{K̂i, x
j} = xi{H , xj} = cxi

pj

p0
,(8.24)

{P̂i, xj} = −δij , i, j = 1, 2, 3.(8.25)

These Poisson brackets exemplify that R6 is a phase space of a relativistic particle.

8.6. No-interaction theorem

Recall that the interaction of particles is described by a field of force. In classical me-
chanics, one can say that particle creates a field around itself, a certain force then acts
instantaneously on every other particle in the system. The field is just a mode of describing
the interaction of particles. The situation changes drastically in special relativity, since
in a given inertial frame of reference, a change in position of one particle influences other
particles only after a certain period of time. The special relativity principle imposes a very
strong restriction on Hamiltonian systems: it implies that the interaction of finitely many
relativistic particles is not possible!

For precise formulation, we introduce the notion of a Hamiltonian system of n relativistic
particles. It is a system with the phase space R6n = (T ∗R3)n, the canonical symplectic form

ω =
n∑
a=1

dpa ∧ dra,

where ra and pa are coordinates and momenta of the a-th particle, and with the Hamiltonian
function H . The Hamiltonian system (R6n, ω,H ) describes n relativistic particles, if the
principle of relativity holds in the following precise form.

a) There exists a set of ten generators of the Poincaré Lie algebra — ten functions

P̂0 = H /c, P̂i, Ĵi and K̂i on R6n with Poisson brackets (8.20)–(8.22).
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b) The coordinates of each particle transform correctly under the Poincaré group —
coordinates ra and the generators of the Poincaré Lie algebra have Poisson brackets
(8.23)–(8.25).

In addition, the system is called non-degenerate, if

det

{
∂2H

∂pia∂p
j
b

}
̸= 0.

Theorem 8.7. Let (R6n, ω,H ) be a non-degenerate system of n relativistic particles. Then
the acceleration of each particle vanishes,

{H , {H , ra}} = 0, a = 1, . . . , n.

Equivalently, there are Darboux coordinates p̃a and ra (the coordinates of the particles are
unchanged) and the constants ma > 0 such that

P̂ = −
n∑
a=1

p̃a,

H =

n∑
a=1

c
√
p̃2a +m2

ac
2,

Ĵi = −
n∑
a=1

ϵijkx
j
ap̃
k
a,

K̂i =

n∑
a=1

xia
√
p̃2a +m2

ac
2.

This result is a manifestation of the fundamental fact that relativistic invariant Hamil-
tonian systems of interacting particles in Minkowski spacetime should have infinitely many
degrees of freedom, and the interaction is described by a field theory. As physicists say,
the field itself becomes a physical reality. The basic example of classical field theory is the
theory of electromagnetism, where charged relativistic particles interact with the external
electromagnetic field. Another fundamental example in classical physics is the theory of
gravity, where massive relativistic particle interacts with the external gravitational field.

8.7. Exercises

Exercise 8.1. Verify that Hamilton’s equations (8.18) give equations of motion of a free relativistic
particle.

Exercise 8.2. The goal of this exercise is to prove the formulas for the generators K̂i of the
Lorentz boosts given in Theorem 8.5. Denote by Λ(ψ) = exp(ψK1) ∈ L the one-parameter subgroup
of Lorentz boosts in x0x1-plane:

Λ(ψ)x = (x0 coshψ + x1 sinhψ, x0 sinhψ + x1 coshψ, x2, x3), ψ ∈ R.
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(1) Show that the action of Λ(ψ) on X is given by (r,v) 7→ (Λ(ψ)(r),Λ(ψ)(v)), where

Λ(ψ)(r) =

(
cx1

ṽ
, x2 − x1v2 sinhψ

ṽ
, x3 − x1v3 sinhψ

ṽ

)
, ṽ = v1 sinhψ + c coshψ,

Λ(ψ)(v) =

(
cv1 coshψ + c2 sinhψ

ṽ
,
cv2

ṽ
,
cv3

ṽ

)
.

(2) Show that under identification X ≃ T ∗R3 given by (8.19), the action of Λ(ψ) on T ∗R3 is
given by

Λ(ψ)(r) =

(
x1p0

p̃
, x2 − x1p2 sinhψ

p̃
, x3 − x1p3 sinhψ

p̃

)
, p̃ = p1 sinhψ + p0 coshψ,

Λ(ψ)(p) = (p1 coshψ + p0 sinhψ, p2, p3).

(3) Show that the vector field ξK1
on T ∗R3 is given by

ξK1
=
x1p

p0
∂

∂r
− p0

∂

∂p1

and dervie from it that the corresponding Hamiltonian function is K̂1 = x1
√
p2 +m2c2.

In a similar way one gets the expressions for K̂2, K̂3.

Exercise 8.3. Prove the no-interaction theorem for n = 1.





Chapter 9

Spinors and Dirac
Operator

In this section, we introduce spinors — special representations of group SO(n) which play
important role in physics. Informally, they are sometimes described as “square roots of
vectors”; exact meaning of that is clarified below.

Spinors are especially useful in constructing the Dirac operator — “square root of
Laplace operator”, described in Section 9.5 below.

9.1. Spin group and definition of spinors

Let G = SO(n); for simplicity, we will always assume that n ≥ 3. It is a compact semisimple
Lie group, which is a compact form of the complex semisimple Lie group GC = SO(n,C).
We will denote by g = so(n,R) and gC = so(n,C) Lie algebras of G, GC respectively. As is
well-known, gC is a simple Lie algebra (except for n = 4, in which case it is only semisimple);
if n = 2k is even, the corresponding Dynkin diagram is Dk, and if n = 2k + 1 is odd, then
the Dynkin diagram is of type Bk, as shown below. For n = 4, the Dynkin diagram is
A1 ⊔A1.

so(2k) = Dk: . . .1 2
k−1

k

so(2k + 1) = Bk: . . .1 2 k−1 k

Figure 9.1. Dynkin diagrams for so(n). Numbers on vertices are indices used to number
roots.

87
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Group G (and thus Lie algebra g) naturally acts on Rn; this is usually called the defining,
or tautological, representation of G. It is convenient to pass to complex representation
V = Cn, which is naturally a representation of GC and gC; abusing the language, we will
also refer to it as the tautological representation.

The tautological representation V is irreducible (one can show that for n > 4, the
tautological representations is the irreducible representation whose highest weight is the
fundamental weight ω1 if the roots are indexed as in Figure 9.1).

We will be interested in the irreducible representations corresponding to the fundamental
weights from the opposite end of the Dynkin diagram. Namely, for so(2k+1) = Bk, consider
the fundamental weight ωk corresponding to the righmost node in the diagram and denote
the corresponding complex irreducible representation by S; for so(2k) = Dk, consider the
fundamental weights ωk−1, ωk corresponding to the two endpoins of the “forked” end of the
Dynkin diagram and denote the corresponding irreducible complex representations S+, S−.

Definition 9.1. Representations S (for odd n), S± (for even n) are called spinor represen-
tations of so(n,C).

These representations have a number of useful properites. Most importantly, one can
show that the fundamental representation V is a subrepresentation of S ⊗ S (for odd n) or
S+⊗S− (for even n); for example, for n = 3 one has V = Sym2S (see more low-dimensional
examples below). For this reason, one frequently refers to spinors as square roots of vectors.

An important feature of spinor representations is that they do not lift to a represen-
tation of SO(n). Recall that the group SO(n) is not simply-connected; instead, we have
π1(SO(n)) = π1(SO(n,C)) = Z2 (for n ≥ 3). Thus, one can write

SO(n) = Spin(n)/Z2,

SO(n,C) = SpinC(n)/Z2

where Spin(n) is the universal cover of SO(n) and thus is a connected simply-connected Lie
group with Lie algebra so(n); similarly, SpinC(n) is a connected simply-connected complex
Lie group with Lie algebra so(n,C). These groups are called the spin groups. It is easy to
see that Spin(n) is a compact real form of SpinC(n). In some low-dimensional cases, these
groups admit more explicit description, see the next section.

By general results of Lie theory, any representation of so(n) lifts to a representation of
Spin(n); however, it turns out that for spinor representations, the non-trivial element of
Z2 ⊂ Spin(n) acts on S by −1 and thus these representations do not descend to represen-
tations of SO(n) or SO(n,C).

9.2. Low-dimensional examples

In some special cases, the spin group and spinor representation can be described very
explicitly.

If n = 3, then it is well-known that SO(3) ∼= SU(2)/Z2 (compare with Exercise 1.7)
and thus in this case Spin(3) = SU(2), SpinC(3) = SL(2,C). For this group, the spinor
representation S = C2 is the defining representation of SU(2); equivalently, it can also
be described as the irreducible representation of sl(2,C) with highest weight 1, or in the
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physical language, with spin 1
2 . The tautological representation V = C3 of SO(3,C) is the

irreducible representation with highest weight 2, or with spin 1, and it is related to the
spinor representation by

V = Sym2S.

If n = 4, then the Dynkin diagram is D2 = A1⊔A1, and the corresponding Lie algebra is
so(4,C) ≃ sl(2,C)⊕sl(2,C). Therefore, in this case we have SpinC(4) = SL(2,C)×SL(2,C),
Spin(4) = SU(2)× SU(2). Explicit construction of isomorphism

SO(4) ≃ (SU(2)× SU(2))/Z2

was given in Exercise 7.3.

In this case the spinor representations S± are both 2-dimensional. On each of them, one
of the copies of SU(2) acts trivially and the other acts by the tautological representation:

S+ ≃ C2 ⊗ C,

S− ≃ C⊗ C2

where we denote by C2 the tautological representation of SL(2,C).
One can check that the relation between the tautological representation V = C4 of

SO(4,C) and the spinor representations is given by

V = S+ ⊗ S−.

One can also give an explicit description of the spin group and spinor representations
for n = 5 (in which case the spin group is the symplectic group due to equality of Dynkin
diagrams B2 = C2) and for n = 6 (in which case the Dynkin diagram is D3 = A3 so that
Spin(6) = SU(4)).

9.3. Clifford algebra construction

Spinor representations admit an explicit construction in terms of so-called Clifford algebra.
In this section we give an overview of this construction.

Let V be a real vector space with a symmetric bilinear form B; we denote by Q(v) =
B(v, v) the corresponding quadratic form. Let n = dimV .

Definition 9.2. Clifford algebra Cl(V ) is the unital associative algebra over R generated
by vectors v ∈ V with defining relations

(9.1) v · w + w · v = 2B(v, w) · 1.

It is easy to check that these relations are equivalent to relations

v2 = Q(v) · 1, v ∈ V.

Equivalently, one can define the Clifford agebra by

Cl(V ) = T (V )/J

where T (V ) is the tensor algebra of V and J is the two-sided ideal generated by elements
v ⊗ v −Q(v) · 1, v ∈ V .
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In a similar way one defines the Clifford algebra for a complex vector space with a
symmetric bilinear form B, using the same defining relations (9.1). In this case, Cl(V ) is a
complex associative algebra.

In particular, we will denote by Cl(n) the Clifford algebra corresponding to an n-
dimensional complex vector space with a non-degenerate quadratic form. Since any two
non-degenerate quadratic forms are equivalent over C, this implies that up to isomorphism,
Cl(n) doesn’t depend on the choice of the quadratic form.

Clifford algebra has a number of useful properties, which we summarize below. Unless
specified otherwise, these properties hold both in real and complex case.

(1) It is a filtered algebra: if we denote by Fp ⊂ Cl(V ) the subspace spanned by
products of at most p elements of V , then

C = F0 ⊂ F1 ⊂ . . . ,
⋃
p

Fp = Cl(V ),

and Fp · Fq ⊂ Fp+q.
The corresponding graded algebra gr(Cl(V )) =

⊕
Fp/Fp−1 is canonically iso-

morphic to the exterior algebra ΛV . In particular, this implies that dimCl(V ) = 2n

if dimV = n.

(2) The Clifford algebra is naturally Z2-graded: Cl(V ) = Cl0(V )⊕Cl1(V ); this grading
is uniquely determined by the requirement that elements v ∈ V are odd: v ∈
Cl1(V ). As usual, we will refer to Cl0, Cl1 as even and odd parts of Cl.

(3) Given two vector spaces V1, V2 with quadratic forms, one has a natural isomorphism
Cl(V1 ⊕ V2) ≃ Cl(V1)⊗ Cl(V2), where the algebra structure on the tensor product
is given by the usual sign rule:

(v1 ⊗ v2) · (w1 ⊗ w2) = (−1)pq v1w1 ⊗ v2w2, v2 ∈ Clp, w1 ∈ Clq .

This allows one to give an explicit description of the Clifford algebra. Indeed, given a
vector space W of dimension k, consider V =W ⊕W ∗ with the bilinear form given by

B(w, f) = B(f, w) = 1
2⟨f, w⟩, w ∈W, f ∈W ∗,

B(w1, w2) = B(f1, f2) = 0, wi ∈W, fi ∈W ∗

where ⟨ , ⟩ is the natural pairing between W and W ∗. It is easy to see that this form is
non-degenerate.

Theorem 9.3. Let V = W ⊕W ∗ as above. Then one has a natural algebra isomorphism
Cl(V ) ≃ End(ΛW ).

Proof. For w ∈W , f ∈W ∗, consider operators aw, if : ΛW → ΛW defined by

aw : η 7→ w ∧ η,

if : w1 ∧ · · · ∧ wm 7→
m∑
i=1

(−1)i−1⟨f, wi⟩w1 ∧ · · · ∧ ŵi ∧ · · · ∧ wm,

where as usual, the hat means that the corresponding factor in the wedge product should
be skipped. Explicit computation shows that these operators satisfy the relations of the
Clifford algebra Cl(W ⊕W ∗) and thus define a morphism Cl(W ⊕W ∗) → End(ΛW ). It
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is easy to show that this morphism is surjective. Since dimEnd(ΛW ) = (2k)2 = 22k =
dimCl(W ⊕W ∗), this map is an isomorphism. □

Note that the vector space ΛW , and thus the algebra End(ΛW ), are naturally Z2 graded:

End(ΛW )0 = End(ΛevenW )⊕ End(ΛoddW )

End(ΛW )1 = Hom(ΛevenW,ΛoddW )⊕Hom(ΛoddW,ΛevenW ).

It is easy to see that the isomorphism Cl(W ⊕W ∗) ≃ End(ΛW ) constructed above is an
isomorphism of Z2-graded algebras.

Since any two non-degenerate quadratic forms over C are equivalent, we immediately
get the following corollary.

Theorem 9.4. Denote by Matn(C) the algebra of complex n× n matrices.

(1) If n = 2k is even, then Cl(n) ≃ Mat2k(C)(as a non-graded algebra) and Cl0(n) ≃
Mat2k−1(C)⊕Mat2k−1(C).

(2) If n = 2k+1 is odd, then Cl(n) = Cl(1)⊗Cl(2k). In this case, Cl(n) ≃ Mat2k(C)⊕
Mat2k(C) as a non-graded algebra, and Cl0(n) ≃ Mat2k(C).

Indeed, the first part is immediate from Theorem 9.3. To prove the second part, note
that Cl(1) = C[ε]/(ε2 = 1) is isomorphic as a non-graded algebra to C⊕C, and for any Z2

graded algebra A, we have (Cl(1)⊗A)0 = A0 ⊕ εA1 ≃ A as an (ungraded) algebra.

Since it is well known that the matrix algebra Matd(C) has a unique simple module,
namely the tautological representation Cd, Theorem 9.4 immediately implies the following
result.

Corollary 9.5. Let n = 2k be even. Then the algebra Cl0(n) has two different simple
modules, each of dimension 2k−1. For odd n = 2k + 1, Cl0(n) has a unique simple module
of dimension 2k.

The relevance of Clifford algebra to representations of SO(n,C) is explained by the
following simple fact. Since the action of the group SO(V ) preserves the quadratic form
on V , it also gives an action of SO(V ) by automorphisms on the Clifford algebra Cl(V ),
and an action of so(V ) by parity-preserving derivations of Cl(V ) which we will denote by
x 7→ a · x, x ∈ Cl(V ), a ∈ so(V ).

In the case when Cl(V ) is a matrix algebra, since it is known that every derivation of
Matn(C) is inner, it gives a map f : so(V ) → Cl(V ) such that for a ∈ so(V ), x ∈ Cl(V ) we
have

a · x = [f(a), x].

This only defines f(a) up to addition of a scalar which we can fix by requiring that f(x) ∈
Cl(V ) ≃ Matn(C) is traceless (or, equivalently, f(a) ∈ [Cl(V ),Cl(V )]). This also guarantees
that f([a, b]) = [f(a), f(b)]; in other words, f : so(V ) → Cl(V ) is a morphism of Lie algebras.
Moreover, since the derivation x 7→ a · x must be parity preserving, it follows that f(a) ∈
Cl0(V ) for any a.

In the case when Cl(V ) is direct sum of two matrix algebras, this argument requires a
little modification which we leave to the reader. However, one can also define the morphism
f explicitly as follows.
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Lemma 9.6. Let V = Cn with the standard symmetric bilinear form B(x, y) =
∑n

i=1 xiyi.
Let ei be the standard basis of Cn and Eij the corresponding basis of matrix units in Matn(C).

Define a linear map f : so(n,C) → Cl0(V ) by

(9.2) f : Mij 7→ −1
4 [ei, ej ],

where Mij = Eji − Eij are the generators of so(n,C), see Exercise 2.6.

Then

(1) For any a ∈ so(n,C), x ∈ Cl(V ), we have a · x = [f(a), x].

(2) The map f extends to a morphism of associative algebras Uso(n,C) 7→ Cl0(n),
where Uso(n,C) is the universal enveloping algebra of so(n,C).

The proof is by explicit computation which we leave to the reader. Note that for i ̸= j,
elements ei, ej anticommute in the Clifford algebra, so one can also write (9.2) as

Mij 7→ −1
2eiej , i ̸= j.

This lemma implies that any module over Cl0(n) is automatically a module over Uso(n,C),
and thus is a representation of so(n,C) and of the spin group SpinC(n). A more general
version of this lemma, which works for arbitrary non-degenerate symmetric bilinear form
B, is given in Exercise 9.3.

We can now use this lemma to give a construction of spinor representations.

Theorem 9.7. Let n = 2k be even. Then the two simple modules over the Clifford algebra
Cl0(n) constructed in Corollary 9.5, considered as so(n,C) modules via map (9.2), are
exactly the spinor modules S± described in Definition 9.1.

Similarly, for n = 2k + 1, the unique simple module over Cl0(n) considered as so(n,C)
module is the spinor module S.

We omit the proof of this theorem.

One can also use the Clifford algebra and the group Cl×0 of invertible elements in Cl0
to give an explicit construction of the spin group SpinC(n). We omit this construction as it
is not necessary for our purposes.

9.4. Lorentz group and Weyl spinors

So far we were mostly discussing spinor representations of the complex group SO(n,C) or its
compact form SO(n). However, one can also consider spinor representations for other real
forms of SO(n,C). For example, since SO(p, q) is a real form of SO(p, q;C) ≃ SO(p+ q,C),
we can restrict a spinor representation S of SO(n,C) to SO(p, q), n = p+ q.

We will be mostly interested in the restricted Lorentz group L↑
+; recall that it is the

connected component of O(1, 3) (see Section 7.2). Combining the inclusion L↑
+ ⊂ SO(1, 3) ⊂

SO(1, 3;C) with the isomorphism SO(1, 3;C) ∼= SO(4,C), we get an inclusion

L↑
+ ⊂ SO(4,C).

Recall that SpinC(4) ≃ SL(2,C)×SL(2,C); thus, we have the universal cover SL(2,C)×
SL(2,C) → SO(4,C) (which is two-fold); restricting it to L↑

+ ⊂ SO(4,C) we get a two-fold
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cover of L↑
+. It can be shown (we skip this argument) that this is the universal cover of L↑

+.

On the other hand, we had shown in Exercise 7.4 that the universal cover of L↑
+ is SL(2,C)

(considered as a real group). Thus, we have a commutative diagram

SL(2,C)R⊂ SL(2,C)× SL(2,C)

L↑
+ SO(1, 3;C) ∼= SO(4,C)⊂

in which horizontal lines are real forms of complex groups, and vertical arrows are (two-fold)
universal covers.

By results of the previous section, the group SpinC(4) ∼= SL(2,C) × SL(2,C) has two
spinor representations:

S+ ∼= C2 ⊗ C,

S− ∼= C⊗ C2,

called the Weyl spinors (the left-handed and right-handed spinors).

Definition 9.8. The module Ŝ = S+ ⊕ S− over SpinC(4) is called Dirac bispinor module.

Note that it is different from the defining (or tautological) representation V of SO(4,C):
the tautological representation is given by V = S+⊗S−, while Dirac bispinor representation
is Ŝ = S+ ⊕ S− and is only defined for the universal cover SpinC(4), not for SO(4,C).

At the level of Lie algebras, Dirac bispinor module can be described through Clifford
algebra construction: by Lemma 9.6, we have a morphism

f : Uso(4,C) → Cl0(4) ⊂ Cl(4).

In this case, Cl(4) ∼= Mat4(C) (as an ungraded algebra) and has a unique nonzero simple

module Ŝ ∼= C4 so that Cl(4) ∼= End Ŝ. Restricting it to Cl0(4) ∼= Mat2(C)⊕Mat2(C), we
get Ŝ = S+ ⊕ S−, where S± is the defining module over the two copies of Mat2(C); and
pulling back S± via f to so(4,C) gives us the spinor modules.

For future use, we can give explicit formulas for the action of the Clifford algebra and
of so(1, 3;C) in the spinor representation. Let γµ, µ = 0, 1, 2, 3, be the generators of the
Clifford algebra Cl(1, 3) (over C):

(9.3) γλγµ + γµγλ = 2ηλµ

where η = diag(1,−1,−1,−1).

Lemma 9.9. The following formulas define a 4-dimensional representation of Cl(1, 3):

(9.4) γµ 7→
(

0 σµ
σµ 0

)
where σµ are Pauli matrices (see (1.24)) and σµ = ηµνσν , so that

σ0 = σ0, σi = −σi, i = 1, 2, 3.
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The proof is by explicit computation which easily follows from

σ2µ = I,

[σ0, σa] = 0,

[σa, σb] = 2iϵabcσc,

σaσb + σbσa = 0, a ̸= b.

Since we already know that Cl(1, 3) is isomorphic to the matrix algebra Mat4(C) and

thus has a unique non-trivial module Ŝ which has dimension 4, we see that in a suitable
basis action of Cl(1, 3) in Ŝ is given by (9.4).

In physics literature, 4× 4 matrices γµ satisfying (9.3) are called Dirac γ-matrices. The
matrices (9.4) give the so-called Weyl or chiral basis of γ-matrices; the Dirac basis is given

by the choice γ0 =

(
I 0
0 −I

)
and the same matrices γi, i = 1, 2, 3.

We also have an explicit formula for the morphism Uso(1, 3) → Cl(1, 3), obtained by a
minor modification of Lemma 9.6 (see Exercise 9.3):

(9.5) Mλµ 7→ −1
4 [γλ, γµ].

In terms of the generators of so(1, 3), introduced in Section 7.3, we have

Ka 7→ −1
2γ0γa, Ja 7→ −1

4ϵabc[γb, γc].

9.5. Dirac equation

Let M ∼= R1,3 be the Minkowski spacetime. Consider the space of functions C∞(M, Ŝ)
with values in the Dirac bispinor module defined in the previous section. As before, we use
notation γµ for generators of Cl(1, 3); they act in Ŝ as described in Lemma 9.9.

Definition 9.10. Differential operator on C∞(M, Ŝ) defined by the formula below is called
the Dirac operator

/∂ = γµ∂µ

where, as usual, we denote ∂µ =
∂

∂xµ
and γµ = ηµνγν .

From (9.3) we immediately get

(9.6) γλγµ + γµγλ = 2ηλµ

which gives us the following lemma.

Lemma 9.11. Dirac operator satisfies

/∂
2
= ∂µ∂

µI4 =

(
∂20 −

3∑
i=0

∂2i

)
I4,

where I4 is 4× 4 identity matrix.
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The scalar operator in the right-hand side is commonly called the D’Alembert operator
(or simply box operator) and denoted by □:

(9.7) □ = ∂µ∂
µ = ∂20 −

3∑
i=0

∂2i .

The equation

(9.8) (i/∂ −m)ψ = 0,

is called the Dirac equation. Here ψ ∈ C∞(M, Ŝ), the classical spinor, describes spin 1
2

particle of mass m.

Using Ŝ = S+ ⊕ S−, we can write ψ = ψ+ + ψ−, ψ± ∈ C∞(M,S±). The components
ψ± are called Weyl spinors; note that since S± are not modules over the Clifford algebra,
in general we can not restrict Dirac equation to ψ±. Instead, observe that Lemma 9.11
implies the following fundamental property

(m+ i/∂)(m− i/∂) = (□+m2)I4

which shows that each spinor component ψ± satisfies the Klein-Gordon equation1

(□+m2)ψ± = 0.

Thus Dirac equation can be thought of as the square root of the Klein-Gordon equation.

In the massless case m = 0, the Dirac equation decouples into the Weyl equation

σµ∂µψ
+ = (I∂0 − σ1∂1 − σ2∂2 − σ3∂3)ψ

+ = 0,

and its conjugate equation

σµ∂µψ
− = (I∂0 + σ1∂1 + σ2∂2 + σ3∂3)ψ

− = 0

for the left-handed (respectively right-handed) Weyl spinors ψ± ∈ C∞(M,S±).

9.6. Exercises

Exercise 9.1. Let γµ be generators of Cl(1, 3) as in (9.3). Define γ5 = γ0γ1γ2γ3. Prove that
γ25 = −1 and

γ5γµ + γµγ5 = 0, µ = 0, 1, 2, 3.

Exercise 9.2. Prove the so-called Pauli lemma: if γµ and γ′µ are two sets of 4×4 matrices satisfying
(9.3), then there is a non-degenerate 4× 4 matrix S such that

SγµS
−1 = γ′µ.

Equivalently, Clifford algebra Cl(1, 3) has a unique (up the equivalence) 4-dimensional representa-
tion.

Exercise 9.3. Prove more general form of Lemma 9.6: if η is a symmetic non-degenerate bilinear
form on a finite-dimensional complex vector space V , andMv1,v2 ∈ so(η) is defined as in Exercise 7.1,
then the linear map f : Mv1,v2 7→ − 1

4 [v1, v2] extends to a morphism of associative algebras Uso(η) →
Cl0(V ), satisfying a · x = [f(a), x].

1It should be better called Klein-Fock-Gordon equation.





Chapter 10

Notes and References

We refer the reader to the classic textbooks [Arn1989] and [LL1976], which are written,
respectively, from mathematics and physics perspectives. The elegance of [LL1976] is
supplemented by the attention to detail in [Gol1980], another physics classic.

The treatise [AM1978] and the encyclopedia surveys [AG1990], [AKN1997] provide
a comprehensive exposition of classical mechanics, which includes the history of the subject,
references to the classical works and to the recent development.

Arnold’s book [Arn1989] is based on his lectures in Moscow State University in 1967-69,
where he was the first to use systematically the language of differential symplectic geometry.
These lectures were aimed at the undergraduate students, so [Arn1989] covers the calculus
of differential forms and vector fields on smooth manifolds. Nowadays, this material is a
part of the standard graduate mathematics curriculum, and we use it freely in the main
text. The reader can find necessary differential geometry background in the numerous
textbooks and monographs; we just mention [War1983], [DFN1984], [DFN1985] and
[Ste1983], as well as the lecture notes [Bry1995]. Same applies to the background in the
theory of Lie groups and Lie algebras; all necessary material can be found in [Kir2004] and
[Kir2008]. In addition, the lectures [God1969] provide an introduction to the differential
geometry of classical mechanics. In particular, the important role the second tangent bundle
in Lagrangian mechanics is emphasized in [God1969] and [Bry1995].

Our exposition follows the traditional outline in [LL1976], [Arn1989] and in [Tak2008].
It starts with the Lagrangian formalism and introduces the Hamiltonian formalism through
the Legendre transform. As in [Arn1989], we made a special emphasis on precise math-
ematical formulation of the basic principles, starting with the principle of the least action
and the notion of Newtonian spacetime and the Galileo principle of relativity in Chapter 1.
Exposition in Chapter 2 follows [Arn1989] and [Tak2008], and some of the nontrivial
exercises have been taken from [Bry1995]. Material in Chapter 3 is pretty standard; since
our goal is introduce the reader to the classical field theories — systems with infinitely
many degrees of freedom — we skip many topics, including the Euler equations and ro-
tation of a rigid body, Kepler problem, theory of oscillations, etc. Some of these topics
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have been relegated to the exercises; in particular, Exercises 3.4–3.6 introduce the cele-
brated Laplace-Runge-Lenz vector, whose components are extra integrals of motions for
the Kepler problem.

Example 3.1 in Chapter 3 plays an important role in the explanation of the passage
to the systems with with infinitely many degrees of freedom in Part 2. Chapter 4 is a
succinct introduction to the Hamiltonian formalism and the basics of symplectic geome-
try — the study of symplectic (and, more generally, Poisson) manifolds. The notion of
a Poisson bracket will play a fundamental role in classical field theories. We also just
touched a very important notion of completely integrable Hamiltonian systems and formu-
late the celebrated Liouville-Arnold theorem, proved in [Arn1989]. We refer the reader to
[AKN1997] and references therein for a comprehensive exposition, and to the monograph
[FT2007] for the Hamiltonian approach to the theory of integrable systems, especially for
the case of infinitely many degrees of freedom. Exercises 4.8 and 4.9 are very important:
the former provides with a rich class of Poisson structures, while the latter introduces the
reader to the beautiful orbit method in the representation theory. The basic references here
are [Kir1976] and [Kir2004].

In Chapter 5 we introduce a very important notion of a Hamiltonian action of a Lie
group and corresponding moment map, having many applications in mathematics. As an
illustrative example, in Section 5.3 we consider the Hamiltonian action of the central ex-
tension of the Galilean group on the phase space of a free classical particle. This example
is not widely known and may be considered as a non-relativistic limit of the Hamiltonian
action of the Poincaré group, constructed in [Are1971]; note that the central extension of
the Galilean group was introduced in the classic paper [Bar1954]. In Section 5.4 we dis-
cuss the Hamiltonian reduction, a powerful methods of obtaining a symplectic quotient of
a symplectic manifold with the Hamiltonian group action. The main result — Theorem 5.8
— is due to Marsden and Weinstein; we refer the reader to [AM1978, Theorem 4.3.1] for
the proof. In Chapter 6 we discuss Lagrangian and Hamiltonian systems with constraints.
This formalism was developed by Dirac [Dir1958] for the Hamiltonian formulation of gauge
theories and general relativity, the theories whose Lagrangians are singular. The Hamilton-
ian reduction in Section 5.4 is a special case of the Dirac formalism. Our exposition is based
on the Faddeev’s classic paper [Fad1969] and his lectures at Leningrad State University in
the early 70s. The Dirac formalism, widely used by physicists, is practically unknown to
the mathematicians, so we think that it worthwhile to make it popular. The Chapters 1–6
close our very brief exposition of the classical mechanics.

The Chapters 7 and 8 are meant to be a succinct introduction to the special relativity,
written from a mathematics perspective. Thus in Chapter 7 we define the Minkowski space-
time, state the special principle of relativity and introduce Lorentz and Poincaré groups.
Mathematicians will find explicit formulas for the generators of the corresponding Lie al-
gebras of these groups, extensively used by physicists. In Section 7.4 we show, in a precise
mathematical sense, that the Lorentz group is a deformation of the homogenous Galilean
group, and introduce necessary notions from the Lie algebra cohomology. This very sim-
ple result has important philosophical consequences: the Lorentz Lie algebra is simple and
therefore is stable under the deformations, so the passage from the Newtonian spacetime to
the Minkowski spacetime is a deformation from the unstable physical structure to the stable
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one, and the special relativity is a natural deformation of the Newtonian mechanics. This
point of view, advocated in [Fla1982] and [Fad1998], can be summarized by saying that
the change of a fundamental physics paradigm is an ‘evolution’ rather than a ‘revolution’.
Mathematical background on the cohomology theory of Lie algebras and its relation to the
deformation theory can be found in [FF2000] and in the monograph [dAI1995], written
for physicists. The fact that Poincaré Lie algebra admits no non-trivial central extensions,
in [dAI1995] was attributed to Wigner. We refer to [Gal1967] for a concise proof of this
result.

Material in Sections 8.1–8.4 is rather standard and is a careful mathematical exposition
of the corresponding sections in physics classic [LL1971], while the content of Sections 8.5
and 8.6 is not so well-known. Namely, in Section 8.5 we consider a Hamiltonian action of
the Poincaré group on the phase space of a relativistic particle. Our exposition follows the
paper [Are1971]; the corresponding Hamiltonian action of the Galilean group, described
in Section 5.3, is a non-relativistic limit of this action. In Section 8.6 we consider a no-
interaction theorem in the special relativity, which states that a system of several relativistic
particles which admits a Poincaré group action1 actually describes the free particles. In
other words, the special principle of relativity implies that the interaction of finitely many
relativistic particles is not possible! This result (see paper [Leu1965] for the proof) has an
implication that one needs to pass from particles to fields in order to describe the relativistic
nature of the physical world.

The material in Chapters 7 and 8 is needed for the relativistic classical fields theories
In Part II. There are plenty of textbooks on special relativity, written from physics and
mathematics perspectives. In addition to the physics classic [LL1971], we mention modern
mathematical exposition in [DFN1984,DFN1985] and references therein. It should be
noted that the choice of a signature (+,−,−,−) for the Minkowski metric in Chapter 7
is just a convention. Equivalently, one can use the metric diag(−1, 1, 1, 1) of signature
(−,+,+,+). Each choice of a signature has advantages and disadvantages. Thus our choice
(called ‘Landau-Lifshitz sign convention’ or ‘West Coast convention’) is more convenient for
the field theory (classical and quantum), while there are some extra negative signs for 3-
vectors as in Chapter 8. The opposite choice of a signature (called ‘Pauli convention’ or
‘East Coast convention’) keeps Euclidean metric for the spacial variables, and is often used
in general relativity.

In Chapter 9, we discuss the notion of spinors and Dirac equation, used for describ-
ing quantum particles with spin 1/2 (like electrons and positrons). Our presentation is
very basic and elementary; detailed mathematical exposition can be found in the books
[LM1989] and [Del1999]. For application to quantum field theory, we refer to the mono-
graph [BLOT1990].

1For the validity of the no-interaction theorem it is essential that the Minkowski spacetime is four dimensional.
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Chapter 11

Lagrangian
Formulation of Field
Theory

In this section, we lay a foundation of classical field theory. Informally fields are systems
with infinitely many degrees of freedom, parameterized by the points in the physical space,
as will be explained below. In analogy with the classical mechanics, where Euler-Lagrange
equations are ordinary differential equations, equations of motion for classical fields are
partial differential equations. This is reflected in the Lagrangian formalism, where corre-
sponding Lagrangian densities should be local. It is described in Section 11.5, together with
the derivation of corresponding Euler-Lagrange equations.

11.1. From particles to fields

Here we explain, at a physical level of rigor, how classical fields can be thought of as
continuous limit of systems of classical particles when the number particles go to infinity.
Namely, consider Example 3.1 in Section 3.3: a system of N coupled oscillators with the
Lagrangian function

(11.1) L(q, q̇) =

N∑
j=1

1
2 q̇

2
j −

N−1∑
j=1

1
2ω

2
N (qj+1 − qj)

2, qN+1 = q1.

Corresponding equations of motion are

(11.2) q̈j = ω2(qj+1 + qj−1 − 2qj), j = 1, . . . , N,

where it is understood that q0 = qN . A passage to the continuous limit is an assumption
that there is a smooth function φ(x, t), defined on the circle R/LZ (or equivalently, on an
interval [0, L] with periodic boundary conditions), such that for each N

qj(t) = φ(xj , t), where xj = jδ, δ =
L

N
and ωN =

c

δ
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for some constant c > 0. In the simultaneous limit N → ∞ and δ → 0 such that Nδ = L
is fixed, the points xj , j = 1, . . . , N , become uniformly distributed on the circle R/LZ.
By elementary calculus, we obtain that the system (11.2) of ordinary differential equations
turns into the partial differential equation

(11.3)
∂2φ

∂t2
= c2

∂2φ

∂x2

— the wave equation for the function φ(x, t) on the interval [0, L] with periodic boundary
conditions.

This example shows how the system with N degrees of freedom, describing N particles
moving on the real line, in the continuous limit becomes a system with infinitely many
degrees of freedom, described by a classical field — a real-valued smooth function φ(x)
on the circle. Note that in this limit the index j turns into the spatial variable x, which
parameterizes infinitely many degrees of freedom.

Moreover, it follows from the basic calculus that the finite sum (11.1) turns into the
integral over [0, L] as N → ∞, so that Lagrangian function L(q, q̇) becomes the following
functional

(11.4) L(φ) =

∫ L

0
L (φ(x, t))dx, where L (φ(x, t)) =

1

2

(
(∂tφ)

2(x, t)− c2(∂xφ)
2(x, t)

)
and we put ∂t =

∂

∂t
, ∂x =

∂

∂x
. As it is well-known in the calculus of variations, the wave

equation (11.3) corresponds to the critical points of the action functional

(11.5) S[φ] =

∫ t1

t0

L(φ)dt,

defined on the space of fields φ(x, t) with fixed values at the endpoints, φ(x, t0) = φ0(x)
and φ(x, t1) = φ1(x).

11.2. Classical fields

Returning to the general situation, physicists think of a field as an assignment of a physical
quantity to every point in the space-time. For a mathematical definition1, we assume that
we are given a (n+1)-dimensional orientable manifold M, which plays the role of spacetime,
and a real or complex vector bundle E → M.

Definition 11.1. A field φ on M is a smooth section over M of the bundle E , and the set
F = Γ(M, E) of all smooth global sections is the space of fields.

In some cases we will also impose some conditions of fast decay at infinity in spacial
directions; this will be discussed separately.

It is standard to call φ a real or complex vector field2 when E = M × V is a trivial
vector bundle over M, where V is an r-dimensional real or complex vector space; when E
is a trivial line bundle, φ is called a scalar field. Choosing a basis in V allows to represent
fields by smooth vector-valued functions on M, φ(x) = (φ1(x), . . . , φr(x)), x ∈ M.

1Later we extend this definition to include gauge fields and gravitational field.
2Not to be confused with a vector field on a manifold!
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In most examples (with the notable exception of the theory of gravity) M = M × R,
where M is a n-dimensional orientable manifold, and the bundle E is a pull-back of some
bundle E over M by the natural projection M → M . The manifold M plays a role of
a physical space. It is usually assumed that the space-time M = M × R is equipped
with a (pseudo) Riemannian metric, obtained from a Riemannian metric on M and the
standard metric on R; in a relativistic field theory M = R1,3 is the Minkowski space-time.
If x = (x1, . . . , xn) are local coordinates on M , then x = (x0,x), where we put x0 = t, are
local coordinates on M. The set

F = Γ(M,E)

of all smooth global sections of E is a field theory analog of the configuration space — the
space of all fields at any given time t = t0. Again, for non-compact M we will frequently
impose additional conditions of fast decay at infinity; exact conditions depend on M .

Since configuration space F is infinite-dimensional for n ≥ 1, classical field theory
describes a system with infinitely many degrees of freedom. Finally, as in Section 1.2, we
introduce the path space

P (F) = P (F)φ1,t1
φ0,t0

,

— the space of all smooth parameterized paths γ : [t0, t1] → F with fixed endpoints, γ(t0) =
φ0 and γ(t1) = φ1. Slightly abusing notation by using E for the restriction of the bundle E
to M × I, we have

P (F) =
{
φ ∈ Γ(M × I, E) : φ|t0 = φ0, φ|t1 = φ1

}
, where I = [t0, t1].

Similarly, the space of fields F is a space of all smooth R-parameterized paths in F .

One can also define nonlinear fields as maps from M to another finite-dimensional
manifoldN ;M is a called a source manifold andN — a target manifold. In caseM =M×R
the configuration space is F = C∞(M,N).

Remark 11.2. In case M = {pt} we have F = C∞(pt, N) ≃ N , which is exactly the
configuration space in classical mechanics, so the fields are trajectories in N . Thus one
can consider classical mechanics as a special case of classical field theory, namely a (0 + 1)
dimensional field theory.

11.3. Calculus of variations

The configuration space F and the space of fields F are infinite-dimensional Fréchet mani-
folds. We will later define action functional on the space of fields and talk about its critical
points. To do so rigorously, we need to remind basic notions of the calculus of variations
and introduce the de Rham complexes on F and F with the de Rham differential δ. For
our purposes, it will be sufficient to explain the differential δ on 0-forms and to introduce
the spaces of 1-forms and vector fields on F .

Note that since F is a vector space, for any φ ∈ F , the tangent space at φ is naturally
identified with F itself: TφF ∼= F . We define the cotangent space T ∗

φF to be the space
F ∗ of all continuous linear functionals on F .
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Let F : F → R be a functional on F . The directional derivative ∂ξF of F at a point
φ (the Gateaux derivative) in the direction ξ ∈ TφF ∼= F is defined by a calculus formula

(∂ξF )[φ] =
d

ds

∣∣∣∣
s=0

F [φ+ sξ],

provided that the limit exists for all φ and ξ. We also assume that for ∂ξF [φ] all φ is
continuous linear functional of ξ. Similarly, we define higher order directional derivatives
by

(11.6) (∂kξ1···ξkF )[φ] =
∂k

∂s1 · · · ∂sk

∣∣∣∣
s1=···=sk=0

F [φ+ s1ξ1 + · · ·+ skξk],

assuming that the limit exists for all φ and ξ1, . . . , ξk and is a continuous multlinear func-
tional.

Definition 11.3. A functional F : F → R is called smooth if it has partial directional
derivatives of all orders.

Example 11.1. Consider the simplest case of a trivial vector bundle E = M×V , where V
is r-dimensional real or complex vector space. Choosing a basis of V allows us to represent
fields by smooth vector-valued functions on M, φ = (φ1, . . . , φr).

Choose a point x0 ∈ M. Then the evaluation functional

F [φ] = φa(x0)

is smooth:

∂ξF [φ] = ξa(x0).

and higher derivatives vanish (it is a linear functional).

More generally, let Ka(x), a = 1, . . . , r, be a collection of compactly supported smooth
functions on M and consider the functional

F [φ] =

∫
M

(∑
a

φa[x]Ka(x)
)
dn+1x

where dn+1x is a top degree differential form on M. Then it is easy to see that so defined
F is also smooth, with derivative

∂ξF [φ] =

∫
M

(∑
a

ξa[x]Ka(x)
)
dn+1x

By definition, the 0-forms are smooth functionals F : F → R. A 1-form ϑ on F assigns
to each φ ∈ F a vector ϑφ ∈ T ∗

φF ∼= F ∗. Thus, given a point φ ∈ F and a tangent vector
ξ ∈ TφF ∼= F , we get a real number ϑφ(ξ) = ⟨ϑφ, ξ⟩ where ⟨ , ⟩ is the pairing between F ∗

and F .

As in calculus, we define the total differential of a smooth functional F : F → R to be
the 1-form δF , defined by

(11.7) δFφ(ξ) = ∂ξF [φ]

for all φ ∈ F and ξ ∈ TφF ∼= F . We use δ for the exterior derivative on F so it is not
confused with the exterior derivative on M.
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It is very convenient to use physics notation that stem from the calculus of variations.
First, recall the familiar finite-dimensional situation, in which we are studying smooth
functions on a finite-dimensional vector space V . In this case, we can choose coordinates
vi in V , writing each vector v as v = (v1, . . . , vn). The corresponding one-forms dvi form
the basis (over C∞(V )) of one-forms on V , so for any f ∈ C∞(V ) and a tangent vector
ξ ∈ TvV = V , we can write

(11.8)
df =

∑ ∂f

∂vi
dvi,

∂ξf =
∑ ∂f

∂vi
ξi.

Let us write an analog of this formula when we replace a finite-dimensional vector space
by the infinite-dimensional space of fields F . As before, consider the simple case when
E = M× V , where V is r-dimensional real or complex vector space. Choosing a basis of V
allows to represent fields by smooth vector-valued functions on M, φ = (φ1, . . . , φr). The
values of φa(x) for all x ∈ M and a = 1, . . . , r, play the role of coordinates on F , similar to
coordinates va in the finite-dimenional case, and δφa(x) — variations of fields φa at points
x — are 1-forms on F , similar to dva: for ξ ∈ TφF = F , ⟨δφa(x), ξ⟩ = ξa(x).

To write an analog of formula (11.8), we need to sum over index a and also over all x;
since x ∈ M, it means we need to choose a volume form dn+1x on M and integrate over
M. Thus, we write

(11.9)

δFφ =
∑
a

∫
M

δF

δφa(x)
δφa(x)dn+1x,

∂ξF [φ] =
∑
a

∫
M

δF

δφa(x)
ξa(x)dn+1x.

This formula should be taken as the definition of “partial derivatives”
δF

δφa(x)
. Indeed,

by definition of a smooth functional, ∂ξF [φ] is a continuous linear functional of ξ and
thus can be written in the form

∫
M
∑

aKa(x)ξ
a(x)dn+1x for some generalized functions

(distributions) Ka.

Note that
δF

δφa(x)
is not necessarily a smooth function - it is a distribution. For example,

if F [φ] = φa(x0) is the evaluation functional considered in Example 11.1, then ∂ξF [φ] =
ξa(x0) =

∫
M ξa(x)δ(x− x0)d

n+1x, so

(11.10)
δφa(x0)

δφb(x)
= δab δ(x− x0),

where δ(x) is the Dirac’s delta-function.

11.4. Lagrangian density

Equations of motion in classical mechanics are Euler-Lagrange equations in the one variable
calculus of variations. It is quite remarkable that equations of motion in classical field theory
are also Euler-Lagrange equations in the ‘multivariable’ calculus of variations.
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Namely, in classical mechanics Lagrangian is a function on the tangent bundle3 of a con-
figuration space, so it seems natural to define field-theoretical Lagrangian L as a functional
on TF — a smooth map L : TF → R (in the Fréchet space topology). Correspondingly,
the action S — a functional on the path space P (F) — is defined by the same formula as
in Section 1.2, namely

(11.11) S[φ] =

∫ t1

t0

L(γ′(t))dt.

Here a path γ ∈ P (F) is a field φ(x, t), and its lift γ′(t) to a path in TF is (φ(x, t), φ̇(x, t)),
where dot stands for the partial time derivative. As in classical mechanics (see Section 1.2),
we formulate the principle of least action.

Principle of Least Action. Time evolution in classical field theory is described by critical
points of the action functional S[φ] on the set P (F) of smooth paths in F with the fixed
endpoints. This can can be written as

(11.12)
d

dε

∣∣∣∣
ε=0

S[φε] = 0

for any one-parameter family of paths φε in P (F) such that φ0(x, t) = φ(x, t). Since F is a
linear space, it is sufficient to consider only the paths φε = φ+ εu, where ‘variation’ u has
compact support on M × (t0, t1), so u(x, t0) = u(x, t1) = 0 for all x ∈M .

Using the differential δ introduced in (11.7), we can rewrite (11.12) in a more compact
form, commonly used by physicists:

(11.13)
δS

δφ
= 0.

The following remarks are in order. First, the space of all Lagrangians — smooth
functionals on TF — is ‘too large’ to give interesting time evolution. Second, in the formula
(11.11) for the action, the time t plays a special role. However, in special relativity, time is
no longer absolute and is included into the spacetime, so we would need to find a different,
relativistic invariant way of writing the action.

To address both of these issues, we will only be studying theories where the Lagrangian
is given by some kind of integrals over the space slices M × {t} of the spacetime M:

(11.14) L(φ, t)dt =

∫
M×{t}

L(φ).

(we will clarify what kind of object L is below) and thus, the action is given by

(11.15) S[φ] =

∫
M×I

L(φ).

Here we tacitly assume that the integral over M converges. This is automatically so if M
is compact; see Remark 11.8 for discussion of non-compact case.

The quantity L is called Lagrangian density. It should satisfy the following properties:

3Here we only consider Lagrangians that do not explicitly depend on time.
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• In order for the integral (11.15) to make sense, for every φ ∈ F the expression
L(φ) should be a top degree differential form4 on M =M ×R. Thus, L should be
a map

L : F → Ωn+1(M).

• (Locality) For every φ ∈ F the value of a differential form L(φ) ∈ Ωn+1(M) at a
point x ∈ M depends only on the values at this point of the field φ and its partial
derivatives up to an order k with respect to all variables. This condition can be
reformulated in terms of the jet bundle; we do so below.

• Finally, we will usually also require that L has no explicit dependence on x ∈ M
— the only dependence on M comes from the metric on M. As we will show later,
this automatically guarantees relativistic invariance of the action.

Since F is infinite-dimensional, one must be careful when talking about functions on
it. However, there is an easy way to avoid analytic difficulties by using the notion of the jet
bundle.

Definition 11.4. Given a point x ∈ M and a vector bundle E over M, the k-jet space
Jk(E , x) is the set of equivalence classes of sections φ of E over some neighborhood of x,
where two sections φ,φ′ are equivalent if

∂Iφ

∂xI
(x) =

∂Iφ′

∂xI
(x)

for any multi-index I with |I| ≤ k.

Note that this definition requires a choice of local coordinates near x and a choice of local
trivialization of E ; however, it is easy to show that Jk(E , x) is independent of these choices.
One immediately sees that the k-jet space is a finite-dimensional manifold. Moreover, it is
not very difficult to show that there exists a canonical fiber bundle Jk(E) over M such that
its fiber at any point x ∈ M is the jet space Jk(E , x). This fiber bundle is called the k-jet
bundle of E . There is a natural map

(11.16)
πk : Γ(M, E) → Jk(E)

φ 7→ [φ]k

which assigns to every section its class in the jet bundle.

Remark 11.5. Jet spaces can be also defined for the smooth maps of manifolds. In par-
ticular, for the maps f : R → N , the space of k-jets of f at any x ∈ R is called the k-th
order tangent bundle T kf(x)N . Of course, T 1N = TN , the tangent bundle.

Then the locality condition for the Lagrangian density L can be stated as follows.

Definition 11.6. A a map F : F → Ωq(M) is called local if there exists a number k ≥ 0
such that the map F can be written as a composition

F → Jk(E) → Ωq(M)

4More accurately, it is a density on M =M × R, and after fixing an orientation on M , it can be identified with

the top degree form.



110 11. Lagrangian Formulation of Field Theory

where the first map is the natural projection (11.16), and the second map is a smooth
morphism of bundles over M:

F̃ : Jk(E) → Ωq(M).

In a similar way, one defines locality condition for maps

ΛpTF → Ωq(M)

as maps which are linear along on fibers of ΛpTF → F and factor through appropriate
k-jet space.

Note that F̃ is not required (and usually is not) to be a morphism of vector bundles:
for example, it can depend exponentially on the value φ(x).

This definition not only gives rigorous notion of locality, but also removes all analytic
difficulties with defining forms and functions on infinite-dimensional space F , reducing it
to a smooth morphism of finite-dimensional bundles on M.

Note that it is natural to interpret maps ΛpTF → Ωq(M) as (p, q) forms on F ×M.
Thus, we will use the notation

(11.17) Ωp,q(F ×M) = {local maps ΛpTF → Ωq(M)}.

We define operators

δ : Ωp,q(F ×M) → Ωp+1,q(F ×M)

d : Ωp,q(F ×M) → Ωp,q+1(F ×M)

as the exterior derivatives in F andM respectively, choosing signs so that δ, d anticommute.
For example, for a functional F ∈ Ω(0,0)(F ×M), we have

(dδF )(φ, x) = dxµ ∧ (∂µδF )(φ, x) = −∂µ
(

δF

δφ(x)
δφ(x)

)
∧ dxµ.

11.5. Euler–Lagrange equations

As in classical mechanics, the principle of least action leads to the Euler-Lagrange equations
for classical fields.

As in all physics textbooks, we consider first the basic case, when M is Euclidean space
Rn with coordinates x1, . . . , xn and the volume form dnx = dx1 ∧ · · · ∧ dxn. This also gives
local coordinates x0, x1, . . . , xn and the volume form dn+1x on M = M × R, where we let
x0 = t.

We consider a trivial rank r vector bundle E = Rn × V over Rn, where V is real
or complex r-dimensional vector space, so that F = C∞(Rn+1, V ). Choosing a basis
in V allows to represent fields by smooth vector-valued functions on the spacetime, φ =
(φ1, . . . , φr).

We consider the Lagrangian density which only depends on the 1-jet of a field φ, i.e. on
the value φ(x, t) and first derivatives ∂µφ(x, t):

(11.18) L(φ) = L ([φ]1)d
n+1x = L (φ(x, t), ∂µφ(x, t))d

n+1x

for some function L on the 1-jet space.
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Thus in this case we see that the basic formulas (11.14) and (11.15) for the Lagrangian
and the action can be now written as follows

(11.19) L(φ) =

∫
Rn

L (φ(x, t), ∂µφ(x, t)) d
nx

and

(11.20) S[φ] =

∫ t1

t0

L(φ) dt =

∫
Rn×I

L (φ, ∂µφ)d
n+1x.

As before, here we assume that φ is such that the integral converges.

Using the multivariable calculus of variations, we obtain the following basic result.

Theorem 11.7. A field φ is a critical point of the action (11.20) if and only if

(11.21)
∂L

∂φa
− ∂

∂xµ
∂L

∂(∂µφa)
= 0, a = 1, . . . , r.

(As usual, we use summation over repeated indices.)

Proof. Consider a family

φε(x, t) = φ(x, t) + εδφ(x, t),

where the variation δφ has compact support on Rn × I and φ|t0 = φ|t1 = 0, so that the
integral in the definition of S[φε] is convergent if S[φ] was convergent. We have, using
summation over repeated Greek and Roman indices,

d

dε

∣∣∣∣
ε=0

S[φε] =
d

dε

∣∣∣∣
ε=0

∫
Rn×I

L (φ+ εδφ, ∂µφ+ ε∂µδφ)d
n+1x

=

∫
Rn×I

(∂L

∂φa
δφa +

∂L

∂(∂µφa)

∂δφa

∂xµ

)
dn+1x,

where the differentiation under the integral sign is easily justified. Using the Stokes’ theorem
(integration by parts), we can now rewrite it as

d

dε

∣∣∣∣
ε=0

S[φε] =

∫
Rn×I

(∂L

∂φa
− ∂

∂xµ
∂L

∂(∂µφa)

)
δφa dn+1x.

Note that there are no boundary terms because δφ = (δφ1, . . . , δφr) has compact support
on Rn × I and vanishes at t = t0 and t = t1.

Now it is immediate that if this integral is zero for any such δφ, then the expression in
parentheses must be zero, which gives us the statement of the theorem. □

It follows from the chain rule that Euler-Lagrange equations (11.21) are generally non-
linear partial differential equations of the second order. More generally, if the Lagrangian
density L is a function on the jet space Jk(E), then the corresponding Euler-Lagrange
equations will be a system of partial differential equations of order 2k. We leave it to the
reader to write down these equations explicitly.

Remark 11.8. The definition of action (11.20) and derivation of Euler–Lagrange equations
only make sense if the field φ is such that the integral in (11.20) converges. For example,
one could require that φ be compactly supported.



112 11. Lagrangian Formulation of Field Theory

However, restricting our consideration to such fields is not a viable option: in many
cases, solutions of Euler–Lagrange equations are such that the integral in (11.20) does not
converge.

In this case, we take the point of view that uses the Lagrangian density L (and not the
action S) as the primary object of the theory. Then for any compact region R ⊂ M (i.e. a
top-dimensional submanifold with boundary), we can define the action S[φ]R by the same
formula as in (11.20), but with integration over R rather than M, even if the full action
S[φ] over the whole M is not defined. We say that φ is a critical point of the action, if
for any compact region R ⊂ M and for any variation δφ whose support is contained in the
interior of R, we have

d

dε

∣∣∣∣
ε=0

S[φ+ εδφ]R = 0.

It is easy to see that with this new definition of the critical point, Theorem 11.7 holds:
a field φ a critical point if and only if it satisfies the Euler–Lagrange equations (11.21).

11.6. Coordinate-free form of Euler-Lagrange equations

It is not difficult to consider a general case when M is a Riemannian manifold. As before,
the fields are the sections of a vector bundle E over spacetime M = M × R, and a local
Lagrangian density L : F → Ωn+1(M) is assumed to depend on 1-jet of φ; it defines the
action functional by (11.15),

S[φ] =

∫
M×I

L(φ).

In order to derive the Euler–Lagrange equations, we introduce the variational derivative

δL : TF → Ωn+1M

which can also be considered as a (1, n+ 1) form on F ×M. Following physics tradition,
we write elements of TF as pairs (φ, δφ). Note that δL is linear in δφ, but can include
first derivatives of δφ.

Before stating the general result, let us summarize the derivation of Euler–Lagrange
equations in coordinates, for simplicity just in the case of the scalar field. In this case, the
key step in the proof of Theorem 11.7 is the following formula:

δL =

{
∂L

∂φ
δφ+

∂L

∂(∂µφ)
∂µδφ

}
dn+1x

=

{(
∂L

∂φ
− ∂µ

∂L

∂(∂µφ)

)
δφ+ ∂µ

(
∂L

∂(∂µφ)
δφ

)}
dn+1x

= (δL)l − dγ

where

(11.22) (δL)l =
(
∂L

∂φ
− ∂µ

∂L

∂(∂µφ)

)
δφ dn+1x

and γ is a local (1, n) form on F ×M (or equivalently, a map TF → ΩnM). Right now
exact expression for γ is irrelevant, since in the integral defining the variation of action



11.6. Coordinate-free form of Euler-Lagrange equations 113

functional, it vanishes:

δS =

∫
M×I

δL =

∫
M×I

(δL)l.

The advantage of this rewriting is that since (δL)l is of the form

(11.23) (δL)l = F (φ, ∂µφ)δφ d
n+1x

it is easy to conclude that δS(φ) = 0 for all δφ if and only if F (φ, ∂µφ) is identically zero.
Note that we couldn’t use the same argument with original δL as it also included terms
depending on derivatives ∂µδφ (these terms went into γ).

We can now formulate the invariant form of Theorem 11.7.

Theorem 11.9.

(1) For any local Lagrangian density L : F → Ωn+1M which only depends on 1-jets
of φ, there exist a local form γ ∈ Ω1,n(F ×M), called the variational form, and a
local form (δL)l ∈ Ω1,n+1(F ×M) such that

(11.24) δL = (δL)l − dγ.

(2) Locally in M the form (δL)l is given by

(11.25) (δL)l = Fa(φ, ∂µφ)δφ
adn+1x

for some functions Fa.

(3) The critical points of the action functional are given by the Euler–Lagrange equa-
tions:

(11.26) (δL)l(φ) = 0, or Fa(φ, ∂µφ) = 0.

It is important to note that condition that (δL)l locally has form (11.25) can be restated
in coordinate-free way: it is equivalent to requiring that (δL)l, considered as a map TF →
Ωn+1M, is linear over functions: (δL)l(φ, f(x)δφ) = f(x)(δL)l(φ, δφ) for any f ∈ C∞(M).

Proof. Since it is sufficient to consider only variations δφ with compact support, by a
partition of unity on M we can reduce finding a 1-form γ to a local question. Specifically,
in a coordinate chart U use local coordinates xµ on U × I and trivialize the bundle E
as (U × I) × V . Introducing local coordinates in the fiber, we can write the field φ as
φ = (φ1, . . . , φr) and the Lagrangian density as

L = L (φa, ∂µφ
a)dn+1x, where dn+1x = dnx ∧ dt,

and for simplicity we assumed that L does not depend explicitly on xµ. Then we basically
repeat the same computation as in the proof of Theorem 11.7:

δL =

{
∂L

∂φa
δφa +

∂L

∂(∂µφa)
∂µδφ

a

}
∧ dn+1x

=

{(
∂L

∂φa
− ∂µ

∂L

∂(∂µφa)

)
δφa + ∂µ

(
∂L

∂(∂µφa)
δφa

)}
∧ dn+1x.

If we now intoduce the local (1, n)-form γ at a point (φ, x) ∈ F ×M by

(11.27) γ =

(
∂L

∂(∂µφa)

)
δφa ∧ ıµ(dn+1x),
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where ıµ is the interior product with ∂µ, then since d and δ anti-commute, we have

dγ = −δ(dφa) ∧
(

∂L

∂(∂µφa)

)
ıµ(d

n+1x)− δφa ∧ d
(

∂L

∂(∂µφa)

)
ıµ(d

n+1x)

= −∂µ
(

∂L

∂(∂µφa)
δφa

)
∧ dn+1x,

so that

δL =

(
∂L

∂φa
− ∂µ

∂L

∂(∂µφa)

)
δφa ∧ dn+1x− dγ

(δL)l = δL+ dγ =

(
∂L

∂φa
− ∂µ

∂L

∂(∂µφa)

)
δφa ∧ dn+1x

which completes the proof of part (1) and (2). The proof of part (3) is immediate. □

Note that in general case the Euler-Lagrange equations (11.21) are written in terms of
local coordinates on M and a local trivialization of a vector bundle E ; we leave it as an
exercise to the reader to verify that in fact the Euler-Lagrange equations are independent
of these choices. We also leave to the reader to write down the Euler-Lagrange equations
for the case when L depends on k-jets of φ for k > 1.

Example 11.2. It is instructive to see what these equations give for classical mechanics,
considered as 0 + 1 dimensional classical field theory as in Remark 11.2.

Namely, let M = R be the 1-dimensional spacetime, and the space of fields is F =
C∞(R, N), where the manifold N is the configuration space. In this case, fields are the
same as trajectories of a point in N ; following the notation of Chapter 1, we will denote a
field by q(t) ∈ F .

If L ∈ Ω0,1(F ×M) is a local Lagrangian density which only depends on 1-jet of q(t),
it must have the form L (q, t) = L(q(t), q̇(t), t), where L ∈ C∞(TN × R) is a Lagrangian
function considered in Section 1.3. The corresponding action functional is defined by

(11.28) S[q] =

∫ t1

t0

L (q, t)dt.

By Theorem 11.9, its critical points are given by the Euler-Lagrange equations (11.26),

(δL)l = δL+ dγ = 0,

where γ ∈ Ω1,0(F × R) is the variational 1-form. In this case, the definition (11.27) of the
variational form γ becomes

(11.29) γ =
∂L

∂q̇
δq = θL,

is the Liouville 1-form on TN , so

δL+ dγ =

(
∂L

∂q
− d

dt

∂L

∂q̇

)
δq ∧ dt.

Therefore, we recover Euler–Lagrange equations in Section 1.3:

∂L

∂q
− d

dt

∂L

∂q̇
= 0.
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11.7. Relativistic fields

In this section we consider fields on Minkowski spacetime M4. A choice of the frame
fidentifiesM4 with the vector space R1,3 with coordinates x = (x0, x1, x2, x3) and Minkowski
metric

ηµνdx
µdxν = (dx0)2 − (dx1)2 − (dx2)2 − (dx3)2,

where we put c = 1 so that x0 = t. Recall that by results of Section 7.1, we have a natural
action of Poincaré group P = L⋉R4 on R4, where L = O(1, 3) is the Lorentz group.

Leaving aside the gauge fields and gravitational field for the later discussion, here we
define relativistic fields, which transform according to (irreducible) representations of the
Lorentz group, introduced in Section 7.2. Namely, let (ρ, V ) be a representation (single-
valued or two-valued) of the Lorentz group L in the real or complex vector space V , and
let

F = {φ : R4 → V }

be the set of classical fields, sections of the trivial bundle E = R4 × V .

There is a natural action of the Poincaré group P on the space F , given by

φ(x) 7→ (g · φ)(x) = ρ(Λ)φ(g−1x) ∈ F ,

where g = (Λ, a) ∈ P. The space F of classical fields with this action of the Poincaré group
is called the space of relativistic classical fields corresponding to the representation (ρ, V )
of the Lorentz group. Clearly, this action extends to the action of the Poincaré group on
the space Jk(F ) of k-jets.

Definition 11.10. A relativistic classical field theory is a theory with the Lagrangian
function L on the 1-jet space J1(E) which is invariant under the action of the Poincaré
group,

L (g · φ, ∂µ(g · φ)) = L (φ, ∂µφ), g ∈ P.

Remark 11.11. For the Poincare group action physicists use notation

φ(x) 7→ φ′(x′) = ρ(Λ)φ(x), where x′ = Λx+ a and (Λ, a) ∈ P.

If ρ is an ordinary (single-valued) finite-dimensional representation of Lorentz group L,
the fields φ(x) are called tensor, or pseudo-tensor fields; in case when representation ρ is
two-valued, the fields are called spinor or pseudo-spinor fields. In case of single-valued
irreducible representations, for the tensor fields the space inversion P and the time reversal
T (see Section 7.2) act trivially on F ,

(P · φ)(x) = φ(x) and (T · φ)(x) = φ(x),

while for pseudo-tensor fields they act by multiplication by −1.

The difference between scalar and pseudo-scalar fields (or, more generally, between
tensor of pseudo-tensor fields) is important only when one considers interaction with other
fields, and will be ignored in this discussion.
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11.8. Examples of relativistic field theories

Example 11.3 (Real scalar field). The real scalar field φ(x) corresponds to the trivial
representation of the Lorentz group in the one-dimensional vector space V = R. Thus the
field φ(x) is a smooth real-valued function on R4. The Lagrangian of the scalar field theory
is

(11.30) L (φ(x), ∂µφ(x)) =
1

2

(
∂µφ(x)∂

µφ(x)−m2φ2(x)
)
− Vint(φ(x)),

where ∂µφ = ηµν∂νφ and ηµν is the inverse matrix to ηµν . From physics point of view,
the term Vint(φ(x)) describes self-interaction of field φ; it is determined by a single smooth
function Vint ∈ C∞(R), called the interaction potential. If Vint = 0, we get the free scalar
field theory. The coefficient m ≥ 0 is called the mass; if m = 0, the theory is called
massless.5

The corresponding Euler-Lagrange equation is

(11.31) (□+m2)φ+ V ′
int(φ) = 0, where □ = ∂µ∂

µ = ∂20 − ∂21 − ∂22 − ∂23

is the d’Alembert operator (compare with (9.7)).

In invariant notation,

L =
1

2
dφ ∧ ⋆ dφ− 1

2
(m2φ2 + 2Vint(φ))d

4x ∈ Ω0,4(F ×M4),

where ⋆ is the Hodge star operator of the Minkowski metric (we will discuss it in more
detail in Section 15.2). Since d and δ anti-commute, we have

δL = −dδφ ∧ ⋆dφ− δφ(m2φ+ V ′
int(φ))d

4x

= −δφ
(
d⋆dφ+ (m2φ+ V ′

int(φ))d
4x
)
− d(δφ ∧ ⋆dφ)

= −δφ(□φ+m2φ+ V ′
int)d

4x− dγ

where γ = δφ ∧ ⋆ dφ ∈ Ω1,3(F ×M4) is the variational 1-form.

In the case of free field theory (Vint(φ) = 0), (11.31) becomes the Klein-Gordon equation

(11.32) (□+m2)φ = 0.

Another commonly studied example is the so-called φ4 theory, in which the interaction
potential is given by Vint(φ) = gφ4/4!; in this case, Euler–Lagrange equation becomes

(11.33) (□+m2)φ+ g
φ3

3!
= 0.

It is a nonlinear Klein-Gordon equation with cubic nonlinearity.

Example 11.4 (Complex scalar field). Here V = C, and the complex scalar field φ(x) is
a smooth complex-valued function on R4. Corresponding Lagrangian function for the free
field has the form

(11.34) L (φ(x), ∂µφ(x)) = ∂µφ∂µφ(x)−m2φ(x)φ(x).

5The reason for this terminology can only be properly explained using quantum field theory, where m becomes

the rest mass of the particles; we will not attempt to explain it here.
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In addition to the invariance with respect to the Lorentz group action, this Lagrangian
function is also invariant with respect to the so-called gradient transformations — the
circle action, given by

φ(x) 7→ eiαφ(x), φ̄(x) 7→ e−iαφ̄(x), α ∈ R.

The Euler-Lagrange equations for free complex field are

(11.35) (□+m2)φ = 0, (□+m2)φ̄ = 0.

As we will see later, complex fields commonly appear in the theory of electromagnetism,
where they describe charged particles that carry electric charge, while the real fields describe
neutral particles that carry no charge.

It is trivial to generalize to the case V = Cn and to write down the Lagrangian for a
free Cn-valued field, which is invariant under the U(n) action.

Example 11.5 (Vector field). The basic example is given by the vector (defining) rep-
resentation of the Lorentz group when V = R4. Denoting the corresponding field by
U = (Uµ) : R4 → R4, we have the Lagrangian function

(11.36) L (U, ∂µU) = −1

2
(∂µUν∂

µUν −m2UνU
ν),

which gives the vector Klein-Gordon equation

(□+m2)Uµ = 0.

Note the difference in signs between Lagrangians (11.30) and (11.36). This is because
∂µUi∂

µU i = −∂µUi∂µUi, and we want spacial components Ui to enter (11.36) in the same
way as the scalar field φ enters (11.30). This causes the total energy of the field to be
unbounded, since contribution of the component U0 to the Hamiltonian H is negative (see
Exercise 13.1 in Chapter 13). From physics perspective, this creates a number of problems.
To avoid them, one can modify the Lagrangian, writing instead the following Lagrangian,
introduced by Pauli:

LP (U, ∂µU) =
1

4
FµνF

µν − m2

2
UνU

ν , where Fµν = ∂µUν − ∂νUµ.

The corresponding Euler-Lagrange equations are

(11.37) ∂µF
µν +m2Uν = 0,

and one can show that for m ̸= 0, they are equivalent to the system

(11.38)
∂µU

µ = 0

(□+m2)Uµ = 0.

In other words, this new Lagrangain gives the same equations of motion as (11.36) but with
additional constraint ∂µU

µ = 0.

Example 11.6 (Spinor field). Here V = Ŝ, the Dirac bispinor module described in Sec-
tion 9.4. Corresponding equations of motion is the Dirac equation

(iγµ∂µ −m)ψ(x) = 0,

where γµ are Dirac γ-matrices (see Section 9.5), and ψ ∈ V ∼= C4 is a Dirac bispinor.
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Dirac equation is a first order partial differential equation, so it can not be derived from
a variational principle involving only a spinor field ψ. In the quantum theory, Dirac spinors
are fermions, so it is natural that in the classical theory components of ψ(x) have anti-
commuting values. We refer the reader to more advances sources for further information
on this very interesting subject.

However, Dirac equation can be formally obtained from the Lagrangian

(11.39) L (ψ(x), ψ(x)) = iψ(x)γµ∂µψ(x)−mψ(x)ψ(x),

where

ψ = ψ†γ0,

the adjoint spinor, is considered to be independent from the field ψ (here, using physics
notation, ψ† is a transpose of a complex conjugate ψ ∈ C4). Then clearly, the Euler-
Lagrange equation

∂L

∂ψ
= iγµ∂µψ −mψ = 0

gives the Dirac equation, while

∂L

∂ψ
− ∂µ

∂L

∂(∂µψ)
= −i∂µψγµ −mψ = 0

is the adjoint Dirac equation.

Example 11.7 (General sigma model). Let (M, g) and (N,h) be Riemannian (or pseudo-
Riemannian) manifolds and let F = C∞(M,N) be the space of smooth maps f : M → N .
(When M is non-compact, one considers maps with compact support, or rapidly decaying
at infinity if M = Rd.) The metrics g and h define metrics in the corresponding tangent
and cotangent spaces to M and N , so that for df(x) ∈ Tf(x)N ⊗ T ∗

xM its norm ∥df(x)∥ is
well-defined. The corresponding action functional is

S(f) =
1

2

∫
M

∥df(x)∥2dv(x),

where dv(x) is the volume form on M . The physicists prefer to write down the action in
terms of the local coordinates (x1, . . . , xm) onM and (y1, . . . , yn) onN . Denoting by gab and
hij corresponding metric tensors, for the differential of the map f(x) = (f1(x), . . . fn(x))
we have

∥df(x)∥2 = gab(x)hij(f(x))∂af
i(x)∂bf

j(x)

and

S(f) =
1

2

∫
M
gab(x)hij(f(x))∂af

i(x)∂bf
j(x)

√
det gab(x)d

mx.

Corresponding Euler-Lagrange equations describe harmonic maps.

When the ‘target’ N is a semisimple Lie group G with the pseudo-Riemannian (or
Riemannian if G is compact) metric induced by the Cartan-Killing form, we have the so-
called principal chiral field model.
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11.9. Exercises

Exercise 11.1. Write down the Euler-Lagrange equations if the Lagrangian density L is a function
on the k-jet space Jk(E).

Exercise 11.2. Prove that the Euler-Lagrange equations (11.21) are independent of a choice of
local coordinates on M and of a local trivialization of a vector bundle E .

Exercise 11.3. Show that equations (11.38) in Example 11.5 are equivalent to (11.37). (Hint:
apply ∂ν to left-hand side of (11.37))

Exercise 11.4. Derive Euler-Lagrange equation for the harmonic maps in Example 11.7.





Chapter 12

Conservation Laws

As we have seen in Chapter 2, symmetries in classical mechanics lead to the integrals of
motion. Similarly, symmetries in classical field theory lead to the conservation laws, to be
described below.

We will continue using the notation of Chapter 11. In particular, we will denote by the
F the space of fields of the theory (usually, sections of a vector bundle on spacetime M).
The theory is described by a Lagrangian density L ∈ Ω0,n+1(F × M). We also remind
that we have introduced the variational form γ ∈ Ω1,n(F ×M) by the condition that the
(1, n+ 1) form

(δL)l = δL+ dγ

has the form

(δL)l = F (φ, ∂µφ)δφ d
n+1x

(and thus, doesn’t include derivatives δ(∂µφ)).

12.1. Symmetries and Noether’s theorem

Let us start with the classical mechanics, considered as (0 + 1) classical field theory as in
Example 11.2. In this case, the space of fields is F = C∞(R, N), the Lagrangian density is

L(q, t) = L(q(t), q̇(t), t) dt, and the variational form γ is the Liouville form γ =
∂L

∂q̇
δq, so

that

(δL)l = δL+ dγ =

(
∂L

∂q
− d

dt

∂L

∂q̇

)
δq ∧ dt.

Let us now consider the symmetries of this system. Generalizing Definition 2.4 in
Chapter 2, define a symmetry of such a system as a smooth automorphism G : F → F of
the field space such that

(12.1) L(G(q), t) = L(q, t).

We assume that G is time-preserving: values and derivatives of G(q) at time t only depend
on values and derivatives of q at same time t (and possibly on t itself).

121
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Similarly, we say that a vector field ξ on F is an infinitesimal symmetry if

(12.2) ∂ξL = δL(ξ) = 0.

It is easy to see that if Gs is a one-parameter group of symmetries, then ξ =
d

ds

∣∣∣∣
s=0

Gs is

an infinitesimal symmetry. We have the following obvious result.

Lemma 12.1. If ξ is an infinitesimal symmetry of (0 + 1) field theory, then

I = ıξγ ∈ C∞(TN × R)

is an integral of motion.

Proof. By the definition of infinitesimal symmetry,

ıξδL = ∂ξL = 0.

Thus, on solutions of equations of motion δL + dγ = 0 we have ıξdγ = 0. Using anti-
commutativity of ıξ and d, for I = ıξγ we have

dI = −ıξdγ = 0. □

Let us now consider a special case when the infinitesimal symmetry ξ comes from a

vector field X = vi(q)
∂

∂qi
on the configuration space N . Then we have

I =
∂L

∂q̇
v,

so I is precisely the Noether integral of motion described in Theorem 2.5.

In a similar way we can formulate the most general form of Noether’s theorem in classical
mechanics — Proposition 2.9 in Chapter 2. Namely, we define a generalized infinitesimal
symmetry as a vector field ξ on F such that

(12.3) ∂ξL = dα

with some α ∈ Ω0,0(F × R), where we use notation Ωp,q(F × M) for the space of local
forms, see (11.17). Using again equations of motion δL + dγ = 0 and anti-commutativity
of ıξ and d, we obtain

(12.4) d(ıξγ − α) = 0,

so that I = ıξγ − α is an integral of motion.

In particular, consider the case when ξ is induced by a vector field X = vi(q)
∂

∂qi
on N ,

and α depends only on 1-jet of q and is given by a function K on TN . Then we have

I =
∂L

∂q̇
v −K,

so I is precisely the Noether integral in Proposition 2.9 in Chapter 2.

It is remarkable that these arguments can be naturally generalized to classical field
theories. However, in this case it makes sense to have symmetries that act non-trivially on
the spacetime M.
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As in Chapter 11, consider the classical field theory on a spacetime M of dimension
n + 1, with the space of fields F = Γ(M, E) for some vector bundle E over M and the

Lagrangian density L ∈ Ω(0,n+1)(F ×M). Suppose that a Lie group G acts on M and on
the vector bundle E , which gives a natural G-action on F . We say that such action of G on
F is local, if for all g ∈ G the k-jet of g · φ at point g x ∈ M only depends on the k-jet of
φ at x (compare with the Definition 11.6). This defines a G-action on F ×M, so for each

g ∈ G we have a map g∗ : Ω(0,n+1)(F ×M) → Ω(0,n+1)(F ×M), given by the pullback of
differential forms.

Definition 12.2. The group G is a symmetry group of the theory with the Lagrangian
density L, if

g∗L = L for all g ∈ G.

Note that the locality of G-action on F is necessary for the map g∗ to preserve locality
condition in the definition of Ωp,q(F ×M).

In a similar way, one can define the notion of infinitesimal symmetry: given a vector
field X on M and an endomorphism of E , one can define a vector field ξ on F that naturally
extends X (we leave it to the reader to write this explicitly). As before, we then define

vector field ξ̂ = ξ + X on F × M. We say that such a vector field ξ̂ is an infinitesimal
symmetry if

(12.5) Lξ̂(L) = 0,

where Lξ̂ : Ω
(0,n+1)(F ×M) → Ω(0,n+1)(F ×M) is the Lie derivative.

Explicitly, since Lξf = ∂ξf for a function f on F , and LXω = d(ıXω) for a top degree
form ω on M, we can rewrite (12.5) as

(12.6) ∂ξL+ d(ıXL) = 0.

More generally, we say that such a vector field ξ̂ = ξ + X on F ×M is a generalized
infinitesimal symmetry, if

(12.7) Lξ̂(L) = ∂ξL+ d(ıXL) = dα

for some α ∈ Ω0,n(F ×M).

In classical mechanics, symmetries (or infinitesimal symmetries) lead to conservation
laws – integrals of motion. A similar statement is also true in classical field theory, with
the proper definition of a “conservation law”.

Definition 12.3. An n-form J ∈ Ω0,n(F ×M) is a conservation law for a classical field
theory with a local Lagrangian density L ∈ Ω0,n+1(F ×M), if dJ = 0 on the solutions of
equations of motion.

Importance of a conservation law is that for M =M × R, the quantity

I(t) =

∫
M×{t}

J,

assuming that the integral is convergent, is a integral of motion:

dI

dt
= 0
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on the solutions of equations of motion. Indeed, we have by Stokes’ theorem (again assuming
that the integral is convergent)

0 =

∫
M×[t0,t1]

dJ = I(t1)− I(t0).

We now have the following field theory version of the Noether theorem, Proposition 2.9
in Chapter 2.

Theorem 12.4. Let (ξ̂, α) be a generalized infinitesimal symmetry for a field theory with the
local Lagrangian density L ∈ Ω0,n+1(F ×M) and the variational 1-form γ ∈ Ω1,n(F ×M).
Then

J = ıξγ + ıXL − α ∈ Ω0,n(F ×M)

is a conservation law.

Proof. By definition of infinitesimal symmetry, we have ∂ξL+ d(ıXL) = dα. On the other
hand, on solutions of equations of motion, δL + dγ = 0, so ∂ξL = ıξδL = −ıξdγ. Using
anti-commutativity of ıξ and d, we get

dJ = dıξγ + dıXL − dα = ∂ξL+ dıXL − dα = 0. □

Note that once we fix a volume form on M — a nowhere vanishing (n + 1)-form ω —
we can identify n-forms on M with vector fields. Every vector field X defines an n-form
ıXω; in local coordinates, this form is given by Xµıµd

n+1x, and conversely, representing
a n-form in this way, we get a vector field X. Thus, we can consider J as a vector field
J = Jµ∂µ, where J

µ are defined by

(12.8) J(φ) = Jµıµd
n+1x.

In this language, equation dJ = 0 is the statement that the corresponding vector field
is divergence-free:

(12.9) ∇ · J = ∂µJ
µ = 0.

In physics, the conservation law J in Noether’s theorem is called the Noether current,
and the integral of J overM×{t} — the Noether charge. A field theory version of Noether’s
theorem is the statement that Noether charge is constant on equations of motion.

Example 12.1. Consider a theory in which the fields are functions with values in a finite-
dimensional real or complex vector space V :

F = C∞(M, V )

and the Lagrangian density has the form L = L (φ, ∂µφ)d
n+1x. Choosing a basis of V we

represent the fields by φ = (φ1, . . . , φr).

Given an action of a Lie group G in V , let ρ : g → End(V ) be the corresponding action
of the Lie algebra g of G. For u ∈ g, denote by ρ(u)ab the matrix of ρ(u) in the basis of V :

(ρ(u)φ)a = ρ(u)abφ
b.
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Then the vector field ξu on F , which corresponds to the endomorphism ρ(u) of a trivial
vector bundle M× V → M, at a point φ ∈ F is given by

ξu =

∫
M
(ρ(u)φ(x))a

δ

δφa(x)
dn+1x.

This simply means that ξu at φ ∈ F is the tangent vector (ρ(u)1bφ
b, . . . , ρ(u)rbφ

b) ∈ TφF ∼=
F .

Assume that the Lagrangian L is invariant under the action of G. In this case, ap-
plying theorem Theorem 12.4 with X and α equal to zero, we see that the corresponding
conservation law has the form

Ju = ıξuγ,

and using formula (11.27) for the variational 1-form γ, we obtain at (φ, x) ∈ F ×M,

(12.10) Ju = (ρ(u)φ(x))a
∂L (φ, ∂φ)(x)

∂(∂µφa)
ıµ(d

n+1x).

Equivalently, in this case the vector field J defined by (12.8) is given by

(12.11) J = Jµ∂µ, Jµ = (ρ(u)φ(x))a
∂L (φ, ∂φ)(x)

∂(∂µφa)
.

As we will see below, in case of the charged scalar field, where V = C, the conservation
law (12.10) gives conservation of charge.

12.2. Stress-energy tensor

Consider now another special case of symmetries of field theories. As before, the field space
is F = C∞(M, V ), where V is a real or complex vector space and the Lagrangian density
has the form L = L (φ, ∂µφ)d

n+1x.

Let G be a Lie group acting on M. We extend this action to F by letting it act trivially
on V , so

(12.12) (g · φ)(x) = φ(g−1x)

(later we will also allow non-trivial action on V by incorporating results of Example 12.1).

This also gives, for every u ∈ g, a vector field Xu on M and a vector field ξu on F ,
which extends it. Introducing local coordinates, we will write

(12.13)

Xu = Xµ
u∂µ,

ξu = −
∫
Xµ
u (x)∂µφ

a(x)
δ

δφa(x)
dn+1x.

Now suppose that local Lagrangian density L is invariant under the action of G on F ×M.
Applying Theorem 12.4 with α equal to zero, we see that the corresponding conservation
law has the form

(12.14) Ju = ıξuγ + ıXuL.

Using formula (11.27), we obtain at a point (φ, x) ∈ F ×M,

(12.15) Ju =

(
−Xν

u∂νφ
a ∂L

∂(∂µφa)
+Xµ

uL

)
ıµ(d

n+1x).
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This motivates the following definition.

Definition 12.5. The stress-energy tensor (or energy-momentum tensor) Tµν is defined by

(12.16) Tµν = ∂νφ
a ∂L

∂(∂µφa)
− δµνL ,

Note that this tensor only depends on the Lagrangian and is independent of any group
actions.

Using Tµν , we can rewrite the conservation law (12.15) as

(12.17) Ju = −Xν
uT

µ
ν ıµ(d

n+1x).

or, equivalently, that the corresponding vector field is

Ju = Jµu ∂µ, Jµu = −Xν
uT

µ
ν .

Results of this section can be easily generalized to the case when G acts both on M
and on V (see Exercise 12.3), or, more generally, when we are given an action of G on M
and a G-equivariant vector bundle on M.

Remark 12.6. Stress–energy tensor can also be defined in another way, in terms of variation
of spacetime metric. We will discuss it later when talking about general relativity, see
Lemma 22.4.

12.3. Examples

Here we continue to consider the situation where fields are sections of a vector bun-
dle on spacetime M of dimension n + 1 and the Lagrangian density has the form L =
L (φ, ∂µφ)d

n+1x. Other examples — gauge theories and the theory of gravity — will be
considered later.

Example 12.2. (Real scalar field) HereM = Rn×R and the fields are real-valued functions
on M. The most general local Lagrangian density is

L = L (φ, ∂µφ)d
n+1x.

The abelian group G = Rn+1 acts on M by translations and on F × M by the formula
(12.12). If L does not explicitly depend on x ∈ M, the Lagrangian density L is obviously
G-invariant, and according to (12.17), corresponding conservation law is

(12.18) Ju = −uνTµν ıµ(dn+1x), u ∈ Rn+1.

Specifying u to be standard basis vectors in Rn+1, we obtain n+ 1 conserved currents

Jν = −Tµν ıµ(dn+1x).

The conservation laws

dJν = 0, n = 0, 1, . . . , n,

imply that

(12.19) Tµν = ∂νφ
∂L

∂(∂µφ)
− δµνL
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is divergence free on the solutions of equations of motion,

(12.20) ∂µT
µ
ν = 0.

Thus we see that the stress-energy tensor is the conserved Noether current associated with
the spacetime translations.

Remark 12.7. In physics textbooks, (12.20) is also proved as follows. Since L does not
depend explicitly on xµ, we have by the chain rule

∂νL =
∂L

∂φ
∂νφ+

∂L

∂(∂µφ)
∂ν∂µφ

=

(
∂L

∂φ
− ∂µ

∂L

∂(∂µφ)

)
∂νφ+ ∂µ

(
∂L

∂(∂µφ)
∂νφ

)
.

Thus on the solutions of the Euler-Lagrange equations

∂νL − ∂µ

(
∂L

∂(∂µφ)
∂νφ

)
= 0,

which is (12.20).

It is very instructive to verify directly the infinitesimal symmetry conditon

Lξ̂(L) = ıξδL+ d(ıXL) = 0,

where X and ξ are given by (12.13). We have

d(ıXL) = (uµ∂µL )dn+1x,

while using the formulas

ıξ(δφ(x)) = −uµ∂µφ(x),
ıξ(∂µδφ(x)) = −uν∂ν∂µφ(x)

and

δL =

(
∂L

∂φ
δφ+

∂L

∂(∂µφ)
∂µδφ

)
dn+1x,

we obtain

ıξδL = −uµ
(
∂L

∂φ
∂µφ(x) +

∂L

∂(∂νφ)
∂µ∂νφ

)
dn+1x.

Thus Lξ̂(L) = 0 by the same chain rule, used in the ‘physics computation’ above!

It follows from (12.20) and Stokes’ theorem that the corresponding charges

(12.21) Qν =

∫
Rn

T 0
ν d

nx

are conserved on the solutions of the Euler-Lagrange equations,

∂0Qν = 0, ν = 0, 1, . . . , n.

Of course, here we are tacitly assuming that for all t the solution φ decays sufficiently fast
as x → ∞, so integrals in (12.21) converge. This is so in the next example, where the
Euler-Lagrange equations are hyperbolic and the decay conditions are uniform in time.
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Example 12.3. (Complex scalar field) As in Example 11.4, consider Lagrangian L (φ, ∂µφ)
for the complex-valued field φ : M → C, invariant under the U(1)-action, the phase ro-
tations: φ(x) → eiαφ(x), φ̄(x) → e−iαφ̄(x), where α ∈ R. According to (12.10), the
corresponding conservation law is

(12.22) J = i

(
φ

∂L

∂(∂µφ)
− φ̄

∂L

∂(∂µφ̄)

)
ıµ(d

n+1x).

In particular, for the Lagrangian (11.34) we obtain

J = Jµıµ(d
n+1x), where Jµ = i(φ∂µφ̄− φ̄∂µφ).

Conservation law

∂µJ
µ = 0

leads to the conservation of charge: if M =M × R, then on the solutions of the equations
of motion, the total charge

Q =

∫
M
J0dnx = i

∫
M
(φ∂0φ̄− φ̄∂0φ)dnx

is conserved,
dQ

dt
= 0.

Example 12.4. (Relativistic scalar field) Specializing the discussion in Section 11.7, here
we take M = R1,3 be the Minkowski spacetime and consider the relativistic scalar field
φ : R1,3 → R, where R is taken with the trivial action of the Lorentz group L. Corresponding
Lagrangian L (φ, ∂µφ) is relativistic invariant — invariant under the action of Poincaré
group P in the sense of Definition 11.10,

L (φ(g−1x), ∂µφ(g
−1x)) = L (φ(x), ∂µφ(x)), g ∈ P.

In Example 12.2 it was shown that invariance under the spacetime translations leads to
the conservation of the stress-energy tensor, equations (12.20). Putting Tµν = ηλνTµλ , we
get

(12.23) Tµν = ∂νφ
∂L

∂(∂µφ)
− ηµνL .

We introduce the energy-momentum vector (p0,p) by letting

p0 = T 00 = ∂0φ
∂L

∂(∂0φ)
− L

and

p = (T 01, T 03, T 03), T 0i = ∂0φ
∂L

∂(∂iφ)
.

The conservation law (12.20) reads

∂µT
µν = 0

Putting in it ν = 0, we get

(12.24)
∂p0

∂t
+∇ · p = 0,
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which leads to the conservation of the energy of the field,

dE

dt
= 0, where E =

∫
R3

p0 d3x.

Correspondingly, the conservation laws (12.20) with ν ̸= 0 lead to the conservation of the
total momentum of the field,

dP

dt
= 0, where P =

∫
R3

p d3x.

In particular, if L is as in Example 11.3, we have

(12.25) T 00 =
1

2

(
(∂0φ)

2 + (∇φ)2 +m2φ2 + Vint(φ)
)

and T 0i = ∂0φ∂iφ.

Now consider invariance under the Lorentz transformations. Namely, let u = Mαβ ∈
so(1, 3) be the generator of the Lorentz Lie algebra, defined by formula (7.26) in Section
7.3. We have

Xµ
u = (Mαβ)µνx

ν = ηαµxβ − ηβµxα,

so for the conserved current (12.17), which for u =Mαβ we denoted by Jαβ = Jαβµıµ(d
n+1x),

we obtain

(12.26) Jαβµ = xαTµβ − xβTµα

which should satisfy the conservation laws

∂µJ
αβµ = 0.

Combining this with the conservation law ∂µT
µν = 0, we get 0 = ∂µJ

αβµ = Tαβ − T βα. In
other words, relativistic invariance implies that the stress-energy tensor Tµν is symmetric:

(12.27) Tµν = T νµ.

The conservation laws ∂µJ
αβµ = 0 lead to the conservation of the components of relativistic

total angular momentum

(12.28) Lµν =

∫
R3

(T 0µxν − T 0νxµ)d3x, µ, ν = 0, 1, 2, 3.

Namely, on the solutions of the equations of motion

dLµν

dt
= 0.

The integrals of motion Lij correspond to the space rotations, while L0i correspond to
the Lorentz boosts and depend explicitly on t. From (12.28) we have

L0i =

∫
R3

(xiT 00 − x0T 0i)d3x =

∫
R3

xip0 − tPi,

so by (12.24) and integration by parts

dL0i

dt
=

∫
R3

xi
∂p0

∂t
d3x− Pi = −

∫
R3

xi
∂pi

∂xi
d3x− Pi = 0.

It is trivial to generalize these results to the general Minkowski spacetime M = R1,n

with the Minkowski metric ηµν = diag(1,−1, . . . ,−1).
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Example 12.5 (Spinor field). As in Example 11.6, consider Lagrangian

L (ψ(x), ψ(x)) = iψ(x)γµ∂µψ(x)−mψ(x)ψ(x).

Its stress-energy tensor is obtained as in (12.23) and is given by

Tµν = ∂νψ
∂L

∂(∂µψ)
− ηµνL = iψ̄γµ∂νψ − ηµνL .

In particular, the energy-momentum vector (p0,p) = (T 00, T 01, T 02, T 03) of the spinor field
is

p0 = −iψ̄γk∂kψ +mψ̄ψ, pj = iψ̄γ0∂jψ.

Conservation law ∂µT
µν = 0 gives the conservation of energy of the spinor field.

As in case of the complex scalar field (see Example 12.3), we see that the Lagrangian
of the spinor is invariant under the U(1)-action ψ(x) 7→ eiαψ(x), ψ̄(x) 7→ e−iαψ̄(x). The
corresponding conservation law is1

∂µJ
µ = 0, where Jµ = −iψ̄ ∂L

∂µψ
= ψ̄γµψ.

Corresponding conserved quantity

Q =

∫
R3

J0d3x =

∫
R3

ψ̄γ0ψ d3x

plays the role of electric charge.

12.4. Exercises

Exercise 12.1. Extend results in Section 12.1 to the Lagrangians densities that depend on a k-jet
of the field φ.

Exercise 12.2. Prove conservation laws in Example 12.4 by direct computation.

Exercise 12.3. Extend the results of Section 12.2, deriving conservation laws for the case when
the group G acts both on spacetime M and on space V .

1Here in comparison with (12.22) we put a negative sign in the formula for Jµ in order to get a conserved current
ψ̄γµψ. From the quantum theory point of view, it is more natural to use anti-commuting variables when no negative

sign is needed.



Chapter 13

Hamiltonian
Formulation of
Classical Field Theory

In this chapter, we present Hamiltonian formulation of classical field theory, similar to the
Hamiltonian formalism in classical mechanics, presented in Chapter 4. For simplicity, we
only consider the case of a free real scalar field in Minkowski space-time R1,3, and use a
system of units in which c = 1, so x0 = t. Hamiltonian formalism for gauge theories will be
considered later.

13.1. The phase space and algebra of classical observables

We define the configuration space of a scalar field theory as the Schwartz space

M = S (R3,R)

of real-valued functions on R3, rapidly decaying as |x| → ∞ with all derivatives. It is a
Fréchet vector space with the topology defined by the system of the semi-norms

∥f∥α,β = sup
x∈R3

|xαDβf(x)|.

Since M is a vector space, it is natural to identify the tangent space TφM to M at every
point φ ∈ M with M , so the tangent bundle TM is isomorphic to M × M .

In classical mechanics, the phase space is the total space of the cotangent bundle to
the configuration space. However, in our infinite-dimensional case a topological dual vector
space to M is the space of tempered distributions and is ‘too large’, so one needs to choose an
appropriate subspace. For our purposes it will be sufficient to mimic the finite-dimensional
case and consider the space of Schwartz class functions as the subspace in the space of
tempered distributions. In other words, we define the phase space X is to be

X = S (R3,R)× S (R3,R),

131
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so points in X are represented by a pair (π(x), φ(x)) of Schwartz class functions.

The advantage of using the phase space X is that we can easily define an algebra A
of classical observables on it (cf. Section 4.6).

For this purpose, we will extensively use calculus of variations, developed in Section 11.3.
Namely, let F : X → R be a smooth functional in the sense of Definition 11.3. Since X
is a linear space, we have T(π,φ)X ≃ X and use notation ξ = (u, v) for a tangent vector
ξ ∈ T(π,φ)X . Specializing formula (11.6) for multiple directional derivatives to our case, we
have

(∂m+n
u1···umv1···vnF )(π, φ) =

∫
R3

· · ·
∫
R3

δm+nF (π, φ)

δπ(x1) · · · δπ(xm)δφ(y1) · · · δφ(yn)
×u(x1) · · ·u(xm)v(y1) · · · v(ym)d3x1 · · · d3xmd3y1 · · · d3yn,

which introduces multiple variational derivatives of F as symmetric in variables x1, . . .xm
and y1, . . . ,ym distributions in S (R3(m+n),R)′ .

Definition 13.1. A smooth functional F is called admissible if for all m,n ≥ 0 and all
(π, φ) ∈ X , variational derivatives

δm+nF (π, φ)

δπ(x1) · · · δπ(xm)δφ(y1) · · · δφ(yn)

belong to the Schwartz space S (R3(m+n),R).

Example 13.1. Let K(x1, . . . ,xk) be a symmetric Schwartz class function on R3k. Then
the functional

F (π, φ) =

∫
R3

· · ·
∫
R3

K(x1, . . . ,xk)φ(x1) . . . φ(xk)d
3x1 . . . d

3xk

is admissible.

However, the functional

F (π, φ) =
1

2

∫
φ(x)2d3x

is not admissible:
δ2F

δφ(x1)δφ(x2)
= δ(x1 − x2)

is not of Schwartz class.

Clearly the product of admissible functionals is an admissible functional.

Remark 13.2. For a smooth functional F : X → R its differential dF at a point (π, φ) ∈ X
is a continuous linear map dF : X → R, so that dF ∈ S (R3 × R3)′. For an admissible
functional F , its differential at (π, φ) is represented by a Schwartz class function, so

dF (u, v) =

∫
R3

(
δF (π, φ)

δπ(x)
u(x) +

δF (π, φ)

δφ(x)
v(x)

)
d3x

for all (u, v) ∈ X , and

δF (π, φ)

δπ(x)
∈ S (R3 × R3),

δF (π, φ)

δφ(x)
∈ S (R3 × R3).
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Definition 13.3. The algebra A of classical observables on X is the algebra of all admis-
sible functionals on X .

13.2. Symplectic form and Poisson bracket

We formally define the symplectic form on the phase space X by

(13.1) Ω =

∫
R3

(δπ(x) ∧ δφ(x)) d3x,

so that π(x), φ(x) play the role of infinite-dimensional Darboux coordinates. This means
that the symplectic form Ω is a continuous skew-symmetric bilinear form on T(π,φ)X = X ,
defined by

(13.2) Ω (ξ1, ξ2) =

∫
R3

(u1(x)v2(x)− u2(x)v1(x)) d
3x,

where ξ1 = (u1, v1), ξ2 = (u2, v2) ∈ X . The symplectic form Ω is (weakly) non-degenerate:
Ω (ξ1, ξ2) = 0 for all ξ2 ∈ X implies ξ1 = 0.

As in case of finite-dimensional symplectic manifolds (see formula (4.11) in Section 4.4),
for each F ∈ A we define a Hamiltonian vector field XF on X by

dF = −ıXF
Ω,

so

(13.3) dF (ξ) = Ω(ξ,XF ) for all ξ = (u, v) ∈ X .

Similarly to the finite-dimensional case (see formula (4.12) in Section 4.4), from (13.3) we
obtain that at a point (π, φ) ∈ X ,

XF =

(
−δF (π, φ)

δφ(x)
,
δF (π, φ)

δπ(x)

)
∈ X .

As in Section 4.6, the Poisson bracket on algebra of observables is defined by the same
formula (4.16):

{F,G} = Ω(XF , XG), where F,G ∈ A .

Thus

(13.4) {F,G}(π, φ) =
∫
R3

(
δF

δπ(x)

δG

δφ(x)
− δF

δφ(x)

δG

δπ(x)

)
d3x,

where variational derivatives are evaluated at (π, φ) ∈ X .

The following result succinctly summarizes symplectic and Poisson geometry of the
infinite-dimensional phase space X .

Lemma 13.4. The symplectic form Ω endows the algebra of observables A with the Poisson
algebra structure given by the Poisson bracket (13.4).

Proof. It follows from the definition of admissible functionals that {F,G} ∈ A for F,G ∈
A . It is also clear that the bracket given by (13.4) satisfies the Leibniz rule. As in case of
the canonical Poisson bracket on R2n (see Section 4.6), the Jacobi identity for the bracket
(13.4) is proved by a direct computation. □
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The Darboux coordinates π(x), φ(x), considered as evaluation functionals of (π, φ) at
x ∈ R3, do not belong to A . Nevertheless, we have in the distributional sense,

δπ(x)

δπ(y)
= δ(x− y), δπ(x)

δφ(y)
= 0 and

δφ(x)

δπ(y)
= 0,

δφ(x)

δφ(y)
= δ(x− y),

and it follows from (13.4) that

{F, π(x)} = − δF

δφ(x)
and {F,φ(x)} =

δF

δπ(x)
.

Remark 13.5. In physics textbooks, Poisson structure (13.4) on A is defined by the
following Poisson brackets

(13.5) {π(x), π(y)} = {φ(x), φ(y)} = 0 and {π(x), φ(y)} = δ(x− y),

understood in the distributional sense.

13.3. Legendre transform and Hamilton’s equations

We can now introduce the Hamiltonian formalism for classical field theory, similar to the
presentation in Section 4.1 for classical mechanics. Namely, we consider a Hamiltonian
function H on X which has the form

H(π, φ) =

∫
R3

H (π(x), φ(x))d3x

for some Hamiltonian density H (π(x), φ(x)); as before, we assume that H only depends on
1-jets of π(x), φ(x) at x. Then the time evolution in X is defined by canonical Hamilton’s
equations

∂

∂t
π(x) = {H,π(x)} = − δH

δφ(x)
,(13.6)

∂

∂t
φ(x) = {H,φ(x)} =

δH

δπ(x)
(13.7)

It is easy to see that these equations imply that for any observable F on X , we have

∂0F = {H,F}, where x0 = t.

As in classical mechanics, a Lagrangian system can be rewritten using the Hamiltonian
formalism. We do it for a scalar field described in Example 11.3; recall that for this theory,
the Lagrangian density is given by

L (φ(x), ∂µφ(x)) =
1

2

(
∂µφ(x)∂

µφ(x)−m2φ2(x)
)
− Vint(φ(x))

with the Euler-Lagrange equation

(13.8) (□+m2)φ+ V ′
int(φ) = 0.

In this case, the Legendre transformation is given by

π(x) =
∂L

∂(∂0φ(x))
= ∂0φ(x).
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By analogy with finite-dimensional case (see (4.2)), we define the Hamiltonian functional
density H (π, φ) by

H (π(x), φ(x)) = π(x) · ∂0φ(x)− L (φ(x), ∂µφ(x))|∂0φ=π

=
1

2

(
π2(x) + (∇φ(x))2 +m2φ2(x)

)
+ Vint(φ(x))

so that the Hamiltonian is given by

(13.9) H =

∫
R3

H (x)d3x =

∫
R3

(
1

2

(
π2(x) + (∇φ(x))2 +m2φ2(x)

)
+ Vint(φ(x))

)
d3x.

In this case, Hamilton’s canonical equations (13.6)–(13.7) coincide with Euler–Lagrange
equations (13.8). Indeed, using the calculus of variations, we obtain

∂0φ(x) =
δH

δπ(x)
(π, φ) = π(x)

∂0π(x) = − δH

δφ(x)
(π, φ) = ∆φ(x)−m2φ(x)− V ′

int(φ(x)),

where as usual ∆ =
∑3

i=1 ∂
2
i , so that (13.6)–(13.7) yield

∂20φ(x) = ∆φ(x)−m2φ(x)− V ′
int(φ(x)),

where x = (t,x), which is equivalent to (13.8).

Note that though Hamiltonian H is a smooth functional, it is not admissible in the strict
sense of the Definition 13.1 (see Example 13.1). However, its first variational derivatives
δH/δπ(x) and δH/δφ(x) belong to the Schwartz class, so canonical Hamilton’s equations
(13.6)–(13.7) make perfect sense. Same applies to the smooth functionals which are integrals
over R3 of local densities, polynomials of φ(x) and π(x) and their partial derivatives at x.

13.4. Representation of the Poincaré group

In this section we describe the relativistic invariance in the Hamiltonian formalism (again,
only for the free scalar field).

Recall that in the Lagrangian formulation relativistic invariance, introduced in the Def-
inition 11.10, means that the Lagrangian of the theory is invariant under the action of the
Poincaré group P on the space of classical fields F , defined by (g · φ)(x) = φ(g−1x). This
implies that the set of solutions of Euler–Lagrange equations is also preserved by the action
of P.

Defining the action of the Poincaré group on the phase space in the Hamiltonian for-
malism is much less obvious. Indeed, definition of the phase space starts with choosing a
time slice t = t0; such a time slice is obviously not preserved by the action of the Poincaré
group, so it is not even clear if one can define an action of P on X .

In this section, we show that for the free scalar field one can indeed define an action of
P on the phase space, and this action preserves the symplectic form (13.1). Our approach
will be similar to the one used in the case of a free relativistic particle in Section 8.5. We
will work at a formal level, leaving functional analysis details for the interested reader.
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Namely, consider the set X of solutions of Euler–Lagrange equations for the free scalar
field. Since the Lagrangian of this theory is invaraint under the action of the Poincaré
group, we have an obvious action of P on X defined by

(13.10) φ(x) 7→ (g · φ)(x) = φ(g−1x), x ∈ R1,3, g ∈ P.

On the other hand, once we fixed the time slice t = t0, each solution is uniquely
determined by the initial conditions φ(x) = φ(t0,x) and π(x) = ∂tφ(t,x)|t=t0 . Conversely,
for every φ(x), π(x) there is a unique solution φ(x) of equations of motion with these initial
conditions. Thus, we have an embedding

X ↪→ X

of the phase space into the space of solutions. Therefore, we use the action of P on X to
define the action of P on X :

(13.11) g · (π, φ)(x) =

(
∂

∂t
(g · φ)(t,x)

∣∣∣∣
t=t0

, (g · φ)(t0,x)

)
.

We assume that the action ofP preserves the phase space X ; in other words, if a solution
φ(x) of equations of motion is such that φ(t0,x) and (∂tφ(t,x))|t=t0 are of Schwartz class,
then the same is true for φ(g−1x). This is not automatic; for the free field it follows from
Lemma 13.9 which we will prove in the next section.

As usual, action of P on X gives rise to its action on the algebra of observables A :

(g · F )(π, φ) = F (g−1(π, φ)).

For example, if g ∈ O(3)⋉R3 is an affine transformation of R3, then

(g · F )(π, φ) = F (g−1(π, φ)) = F (π(gx), φ(gx))

In particular, if we take F to be the evaluation functional: F (φ) = φ(x0), which we had
previously (somewhat confusingly) denoted simply by φ(x0), then we get

gφ(x0) = φ(gx0).

Once again, φ(x0) here is an observable, a function on X .

As in Section 5.1, the Lie algebra p of the Poincare group acts on X by vector fields.
Namely, to each a ∈ p one associates a vector field ξa on X by

ξa|(π,φ) =
d

ds

∣∣∣∣
s=0

(esa · (π, φ)) ∈ T(π,φ)X for all (π, φ) ∈ X .

Correspondingly, the Lie algebra p acts on the algebra of observables: for F ∈ A , we have

−ξa(F )(π, φ) =
d

ds

∣∣∣∣
s=0

F (e−sa · (π, φ)),

and the mapping g → Vect(X ) given by a→ −ξa is a morphism of Lie algebras (cf. Section
5.1).

As in the case of a free relativistic particle, we claim that this action is Hamiltonian:
for every a ∈ p, we have a Hamiltonian functional Ha on X such that

−ξa(F ) = {Ha, F}
and {Ha, Hb} = H[a,b] (cf. with (5.2)).
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The construction of these Hamiltonians is given in the theorem below (compare with
Theorem 8.5 in Section 8.5). As expected, these Hamiltonians are exactly the conserved
quantities corresponding to the one-parameter subgroups in P, except for Hamiltonians of
the Lorentz boosts (since they do preserve that Hamiltonian H of the field, cf. Section 8.5).
We have already discussed these conserved quantities in the Lagrangian formalism in Sec-
tion 12.3; here we present them in the Hamiltonian picture.

Theorem 13.6. The Hamiltonian functions corresponding to spacetime translations, space
rotations and Lorentz boosts are

(13.12)

P̂0 = H =

∫
R3

H (x)d3x

P̂i =

∫
R3

π(x)∂iφ(x)d
3x

Ĵi = ϵijk

∫
R3

xjπ(x)∂kφ(x)d
3x,

K̂i =

∫
R3

xih(x)d3x+ t0P̂i, i = 1, 2, 3,

where

H (x) =
1

2

(
π2(x) + (∇φ)2(x) +m2φ2(x)

)
is the Hamiltonian density of a free relativistic real scalar field.

The Poisson brackets of these functionals are the same as in Theorem 8.5:

{P̂i, P̂j} = {P̂i, P̂0} = {Ĵi, P̂0} = 0, {Ĵi, Ĵj} = ϵijkĴk,(13.13)

{K̂i, K̂j} = −ϵijkĴk, {Ĵi, K̂j} = ϵijkK̂k,(13.14)

{K̂i, P̂0} = P̂i, {K̂i, P̂j} = δijP̂0, {Ĵi, P̂j} = ϵijkP̂k.(13.15)

Proof. First we show that indeed ξa(F ) = {F,Ha} for the generators P0, Pi, Ji and Ki of
the the Poincaré algebra, defined in Section 7.3.

For the generators Pi of space translations it is easy to see, using formulas (13.10)–
(13.11), that vector fields ξPi at a point (π, φ) in X are the vectors (−∂iπ,−∂iφ) ∈ X ,
so

ξPi(F )(π, φ) = −
∫
R3

(
δF

δπ(x)
∂iπ(x) +

δF

δφ(x)
∂iφ(x)

)
d3x.

Now a very simple computation using (13.4) shows that the right hand side of this formula

is indeed the Poisson bracket {F, P̂i}. Similarly, for the vector fields ξJi corresponding to
generators Ji of the space rotations we have

ξJi(F )(π, φ) = −ϵijk
∫
R3

(
δF

δπ(x)
xi∂kπ(x) +

δF

δφ(x)
xj∂kφ(x)

)
d3x,

and the right hand side is again the Poisson bracket {F, Ĵi}.
For the generator P0 of the time translation, using (13.6)–(13.7), we get

ξP0 = (−∂tπ(x),−∂tφ(x)) =
( δH

δφ(x)
,− δH

δπ(x)

)



138 13. Hamiltonian Formulation of Classical Field Theory

so that

ξP0(F ) =

∫
R3

(
δF

δπ(x)

δH

δφ(x)
− δF

δφ(x)

δH

δπ(x)

)
d3x = {F,H}.

Finally we consider the Lorentz boosts. From formulas (7.6) and (13.10)–(13.11) we
obtain

ξKi(F ) =

−
∫
R3

(
δF

δπ(x)
(∂iφ(x) + t0∂iπ(x) + xi(∆φ(x)−m2φ(x)) +

δF

δφ(x)
(t0∂iφ(x) + xiπ(x)

)
d3x,

and we again see that the right hand side is equal to {F, K̂i}.
The computation of Poisson brackets (13.13)–(13.15) between these Hamiltonians is left

as an exercise for the reader. □

It is quite remarkable that these Hamiltonian functionals are exactly the conserved
quantities, obtained in Example 12.4 by using Noether theorem in the Lagrangian formalism.
Namely, in case of a free field (Vint(φ) = 0) we obtain from (12.25) that components T 0µ of
the stress-energy tensor at x = (t0,x) for fixed t0 are

T 00(x) = H (x) and T 0i(x) = −π(x)∂iφ(x), where π(x) = ∂0φ(t0,x).

(Remember that ∂iφ = −∂iφ). Thus the Hamiltonian functionals P̂0 and P̂ are the Hamil-
tonian H and total momentum −P of the field. Similarly, we have from (12.28)

Lij = ϵijkĴk,

so Hamiltonian functionals Ĵ correspond to the conserved total angular momentum. Finally,
for the integrals of motion L0i corresponding to the Lorentz boosts we have that at fixed
t = t0,

L0i(t0) = K̂i.

Note that while L0i are integrals of motion, the Hamiltonian functionals K̂i are not (cf.
Remark 8.6). Namely, according to (13.15) they satisfy the Hamilton’s equations

dK̂i

dt
(t) = {H, K̂i} = −P̂i, K̂i(t)

∣∣∣
t=t0

= K̂i,

which can be easily solved

K̂i(t) =

∫
R3

xih(t,x)d3x+ t0P̂i.

Here h(t,x) is the Hamiltonian density, evaluated on the solution (π(t,x), φ(t,x)) of canon-
ical Hamilton equations (13.6)–(13.7). Indeed, using (12.24) and integration by parts, we
obtain

dK̂i

dt
(t) =

∫
R3

xi∇ · (π∇φ)d3x = −P̂i.

On the other hand, the integrals of motion L0i have the form

L0i =

∫
R3

xih(t,x)d3x+ tP̂i,

and coincide with K̂i(t) only at t = t0.
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Remark 13.7. One can also define the Hamiltonian action of the Poincaré group on the
phase space of a real field with the interaction potential Vint(φ) in Example 11.3, if the
following conditions are met.

I. The Cauchy problem for the Euler-Lagrange equation

(□+m2)φ+ V ′
int(φ) = 0,

φ(x)|t=t0 = φ(x), ∂0φ(x)|t=t0 = π(x)

for φ(x), π(x) ∈ S for all t has a unique solution φ(x) such that for each t one
has φ(t,x), ∂0φ(t,x) ∈ S .

II. If φ(x) is a solution with the Schwarz class initial data at t = t0, than for each
g ∈ P the solution φ(g−1x) also has a Schwarz class initial data.

We leave it to the interested reader to provide all necessary details.

13.5. Free scalar field as a completely integrable Hamiltonian system

In this section, we show that the free scalar field can be treated as a (continuous) collection
of non-interacting harmonic oscillators. We start with the Euler-Lagrange equation for a
free real scalar field, which is the Klein-Gordon equation

(13.16) (□+m2)φ(x) = 0,

with m > 0.

To solve it, we use the Fourier transform,

φ̂(k) =
1

(2π)2

∫
R4

eik·xφ(x)d4x, where k · x = kµxµ = k0x0 − kx,

so that (13.16) is equivalent to the following equation on φ̂:

(13.17) (k2 −m2)φ̂(k) = 0.

Its general solution is a distribution supported on the “mass shell” – two-sheeted hyperboloid
Om, defined by equation k2 = (k0)2 − k2 = m2, or equivalently,

(13.18) k0 = ±ωk, ωk =
√
k2 +m2 > 0.

The ‘positive-energy part’ k0 > 0 of Om is denoted by O+
m.

Obviously, the general solution of (13.17) is given by

φ̂(k) = ρ1(k)δ(k
0 − ωk) + ρ2(k)δ(k

0 + ωk),

and reality condition φ̂(k) = φ̂(−k) gives ρ2(k) = ρ1(−k). For future convenience1, we
rewrite the previous formula in the following form

(13.19) φ̂(k) =

√
2π√
2ωk

(
a(k)δ(k0 − ωk) + a(−k)δ(k0 + ωk)

)
,

where a(k) is an arbitrary complex-valued distribution on R3. Substituting this φ̂(k) into
the inverse Fourier transform

φ(x) =
1

(2π)2

∫
R4

e−ik·xφ̂(k)d4k,

1To have simple Poisson brackets in Theorem 13.10.



140 13. Hamiltonian Formulation of Classical Field Theory

and changing in the second integral k by −k we obtain

(13.20) φ(x) =
1

(2π)
3
2

∫
R3

(
a(k)e−ik·x + ā(k)eik·x

) d3k√
2ωk

, where k = (ωk,k).

Formula (13.20) gives a general solution of the Klein–Gordon equation; it depends on an
arbitary complex-valued distribution a(k).

Remark 13.8. The Minkowski metric induces a pseudo-Riemannian metric of signature
(−,−,−) on the hyperboloid Om. A simple computation shows that the Lorentz invariant

volume form of this metric is proportional to
d3k

2ωk
. In physics textbooks this volume form

is introduced by

δ(k20 − ω2
k) =

1

2ωk
(δ(k0 − ωk) + δ(k0 + ωk)) ,

which follows from the elementary change of variables formula in the theory of distributions.

As discussed in the previous section, this also allows us to give a description of the phase
space X . Namely, for (π(x), φ(x)) ∈ X = S (R3,R)×S (R3,R) consider the solution φ(x)
of the Klein–Gordon equation with the initial conditions

φ(0,x) = φ(x) and ∂0φ(0,x) = π(x).

From

φ(x) =
1

(2π)
3
2

∫
R3

(
a(k)eikx + ā(k)e−ikx

) d3k√
2ωk

=
1

(2π)
3
2

∫
R3

(a(k) + ā(−k)) eikx d3k√
2ωk

,

π(x) =
−i

(2π)
3
2

∫
R3

ωk

(
a(k)eikx − ā(k)e−ikx

) d3k√
2ωk

=
−i

(2π)
3
2

∫
R3

ωk (a(k)− ā(−k)) eikx d3k√
2ωk

it is easy to express a(k) in terms of Fourier transforms φ̂(k), π̂(k) (see Exercise 13.5):

(13.21) a(k) =
1√
2

(
√
ωk φ̂(k) +

iπ̂(k)
√
ωk

)
, ā(k) =

1√
2

(
√
ωk φ̂(−k)−

iπ̂(−k)
√
ωk

)
,

where a(k) ∈ S (R3,C), the Schwartz space of complex-valued functions on R3. Using this
representation, we can prove the following result.

Lemma 13.9. Let φ(x) be a solution of the Klein-Gordon equation with the Schwarz class
initial data at t = 0. Then for each g ∈ P solution φ(gx) also has Schwarz class initial
data.

Proof. It follows from (13.20) that the statement is trivial for the subgroup R4 of spacetime
translations. To prove it for the Lorentz group L, we rewrite (13.20) as

φ(x) =
1

(2π)
3
2

∫
R3

(
ã(k)e−ik·x + ã(k)eik·x

) d3k
2ωk

,
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where k = (ωk,k) ∈ Om and ã(k) =
√
2ωka(k) ∈ S (R3,C). Using invariance of the volume

form on Om under L, it is sufficient to verify the statement for the restricted Lorentz group

L↑
+ (see Section 7.2). We have for g ∈ L↑

+,

φ(gx) =
1

(2π)
3
2

∫
R3

(
ã(k)e−ik·gx + ã(k)eik·gx

) d3k
2ωk

=
1

(2π)
3
2

∫
R3

(
ã(k)e−ig

−1k·x + ã(k)eig
−1k·x

) d3k
2ωk

=
1

(2π)
3
2

∫
R3

(
ã(g · k)e−ik·x + ã(g · k)eik·x

) d3k
2ωk

.

where g · k stands for the action of g ∈ L↑
+ on R3 induced by the isomorphism O+

m ≃ R3.
Clearly ã(g · k) is a complex-valued Schwarz function, so the statement follows. □

The formulas (13.21) give an isomorphism of the phase space X and the Schwartz
space S (R3,C), which is a complex manifold with complex coordinates a(k). It is very
beneficial to use a complex geometry language in field theory (especially for the purposes of
quantization), and to treat a(k) and their complex conjugates ā(k) as coordinates on X .
We have the following simple result.

Theorem 13.10. Under the identification X ≃ S (R3,C), we have the following formulas
for the Poisson bracket for the complex coordinates

(13.22) {a(k), a(l)} = {ā(k), ā(l)} = 0 and {a(k), ā(l)} = iδ(k − l).

The Hamiltonian is given by

(13.23) H =

∫
R3

ωk ā(k)a(k) d
3k.

Proof. Formulas for the Poisson bracket immediately follow from the formulas for Poisson
brackets of φ̂, π̂ given in Exercise 13.5:

{π̂(k), π̂(l)} = {φ̂(k), φ̂(l)} = 0 and {π̂(k), φ̂(l)} = δ(k + l).

For the Hamiltonian, we use Plancherel’s theorem, which implies

H =
1

2

∫
R3

(
π2(x) + (∇φ)2(x) +m2φ2(x)

)
d3x

=
1

2

∫
R3

(
|π̂(k)|2 + ω2

k|φ̂(k)|2
)
d3k

=

∫
R3

ωk ā(k)a(k) d
3 k. □

An important corollary of these computations is that when rewritten in terms of Fourier
modes, Hamilton’s equations (13.6)–(13.7) decouple:

ȧ(k) = {H, a(k)} = −iωka(k),

˙̄a(k) = {H, ā(k)} = iωkā(k),
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so we can easily solve them:

a(t,k) = e−iωkta(k), ā(t,k) = eiωktā(k).

One can also introduce real coordinates in the Fourier transformed phase space:

P (k) =

√
ωk√
2
(a(k) + ā(k)), Q(k) =

i√
2ωk

(a(k)− ā(k)).

We leave it to the reader to check that in these coordinates, the Poisson brackets are given
by

{P (k), P (l)} = {Q(k), Q(l)} = 0, {P (k), Q(l)} = δ(k − l)
so that the symplectic form Ω is given by

Ω =

∫
R3

(δP (k) ∧ δQ(k)) d3k,

and the Hamiltonian of the Klein-Gordon model takes the form

H =
1

2

∫
R3

(
P 2(k) + ω2

kQ
2(k)

)
d3k.

Comparing this with the Hamlitonian description of a system of harmonic oscillators given
in Section 4.3, we see that a free scalar field is a completely integrable Hamiltonian system,
which in terms of Fourier modes is described by infinitely many non-interacting harmonic
oscillators with the frequencies ωk =

√
k2 +m2, parametrized by k ∈ R3.

13.6. Exercises

Exercise 13.1. Find the Hamiltonian H for the Lagrangian (11.36) in Example 11.5, and show
that the term π2

0(x), where πµ(x) are canonical momenta, enters H with a negative sign.

Exercise 13.2. Prove that for each t solutions of the Hamilton equations of motion (13.6)–(13.7)
satisfy the same Poisson brackets (13.5).

Exercise 13.3.

(1) Let H (x) be the Hamiltonian density defined in Theorem 13.6; we consider it as a func-
tional on the phase space X . Prove that then

{H (x), φ(y)} = π(x)δ(x− y)
{H (x), π(y)} = −m2φ(x)δ(x− y)−∇φ(x) ·∇xδ(x− y)
{H (x),H (y)} = π(x)∇φ(y) ·∇yδ(x− y)− π(y)∇φ(x)∇xδ(x− y).

(2) Derive the Poisson brackets (13.13)–(13.15).

Exercise 13.4. Prove the formula for generators Ki of Lorentz boosts, given in Theorem 13.6,
and prove the formulas for Poisson brackets (13.13)–(13.15).

Exercise 13.5. Define Fourier transform of coordinates π(x), φ(x) on the phase space X of a
free scalar field by

(13.24)

φ̂(k) =
1

(2π)3/2

∫
φ(x)e−ik·x d3x

π̂(k) =
1

(2π)3/2

∫
π(x)e−ik·x d3x

(note the sign in the exponent).
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Prove that then the Poisson brackets of these observables are given by

{π̂(k), π̂(l)} = {φ̂(k), φ̂(l)} = 0 and {π̂(k), φ̂(l)} = δ(k + l).

Exercise 13.6. Show that the total momentum P = (P 1, P 2, P 3) of a free scalar field in terms
of a(k) is given by

(13.25) P =

∫
R3

kā(k)a(k) d3k.

Exercise 13.7. Show that the generators Ljl = ϵjlkĴk of the angular momentum and generators

L0j = K̂j of the Lorentz boosts of a free scalar field in terms of a(k) are given by

Ljl = i

∫
R3

ā(k)

(
kj

∂

∂kl
− kl

∂

∂kj

)(√
2ωka(k)

) d3k√
2ωk

,

L0j = i

∫
R3

ωkā(k)
∂

∂kj
(√

2ωka(k)
) d3k√

2ωk
.

Exercise 13.8. Verify that for the coordinates on X given by

ρ(k) = |a(k)|2 and θ(k) = − arg a(k),

the symplectic form and the free scalar field Hamiltonian take the form

Ω =

∫
R3

(δρ(k) ∧ δθ(k))d3k and H =

∫
R3

ωkρ(k) d
3k

(such canonical coordinates are called the action-angle coordinates, see Theorem 4.23).





Chapter 14

Notes and References

Every physics textbook starts with the Lagrangian formulation of classical field theory, see
e.g. [BS1983], [Ryd1996], and the monograph [DFN1984] for the discussion from the
mathematics perspective. Inspired by the exposition in [DF1999], in Chapter 11 we present
Lagrangian formalism in a more invariant form. We define classical fields in Section 11.2
as smooth sections of some vector bundle over the space-time, so this definition does not
include gauge fields and gravitational fields, to be considered later in Parts III and IV.

In Section 11.3 we start with the invariant formulation of the classical multi-dimensional
calculus of variations (see, e.g. [GF1963]), give an invariant definition of the Lagrangian
density in Section 11.4, and in Section 11.5 derive general field-theoretic Euler-Lagrange
equations. As in [DF1999], we introduce the notion of local Lagrangian densities and
in Theorem 11.7 derive the Euler-Lagrange equations in a standard form as in physics
textbooks, and in Theorem 11.9 give their invariant formulation. Following [DF1999],
in Chapter ?? we introduce the notion of infinitesimal symmetries and give an invariant
formulation of the Noether theorem in classical field theory. In Sections 12.2 and 12.3
we define the stress-energy tensor, and for simple relativistic field theories present explicit
conservation laws: the conservation of charge, of total energy-momentum and of angular
momentum.

In Chapter 13 we develop the Hamiltonian formalism for the scalar field. Specifically, in
Section 13.1 we define admissible functionals on the phase space of a scalar field and show
that they form the algebra of observables. In Sections 13.2 and 13.3 we introduce, rather
at a formal level, the symplectic form and a Poisson bracket for the scalar field observables,
and show how the Hamiltonian formalism extends to a classical field theory. In Section
13.4 we explicitly describe the Hamiltonian action of the Poincaré group on the phase space
of a free relativistic real scalar field, which is analogous to the action of Poincaré group
on the phase space of a free relativistic particle, discussed in Section 8.5. This shows how
relativistic invariance is formulated in Hamiltonian formalism. We leave it to the interested
reader to turn these computations into rigorous statements in some well-defined version of
symplectic geometry on an infinite-dimensional manifold. Finally, in Section 13.5, using the
Fourier transfrom, we explicitly solved the Klein-Gordon equation with Schwarz class initial
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data and show that it is completely integrable Hamiltonian system. The phase space of the
theory has a natural structure of a complex manifold, and in Theorem 13.10 and Exercises
13.6 and 13.7 we express Hamiltonian functionals for the Poincaré group action in terms of
the complex coordinates.



Part 3

Classical Gauge
Theories





Chapter 15

Maxwell’s Equations

In this chapter, we describe what is probably the best known classical field theory: Maxwell’s
theory of electromagnetism. We will concentrate on the mathematical formalism, referring
the reader to numerous physics textbooks for practical applications and computations.

Throughout this chapter, we work in Minkowski spacetime M ≃ R1,3. As before, we
use coordinates x0 = ct, x1, x2, x3 and the metric η = diag(1,−1,−1,−1). We will also
commonly write points in R1,3 as pairs (r, t), where r = (x1, x2, x3).

15.1. Physics formulation

Maxwell’s electromagnetic theory describes interactions between electrically charged par-
ticles and fields created by such particles. From mathematical standpoint, the objects
described by this theory are

• Electric field E(r, t) and magnetic field B(r, t), both of which are time-dependent
vector fields on R3.

• Electric charges, described by a (signed) real-valued charge density function ρ(r, t)
so that the total charge of a volume V ⊂ R3 (at time t) is

Q(t) =

∫
V
ρ(r, t) d3r.

It is also common to allow the density function to be a distribution; in particular,
physicists commonly consider density functions of the form

ρ(r) =

N∑
a=1

eaδ(r − ra)

which describe collection of N point particles, each with charge ea and position ra.

• Currents, which describe motion of charges. A current is described by a time-
dependent vector field j(r, t). In the simplest case of point particles, charge e0 at
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a moving point r0(t) produces a current

j(r, t) = e0v(t)δ(r − r0(t)), where v(t) =
dr0(t)

dt

(as before, coefficients of this vector field are distributions, not smooth functions).
In general, relation between the current and charge density is given by the

charge conservation law : if we denote by Q(t) the total charge contained in (time-

independent) region V ⊂ R3, then the time derivative
dQ

dt
is equal to the total flux

of vector field j through the boundary of V with the minus sign:

∂

∂t

∫
V
ρ(t, r)d3r = −

∫
∂V
j · dS.

This gives the continuity equation:

(15.1) ∇ · j = −∂ρ
∂t

where, as usual in the multivariable calculus,

∇ · j =
∑ ∂ji

∂xi

is the divergence of vector field j = (j1, j2, j3).

From physical standpoint, E is generated by electric charges, and B by moving charges.
Exact meaning of this is captured by Maxwell equations, which summarize the basic laws
of electromagnetism. In a free space these equations have the following beautiful form1

∇ ·E =
1

ε0
ρ (Gauss law)(15.2)

— the electric flux leaving a volume is proportional to the charge inside;

∇ ·B = 0 (Gauss law for magnetism)(15.3)

— there are no magnetic charges, the total magnetic flux through a closed surface is zero;

∇×E = −∂B
∂t

(Faraday’s induction law)(15.4)

— the voltage induced in a closed circuit is proportional to the rate of change of the magnetic
flux it encloses;

∇×B = µ0j + µ0ε0
∂E

∂t
(Ampère’s circular law with Maxwell’s addition)(15.5)

— the magnetic field induced around a closed loop is proportional to the electric current
plus displacement current (rate of change of electric field) it encloses.

Here the constant ε0 is called the permitivity of the free space and the constant µ0 is
called the permeability of the free space or magnetic constant. They satisfy

(15.6) µ0ε0 =
1

c2
,

1We are using standard notations for the divergence and curl from the multivariable calculus.
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where c is the speed of light in vacuum.2

Maxwell equations imply all laws of the electromagnetism: Coulomb law, Bio-Laplace-
Savart law, etc.

15.2. Maxwell’s equations in the language of differential forms

In order to better understand the mathematical structure of Maxwell equations, let us
rewrite them using the language of differential forms. To do that, we first remind some
basic facts about Hodge ⋆ operator.

Let V be an oriented n-dimensional real vector space with a non-degenerate symmetric
bilinear form ( , ) (not necessarily positive-definite). We extend this form to exterior power
space ΛkV by

(u1 ∧ · · · ∧ uk, v1 ∧ · · · ∧ vk) = det((ui, vj)).

Let ω ∈ ΛnV be the volume form on V — an element in ΛnV with positive orientation and
such that (ω, ω) = 1.

Then for v ∈ ΛkV its Hodge dual is a vector ⋆v ∈ Λn−kV , satisfying

(15.7) u ∧ ⋆v = (u, v)ω for all u ∈ ΛkV

(it is easy to see that this uniquely defines ⋆v).

In particular, given an oriented pseudo-Riemannian manifold X of dimension n, we can
apply the Hodge ⋆ operator in each V = T ∗

xX, getting an isomorphism

(15.8) ⋆ : Ωk(X) ∼= Ωn−k(X)

which is linear over C∞(X).

It is easy to give explicit formulas for ⋆. Namely, assume that in local coordinates xi

the volume form ω is given by

(15.9) ω = dx1 ∧ · · · ∧ dxn =
1

n!
ϵIdx

I

where we assume summation over all multiindices I = (i1, . . . , in) (we do not assume that
i1 < · · · < in), dx

I = dxi1 ∧ · · · ∧ dxin , and ϵI is the fully antisymmetric tensor:

(15.10) ϵI =

{
sgn(σ) if ik = σ(k) for some σ ∈ Sn

0 otherwise

In this case, consider a k-form

F =
1

k!
FIdx

I ,

2In the SI system of units ε0 = 8.85 × 10−12C2N−1m−2, where C = Coulomb and N = Newton, and µ0 =

4π × 10−7NA−2, A = Ampère. In the Gaussian system of units (a part of CGS system of units based on centimetre-

gram-second) ε0 = 1
4πc

, µ0 = 4π
c

and ECGS = c−1ESI.
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where as before we assume summation over all I with |I| = k, and FI is antisymmetric.
Then one can show (see Exercise 15.2) that

(15.11)

⋆F =
1

(n− k)!
(⋆F )J dx

J , |J | = n− k,

(⋆F )J =
1

k!
F IϵIJ ,

where ϵIJ = ϵi1...ikj1...jn−k
is the fully antisymmetric tensor (15.10), and F I are the com-

ponents of the polyvector field F̃ ∈ ΛkT (X) corresponding to F under the isomorphsim
Ωk(X) ≃ ΛkT (X) given by η:

F I = ηIJFJ

where ηIJ = ηi1j1 . . . ηikjk and |J | = k. Physicists usually say that F I is obtained from FJ
by “rasing the indices”.

In particular, this implies

(15.12) ⋆dxI =
1

k!

∑
σ∈Sk

sgn(σ)ηIσ(J)ϵJJ ′dxJ
′
,

where |J | = k and J ′ is the complement of J : J ′ = {1, . . . , n} − J , written in increasing
order: j′1 < j′2 < · · · < j′n−k (thus, there is summation over J but no summation over J ′ in
the last formula, as J ′ is fully determined by J).

This and other properties of Hodge ⋆ operator are given in exercises at the end of this
chapter. Another useful property discussed in the exercises is the following:

(15.13)
⋆2 = 1 on Ωp(R3),

⋆2 = (−1)p+1 on Ωp(R1,3).

For example, for X = R3 with the usual (positive definite) inner product

ds2 = (dx1)2 + (dx2)2 + (dx3)2,

and orientation defined by ω = dx1 ∧ dx2 ∧ dx3, the Hodge ⋆ operator is given by

(15.14)
⋆dxi = 1

2ϵijkdx
j ∧ dxk,

⋆(dxi ∧ dxj) = ϵijkdx
k.

E.g. we have ⋆dx1 = dx2 ∧ dx3 and ⋆(dx2 ∧ dx3) = dx1, etc.

Moreover, in this case one can identify the space of one-forms and space of vector fields
using the inner product: Vect(R3) ≃ Ω1(R3). Combining it with the Hodge ⋆ operator, we
can also identify Ω2(R3) ≃ Ω1(R3) ≃ Vect(R3) and Ω3(R3) ≃ Ω0(R3) = C∞(R3). Under
these identifications, the exterior derivative operator Ω1(R3) → Ω2(R3) becomes the curl
operator

Vect(R3) → Vect(R3) : ξ 7→ ∇× ξ,

and d : Ω2(R3) → Ω3(R3) becomes the divergence operator

Vect(R3) → C∞(R3) : ξ 7→ ∇ · ξ.
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Thus, the de Rham complex of differential forms on R3 becomes

0 C∞(R3) Vect(R3) Vect(R3) C∞(R3) 0

0 Ω0(R3) Ω1(R3) Ω2(R3) Ω3(R3) 0

∇ ∇×

ξ 7→ξ̃

∇·

ξ 7→⋆ξ̃ f 7→f d3x

d d d

where for a vector field ξ = ξi∂i, we define one form ξ̃ by

ξ̃ = ξidx
i, ξi = gijξ

j

where gij is metric in R3. Since in the standard coordinates gij = δij , in this case we simply

get ξi = ξi, so ξ̃ = ξidx
i.

Going back to Maxwell’s equations, define the time-dependent one-form E(1) ∈ Ω1(R3)

and the 2-form B(2) = ⋆B(1) ∈ Ω2(R3), corresponding to vector fields E, B respectively
under isomorphisms Vect(R3) ≃ Ω1(R3), Vect(R3) ≃ Ω2(R3) described above:

E(1) = E1dx
1 + E2dx

2 + E3dx
3,

B(2) = B1dx
2 ∧ dx3 +B2dx

3 ∧ dx1 +B3dx
1 ∧ dx2.

Then Maxwell equations (15.3) and (15.4) become

(15.15)

dB(2) = 0,

dE(1) = −∂B
(2)

∂t
.

making them easy to understand. (Here d is the exterior derivative for forms in R3.) The
other two equations will be discussed shortly.

Moreover, equations (15.15) can in fact be united into a single equation. Namely, let us
define the following 2-form in 4-dimensional spacetime R1,3, called the electromagnetic field
tensor,

(15.16)

F =
1

c
dx0 ∧E(1) −B(2)

= 1
cE1 dx

0 ∧ dx1 + 1
cE2 dx

0 ∧ dx2 + 1
cE3 dx

0 ∧ dx3

−B1 dx
2 ∧ dx3 −B2 dx

3 ∧ dx1 −B3 dx
1 ∧ dx2.

Then it is immediate that equations (15.15) are equivalent to the following equation on
2-form F :

(15.17) dF = 0,

where d is now the full exterior derivative operator in R1,3.

It is very convenient to write F in coordinates:

(15.18) F = 1
2Fµνdx

µ ∧ dxν
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(as before, indices µ, ν run over 0, 1, 2, 3), where Fµν is represented by the following skew-
symmetric 4× 4 matrix

(15.19) Fµν =


0 1

cE1
1
cE2

1
cE3

−1
cE1 0 −B3 B2

−1
cE2 B3 0 −B1

−1
cE3 −B2 B1 0

 .

Then an explicit computation shows that (15.17) is equivalent to the following equation,
called the Bianchi identity

(15.20) ∂νFλµ + ∂λFµν + ∂µFνλ = 0, λ, µ, ν = 0, 1, 2, 3.

Note that there is no summation in this identity: it has to be satisfied for every triple λ, µ, ν.

This gives an easy way to write two of the four Maxwell equations, namely (15.3) and
(15.4).

To rewrite the second pair of Maxwell equations, equations (15.2) and (15.5), we observe
that in the absence of the sources (charges and currents), these equations can be obtained
from the first pair (15.3)–(15.4) by the electro-magnetic duality

(15.21)
1

c
E 7→ −B and B 7→ 1

c
E.

This duality can be easily understood in terms of the 2-form F : it sends F to ⋆F , where
⋆ is the Hodge dual operator in the 4-dimensional space R1,3 with the Minkowski metric
(+,−,−,−) (see Exercise 15.4):

(15.22)

⋆F = −dx0 ∧B(1) − 1
cE

(2)

= −B1 dx
0 ∧ dx1 −B2 dx

0 ∧ dx2 −B3 dx
0 ∧ dx3

− 1
cE1 dx

2 ∧ dx3 − 1
cE2 dx

3 ∧ dx1 − 1
cE3 dx

1 ∧ dx2,

so that equations (15.2) and (15.5) can be written as

(15.23)

dE(2) = 0,

dB(1) =
1

c2
∂E(2)

∂t
.

where d is exterior derivative for forms in R3, or, equivalently, as a single equation in R1,3:

(15.24) d ⋆F = 0.

To summarize, Maxwell equations in an empty space (without sources) can be written
succinctly as

(15.25)
dF = 0

d ⋆F = 0,

where ⋆ is the Hodge star operator in the Minkowski spacetime R1,3.

As an immediate corollary, we obtain that Maxwell equations are relativistic invariant.

Theorem 15.1. Maxwell equations in empty space are invariant under the action of Poincare
group on R1,3 if E, B transform as components of 2-form F as in (15.16).
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Explicit formulas for transformations of E,B under the action of Poincare group are
given in Exercise 15.6.

Remark 15.2. The different signs in Maxwell equations (15.4) and (15.5) play a fundamen-
tal role, reflected in the electro-magnetic duality. It forces the use of a pseudo-Riemannian
metric and naturally introduces the Minkowski spacetime.

15.3. Maxwell’s equations with sources

To write Maxwell’s equations with sources (charges and currents) in the language of differ-
ential forms, we combine the charge density ρ and current j into a single 1-form J = Jµdx

µ

in R1,3, defined by

(15.26) J0 = cρ, J1 = −j1, J2 = −j2, J3 = −j3,

so that

J = cρ dx0 − j1dx
1 − j2dx

2 − j3dx
3.

We will also frequently use the 3-form ⋆J ; using explicit formulas for Hodge ⋆ operator in
R1,3 given in Exercise 15.4, one easily sees that

⋆J = cρ dx1 ∧ dx2 ∧ dx3 − j1dx
0 ∧ dx2 ∧ dx3 + j2dx

0 ∧ dx1 ∧ dx3 − j3dx
0 ∧ dx1 ∧ dx2

In this language, the continuity equation

∂ρ

∂t
+∇ · j = 0

is rewritten as

d ⋆J = 0.

Now using relation µ0ε0 = 1/c2 and formula (15.22), we obtain the following result.

Theorem 15.3. Let F , J be defined by (15.26). Then Maxwell’s equations (15.2) and
(15.5) are equivalent to

(15.27) ⋆d ⋆F = −µ0J.

Equivalently, since ⋆2 = 1 on the space of 3-forms on R1,3, (15.27) can be rewritten as

(15.28) d ⋆F = −µ0⋆J,

Note that this immediately implies the continuity equation d ⋆J = 0.

Yet one more way of rewriting (15.27) is given by “raising indices” of F and J . Namely,
define

(15.29)
Fµν = ηµαηνβFαβ,

Jµ = ηµνJν ,

where ηµν is the Minkowski metric in R1,3. It follows from the explicit formula (15.11) for
the ⋆ operator, that Fµν is related to the dual field tensor by

(⋆F )µν = 1
2ϵµναβF

αβ.
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Then the second pair of Maxwell equations can be written in the following form

(15.30) ∂µF
µν = µ0J

ν ,

often used in physics textbooks, and the continuity equation becomes

(15.31) ∂µJ
µ = 0.

To summarize, the Maxwell’s equations on R4 have the following form

(15.32)
dF = 0

⋆d ⋆F = −µ0J,

where the four-current J satisfies the continuity equation d ⋆J = 0.

15.4. Vector potential and Lagrangian

Our next goal is to show that Maxwell’s equations can be obtained as a special case of
general theory developed in Chapter 11, i.e. as Euler-Lagrange equations for an appropriate
Lagrangian. To do that, we need to decide first what we consider to be the fields of the
theory. The natural idea is to consider the electric and magnetic fields E and B (or,
equivalently, the 2-form F ) as the primary fields of our theory. However, for many reasons
it is better to start with something else: the four-potential.

By Poincaré lemma, the first Maxwell equation — equation dF = 0 in (15.32) — has a
solution

F = dA where A = Aµdx
µ,

so that

(15.33) F = 1
2Fµνdx

µ ∧ dxν , Fµν = ∂µAν − ∂νAµ.

Physicists call (A0, A1, A2, A3) the electromagnetic four-potential.

It is also common to introduce scalar potential φ and vector potential A defined by

(15.34) A0 =
1

c
φ, A = (A1, A2, A3) = −(A1, A2, A3)

(this last equality is a special case of raising the indices: Ai = ηijAj).

Then explicit computation shows that the equation F = dA is equivalent to

(15.35)

B = ∇×A,

E = −∇φ− ∂A

∂t
.

The 1-form A, a solution to the first Maxwell equation, is defined up to a gauge trans-
formation

(15.36) A 7→ A+ df,

where f is a smooth real-valued function on R1,3. It is natural to identify gauge equiv-
alent 1-forms and define the space F of classical fields as equivalence classes of A under
transformations (15.36),

(15.37) F = Ω1(R1,3)/dΩ0(R1,3).
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In terms of the four-potential A, Maxwell equations are written as

⋆d ⋆dA = −µ0J.

Equivalently, if we introduce the operator d∗ = ⋆d ⋆ (see Exercise 15.7 for discussion of
this operator and its properties), then Maxwell’s equations take the form

(15.38) d∗dA = −µ0J.

In the special case when J = 0, this equation simplifies and becomes

(15.39) d ⋆F = d ⋆dA = 0.

Remark 15.4. In Section 18.2 we will reveal that true geometric meaning of electromag-
netic four-potential as unitary connection d+iA in the U(1)-line bundle over the Minkowski
spacetime. Correspondingly, transformations (15.36) are indeed the gauge transformations,
defining the action of the gauge group on the space of connections. In physics terminology,
A is called abelian gauge field.

General discussion in Section 11.5 in Chapter 11 can be easily adapted to the space F
of classical fields. The Maxwell equations with sources satisfying the continuity equation
can be obtained from the principle of least action. Namely, consider the Lagrangian density

L(A) = L ([A]1)d
4x,

where

(15.40) L ([A]1) = − 1

16π
FµνF

µν − µ0
4π
AµJ

µ and Fµν = ∂µAν − ∂νAµ.

Equivalently, in coordinate-free form for the Lagrangian density L(A) we have the following
expression (see Exercise 15.2):

(15.41) L(A) = − 1

8π
(F ∧ ⋆F + 2µ0A ∧ ⋆J), where F = dA.

In particular, if J = 0, then

L(A) = − 1

8π
(F ∧ ⋆F ) = 1

8π

( 1

c2
E2 −B2

)
d4x.

Now consider the action functional

(15.42) S(A) =

∫
R4

L(A) = − 1

16π

∫
R4

(FµνF
µν + 4AµJ

µ)d4x,

where it is tacitly assumed that 1-form J and 2-form F = dA have compact support (or
decay sufficiently fast at infinity).

Note that while the Lagrangian density L(A) is not invariant under gauge transforma-
tions (15.36), it easily follows from Stokes theorem and the continuity equation d ⋆J = 0
that the action is gauge-invariant: S(A+ df) = S(A).

Then exactly as in Theorem 11.7, the critical points of the action functional satisfy the
Euler-Lagrange equations

(15.43)
∂L

∂Aν
− ∂µ

∂L

∂(∂µAν)
= 0.
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Using (15.40), we readily obtain that equation (15.43) gives the second Maxwell equation
∂µF

µν = Jν . One can also use a more abstract Theorem 11.9, where the variational 1-form
γ is given by the following simple formula

(15.44) γ = δAν(x) ∧
(

∂L

∂(∂µAν(x))

)
ıµ(d

4x) = − 1

4π
δAν ∧ Fµνıµ(d4x),

or

γ = − 1

4π
δA ∧ ⋆F,

which are readily obtained from (11.27).

We summarize this discussion it in the following statement.

Proposition 15.5. The critical points of the action functional S(A) are given by the
Maxwell equations.

This statement can be also verified directly, without using the general formalism in
Section 11.5. Namely, using the symmetry property of the Hodge star operator

α ∧ ⋆β = β ∧ ⋆α

and Stokes’ theorem, we have for compactly supported a ∈ Ω1(R4),

δS(A) =
d

dε

∣∣∣∣
ε=0

S(A+ εa)

= − 1

4π

∫
R4

(da ∧ ⋆F + µ0a ∧ ⋆J)

= − 1

4π

∫
R4

a ∧ (d⋆F + µ0⋆J).

So equation δS(A) = 0 for all a yields

d ⋆F = −µ0⋆J.

15.5. The stress-energy tensor

It is easy to adapt a general discussion in Section 12.2 to the case of free electromagnetic
field. In this case the space of classical fields F is now a quotient (15.37) of the space
of 1-forms over the space of exact forms, so the action of the Poincare group P on F is
different from the action (12.12) on the space of scalar fields. This also means that we can
not use explicit formula for stress–energy tensor given in Section 12.2; instead, we need to
repeat the arguments of that section with necessary changes.

Specifically, suppose that a Lie group G acts on a manifoldM . Corresponding G-action
on differential forms is given by pullbacks, and the Lie algebra g of G acts by Lie derivatives;
if X ∈ g, the Lie derivative LX is given by the Cartan formula

LX = ıX ◦ d+ d ◦ ıX .

In particular, for a 1-form A we have

LXA = ıXF + d(ıXA), F = dA.
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Here the second term represents the gauge transformation (15.36), and the first term is
gauge invariant, so the action on the space F of gauge equivalence classes of 1-forms A is
given by

(15.45) LX(A) = ıXF.

Applying this to the group of space-time translations G = R1,3, where the corresponding
vector fields are Xµ = ∂µ, it follows from (15.45) that

(LXA)ν = Fµν ,

so the vector fields ξµ = ξXµ on F take the form

(15.46) ξµ = −
∫
R4

Fµν(x)
δ

δAν(x)
d4x.

The corresponding conserved current is given by formula (12.14)

Jµ = ıξµγ + ıµL,

where L is given by (15.40) with Jµ = 0, and γ is given by (15.44). It can be written as

Jµ = −T νµ ıν(d4x),

where

(15.47) T νµ =
1

4π

(
FαµF

να +
1

4
δνµFαβF

αβ

)
.

In addition to the conservation laws

∂µT
µ
ν = 0,

the tensor Tµν is traceless,

Tµµ = 0,

and the tensor

(15.48) Tµν = ηµαT να =
1

4π

(
−ηαβFµαF νβ +

1

4
ηµνFαβF

αβ

)
is symmetric, Tµν = T νµ.

The tensor Tµν is the stress-energy tensor of the electromagnetic field. Its components
contain the energy density

T 00 =
1

8π

(
1

c2
E2 +B2

)
and the momentum density

T 0i =
1

4π
F 0kF ik =

1

4πc
(E ×B)i, i = 1, 2, 3.

The vector S = E ×B is called the Umov-Poynting vector.

The conservation law

∂µT
0µ = 0

can be written as
∂T 00

∂t
= −∇ · S



160 15. Maxwell’s Equations

and implies that the total energy of the electromagnetic field

E =

∫
R3

T 00d3r

is conserved. Of course, this can be verified directly using Maxwell’s equations and the
calculus formula

∇ · (a× b) = b · (∇× a)− a · (∇× b).

Remark 15.6. Instead of the transformation law (15.45), physics textbooks often use a
naive formula ∂XµAν = ∂µAν . It gives a non-symmetric tensor, that requires an ad hoc
addition of a divergence-free term to get the symmetric tensor (15.48). We emphasize that
the correct action of the vector fields ∂µ on the space F is given by (15.45).

15.6. Exercises

Exercise 15.1. Let V be an n-dimensional real vector space with non-degenerate symmetric
bilinear form η and orientation given by volume form ω.

(1) Show that ⋆1 = ω, and ⋆ω = (−1)n− , where n− is the number of minuses in the signature
of η.

(2) Show that for 1-form α ∈ Λ1V = V , we have ⋆α = ıα̃ω, where α̃ ∈ V ∗ is the covector
corresponding to α under isomorphism V ≃ V ∗ given by η: if α = αie

i, then α̃ = ηijαiej ,
where ei, ej are dual bases in V, V ∗ respectively.

In particular, for a 1-form α = αidx
i on a manifold M , we have ⋆α = ıα̃ω, where

α̃ = ηijαi∂j .

Exercise 15.2. Let V be an n-dimensional real vector space with non-degenerate symmetric
bilinear form η and orientation given by volume form ω. Let ei, i = 1, . . . , n be a basis in V ; as
in Section 15.2, for a multiindex I = (i1, . . . , ik) we denote eI = ei1 ∧ · · · ∧ eik ∈ ΛkV . Show the
following.

(1) (eI , eJ) =
∑

σ∈Sk
ηIσ(J) sgn(σ), where ηIJ = ηi1j1 . . . ηikjk .

(2) Let A = 1
k!AIe

I ∈ ΛkV (as before, the sum is over all multiindices I with |I| = k, and AI

is antisymmetric), and similarly for B. Then

(A,B) =
1

k!
AIB

I

where BI = ηIJBJ , so that

A ∧ ⋆B =
1

k!
(AIB

I)ω.

(3) Assume that the volume form ω is given by

ω =
1

n!
ϵIe

I , |I| = n

(as before, we assume that ϵI is antisymmetric). Then for B = 1
k!BIe

I ∈ ΛkV , we have

⋆B =
1

(n− k)!
(⋆B)J e

J , |J | = n− k,

where

(⋆B)J =
1

k!
BIϵIJ

Exercise 15.3. We keep notation and assumptions of the previous problem.



15.6. Exercises 161

(1) Show that for a multiindex I with |I| = k,

⋆eI =
1

k!
(eI , eJ)ϵJJ ′eJ

′

where J ′ = {1, . . . , n} − J written in the increasing order (thus, there is no summation
over J ′, as it is fully determined by J).

(2) Assume additionally that ei are orthogonal: ηij = 0 for i ̸= j. Show that in this case,

⋆eI = ηIIϵII′eI
′
.

In particular, if ei are orthonormal, then

⋆eI = ϵII′eI
′
.

(3) Prove that the operator ⋆2 : ΛkV → ΛkV is given by

⋆2|ΛkV = (−1)n−+k(n−k),

where n− is the number of minuses in the signature of the form η.

Exercise 15.4. In this problem, we discuss the relation of Hodge ⋆ operator in R3 and R1,3.

Let N be an oriented n-dimensional Riemannian manifold with (positive-definite) metric gN ;
denote by volN the volume form on N determined by the orientation and metric. Let M = R×N
with metric (dx0)2 − gN and volume form dx0 ∧ volN . Denote by ⋆M , ⋆N Hodge operators in M , N
respectively.

Show that if B ∈ Ωk(N) is a time-dependent k-form, then

⋆MB = dx0 ∧ ⋆NB

⋆M (dx0 ∧B) = (−1)k⋆NB.

Most common application of this formula is when N = R3, M = R1,3.

Exercise 15.5. Use the previous problem to deduce the following explicit formulas of Hodge ⋆
operation in R1,3.

⋆(dx1 ∧ dx2 ∧ dx3) = dx0, ⋆dx0 = dx1 ∧ dx2 ∧ dx3,
⋆(dx0 ∧ dx2 ∧ dx3) = dx1, ⋆dx1 = dx0 ∧ dx2 ∧ dx3,
⋆(dx0 ∧ dx1 ∧ dx3) = −dx2, ⋆dx2 = −dx0 ∧ dx1 ∧ dx3,
⋆(dx0 ∧ dx1 ∧ dx2) = dx3, ⋆dx3 = dx0 ∧ dx1 ∧ dx2.

Exercise 15.6. Consider change of coordinates in R1,3 described by Section 7.2: new coordinates
(xµ)′ are related to old coordinates xµ by

(15.49) x =
x′ + vt′√
1− v2

c2

, t =
t′ +

v

c2
x′√

1− v2

c2

.

where we denote for simplicity x0 = ct, x1 = x and similarly for x′, t′; coordinates x2, x3 are
unchanged (see (7.7)).

Show that then the components of the four-potential A in coordinates xµ and (xµ)′ are related
by

(15.50) φ =
φ′ +

v

c
A1√

1− v2

c2

, A1 =
A′

1 +
v

c
φ′√

1− v2

c2

, A2 = A′
2, A3 = A′

3
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where φ = cA0 . Deduce from this that the electric and magnetic fields E, B transform by

(15.51) E1 = E′
1, E2 =

E′
2 +

v

c
B′

3√
1− v2

c2

, E3 =
E′

3 −
v

c
B′

2√
1− v2

c2

(15.52) B1 = B′
1, B2 =

B′
2 −

v

c
E′

3√
1− v2

c2

, B3 =
B′

3 +
v

c
E′

2√
1− v2

c2

Exercise 15.7. Let M be an n-dimensional oriented pseudo-Riemannian manifold with volume
form ω. Define inner product of forms α, β ∈ Ωk(M) by

((α, β)) =

∫
M

(α, β)ω =

∫
M

α ∧ ⋆β

(assuming that α, β are compactly supported or decay fast enough for the integral to converge).

(1) Prove that then

((dα, β)) = ((α, d∗β)), α ∈ Ωk−1(M), β ∈ Ωk(M)

where the operator d∗ : Ωk(M) → Ωk−1(M) is given by

d∗ = (−1)k⋆−1d⋆.

In particular, if n is even, and the metric is positive definite, then

d∗ = −⋆d⋆

and for M = R1,3, we have d∗ = ⋆d⋆.

(2) Show that for a 1-form A = Aµdx
µ, we have

d∗A = −∂µAµ.

where as usual, Aµ = ηµνAν and we assume that the coordinate system xµ is chosen so
that the volume form is given by ω = dx1 ∧ . . . dxn.

(3) Consider the operator

d∗d+ dd∗ : Ωk → Ωk.

Show that for k = 0, this operator, up to a sign, consides with the Laplace–Beltrami
operator:

(d∗d+ dd∗)f = −∂µ(∂µf) = ∂µ(η
µν∂νf)

where, as before, we assume that the volume form is given by ω = dx1 ∧ . . . dxn.
In particular, for R1,3 coincides with negative of the d’Alembert box operator:

(d∗d+ dd∗)f = −□f = −∂µ∂µf.

(compare with (11.31)).

(4) Show that more generally, for a k-form F = 1
k!

∑
FIdx

I ∈ Ωk(R1,3), we have

(dd∗ + d∗d)F = − 1

k!

∑
(□FI)dx

I .

Forms satisfying condition (dd∗ + d∗d)F = 0 are called harmonic.

Exercise 15.8 (Charged particle in electromagnetic field). Consider a relativistic particle of
mass m and electric charge e in the external electromagnetic field with the potential A = Aµdx

µ.
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(1) Show that the Euler-Lagrange equations for the action functional

S(γ) = −mc
∫ P1

P0

ds− e

c

∫ P1

P0

Aµdx
µ =

∫ t1

t0

(
−mc2

√
1− v2

c2
+
e

c
A · v − eφ

)
dt

have the form
dp

dt
= F ,

where p is the relativistic momentum and F is the Lorentz force,

F = e
(
E +

v

c
×B

)
.

(2) Show that canonically conjugated momentum P and the energy E of the particle are given

by P = p+
e

c
A and E = c

√
m2c2 + p2 + eφ.

(3) Show that the Euler-Lagrange equations can be written in the Hamiltonian form

Ṗ = −∂H

∂r
, ṙ =

∂H

∂P
,

where

E = −∇φ− ∂A

∂t
, B = ∇×A,

and the Hamiltonian function H is obtained from E by replacing p by P − e

c
A.





Chapter 16

Gauge Fixing and
Hamiltonian Formalism
in Electromagnetism

16.1. Gauge fixing

As discussed in the previous chapter, Maxwell’s equations in the empty space take the form

(16.1) dF = 0 and d⋆F = 0

where F = 1
2Fµνdx

µ ∧ dxν is a 2-form on the Minkowski space R1,3. The general solution
of equations (16.1) is F = dA, where A = Aµdx

µ is a one-form satisfying

(16.2) ⋆d⋆dA = 0.

For given F , the choice of such 1-form A is not unique: if A is a solution, then for any
smooth function f on R1,3, we have F = dA = d(A+ df), so A+ df is also a solution (this
is closely related to the fact that the equation (16.2) is not hyperbolic). Solutions A and
A + df are commonly called “gauge equivalent”; as we will disucss later in a more general
setting, these solutions are obtained from each other by the action of a so-called “gauge
group”. Physically, these solutions are considered to be equvalent.

It is common in physics to impose additional constraints on the form A to eliminate
or at least reduce this ambiguity. It is commonly referred to as “gauge fixing”. There are
several possible approaches; the most popular is using the Lorenz1 gauge condition:

(16.3) d⋆A = 0,

or, equivalently, d∗A = ∂µAµ = 0, where d∗ = ⋆d⋆ (see Exercise 15.7). We will show below
that for any A that satisfies Maxwell’s equations, there is a gauge equivalent form which
also satisfies the Lorenz gauge condition.

1Named after Danish physicist and mathematician Ludvig Lorenz, not to be confused with the Dutch physicist

Hedrick Lorentz!

165
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Together with Maxwell’s equations d∗dA = 0, Lorenz gauge condtion implies that A
satisfies the equation

(d∗d+ dd∗)A = 0

which, by results of Exercise 15.7, is equivalent to

(16.4) □Aµ = 0 for all µ

where
□ = ∂µ∂

µ = ∂20 − ∂21 − ∂22 − ∂23
is the D’Alembert box operator. Note that equation (16.4) is hyperbolic.

Lorenz gauge condition does not fully fix the choice of A: if A is a solution of Maxwell’s
equations satisfying (16.3), then so does A + df for any function f satisfying □f = 0.
To further reduce ambiguity, we can impose an additional gauge condition, namely the
Hamilton gauge condition A0 = 0. Together with Lorenz gauge, this gives the Coulomb
gauge conditions

(16.5)
d ⋆A = 0,

A0 = 0.

Coulomb gauge conditions can be rewritten in terms of the scalar potential φ = cA0

and vector potential A = (A1, A2, A3), where Ai = −Ai (see (15.34)). Namely, they are
equivalent to requiring that φ = 0 and the vector potential A satisfies

∇ ·A = ∂iA
i = 0.

Lemma 16.1. Let A ∈ Ω1(R1,3) be a solution of Maxwell’s equations in free space (ρ = 0,
j = 0) such that for each time slice t = t0, A(t0,x) is of Schwartz class. Then one can find

a unique gauge equivalent form Ã = A+df which satisfies Coulomb gauge conditions (16.5)
and is again of Schwartz class on each time slice.

Proof. First, gauge transformation A 7→ A + df , where f is chosen so that ∂0f = −A0

allows us to replace A by a gauge equivalent form satisfying A0 = 0. It is easy to check
that Schwartz class condition is preserved.

Next, if A0 = 0, then E = −∂A
∂t

(see (15.35)) which together with Maxwell’s equation

∇ ·E = 0 implies that
∂

∂t

(
∇ ·A

)
= 0.

In other words, ∇ ·A is time-independent.

Let χ be a function on R3 which satisfies the equation

∆χ = −∇ ·A
where ∆ = ∇2 = ∂21+∂

2
2+∂

2
3 is the Laplace operator in R3. As is well-known, this equation

has a solution, which can be written in terms of Green’s function. Then it is easy to see
that ∇ · (A+∇χ) = 0, so the gauged transformed Ã = A+ dχ satisfies the Lorenz gauge

condition together with Ã0 = 0.

Uniqueness follows from the fact that a solution of ∆χ = −∇ ·A is unique if we require
it to be of Schwartz class: indeed, if χ1, χ2 are two solutions, then χ1 − χ2 would be a
harmonic function of Schwartz class. But the ony such function is zero. □
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Remark 16.2. Note that Lorenz gauge conditions are relativistic invariant, i.e. invariant
under the action of Lorenz group L = SO(1, 3). Condition A0 = 0 is not relativistic
invariant.

Remark 16.3. Maxwell equations with sources in the Lorenz gauge have the form

□Aµ = Jµ.

To summarize, in the Coulomb gauge Maxwell equations in free and empty space take
the form

(16.6) ∇ ·A = 0, □A = 0 and E = −∂A
∂t

, B = ∇×A,

which implies

(16.7) □E = 0 and □B = 0.

16.2. Plane waves

Consider the simple case when vector potential A depends only on coordinates x = x1 and
t. In the Coulomb gauge Maxwell equations (16.6) reduce to

∂2A

∂t2
− c2

∂2A

∂x2
= 0

and have a general solution

A(t, x) = A+

(
t− x

c

)
+A−

(
t+

x

c

)
,

where A+, A− are arbitrary vector-valued functions of single variable. They describe plane
waves moving in positive and negative directions of the x-axis. We begin by analyzing the
wave moving in a positive direction of the x-axis:

A = A
(
t− x

c

)
.

The Coulomb gauge condition ∇ ·A = 0 gives

∂A1

∂x
= 0,

so A1 = at, where a is a constant. It is sufficient to consider a special case A1 = 0, since
according to (15.35) the general case is obtained by adding a constant electric field in the
x-direction.

Introducing the direction of propagation of the wave — the unit vector n = e1 — we

have A ⊥ n. Since ∂1A = −1

c
∂tA and ∂2A = ∂3A = 0, we obtain

∇×A = −1

c
n× ∂tA.

By (15.35), this gives the following formulas for the electric and magnetic fields

(16.8) E = −∂tA and B = −1

c
n× ∂tA =

1

c
n×E.

Thus we see that electric and magnetic fields E and B are perpendicular to the direction
n of propagation of the waves. In physics terminology, electromagnetic plane waves are
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said to transverse waves. Moreover, the electric and magnetic fields are orthogonal with

the strengths E = cB. Tho summarize, vectors n,
E

E
,
B

B
form an orthonormal positively

oriented basis of R3.

The above discussion can easily be generalized to electromagnetic wave propagating in
any direction: for a unit length vector n, we consider a solution of Maxwell’s equations of
the form

A = A
(
t− r · n

c

)
,

and formulas (16.8) hold.

The components of the energy-momentum tensor of a plane wave are easily found to be
(see Section 15.5)

T 00 =
E2

c2
and S =

1

c2
E × n×E =

E2

c2
n,

so that (T 00)2 = S2.

An important special case of electromagnetic wave is a monochromatic plane wave:

A = Re
{
A0e

−iω(t− r·n
c

)
}
,

where n is a unit vector in the direction of propagation of the wave, and A0 ∈ C3 is a
constant complex vector such that A0 · n = 0. The number ω is called the frequency.

Introducing the wave vector k =
ω

c
n, we can rewrite the previous formula as

A = Re
{
A0e

i(k·r−ωt)
}
.

Using (16.8), we get

E = Re
{
E0e

i(k·r−ωt)
}

and B = Re
{
B0e

i(k·r−ωt)
}
,

where

E0 = iωA0 and B0 = ik ×A0.

It is easy to show that one can choose coordinate axes y and z, perpendicular to n and
to each other, such that in the new coordinates we have

(16.9) Ey = b1 cos(ωt− k · r − α) and Ez = ±b2 sin(ωt− k · r − α),

for some non-negative b1, b2 and a phase α. If b1, b2 are non-zero, we have

E2
x

b21
+
E2
z

b22
= 1,

so that at each point in space the electric field vector E rotates in the plane perpendicular
to the direction of propagation filling an ellipse. Such wave is called elliptically polarized.
If b1 = b2, the wave is called circularly polarized, and in case b1 or b2 is zero, the wave is
called linearly polarized.

Remark 16.4. Introduce the 4-vector (kµ) =
(ω
c
,k
)
and (kµ) =

(ω
c
,−k

)
with the prop-

erty kµk
µ = 0. We have kµx

µ = ωt− k · r, so that

A(x) = Re
{
A0e

−ikµxµ
}
.
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The electromagnetic waves describe photons, massless particles with 4-wave vector satisfying
k20 = k2.

16.3. The general solution

As in Section 13.5, we show that the electromagnetic field can be treated as a (continuous)
collection of non-interacting harmonic oscillators. For this aim, we obtain a general formula
for solution of Maxwell equations in Coulomb gauge.

We assume that we are given initial conditions, i.e. the values of vector potential A(t, r)
and its time derivative ∂tA(t, r) at t = 0. Thus, we need to solve the following Cauchy
problem:

(16.10)

□A = 0,

A(0, r) = A0(r),

∂A

∂t
(0, r) = A1(r),

where □ = ∂µ∂
µ. Here Cauchy data A0(r) and A1(r) satisfy Coulomb gauge condition

∇ ·A0 = 0 and ∇ ·A1 = 0

and rapidly decay as |r| → ∞.

As in Section 13.5, Cauchy problem for the wave equation in R4 is solved by the Fourier
transform. Namely, let

(16.11)

A0(r) =
1

(2π)
3
2

∫
R3

eik·ra0(k)d
3k

A1(r) =
1

(2π)
3
2

∫
R3

eik·ra1(k)d
3k

Since A0(r),A1(r) are real-valued, we have a0(k) = ā0(−k), a1(k) = ā1(−k); similarly,
conditions ∇ ·A0 = 0, ∇ ·A1 = 0 are equivalent to k · a0(k) = k · a1(k) = 0.

Theorem 16.5. General solution of Cauchy problem (16.10) is

(16.12) A(t, r) =
1

(2π)3

∫
R3

(
e−i(ωkt−k·r)a(k) + ei(ωkt−k·r)ā(k)

)
d3k,

where ωk = c|k| and

a(k) =
1

2
a0(k) +

1

2ic|k|
a1(k),

with a0, a1 defined by (16.11).

Proof. Each component of A satisfies Klein-Gordon equation with zero mass, so general
solution — formula (16.12) — is obtained from the corresponding formulas (13.20)–(13.21)
by setting m = 0 and remembering that t0 = ct. □
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For electric and magnetic fields we have

E = −∂A
∂t

=
i

(2π)
3
2

∫
R3

ωk

(
e−i(ωkt−k·r)a(k)− ei(ωkt−k·r)ā(k)

)
d3k

and

B = ∇×A

=
i

(2π)
3
2

∫
R3

k ×
(
e−i(ωkt−k·r)a(k)− ei(ωkt−k·r)ā(k)

)
d3k.

By Plancherel theorem we have for total energy of the electromagnetic field,

E =
1

8π

∫
R3

(
1

c2
E2 +B2

)
d3r

=
1

4π

∫
R3

(
1

c2
ω2
k a(k)ā(k) + (k × a(k)) · (k × ā(k))

)
d3k

=
1

2πc2

∫
R3

ω2
k a(k) · ā(k)d3k,

where we have used the identity (k × a(k)) · (k × ā(k)) = |k|2a(k) · ā(k), which follows
from k · a(k) = 0.

Similarly,

1

4π

∫
R3

Sd3r =
1

4πc

∫
R3

(E ×B)d3r

=
1

2πc

∫
R3

ωk a(k)× (k × ā(k))d3k

=
1

2π

∫
R3

ωk (a(k) · ā(k))kd3k.

Finally, putting

P (k) =
ωk

2c
√
π
(a(k) + ā(k)) Q(k) =

i

2c
√
π
(a(k)− ā(k)),

we obtain a representation of the energy and momentum of electromagnetic field in terms
of the oscillators

1

8π

∫
R3

(
1

c2
E2 +B2

)
d3r =

1

2

∫
R3

(P 2(k) + ω2
kQ

2(k))d3k

1

4πc

∫
R3

(E ×B)d3r =
c

2

∫
R3

(ω−1
k P 2(k) + ωkQ

2(k))kd3k,

where the normal modes P (k) and Q(k) satisfy

k · P (k) = k ·Q(k) = 0.
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16.4. Hamiltonian formalism in classical electrodynamics

In this section, we describe Maxwell’s equations in Hamiltonian formalism. For simplicity,
we work in the system of units where c = 1. In this case, the Lagrangian function of
classical electromagnetic theory in the absence of sources is given by the following formula
(see Section 15.4):

(16.13) L (A) = − 1

16π
FµνF

µν =
1

8π
(E2 −B2).

As in Section 15.4, we consider L as a function of the 4-potential A = (A0, A1, A2, A3) =
(A0,−A) and its time derivative ∂0A, expressing E, B in terms of A as follows:

B = ∇×A
E = −∇A0 − ∂0A

or, equivalently

Bj = −ϵjkl∂kAl,
Ei = ∂0Ai − ∂iA0.

However, we can not just repeat the same steps we did for a free field theory to get
a Hamiltonian description of Maxwell’s theory of electromagnetism, since the Lagrangian
(16.13) is singular, so the Legendre transform is not an isomorphism. This is immediate
from observing that L (A) does not depend on ∂0A0; a deeper reason for this degeneracy
lies in the fact that E,B depend only on the gauge equivalency class of A— we will discuss
this in more detail later.

To get the Hamiltonian description, we will follow the method described in Chapter 6,
rewriting (16.13) as a first order Lagrangian. To do this, we observe the trivial identity
E2 = 2(∂0Ai − ∂iA0)Ei −E2, which allows us to rewrite the Lagrangian as

(16.14)

L (A) =
1

4π

(
(∂0Ai − ∂iA0)Ei −

1

2
(E2 +B2)

)
=

1

4π

(
−E · ∂0A−E ·∇A0 −

1

2
(E2 +B2)

)
.

Since E ·∇A0 = −(∇ · E)A0 +∇(A0E) and by Stokes’ theorem, an integral of total
divergence is zero, we obtain the following formula for the electromagnetic field Lagrangian

(16.15) L =
1

4π

∫
R3

(
−E(x) · ∂0A(x)− 1

2(E
2(x) +B2(x)) +A0(x)∇ ·E(x)

)
d3x.

We will consider A0,A,E as independent variables, and B = ∇ ×A as a function of
A.

Let us compare (16.15) with the first order Lagrangian studied in (6.13):

L = pq̇ −H(p, q)−
m∑
a=1

λaφ
a(p, q).

One can see that (16.15) is indeed an infinite-dimensional analog of (6.13) as follows:
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• A(x) is an analog of q, E(x) is an analog of p, and the term
1

4π

∫
Ei(x)∂0Ai(x)

plays the role of pq̇ term. Thus, the conjugate momenta to Ai(x) is
1

4π
Ei(x).

• The energy H(p, q) is the total energy of the electromagnetic field:

(16.16) H =
1

8π

∫ (
E2(x) +B2(x))d3x, B = ∇×A.

• The term
1

4π

∫
A0(x)∇ · E(x) is an analog of the term λaφ

a(p, q); thus, A0(x)

are Lagrange multipliers and ∇ ·E(x) are the constraints. For future convenience,
we introduce the notation

C(x) = ∇ ·E(x).

• The phase space M = {(E,A)} is the following infinite-dimensional real vector
space2

M = S (R3,R3)× S (R3,R3)

with the symplectic form Ω

(16.17) Ω =
1

4π

∫
R3

(dEi(x) ∧ dAi(x)) d3x,

so that the pairs (Ei(x), Ai(x)) are Darboux coordinates on M with the canonical
Poisson brackets

(16.18) {Ei(x), Aj(y)} = 4πδijδ(x− y), i, j = 1, 2, 3.

According to general formalism in Chapter 6, the Maxwell’s equations — the Euler-
Lagrange equations for the Lagrangian L (A) — can be written as Euler–Lagrange equations
(6.14)–(6.16), which in our case become

(16.19)

d

dt
Ei(x) = {H − C,Ei(x)}, C =

1

4π

∫
R3

A0(x)C(x)d
3x,

d

dt
Ai(x) = {H − C,Ai(x)},

C(x) = 0.

It is very instructive to verify it directly. Namely, using canonical Poisson brackets
(16.18), it is easy to check that we have the following relations (see Exercise 16.2):

(16.20)

{H,Ai(x)} = Ei(x),

{H,Ei(x)} = ϵijk∂kBj(x), Bj = (∇×A)j = −ϵjkl∂kAl,
{C(x), Ei(y)} = 0,

{C(x), Ai(y)} = 4π
∂

∂xi
δ(x− y).

This readily implies that for C defined in (16.19) we have

{C,Ai(x)} = −∂iA0(x),(16.21)

{C,Ei(x)} = 0.(16.22)

2Here S (R3,R3) stands for the space of R3-valued Schwartz functions on R3.
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Thus, we can rewrite Euler–Lagrange equations (16.19) as

(16.23)

d

dt
Ei(x) = ϵijk∂kBj(x),

d

dt
Ai(x) = Ei(x)− ∂iA0(x),

C(x) = 0.

or, equivalently,

(16.24)

∂tE = ∇×B,
E = −∇A0 − ∂tA,

∇ ·E = 0.

Since B = ∇ × A, we see that these equations coincide with the Maxwell’s equations
(15.2)–(15.5) in the absence of sources.

Thus we have shown that the Lagrangian of electromagnetic theory can be written as
a first order Lagrangian in the form (6.13), and that the Euler–Lagrange equations for this
Lagrangian are exactly Maxwell’s equations.

Since the Lagrangian is singular, we can not use the Legendre transform to rewrite this
as a Hamiltonian system on M. Instead, we will follow the approach of Section 6.3 and
show that this system is equivalent to a Hamiltonian system on a reduced phase space M∗

0.

Lemma 16.6. The constraints C(x) = ∇·E(x) = 0 for x ∈ R3, are a first class constraints
as defined in Definition 6.4.

The proof is immediate since

(16.25)
{C(x), C(y)} = 0,

{H,C(x)} = 0,

which is easy to derive from (16.20).

As in Section 6.3, the construction of the reduced phase space is done in two steps.
First, we define

M0 = {(E,A) ∈ M | ∇ ·E = 0}.
Next, we need to take the quotient by the infinitesimal action of the vector fields on M0

generated by the constraints C(x). To do that, define

Cφ =
1

4π

∫
φ(x)C(x) d3x

where φ is a Schwartz class function on R3. Then (16.20) implies

{Cφ, Ei(x)} = 0, {Cφ, Ai(x)} = −∂iφ(x).
Thus, the Hamiltonian vector field on M generated by Cφ is

δE(x) = 0, δA(x) = ∇φ(x),

and the flow of this vector field is the transformation

(16.26) (E,A) 7→ (E,A+ s∇φ).

These are exactly the gauge transformation of A, discussed in the previous chapter.
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Theorem 16.7. Define the reduced phase space M∗
0 as the set of gauge equivalence classes

(E,A) ∈ M0 under the gauge transformations (16.26).

(1) The symplectic form Ω descends to M∗
0 and defines on it a structure of an infinite-

dimensional symplectic manifold. Similarly, the Hamiltonian function H given by
(16.16) aslo descends to M∗

0.

(2) The Euler–Lagrange equations (16.23) on M∗
0 coincide with equations of motion

of the Hamiltonian system (M∗
0,Ω, H).

Note that in particular, this shows that the solutions of equations of motion on M∗
0 do

not depend on the choice of A0(x). Thus, if we are only interested in solutions modulo the
gauge equivalence, we can choose A0(x) = 0.

This theorem shows that choosing gauge condition such as Coulomb gauge can be viewed
as choosing a slice in M0 transversal to the foliation P defined by the vector fields generated
by constraints, as in Section 6.3. For example, one can use the Lorenz gauge:

D(x) = −∇ ·A(x) = 0,

which, together with A0(x) = 0, gives Coulomb gauge conditions (16.5). By Lemma 16.1,
this allows one to choose a unique representative in each gauge equivalence class, which
strongly suggests that this slice is transversal to the foliation.

One can show transversality by showing that the integral operator with the kernel
{C(x), D(y)} is non-degenerate in L2(R3) (this is the infinite-dimensional analog of condi-
tion det

(
{χa, φb}

)m
a,b=1

̸= 0, see (6.27)). Indeed, it follows from (16.18) that,

{C(x), D(y)} =
∂2

∂xi∂yi
δ(x− y),

which is the integral kernel of the operator −∆, Laplace operator of the Euclidean metric
on R3.

Thus the reduced phase space M∗
0 of classical electrodynamics can also be defined as a

linear subspace in M defined by

M∗
0 =

{
(E(x),A(x)) ∈ M | C(x) = D(x) = 0, x ∈ R3

}
.

Since

{D(x), D(y)} = 0,

Darboux coordinates for the symplectic form Ω0 = Ω|M∗
0
can be found by the general

procedure described in Section 6.3.

Using Exercises 6.4 and 6.5 in Chapter 6, the Poisson bracket { , }0 on M∗
0, associated

with the symplectic form Ω0, can be written as a restriction of the Dirac bracket on M,
associated with the second class constraints C(x), D(x) for all x ∈ R3. Namely, we have

{F,G}DB = {F,G}+
∫
R3

∫
R3

(
{F,C(x)}G(y − x){D(y), G}−

− {F,D(x)}G(x− y){C(y), G}
)
d3xd3y,(16.27)
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where G(x− y) is a distribution satisfying∫
R3

G(x− z){C(z), D(y)}d3z = δ(x− y),

or

G(x) =
1

(2π)3

∫
R3

eikx

k2
d3k.

Using (16.18) we readily compute that

(16.28) {Ei(x), Ej(y)}DB = {Ai(x), Aj(y)}DB = 0

and

(16.29) {Ei(x), Aj(y)}DB = 4πδ⊥ij(x− y), x,y ∈ R3,

where the distribution δ⊥ij(x) is the transverse δ-function,

(16.30) δ⊥ij(x) =
1

(2π)3

∫
R3

(
δij −

kikj
k2

)
eikxd3k, i, j = 1, 2, 3.

It satisfies

∂iδ
⊥
ij(x) = 0, j = 1, 2, 3.

Thus Dirac bracket (16.27) yields a ‘transverse’ Poisson structure { , } on M, deter-
mined by (16.28)–(16.29). It is degenerate and its center is generated by C(x) and D(x)
for x ∈ R3. The Dirac bracket { , }DB restricts to M∗

0 and yields a non-degenerate Poisson
bracket { , }0 associated with the symplectic form Ω0. Since∫

R3

δ⊥ij(x− y)fj(y)d3y = fi(x)

for any f(x) ∈ S (R3,R3) satisfying ∇ · f(x) = 0, it immediately follows from previous
computations that Hamilton’s equations on M∗

0

Ė(x) = {H,E(x)}0,

Ȧ(x) = {H,A(x)}0,
yield

∂E

∂t
= ∇×B, where B = ∇×A and

∂A

∂t
= −E.

Together with the Gauss law, they give the full set of Maxwell equations in the Coulomb
gauge.

16.5. Coupling electromagnetiic field with matter

Recall that the Lagrangian density of the electromagnetic field in the presence of sources is
given by (15.40),

L (A) = − 1

16π
FµνF

µν − µ0
4π
AµJ

µ and Fµν = ∂µAν − ∂νAµ.

The equations of motion read

∂µF
µν = µ0J

µ,

where Jµ is a conserved current, ∂µJ
µ = 0.
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The current Jµ can be realized as a conservation law for the spinor field with the Dirac
Lagrangian density

L (ψ̄, ψ) = iψ̄γµ∂µψ −mψ̄ψ,

considered in Example 11.6. Namely, we have in Example 12.5 that the current

Jµ = ψ̄γµψ

is a Noether conservation law. Thus it is natural to couple the electromagnetic field with
the spinor field and consider Lagrangian density

(16.31) L =
1

4π

(
−1

4
FµνF

µν + ψ̄(iγµ∂µ −m)ψ − eψ̄γµAµψ

)
,

where instead of µ0 we introduced a constant e. Corresponding equations of motion are

(16.32) ∂µF
µν = eψ̄γµψ and iγµ(∂µ + ieAµ)ψ −mψ = 0.

As we have seen in Section 15.4, Maxwell’s equations are invariant under the gauge
transformations Aµ 7→ Aµ + ∂µf , while Dirac equation is only U(1)-invariant. However,
coupling with the electromagnetic field promotes global U(1)-invariance to gauge invariance
with the structure group U(1). This means that Lagrangian (16.31) is invariant under the
transformations

A 7→ A+ df and ψ(x) 7→ e−ief(x)ψ(x), ψ̄(x) 7→ eief(x)ψ̄(x)

for arbitrary smooth real-valued function f(x) on R4.

As we will discuss it Section 17.2 nad 18.2. ∂µ+iAµ are covariant directional derivatives
for a connection ∇ in the principal U(1)-bundle (or in the line bundle u(1)P ) over R4 with
the one-form ieA. As it customary in physics textbooks, here we use u(1) = iR and not
identify it with R, as in Section 18.2 (see Remark 17.3). Introducing physicist’s notation

/D = γµDµ = γµ(∂µ + ieAµ),

we can rewrite the Lagrangian (16.31) as

(16.33) L =
1

4π

(
−1

4
FµνF

µν + ψ̄(i /D −m)ψ

)
.

Remark 16.8. It is remarkable that (16.33) is the Lagrangian of quantum electrodynamics
(QED), the relativistic quantum field theory describing the interaction of light and matter.
Specifically, photons, a quanta of the electromagnetic field, interact with the electrons
and their anti-particles — positrons — a quanta of the spinor fields ψ and ψ̄. Photons
are massless elementary particles of spin 1 (bosons) and carry no electric charge, while
electrons and positrons are massive elementary particles of spin 1

2 (fermions) and carry
electric charges e and −e. The total electric charge

Q = e

∫
R3

ψ̄(x)γ0ψ(x)d3x

is conserved, and in the quantum theory is an integer multiple of e (i.e. is an operator with
the eigenvalues e times the number of particles minus the number of anti-particles).
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In a similar way we can couple the electromagnetic field with the complex scalar field,
considered in Example 11.4. We know from Example 12.3 that corresponding conserved
current is

Jµ = i(φ∂µφ̄− φ̄∂µφ),

and we obtain a U(1)-gauge invariant Lagrangian by promoting partial derivatives to co-
variant derivatives,

(16.34) L =
1

4π

(
−1

4
FµνF

µν +DµφD
µφ̄−m2|φ|2

)
.

This procedure is known as minimal coupling. Correspondingly, the current Jµ is being
promoted to a current

Ĵµ = i(φDµφ̄− φ̄Dµφ),

where partial derivatives are replaced by the covariant derivatives, and the Euler-Lagrange
equations for the electromagnetic field are Maxwell’s equations with the current Ĵµ.

16.6. Exercises

Exercise 16.1. Derive formulas (16.9).

Exercise 16.2. Prove formulas (16.20) for Poisson brackets on M.

Exercise 16.3. Similarly to what was done in Section 13.4, show that Poincaré group acts on the
reduced phase space M∗

0 in a Hamiltonian way and find the corresponding Hamiltonian functionals.

Exercise 16.4. Express the Hamiltonian functionals from the previous exercise in terms of normal
modes a(k) and ā(k).

Exercise 16.5. Derive equations of motion for the Lagrangian (16.34).





Chapter 17

Connections and
Curvature

In the previous chapter, we discussed Maxwell’s theory of electromagnetism. It turns out
that it is a very special case of a large class of theories, known as Yang–Mills theories.
Such a theory depends on a choice of a compact Lie group, called the structure Lie group
of the theory; for electromagnetism, the structure group is the group U(1). To formulate
the Yang–Mills theory for arbitrary compact Lie group G and explain its relation with
Maxwell’s theory of electromagnetism, one needs to use differential geometry of principal
and vector bundles. It is succinctly summarized below; readers familiar with this material
can skip this chapter, returning to it as needed.

17.1. Vector bundles and G-bundles

We begin by reminding the key facts about vector bundles and G-bundles.

Let π : E →M be a complex vector bundle of rank r over a manifold M (later, we will
take M to be the spacetime of our theory). We denote by Ex the fiber of E at point x ∈M
and by E the sheaf of smooth sections of E; thus, for an open U ⊂ M , E(U) = Γ(E , U) is
the vector space of all sections of E over U .

Choose an open cover M =
⋃
α∈A Uα such that the restriction of E to each Uα can be

trivialized: we have an isomorphism of vector bundles

(17.1) φα : E|Uα ≃ Uα × Cr.

Then on each Uαβ = Uα ∩ Uβ, we have two trivializations φα, φβ which are related by

(17.2) φα = gαβ
φβ on Uα ∩ Uβ

for some functions gαβ on Uα ∩ Uβ with values in the group GL(r,C). These functions are
called the transition functions; they satisfy the cocycle conditions:

(17.3)
gαβgβα = 1 on Uα ∩ Uβ,
gαβgβγ = gαγ on Uα ∩ Uβ ∩ Uγ

179
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and thus define a class in the Čech cohomology group Ȟ1(M,GL(r,C)).
In terms of local trivializations, sections of E can be described as collections of functions

sα : Uα → Cr such that

(17.4) sα = gαβsβ on Uα ∩ Uβ.

So far, all our transition functions took values in the group GL(r,C). However, it
frequently happens that one can choose trivializations for which all transition functions
take values in some closed subgroup G ⊂ GL(r,C). In such a situation, we say that vector
bundle E has the structure group G. For example, if E carries a Hermitian structure (i.e.
a positive definite Hermitian form), then one can choose local trivializations which identify
the Hermitian form with the standard inner product in Cr; thus, in this case all transition
functions will take values in the group G = U(r).

The real vector bundles of rank r over M are introduced in the same way by replacing
the vector space Cr by Rr.

In fact, there is a way to define a G-bundle for arbitrary Lie group G, whether or not
it is a subgroup in GL(r,C). This can be done using the language of principal G-bundles.

Definition 17.1. Given a Lie group G and a smooth manifold M , a principal G-bundle
over M is a fiber bundle π : P → M with a smooth right G-action: every g ∈ G defines a
bundle map P → P : p 7→ pg such that the action of G on each fiber Px is free and transitive.

By definition, there is an open covering M =
⋃
α∈A Uα such that over each Uα there is

a local trivialization, i.e. a diffeomorphism

(17.5) φα : P |Uα → Uα ×G,

which commutes with the right action of G: if φ(p) = (x, h), then φ(pg) = (x, hg). Here we
use notation P |U = π−1(U).

As before, this implies that on the intersection Uαβ = Uα ∩ Uβ we have two different

trivialization φα, φβ. Thus, we can consider composition φα ◦ φ−1
β : Uαβ × G → Uαβ × G.

Since every diffeomorphism G → G which commutes with the right action of G on itself
must be given by left multiplication by some element of G, we see that

(17.6) φα ◦ φ−1
β (x, g) = (x, gαβ(x)g)

for some collection of transition functions gαβ : Uαβ → G. These transition functions are
analogs of transition functions for vector bundles defined in (17.2); they satisfy the same
cocycle conditions (17.3). Conversely, it is easy to show that every collection of transition
functions gαβ satisfying the cocycle conditions defines a principal G-bundle.

As before, sections of a principal G-bundle can be described locally by collections of
maps Sα : Uα → G, satisfying

(17.7) Sα = gαβSβ on Uαβ.

The relation between the notions of a principal G-bundle and a vector bundle is given
by the following construction. Given a Lie group G, a principal G-bundle P over M , and a
representation R : G → GL(V ) of G in a complex or real vector space V , there is a vector
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bundle VP →M of rank r = dimV , associated with P . It can be defined as the quotient

(17.8) VP = P ×G V = (P × V )/G,

where the right G-action on P × V is given by

(p, v) · g = (p · g,R(g−1)v), p ∈ P, v ∈ V.

In particular, given a local section s of P over some open U ⊂ M and a vector v ∈ V ,
we can define a section sv of VP as the composition U → P ×V → VP , where the first map
is x 7→ (s(x), v).

If gPαβ ∈ G are the transition functions of P , then the transition functions for the vector

bundle VP are given by gVαβ = ρ(gPαβ) ∈ ρ(G) ⊂ GL(V ). In particular, applying it to

the case when G ⊂ GL(V ) and ρ : G → GL(V ) is the tautological representation, we see
that in this case the principal G-bundle and the associated vector bundle have the same
transition functions, so conversely, one can recover the principal G-bundle from the vector
bundle. Thus, in this case the notions of a principal G-bundle and of a vector bundle with
a structure group G are effectively equivalent.

An important example of a vector bundle associated with a principal G-bundle comes
from the adjoint representation of G. Denote by g the Lie algebra of G; it has a natural
adjoint action of G. Thus, for every principal G-bundle P we can define a vector bundle

(17.9) gP = P ×G g,

called the adjoint bundle (notation adP is also used). In particular, if G = GL(V ), then
one can easily check that so defined vector bundle is given by gP = EndE, where E is the
vector bunde associated with the tautological representation of GL(V ): E = P ×GL(V ) V .

The vector bundle gP has an alternative description. Namely, let us say that a tangent
vector ξ ∈ TpP is vertical if π∗ξ = 0, where π : P → M is the projection of P onto M .
Equivalently, ξ is vertical if it is a tangent vector to the fiber Px containing p. We will
denote by T V P ⊂ TP the subbundle of vertical vectors:

(17.10) T Vp P = {ξ ∈ TpP | π∗ξ = 0} = TpPx, x = π(p).

This subbundle is preserved by the action of G on TP (induced by the right action of G on
P ).

One easily sees that the right action of G on P induces, for every point p ∈ P , a vector
space isomorphism

(17.11)

g ≃ T Vp P,

a 7→ d

dt

∣∣∣∣
t=0

(peat).

We will denote the inverse isomorphism by ψp:

(17.12) ψp : T
V
p P ≃ g.

Using this isomorphism, one can show (see Exercise 17.2) that one has natural isomor-
phism

(17.13) gP = T V P/G,
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where T V P = {(p, ξ) | p ∈ P, ξ ∈ T Vp P} is the total space of the vertical tangent bundle of
P .

17.2. Connections

Let E be rank r vector bundle over M , whose fibers are isomorphic to a real or complex
r-dimensional vector space V (Rr or Cr). Denote by Ωk(E) the sheaf of smooth k-forms on
M with values in E, and by Ωk(M,E) the vector space of global sections of this bundle,
i.e. the space of smooth k-forms on M with values in E.

Definition 17.2. A connection in a vector bundle E is a homomorphism of sheaves
∇ : Ω0(E) → Ω1(E), which satisfies the Leibniz rule

(17.14) ∇(fs) = df ⊗ s+ f(∇s)

for any local smooth section s of E and a smooth function f .

If we use local trivializations (17.1), then in each chart Uα the connection is given by

(17.15) ∇sα = dsα +Aαsα,

where d is the de Rham differential and Aα ∈ Ω1(Uα)⊗ gl(V ) is a matrix-valued one-form.
(From now on, we use the notation gl(V ) for the space EndV , considered either as an
associative algebra or as a Lie algebra.)

It is easy to show that these one-forms satisfy the transformation law

(17.16) Aα = gAβg−1 − dg g−1 on Uαβ,

where g = gαβ are the transition functions, or, equivalently,

(17.17) Aβ = g−1Aαg + g−1dg on Uαβ.

Here, notation dg g−1 and g−1dg should be understood in the most naive sense: g (and
thus g−1) is a matrix-valued function on M , so dg is a matrix whose entries are 1-forms,
and g−1dg is the product of matrices:

(17.18)

(g−1dg)ij =
∑
k

(g−1)ikdgkj ,

(dg g−1)ij =
∑
k

(g−1)kjdgik

(see (17.28) below for a generalization).

Connection can be thought of as a way of differentiating sections of E: given vector
field X on M and a section s,

(17.19) ∇X(s) = X(∇s).

In terms of local trivialization, the covariant derivative is given by

∇X(sα) = ∂Xsα +X(Aαsα).

In particular, given local coordinates x1, . . . , xn on a chart U ⊆M , we can define covariant
partial derivatives ∇µ = ∇∂µ corresponding to coordinate vector fields; then

(17.20) ∇s = ∇µ(s)dx
µ, where ∇µ = ∂µ +Aµ and A = Aµdx

µ.



17.3. Connections in principal G-bundles 183

Note that Aµ depend both on the trivialization of the bundle over U and on the choice of
local coordinates xµ.

Remark 17.3. In physics literature, the 1-form of the connection is usually defined by
∇µ = ∂µ + igAµ, where g is some positive constant (in Maxwell’s theory, g = e is the
elementary charge). Thus, when comparing our formulas to formulas in a physics texbook,
you need to include appropriate power of ie.

Connections can be used to identify fibers of E at different points. Namely, given a path
γ : [0, 1] → M connecting points x0 = γ(0) and x1 = γ(1), for any initial value s0 ∈ Ex0
there is a unique way to extend s to a section of E over γ so that ∇γ̇(t)s(t) = 0 for any
t ∈ [0, 1] (here dot stands for derivative with respect to t, so if we think of γ(t) as trajectory
of a moving point, then γ̇(t) ∈ Tγ(t)M is the velocity vector at time t). This gives rise to
holonomy map

(17.21) Holγ : Ex0 → Ex1 ,

which sends a value s0 ∈ Ex0 to the value s1 = s(1) where s is the section satisfying
∇γ̇(t)(s(t)) = 0.

Note that in general, holonomy depends not only on the starting and final points but
also on the choice of path γ; we will discuss it later when talking about curvature.

If E has structure group G ⊂ GL(V ), it makes sense to only consider connections
compatible with this structure group. The easiest way to define it is by requiring that for
any path γ which is completely contained in one of charts Uα, the holonomy map Holγ
(which, after choosing a local trivialization, can be considered as a map V → V ) is in G. It
is easy to show that this condition is equivalent to requiring that in the formula ∇ = d+Aα,
the one-form Aα takes values in End g, where g is the Lie algebra of G.

17.3. Connections in principal G-bundles

Many of the above constructions can be repeated for principal G-bundles. Informally, a
connection in a principal G-bundle π : P →M is a way of lifting paths in M to paths in P .
More precise definition is as follows.

Note that in any bundle π : P → M , we have a natural notion of vertical tangent
vector, defined by (17.10). However, the bundle structure by itself does not give us a notion
of horizontal vectors. Instead, this needs to be given as additional structure.

Definition 17.4. A connection in a principal G-bundle is a choice of subbundle H ⊂ TP ,
which is preserved by the right action of G and such that for every p ∈ P , the map
π∗ : TpP → TxM , x = π(p), induces an isomorphism Hp ≃ TxM .

Note that the condition that π∗ : TpP → TxM is an isomorphism is equivalent to requir-
ing that for every p ∈ P , we have TpP = T Vp P ⊕Hp, where T

V
p P is the subbundle of vertical

tangent vectors. This allows us to define for every tangent vector ξ ∈ TpP its “vertical”
and “horizontal” components:

(17.22) ξ = ξV + ξH , ξV ∈ T Vp P, ξH ∈ Hp.
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Example 17.1. Let P = M ×G be the trivial bundle. Then at each point p = (x, g), we
have a canonical isomorphism TpP = TxM ⊕ TgG and thus we can define a connection by
Hp = TxM . So defined connection is usually called the trivial connection.

A connection in a principal G-bundle gives rise to equivariant path lifting.

Lemma 17.5. Let P be a principal G-bundle P with a connection.

(1) For every path γ : [0, 1] → M , there exists a horizontal lift: a path γ̂ : [0, 1] → P
such that π(γ̂(t)) = γ(t) and for every t, the tangent vector d

dt γ̂(t) is horizontal.
Any two such lifts can be obtained from each other by the right action of G on P ;
such a lift is unique if we fix the starting point γ̂(0) ∈ π−1(γ(0)).

(2) For a path γ in M , define the holonomy operator along γ by

(17.23)
Holγ : Pγ(0) → Pγ(1),

p 7→ γ̂(1),

if γ̂ is the horizontal lift of γ with starting point γ̂(0) = p ∈ Pγ(0). Then this
operator commutes with the right action of G.

Note that in particular, if P = M × G is the trivial G-bundle so that each fiber is
identified with G, then each holonomy operator is given by left multiplication by an element
of G, which follows from the trivial observation that every map G → G which commutes
with the right action of G is given by a left action by some element of G. Thus, in this case
the holonomy gives a group morphism π1(M) → G. For example, for the trivial connection
described in Example 17.1, we have Holγ = e for any γ.

Using Lemma 17.5, one can define a relation between connections in a principal bundle
and in the associated vector bundle.

Theorem 17.6. Let P be a principal G-bundle with a connection and let VP be the associ-
ated vector bundle as defined in (17.8). Then there is a unique connection ∇ in V such that
for every horizontal path γ̂(t) in P and a vector v ∈ V , the path (γ̂(t), v) in VP is horizontal
with respect to ∇.

We will discuss another, more algebraic, way of relating connections in principal bundles
and in associated vector bundles in the next section (see Lemma 17.12).

17.4. One-form of a connection

Instead of describing a connection in principal G-bundles by specifying a horizontal subbun-
dle, one can also describe it by an appropriate 1-form, whose kernel consists of horizontal
vectors.

Let P be a principal G-bundle. Recall that for every p ∈ P we have an isomorphism
ψp : T

V
p P → g, where T Vp is the subbundle of vertical vectors, see (17.12).

Definition 17.7. A connection 1-form is a form A ∈ Ω1(P, g) such that

(1) For any vertical v ∈ T Vp P , we have A(v) = ψp(v).
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(2) For any g ∈ G, u ∈ TpP , we have

(17.24) Apg(g∗u) = Ad(g−1) ·Ap(u),

where g∗ : TpP → TpgP is the isomorphism of tangent spaces induced by the right
action of g.

The last condition is just a statement that form A is equivariant with respect to the
right action of G on P (and adjoint action of G on g).

Lemma 17.8. Let H ⊂ TP be a connection as defined in Definition 17.4. Define the form
A ∈ Ω1(P, g) by

A(u) = 0, u ∈ H,

A(u) = ψp(u), u ∈ T Vp P.

Then A is a connection 1-form as defined in Definition 17.7.

Conversely, given a connection 1-form A, one can uniquely construct a connection H
by Hp = Ker(Ap).

This lemma shows that instead of describing a connection by the choice of horizontal
subbundle, we can as well describe it by the connection 1-form A. Thus, we will frequenlty
refer to such a 1-form as the connection. This is usually a much more convenient (even
if less intuitive) way of describing connections. As an easy application, we can prove the
following result.

Theorem 17.9. For a principal G-bundle P , the set of all connections is an affine space
over the vector space Ω1(M, gP ). We will denote it by A(P ).

Proof. Let A,A′ be connection 1-forms. Then ω = A′ − A is a g-valued 1-form on P
such that for a vertical vector u, ω(u) = 0. Thus, ωp(v) depends only on the projection
ξ = π∗(v) ∈ TM and on point p. Moreover, it follows from (17.24) that if p, p′ are two
points in the same fiber Px, p

′ = pg, then

ωpg(ξ) = Ad g−1(ωp(ξ))

and thus the class of pair (p, ωp(ξ)) in Px×G g doesn’t depend on the choice of p. Therefore,
ω(ξ) is well-defined as an element of (gP )x. Conversely, it is easy to prove that if A is a
connection 1-form, and ω ∈ Ω1(M, gP ), then A+ ω is also a connection 1-form.

To complete the proof, we need to show that the set of all connection 1-forms is non-
empty, i.e. that there exists at least one connection. To prove it, note that if we choose a
covering of M by open sets Uα such that P |Uα can be trivialized, then on each Uα there
exists a connection one-form Aα corresponding to the trivial connection. The general result
now follows by the partition of unity argument: if φα ∈ C∞(M) are such that

∑
φα = 1

and support of φα is contained in Uα, then A =
∑
φαA

α is a connection 1-form on M . □

Example 17.2. Let P =M ×G be the trivial G-bundle (with a fixed choice of trivializa-
tion). This bundle has a distinguished connection, namely the trivial connection, defined
in Example 17.1. Thus, Theorem 17.9 shows that in this case, we have an isomorphism
A(P ) ≃ Ω1(M, g).



186 17. Connections and Curvature

In the above construction, the connection is described by a 1-form on P . However, this
information is redundant: since A is equivariant under the right action of G, it suffices to
know Ap at one point of the fiber Px to uniquely recover it everywhere. Thus, if we choose
a local section s : U → P |U of the bundle P , we can uniquely recover A from the 1-form

(17.25) As = s∗(A) ∈ Ω1(U, g)

or, equivalently,
As(ξ) = As(x)s∗(ξ), x ∈M, ξ ∈ TxM.

It depends on the choice of a section s; to stress this dependence, we will use notation
As. For example, it is immediate from the definition that As = 0 if and only if s∗(ξ) is
horizontal for any ξ ∈ TM . We will call such sections “horizontal”. Note, however, that
existence of such sections is not guaranteed, see Theorem 17.14.

Remark 17.10. Note that for a principal G-bundle, choosing a local section s is the same
as choosing a local trivialization φ : P |U → U×G. Indeed, a choice of a trivialization defines
a section

s(x) = φ−1(x, e),

and it is easy to see that conversely, a choice of section determines φ. Thus, we can also
think of As as determined by a local trivialization φ; for this reason, we will also use the
notation Aφ and refer to Aφ defined above as “local trivialization” of A:

(17.26) Aφ = s∗(A) ∈ Ω1(M, g), s(x) = φ−1(x, e).

It is natural to ask how connection 1-form As changes when we change the section s
(or, equivalenlty, how the form Aφ changes when we change the trivialization φ). To do
that, we first need to introduce some notation.

Recall that for a function g with values in the group GL(r,C) we had defined matrix-
valued 1-forms g−1dg and dg · g−1, see (17.18). We now need to define analogs of these
1-forms for arbitrary Lie group G.

For an element g ∈ G, let Lg : G → G be operator of the left multiplication by g. This
induces isomorphism of tangent spaces (Lg)∗ : ThG → TghG. In particular, we have the
isomorphism

(17.27)
TgG ≃ g

ξ 7→ (Lg−1)∗ξ.

For brevity, we will use the notation g−1 · ξ for (Lg−1)∗ξ. In a similar way, one can also

define an isomorphism TgG ≃ g : ξ 7→ (Rg−1)∗ξ induced by the right multiplication by g−1;

again, we will use shorter notation ξ · g−1.

Consider the g–valued 1-form θMC on G defined by

(17.28) θMC(ξ) = (g−1) · ξ ∈ g, ξ ∈ TgG.

This form is called the Maurer–Cartan form and is traditionally denoted just by g−1dg. It
is uniquely defined by the conditions that it is invariant under the left action of G on itself
and θMC(ξ) = ξ for ξ ∈ TeG = g (see Exercise 17.5).

In a similar way we define the g-valued form dg g−1 on G by

(17.29) ⟨dg g−1, ξ⟩ = ξ · g−1 ξ ∈ TgG.
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Theorem 17.11. Let A be a connection in a principal G-bundle P , and let sα, sβ be two
local sections of P , related by sβ(x) = sα(x)g(x) for some function g : M → G. Denote by

Aα = Asα, Aβ = Asβ corresponding trivializations of the connection 1-form, as defined in
(17.25).

Then Aα, Aβ are related by

Aα = gAβg−1 − dg g−1,

Aβ = g−1Aαg + g−1dg.

Note that instead of using sections sα, sβ in the statement of the theorem, we could
have used local trivializations φα, φβ, related by φα = gφβ, see Remark 17.10.

As one might expect, connections in principal G bundles can be used to construct
connections in vector bundles with structure group G.

Lemma 17.12. Let P be a principal G-bundle over M with connection given by a 1-form
A ∈ Ω1(P, g), let R : G → GL(V ) be a representation of G and let ρ : g → EndV be the
corresponding representation of g = Lie(G). Then the associated vector bundle VP has a
unique connection ∇ = dA with the property that for every section s of P and a vector
v ∈ V ,

(17.30) ⟨dA(s(x)v), ξ⟩ = ρ(As(ξ))v = ρ(A(s∗(ξ)))v, ξ ∈ TxM,

where s(x)v ∈ P ×G V is considered as a section of VP .

Moreover, in terms of a local trivialization φ : P |U → U × G of P , which also gives a
local trivialization of VP , one has

(17.31) dA = d+ ρ(Aφ),

where Aφ ∈ Ω1(U, g) is defined by (17.26).

We leave the simple proof of this lemma as an exercise to the reader.

In particular, for the adjoint bundle gP formulas (17.30)–(17.31) become

(17.32) dAs = ds+ [A, s],

where s is a local section of gP , and for brevity we denoted Aφ simply by A.

17.5. Gauge transformations

The gauge group G(P ) of a principal G-bundle P consists of bundle isomorphisms f : P → P
that commute with the right action of G. For the trivial bundle P = M × G, the gauge
group is the group of all G-valued functions on M , which acts on G by left multiplication:
G(P ) = C∞(M,G). This immediately follows from the fact that every diffeomorphism of
G which commutes with the right action is given by left multiplication by some element
x ∈ G.

More generally, using local trivializations (17.5), we see that elements of the gauge group
G(P ) are collections {fα}α∈A of smooth functions fα : Uα → G which satisfy the following
relation:

fα = gαβfβg
−1
αβ on Uα ∩ Uβ.
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From this, one immediately sees that the Lie algebra of the gauge group G(P ) is

Lie(G(P )) = Γ(M, gP ).

The gauge group acts on the space A(P ) of all connections in P ; this action is usually
referred to as “gauge transformations”, and its orbits are called “gauge equivalence classes”
(of connections).

Since gauge transformation {fα}α∈A change local trivializations by φα 7→ φ̃α = fαφα,
it acts on local connection 1-forms A = Aφ by

(17.33) A 7→ Ã = gAg−1 − dg g−1,

where we put Ã = Aφ̃ and g = fα. Thus the gauge transformations are exactly the trans-
formations of Theorem 17.11. In particular, for the trivial bundle a choice of trivialization
gives an isomorphism A(P ) ≃ Ω1(M, g) (see Example 17.2), and we have global gauge
transformations

(17.34) A 7→ gAg−1 − dg g−1, A ∈ Ω1(M, g), g ∈ G(P ) = C∞(M,G).

We leave it to the reader to check that in general the action of the Lie algebra Γ(M, gP )
on A(P ) in locall trivialization is given by

(17.35) u ·A = [u,A]− du, u ∈ Γ(Uα, g), A ∈ Ω1(Uα, g)

(“infinitesimal gauge transformations”).

17.6. Curvature of a connection

For simplicity, we begin with the discussion of curvature for a connection in a vector bundle
E. Recall that in this case, we defined the connection as a linear map ∇ : Ω0(E) → Ω1(E)
satisfying (17.14).

Lemma 17.13. A connection ∇ in a vector bundle E can be uniquely extended to a map
Ω•(E) → Ω•+1(E) which satisfies the Leibniz condition

(17.36) ∇(η ∧ ω) = (dη) ∧ ω + (−1)kη ∧∇ω, η ∈ Ωk, ω ∈ Ωl(E),

where Ωk stands for sheaf of smooth k-forms on M .

Indeed, we can define the extension by

(17.37) ∇(ψ ⊗ s) = dψ ⊗ s+ (−1)kψ ∧∇s,

where s ∈ Ω0(E) and ψ ∈ Ωk.

If the vector bundle E = VP and connection ∇ come from a principal G-bundle P with
a connection A, as described in Section 17.4, we will also denote the operator ∇ : Ω•(E) →
Ω•+1(E) by dA; in terms of local trivialization of P (and thus VP ), where the connection is
described by 1-form A, we have

(17.38) dA(ψ ⊗ v) = dψ ⊗ s+ (−1)kψ ∧ ρ(A)v, ψ ∈ Ωk, v ∈ V.

We will use notations ∇ and dA interchangeably.

Consider now the map

∇2 : Ω0(E) → Ω2(E).
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Then (17.36) implies for f ∈ Ω0,

∇2(fs) = ∇(df ⊗ s+ f∇s)
= −df ∧∇s+ df ∧∇s+ f∇2s = f∇2s.

This means that the map ∇2 : Ω0(E) → Ω2(E) is linear over Ω0 and is determined by a
2-form F ∈ Ω2(M,EndE):

∇2s = Fs.

Using local trivialization φα of E on Uα in which ∇ = d+Aα, Aα ∈ Ω1(Uα, gl(V )), we
see that

∇2sα = (d+Aα)(dsα +Aαsα)

= dAαsα −Aα ∧ dsα +Aα ∧ dsα +Aα ∧Aαsα
= (dAα +Aα ∧Aα)sα,

where Aα ∧ Aα is understood as a product in the matrix algebra gl(V ) together with the
usual exterior multiplication. Thus, in trivialization φα, we have

(17.39) Fα = dAα +Aα ∧Aα.

Using (17.17) and the Maurer-Cartan formula (see Exercise 17.5), one easily sees that under
the change of trivialization, Fα transforms as

(17.40) Fα = gαβF
βg−1
αβ on Uαβ,

which once again shows that F ∈ Ω2(M,EndE). It also implies that under gauge transfor-
mations (17.33),

(17.41) F → F̃ = gFg−1.

For future use, it is convenient to rewrite (17.39) in a slightly different form, namely

(17.42) Fα = dAα + 1
2 [A

α ∧Aα],

where [Aα∧Aα] is understood as the commutator in gl(V ), together with the usual exterior
multiplication. We will often use notation

F = FA = dA+A ∧A = dA+ 1
2 [A ∧A].

In local coordinates x1, . . . , xn on a chart U ⊆ M the connection is given by ∇ =
d+Aµdx

µ, where Aµ : U → gl(V ), so

(17.43) F = 1
2Fµνdx

µ ∧ dxν , where Fµν = [∇µ,∇ν ] =
∂Aν
∂xµ

− ∂Aµ
∂xν

+ [Aµ, Aν ],

and [Aµ, Aν ] is the commutator in gl(V ). This notation is used in physics textbooks.

It is also possible to define the curvature of a connection for a principal G-bundle. We
skip the details of this construction, just mentioning that in this case, the curvature of a
connection A is a 2-form FA ∈ Ω2(M, gP ), which in terms of a local trivialization is again
given by the formula (17.42), only now [ , ] is the commutator in the Lie algebra g. Similarly,
in terms of local coordinates, formula (17.43) holds if we understand the commutator to be
the commutator in g.
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As discussed in the previous section, a connection A in a pricipal G-bundle P automat-
ically defines a connection in any associated vector bundle VP . In particular, a connection
A in P defines a connection dA in the adjoint bundle gP by formula (17.32), and thus, by
Lemma 17.13, an operator

(17.44)
dA : Ω

p(M, gP ) → Ωp+1(M, gP ),

ω 7→ dω + [A ∧ ω]

(as before, we are using a local trivialization of A). Correspondingly, FA ∈ Ω2(M, gP )
defines a linear over functions map

(17.45)
d2A : Ω

p(M, gP ) → Ωp+2(M, gP ),

ω 7→ [FA ∧ ω].

Applying (17.44) to the curvature FA we get the Bianchi identity,

(17.46) dAFA = dF + [A ∧ F ] = [dA ∧A] + [A ∧ (dA+ 1
2 [A ∧A])] = 1

2
[A ∧ [A ∧A]] = 0.

The last equality follows from the Jacobi identity in g.

Bianchi identity can also be obtained from the Jacobi identity for covariant derviatives:

[[∇µ,∇ν ],∇σ] + [∇ν ,∇σ],∇µ] + [∇σ,∇µ],∇ν ] = 0.

In particular, if the group G is commutative, then Bianchi identity becomes dF = 0,
which trivially follows from F = dA.

Curvature of a connection measures the failure of this connection to be flat. Recall that
a connection ∇ (either in a vector bundle or a principal G-bundle over M) is called flat if
its holonomy Holγ depends only on the homotopy class of γ and, therefore, determines a
representation of the fundamental group of M . In this case, one can choose local trivializa-
tion φα so that the one-form of the connection vanishes: Aα = 0; for a principal bundle, it
is equivalent to choosing a section s which is horizontal. However, not every connection is
flat.

Theorem 17.14. A connection is flat if and only if its curvature is zero: F = 0.

As before, we refer the reader to standard textbooks in differential geometry for the
proof of this fact.

17.7. Chern–Weil theory

Connections allow one to define invariants of vector bundles (or of principal G-bunldes).
This is known as Chern–Weil construction, and the resulting invariants are called the char-
acteristic classes. The most famous example of them are the Chern and Pontryagin classes.

Let P be a principal G-bundle. Let Φ: g → C be a polynomial function on the Lie
algebra g, homogeneous of degree k, and invariant under the adjoint action of G. Invariance
under the adjoint action shows that for every section s of the adjoint bundle gP , the function
Φ(s) ∈ C∞(M) is well defined.
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Choose a connection A in P and let F ∈ Ω2(gP ) be the curvature of this connection.
Then the same argument as above shows that we can define

(17.47) Φ(F ) ∈ Ω2k(M,C).

The following theorem summarizes the main results of Chern–Weil theory.

Theorem 17.15. Let FA be the curvature of a connection A in principal G-bundle P and
let Φ(F ) be as defined above. Then we have the following results.

(1) The 2k-form Φ(F ) on M is closed:

dΦ(F ) = 0.

(2) Cohomology class

[Φ(F )] ∈ H2k(M,C)
does not depend on a choice of a connection A in P .

(3) A map

Φ 7→ Φ(F )

is a homomorphism of the commutative algebra of invariant polynomials on g into
the commutative algebra Heven(M,C) of differential forms of even degree on M .

The map Φ 7→ Φ(F ) is called the Weil homomorphism, and cohomology classes [Φ(F )]
are called the characteristic classes of a bundle P .

The algebra of invariant polynomials is well known for all compact Lie groups. In
particular, for G = U(r) and more generally for GL(r,C), this algebra is a free algebra
generated by elements P k, degP k = k, k = 1, . . . r. These generators are called elementary
invariant polynomials and are defined by

det(X + tI) =
r∑

k=0

P k(X)tr−k, where X ∈ gl(r,C), P 0 = 1.

Thus, if X has eigenvalues λi, then

P 1(X) =
∑

λi = tr(X),

P 2(X) =
∑
i<j

λiλj ,

. . .

P r(X) =
∏

λi = det(X).

Differential forms

(17.48) ck(F ) = P k
(
i

2π
F

)
are called Chern forms, and the corresponding cohomology classes are called Chern classes.

If E is a complex vector bundle of rank r, then its Chern classes are in fact integral
cohomology classes:

ck(E) =

[
P k
(
i

2π
F

)]
∈ Ȟ2k(M,Z), k = 1, . . . , r.
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Here Ȟ2k(M,Z) stands for the Čech cohomology with coefficients in the constant sheaf Z,
and ck(E) is understood as an image of a differential form (17.48) under the Čech-de Rham
isomorphism.

If E is a real vector bundle of rank r, then a choice of a Riemannian metric on E allows
to reduce its structure group from GL(r,R) to O(r). Since its Lie algebra o(r) consists of
skew-symmetric matrices, we have

det(tI +X) = det(tI −X), X ∈ o(r),

so P k(X) = 0 for odd k. Integral characteristic classes

pk(E) = P 2k

(
1

2π
F

)
∈ H4k(M,R)

are called Pontryagin classes. They are related to the Chern classes of the complexified
vector bundle E ⊗R C by the following simple formula

pk(E) = (−1)kc2k(E ⊗R C)

(note that c2k+1(E ⊗R C) = 0).

Example 17.3. An easy calculation shows that tr(X2) = P 1(X)2−2P 2(X) for any matrix
X. Thus, we have the following formula, which is frequently used: if E is a complex vector
bundle of rank r, and F is the curvature of some connection in E, then

[trF ∧ F ] = 4π2(2c2(E)− c21(E)) ∈ H4(M).

In particular, if E is a SU(r)-bundle, then c1(E) = 0, so [trF ∧ F ] = 8π2c2(E), and if E is
a real vector bundle, then

p1(E) = − 1

8π2
[trF ∧ F ].

17.8. Exercises

Exercise 17.1. Let π : P →M be a principal G-bundle. Show that the pullback bundle π∗P → P
is a trivial principal G-bundle.

Exercise 17.2. Prove formula (17.13): gP = TV P/G.

Exercise 17.3. Find local trivializations for a vector bundle defined by (17.8), and show that in
this case definition (17.14) reduces to (17.16).

Exercise 17.4. Prove that for G = GL(r,C), the definition of Maurer–Cartan form g−1dg given
in (17.28) agrees with the definition given in (17.18).

Exercise 17.5. Show that the Maurer–Cartan form (17.28) is left-invariant (if we letG act trivially
on g). Deduce from this the Maurer–Cartan formula

dθ + 1
2 [θ ∧ θ] = 0

where [θ ∧ θ] stands for the wedge product of 1-forms combined with commutator in g.

Exercise 17.6. Show that extension of a connection ∇ given by (17.37) satisfies formula (17.36)
in Lemma 17.13.
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Exercise 17.7. This problem generalizes results of Exercise 15.7 to forms with values in vector
bundles with connection.

Let M be an n-dimensional oriented pseudo-Riemannian manifold with volume form ω; let P
be a G-bundle on M , with a connection A. Let V be a representation of G and and let VP be the
associated vector bundle. Assume that we have chosen a G-invariant symmetric bilinear form ⟨ , ⟩
on V , and define, for α, β ∈ Ωk(M,VP ),

((α, β)) =

∫
M

(α, β)ω =

∫
M

⟨α ∧ ⋆β⟩

where for α = αiXi ∈ Ωk(M,VP ), β = βjYj ∈ Ωk(M,VP ), with αi, βj being scalar k-forms and
Xi, Yj local sections of VP , we define

(α, β) =
∑

⟨Xi, Yj⟩(αi, βj),

⟨α ∧ ⋆β⟩ =
∑

⟨Xi, Yj⟩αi ∧ ⋆βj .

(1) Prove that then

((dAα, β)) = ((α, d∗Aβ)), α ∈ Ωk−1(M,VP ), β ∈ Ωk(M,VP ).

where d∗A : Ωk(M,VP ) → Ωk−1(M,VP ) is given by

d∗A = (−1)k⋆−1dA⋆

(2) Show that for a 1-form α = αµdx
µ, we have

d∗Aα = −∇A
µα

µ = −∇A
µ (η

µναν)

where η is the metric in M , and as in Exercise 15.7 , we assume that the volume form is
given by dx1 ∧ · · · ∧ dxn.

Exercise 17.8. Show that part (1) of Theorem 17.15 follows from the Bianchi identity (17.46).

Exercise 17.9. Prove part (2) of Theorem 17.15 (Hint : the set of connections is an affine space
and thus any two connections can be connected by a path).

Exercise 17.10. Prove that for every closed complex-valued 2-form F on a compact manifold M
with the property [

i

2π
F

]
∈ Ȟ2(M,Z),

there is a complex line bundle L→M and a connection ∇ = d+A in L such that F = dA.





Chapter 18

Yang–Mills Theory

In this chapter, we define one of the most important field theories in modern physics, the
Yang–Mills theory. It depends on a choice of compact Lie group G; special cases of Yang–
Mills theory include Maxwell’s theory of electromagnetism for G = U(1), theory of weak
interactions for G = SU(2) and theory of strong interactions for G = SU(3).

Throughout this chapter, G is a compact real Lie group with the Lie algebra g. We fix
a choice of a positive definite invariant symmetric bilinear form

⟨ , ⟩ : g⊗ g → R

on g. It is known that such form always exists; if g is simple, then it is unique up to a
scalar factor — for example, one can take the negative of the Killing-Cartan form: ⟨u, v⟩ =
− tr(adu ◦ adv). Another common choice for su(n) is

⟨u, v⟩ = − tr(uv).

All results of this chapter hold for any choice of form ⟨ , ⟩.
We will frequently combine this metric on g with the wedge product of differential forms

on M : for α =
∑

i αiui ∈ Ωp(M, g), β =
∑

j βjvj ∈ Ωq(M, g) we define

(18.1) ⟨α ∧ β⟩ =
∑
i,j

⟨ui, vj⟩αi ∧ βj , ui, vj ∈ g, αi ∈ Ωp(M), βj ∈ Ωq(M).

18.1. Yang–Mills theory

Let M be an oriented pseudo-Riemannian manifold of dimension n+1; usually we will take
M = R1,3. This manifold will play the role of the spacetime in our theory. We denote by
dn+1x the corresponding volume form on M and by ⋆ the Hodge star operator as defined
in Section 15.2. We also fix a principal G-bundle P on M (see Chapter 17). Note that for
M = R1,3, every principal G-bundle on M is necessarily trivial.

The space of fields of Yang–Mills theory is the space A(P ) of all connections in P ; recall
that by results of Section 17.4, this is an affine space over the vector space Ω1(M, gP ). For

195
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a connection A, we denote by FA ∈ Ω2(M, gP ) the curvature of this connection. We recall
that in local coordinates on M ,

F = 1
2Fµνdx

µ ∧ dxν , where Fµν = [∇µ,∇ν ] =
∂Aν
∂xµ

− ∂Aµ
∂xν

+ [Aµ, Aν ]

(see formula (17.43)).

We define the Lagrangian density for a connection A by

(18.2) L(A) = −1

2
⟨FA ∧ ⋆FA⟩ = L (A) dn+1x,

where ⋆ is the Hodge star operator, and

(18.3) L (A) = −1

4
⟨Fµν , Fµν⟩

(compare with Exercise 15.2).

Thus the action of Yang–Mills theory is defined by

(18.4) S(A) =

∫
M

L(A) = −1

2

∫
M
⟨FA ∧ ⋆FA⟩ = −1

4

∫
M
⟨Fµν , Fµν⟩dn+1x,

where as before, we assume that A is such that the integral converges.

Lemma 18.1. The Yang–Mills Lagrangian (18.2) is invariant under gauge transformations
A→ gAg−1 − dgg−1, where g ∈ G(P ).

Indeed, according to (17.41), the curvature FA transforms under gauge transformations
by FA 7→ gFAg

−1, and the bilinear form ⟨ , ⟩ is invariant under the adjoint action of G.

Theorem 18.2. Critical points of Yang–Mills action (18.4) are given by

(18.5) dA ⋆FA = 0

Note that by Bianchi identities (17.46) we have dA FA = 0.

Proof. Critical points of the action are given by δS = 0. Since FA = dA + 1
2 [A ∧ A], it is

immediate that δFA = d(δA) + [δA ∧A] = dA(δA). Thus,

δS = −1

2

∫ 〈
δFA ∧ ⋆FA + FA ∧ ⋆δFA

〉
= −

∫
⟨δFA ∧ ⋆FA⟩

= −
∫ 〈

(dδA+ [δA ∧A]) ∧ ⋆FA
〉
,

where we used α ∧ ⋆β = β ∧ ⋆α, see (15.7).

Since the form ⟨ , ⟩ on g is G-invariant, we have ⟨[a, b], c⟩ = ⟨a, [b, c]⟩. Together with
Stokes’ theorem, we can use it to rewrite

δS = −
∫ 〈

δA ∧ (d ⋆FA + [A ∧ ⋆FA])
〉
.

Thus, δS = 0 for any variation δA if and only if

d ⋆FA + [A ∧ ⋆FA] = 0,

which is exactly the equation dA ⋆FA = 0, see (17.44). □
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Remark 18.3. The proof can be somewhat simplified if we use Exercise 17.7:

δS = −((dAδA, FA)) = −((δA, d∗AFA))

so δS = 0 for any δA if and only if d∗AFA = ±⋆dA⋆FA = 0.

Most of the time we will assume that the spacetime M has the form M = N ×R, with
N playing the role of space. As usual, we will use x0 = t for time coordinate in R, and xi,
i = 1, . . . , n for coordinates in the space N . We assume that the metric in M is given by

(18.6) η = (dx0)2 − gijdx
i dxj ,

where gijdx
i dxj is some (positive definite) Riemannian metric on N .

In this case, we can write

(18.7)
A = A0dx

0 +A,

F = dx0 ∧ E(x)−B(x)

where A = A|N is a time-dependent connection on N , and E ∈ Ω1(N, gP ), B ∈ Ω2(N, gP )
are time-dependent differential forms on N (compare with (15.16)):

E = Ei dx
i, Ei = F0i

B =
1

2
Bijdx

i ∧ dxj , Bij = −Fij .

Then Lagrangian (18.3) can be rewritten in the form

(18.8) L (A) =
1

2

(
|E|2 − |B|2

)
,

where the norms | · |2 are defined using the (positive definite) metric gij in N :

(18.9)
|E|2 = gij⟨Ei, Ej⟩ = −⟨F0i, F

0i⟩,

|B|2 = 1

2
gikgjl⟨Bij , Bkl⟩ =

1

2
⟨Fij , F ij⟩,

where, as usual, we use the metric η for raising indices: Fµν = ηµαηνβFαβ.

In this case, Bianchi equation dAF = 0 is rewritten in terms of E,B as

(18.10) dAB = 0, dAE = −∇A
0 B,

where dA now stands for the exterior derivative operator Ωk(N, gP ) → Ωk+1(N, gP ) on
forms on N defined by connection A = A|N , and ∇A

0 is the covariant derivative operator
on N defined by A: ∇A

0 B = ∂0B + [A0, B].

By Exercise 15.4, we have ⋆F = −dx0 ∧ ⋆NB − ⋆NE, where ⋆N is the Hodge operator
on N defined by metric g. Thus, the equations of motion dA⋆F = 0 become

(18.11) dA ⋆
N
E = 0, dA ⋆

N
B = ∇A

0 (⋆
N
E).

These formulas are analogs of Maxwell’s equations (15.23).

We note that in local coordinates xi on N , equation dA ⋆NE = 0 is rewritten as

(18.12) ∇A
i E

i = ∇A
i (g

ijEj) = 0,

see Exercise 17.7 (compare with the Gauss law — Maxwell’s equation ∇ ·E = 0).
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18.2. Line bundles and Maxwell’s equations

Let us now consider a special case of Yang–Mills theory, when the group G is the unitary
group U(1) with the Lie algebra u(1). We choose a generator X of u(1) and the bilinear
form on u(1) such that ⟨X,X⟩ = 1/4π. Thus we can identify

u(1) ≃ R,
aX 7→ a,

and under this identification, the bilinear form becomes ⟨aX, bX⟩ = ab

4π
.

As before, we assume that we have chosen a principal U(1)-bundle P — or equivalently,
an associated line bundle L = u(1)P — and a connection in this bundle; in local trivialization
of P , the connection is described by one-form

Aα ∈ Ω1(Uα, u) ≃ Ω1(Uα,R).

Since the group U(1) is commutative, some of the formulas above are simplified. In
particular, the curvature of this connection is given by

F = dA,

and thus is a closed form: dF = 0 (which can be considered as a special case of Bianchi
identity).

The Yang–Mills action functional (18.4) on the affine space A(L) of unitary connections
on the line bundle L takes the form

(18.13) S(A) = − 1

8π

∫
M

F ∧ ⋆F = − 1

16π

∫
M
FµνF

µνdnx

(in case M is non-compact it is assumed that the connection is such that the integral with
F = dA is convergent).

Now consider the simplest case when when M = R1,3 is the Minkowski space and P is
the trivial U(1)-bundle, and compare it with the results in Section 15.4. We see that the
action functional of the U(1) Yang-Mills theory — formula (18.13) — coincides with the
action functional of the Maxwell’s theory in the absence of sources — formula (15.42)! In
this case, the main statement of Theorem 18.2 reduces to what we had previously computed
for the electromagnetic theory in Section 15.4: the critical points of the functional S(A) are
given by the Maxwell’s equations

(18.14) d ⋆FA = d ⋆dA = 0.

18.3. Stress-energy tensor for Yang–Mills theory

As in Maxwell’s theory, we can define the stress-energy tensor for the Yang–Mills theory.
It is computed exactly in the same way as for Maxwell’s theory, see Section 15.5. The only
place that requires a minor change is the proof that

(18.15) LX(A) = ıXFA
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modulo gauge equivalence, which now requires the use of formula (17.35) for the infinitesimal
gauge transformations. The final answer is given by

(18.16) Tµν = −ηαβ⟨Fµα, F νβ⟩+
1

4
ηµν⟨Fαβ, Fαβ⟩.

Note that this tensor is traceless (Tµµ = 0) only for n = 3, i.e. when the spacetime is
4-dimensional.

In particular, in the situation considered at the end of Section 18.1, whereM = N×R is
a general spacetime with the pseudo-Riemannian metric (18.6), we define the energy density
of the Yang–Mills field by

E = T 00 = −ηij⟨F 0i, F 0j⟩+ 1

2
|F |2

=
1

2

(
|E|2 + |B|2

)
, |F |2 = 1

2
⟨Fαβ, Fαβ⟩.

where |E|2, |B|2 are defined by (18.9).

The same arguments as in Maxwell’s case (see Section 15.5) give the following result.

Theorem 18.4. Total energy of the Yang–Mills field:

H =

∫
N

E (x, t) dnx

is conserved: ∂0E = 0.

18.4. Coupling Yang-Mills field with matter

Like in Section 16.5, we can couple the Yang-Mills field over Minkowski spacetime R1,3

with other relativistic fields. For instance, consider a spinor field that transforms by the
fundamental (defining) representation G → GL(V ) of the structure group G. In case
G = U(r) it is a spinor-valued vector

ψ =

ψ
1

...
ψr

 ,

and we have the following generalization of the Dirac Lagrangian density:

(18.17) L (ψ̄,ψ) = iψ̄γµ∂µψ −mψ̄ψ,

where ψ̄ = (ψ̄1, . . . , ψ̄r) is the adjoint spinor-valued vector, considered as independent field.
Clearly, Lagrangian (18.17) is invariant under the action ψ → gψ, ψ̄ → ψ̄g−1, g ∈ G.

Now let P be a principal G-bundle, A be a connection in P and L (A) be the Yang-
Mills Lagrangian density (18.3). It admits a coupling with the spinor Lagrangian (18.17):
according to the minimal coupling procedure, discussed in Section 16.5, we replace partial
derivatives ∂µ by the covariant derivatives

(18.18) Dµ = ∂µ + ρ(Aµ),

where ρ : g → V is the fundamental representation. The resulting Lagrangian

(18.19) L (A, ψ̄,ψ) = −1

4
⟨Fµν , Fµν⟩+ ψ̄(i /D −m)ψ, where /D = Dµγ

µ
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is invariant under the gauge transformations

Aµ → gAµg
−1 − ∂µgg

−1, ψ → gψ, ψ̄ → ψ̄g−1,

where g ∈ G(P ) = C∞(R4, G).

Remark 18.5. In case G = SU(3) Lagrangian (18.19) is the Lagrangian of quantum
chromodynamics (QCD), describing the interaction of eight gluon fields — components
of Aµ(x) ∈ su(3) with respect to some basis of g = su(3) — with six quark and anti-quark
fields, component of the spinor-valued vectors ψ and ψ̄. The quarks and antiquarks are
massive elementary particles of spin 1

2 (fermions) and fractional electric charges −1
3e,

2
3e and

1
3e,−

2
3e, while gluons are massless elementary particles of spin 1 (bosons) that mediates

the strong interaction between quarks and carry no electric charge. In physics terminology,
three components ψi of ψ and three components ψ̄i of ψ̄ are distinguished by three “colors”
(say green, red and blue) and by three “anti-colors” (anti-green, anti-red and anti-blue);
components of Aµ(x) are also described by color and anti-color indices. The composite
subatomic particles like protons and neutrons are made of quarks and antiquarks and carry
zero “color charge”.

In a similar way we can couple the Yang-Mills field with the complex vector field φ.
Namely, let V be the fundamental representation of the structure group G — a finite-
dimensional complex vector space with the Hermitian inner product. The Lagrangian for
field φ : R4 → V is

(18.20) L (φ, ∂µφ) = ∂µφ
†∂µφ− V (|φ|2).

Here φ† is Hermitian conjugate of the vector φ, so φ†φ = |φ|2, and V : R>0 → R is some
potential. According to the minimal coupling procedure, we should replace ∂µ by Dµ as in
(18.18), and consider the Lagrangian

(18.21) L (A,φ, ∂µφ) = −1

4
⟨Fµν , Fµν⟩+Dµφ

†Dµφ− V (|φ|2).

It is invariant under gauge transformations

Aµ → gAµg
−1 − ∂µgg

−1, φ→ gφ, g ∈ G(P ) = C∞(R4, G).

Remark 18.6. In case G = SU(2) and V (|φ|2) = µ2|φ|2 − λ|φ|4, where µ2 > 0 and λ > 0,
Lagrangian (18.21) describes the famous Higgs field from the Standard Model of elementary
particles. This model unifies three out of four fundamental interactions: electromagnetic,
weak and strong (the gravity is excluded), and classifies all known elementary particles.
Lagrangian of the Standard Model is gauge invariant with the SU(3)×SU(2)×U(1) structure
group, and is too complicated to be presented here.

18.5. Hamiltonian formalism in Yang–Mills theory

Let us now describe the Hamiltonian formalism in the Yang–Mills theory. We had already
done that for the Maxwell’s theory in Section 16.4; here we generalize it to arbitrary struc-
ture group G. For simplicity, we will only consider the Minkowski spacetime M = R1,3;
however, most results can be generalized to other spacetimes as well, see Remark FIXME.
Do we need it?
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As in Section 18.1, we let A be a connection in a principal G-bundle P , and consider
the Yang–Mills Lagrangian density

L(A) = −1

2
⟨FA ∧ ⋆FA⟩ = L (A) d4x,

where FA is the curvature of connection A, and L (A) is the Lagrangian function, which in
local coordinates takes the form

L (A) = −1

4
⟨Fµν , Fµν⟩, Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ].

As in case of classical electrodynamics, we can rewrite L in the first order formalism.
Namely, note that

|E|2 =
∑

⟨Ei, Ei⟩ = 2⟨∂0Ai − ∂iA0 + [A0, Ai], Ei⟩ − |E|2.

Thus, we have

(18.22) L =
1

2
(|E|2 − |B|2) = ⟨∂0Ai − ∂iA0 + [A0, Ai], Ei⟩ −

1

2
(|E|2 + |B|2),

Using invariance of the inner product, we can rewrite ⟨[A0, Ai], Ei⟩ = ⟨A0, [Ai, Ei]⟩. Also,
⟨∂iA0, Ei⟩ = −⟨A0, ∂iEi⟩+ ∂i⟨A0, Ei⟩.

Since adding a total derivative does not change the action

S(A) =

∫
R3

L d3x,

and thus does not change the equations of motion, we can replace the original Lagrangian
by

(18.23)
L = ⟨∂0Ai, Ei⟩+ ⟨A0, ∂iEi + [Ai, Ei]⟩ −

1

2
(|E|2 + |B|2)

= ⟨Ei, ∂0Ai⟩ −
1

2
(|E|2 + |B|2) + ⟨A0, C(x)⟩,

where

(18.24) C(x) = ∂iEi + [Ai, Ei] = ∇A
i Ei = −d∗AE,

(see Exercise 17.7).

As in Section 16.4, we see that this is a singular first order Lagrangian of the form
(6.13):

L = pq̇ −H(p, q)−
m∑
a=1

λaφ
a(p, q),

with Ai(x) playing the role of generalized coordinates q, Ei(x) playing the role of generalized
momenta p, and H(p, q) given by the total energy of the Yang–Mills field

(18.25) H =

∫
R3

E (x)d3x =
1

2

∫
R3

(|E|2 + |B|2) d3x.

Then A0(x) play the role of Lagrange multipliers λa, and C(x) are the constraints.

We define the phase space of Yang–Mills theory to be the following infinite-dimensional
real vector space

M = {(A(x), E(x))} = Ω1
s(R3, g)× Ω1

s(R3, g),
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where Ω1
s(R3, g) stands for the space of one-forms on R3 with all components being Schwartz

class functions.

To introduce coordinates on the phase space, we choose a basis Xa ∈ g, where a =
1, . . . , r = dim g, so that every u ∈ g can be wrriten as

u = uaXa.

Denote by Kab, t
c
ab the structure constants of the bilinear form ⟨ , ⟩ and the Lie bracket in

this basis:

(18.26)
⟨u, v⟩ = Kab u

avb,

[u, v] = tcab u
avbXc.

Then the scalar-valued functions Eai (x), A
a
i (x), x ∈ R3, a = 1, . . . ,dim g, play the role of

coordinates on the phase space M .

The symplectic form Ω on M is

(18.27) Ω = Kab

∫
R3

(
δEai (x) ∧ δAbi(x)

)
d3x,

and gives rise to the following Poisson brackets on M :

(18.28)
{Eai (x), Abj(y)} = δijK

abδ(x− y), i, j = 1, 2, 3 and a, b = 1, . . . ,dim g,

{Eai (x), Ebj (y)} = {Aai (x), Abj(y)} = 0.

The Euler–Lagrange equations (6.14)–(6.16) in this case become

(18.29)

∂0Ei(x) = {H − C,Ei(x)}, C =

∫
⟨A0(x), C(x)⟩d3x,

∂0Ai(x) = {H − C,Ai(x)},
C(x) = 0.

Note that the equation C(x) = 0 is equivalent to d∗AE = 0, which is, as discussed in (18.11),
one of equations of motion.

To write these equations explicitly, it is convenient to introduce the following notation.
Let f ∈ S (R3, g) be a test function and define

Cf =

∫
R3

⟨C(x), f(x)⟩d3x.

This is a scalar-valued function on the phase space. Clearly, conditions C(x) = 0 for all x
are equivalent to Cf = 0 for all f .

Lemma 18.7. We have the following Poisson brackets on M :

{Cf , Ei(x)} = [f(x), Ei(x)],(18.30)

{Cf , Ai(x)} = [f(x), Ai(x)]− ∂if(x)(18.31)

{Cf , Cg} = −C[f,g],(18.32)

{H,Ai(x)} = Ei(x),(18.33)

{H,Ei(x)} = (d∗AB)i,(18.34)

{H,Cf} = 0.(18.35)
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where the operator d∗A : Ω
k(R3, g) → Ωk−1(R3, g) is defined in Exercise 17.7. Note that some

of these relations involve Poisson brackets of a scalar-valued function on M such as Cf and
a g-valued function such as Ei(x). We define such Poisson brackets in the obvious way:
{Ei(x), Cf} = {Eai (x), Cf}Xa.

Proof. The straightforward proof of this lemma can be obtained by writing everything
in terms of components, as commonly used by physicists. Namely we write E(x) =
Eai (x)Xadx

i, B(x) = Ba
ijXadx

i∧dxj and use canonical Poisson brackets (18.28) to compute

Poisson brackets of Ba
ij with E

b
k, A

b
k and then use them to compute Poisson brackets of H

with E,A,Cf (see Exercise 18.2). However, the computations are rather tedious and not
very illuminating.

A more invariant approach is as follows. Assume that we have a (scalar-valued) observ-
able, i.e. a function F on the phase space M such that

(18.36) δF (A, E) =

∫
R3

(δA(x), φ1(x)) + (δE(x), φ2(x))d
3x

for some Schwartz class one-forms φ1, φ2 ∈ Ω1
s(R3, g). Here, as in Exercise 17.7, we define

the pairing of k-forms on R3 with values in g by combining the pairing on forms induced
by the (positive definite) metric in R3 with the pairing ⟨ , ⟩ on g. In such situation, we will
say that

δF

δA(x)
= φ1(x),

δF

δE(x)
= φ2(x).

Then it follows from canonical Poisson relations (18.28) that for observables F,G, we have

(18.37) {F,G} =

∫
R3

( ( δF

δE(x)
,

δG

δA(x)

)
−
( δF

δA(x)
,
δG

δE(x)

))
d3x,

This formula is a straightforward generalization of the formula (13.4) for a scalar field
theory:

{F,G}(π, φ) =
∫
R3

(
δF

δπ(x)

δG

δφ(x)
− δF

δφ(x)

δG

δπ(x)

)
d3x.

Now it is not difficult to check (we leave it to the reader, see Exercise 18.3) that

(18.38)

δCf
δA(x)

= −[f,E(x)],
δCf
δE(x)

= −dAf(x),

δ∥E∥2

δA(x)
= 0,

δ∥E∥2

δE(x)
= 2E(x),

δ∥B∥2

δA(x)
= −2d∗AB,

δ∥B∥2

∂E(x)
= 0,

where

∥E∥2 =
∫
R3

|E(x)|2d3x, ∥B∥2 =
∫
R3

|B(x)|2d3x,

and |E(x)|2 is given by (18.9), so that H = 1
2(∥E∥2 + ∥B∥2). Combining these formulas

with (18.37), we get the statement of the lemma. □
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Using Lemma 18.7, one can show that the Euler-Lagrange equations (18.29) are equiv-
alent to

E = −dA0 +∇A
0A = −dA0 + ∂0A+ [A0,A],

d∗AE = −∇A
i Ei = 0,

d∗AB = ∇A
0 ⋆E,

where d is the exterior derivative in R3, ⋆ is the Hodge operator in R3, A = Aidx
i is the

restriction of connection A to R3, and B is given by B = −FA = −dA− 1
2 [A ∧A].

The first equation and the formula for B are equivalent to the equation

F = dA+
1

2
[A ∧A]

in R1,3, where F = dx0 ∧ E − B, while the second pair is equivalent to the equation
dA ⋆F = 0 (see formula (18.11)). Thus, the Euler–Lagrange equations (18.29) for the first
order Lagrangian (18.23) are equivalent to the equations of motion d∗AFA = 0 — which of
course was to be expected.

Lemma 18.7 immediately implies that the Yang-Mills theory is a Hamiltonian theory
with a first class constraints as defined in Section 6.3. Thus, we can restrict the equations
of motion to

M0 = {(E,A) ∈ M | C(x) = −d∗AE = 0}.

As in the case of Maxwell’s theory (see Section 16.4), the Poisson brackets with con-
straints Cf are exactly the infinitesimal gauge transformations (17.35). In other words, the
flow of the Hamiltonian vector field on the phase space M defined by Cf is given by the
gauge transformations

(18.39) (E,A) 7→ (gEg−1, gAg−1 − dg g−1), g(x) = exp(sf(x)).

Thus, we get the following result.

Theorem 18.8. Define the reduced phase space M∗
0 as the set of gauge equivalence classes

(E,A) ∈ M0 under the gauge transformations (18.39).

(1) The symplectic form (18.27) descends to M∗
0 and defines on it a structure of

infinite-dimensional symplectic manifold. Similarly, the Hamiltonian function H
given by (18.25) also descends to M∗

0.

(2) The Euler–Lagrange equations (18.29) on M∗
0 coincide with the equations of motion

of the Hamiltonian system (M∗
0,Ω, H).

As in the U(1) case, we can also introduce additional constraints, identifying the re-
duced phase space M∗

0 = M0/(gauge transformations) with a submanifold defined by the
equations C(x) = 0, D(x) = 0. The common choice is using a non-abelian Coulomb gauge

D(x) = ∂kAk(x) = 0.

Putting D(x) = Da(x)Xa, we readily compute

(18.40) {Ca(x), Db(y)} = Kab ∂2

∂xk∂yk
δ(x− y) + tabc A

c
k(x)

∂

∂yk
δ(x− y).
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Thus Mab(x,y) = {Ca(x), Db(y)} is an integral kernel of the differential operator

(18.41) M = −∆+ adAk(x)∂k,

on L2(R3, g), where ∆ is the Laplace operator of the invariant metric ⟨ , ⟩ on g. As in
the U(1) case, this operator is formally invertible, at least for small Ak(x), which allows to
define the reduced phase space of the theory.

Remark 18.9. The differential operator M plays an important role in the path integral
approach to the quantum Yang-Mills theory, and is called Faddeev–Popov operator.

18.6. Self-duality equations

Yang–Mills theory and thus, equations of motion (18.14), can be defined for any pseudo-
Riemannian manifold M . In particular, we can consider the case when M is Riemannian,
though corresponding equations do not have natural physical interpretation. However, in
case when M is a compact Riemannian 4-manifold, the absolute minima of the Yang-Mills
action functional are described by rather simple first order nonlinear partial differential
equations, called self-dual and anti-self-dual equations. These beautiful equations play a
fundamental in the Donaldson’s theory, the study of the topology of 4-dimensional mani-
folds, and are used in the quantization of non-abelian gauge theories.

From now on, we assume that M is a compact oriented Riemannian 4-manifold and P
is a principal G-bundle on M . Moreover, we assume that G is a connected simple compact
Lie group (G = SU(2) for Donaldson’s theory). For a 2-form ω ∈ Ω2(M, gP ) we define

|ω(x)|2 = 1

2
⟨ωij , ωij⟩,

⟨ω ∧ ⋆ω⟩ = |ω(x)|2 d4x,

where ⟨ , ⟩ is the negative of the Cartan-Killing form on g, and d4x is the volume form
defined by the orientation and Riemannian metric. Note that |ω(x)|2 ≥ 0, with equality
only if ω(x) = 0.

We also define

∥ω∥2 =
∫
M

|ω(x)|2d4x =

∫
M
⟨ω ∧ ⋆ω⟩.

Note that ∥ · ∥2 is a positive definite quadratic form on Ω2(M, gP ): for any ω ∈ Ω2(M, gP ),
we have ∥ω∥2 ≥ 0, with equality if and only if ω is zero.

The Lagrangian density (18.2) can be rewritten as

L (A) = −1

2
|FA(x)|2,

and it is convenient (as we will see below) to define the Yang-Mills action functional by

(18.42) S(A) = − 1

2π

∫
M

L (A)d4x =
1

4π
∥FA∥2.

On a 4-dimensional Riemannian manifold M the Hodge operator ⋆ : Ω2(M) → Ω2(M)
satisfies ⋆2 = 1, so we have the decomposition

(18.43) Ω2(M) = Ω2
+(M)⊕ Ω2

−(M),
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where Ω±(M) are eigenspaces of Hodge ⋆-operator corresponding to the eigenvalues 1 and
−1 respectively. The 2-form F on M is called self-dual or anti-self-dual if F ∈ Ω2

+(M) or
F ∈ Ω2

−(M) respectively:

⋆F = ±F.

This definition trivially extends to forms with values in a vector bundle, in particular,
to F ∈ Ω2(M, gP ). We will call a connection A in a principal G-bundle P self-dual or
anti-self-dual if its curvature 2-form FA is self-dual or anti-self-dual respectively. Of course,
anti-sef-dual connection can be obtained from the self-dual by changing the orientation
of M . It follows from the Bianchi identity that self-dual and anti-self-dual connections
automatically satisfy Yang-Mills equations

dA ⋆FA = 0.

Remark 18.10. In the pseudo-Riemannian case ⋆2 = −1 on 2-forms, and analog of de-
composition (18.43) is valid only for complex-valued 2-forms. Corresponding self-duality
equations take the form

⋆F = ±i F
and have no solutions in Ω2(M, g). in other words, these equations have only “non-physical”
solutions.

It trivially follows from the relation ⟨α ∧ ⋆β⟩ = ⟨β ∧ ⋆α⟩ that if α ∈ Ω2
+(M, gP ), β ∈

Ω2
−(M, gP ), then ⟨α ∧ ⋆β⟩ = 0, so

(18.44) ⟨(α+ β) ∧ ⋆(α+ β)⟩ = ⟨α ∧ ⋆α⟩+ ⟨β ∧ ⋆β⟩.
Writing

FA = F+ + F−,

where F± the self-dual and anti-self-dual components of the curvature 2-form FA, we readily
obtain

(18.45) S(A) =
1

4π

(
∥F+∥2 + ∥F−∥2

)
.

The vector bundle gP has a topological invariant, the first Pontryagin number (called the
instanton number by physicists) — an integer k, given by evaluation of the first Pontryagin
class p1(gP ) on the fundamental cycle [M ] ∈ H4(M,Z). Using (17.45), definition (??) of
the invariant metric on g, and representing p1(gP ) by a 4-form on M as in Example 17.3,
we obtain

k = − 1

8π2

∫
M

tr(FA ∧ FA) =
1

8π2

∫
M
⟨FA ∧ FA⟩.

We also have

⟨(α+ β) ∧ (α+ β)⟩ = ⟨(α+ β) ∧ ⋆(α− β)⟩ = ⟨α ∧ ⋆α⟩ − ⟨β ∧ ⋆β⟩,
so

(18.46) k =
1

8π2
(
∥F+∥2 − ∥F−∥2

)
.

Theorem 18.11. Let P be a principal G-bundle over on a connected compact oriented 4-
manifold M . If k > 0, then absolute minima of the Yang-Mills action functional are given
by the self-dual connections, and if k < 0 — by the anti-self-dual connections.
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Proof. From (18.45)–(18.46) we trivially have

S(A)− 2πk ≥ 1

4π
∥F−∥2 and S(A) + 2πk ≥ 1

4π
∥F+∥2.

Thus S(A) ≥ 2π|k| and for k > 0 the minimum is attain at the self-dual connections, for
k < 0 — at the anti-self-dual connections, and for k = 0 — at the flat connections. □

The existence of such connections is a highly non-trivial analytic problem, and we refer
the reader to a special literature. In case M = S4 and G = SU(2) it can be shown that
self-dual connections exist for k ≥ 1 and depend on 8k−3 parameters, forming the so-called
moduli space of instantons.

18.7. Hitchin’s equations

Let G be a compact real form of a complex Lie group, and denote by ∗ the corresponding
anti-involution on a complex Lie algebra gC = g⊗R C. Consider the self-duality equations
in a trivial bundle gP over R4 with the Euclidean metric. A connection A = Aµd

µ is a
g-valued 1-form on R4 with the curvature 2-form

F =
1

2
Fµνdx

µ ∧ dxν , Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ].

The self-duality equations F = ⋆F take a simple form

F12 = F34, F13 = F42, F14 = F23.

Now consider a dimensional reduction of the self-duality equations: suppose that Aµ
do not depend on x3 and x4. Introducing the so-called Higgs fields — g-valued functions
ϕ1 = A3, ϕ2 = A4 on R2 — we can rewrite the self-duality equations as

F12 = [ϕ1, ϕ2] = F24,

F13 = [∇1, ϕ1] = [ϕ2,∇1] = F42,

F14 = [∇1, ϕ2] = [∇2, ϕ1] = F23.

Denote by
F = F12 = ∂1A2 − ∂2A1 + [A1, A2]

the curvature form of a connection A1dx
1 + A2dx

2 on a trivial gP bundle over R2. Intro-
ducing the complex Higgs field ϕ = ϕ1 − iϕ2, the above equations can be written as

F =
i

2
[ϕ, ϕ∗] and [∇1 + i∇2, ϕ] = 0.(18.47)

Put z = x1 + ix2 and introduce a connection 1-form

A = A1dx
1 +A2dx

2 = A1,0dz +A0,1dz̄

in the complex vector bundle gCP = gP ⊗R C over C ≃ R2 — a complexification of a real
vector bundle gP . Denoting

Φ = 1
2ϕdz ∈ Ω1,0(C, gCP ), Φ∗ = 1

2ϕ
∗ dz̄ ∈ Ω0,1(C, gCP ),

we can rewrite equations (18.47) as

(18.48)
F + [Φ,Φ∗] = 0,

∂̄AΦ = 0.
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Here
[Φ,Φ∗] = Φ ∧ Φ∗ +Φ∗ ∧ Φ

is a graded Lie bracket on gCP -valued 1-forms, and ∂̄A is a (0, 1)-component of

dA = ∂ +A1,0dz + ∂̄ +A0,1dz̄ = ∂A + ∂̄A.

It is remarkable that equations (18.48) make sense over an arbitrary Riemann surface
M ! Namely, consider a principal G-bundle P over M , a connection A in the adjoint bundle
gP and the Higgs field Φ ∈ Ω1,0(M, gCP ). The pair (A,Φ) satisfies Hitchin’s equations over
a Riemann surface M , if

(18.49) F (A) + [Φ,Φ∗] = 0 and ∂̄AΦ = 0.

The second equation states that Φ is a holomorphic section of the complex vector bundle
gP ⊗ Ω1,0(M,C) with respect to the complex structure in gCP , determined by the Cauchy-
Riemann operator ∂̄A = ∂̄+A0,1 and the natural complex structure in Ω1,0(M,C). Solution
(A,Φ) of the Hitchin’s equations (18.49) determines a flat connection d+A+Φ+Φ∗ on gCP .

18.8. Exercises

Exercise 18.1. Derive equations of motion for the Lagrangians (18.19) and (18.21).

Exercise 18.2. Use the canonical Poisson relations (18.28) to derive the following Poisson brackets:

{Ea
i (x), C

b(y)} = −δ(x− y)tabc Ec
i ,

{Aa
i (x), C

b(y)} = −
(
tabc A

c
i (x) +Kab∂yi

)
δ(x− y).

Exercise 18.3. Complete the proof of Lemma 18.7.

Exercise 18.4. The group C∞(R3, G) of gauge transformations acts on the phase space M by
g · (Ek, Ak) = (gEkg

−1, gAg−1 − ∂kgg
−1). Prove that this action is Hamiltonian and find the corre-

sponding moment map.

Exercise 18.5. For M = S4 and G = SU(2) find a self-dual connection with k = 1 (this is the
famous instanton solution of the Yang-Mills equations).

Exercise 18.6. Prove formula (18.15).



Chapter 19

Chern–Simons Theory

In this chapter, we discuss one more model of a classical field theory, the Chern–Simons
theory in dimension 3. As in Yang–Mills theory, fields in Chern–Simons theory are con-
nections in a G-bundle, where G is a simple compact Lie group such as SU(n). The most
important feature of this theory is that unlike Yang–Mills Lagrangian, the Lagrangian of
Chern–Simons theory doesn’t depend on the metric of spacetime; such theories are called
topological.

Throughout this chapter, M is an oriented 3-dimensional manifold which will play the
role of spacetime of the theory; unless specified otherwise, we assume that M is connected
and compact to avoid problems with convergence of integrals. We also fix a connected
simply-connected simple compact Lie group G; our main example is the group G = SU(n),
but most features can already be studied for G = SU(2). We will denote by g the Lie
algebra of G.

19.1. Topology of simple Lie groups

Before defining the Chern–Simons theory, we need some information about topology of Lie
group G.

Theorem 19.1. Let G be a connected simply-connected simple Lie group. Then the homo-
topy groups of G are

π1(G) = π2(G) = {1}, π3(G) = Z.

This immediately implies that

(19.1) H3(G,Z) = Z

and thus, H3(G,R) = R. Moreover, we can easily describe the generator of H3(G,R).
Let ⟨ , ⟩ be a positive definite G-invariant symmetric bilinear form on the Lie algebra

g; as discussed in Chapter 18, such a form exists and is unique up to a scalar factor. We
will fix the normalization shortly.

Lemma 19.2. Let λ ∈ Ω3(G)be defined by

209
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(1) λ is left-invariant

(2) For a, b, c ∈ g = TeG, we have

(19.2) λ(a, b, c) = ⟨a, [b, c]⟩.
Then λ is closed and H3(G,R) = R[λ].

From now on, let us fix the normalization of the bilinear form ⟨ , ⟩ by the following
condition:

(19.3)

∫
C
λ = 2π, C – generator of H3(G,Z).

Note that there are two choices of a generator of H3(G,Z) ≃ Z; we fix the choice of C by
the condition that

∫
C λ > 0 for positive definite form ⟨ , ⟩.

Example 19.1. Let G = SU(2). Then there is an embedding ı : SU(2) → R4 which
identifies SU(2) ≃ S3 ⊂ R4 (see Exercise 19.1). Moreover, an explicit computation given
in Exercise 19.2 shows that in order to satisfy normalization condition (19.3), the bilinear
form ⟨ , ⟩ should be taken to be

(19.4) ⟨a, b⟩ = 1

2π
(ı∗a, ı∗b)R4 = − 1

4π
tr(ab), a, b ∈ su(2),

and thus,

(19.5) λ(a, b, c) = ⟨a, [b, c]⟩ = − 1

4π
tr(a[b, c]).

Moreover, the same formula holds for G = SU(n) (see Exercise 19.3).

These results can be reformulated in terms of the Maurer–Cartan form. Recall that the
Maurer–Cartan form θ ∈ Ω1(G, g) is the left-invariant form such that for a ∈ TeG = g, we
have θ(a) = a, see (17.28); for matrix groups, we have θ = g−1dg.

More generally, given a manifold M and a smooth function g : M → G, we define

(19.6) θg = g∗θ ∈ Ω1(M, g).

As in (18.1), we use notation ⟨α∧ β⟩ for the g-valued differential forms. It immediately
follows from the definition of the Maurer–Cartan form that ⟨θ ∧ θ⟩ = 0 and for a, b, c ∈
TeG = g,

(19.7) ⟨θ ∧ [θ ∧ θ]⟩(a, b, c) = 6⟨a, [b, c]⟩.
We have the following simple result.

Lemma 19.3. Let θ ∈ Ω1(G, g) be the Maurer–Cartan form and let C ∈ H3(G,Z) be the
generator of H3(G,Z) as in (19.3). Then∫

C
⟨θ ∧ [θ ∧ θ]⟩ = 12π.

For G = SU(n) this can also be rewritten as∫
C
tr(θ ∧ θ ∧ θ) = 1

2

∫
C
tr(θ ∧ [θ ∧ θ]) = −24π2.

Proof. This immediately follows from (19.3), since by (19.7) we have ⟨θ∧ [θ∧θ]⟩ = 6λ. □
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19.2. Chern–Simons action

After these preliminaries, we can now define the Chern–Simons theory. LetM be a compact
oriented 3-manifold without boundary, and let P be a principal G-bundle on M . As in
Section 17.4, we denote by A(P ) the infinite-dimensional affine space. of connections in P .
The space of fields of Chern–Simons theory is defined to be the space of gauge equivalence
classes of connections:

(19.8) F = A(P )/G(P )

where G(P ) is the group of gauges transformations as defined in Section 17.5.

Before proceeding, we make the following observation.

Lemma 19.4. Any G-bundle on a 3-manifold M is topologically trivial.

Proof. For readers familiar with the theory of classifying spaces, the simplest proof is as
follows. As is well known, the isomorphism classes of G-bundles on a manifold M are
classified by the homotopy classes of maps M → BG. On the other hand, vanishing of
fundamental groups π1(G), π2(G) (see Theorem 19.1) implies that πk(BG) = {1} for k ≤ 3.
By standard results of algebraic topology, this implies that any map of a 3-manifold to BG
is homotopic to a constant map. □

In other words, any G-bundle P on M can be trivialized: we can choose a trivialization
φ : P → M × G. However, such a trivialization is not unique, which will play important
role in what follows. In particular, this implies that the gauge group G(P ) is isomorphic to
C∞(M,G): any two trivializations are related by

φα(p) = g(π(p))φβ(p)

for some function g : M → G.

Let us assume that we have chosen a trivialization φ. Then a connection can be described
by a 1-form A ∈ Ω1(M, g). We define the Chern–Simons action by

(19.9) SCS [A] = −
∫
M
ωCS(A),

where

(19.10) ωCS = ⟨A ∧ dA⟩+ 1
3⟨A ∧ [A ∧A]⟩ ∈ Ω3(M)

is the Chern-Simons form. For G = SU(n), by results of Example 19.1, the action can be
rewritten as

(19.11) SCS [A] =
1

4π

∫
M

tr
(
A ∧ dA+ 2

3A ∧A ∧A
)
=

1

4π

∫
M

tr(A ∧ dA+ 1
3A ∧ [A ∧A]).

We will provide motivation for this definition later.

The first question we need to answer is whether the Chern–Simons action is independent
of the trivialization of the bundle, or, equivalently, whether the Chern–Simons action is
gauge equivalent. Recall that by Theorem 17.11, under a gauge transformation g : M → G
the one-form of the connection transforms as

A 7→ Ag = g−1Ag + g−1dg
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(for technical reasons, here we use the right action of the gauge group on connections rather
than the left action).

Thus, in order for the Chern–Simons action to be independent of trivialization we need
to check whether SCS [A

g] = SCS [A].

Theorem 19.5. Let M be compact. Then

SCS [A
g]− SCS [A] = 2πd,

where d ∈ Z is defined by [g(M)] = d[C] ∈ H3(G,Z), and C is the generator of H3(G,Z) as
in (19.3).

Proof. Let ωCS(A) ∈ Ω3(M) be defined by (19.9). Then using the invariance of the form
⟨ , ⟩ and the Maurer–Cartan equation dθ + 1

2 [θ ∧ θ] = 0 (see Exercise 17.5), one can show
by a rather lengthy computation that

(19.12) ωCS(A
g)− ωCS(A) = −1

6⟨θg ∧ [θg ∧ θg]⟩ − d⟨θg ∧ g−1Ag⟩.

Details are left to the reader in Exercise 19.5. Since for closed M the integral of exact form
is zero, by Lemma 19.3 we have

SCS(A
g)− SCS(A) =

1

6

∫
M
⟨θg ∧ [θg ∧ θg]⟩

=
1

6

∫
g(M)

⟨θ ∧ [θ ∧ θ]⟩

= 2πd. □

Thus, we see that the Chern–Simons action is not invariant under the group G(P ) of
gauge transformations. However, it is invariant under the normal subgroup G(P )0 of gauge
transformations homotopic to identity. Under the general gauge transformations, we can
only claim that SCS is well-defined as an element of R/2πZ. In particular, this implies that
exp(iSCS) is well-defined.

19.3. Chern–Simons form as a secondary characteristic class

The fact that Chern–Simons action changes by an integer multiple of 2π under the gauge
transformations can be described in a different (but closely related) way, in terms of inte-
gration over 4-manifolds.

We begin by recalling the following classical result of low-dimensional topology.

Theorem 19.6. Any oriented compact 3-manifold M without boundary can be written as
a boundary of some 4-manifold: M = ∂X, for some (not unique) 4-manifold X.

Let now P be a G bundle on M . By Lemma 19.4, P can be trivialized. Let us choose
a trivialization; it identifies P with the trivial bundle and thus allows us to extend P from
M to a bundle P̃ on X. Moreover, it is easy to show that a connection A on P can be
extended to a connection in P̃ .



19.3. Chern–Simons form as a secondary characteristic class 213

Lemma 19.7. Let X be a 4-manifold (possibly with boundary). For A ∈ Ω1(X, g), let
ωCS(A) ∈ Ω3(X) be defined by (19.9). Then

dωCS(A) = ⟨FA ∧ FA⟩ ∈ Ω4(X),

where FA = dA+ 1
2 [A ∧A] ∈ Ω2(X, g) is the curvature of A. For SU(n), this becomes

dωCS(A) = − 1

4π
tr(FA ∧ FA).

Proof. Using (19.10) and Ad-invariance of the bilinear form ⟨ , ⟩, we readily obtain

dωcs(A) = ⟨dA ∧ dA⟩+ ⟨dA ∧ [A ∧A]⟩.
Now the result follows immediately from the following observation:

⟨[A ∧A] ∧ [A ∧A]⟩ = ⟨A ∧ [A ∧ [A ∧A]]⟩ = 0.

Here the first equality is the invariance of ⟨ , ⟩, and the second equality holds since by the
Jacobi identity [A ∧ [A ∧A]] = 0. □

Corollary 19.8. Let M be a 3-manifold without boundary, with a G-bundle P and a con-
nection in P . Choose a trivialization φ : P →M ×G of P and let A be the one-form of the
connection in this trivialization.

Let X be a 4-manifold with boundary such that ∂X =M ; then trivialization P ≃M×G
allows one to extend P to a bundle P̃ ≃ X × G on X. Let Ã be an extension of A to P̃ .
Then

SCS [A] = −
∫
M
ωCS(A) = −

∫
X
⟨FÃ ∧ FÃ⟩.

Note that the right-hand side depends on the choice of X, on the trivialization (which
is used to extend P to X) and on the extension of a connection to X.

This gives another way to explain why the SCS [A] is well-defined up to an integer
multiple of 2π, at least for G = SU(n). Let X1, X2 be two 4-manifolds such that ∂X1 =
∂X2 = M . Given a G bundle P on M with a connection, choose two trivializations φ1, φ2

of P ; let A1, A2 be the one-forms of the connection in each of these trivializations.

Using trivialization φ1, we can extend P to a (trivial) bundle P̃1 ≃ X1 ×G on X1, and

choose an extension Ã1 of A1 to X1. Similarly we can use φ2 to extend the connection to
X2.

Consider now the manifold X = X1 ∪ (−X2), obtained by gluing X1, X2 along the
common boundary M (the minus sign indicates that we consider X2 with the opposite

orientation). Then X is a smooth manifold without boundary, and the bundles P̃1, P̃2

can be glued together to give a G-bundle P̃ on X (which might not be trivial, as the

trivializations φ1 and φ2 might be different), with a connection Ã.1

Then Corollary 19.8 implies

SCS [A1]− SCS [A2] =
1

4π

∫
X
tr(FÃ ∧ FÃ).

1One needs to be careful so that the gluing gives a smooth connection on X; it can be achieved by making a
suitable gauge transformation in a neigborhood of the boundary. For details, we refer the reader to paper by D. Freed

cited in Chapter 20.
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We can now use the result of Example 17.3, which shows that for G = SU(n) the
right-hand side can be written as

1

4π

∫
X
tr(FÃ ∧ FÃ) = 2πc2(P̃ ).

Since c2(P̃ ) ∈ H4(X,Z) ≃ Z when X is connected, we conclude that

SCS [A1]− SCS [A2] ∈ 2πZ
(compare with Theorem 19.5).

19.4. Equations of motion in the Chern–Simons theory

Recall that for any classical field theory, the classical equations of motion are given by the
critical points δS[φ] = 0 of the action functional S. Let us apply it the Chern–Simons
theory.

Lemma 19.9. Using standard notation

δSCS [A] =
d

dε

∣∣∣∣
ε=0

S[A+ ε · δA],

we have the following result

δSCS [A] = 2

∫
M
⟨FA ∧ δA⟩.

Proof. Using (19.9), Stokes theorem and Ad-invariance of the bilinear form ⟨ , ⟩, we obtain

δSCS [A] = −
∫
M

(
⟨δA ∧ dA⟩+ ⟨A ∧ dδA⟩+ 1

3
⟨δA ∧ [A ∧A]⟩

+
1

3
⟨A ∧ [δA ∧A]⟩+ 1

3
⟨A ∧ [A ∧ δA]⟩

)
= −

∫
M
⟨δA ∧ (2dA+ [A ∧A])⟩

= 2

∫
M
⟨FA ∧ δA⟩. □

This result can be interpreted as follows. Let A be the space of all connections in the
trivial G-bundle on M ; as discussed in Theorem 17.9, this is an infinite-dimensional affine
space associated with the vector space Ω1(M, g), so at any point A ∈ A, the tangent space
is TAA = Ω1(M, g). Since we have a non-degenerate pairing

Ω2(M, g)⊗ Ω1(M, g) → R

η ⊗ ω 7→
∫
M
⟨η ∧ ω⟩,

we can think of Ω2(M, g) as the cotangent space: T ∗
AA := Ω2(M, g).

Then the curvature of a connection admits a natural interpretation as 1-form on A,
since to every connection A ∈ A it assigns its curvature FA ∈ Ω2(M, g) ≃ T ∗

AA. From this
point of view, Lemma 19.9 is interpreted as the identity

dSCS [A] = 2FA ∈ Ω1(A)
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of 1-forms on A, where d is the exterior differential on A.

Lemma 19.9 immediately implies the following result.

Theorem 19.10. Critical points of Chern–Simons action are the flat connections on M :

δSCS [A] = 0 ⇐⇒ FA = 0.

Remark 19.11. Note that FA = 0 is a first–order differential equation in components of
A, and not of a second order as one would normally expect. This makes Chern–Simons field
theory very different from more common field theories such as Klein–Gordon or Yang–Mills.
In those theories, if our spacetime is of the form N × R, and we fix the initial conditions
φ|t=0, φ̇|t=0, then there is a unique solution of equations of motion with these conditions.
For Chern–Simons it is not so: if M = N × R, then in order for a connection on N to be
extendable to a solution of equations of motion, it is necessary that it is flat. Moreover, if
this is the case, a flat extension is not unique.

Let us now consider the set of gauge equivalence classes of flat connections:

{A ∈ A(P ) | FA = 0}/G(P ).

Assuming that M is connected, it is well-known that we have a bijection

{A ∈ A(P ) | FA = 0}/G(P ) ≃ Hom(π1(M), G)/G

given by the holonomy of a connection (see discussion in Section 17).

Since π1(M) is finitely generated, space X = Hom(π1(M), G)/G is finite-dimensional.
In general, it is not a smooth manifold (it is a stratified space), so usually one considers one
of the approaches below to replace it by a better behaved space.

(1) We can consider simple connections, which are characterized by the property
that the centralizer of the image of π1(M) in G is finite. It is known that such
connections form an open dense subset R0 ⊂ Hom(π1(M), G), and the quotient
X0 = R0/G is a smooth finite-dimensional manifold (but non-compact).

(2) Alternatively, one can replace (real) Lie group G by a complex algebraic group
GC (e.g., replace SU(n) by SL(n,C)). Then the set Hom(π1(M), GC) is an affine
algebraic variety, called the representation variety of M , and we can consider the
geometric invariant theory quotient

X(M) = Hom(π1(M), GC)//GC.

This is again an affine algebraic variety (generally, not smooth), called the character
variety of M .

We will say more about the structure of Hom(π1(M), G)/G in the case M = R×N in
Section 19.6.

19.5. Chern–Simons theory for manifolds with boundary

So far, we have studied Chern–Simons theory on a closed 3-manifold. Let us now consider
whan happens if we allow manifolds with boundary.



216 19. Chern–Simons Theory

LetM be an oriented compact 3-manifold with boundary: ∂M = N ; as before, let P be
a G-bundle on M and let A be a connection in P . Choose a trivialization of P and define
the Chern–Simons action SCS(A) by the same formulas (19.9)–(19.10).

As before, so defined action depends on the choice of trivialization. In addition, we get
an extra term coming from the boundary: it follows from (19.12) that

(19.13) SCS(A
g)− SCS(A) =

∫
∂M

⟨θg ∧ g−1Ag⟩+ 1

6

∫
M
⟨θg ∧ [θg ∧ θg]⟩,

so we can not claim that SCS(A) is a well-defined real number modulo 2π. Instead, we will
show that for every choice of a connection A on a 2-manifold N = ∂M , we can define a
one-dimensional vector space LN (A) so that eiSCS(A) is well-defined as an element in LN (A).

Recall that every compact oriented 2-manifold N without boundary is a boundary of
some (not unique) 3-manifold M . Moreover, it is easy to show using Theorem 19.1, that
every function g : N → G can be extended to a function g̃ : M → G.

Lemma 19.12. For a compact oriented 2-manifold N and a function g : N → G, define

WN (g) =
1

6

∫
M
⟨θg̃ ∧ [θg̃ ∧ θg̃]⟩

where M is a compact 3-manifold with boundary such that ∂M = N and g̃ : M → G is an
extension of g : N → G. Then WN (g) mod 2π only depends on N and doesn’t depend on
the choice of 3-manifold M and extension g̃.

Proof. Let M1,M2 be two 3-manifolds such that ∂M1 = ∂M2 = N . As in Section 19.3,
form a new manifold M = M1 ∪ (−M2), obtained by gluing M1 and M2 (with reversed
orientation) along N . Then

1

6

∫
M1

⟨θg ∧ [θg ∧ θg]⟩ −
1

6

∫
M2

⟨θg ∧ [θg ∧ θg]⟩ =
1

6

∫
M
⟨θg ∧ [θg ∧ θg]⟩ ∈ 2πZ.

□

Remark 19.13. The functional WN (g) is a two-dimensional analog of the Wess-Zumino
term in the theory of quantum anomalies. It plays a fundamental role in two dimensional
conformal field theory and is called the Wess–Zumino–Novikov–Witten (WZNW) action.

With the help of Lemma 19.12 we can rewrite (19.13) in the following form:

(19.14)

SCS(A
g)− SCS(A) = C(A, g) mod 2π

C(A, g) =WN (g) +

∫
N
⟨θg ∧ g−1Ag⟩.

Note that C(A, g) mod 2π only depends on restrictions of a one-form A and function g to
the boundary N = ∂M .

Corollary 19.14. For any A ∈ AN , g1, g2 ∈ G, we have

(19.15) C(A, g1g2) = C(A, g1) + C(Ag1 , g2) mod 2π.

Proof. Indeed, using Ag1g2 = (Ag1)g2 and (19.14), we have

SCS(A
g1g2)− SCS(A) = SCS((A

g1)g2)− SCS(A
g1) + SCS(A

g1)− SCS(A). □
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Equation (19.15) admits a simple interpretation in terms of group cohomology. Recall
that given a representation V of a group G, the cohomology H i(G,V ) are defined by
H i(G,V ) = Exti(C, V ), where Ext is considered in the category of representations of G (or,
equivalently, C[G]-modules). These cohomology can be computed explicitly using the bar
resolution:

C0(G,V ) → C1(G,V ) → C2(G,V ) → . . .

Ck(G,V ) = {f : Gk → V }.

In particular C1(G,V ) = {f : G→ V }, and the differential d : C1 → C2 is given by

df(g1, g2) = g1f(g2)− f(g1g2) + f(g1)

(the general formula for the differential can be found in standard textobooks on homological
algebra). Thus, the space of 1-cocycles is given by

Z1(G,V ) = {f : G→ V | f(g1g2) = f(g1) + g1f(g2)}.

Let us now apply this to the group G = C∞(N,G) of gauge transformations, and take
V = Ω0(AN ) be the space of complex-valued functionals Ψ: AN → C (“wave functions” in
the physics terminology). It is a left G-module with the action

(g ·Ψ)(A) = Ψ(Ag)

where as before, Ag = g−1Ag + g−1dg. Considering C(A, g) as an element in Ω0(AN ),
we immediately see that (19.15) is equivalent to dC = 0 mod 2π; in other words, C is a
1-cocycle of group G with values in Ω0(AN ) mod 2π.

Remark 19.15. In physics terminology, the term C(A, g) is called “quantum anomaly”.
The 1-cocycle condition allows to define a representation U of the gauge group G on the
space Ω0(AN ) (the Hilbert space of wave functions in the physics terminology) by the
formula

(U(g)Ψ)(A) = eiC(A,g)Ψ(Ag).

Using (19.14), we can construct a one-dimensional complex vector space LN (A), which
depends on N and connection A in a G-bundle on N , so that exp(iSCS(A)) is well-defined
as an element of LN (A). To do that, we use the following approach: we first construct a
vector space LN (A,φ) which depends on some auxiliary data (namely, trivialization φ of the
bundle PN ) and then construct canonical isomorphisms fψφ : LN (A,φ) → LN (A,ψ). This
allows one to identify all the spaces LN (A,φ) for different choices of φ and thus construct
a single space LN (A). More formally, we will use the following lemma.

Lemma 19.16. Given a set X, consider the category CX , whose objects are collections of
vector spaces Vα, α ∈ X, together with isomorphisms fβα : Vα → Vβ satisfying fαα = id,
fγβfβα = fγα.

Then CX is equivalent to the category of vector spaces, with the equivalence given by the
following functor:

Γ: CX → Vect

(Vα, fβα) 7→ V = {(vα ∈ Vα)α∈X | fβαvα = vβ}.
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In other words, a collection of vector spaces Vα together with collection of canonical
isomorphisms Vα ≃ Vβ can be replaced by a single vector space. A common example of
such a situation is when X is a contractible topological space, and V is a local system over
X; in this case, Γ is the functor of global sections.

Now, let A be a connection in a G-bundle P on N ; as discussed before, such a bundle
is automatically trivializable. Let X be the set of all trivializations of P ; for each such
choice of a trivialization φ, define the vector space Vφ = C and let Aφ be the one-form
of connection in this trivialization. Recall (see Theorem 17.11) that if we are given two
trivializations φα, φβ related by

φα = gφβ, g ∈ C∞(N,G)

then

Aβ = g−1Aαg + g−1dg = (Aα)g.

For such a pair of trivializations, define isomorphisms fβα : Vα ≃ Vβ by

(19.16) fβα = exp(iC(Aα, g))

where C(Aα, g) is defined by (19.14). It follows from the cocycle condition (19.15) that so
defined fβα satisfy fαα = id, fγβfβα = fγα.

This shows that we can canonically identify vector spaces Vα for different choice of
trivialization φα and thus, by Lemma 19.16, we can replace this collection by a single
vector space which doesn’t depend on the choice of trivialization and is thus defined by the
connection A on N . We will denote the resulting one-dimensional vector space by LN (A).

Lemma 19.17. Let M be a compact oriented 3-manifold with boundary N = ∂M . Let
A be a connection in a principal G-bundle P on M ; denote by AN the restriction of this
connection to N . Then exp(iSCS(A)) is well-defined as an element in one-dimensional
vector space LN (AN ).

Proof. Choose a trivialization φ of P ; abusing the language, let Aφ be the one-form of
connection A in this trivialization. Define the number zφ = exp(iSCS(A

φ)) ∈ C by formula
(19.9); we will consider it as an element in the vector space Vφ. Then it follows from (19.14)
that given two trivializations φα, φβ, we have

zβ = fβαzα

which shows that z = exp(iSCS(A)) is well-defined as an element of LN (A). □

19.6. The phase space of Chern–Simons theory

Recall that in classical mechanics, for a system with configuration space N we had the
spacetime R × N and the phase space TN (or T ∗N — in non-degenerate case, Legendre
transform gives an isomorphism TN ≃ T ∗N). For field theories such as the scalar field
theory, the configuration space is taken to be the space of fields on N , and the phase space
is the space of 1-jets of fields.

For Chern–Simons model, the situation is different. As discussed before, equations of
motion for Chern–Simons theory are first order equations, and not every connection on N
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can be extended to a solution of equations of motion on R×N (it can only be done for flat
connections). Thus, the approach above doesn’t work for Chern–Simons theory.

Instead, we can use an alternative definition. Recall that in classical mechanics, for every
(q, q̇) ∈ TN , there is a unique solution of equations of motion on R × N with this initial
conditions. Thus, one can alternatively define the phase space as the space of solutions of
equations of motion on R×N ; we have used this in Section 5.3 to define the action of the
Galielean group on the phase space.

Following the same idea, for a compact oriented 2-manifold N we define the phase
space of Chern–Simons model X(N) to be the space of solutions of equations of motion
on M = R×N , or, equivalently, the space of gauge equivalence classes of flat connections
on M . Since N and R × N are homotopy equivalent, this is the same as the space of flat
connections on N up to gauge equivalence; as discussed in Section 19.4, this gives

(19.17) X(N) = Hom(π1(N), G)/G.

As discussed in Section 19.4, X is a finite-dimensional space, which in general is not
smooth.

Theorem 19.18.

(1) Let us call an element ρ ∈ Hom(π1(N), G) simple if the centralizer in G of image
of ρ is finite; denote by Hom0(π1(N), G) the set of simple morphisms. Then for
a surface N of genus g > 1, the set of simple morphisms is open and dense in
Hom(π1(N), G), and the quotient space

X0(N) = Hom0(π1(N), G)/G

is a smooth manifold of dimension

dimX0(N) = (2g − 2) dimG.

(2) The manifold X0(N) has a canonical symplectic structure.

We skip the proof of this theorem, referring the reader to papers listed in Notes.

This phase space can also be constructed in a different way, via the Hamiltonian re-
duction. Namely, choose a principal G-bundle P over N (note that P must be necessarily
trivializable) and consider the space A(P ) of all connections in P . Recall that A(P ) is an
affine space over the vector space Ω1(N, gP ).

Lemma 19.19. The space A(P ) has a natural structure of (infinite-dimensional) symplectic
manifold.

Proof. Since A(P ) is an affine space, at every point A ∈ A(P ) the tangent space TAA(P )
is the space Ω1(N, gP ). Define the 2-form ω on A(P ) by letting

(19.18) ω(α, β) =

∫
N
⟨α ∧ β⟩, α, β ∈ Ω1(N, gP ).

It is easy to show that this 2-form is non-degenerate and closed. □

Recall that the space of connections has a natural action of the gauge group G(P )
described in Section 17.5.
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Lemma 19.20. The action of G(P ) on A(P ) is Hamiltonian; for a ∈ Lie(G(P )) =
Γ(N, gP ), the corresponding Hamiltonian function on A(P ) is

Ha(A) =

∫
N
⟨FA, a⟩.

where FA ∈ Ω2(N, gP ) is the curvature of A.

In other words, if we define the (restricted) dual of Γ(N, gP ) to be Ω2(N, gP ), with the
pairing given by

∫
N ⟨F, a⟩, then the moment map µ : A → Ω2(N, gP ) is given by

(19.19) µ(A) = FA.

Proof. To check that Ha is the Hamiltonian function corresponding to a, we need to check

∂ηHa = ω(ξa, η)

(see (5.3)).

As is common in calculus of variations, we use notation δA instead of η for the tangent
vector at A. Then, using δFA = dδA+ [δA ∧A], we get

δHa =

∫
N
⟨δFA, a⟩ =

∫
N
⟨(dδA+ [δA ∧A]), a⟩

=

∫
N
⟨δA ∧ (da+ [A, a])⟩

=

∫
N
⟨(−da+ [a,A]) ∧ δA⟩ = ω(−da+ [a,A], δA).

On the other hand, by formula (17.35) for the action of a ∈ Γ(N, gP ) on A, we see that
the vector field corresponding to a is

ξa = −da+ [a,A].

Thus, δHa = ω(ξa, δA), which shows that Ha is indeed the Hamiltonian function corre-
sponding to a ∈ Γ(N, gP ).

We leave it as an exercise to the reader to verify that {Ha, Hb} = H[a,b]. □

As an immediate corollary, we get the following theorem.

Theorem 19.21. The phase space X(N) of flat connections in G–bundle P on N modulo
gauge equivalence coincides with the Hamiltonian reduction of A(P ) by the group of gauge
transformations:

X(N) = A(P )//G(P ).

It can be shown that the symplectic structure on X0(N) mentioned in Theorem 19.18
coincides with the symplectic structure obtained by the Hamitlonian reduction. This gives
a conceptual construction of this symplectic structure.

It is natural to ask if X0(N) is a cotangent bundle — or, in a weaker form, if it has
a natural polarization (see Section 4.5 for the discussion of polarizations). It turns out
that there is no natual polarization on X0(N) in the sense of Definition 4.12. However,
by choosing a complex structure on N , we can obtain a complex polarization of X0(N);
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this plays an important role in Wess–Zumino–Witten model. We refer the reader to papers
listed in Notes to this Part for further discussion.

19.7. Exercises

Exercise 19.1.

(1) Show that a 2× 2 matrix g is in SU(2) iff it has the form

g =

(
α β

−β α

)
, α, β ∈ C, |α|2 + |β|2 = 1.

(2) Deduce from it that the map

(19.20)

ı : SU(2) ↪→ C2 = R4(
α β

−β α

)
7→ (α, β)

identifies SU(2) with the unit sphere S3 ⊂ R4.

(3) Let ( , )R4 be the metric on SU(2) obtained as the pullback of the standard metric on R4

under the embedding (19.20). Show that the matrices below form an orthonormal basis of
su(2) with respect to ( , )R4 :

X1 = iσ2 =

(
0 1
−1 0

)
, X2 = iσ1 =

(
0 i
i 0

)
, X3 = iσ3 =

(
i 0
0 −i

)
.

Deduce from this that

(a, b)R4 = −1

2
tr(ab), a, b ∈ su(2).

Exercise 19.2.

(1) Let λ̃ ∈ Ω3(SU(2)) be the left-invariant form normalized by the condition

λ̃(X1, X2, X3) = 1,

where X1, X2, X3 are defined in the previous exercise.
Show that

∫
SU(2)

λ̃ = 2π2 (for appropriate choice of orientation on SU(2)).

(2) Show that

λ̃(a, b, c) = −1

4
tr(a[b, c]).

Exercise 19.3. Let ık : SU(2) → SU(n) be the embedding given by

ık : g 7→


1

1
g

1
. . .

 g in positions k, k + 1

It is known that for any k, the map ık induces an isomorphism H3(SU(2),Z) → H3(SU(n),Z).
Deduce from this that for any n ≥ 2, the left-invariant 3-form on SU(n) given by

λ(a, b, c) = − 1

4π
tr(a[b, c])

satisfies the normalization condition (19.3).

Exercise 19.4. Prove formula (19.7).

Exercise 19.5.
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(1) For a one-form A ∈ Ω1(M, g) and a function g ∈ C∞(M,G), denote A′ = g−1Ag. Prove
that then dA′ = −[θg, A

′] + g−1 · dA · g.
(2) Using the previous part and the Maurer–Cartan equation dθ+ 1

2 [θ ∧ θ] = 0, prove (19.12).

Exercise 19.6. For a connection A on a 2-manifold N , let LN (A) be the one-dimensional vector
space defined in Section 19.5. Prove that if N = N1 ⊔ N2, then one has natural isomorphisms
LN (A) ≃ LN1

(A)⊗ LN2
(A).



Chapter 20

Notes and References

From the physics perspective, there are many excellent introductions to classical elec-
trodynamics, from the classic text [LL1971] to the monographs [Gri1999], [Jac1998],
[Ryd1996]. Correspondingly, we start Chapter 15 with the physics formulation of Maxwell’s
equations in Section 15.1, and give their invariant formulation by using the differential forms
in Section 15.2. The key role there is played by the Hodge star operator in the 4-dimensional
space R1,3 with the Minkowski metric.

In Section 15.4 we show, in invariant form, that Maxwell equations are the Euler-
Lagrange equations for the action functional of the electromagnetic 4-potential, a 1-form
A. In Section 15.5 we derive the stress-energy tensor of electromagnetic field by using the
action of Poincaré group on the space of gauge equivalence classes of A. The obtained
tensor is symmetric, so there is no need in ad hoc addition of a divergence-free term, as it is
customary in physics textbooks. The integration on Riemannian manifolds and properties
of the Hodge ⋆ operator are discussed in many textbooks on differential geometry, e.g. in
[War1983] and [DFN1984].

The Hamiltonian formulation of Maxwell’s equations in Section 16.4 is based on the
Dirac formalism [Dir1958], as developed in [Fad1969]. We are following [FS1991] and
unpublished Faddeev’s lectures on Feynman path integral and gauge fields (Leningrad State
University, 1974). In Section 16.5 we briefly mention QED (quantum electrodynamics); the
interested reader can find its detailed account in the classic textbook [Wei1995].

Chapter 17 serves as a crash course on connections and curvature on principal and
vector bundles and theory of characteristic classes. The reader can find more details in
[MS1974], [DFN1984], [KN1996a], [KN1996b], [Fra2012], and in many other sources.
For complex vector bundles, standard references are [GH1994] and [Wel2008].

Based on the material in Chapter 17, in Section 18.1 we introduce Yang-Mills fields as
connections in a principal G-bundle over a pseudo-Riemannian manifold. In Section 18.2
we show that this theory naturally generalizes the abelian gauge theory — classical electro-
dynamics — to the non-abelian case, and in Section 18.3 we derive the stress-energy tensor
for the Yang-Mills field on the Minkowski spacetime. It should be noted that this theory, for
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the basic case G = SU(2), was introduced by C. N. Yang and R. L. Mills in the classic paper
[YM1954]. Nowadays there are many lectures and books introducing classical theory of
Yang-Mills fields, written from mathematics and physics perspective. They include classic
lectures [Ati1979], introductory texts [NS1987] and [BM1994], and books [Rub2002],
[Nak2003] for mathematically oriented physicists.

Yang-Mills equations on the Minkowski spacetime are nonlinear partial differential equa-
tions, so one cannot use Fourier method for solving the Cauchy problem, and we refer
to [EM1982] and [CS1997] for global existence of solutions. In Section 18.4 we briefly
mention relation with the quantum chromodynamics (QCD) and the Standard Model of
elementary particles; for more information, see [Wei1996] and references there.

Our exposition of the Hamiltonian formalism for the Yang-Mills theory in Section 18.5
follows [Fad1969], [FS1991] and Faddeev’s 1974 unpublished lectures. Hamiltonian formu-
lation is fundamental for the quantization of the Yang-Mills fields, and we refer to [FS1991].
The Faddeev-Popov operatorM plays a fundamental role in developing perturbation theory
(Feynman rules). It was rigorously proved in [Sin1978] that for large Ak(x) the operatorM
may have a zero eigenvalue, so that the Coulomb gauge condition can intersect the orbits of
gauge group more that once — the so-called Gribov ambiguity. However, in does not affect
the perturbation theory, based on the Hamiltonian formulation of the Yang-Mills theory.

Section 18.6 is devoted to the self-duality equations, introduced in the classic paper
[BPST1975]; for complete description of solutions in case M = S4 and G = SU(2), we
refer to Atiyah’s lectures [Ati1979], and references therein. These equations were used by S.
K. Donaldson [Don1983] for the study of topology of 4-manifolds. For detailed exposition
of the Donaldson’s theory, we refer to the monographs [DK1990] and [FU1991]. The
Hitchin equations were introduced by N.J. Hitchin in [Hit1987a]. With each solution
(A,Φ) of Hitchin’s equations, where A is a connection in a complex vector bundle E, one
associates a Higgs bundle — the pair (E,Φ). In [Hit1987b], the Higgs bundles were
used to define the Hitchin integrable system, which plays important role in many areas of
mathematics.

Finally, in Chapter 19 we introduce a very different kind of gauge theory, the Chern–
Simons model. This model is based on Chern–Simons form, an example of secondary char-
acteristic class, which was introduced by Chern and Simons in 1974 in [CS1974]. This
form was used by physicists as an additional, “topological” term in gauge field theories in
1980s; pure Chern–Simons theory, which had no other terms, was studied in [Zuc1987]. (In
special case of abelian groups, it has appeared earlier in the work of A. Schwarz [Sch1977]).
Since this theory is purely topological (the action doesn’t depend on metric), it was mostly
considered a toy model by physicists — until the publication of Witten’s paper [Wit1989],
in which he showed that quantum Chern–Simons theory can be used to construct invari-
ants of knots, in particular the Jones polynomial. This led to an avalanche of papers on
Chern–Simons theory, invariants of knots and 3-manifolds, and topological quantum field
theories in general; a review of some of related results can be found in [Fre2009].

Invariant definition of the functional WN in Section is due to S.P. Novikov [Nov1982]
and E. Witten [Wit1984]. The Chern-Simons and Wess-Zumino actions play a prominent
role in theory of quantum anomalies, and we refer the reader to [FS1984] and references
therein.
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Our exposition mostly follows [Fre1995], to which we refer the reader for details. Most
topology results we use in that section are standard; proof of Theorem 19.6 (every 3-
manifold is a boundary) can be found in [Kir1989, Chapter VII]. For the description of
the symplectic structure on the space of gauge equivalence classes of flat connections on
a surface, we refer the reader to the original papers [AB1983], [Gol1984]; note that this
was found independent of realization of this space as the phase space of Chern–Simons field
theory.
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Theory of Gravity





Chapter 21

General Relativity

General relativity — Einstein’s theory of gravity — is the geometric theory describing
gravity as property of space and time. It generalizes special relativity by postulating that
the metric of spacetime is not constant but is itself a field described by appropriate equa-
tions of motion which generalize Newton’s law of universal gravitation. Here we introduce
the general notion of a spacetime and briefly recall the necessary basic from Riemannian
geometry.

21.1. Spacetime in general relativity

Definition 21.1. A smooth connected n-dimensional manifold M is called a Lorentzian
manifold if it carries a pseudo-Riemannian metric

ds2 = gµν(x)dx
µdxν

with the signature (1, n− 1) at every x ∈M . Such a metric ds2 is called Lorentzian metric.

In particular, a 4-dimensional Lorentzian metric has signature (+,−,−,−), so g =
det gµν < 0.

The basic example of a Lorentzian manifold is Minkowski space R1,3; a more general
example is M = R×N , where N is an (n− 1)-dimensional Riemannian manifold, and the
metric on M is defined by gM = dt2 − gN . However, these are not the only examples.

Theorem 21.2. Let M be a connected n-dimensional manifold. Then the following are
equivalent

(1) M admits a Lorentzian metric.

(2) The tangent bundle TM can be split as TM = L ⊕Q, for some vector bundles L
and Q of ranks 1 and n− 1 respectively.

Proof in one direction is quite easy: since it is well-known that any manifold M admits
a Riemannian metric g̃, given a splitting TM = L⊕Q we can define the Lorentzian metric
on M by g = g̃|L − g̃|Q. We refer the reader to standard texbooks for the proof in the
opposite direction.
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As an immediate corollary, we get the following result.

Corollary 21.3.

(1) Every non-compact connected manifold admits a Lorentzian metric.

(2) A compact connected manifold admits a Lorentzian metric if and only if its Euler
characteristic is zero.

(3) A connected manifold admits a Lorentzian metric if and only if it admits a nowhere
vanishing vector field X.

As in the case of Minkowski metric in Section 7.1, a tangent vector v ∈ TxM is called

• timelike if g(v, v) > 0

• null (lightlike) if g(v, v) = 0

• spacelike if g(v, v) < 0

A curve γ : [u1, u2] → M is called timelike if γ′(u) is timelike for all u ∈ [u1, u2] and is
causal if if γ′(u) is timelike or null for all u ∈ [u1, u2].

It is easy to see that for every point x, the set of all timelike vectors is not connected
and has two connected components. It is natural to think of one of them as going in positive
time direction and the other, in the negative time direction. This motivates the following
definition.

Definition 21.4. A Lorentzian manifold M is called time-orientable if admits a timelike
vector field X ∈ Vec(M).

(Note that by definition, a timelike vector filed is non-vanishing.)

Such a vector field defines time orientation: a timelike or null vector u ∈ TxM is future-
directed (or past-directed), if u ·Xx > 0 (or u ·Xx < 0).

Similarly, a timelike curve γ : [u1, u2] →M is future-directed (or past-directed), if γ′(u)
is future-directed (or past-directed) for all u ∈ [u1, u2].

Note that not every Lorentzian manifold is time-orientable; however, it easily follows
from Corollary 21.3 that every Lorentzian manifold admits a (possibly different) Lorentzian
metric which is time-orientable.

We have just introduced all notions necessary for the definition of a spacetime in general
relativity.

Definition 21.5. A spacetime of general relativity is time-oriented Lorentzian four-manifold
M .

Denote by M be the space of all Lorentzian metrics on M , and by G = Diff(M) —
the group of all diffeomorphisms of M , so there is a natural G-action on M by pullbacks.
Explicitly, for Φ ∈ G and ds2 = gµν(x)dx

µdxν we have

(21.1) Φ · ds2 = (Φ∗gµν)(x)dx
µdxν , where Φ∗gµν(x) = gαβ(Φ(x))

∂Φα(x)

∂xµ
∂Φβ(x)

∂xν
.

From a physicst point of view, this amounts to a change of coordinate systems on the
spacetimeM . In general relativity, the action of G onM replaces the Poincaré group action
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on the Minkowski spacetime R1,3, discussed in Section 7.1. Correspondingly, the special
principle of relativity is replaced by

General Principle of Relativity. The field equations — the laws of motion — are in-
variant under the action of the diffeomorphism group G of the spacetime M .

Remark 21.6. It should be noted that all physical theories are diffeomorphism invariant:
the physical laws do not depend on a coordinate system chosen to write them down. The
general relativity describes the dynamics of spacetime, so its diffeomorphism invariance —
a “general covariance” in physics language — manifests the geometric nature of the theory.
As the result, the field equations are written in a covariant form in terms of tensors.

We have the following analogs of future and past lightcones of each point in Minkowski
spacetime (see Section 7.1). Namely, the chronological future IM+ (x) of x ∈M is the set of
points that can be reached from x by future-directed timelike curves, and the causal future
JM+ (x) of x ∈ M is the set of points that can be reached from x by future-directed causal

curves and of x itself. Similarly, the chronological past IM− (x) and causal past JM− (x) of
x ∈M are defined by using past-directed timelike and causal curves.

Note that x ∈ IM+ (x) if and only if there exists a timelike curve starting and ending at
x. From physical point of view, it means that our system admits time travel, which leads
to numerous difficulties.

Proposition 21.7. If the spacetime M is compact, there exists a closed timelike curve in
M .

Proof. The family {IM+ (x)}x∈M is an open covering ofM . By compactness,M = IM+ (x1)∪
· · · ∪ IM+ (xm). If x1 /∈ IM+ (x1), then x1 ∈ IM+ (x2) ∪ · · · ∪ IM+ (xm), then x1 ∈ IM+ (xk) for

some 2 ≤ k ≤ m. Then IM+ (x1) ⊆ IM+ (xk), so we can omit IM+ (x1) from the covering. If

x2 /∈ IM+ (x2), then by the same argument we can remove IM+ (x2) form the covering, and so

on, until we find some xj ∈ IM+ (xj). □

Thus compact spacetime allows for the time travel, so we will consider only non-compact
spacetimes.

We say that a spacetime M satisfies the causality condition if it does not contain any
closed causal curve. A spacetime M satisfies the strong causality condition if there are no
almost closed causal curves. That is, for each x ∈ M and for each open neighborhood U
of x there exists an open neighborhood V ⊆ U of x such that no causal curve in M passes
through V more then once. Clearly the strong causality condition implies the causality
condition.

Definition 21.8. A space-time M is globally hyperbolic if it satisfies the strong causality
condition and for all x, y ∈M the intersection JM+ (x) ∩ JM− (y) is compact.

The following fundamental result describes the structure of globally hyperbolic space-
times explicitly: they are foliated by smooth spacelike hypersurfaces.

Theorem 21.9. Let M be a spacetime. Then the following are equivalent.

(1) M is globally hyperbolic.
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(2) M is isometric to R×N with the Lorentzian metric βdt2−γt, where β is a smooth
positive function onM , and γt is is a Riemannian metric on N depending smoothly
on t ∈ R.

It is obvious from the construction that every timelike curve γ intersects every hypersur-
face Nt = {t} ×N ⊂M at most once, and in fact, every such curve can be reparametrized
and extended so that intersects each Nt exactly once. Hypersurfaces with these properties
are called Cauchy hupersurfaces.

Corollary 21.10. On every globally hyperbolic spacetime M there exists a smooth function
h :M → R whose gradient ∇h ∈ Vect(M) is timelike and future-directed, and all level sets
of h are spacelike Cauchy hypersurfaces. Moreover, given a Cauchy hypersurface N in M ,
there is a function h with the property N = h−1(0).

Such function h is called a Cauchy time function, and its gradient ∇h is defined by

∇h = gµν
∂h

∂xµ
∂

∂xν
,

where gµν is the inverse matrix.

To better appreciate the importance of Theorem 21.9, let us discuss, from physics per-
spective, the basic notions of space and time in general relativity. Let M be a spacetime
(we do not assume it is globally hyperbolic) and let (x0, x1, x2, x3) be an arbitrary local
coordinate system with the only condition that g00 > 0. Thus the vector field ∂/∂x0 is
timelike, so we can think of x0 as local time coordinate and of r = (x1, x2, x3) as space
coordinates.

Such a choice of local coordinate system allows one to talk about events happening at
the same point in space: we say that two events (x01, r1) and (x02, r2) happen at the same
point in space if r1 = r2 (note that this notion depends on the choice of coordinate system).
As in Section 8.1, we introduce a proper time for an observer at point r in space by defining
the time interval between events (x01, r) and (x02, r) to be

∆τ =
1

c

∫ x02

x01

√
g00(x0, r) dx

0.

This defines a proper time τ at point r in space, which is defined uniquely up to adding a
constant (depending on r).

Next, we need to define a notion of simultaneous events at different points in space,
which of course depends on the choice of coordinate system. This is done by “synchronizing
clocks”, using physicists terminology. Namely, suppose that we have two nearby points A
and B in space with coordinates r and r + dr. Suppose that at some time at B we send
a signal from to point A, propagating at speed of light along γ, and as soon as it reaches
point r at x0, we immediately send it back. It is very easy to see that the signal should be
send from B at time x0 + dx01, and it comes back to B at time x0 + dx02, where dx

0
1,2 are

two roots of the quadratic equation1

(21.2) ds2 = g00(x
0, r)(dx0)2 + 2g0i(x

0, r)dx0dxi + gij(x
0, r)dxidxj = 0.

1It is the condition that lift γ̃ of a curve γ to spacetime is lightlike.
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Then we say that the events (x0, r) and (x0+dx0, r+dr) in the spacetime are simultaneous
(or that the clocks at points r and r + dr in space are synchronized), if

x0 + dx0 =
1

2
(x0 + dx01 + x0 + dx02).

Using (21.2), we readily obtain

dx0 = − g0i
g00

dxi.

This definition allows to synchronize clocks along any curve γ(u) = r(u) in space; events
(x0, r(0)) and (x0(u), r(u)) are simultaneous (in a given coordinate system), if x0(u) is the
solution of the following nonlinear ordinary differential equation

dx0(u)

du
= − g0i(x

0(u), r(u))

g00(x0(u), r(u))

dxi(u)

du
, x0(u)

∣∣
u=0

= x0.

However, this depends on the choice of γ connecting two points in space. Thus, in general
it is impossible to synchronize clocks at all points in space, even locally.

However, if our coordinate system was chosen so that g0i = 0 for all i = 1, 2, 3, then
it follows from this formula that one can synchronize clocks, just by declaring two events
simultaneous if they have the same x0 coordinate. Such coordinate systems are called
“synchronous”.

It is not very difficult to show that locally, any spacetime admits a synchronous coordi-
nate system and thus, locally one can find a way to synchronize the clocks. The importance
of Theorem 21.9 is that it implies that for a globally hyperbolic spacetime, one can also
synchronize the clocks globally, which is a highly nontrivial result.

21.2. Particle in a gravitation field and Levi-Civita connection

The action of a relativistic particle of massm in a gravitational field described by the metric
tensor gµν(x) has the same form as in Section 8.2,

(21.3) S(γ) = −mc
∫
ds = −mc

∫ √
gµνuµuνds, uµ =

dxµ

ds
.

In other words, the action functional is −mc times the length functional in the pseudo-
Riemannian geometry. Correspondingly, (cf. Example 1.6 in Chapter 1), the Euler-Lagrange
equations are the geodesic equations with respect to the natural parameter for the met-
ric ds2 = gµνdx

µdxν (there is no difference between Riemannian and pseudo-Riemannian
cases).

It is well-known that the geodesic equations can be written down explicitly in terms of
Christoffel’s symbols of the Levi-Civita connection.

Recall that a Levi-Civita connection for the metric gµν(x) on the spacetime M is a
unique connection ∇ in the tangent bundle TM such that

(21.4)
∂X⟨Y, Z⟩ = ⟨∇XY,Z⟩+ ⟨Y,∇XZ⟩,

∇XY −∇YX = [X,Y ]

for all X,Y, Z ∈ Vect(M) — sections of TM , where ⟨ , ⟩ is the pseudo-inner product
of vector fields, determined by the metric on M , and covariant derivatives ∇X ,∇Y were
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introduced in (17.19). In other words, Levi-Civita connection is a metric connection with
no torsion.

As was discussed in Section 17.2, a choice of local coordinates xµ on a chart U ⊂ M
gives a trivialization of the tangent bundle TM over U , so ∇ = d+A, where A = Aµ(x)dx

µ

and Aµ(x) ∈ EndTxM . Using the basis ∂µ =
∂

∂xµ
of vector fields over U , we can represent

Aµ by matrices

(21.5) (Aµ)
λ
ν = Γλνµ,

so covariant derivative of a (1, 0)-tensor — a vector field V = vµ(x)∂µ — is given by

(21.6) (∇µV )λ =
∂vλ

∂xµ
+ Γλνµv

ν .

Also, for X = aµ(x)∂µ, Y = bµ(x)∂µ we have

⟨X,Y ⟩ = gµν(x)a
µ(x)bν(x).

As it is written in standard differential geometry textbooks, from here we readily obtain
that unique solution of equations (21.4) is the connection d+A with coefficients Γλµν given
by

(21.7) Γλµν =
1

2
gλσ

(
∂gµσ
∂xν

+
∂gνσ
∂xµ

− ∂gµν
∂xσ

)
,

the Christoffel’s symbols.

Covariant derivatives can be defined for a (0, 1)-tensor — a section of the cotangent
bundle T ∗M , a 1-form θ = aµdx

µ — by

(21.8) (∇µθ)λ =
∂aλ
∂xµ

− Γνλµaν ,

as well as for an arbitrary (p, q)-tensor, a section of the bundle TM⊗p⊗(T ∗M)⊗q. Equations
(21.4) can be written succinctly as

(21.9) ∇λgµν = 0 and Γλµν = Γλνµ.

Remark 21.11. In classical tensor analysis, tensors of type (p, 0) are called contravariant
tensors, and tensors of type (0, q) — covariant tensors.

Thus the Euler-Lagrange equations for the action (21.3) of a free particle in a gravita-
tional field is the geodesic equation

(21.10)
d2xλ

ds2
+ Γλµν

dxµ

ds

dxν

ds
= 0,

written in terms of the natural parameter.

It is very instructive to consider the case of a weak gravitational field in R4, when

(21.11) gµν(x) = ηµν +
1

c2
g(2)µν (x) +O

(
1

c3

)
as c→ ∞,

where ηµν is Minkowski metric, and as in Section 7.4, we consider c as a parameter.
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As a special case, consider the gravitational field given by

(21.12) ds2 =

(
1 +

2φ

c2

)
(dx0)2 − dr2 = (c2 + 2φ)dt2 − dr2

for some function φ = φ(x0, r) on R4. In this case, using
√
1 + x = 1 +

x

2
+ O(x2), we see

that natural parameter along a curve γ is given by
∫
γ ds, where

ds =
√
ds2 = c

(
1 +

φ

c2
− v2

2c2

)
dt+O

(
1

c2

)
and v =

dr

dt
.

Therefore, the action (21.3) can be rewritten as

S = −mc
∫
γ
ds =

∫
Ldt+O

(
1

c

)
,

L = −mc2 + mv2

2
−mφ

(compare with Section 8.2).

Thus, in the limit c→ ∞, motion of a particle in this gravitational field is the same as the
motion of a classical particle in Newtonian mechanics in R3 with time-dependent potential
function V = mφ. By results of Example 1.4, this motion is described by equation

r̈ = −∂φ
∂r

.

Introducing the potential force

F = −m∂φ

∂r
,

we obtain Newton’s equation mr̈ = F .

Remark 21.12. Alternatively, one could obtain the equations of motion for a particle in a
weak gravitational force by using the equation for geodesic lines (21.10) and analyzing the
behavior of Christoffel symbols as c→ ∞. We leave this as an exercise to the reader.

21.3. The Riemann curvature tensor

According to Section 17.6, the curvature of the Levi-Civita connection ∇ = d+A is

F = dA+A ∧A,

a 2-form on M with values in EndTM . We have

F = 1
2Fµνdx

µ ∧ dxν , where Fµν =
∂Aν
∂xµ

− ∂Aµ
∂xν

+ [Aµ, Aν ].

On 2-forms B with values in EndTM the connection ∇ acts by

∇B = dB + [A ∧B],

which gives the Bianchi identity

∇F = 0

for the curvature 2-form. Equivalently,

∇λFµν +∇µFνλ +∇νFλµ = 0.
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(compare with (17.46). )

Representing Fµν ∈ EndTM as a matrix introduces a (1, 3)-tensor on M , the Riemann
curvature tensor

Rλρµν = (Fµν)
λ
ρ ,

and using (21.5), we obtain

(21.13) Rλρµν =
∂Γλρν
∂xµ

−
∂Γλρµ
∂xν

+ ΓλσµΓ
σ
ρν − ΓλσνΓ

σ
ρµ.

The Bianchi identity for the Riemann tensor has the form

(21.14) ∇σR
λ
ρµν +∇νR

λ
ρσµ +∇µR

λ
ρνσ = 0.

The Ricci curvature tensor is a (0, 2)-tensor on M , defined by

Rµν = Rλµλν ,

and we have an explicit formula

(21.15) Rµν =
∂Γλµν
∂xλ

−
∂Γλµλ
∂xν

+ ΓλµνΓ
σ
λσ − ΓσµλΓ

λ
σν .

It follows from (21.7) that

(21.16)

Γλµλ =
1

2
gλσ

(
∂gµσ
∂xλ

+
∂gλσ
∂xµ

−
∂gµλ
∂xσ

)
=

1

2
gλσ

∂gσλ
∂xµ

=
1

2g

∂g

∂xµ
=
∂ log

√
−g

∂xµ
,

where we used Jacobi’s formula for the derivative of the determinant of a matrix: if a(x) =
detA(x), then

a−1 da

dx
= tr

(
A−1dA

dx

)
.

Thus we see that the Ricci tensor is symmetric, Rµν = Rνµ, and determines a symmetric
bilinear form Ric = Rµνdx

µdxν on the tangent spaces.

Finally, the scalar curvature R is the trace of the Ricci curvature tensor,

R = Rµµ = gµνRµν .

Contracting λ and ν in the Bianchi identity (21.14), we get

2∇µRρσ −∇σRρµ = 0

and using (21.9) we obtain

2∇µR
ρ
σ −∇σR

ρ
µ = 0.

Finally contracting µ and ρ we obtain the identity

2∇µR
µ
σ −∇σR = 0,

or

(21.17) ∇µ

(
Rµν −

1

2
δµνR

)
= 0.
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The tensor

(21.18) Gµν = Rµν −
1

2
δµνR

is often called the Einstein tensor. It follows from (21.17) that the tensor Gµν = R− 1
2gµνR

satisfies
∇µGµν = 0, where ∇µ = gµν∇ν .

21.4. Exercises

Exercise 21.1. Let gµν be the Lorentzian metric tensor with the condition g00 > 0. Prove that
γij is positive-definite 3× 3 matrix if and only if

det

(
g00 g01
g10 g11

)
< 0, det

g00 g01 g02
g10 g11 g12
g20 g21 g22

 > 0.

Physicists say that these conditions hold for any choice of coordinates on M , which can be realized
with the aid of “physical bodies”.

Exercise 21.2. As in Theorem 21.9, let M = R × N be a spacetime with the metric ds2 =
β(dx0)2 − γij(t, x)dx

idxj . Show that

Γ0
00 =

1

2

∂ log β

∂x0
, Γ0

0j =
1

2

∂ log β

∂xj
, Γ0

ij =
1

2β

∂γij
∂x0

, Γi
00 =

1

2
γij

∂β

∂xj
, Γi

0j =
1

2
γik

∂γjk
∂x0

and Γi
jk = γijk — Christoffel’s symbols of the metric γij(t, x)dx

idxj .

Exercise 21.3. Show that for the weak gravitational field (21.12), we have the following formulas

Γi
00 = −1

2
gii
∂g00
∂xi

=
1

c2
∂φ

∂xi
, i = 1, 2, 3,

Γ0
00 = O(1/c3)

and all other Christoffel’s symbols are of order O(1/c2) or zero.

Exercise 21.4. Show that the curvature F of the connection ∇ on TM can be also defined by
the formula

F (X,Y ) = [∇X ,∇Y ]−∇[X,Y ], X, Y ∈ Vect(M).

Exercise 21.5. Show that Ricx(u, v) for u, v ∈ TxM is the trace of the linear map TxM ∋ ξ →
Fx(ξ, u)v ∈ TxM .





Chapter 22

Einstein Equations

Gravitational field on a spacetime M is a Lorentzian metric ds2 = gµνdx
µdxν , and we

denote by M the space of all gravitational fields on M . The Einstein field equations relate
the gravitational field and the distribution of matter and energy on M .

22.1. Einstein field equations

Let gµν(x) be a gravitational filed on the spacetime M , interacting with matter and energy.
The latter are described by the stress-energy tensor Tµν of the matter fields, which we will
carefully introduce and discuss in Section 22.3.

The Einstein equations are given by the following beautiful relation between (1, 1)-
tensors

Gµν = κTµν , where κ =
8πG

c4
.

Here G is the Newtonian constant of gravitation, and κ is called the Einstein gravitational
constant. Equivalently,

Rµν −
1

2
gµνR =

8πG

c4
Tµν ,

where Rµν is the Ricci curvature, R is the scalar curvature and Tµν is the stress-energy
tensor of matter fields.

When fully written out, the Einstein equations are a system of ten coupled, nonlinear,
hyperbolic-elliptic partial differential equations. Solutions of the Einstein equations are
metrics on the spacetime. The exact solutions of Einstein equations play an important role
in cosmology, describing different models of the evolution of the universe.

The initial value formulation of Einstein equations is rather non-trivial and for strongly
hyperbolic spacetime consists of prescribing the initial data on a Cauchy hypersurface,
subject to constraints that follow from the Gauss-Codazzi relations in differential geometry.
We refer to Section 23.2 for more details and to Chapter 24 for references to general relativity
textbooks.

239
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It follows from the Bianci identity (21.17) that Einstein equations imply

∇µT
µ
ν = 0, ν = 0, 1, 2, 3,

which confirms the conservation laws in Section 22.3.

Taking traces of the Einstein equations

Rµν −
1

2
δµν R = κTµν ,

we obtain

R = −κT, where T = Tµµ .

Thus Einstein equations can be also written as

(22.1) Rµν = κ

(
Tµν − 1

2
δµν T

)
.

In particular, the Einstein equations in an empty space (nor matter or energy) are Ricci
flat equations

Rµν = 0.

It is very instructive to derive the Newton’s law of universal gravitation from the Einstein
equations, applied to a slowly moving particle in a weak gravitational field on R4, when

g00(x) = 1 +
2φ(x)

c2
, gij = −δij , g0i = 0.

To find the metric gµν and hence the potential φ, we need to use Einstein equations in
the presence of matter. Namely, suppose that we have a macroscopic body, discussed in
Remark 22.6. As it is explained there, its energy-momentum tensor is

Tµν =M(x)c2uµuν ,

where M(x) is the mass density of the body and uµ is a four-velocity vector. If the macro-
scopic motion of the body is slow, we can put u0 = 1 and ui = 0, i = 1, 2, 3. Thus M
depends only on space variables and the energy-momentum tensor takes the form

Tµν =Mc2δµ0 δ
0
ν .

It follows from formula (21.15) and formulas in Exercise 21.2 that in a weak gravitational
field Rµν = O(1/c2), so the only nontrivial contribution to the Einstein equations (22.1) is

R0
0 =

4πG

c4
T =

4πGM

c2
.

It follows from Exercise 21.3 that

R0
0 =

∂Γi00
∂xi

+O

(
1

c3

)
=

1

c2
∇2φ+O

(
1

c3

)
,

so Einstein equations for the weak gravitational field reduce to the Poisson equation

∇2φ = 4πGM

for the potential φ. Namely,

φ(r) = −G
∫

M(r′)

|r − r′|
d3r′
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and in case M(r′) =Mδ(r − r′) we obtain a Newtonian potential

φ(r) = −GM
r

.

Thus the force acting on a slow particle of mass m in a weak gravitational field generated
by a particle of a mass M is Newtonian universal gravitation force!

22.2. Hilbert action

On the space M of smooth Lorentzian metrics on the spacetime M consider the celebrated
Hilbert (or Einstein-Hilbert) functional

S(gµν) =

∫
M
R
√
−g d4x,

where R is the scalar curvature of the metric ds2 = gµνdx
µdxν ∈ M , g = det gµν and√

−g d4x is the corresponding volume form on M . However, since our spacetime is non
compact, convergence of the integral is rather a non-trivial issue, as we will see in the next
section.

Thus for deriving equations of motion we take the point of view that as in Section 11.5.
Namely, for any open D ⊂M with compact closure we define the action SD as the integral
of the scalar curvature R over D,

SD(gµν) =

∫
D
R
√
−g d4x.

Then the metric tensor gµν is a critical point of the action, if for any such D and any
variation uµν = δgµν with support in D,

d

dε

∣∣∣∣
ε=0

SD(gµν + εuµν) = 0.

Proposition 22.1. The Gateaux derivative of the Hilbert functional SD in the direction u
is given by

δuS = −
∫
D

(
Rµν −

1

2
gµνR

)
uµν

√
−g d4x, where uµν = gµαgνβuαβ.

Thus the Euler-Lagrange equations of the Hilbert action are Einstein equations in empty
spacetime.

Proof. For a (p, q)-tensor I
λ1···λp
µ1···µq which depends on gµν , put

δI
λ1···λp
µ1···µq =

d

dε

∣∣∣∣
ε=0

I
λ1···λp
µ1···µq (gµν + εuµν).

Writing

SD(gµν) =

∫
D
gµνRµν

√
−g d4x,



242 22. Einstein Equations

we obtain

δuSD =
d

dε

∣∣∣∣
ε=0

SD(gµν + εuµν)

=

∫
D
(δgµνRµν + gµνδRµν)

√
−g d4x+

∫
D
Rδ(

√
−g)d4x,

where δgµν = −uµν . By Jacobi’s formula we have

δg =
d

dε

∣∣∣∣
ε=0

det(gµν + εuµν) =
∂g

∂gµν
uµν = g gµνuµν = −g gµνδgµν ,

so

(22.2) δ(
√
−g) = −1

2

√
−g gµνδgµν ,

and we obtain

δuSD =

∫
D

(
Rµν −

1

2
gµνR

)
δgµν

√
−g d4x+

∫
D
gµνδRµν

√
−g d4x.

It remains to compute δRµν(x). It follows from (21.15) that

δRµν =
δΓσµν
∂xσ

−
δΓσµσ
∂xν

+ δΓλµνΓ
σ
λσ − δΓσµλΓ

λ
σν + ΓλµνδΓ

σ
λσ − ΓσµλδΓ

λ
σν .

Since Christoffel’s symbols Γλµν are matrix elements of a Levi-Civita connection on TM ,

their variations δΓλµν are (1, 2)-tensors on M . This can also seen from the formula

(22.3) δΓλµν =
1

2
gλσ(∇µuνσ +∇νuµσ −∇σuµν),

which easily follows from (21.7). Using formulas (21.6) and (21.8), we see that the above
formula can be written in a covariant form

δRµν = ∇σδΓ
σ
µν −∇νδΓ

σ
µσ,

called the Palatini identity.

Since ∇σg
µν = 0, we obtain from the Palatini identity

gµνδRµν = ∇σ(g
µνδΓσµν)−∇ν(g

µνδΓσµσ),

so that

gµνδRµν = ∇σW
σ, where W σ = gµνδΓσµν − gµσδΓρµρ.

Using formula (21.16) — the relation

Γνµν =
∂

∂xµ
log(

√
−g),

we obtain

∇µW
µ =

∂Wµ

∂xµ
+ ΓµνµW

ν =
1√
−g

∂

∂xµ
(
√
−gWµ).

Thus we have

(22.4) gµνδRµν =
1√
−g

∂

∂xµ
(
√
−gWµ)
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and by the Stokes theorem∫
D
gµνδRµν

√
−g d4x =

∫
D
∇µW

µ√−g d4x =

∫
D

∂

∂xµ
(
√
−gWµ) = 0

since it follows from (22.3) that δΓλµν = 0 on ∂D. □

Remark 22.2. The basic identity

(22.5) ∇µX
µ =

1√
−g

∂

∂xµ
(
√
−g Xµ),

whereXµ∂µ is a vector field onM , is used in for deriving many formulas in general relativity.

Remark 22.3. It follows from (21.7) and (21.15) that Lagrangian of the Hilbert action√
−gR =

√
−ggµνRµν contains second derivatives of the metric tensor gµν . However, by

adding a total divergence term, we can have a Lagrangian containing only first derivatives
of the gravitational field, as was customary in Part 2. Namely, the Lagrangian

(22.6)
L =

√
−ggµνRµν +

∂

∂xµ
(
√
−ggµνΓσνσ −

√
−ggνσΓµνσ)

= Γσνσ
∂
√
−ggµν

∂xµ
− Γµνσ

∂
√
−ggνσ

∂xµ
+
√
−ggµν(ΓλµνΓσλσ − ΓσµλΓ

λ
σν)

contains only first derivatives of the metric tensor gµν . It follows from the proof of Proposi-
tion 22.1 that Euler-Lagrange equations for this Lagrangian are Einstein equations in empty
spacetime.

22.3. Einstein equations with matter

Here we consider the interaction of a gravitational field gµν with the matter fields, denoted
by φ and described by some field theory with the Lagrangian Lmatter(g, φ) that also depends
on the metric and its first derivatives. The corresponding action functional is

Smatter(g, φ) =
1

c

∫
M

Lmatter(g, φ)
√
−g d4x,

where we tacitly assuming that the integral is convergent. Since the Hilbert functional S(g)
is invariant under the action of the group G of diffeomorphisms of M , the functional Smatter

should also be G-invariant.
This is so for the following examples of the matter fields.

(1) A scalar field φ :M → R with the Lagrangian

L =
1

2
(gµν∇µφ∇νφ− V (φ)) .

Note that though for a scalar field ∇µφ = ∂µφ, covariant derivatives are used for
deriving Euler-Lagrange equations. We have

S(g, φ) =

∫
M

L
√
−g d4x =

1

2

∫
M
(dφ ∧ ⋆dφ− V (φ)⋆1),

where ⋆ is the Hodge operator for the metric gµν on M , so S(g, φ) is invariant
under the action of G on φ ∈ C∞(M,R).
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(2) The electromagnetic field with the Lagrangian

LEM = − 1

16π
FµνF

µν = − 1

16π
gµαgνβFµνFαβ,

where A is a connection in a principal U(1)-bundle over M and Fµν = ∇µAν −
∇νAµ = ∂µAν − ∂µAν . We have

SEM (g,A) =

∫
M

LEM
√
−g d4x = − 1

8π

∫
M
F ∧ ⋆F,

so SEM (g,A) is G-invariant under the action of G on connections A by pullbacks
on 1-forms.

(3) The Yang-Mills field with the Lagrangian

LYM = −1

4
⟨Fµν , Fµν⟩ = −1

4
gµαgνβ⟨Fµν,Fαβ⟩,

where A is a connection in a principal G-bundle overM and Fµν = ∂µAν−∂µAν+
[Aµ, Aν]. We have

SYM (g,A) =

∫
M

LYM
√
−g d4x = −1

2

∫
M
⟨FA ∧ ⋆FA⟩,

so SEM (g,A) is G-invariant under the action of G on connections A by pullbacks
on 1-forms.

The following simple fact is fundamental.

Lemma 22.4. Suppose that the functional Smatter is invariant under the G-action (it is
assumed that there is also a G-action on the matter fields). Then the Noether current

(22.7) Tµν =
2√
−g

δSmatter

δgµν

— the stress-energy tensor of the matter fields — satisfies conservation laws

∇µT
µ
ν = 0

on the solutions of the classical equations of motion.

Note that for the Hilbert functional we have by Proposition 22.1 that Tµν = 2Gµν ,
where Gµν is Einstein tensor (21.18), so the conservation law is the corollary (21.17) of the
Bianchi identity and is satisfied for all metrics.

Proof. Let Φs be a one-parameter subgroup of G,

X =
d

ds

∣∣∣∣
s=0

Φs ∈ Vect(M)

be the corresponding vector field, and LX be the Lie derivative. It follows from formula
(21.1) that

LXgµν = ∂λgµνX
λ + gαν∂µX

α + gµβ∂νX
β

= ∂µXν + ∂νXµ + (∂λgµν − ∂µgλν − ∂νgµλ)X
λ

= ∇µXν +∇νXµ,
so

LXgµν = −∇µXν −∇νXµ.
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Using the invariance of Smatter under the one-parameter subgroup Φs, the Euler-Lagrange
equations for the matter fields and the symmetry Tµν = Tνµ, we obtain

0 =

∫
M

δSmatter

δgµν
∇Xg

µνd4x

=
1

2

∫
M
Tµν(∇µXν +∇νXµ)

√
−g d4x

=

∫
M
Tµν∇µXν√−g d4x

=

∫
M

∇µ(T
µ
ν X

ν)
√
−g d4x−

∫
M
(∇µT

µ
ν )X

ν√−g d4x.

It follows from (22.5) and the Stokes theorem that the first integral is zero, so∫
M
(∇µT

µ
ν )X

ν√−g d4x = 0

for all X ∈ Vect(M), and we obtain ∇µT
µ
ν = 0. □

We emphasize that thus defined stress-energy tensor Tµν is symmetric. If the Lagrangian
Lmatter depends only on the metric gµν and its first derivatives, then

Tµν =
2√
−g

{
∂(
√
−gLmatter)

∂gµν
− ∂

∂xλ
∂(
√
−gLmatter)

∂λgµν

}
.(22.8)

When Lagrangian Lmatter depends only on the metric gµν and not on its derivatives, due
to the relation

∂g

∂gµν
= ggµν ,

formula (22.8) simplifies

Tµν = 2
∂Lmatter

∂gµν
− gµνLmatter.

It can be shown that in the special case of Minkowski spacetime R1,3, this definition of
stress-energy tensor coincides with the one defined earlier for (see (12.17)). For example,
for a scalar field (22.7) gives

Tµν = ∇µφ∇νφ− 1

2
gµν(∇λφ∇λφ− V (φ)),

for the electromagnetic field we get

Tµν =
1

4π

(
−gαβFµαFνβ +

1

4
gµνFαβF

αβ

)
,

and for the Yang-Mills field

Tµν = −gαβ⟨Fµα, Fνβ⟩+
1

4
gµν⟨Fαβ, Fαβ⟩.

When M is a Minkowski spacetime with the Minkowski metric, we get formulas obtained
in Example 12.2 in Chapter ??, and in Sections 15.5, 18.3.
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Remark 22.5. This approach can be used for a more geometric definition of the stress-
energy tensor Tµν of a relativistic field theory in the Minkowski spacetimeM4 with Minkowski
metric ηµν . Namely, let S(g) be the action of the theory in an external gravitational field
on M , described by a metric gµν . Then we have

Tµν = 2
δS(g)

δgµν

∣∣∣∣
gµν=ηµν

.

Finally, we can write down the total action of a gravitational field in the presence of a
matter fields described by the Lagrangian Lmatter(g, φ), which depends only on gµν and its
first derivatives. It is, in the form used in physics textbooks,

(22.9) S(g, φ) = − c3

16πG

∫
M
R
√
−g d4x+

1

c

∫
M

Lmatter(g, φ)
√
−g d4x,

and its Euler-Lagrange equations are Einstein equations with matter

Rµν −
1

2
gµνR =

8πG

c4
Tµν .

Remark 22.6. Besides the fields, the matter in a spacetime could be a collection of particles
like the dust, or a macroscopic body, described by the laws of statistical mechanics. The
result is the following formula for the energy-momentum tensor of a macroscopic body:

Tµν = (p+ ε)uµuν − pgµν ,

where uµ is velocity vector, p is the pressure and ε is the energy density of the body. Thus
for macroscopic body with mass distribution M(x) at zero pressure, discussed in Section
22.1, we have

Tµν =M(x)c2uµuν .

It should be noted that for a complete determination of the distribution and motion of the
matter one must add to Einstein equations equation of the state of the matter, that is,
equation relating the pressure density and the temperature. This equation must be given
along with the Einstein equations.

22.4. Asymptotically flat spacetime

In physics, asymptotically flat spacetimeM describes the situation when gravitational bod-
ies and matter fields are located in a finite space. The simplest example is when M = R4

with the Lorentzian metic gµν(x), satisfying at fixed x0 as r = |x| → ∞,

(22.10) gµν(x) = ηµν +O

(
1

r

)
, ∂σgµν(x) = O

(
1

r2

)
and Γσµν(x) = O

(
1

r2

)
,

where ηµν is Minkowski metric. Corresponding condition on the stress-energy tensor of
masses and matter fields is

Tµν(x) = O

(
1

r4

)
.
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The subgroup G0 of the diffeomorphism group G that preserves asymptotically flat con-
ditions (22.10) consists of the diffeomorphisms Φ(x) satisfying as r → ∞,

Φµ(x) = Λµνx
ν + aµ +O

(
1

r2

)
,

∂νΦ
µ(x) = Λµν +O

(
1

r2

)
, ∂ν∂σΦ

µ(x) = O

(
1

r2+δ

)
for some δ > 0, where (Λ, a) ∈ P, the Poincaré group. The group G0 has a normal subgroup
N for which Λµν = δµν and aµ = 0, and

G0/N = P.

Then it follows from estimates (22.10) that modified Lagrangian (22.6) satisfies

L = O

(
1

r4

)
as r → ∞,

so the correct action for the asymptotically flat gravitational field is

(22.11) S(g) =

∫
I×R3

L dx0d3x,

where I is a finite time interval. It is not difficult to show that S(g) is invariant under the
action of the Lie algebra Lie(G0), and we leave this computation to the reader.

22.5. Exercises

Exercise 22.1. Prove formula (22.3) by direct computation, and by using Riemann normal coor-
dinates.

Exercise 22.2. Prove formula (22.3).

Exercise 22.3. Derive equations of motion for the Lagrangians of matter fields in Section 22.3.





Chapter 23

Hamiltonian
Formulation and Exact
Solutions

Consider the gravitation field action for the asymptotically flat space

S(g) =

∫
M

L d4x,

where

(23.1) L = Γσνσ
∂
√
−ggµν

∂xµ
− Γµνσ

∂
√
−ggνσ

∂xµ
+
√
−ggµν(ΓλµνΓσλσ − ΓσµλΓ

λ
σν)

is the modified Lagrangian (22.6). It contains 10 independent fields — components of
the metric tensor gµν(x) — and is quadratic in the first derivatives of the metric. As
was discussed in Section 22.4, the action is invariant under the action of the Lie algebra
Lie(G0), so Lagrangian L is singular, like in case of gauge theories. According to the Dirac
formalism (see Chapter 6, Section 16.4 and Section 18.5) for the Hamiltonian formulation
of the Einstein equations we need to rewrite (23.1) as a first order Lagrangian.

23.1. Palatini first order formalism

In this approach we use the same Lagrangian (23.1), but consider the metric tensor gµν on
the spacetime M and a torsion-free connection ∇ = d + A on the tangent bundle TM as

independent fields. Since Γλµν = (Aµ)
λ
ν are symmetric, Γλµν = Γλνµ, it contains 50 = 10 + 40

independent variables.

Consider the following functional, called the Palatini action,

S(g,Γ) =

∫
M
gµνRµν

√
−g d4x,

249
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where Rµν is given by the formula (21.15),

Rµν =
∂Γλµν
∂xλ

−
∂Γλµλ
∂xν

+ ΓλµνΓ
σ
λσ − ΓσµλΓ

λ
σν .

Regardless of the convergent of the integral (according to Section 22.4, for asymptotically
flat spacetime the integral of L overM is convergent), we define its variational derivatives as
in Section 22.2. Then since Lagrangian (23.1) and

√
−g gµνRµν differ by a total divergence,∫

D
gµνRµν

√
−g d4x =

∫
D

L d4x.

We have the following result.

Proposition 23.1. Euler-Lagrange equations for the Palatini action are Einstein equations.

Proof. Since Γλµν are symmetric, variation of the tensor Rµν is given by

(23.2) δRµν =
δΓσµν
∂xσ

−
δΓσµσ
∂xν

+ δΓλµνΓ
σ
λσ − δΓσµλΓ

λ
σν + ΓλµνδΓ

σ
λσ − ΓσµλδΓ

λ
σν ,

whereas variation of
√
−g is given by the formula (22.2),

δ(
√
−g) = −1

2

√
−g gµνδgµν .

Denoting R = gµνRµν , we readily obtain

δSP =

∫
D

(
Rµνδg

µν + gµνδRµν +R
δ(
√
−g)√
−g

)√
−g d4x

=

∫
D

(
Rµν −

1

2
gµνR

)
δgµν

√
−g d4x+

∫
M
gµνδRµν

√
−g d4x

=

∫
D

((
Rµν −

1

2
gµνR

)
δgµν +Qµνλ δΓλµν

)√
−g d4x.

Using (23.2) and Stokes’ theorem, we can transform the last integral as∫
M
gµνδRµν

√
−g d4x =

∫
M
Qµνλ δΓλµν

√
−g d4x,

where

Qµνλ = − 1√
−g

∂(
√
−ggµν)
∂xλ

+ gµνΓσλσ − gµσΓνλσ − gνσΓµλσ

+δνλ

(
1√
−g

∂(
√
−ggµσ)
∂xσ

+ gρσΓµρσ

)
.

Thus equation δS = 0 yileds

Rµν −
1

2
gµνR = 0 and Qµνλ = 0.

Using
∂
√
−g

∂xλ
= −1

2

√
−g gµν

∂gµν

∂xλ

and the definition of covariant derivative,

∇λg
µν =

∂gµν

∂xλ
+ Γµλσg

σν + Γνλσg
µσ,
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we can rewrite equation Qµνλ = 0 as

(23.3) −∇λg
µν +

1

2
gµνgσρ∇λg

σρ + δνλ

(
∇σg

µσ − 1

2
gµαgσρ∇αg

σρ

)
= 0.

Equation (23.3) has free indices λ, µ and ν. Putting λ = ν and summing over ν gives

−∇νg
µν +

1

2
gµνgσρ∇νg

σρ + 4

(
∇σg

µσ − 1

2
gµαgσρ∇αg

σρ

)
= 0,

whence

∇νg
µν =

1

2
gµνgσρ∇νg

σρ.

Back substituting this formula to (23.3) gives

(23.4) ∇λg
µν =

1

2
gµνgσρ∇λg

σρ.

Contracting equation (23.4) with gµν and using gµνg
µν = 4, we get

gσρ∇λg
σρ = 0,

and putting it back to (23.4) we finally obtain

∇λg
µν = 0.

This shows that ∇ is the Levi-Civita connection. Thus in the Palatini formalism equations
(21.7) for the Christoffel’s symbols appear from the principle of the least action. □

23.2. Hamiltonian formalism in general relativity

Here for simplicity we consider only the case of globally hyperbolic spacetime M , discussed
in Section 21.1, and put c = 1. We leave it to the reader to fill all necessary details for the
general case.

By Theorem 21.2, we can always use syncrhonous coordinates and assume that the
metric in the Palatini Lagrangian density L has the form

ds2 = g00(x)(dx
0)2 + gij(x)dx

idxj ,

where g00 > 0 and the matrix −gij is positive-definite. It follows from (23.1) that it is
convenient instead of the metric tensor gµν to use the matrix hµν =

√
−g gµν , contravariant

tensor density of weight 1 of the metric trnsor gµν , as independent fields. We have

h00 =

√
−g
g00

, hij =
√
−g gij and h0i = 0.

Let N be a Cauchy hypersurface in M , given by the equation x0 = const. Consider the
Lagrangian

L =
1

2

∫
N

L d3x =
1

2

∫
N

(
Γσνσ∂µh

µν − Γµνσ∂µh
νσ + hµν(ΓλµνΓ

σ
λσ − ΓσµλΓ

λ
σν)
)
d3x,

and collect the terms containing time derivative ∂0:

(23.5) Γσνσ∂0h
0ν − Γ0

νσ∂0h
νσ = Γi0i∂0h

00 − Γ0
ik∂0h

ik.
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Now observe that Lagrangian L linearly depends on coefficients Γµ00, which can be
considered as Lagrange multiplies. These terms are

Γ0
00(h

00Γi0i + hikΓ0
ik)− Γi00(∂ih

00 − h00(Γkik − Γ0
0i))

and lead to constraints

(23.6) h00Γi0i + hikΓ0
ik = 0 and ∂ih

00 − h00(Γkik − Γ0
0i) = 0.

Substituting Γi0i = −Γ0
ikh

ik/h00 to (23.5), we see that the time derivative terms can be
written as

(23.7) −
Γ0
ik

h00
∂0(h

00hik),

which suggests that natural dynamical variables are qik = −h00hik and πik = Γ0
ik/h

00. Note

that there are 6 independent fields qik, where 1 ≤ i ≤ k ≤ 3, and 6 conjugated momenta
πik Thus kinetic term in the Lagrangian takes a canonical form

1

2
πik∂0q

ik.

Restriction of the matrix qik is a contravariant tensor density of weight 2 of the metric
tensor gik on N and

qijgjk = γδik, γ = det gik.

Since g = h00γ and h00 is a scalar on N , the matrix Γ0
ik is a covariant symmetric tensor

density of weight −1 on N .

Coefficients Γλµν that are different from Γ0
ik are non-dynamical and give additional con-

straints
∂L

∂Γλµν
= 0,

which can be written explicitly as

(23.8)
h00Γi0k + hijΓ0

jk = 0,

∂kh
ij + hilΓjlk + hjlΓilk − hijΓµkµ = 0.

The solution of equations (23.6) and (23.8) is

(23.9)

Γikl = γikl,

Γij0 = − 1

h00
hilΓ0

jl =
1

h00
qilπjl,

Γ0
i0 = γjij −

∂ih
00

h00
,

where γijk are Christoffel’s symbols of the Levi-Civita connection of the Riemannian metric

γij(x) = −gij(x) on the Cauchy hypersurface N .

Substituting formulas (23.9) back to the Lagrangian L, we finally obtain

(23.10) L =

∫
N

(
1

2
πik∂0q

ik −H(x)− λ(x)C0(x)

)
d3x,
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so according to the Dirac formalism, H(x) is the Hamiltonian density, λ(x) are Lagrange
multipliers, and C0(x) are constraints. Explicitly,

(23.11) C0(x) =
1

2
(qijqkl(πikπjl − πijπkl)− γR3), γ = −det γij ,

where R3 is the scalar curvature of the Riemannian metric γij on N , λ = 1 + 1/h00 and

(23.12) H(x) = C0(x)−
1

2
∂i∂kq

ik(x).

Constraints C0(x) have a nice geometric meaning: according to generalized Gauss The-
orema Egregium, the right hand side of (23.11) is the formula for the restriction of the
scalar curvature R4 of the metric gµν to the hypersurface N . Thus C0(x) = 0 gives Einstein
equations in the empty spacetime, so

H(x) = −1

2
∂i∂kq

ik(x).

Thus the Hamiltonian density is a total divergence, so one can erroneously conclude
that by the Stokes theorem, the total energy of a gravitational field

(23.13) E =

∫
N
H(x)d3x

is zero. However, this is not so for the asymptotically flat spacetime. Namely specializing
(22.10) to the metric tensor,

(23.14) g00 = 1, g0i = 0, gij = −δij
(
1 +

M

4πr

)
+O

(
1

r2

)
as r → ∞,

we obtain

qij(x) = δij
(
1 +

M

2πr

)
+O

(
1

r2

)
,

so

E = − lim
R→∞

1

2

∫
|x|≤R

∂i∂kq
ik(x)d3x = − lim

R→∞

M

4π

∫
|x|=R

∂

∂r

1

r
dS =M.

Remark 23.2. As in physics textbooks, we can easily restore the dependence on c by
introducing the coefficient 1/κ in the definition (23.13), where κ is the Einstein constant.

Defining the leading term of the asymptotically flat metric (23.14) to be −δij
(
1 +

κMc2

4πr

)
,

we obtain the relativistic relation E =Mc2.

23.3. The Schwarzschild solution

Consider the case of empty spacetime M = R4 with static (time independent) spherically
symmetric metric

ds2 = g00(r)c
2dt2 − g11(r)dr

2 − r2(dθ2 + sin2θ dφ2),

written in the spherical coordinates

x = r cos θ cosφ, y = y cos θ sinφ, z = r cos θ.

It describes the gravitational field outside a spherical mass of radius R, on the assump-
tion that the electric charge of the mass and angular momentum of the mass are all zero.
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Computing Christoffel’s symbols Γλµν , where x
0 = ct, x1 = r, x2 = θ, x3 = φ, and solving

Einstein equations Rµν = 0, we obtain

g00(r) = 1− a

r
, g11 =

1

1− a

r

,

where a is a constant. Thus

ds2 =
(
1− a

r

)
c2dt2 − dr2

1− a

r

− r2dΩ2,

where dΩ2 is the induced metric on S2 ⊂ R3. In the limit r → ∞ we should have

gµν = ηµν +
1

c2
g(2)µν +O

(
1

c3

)
,

so

g
(2)
00 = −ac

2

r
= −2MG

r
,

where M is the mass of a body creating gravitational field. By definition, the quantity

a =
2MG

c2

is called the Schwarzschild radius and is denoted by rs
1.

Thus the Schwarzschild metric is

(23.15) ds2 =
(
1− rs

r

)
c2dt2 − dr2

1− rs
r

− r2dΩ2
2,

and this formula is applicable for r > R, the radius of the body. At r = rs we have event
horizon and r < rs describes the black hole, where the time coordinate t becomes spacelike
and the radial coordinate r becomes timelike. The singularity at r = rs is apparent and
can be eliminated by the change of coordinates, called Gullstrand-Painlevé coordinates.

According to Jebsen-Birkhoff’s theorem, the Schwarzschild metric is the most general
spherically symmetric solution of the Einstein equations in empty spacetime R4.

23.4. Cosmological constant and AdS and dS spacetimes

One can add to the Hilbert action a multiple of a volume form of the spacetime. The
resulting action is

S =

∫
M
(R− 2Λ)

√
−g d4x,

where Λ is called the cosmological constant. The minus sign in the action comes from
thinking of the Lagrangian as “T − V ”: the cosmological constant playing the role of
potential energy V . It immediately follows from the proof of Proposition 22.1, that the
Euler-Lagrange equations for this action are

Rµν −
1

2
gµνR = −Λgµν .

1For the Earth rs = 0.8.9 mm, while for the Sun rs = 3 km.
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Taking the trace, we get R = 4Λ, so substituting this back we obtain

Rµν = Λgµν

— the Einstein equations in empty spacetime in the presence of a cosmological constant.

The basic examples of such spacetimes are provided by Lorentzian maximally symmetric
spaces. This means that in addition to a transitive action of the isometry group on the space
M , its differential at every p ∈M acts transitively on TpM .

The n-dimensional de Sitter space dSn is a symmetric space O(1, n)/O(1, n− 1). It can
be realized as a one sheet hyperboloid in the Minkowski space R1,n,

(23.16) (x0)2 −
n∑
i=1

(xi)2 = −R2,

with the Lorentzian metric gµν induced by the Minkowski metric2. Topologically, the de
Sitter space is isomorphic to R× Sn−1. Its isometry group is O(1, n), so dSn is maximally
symmetric space. Its is easy to compute its curvature tensor and to show that

(23.17) Rµν =
n− 1

2R2
gµν .

Remark 23.3. Replacing negative −R2 by positive R2 in (23.20), one gets a hyperboloid
of two sheets. The negative of the induced metric is positive-definite, and each sheet is a
copy of a hyperbolic n-space.

Considering dS4 as the spacetime, we see that its metric gµν satisfies Einstein equations
with positive cosmological constant Λ = 3/R2. Using global coordinates on dS4

x0 = R sinh

(
ct

R

)
, xi = R cosh

(
ct

R

)
ni, i = 1, 2, 3, 4,

where n = (n1, n2, n3, n4) ∈ S3, de Sitter metric can be written as

(23.18) ds2 = c2dt2 −R2 cosh2
(
ct

R

)
dΩ2

3,

where dΩ2
3 is the round metric on the unit sphere S3.

Thus we see that de Sitter metric is a time-dependent solution of the Einstein equations
that describes the expanding spacetime. Indeed, the space — topological 3-sphere S3 —
first shrinks to a minimal sphere with the radius R, and then subsequently expands as
t→ ∞.

It is also customary to use coordinates

x0 =
√
R2 − r2 sinh

(
ct

R

)
, x4 =

√
R2 − r2 cosh

(
ct

R

)
,

where r2 = |x|2 and x = (x1, x2, x3) are Euclidean coordinates in R3. They are local
coordinates in a coordinate patch r < R and x4 > 0, and in these coordinates the de Sitter
metric is static,

(23.19) ds2 =

(
1− r2

R2

)
c2dt2 −

(
1− r2

R2

)−1

dr2 − r2dΩ2
2.

2Here R > 0 is a constant and not a scalar curvature.
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In general relativity these coordinates are called static coordinates, since the metric tensor
gµν does not depend on t. It is instructive to compare the static solution (23.19) for Λ > 0
with the Schwarzschild solution (23.15) for Λ = 0.

The n-dimensional anti de Sitter space AdSn is a symmetric space O(2, n−1)/O(1, n−1).
It can be realized as the following hyperquadric in Rn+1,

(23.20) (x0)2 + (x1)2 −
n∑
i=2

(xi)2 = −R2,

with the Lorentzian metric gµν induced by the following pseudo-Riemannian metric on Rn+1

ds2 = (dx0)2 + (dx1)2 −
n∑
i=2

(dxi)2.

Topologically, the anti de Sitter space is isomorphic to S1 × Rn−1, so its time direction is
compact. The isometry group is O(2, n − 1), so AdSn is a maximally symmetric space. It
is easy to compute its curvature tensor and to show that

(23.21) Rµν = −n− 1

2R2
gµν .

Considering AdS4 as the spacetime, we see that its metric gµν satisfies Einstein equations
with negative cosmological constant Λ = −3/R2. Using global coordinates on AdS4

x0 = R cosh ρ sin

(
ct

R

)
, x1 = R cosh ρ cos

(
ct

R

)
, xi = R sinh ρni, i = 2, 3, 4,

where n = (n2, n3, n4) ∈ S2, anti de Sitter metric can be written as

(23.22) ds2 = cosh2ρ c2dt2 −R2dr2 −R2 sinh2ρ dΩ2
2.

Introducing r = R sinh ρ, we can rewrite (23.22) as

(23.23) ds2 =

(
1 +

r2

R2

)
c2dt2 −

(
1 +

r2

R2

)−1

dr2 − r2dΩ2
2.

Though for several reasons the anti de Sitter space cannot be considered as a model for
the physical spacetime, it serves as a useful mathematical tool.

To summarize, we have seen that Schwarzschild, de Sitter and anti de Sitter metrics
are simplest solutions of the Einstein equations in the empty spacetime for cosmological
constant Λ being, respectfully, zero, positive and negative.

23.5. Kaluza-Klein theory

In the 1920s the only knows fundamental forces were electromagnetism and the force of
gravity, and the only known elementary particles were electron and proton. Einstein’s idea
of the unified field theory was to obtain electromagnetism and general relativity from a
single fundamental field. Toward this goal, T. Kaluza (1921) and O. Klein (1926) proposed
to consider the five-dimensional spacetime M = M × S1

r , where the fifth dimension in the
circle of a very small radius

r =

√
ℏG
c3

∼ 10−35m
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— the Planck’s length ℓP, where ℏ is the Planck constant.

Denote the coordinates on M by x̃a, a = 0, 1, 2, 3, 4, where x̃4 = θ, so that using xµ,
µ = 0, 1, 2, 3, for coordinates on M , we have x̃µ = xµ. Consider the following pseudo-
Riemannian metric on M of signature (+,−,−,−,−),

g̃ab =


g00 −A0A0 g01 −A0A1 g02 −A0A2 g03 −A0A3 A0

g10 −A1A0 g11 −A1A1 g12 −A1A2 g13 −A1A3 A1

g20 −A2A0 g21 −A2A1 g22 −A2A2 g23 −A2A3 A2

g30 −A3A0 g31 −A3A1 g32 −A3A2 g33 −A3A3 A3

A0 A1 A2 A3 −1


so that

ds̃2 = g̃abdx̃
ax̃b = gµνdx

µdxν − (Aµdx
µ − dθ)2,

and assume that the metric gµνdx
µdxν and the 1-form Aµdx

µ on M do not depend on θ.

It is easy to establish the following basic properties.

1) For g̃ = det g̃ab one has g̃ = −g, where g = det gµν .

2) The inverse matrix g̃ab is given by
g00 g01 g02 g03 A0

g10 g11 g12 g13 A1

g20 g21 g22 g23 A2

g30 g31 g32 g33 A3

A0 A1 A2 A3 −1 +AµA
µ


3) Under the change of coordinates x 7→ x′ = F (x), θ 7→ θ + λ(x) we have Aµ 7→

A′
µ + ∂µλ, so that U(1)-gauge invariance is a relativity in the fifth dimension!

From (21.7) we obtain the following formulas for Christoffel’s symbols for the metric g̃ab:

(23.24)

Γ̃µαβ = Γµαβ +
1

2
gµσ(AαFσβ +AβFσα),

Γ̃µα4 =
1

2
gµσFασ,

Γ̃4
αβ = AµΓ

µ
αβ −

1

2

(
Aµ(AαFβµ +AβFαµ)−

∂Aα
∂xβ

−
∂Aβ
∂xα

)
,

Γ̃4
α4 =

1

2
AµFαµ,

Γ̃a44 = 0,

where

Fαβ =
∂Aβ
∂xα

− ∂Aα
∂xβ

.

Now consider a free particle of mass m on the five-dimensional spacetime M with the
action

(23.25) S = −mc
∫
ds̃ = −mc

∫ √
g̃ab

dx̃a

ds̃

dx̃b

ds̃
ds̃.
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The corresponding equations of motion are geodesic equations with respect to the natural
parameter s̃,

(23.26)
dua

ds̃
+ Γ̃abcu

buc = 0, where ua =
dx̃a

ds̃
.

Using formulas (23.24), we obtain from (23.26)

(23.27)
d

ds̃
(u4 −Aµu

µ) = 0,

so u4 −Aµu
µ = ξ is a constant. Observing that 5-vector ua has unit length,

1 = gµνu
µuν + (u4 −Aµu

ν)2,

we obtain gµνu
µuν = 1− ξ2, so

ds

ds̃
=
√
1− ξ2.

Whence
dxµ

ds
= uµ

ds̃

ds
=

uµ√
1− ξ2

and form (23.26) we obtain

(23.28)
d2xµ

ds2
+ Γµαβ

dxα

ds

dxβ

ds
= − ξ√

1− ξ2
gµσFασ

dxα

ds
.

Finally, putting

ξ =
e√

m2c4 + e2

we see that the right hand side of (23.28) becomes

e

mc2
gµσFασ

dxα

ds
.

Thus from the action (23.25) for a free particle moving on a 5-dimensional spacetime M
we obtained the equations of motion for a charged particle, moving on 4-dimensional space-
time M in external gravitational and magnetic fields! These equations are Euler-Lagrange
equations for the action

−mc
∫
ds− e

c

∫
Aµdx

µ,

so the action (23.25) in five dimensions unifies electromagnetic and gravitational actions in
four dimensions. This remarkable result is the so-called first Kaluza miracle.

Next, by a direct and rather lengthy computation we get the following relation between
scalar curvatures of the metrics on M̃ and on M

(23.29) R̃ = R+
1

4
FµνF

µν ,

which is Kaluza’s second miracle. The pure gravity action on M is proportional to the
Hilbert action,

SM = − c3

16πG̃

∫
M
R̃
√
g̃ d5x̃,
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where G̃ is the gravitational constant M. Putting G̃ = 2πrG, replacing Aµ by κAµ, where
κ = 2

√
G/c2, and trivially integrating over S1

r we obtain

SM = − c3

16πG

∫
M

(
R+

1

16πc
FµνF

µν

)√
−g d4x.

This is the desired unification of general relativity and electromagnetism! It yields
Einstein equations

Rµν −
1

2
gµνR =

8πG

c4
Tµν

with the energy-momentum tensor of the electromagnetic field on M ,

Tµν =
1

4π

(
−FµλFνσgλσ +

1

4
gµνFαβF

αβ

)
,

and Maxwell’s equations

∇νF
µν = 0

on M in the presence of the gravitational field gµν . Thus the Kaluze-Klein pure gravity
action in the five-dimensional space M naturally produces Einstein-Hilbert-Maxwell action
on the spacetime M .

Though mathematically very elegant, Kaluza-Klein theory is not physical: it gives unre-
alistic predictions for the masses of particles. Thus consider the massless scalar field Φ(x, θ)
on M satisfying the five-dimensional wave equation(

□ 4 −
∂2

∂θ2

)
Φ = 0,

where □4 = ∂µ∂µ for the Minkowski metric. Corresponding coefficients of the Fourier series
expansion

Φ(x, θ) =

∞∑
n=−∞

φn(x)e
inθ
r

satisfy Klein-Gordon equations

(□ 4 +m2
n)φn = 0

with the masses

m2
n =

n2

r2
.

However, these masses are very large! Thus assuming that n = 1 corresponds to the electron,
the obtained mass would me ∼ 3·1030MeV, while the actual electron mass is only 0.5MeV.

23.6. Exercises

Exercise 23.1. Prove formulas (23.9) and (23.10)–(23.12).

Exercise 23.2. Apply Dirac formalism for a Hamiltonian formulation of Einstein equations for
a general asymptotically flat spacetime, and find a geometric interpretation of corresponding con-
straints.

Exercise 23.3. Derive the formula for the Schwarzschild solution in Section 23.3.

Exercise 23.4. Compute the Riemann curvature tensor for the de Sitter and anti de Sitter spaces
dSn and AdSn, and prove equations (23.17) and (23.21).
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Exercise 23.5. Derive formulas (23.24).

Exercise 23.6. Using (23.24), rewrite equations (23.26) as

duµ

ds̃
+ Γµ

αβu
αuβ = −gµσAαFσβu

αuβ − gµσFασu
αu4,

du4

ds̃
+AµΓ

µ
αβu

αuβ = −AσFασu
αu4 +AσAαFβσu

αuβ +
∂Aα

∂xβ
uαuβ

and derive equations (23.27)–(23.28).

Exercise 23.7. Prove the second Kaluza miracle — relation (23.29).



Chapter 24

Notes and References

There are many excellent textbooks and monographs on general relativity. For basic
physics principles, we refer to classic texts [LL1971], [HE1973], and to unique textbook
[Zee2013], written from the point of view of the action principle. More mathematically
oriented sources include the monograph [Wal1984] and the textbook [CB2015]. The nec-
essary basic material on pseudo-Riemannian geometry can be found in [O’N1983]; see also
[DFN1984,DFN1985] for a succinct introduction to the field.

The proof of Theorem 21.2 about existence of Lorentzian metrics can be found in
[O’N1983, p. 149].

Our definition of globally hyperbolic spacetime in Section 21.1 follows [HE1973]. For
the proof of Theorem 21.9 and other results, we refer the reader to [BS2005,BS2006]; in
[BS2007] it was proved that in Definition 21.8 of a globally hyperbolic spacetime the strong
causality condition can be replaced by the causality condition. The initial value formulation
of Einstein equations is discussed in [Wal1984]; for the definition of the energy-momentum
tensor of the macroscopic body, we refer to [LL1971].

Regarding the Hilbert-Einstein action functional S in Section 22.2, we remark that if
one fixes only the values of a metric tensor gµν on ∂D, then its variation δS will contain
the boundary term. It is quite remarkable that one can add to S the so-called Gibbons-
Hawking-York (GHY) boundary term [Yor1972,GH1977], so that δS will be still given
by Proposition 22.1. The GHY boundary term is the integral over ∂D with respect to the
volume form of the trace of a second fundamental form of the induced metric on ∂D.

The Hamiltonian approach to general relativity was developed by Dirac and was for-
mulated in geometric terms by R. Arnowitt, S. Deser and C. W. Misner in [ADM1959],
nowadays called the Arnowitt-Deser-Misner (ADM) formalism. Our exposition in Section
23.2 is a simplified version of L.D. Faddeev elegant formulation of the ADM formalism, and
we refer to [Fad1982] for details and further references. Positivity of mass for asymptoti-
cally flat spacetime (the ADM mass) is a non-trivial result, proved by R. Schoen and S. T.
Yau [SY1979] and subsequently simplified by Witten [Wit1981] (see also an exposition in
[Fad1982]).
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In Sections 23.3 and 23.4 we present simplest solutions of the vacuum Einstein equations
for zero, positive and negative values of the cosmological constant — the Schwarzschild
metric, the dS metric and the AdS metric. We refer to the textbook [Zee2013] for a
detailed discussion of the properties of these solutions and of the Jebsen-Birkhoff theorem.

In Section 23.5 we briefly discussed Kaluza-Klein theory, a beautiful though unsuccessful
attempt to the unified field theory, which is an important precursor to string theory. We refer
the reader to the book [Lee1984] which contains English translation of original papers by
T. Kaluza and O. Klein, and to [Zee2013] for a detailed exposition of Kaluza-Klein theory
and its generalizations.
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