KERR BLACK HOLE UNIQUENESS
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ABSTRACT. We prove the black hole uniqueness conjecture in the axially symmetric, stationary
vacuum setting: there is no regular, asymptotically flat equilibrium configuration with more
than one horizon component. More precisely, we establish that in every such multi-horizon
configuration, the logarithmic angle defect along every bounded axis rod is negative, which
implies that the net interaction force across each such segment is attractive. The proof is based
on a refined asymptotic analysis of the associated singular harmonic maps, partially drawn
from the companion work [16], together with a global maximum principle bound for the Weyl
conformal factor arising from a novel scalar curvature related differential inequality.

1. INTRODUCTION

The black hole uniqueness problem asks whether every regular, stationary vacuum black hole
spacetime must belong to the two-parameter Kerr family of solutions, completely characterized
by its mass and angular momentum measured at infinity. This problem naturally divides into
two stages. The first is the rigidity problem: proving that any stationary black hole spacetime
necessarily possesses an additional, rotational Killing symmetry which commutes with the time
symmetry. Hawking’s rigidity theorem establishes this under the hypothesis of real analyticity.
Major progress toward removing analyticity was achieved by Alexakis—Ionescu—Klainerman, who
established rigidity under various assumptions [1], including closeness to Kerr [2] and small
angular momentum [3]. The second stage is the classification problem within the stationary
and axisymmetric class. When the event horizon is connected, classical uniqueness theorems
[9, 27, 24] identify the spacetime uniquely as a member of the Kerr family.

In this paper, we resolve the long-standing multi-horizon balance problem in the stationary
and axisymmetric vacuum setting. Specifically, we prove a strict sign theorem for the logarithmic
angle defects: every bounded axis segment separating two consecutive horizon components
has a negative logarithmic angle defect. Equivalently, the interaction force supported on each
such bounded axis component is attractive. As a consequence, any stationary, axisymmetric
vacuum spacetime containing more than one horizon component necessarily exhibits a conical
singularity along every bounded axis segment, and therefore cannot represent a regular equilibrium
configuration. This establishes the nonexistence of multi-black hole vacuum equilibria. Our
result is stronger than the minimal requirement for uniqueness, which only requires that at least
one bounded axis segment carry a conical singularity.

The classical Bach—Weyl analysis [5, 6] demonstrated that in the static two-body setting, a
conical singularity, interpreted physically as a strut, must appear on the axis between the bodies.
In the rotating setting, Weinstein’s singular harmonic map construction [28, 29] produces, for
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any finite number of nondegenerate horizons, an axisymmetric stationary vacuum metric that
is smooth away from possible conical singularities on the axis. An early nonexistence result
under an additional equatorial symmetry hypothesis was obtained by Li and Tian [21]. The axis
and pole regularity theory and the associated force analysis were systematically developed in
[28, 22, 23, 30]. For two horizon components, the nonexistence of equilibrium was proven by
Neugebauer and Hennig in the subextreme case [25] and extended to the extreme case in [18];
see also the two-Kerr singularity analysis of Chrusciel, Eckstein, Nguyen, and Szybka [14]. They
relied on the complete integrability of the Ernst system and the inverse scattering method to
construct explicit solutions. That technique faces insurmountable complexities for N > 3 horizon
components. The nonexistence problem for an arbitrary finite number of horizon components
has remained open.

We now describe the geometric and analytic framework. Let I' = {p = 0} C R? denote
the rotation axis in cylindrical coordinates (p, z, ¢), with ¢ € [0,27). On the domain of outer
communications away from the orbit space boundary, the spacetimes under consideration have
topology R x (R3\ I'), and their stationary axisymmetric vacuum metrics take the Weyl-
Papapetrou form

g = —e2Vat> + p?e 2V (dp + wdt)? + e 72U T2 (dp? + d2?). (1.1)

Here 0; and 0, denote the stationary and rotational Killing fields, respectively. Setting
u=U —Inp,
the vacuum Einstein equations reduce to the axisymmetric harmonic map system
Au = 2¢"| Vo>, Av+4Vu- Vv =0, (1.2)
for a map
D= (u,v) : RI\T — H?, dshe = du® + e"dv?,

where v is the twist potential and A is the standard Euclidean Laplacian on R3. Once ® is
determined, the remaining metric potentials are recovered, up to additive constants, from

w, = 2pe™v,,  w, = —2petv,, (1.3)
and
a,=p {Ug ~U? + 64“(113 - vz)} , oy =2p [UPUZ + 64”11,)114 . (1.4)

The integrability conditions for (1.3) and (1.4) follow from (1.2). The asymptotically flat
normalization fixes the gauge constants uniquely by requiring w — 0 and @ — 0 as r =
vV p? + 22 — oo. Consequently, the rod structure, horizon angular momenta, logarithmic angle
defects, and interaction forces are entirely determined by the singular harmonic map [9, 28].

The boundary {p = 0} of the orbit half-plane decomposes into an alternating sequence of
horizon and axis intervals. Let

Hi=[27,75"], 27 <z <zi,, 1<i<N, (1.5)

i 0%
be the ordered horizon rods. If z; < zz+ , the interior of H; corresponds to a nondegenerate
horizon rod. The Killing field

O + 04, ;= —W|tnt 74,

is null on this component, where the constant {2; represents the horizon angular velocity, and the
endpoints (0, z; ) and (0, z;") correspond to the south and north poles of the horizon 2-sphere. If
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z; = z;" = 2, the horizon is degenerate (extremal) and is represented in the orbit space by the
puncture p; = (0, z;) € R3. The complementary open intervals
'y =(-00,21), Tjj1= (z;-r,zjjrl), Iyt = (24,00), 1<j<N-1, (1.6)

form the axis rods. On each I';, the rotational Killing field d, vanishes, and the twist potential
is constant:
v=c¢; onl}y. (1.7)

Under the orientation convention of [16, 17], the Komar angular momentum of the ith horizon
component is given by the jump
Cit1 — G
TJi = % (1.8)
An illustrative configuration containing one degenerate horizon and two nondegenerate horizons
is shown in Figure 1.
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FIGURE 1. Orbit space rod structure for a configuration with one degenerate
horizon puncture (z1) and two nondegenerate horizon rods (H1, Hs).
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The logarithmic angle defects b; are geometric invariants of the reconstructed metric. Open
axis regularity combined with (1.4) implies that o assumes a constant value on each axis rod.
For any 29 € I'j, computing the ratio of circumference to radius from (1.1) yields

/p ea(s,zg)—U(s,zg) ds

0 a(0,20)

b e ’

e’ := lim
p—0 pe_U(psz)

so that b; = a|r,. The corresponding interaction force [28] is given by

]-'j:%(e_bj—l).
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Hence, b; < 0 corresponds to a positive, that is attractive, interaction force along the axis rod
I';. Since oo — 0 at spatial infinity, the semi-infinite rods satisfy:

b = by = 0. (1.9)

We refer to a map ® satisfying (1.2) with the prescribed rod data as a stationary vacuum
singular harmonic map if it satisfies: the asymptotic behavior at regular axis points and
nondegenerate poles established in [21, 22, 23, 28, 29, 31], the standard smooth horizon boundary
conditions on the interiors of nondegenerate horizons, and the puncture and spatial infinity
asymptotics formulated in [16]. The precise analytic estimates used in our proof are summarized
in Proposition 2.2. The metric reconstructed from such a map is Ricci flat on the domain of
outer communications, but is allowed a priori to carry conical singularities along the bounded
axis rods. The balance problem consists in deciding whether parameters can be chosen so that
these singularities vanish simultaneously.

Theorem 1.1. Let N > 2. Consider an ordered collection H1,...,Hn of horizon components,
and let

® = (u,v) : R3\ T — H?
be a stationary vacuum singular harmonic map with this rod data. Let w, a, and the Weyl-
Papapetrou metric g be reconstructed from ® wvia (1.1)—(1.4) subject to the asymptotically flat
normalization. Assume that

Ji # 0

for every degenerate horizon component. Then every bounded axis Tod carries a strictly negative
logarithmic angle defect:

b; <0 forall2<j<N.

In the special case where every horizon component is degenerate, Theorem 1.1 yields the
conjectured mass-angular momentum inequality m > /[J| for multiple dynamical black holes.
Like the Penrose inequality, this relation was conjectured based on Penrose’s cosmic censorship
and collapse heuristics [26]; equality holds if and only if the data arise from a constant-time slice
of an extreme Kerr spacetime. This result will be presented in detail in a forthcoming paper [17].

Our proof is based on a PDE approach, and does not rely on the complete integrability of the
equations. The argument hinges on two main components. We first prove a global upper bound
for «, using a new algebraic identity which yields the nonlinear differential inequality

Ao+ p HVal > 26" Vo2 > 0, (1.10)

where A, . = 82 + 02. Applying the maximum principle on an exhaustion of domains avoiding
the axis, and controlling the boundary behavior at both horizon poles [22] and punctures [16],

we establish the global upper bound
a< max bj. (1.11)

1<j<N+1
We next prove that the maximum angle defect cannot be achieved along any bounded axis
rod. Starting from the known C3" regularity across an open axis rod, the system forces the
factorization

Ulp,2) = F(p*,2), wv(p,2) =c+p'G(p* 2), (1.12)
with F' and G smooth. This is achieved by lifting (v — ¢)/p* radially to six transverse dimensions.
Because the trace U(0, z) tends to —oo at both endpoints of any bounded axis rod, it must attain
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an interior maximum along I';. Combining (1.12) with Taylor expansions near this maximum,
we deduce that o > b; at neighboring points unless the leading coefficients of both U and v
vanish identically. If v is constant, the conclusion follows directly from harmonicity of U. When
v is non-constant, strong unique continuation together with the classification of rotationally
symmetric homogeneous harmonic polynomials in dimensions three and seven identifies the
leading non-vanishing powers. A careful analysis of U and v then shows that again

a>b; (1.13)

at points near the interior maximum point of U on T';.

Inequality (1.13) implies that maxy by cannot be attained on a bounded axis rod. Since
b; = byy1 = 0, we conclude that every bounded rod must satisfy b; < 0, completing the proof.

The paper is organized as follows. Section 2 recalls the relevant asymptotic analysis of the
harmonic map equations. The regular axis factorization (1.12) is obtained in Section 3, while
Section 4 is dedicated to the proof of the differential inequality (1.10), and global upper bound
(1.11). In Section 5 we establish the strict local inequality (1.13) near bounded axis rods, and
Section 6 contains the proof of the main theorem.

Acknowledgements. The authors thank Demetrios Christodoulou, who introduced the third
author to this problem more than four decades ago. This project was supported in part by a
SQuaRE workshop at the American Institute of Mathematics (AIM); the authors thank AIM for
its hospitality and for providing a supportive and mathematically rich environment. The authors
also thank Nan Wu for helpful discussions.
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2. THE SINGULAR HARMONIC MAP

In this section, we collect known results concerning the relevant asymptotics for the singular
harmonic maps at the interior of axis rods, at poles and punctures, and at infinity. Recall for
later use that if h = h(p, z) is an axisymmetric function then

1
Ah = h,, + ;hp Fheey Dpih=hpp+haz, VA =0+ hZ,

where A is the Euclidean Laplacian on R? and A, . is the ordinary Laplacian on the orbit
half-plane. In particular, since Alnp = 0 for p > 0, the harmonic map equations (1.2) can be
expressed as

1
U,p + ;Up + U = 2™ (02 +02), (2.1)

1
Vpp + PG + 22 = —4((Up = p7 Ny + Usvs). (2:2)
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2.1. Set up and hypotheses. Let ® = (u,v) € HL_(R3\ I',H?) be an axisymmetric map
satisfying the harmonic map equations (1.2) weakly. The energy and renormalized energy
densities are, respectively,

e(u,v) = |[Vul? + Vo2, € (U,v) = |VU|? + ™| Vol

Suppose that the z-axis I' has the finite mixed black hole rod structure described in Section
1, with axis rods I'y, ..., 'y 41 and horizon components Hi, ..., Hy. Let Zgee and Z,q denote,
respectively, the sets of degenerate and nondegenerate horizon components. Consider the following
three assumptions.

(A1) The appropriate local renormalizations are bounded and have finite renormalized energy
at ordinary axis points, at interiors of nondegenerate horizon rods, and at their poles.
More precisely, the following conditions hold.

(a) For every compact interval I C I'; contained in an axis rod, there is a neighborhood
O; C R? of I such that

Uove L*0;\T), Uw)eLY0)),
and
v=cj onl
in the trace sense.

(b) For every i € Z,q and every compact interval I C IntH,; contained in the interior of
the horizon rod, there is a neighborhood @ C R3 of I such that

u,v € L®°(Or\T), e(u,v) € LY(Oy).

(c) If qii = (0,0, zli) are poles of a nondegenerate horizon rod, write

=zt =P GR

and define the pole-renormalized functions

o 1 _ _ 1 _ _

U; ZU—iln(ri -G ) :u+§ln(ri +¢ ),

. 1 1

U =U—gh(rf +¢") =u+ g =¢).

In a neighborhood of ¢, the pair (ﬁii, v) is locally bounded and satisfies
VU2 + ™| Vo] € L.

(A2) For every i € Zgeg, let p; = (0,0, 2;) and introduce polar coordinates (r;,0;, ¢) centered
at p;. There are constants &;, A; > 0 such that

lu+Insin6;| < Aj in Be,(pi) \T, € (U,v) € Lie(Be,(pi) \ {pi})-
Moreover,
v = ¢; on the axis rod below p;, v = ¢;+1 on the axis rod above p;

in the trace sense, where

Cit1 — ¢ = 4T; # 0.
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(A3) There are constants rg, Ass > 0 such that
U+ 1ol € A in BT, €(U,v) € L (BL).

and v has constant traces ¢; and c¢y41 on the two semi-infinite axis rods. Moreover,
U—0asr— oo.

2.2. Existence and uniqueness.

Proposition 2.1. Given a rod structure configuration of horizon components {H;}¥,, and axis
rods {Fj}jy;il with potential constants {Cj}jy:'gl such that J; # 0 for each i € Lgeg, as in (1.5),
(1.6), (1.7), and (1.8), respectively, there is a unique axisymmetric harmonic map ® : R3\T' — H?
satisfying (A1) — (A3).

The proof of Proposition 2.1 consists of two steps. In the first step, for the given {Hi}i]\;p
{T; ;-lel, {¢; ;-V:’Lll, and J; # 0 as above, we prove that there exists a smooth axisymmetric
model map ®¢ : R3\ I' — H? realizing the prescribed rod structure and potential constants. The
model map is constructed by superposition of appropriate individual Kerr harmonic maps. In
the second step, we prove that there is a unique axisymmetric harmonic map ® : R3\ I' — H?
which is asymptotic to ®¢ in the sense that

SUp di2 (P, ®g) < 00,  dp2(P,Pg) = 0 asr — oo,
R3\T

and also satisfies (A1) — (A3). Refer to the survey [32] for details.

2.3. Regularity and asymptotics.
Proposition 2.2. Let ® = (u,v) : R3\T' — H? be a harmonic map satisfying (A1) — (A3). Then
the following statements hold.

(i) Axis regularity. On every compact subinterval of an axis rod I'j, the pair (U,v) extends
across the axis as an azisymmetric C37 pair for every v € (0,1).

(ii) Degenerate horizon punctures. Let i € Lgeg- Set a; = 2|J;| and ¢; = sgn J;. Then there
exists b; € (—1,1) such that

U=1Inr;+ UZ(QZ) +U;, v= @z(ez) + i, (2.3)

S
Ui (0;) = _%ln ( Sy ) , (2.4)

where

1+ cos? 6; + 2b; cos b;

1 4 cos2 6; + 2b; cos b; Vie i 2

0;(0;) = €a; (

Moreover, if

b; + b; cos? 6; + 2 cos 9¢> 0 0 G+ cCit1

l_Li = Ui - lnsinﬂi,
then for every fized < € (0,1), there are 8; € (0,1) and C; > 0 such that

+ e 0, )V ET|) < Cal, 4k <3,

I%%X (’(riam)fvg’z U;
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In addition,
o — @] + 7 |0, (o — @5)| + 9, (@ — &;)| < Crl

uniformly for 0 < 0; < m, where &; is given by

_ b; + b1 I (1 + cos? 6; +2bicosl9¢)

2 2,/1 — b2
1+ b;

bijy1 —b;=In (1 2 > = 2arctanh b;. (2.5)

i
(iii) Nondegenerate horizon poles and interiors. Let i € Z,q. There are constants /izi € R and
exponents %i € (0,1) such that in a neighborhood of the poles

a;(0;)

Furthermore,

1 _
U=3hn(ry =) +r; + Ry, Ry |+ [VR | < Oy )

and
U= %m(rj + G+ Rf RS, RS+t VRS < O (2.6)
while the corresponding Weyl conformal factor o expansions are
a(r;,0;) = b; + Insin % +0((r;)), (2.7)
a(rf,0F) = b1 + Incos 95 + O((r;r)f) (2.8)

Furthermore, on every compact subinterval I C IntH;, the functions (u,v) extend across
the rod as an axisymmetric smooth pair, and there is a constant k; € R, depending only
on the horizon rod H;, such that in a neighborhood of I,

alp,2) =Inp+2u(p, 2) + ki + O(p?) as p — 0. (2.9)
(iv) Infinity expansion. Set
c —c c +c
7= N+14 L o= N+12 1

For every fized s € (0,1) there are constants ¢° € R and a remainder U such that

U= i+01(T_2), U:jcose(3—00820)+coo+aooa
r

where
0,00 < Cr2sin3% 0,  |0pU0o| < Cr~ ' sin®™ 0.
Moreover, the Weyl conformal factor a satisfies

a=0(r"?), 0,a=0(0"3), O0a=O0(r"2). (2.10)

The puncture and infinity statements are from [16, Theorems 2.1-2.3 and equations (7.2)—(7.4)],
while the axis and pole statements are based on Li-Tian and Weinstein [22, 23, 28, 29, 31]; see also
the summary in [16, Section 2, discussion following Theorem 2.3]. The corresponding statements
concerning the Weyl conformal factor « arise directly from the harmonic map asymptotics and
equations (1.4).
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3. REGULAR AXIS FACTORIZATION

In this section, the factorization (1.12) will be established. Results in this section will be
needed in Sections 4 and 5. We first present some elementary facts about radial functions.
Lemma 3.1. Let I C R be an interval and let m, ¢ > 2.

(i) Suppose that q = q(p, z) is defined for p > 0, and that

hi(z, 2) = q(|z], 2), (x,2) e R™ x I,

is C* and SO(m)-invariant, where k > 0 and 0 < v < 1. Then the same radial
representative defines an SO({)-invariant function

hg(X, Z) = Q(’X’7 Z)

of class C*7 on R¢ x 1.
(ii) If hy, is smooth, then there is a function H = H (s, z), which is smooth for s > 0 up to
s =0, such that
hon(z,2) = H(|z|?, 2). (3.1)

(iil) If q(|z], 2) is C¥T27 on R™ x I, then q,/p, initially defined for p > 0, extends as a radial
CkY function across x = 0.

Proof. The proof is straightforward and included for completeness. We may work locally on a
compact subinterval I’ C I. Let e; € R™ be a unit vector. Restriction to the line defined by e;
gives an even extension

Q(pa Z) = hm(pelvz)v (pa Z) € (_PO,PO) X 1,7

of class C*7. At a point of the z-axis, every Taylor polynomial of an SO(m)—invariant function is
an invariant polynomial, and hence is a linear combination of the powers |z|?/. Applying Taylor’s
theorem in the transverse variables x € R™, also after n differentiations in z with n < k, gives

92Q(p2) = Y ajn(2)p¥ + Ri—nn(p, 2), (3:2)
2j<k—n
where, for 0 < /¢ < k —n,
|05 Ri—nn(p; 2)] < Clp/F 07, (3.3)

and the corresponding Holder estimates hold uniformly for z € I’. In particular, all odd radial
derivates permitted by the regularity vanish at p = 0.
For X =# 0, repeated differentiation of a radial representative has the form

18|

X
QX2 = L oIX1 NI IEs (7). (3.4

where the Pg ¢ are smooth functions on the unit sphere depending only on 3 and £. By substituting
(3.2) into (3.4), we find that the polynomial part is a polynomial in X, while (3.3) controls every
apparent negative power of | X| and gives the required C*~™7 extension at X = 0. Applying
this for each n < k proves that Q(|X|,z) is C*", jointly in (X, z) . This does not depend on the
transverse dimension, and thus proves (i).
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For (ii), observe that the evenness of @) and repeated Taylor expansion give, for every L,
L
Qlp.2) = a;(2)p” + p*" QL 11(p, 2),
j=0

where Q11 is smooth and even. Hence, H(s, z) := Q(4/s, z) for s > 0 has derivatives of every
order extending continuously to s = 0. Rotational invariance of h,, then yields (3.1).
Lastly, evenness implies ¢,(0,z) = 0, and therefore

QP(pvz) /1
LAt tp, 2)dt.
p 0 Qpp(p )

Moreover, since Q(p,z) = q(|pl, 2) is even and C*+27, its second radial derivative @, is even
and C*7. The finite regularity argument from part (i), applied to Qpp, shows that the radial
function (z,2) = gp,(|z, 2) is C*7. Therefore, |z|~1g,(|z|, 2) extends as a C*7 function across
x = 0. This proves (iii). O

The next result gives the desired smooth factorization of the harmonic map functions at the
interior of axis rods.

Proposition 3.2. Let I be a compact subinterval of an axis rod I'j, and write v = ¢ on that rod.
There exist functions F' and G, smooth on Ri up to the boundary, such that on a sufficiently
small neighborhood of I in R3,

Ulp,z) = F(p?,2), v(p,2) = c+p'G(p?,2).
Proof. Since u = U — In p, equation (2.2) becomes
3
Vpp — ;vp + ., +4U,v, 44U v, = 0. (3.5)
By Proposition 2.2(i), v is the restriction of an SO(2)-invariant Cartesian C3? function in
(r1,x2,2), and v(0, z) = ¢. Uniformly on compact subintervals of the rod,
v(p, 2) = c+a(2)p” + O(p**),
vp(ps 2) = 2a(2)p + O(p* ), (3.6)
vop(p, 2) = 2a(2) + O(p'*7),

with the analogous estimates involving the z-differentiations allowed by C*7 regularity. Since
v(0, z) is identically constant, v,,(0,z) = 0. Moreover,

Up=0(p), U.=0(Q1), v, = O(p?).
Letting p — 0 in (3.5) and using (3.6) produces
2a(z) — 6a(z) = 0.
Thus a(z) = 0 on the rod interval, and we have
o= < CP™, [ugl + [us] < Cp2. (3.7)

For p > 0, define
h(p.z) = p~*[v(p,2) — ¢].
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A direct substitution into (3.5) gives
5 U
hpp + —hp+ hye + 4Uph, + AU R, + 16—Lh = 0.
p p

The estimates (3.7) imply
|h| < Cp™1*7,  |Vh| < Cp~ 2. (3.8)
Now lift U and h to six transverse variables X € RS by

~ ~

U(X,z) =U(|X],2), G(X,z)=h(X],z)
Away from X =0, G satisfies

o —

AprG +4VU - VG + 16(?)@ =0. (3.9)

We next improve the regularity of G and prove that (3.9) holds across X = 0.

By Lemma 3.1(i), U is C*7, and Lemma 3.1(iii) shows that U,/p extends at least as a C17
function across X = 0. Moreover from (3.8), in a bounded z-cylinder, we have

/ h[?p°dp = O(e+27), / IVh|*p°dp = O(*7%7). (3.10)
0 0

Thus G € H (R7). Choose a radial cut-off x.(X) equal to one for |X| < ¢, zero for |X| > 2e,
and satisfying V.| < Ce~!. Then

2e
/6 |Vxe|2dX < 05_2/ pPdp = O(e?). (3.11)
R €

Use (1 — xe) as a test function for (3.9), where ¢ € C°(R7). The cut-off term involving the
principal part is bounded by

1/2 1/2
(oo 962) ([ 9E) Tl =006 = o),
{e<| X |<2e} {e<| X <2}

by (3.10) and (3.11). Since the square root of the tube volume is O(e?), the remaining omitted
error terms satisfy

O() - 0),  0EH), 0(E+),
for the principal term containing V¢, the first-order term, and the zeroth-order term, respectively.
Here we used (3.10), and boundedness of the coefficients. It follows that (3.9) holds weakly
across {X = 0}.
We may now bootstrap. The lower-order coefficients in (3.9) are bounded, and G e H', so
AR7@ € L. Interior W2 estimates and Sobolev embedding successively raise the integrability
of VG according to 2 — %4 — 1—; — 14, since in dimension seven the critical Sobolev exponent

is 7p/(7 — p). After the last step, Ge Wlicl 1 and Morrey’s inequality yields G € (S [

loc
0 < 70 < min{~, %}, then Schauder estimates applied to (3.9) produce G € C370,
Next observe that the U equation (2.1), expressed in terms of h, is given by

1
Upp+ Up + Usz = 261 |04+ phy)? + R3] . (3.12)
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Lemma 3.1 allows us to move the improved radial representative of G back to the original two
transverse variables. Since the right-hand side of (3.12) is then a C?7° function in R? across the
original axis, the three-dimensional Schauder estimates show that U € C*40,

We now proceed inductively. Starting from m = 0, suppose that

Uegmt3n  Geomt?no,

By Lemma 3.1(iii), it holds that U,/p € C™1%. Equation (3.9) then yields G € C"+37% and
thus (3.12) gives U € C™+4% Continuing this iteration shows that both U and the lifted G are
smooth across the axis. We may now apply Lemma 3.1(ii), first in two transverse dimensions for
U and then in six transverse dimensions for @, to find smooth functions F' and G with

Ulp,z) = F(pQ, z), h(p,z) = G(pQ, z).
Although this holds only in a neighborhood of the interval I, the functions F' and G may be
extended smoothly to all of Ri. Lastly, since v — ¢ = p*h, the desired result follows. ]

4. WEYL CONFORMAL FACTOR GLOBAL UPPER BOUND

The goal of this section is to obtain the global upper bound (1.11) for a. We begin by
deriving the nonlinear differential inequality (1.10). Although the equation for A, .« obtained
by differentiating the quadratures (1.4) has an indefinite right-hand side, the negative term is
controlled exactly by |Va|/p. Moreover, our proof relates this inequality to the scalar curvature
of constant time slices in the stationary vacuum spacetime.

4.1. The Weyl conformal factor identity/inequality.
Lemma 4.1. Away from ', the Weyl conformal factor a satisfies the identity

A, o= —|VU? + 3¢*|Vol?, (4.1)
and consequently the differential inequality
\Y%
Apzo+ M > 264“|Vv|2 > 0. (4.2)
P

Proof. Consider a time slice {t = constant}, of the stationary vacuum spacetime with metric
(1.1). The metric induced on ¥ is given by

h=e2Yg q=e>*(dp? +dz?) + p2de®.
A standard Riemannian geometry formula yields the scalar curvature of this slice
Ry = ¢ (R+4AU - 2|VU[2) .
Moreover, for the metric ¢, a direct calculation yields
R=-2e""A,.a, AU=e AU, |VUZ=e VU]

and hence
Ry, = 72 (<24, .0 +4AU - 2|VU]?). (4.3)

On the other hand, we may compute the scalar curvature from the vacuum Hamiltonian constraint
[20, (2.17)] to find
Ry, = 262U_2ae4“]Vv|2.
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Furthermore, by the harmonic map equations
AU = Au+ Alnp = 22| Vol (4.4)

since In p = 0 is harmonic. The desired identity (4.1) now follows by combining (4.3)-(4.4).
To obtain (4.2), first observe that the two equations in (1.4) give

|Vpoj = [U;f —UZ + e (v] - v?)] iy [U,,Uz + e4uvpvzr

P
The elementary identity

(X7 = X3) + (V2 — Y2)? 4 400 Xs + V1Y2)? = (IX2 = [Y[2)? +4(X - ¥)?
with X = VU and Y = e?“Vu produces

p~!Val > [|[VUP = et |Vof?|.
Combining this with (4.1) yields
Apo+p~t[Val > =|VUP +3¢™|Vol? + ||VU]? - e4u|Vv|2‘ > 264 V)2,
which proves (4.2). O
4.2. Puncture, pole, and axis estimates. We will use the asymptotics obtained in Section 2
to provide estimates for the Weyl conformal factor near punctures, poles, and axis, in preparation
for the maximal principle argument.

Lemma 4.2. The Weyl conformal factor « satisfies the following estimates.

(i) Punctures. Let i € Lyeg, and let (r;,0;,¢) be polar coordinates centered at puncture p;.
Then there exists a constant C' > 0 such that in a neighborhood of this puncture

sup a(r;, 6;) < max{b;, bjt1} + C’rfi. (4.5)
0<6;,<m

(i) Poles. Let i € Tnq, and let (r,0F, ¢) be polar coordinates centered at poles ¢. Then

1971
there exists a constant C' > 0 such that in a neighborhood of these poles

7,07) < b1+ C(r;")%%.

AR

sup a(r;,0;7) <b;+C(r; ), sup  a(r
0<0; <m 0<0f <nr

(iii) Axis. Let I be a compact subinterval of an azis rod I'j. Then there exist constants
Cr,pr > 0 such that

zel

Proof. Consider the three regions separately.

(i) Punctures. According to Proposition 2.2(ii), in a neighborhood of the puncture

b; + b; 1 20; + 2b; cos b; ,
a(r;, ;) = % +1In ( T eosTli ; o8 ) + O(rfl). (4.6)

Set = = cos §;, and note that the function x — 1+ 22 4 2b;x is convex, so that its maximum on
[—1,1] occurs at an endpoint. Since In is increasing, the second term on the right-hand side of
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(4.6) is bounded above by the larger of its two pole values §; = 0, 7. This, combined with (2.5)
yields the desired inequality (4.5).

(ii) Poles. Equations (2.7) and (2.8), together with the elementary inequalities Insin %’_ <0 and
+
In cos % < 0 give the two desired estimates immediately.

(iii) Axis. Proposition 3.2 gives, uniformly for z € I,
Up=0(p), U.=0(1), v,= O(Pg)v Uz = O(/’4)-
du

p~*etV | the two equations in (1.4) imply

a,=0(p), a.=0(p").

Since e

Thus, since a(0, z) = b; we have

P
a(p.2) = byl < [ lar(r.2)ldt < Cp?,
0
which yields the desired result. O

4.3. Maximum Principle. We will now establish the global upper bound for «, by applying
the maximum principle on a sequence of exhaustion domains.

Proposition 4.3. The Weyl conformal factor « satisfies the following estimate

< b .
a(p,z) < | Jnax by forall p>0 and z

Proof. Set M = maxi<j<n+1bj, and observe that M > 0, since according to (1.9) the logarithmic
angle defects of the semi-infinite rods vanish. Let

Q= {pi|i€TLaeg} U{g; ,q] | i € Tua}
be the finite set of punctures and poles, and for ¢ = (0,0, z,) € Q, put

re =\/P? + (2 — z¢)%.

Choose 7, > 0 so that all puncture and pole estimates from Lemma 4.2 hold for r, < 27,. Since
Q is finite, there is a common exponent

Ry = min({ﬁi | i€ Ideg} U {V;a%'Jr KAS Ind}) > 0.

Fix ¢ > 0 smaller than r, and smaller than a quarter of the distance between any two distinct
points of Q. Choose R so large that all points of Q lie in the half-disk of radius R/2, and take
0 < n < 0/2. Define

Qn,a,R = {(P7 z) | p>mn, p2 + 22 < RZ, rq > o for every q € Q} ,
and observe that this domain is bounded with piecewise smooth boundary.
On ) ;. g set
Va
Bt NE Va 3& 07
B(p,z) = { plVa|
0, Va =0,
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and notice that B is bounded and measurable, with |B| < n~!. Furthermore, by Lemma 4.1 we
have
A,.a+B-Va>0.
The maximum principle then yields
sup a« < sup a. (4.7)
Q’q,o,R 8Qn,J,R
We will now estimate the boundary pieces. On a half-circle 7, = o, Lemma 4.2(i)-(ii) apply
when ¢ is a puncture or pole. Since there are finitely many punctures or poles, we have
a< M+ Co"™.

Next consider the boundary portions with p = 1. The condition r, > o and the inequality

n < /2 imply
3
|z — 24| > 02 —1n? > \2[0.

For fixed ¢ and R, the projections of these portions onto I' lie in a finite union of compact
subintervals, each contained either in an axis rod or in the interior of a nondegenerate horizon
rod. On the axis pieces, Lemma 4.2(iii) gives

a <M+ Co g1,
while on the horizon pieces, (2.9) gives
a<Inn+ Csg.
Lastly, on the outer half-circle (2.10) shows that
la| < CR™2.
Combining these estimates together with (4.7) yields
qup o < max {M +Co", M + C’U’RnQ, Inn+ Cy R, CR_2} ) (4.8)
n,0,R

Fix (po, z9) arbitrarily with py > 0. For all sufficiently large R and sufficiently small o, 7, this
point belongs to €, » r. In (4.8), first let n — 0 with o, R fixed. Then let ¢ — 0, and finally let
R — o0. Since M > 0, it follows that a(pg, z0) < M. O

5. WEYL CONFORMAL FACTOR STRICT LocAL LOWER BOUND

The purpose of this section is to prove a strict local lower bound for a near any bounded axis
rod. The proof must cover arbitrarily degenerate maxima of the axis trace of U; this is the reason
for the expansion by homogeneous harmonic polynomials below. We will use the first equation of
(1.4), and demonstrate that, under careful analysis of integration over appropriate line segments,
the p-derivative terms dominate the z-derivatives. This is reminiscent of the argument of Li-Tian
[21], where the z-derivatives vanish due to the assumed symmetry in that work.

Proposition 5.1. Let I'; = (27 1,27), 2 <i < N, be a bounded open axis rod on which v = ¢;
and o = b;. If ¢ € Ty is a mazimum point of z — U(0, z), then every neighborhood of (0,q) in
the half-plane p > 0 contains a point where

a > b;. (5.1)
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Proof. After translating g to the origin, we may assume that ¢ = 0. Near the rod, by Proposi-
tion 3.2, we can write

U=F(s,2), v=c+sG(s2), (5.2)
where s = p? and F, G are smooth. Set

f(z) =F(0,2), g(z) =G(0,2).
Then «(0, z) = b; and f'(0) = 0.

We now record the relevant equations in terms of the functions F' and G, and with respect to
the variable s = p?. A direct substitution of (5.2) into the harmonic map equations (2.1)-(2.2)
and the first equation in (1.4) produces

A(sFss + Fs) + Fp = 2¢4F [43(2G + SGS)2 + SQGE} , (5.3)
4sGss + 12G5 + G, = —165F;Gs — 4F,G, — 32F,G,

and
20, = 4sF? — F2 4 45¢'(2G + 5G,)? — s2e1'G?, (0, 2) = b;. (5.4)

Step 1: Setting s = 0 in (5.3) gives

Fi(0,0) =~ 11(0).
Along z = 0, smoothness and f/(0) = 0 yield
Fy(5,0) = F4(0,0) + O(s), F.(s,0) = 5F.(0,0) + O(s?),
and
G(5,0) = g(0) +O(s), G,(s,0) =g (0)+ O(s).
Substitution into (5.4), followed by integration in s, yields

L pr0)? 4 4670 g(0)2] + 0(s?).

a(s,0) = b; + 52 T

Hence (5.1) follows immediately unless
f7(0)=0, g(0)=o0. (55)

Thus, we now assume (5.5) for the remainder of the proof.

Step 2: For n > 3 and m > 0, let zﬁ? ) be the space of zonal homogeneous polynomials P of
degree m on

R x R,
which are invariant under SO(n—1) in the z variables and harmonic in R™. Every such polynomial
has the form

lm/2]
Pla,2)= Y azp¥zm,
j=0
where p = |z|. Since
App?I) =235 +1)(2§ + n — 1)p%,
comparison of the coefficients in Agn P = 0 produces

27 + 1)(2) +n — Va1 + (m — 25)(m — 2j — a; = 0. (5.6)
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Thus ag determines every coefficient. Conversely, the recurrence produces a harmonic polynomial
for every choice of ag; at the final index the remaining power of z is zero or one, and no additional
condition occurs. Therefore restriction to the z-axis is an isomorphism

ZW s span{z"}, P —s P(0,2). (5.7)

) )

is one-dimensional. Let Hr(r? denote its unique element normalized by

H™M(0,2) = 2™,

In particular, Z}g

Writing r = (p? + 22)1/2, the two cases used below are

3) m () nCot” (/1)
Hy(p,z) =" Pu(z/r), Hy'(p,z)=r P

where P, and C?n/ % are the Legendre and Gegenbauer polynomials. The explicit formulas are
not essential; what matters is (5.7). We shall also use the consequence of the recurrence (5.6)
that, for even m,

HD (p,0) = A0 p™ with A7) £ 0, 0.H{ (p,0) = 0. (5.8)

Step 3: Suppose first that v is constant. Then U is an axisymmetric harmonic function on R3\ T
This is the static case treated in [5, 6] for two black holes, and generalized to any number of
black holes in [19]. The explicit formula for « in this case shows (5.1). For the remainder of the
proof assume that v is not constant.

Step 4: We study the expansion of G. Let @(X ,2) be the smooth seven-dimensional lift of
G(p?, z) constructed in the proof of Proposition 3.2. We first assume that G(X, z) vanishes up to
infinite order at the origin. Recall that G(X, z) satisfies (3.9). The standard unique continuation
[4] yields G = 0 in a neighborhood of the origin. Hence v — ¢; = p*G vanishes on a nonempty
open subset of {p > 0}. However, v — ¢; satisfies the linear uniformly elliptic equation
A(v—¢)+4Vu-V(v—¢) =0.
The unique continuation thenAforces v —c¢ = 0, so v is globally constant, contrary to the
hypothesis. We conclude that G(X, z) does not vanish up to infinite order at the origin.
With G(0,0) = g(0) = 0, we assume
G =Qq+ 0>,

for some d > 1 and nonzero homogeneous SO(6)-invariant polynomial Q4. Moreover, Qg is
harmonic. Indeed, this is immediate for d = 1, and for d > 2, the contributions generated by

Qg4 in (3.9) have lowest possible homogeneous degrees d — 2, d — 1, and d, from the Laplacian,

(7)

first-order term, and zeroth-order term, respectively. It follows that Qg € Z5’/, and hence

Qq= O’dHC(;) for some o4 # 0. Taylor’s theorem, with one differentiated remainder, yields
D! (h = oqtt )| < Crt e=0,1, (5.9)
where derivatives are understood in the lifted variables and then restricted to the orbit half-plane.

Step 5: We study the expansion of U and examine the validity of the estimates
U= f(0)+0(rh), IVU| = O(rLt71). (5.10)
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It is possible that U vanishes up to infinite order at the origin. In this case, (5.10) holds for any
L > 1. We now assume that U vanishes up to a finite order at the origin, i.e.,
U = f(0) + Uy + O(r**1), (5.11)

for some k£ > 1 and nonzero homogeneous polynomial U. The expansion here is in the original
three-dimensional variables. In this case, (5.10) holds for any 1 < L < k.
We write the equation (3.12) as
ApsU = S,
where
S = 2¢4 [p2(4h + ph,)? + p4h2} :
A simple comparison gives
AgsUy, = Sk—2,
where Sj_s is the homogeneous polynomial of degree k — 2 in the Taylor expansion of S. In
the following, we only need the case k < 2d + 4. By (5.9), we have S = O(r?¥*+2). Hence, if

k < 2d 4+ 4, then Si_o = 0 and thus ApsUi = 0. As in Step 4, we have Uy = ckH,S’) for some
¢ # 0. Therefore,

U = £(0) + cx HY + O(rF 1),

By assumption, U(0, z) has a maximum at z = 0. With H,gg) (0,2) = 2*, we conclude that k is

even and ¢ < 0.
In conclusion, if k is the first nonzero Taylor order of U(p, z) — f(0) and k < 2d + 4, then

DU = F0) + kH)| < CrF =t e=0,1, (5.12)
for some even k and constant x > 0.
Step 6: We now study the equation

a, = p(U; = UZ) + p*e'V [(4h + phy)? — p*BZ], (5.13)

and examine which term on the right-hand side provides the lowest degree when expanded in
terms of p. We note that the lowest degree of p from h is 2d + 3 by (5.9), and the lowest degree
of p from U is 2k — 1 by (5.11) if k is finite and k& < 2d 4+ 4. By comparing 2d + 3 and 2k — 1, we
consider three exhaustive cases, k < d+ 2, k =d+ 2, and k > d + 2, including k£ = co. We point
out that k < 2d + 4 in the first two cases and hence (5.12) is applicable.

Case I: k < d + 2. Since k is even, (5.8) produces
HP (p,0) = Mep¥, e #£0, 0.HP (p,0) = 0.
By (5.13), we have
Up(p,0) = —=kkXep™ ™ +0(p*h),  U.(p,0) = o(p*). (5.14)
By (5.9), the contribution of h to «, in (5.13) is O(p*¥+3) = o(p?*~1). Thus (5.13) gives
ay(p,0) = KA1 4 o(p? ).
Since «(0,0) = b,
a(p,0) =b; + SHQ)\%p2k + o(p*) > b;
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for all sufficiently small p > 0.
Case II: k = d+ 2. Here d is even. Set
7
Ne=HP (1,00 £0, pg=HY(1,0) 0.

At z =0, we have (5.14) and, by (5.9),

h = oauap® + o(p?), hz=o(p"")

and
4h + phy = o4(d + 4)pap” + o(p?).
Hence
a,(p, 0) = [K2K2A2 + e 052 (d 4 4)%1:2) 243 4 o(p2413),

Integration yields

k d+4)?
a(p,0) =b; + [5112)\% + (2d +é)l e4f(0)03,u3} PP 4 o(p?H) > by

Case III: d + 2 < k, including k = oo. The discussion in this case is more complicated mainly
because d in (5.9) is not known to be even, in which case ph, in (5.13) has the same order as h
and ph,. Setting

L = min{k,2d + 4},
then, (5.10) holds for this L. Since L > d + 2, for every fixed n > 0,

/Onz p|VUPdp = O(2*L) = o(2%) as 2 | 0. (5.15)
Define the homogeneous polynomial
Walg,7) = €'H (€, 7)
and, for n > 0,
() = |67 [(0cWal€ 1)* = (0 W€ 1)?] de, (5.16)
The normalization H 57)(0, 7) = 7% and the recurrence (5.6) imply, as & | 0, that
HP (1) = 1+ 0u(?),

SO
OWa(€,1) = 46% + 04(&°),  0-Wa(&,1) = d&* + 0a(&5).
Consequently,
Iy(n) = 41" + Oa(n°®) > 0 (5.17)

for every sufficiently small fixed n > 0.
We now justify that (5.16) is the leading term in «(nz, z) — b;. Write

R=h—o4H'".
On 0 < p < nz, estimate (5.9) yields
|R| < Cz%TL, |VR| < Cz%
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Since v — ¢ = p4(adHC(l7) + R) and p = £z, homogeneity gives
Vp(€2,2) = 0a2POW (€, 1) + O (2743 + %)), (5.18)
v, (€2, 2) = 042730, Wy(€,1) + O(24T4e%). (5.19)
The powers of ¢ in these errors make all integrals below convergent at & = 0.

Because a(0, z) = b; and e** = p~4eV | (5.13) implies

nz
a(nz,z) =b; + /0 {p(Up2 ~U?) + e4Up_3(vl2) — vg)} dp. (5.20)

The first term in the integrand is o(z2%+3) by (5.15). In the second term, the leading/error cross
terms from (5.18)—(5.19) are O(z%4t), and the error squares are O(22%+5). Moreover, (5.10)
produces
eV = MO (1 4 0(1)),
uniformly on the ray segment. Substituting p = £z into (5.20) therefore yields
a(nz, z) = b + e Og21,(n) 22 4 o(221H) > by,

for all sufficiently small z > 0, by (5.17).
Each of the three cases gives points with o > b; arbitrarily close to the origin. This proves
(5.1). O

We note that only the smoothness obtained in Proposition 3.2, and finite Taylor expansions
are used. Infinite order vanishing of the lifted v is treated by unique continuation. No real
analytic regularity of the harmonic map is assumed.

6. PROOF OF THE MAIN THEOREM
We first verify the endpoint behavior required to apply Proposition 5.1.
Lemma 6.1. For2 < j <N, let f;(z) =U(0, 2) for Z;‘L—1 <z<z;. Then,
[i(z) > —00 asz| z;-r_l and z 1 z; .
Consequently, f; attains a maximum at an interior point of I';.

Proof. Define

1, 1€ Idega
V; = 1 .
5, 1€ Thd-
At the bottom endpoint zj[l, first suppose that H;_; is degenerate. Approach its puncture along
the north axis and use (2.3)-(2.4); since the denominator in the In in (2.4) is 2(1 +b;_1) > 0,
this gives

[i(z) =In(z — Z;‘L—1) +0(1).
If H;_1 is nondegenerate, approach its upper pole along the adjacent north axis. Formula (2.6)
gives instead

1
fi(z) = 3 In(z — z;»r_l) + O(1).
In summary, we have

fi(z) =vj—1ln(z — z;-r_l) +0(1) = —c0 aszl Z;‘L—r
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The top endpoint behavior is obtained similarly; namely,
fi(z) =vjIn(z; —2) +O(1) = —c0 as 21z .

Axis regularity gives continuity in the interior. The two endpoint limits force an interior
maximum. O

Proof of Theorem 1.1. Let

prm— Ap— > .
M 15%%11 b; = max{0,bs,..., by} >0

Proposition 4.3 gives
a < M throughout {p > 0}.

By Lemma 6.1, the trace of U on any bounded axis rod I';, for 2 < j < N, has an interior
maximum, hence by Proposition 5.1, a cannot achieve its maximum on any bounded axis rod.
Because a = 0 on the unbounded axis rods, it follows that M = 0. Applying Proposition 5.1
again immediately shows that for any bounded axis rod I'; we must have b; < M = 0. g
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