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Abstract

We establish a positive mass theorem for initial data sets of the Einstein
equations having generalized trapped surface boundary. In particular, we
answer a question posed by R Wald concerning the existence of generalized
apparent horizons in Minkowski space.

PACS numbers: 04.20.−q, 04.70.Bw

Let (M, g, k) be an initial data set for the Einstein equations, that is, M is a Riemannian
3-manifold with metric g, and k is a symmetric 2-tensor representing the extrinsic curvature
of a spacelike slice; both are required to satisfy the constraint equations

16πμ = R + (Trgk)2 − |k|2, 8πJi = ∇j (kij − (Trgk)gij ),

where R is scalar curvature and μ, J are respectively the energy and momentum densities
of the matter fields. If all measured energy densities are nonnegative then μ � |J |, which
will be referred to as the dominant energy condition. We assume that the initial data are
asymptotically flat (with one end), so that at spatial infinity the metric and extrinsic curvature
satisfy the following fall-off conditions:

|∂l(gij − δij )| = O(r−l−1), |∂lkij | = O(r−l−2), l = 0, 1, 2, as r → ∞.

The ADM energy and momentum are then well defined by

E = lim
r→∞

1

16π

∫
Sr

(∂igij − ∂jgii)ν
j ,

−→
P i = lim

r→∞
1

8π

∫
Sr

(kij − (Trgk)gij )ν
j ,

where Sr are coordinate spheres in the asymptotic end with unit outward normal ν.
The strength of the gravitational field in the vicinity of a 2-surface � ⊂ M may be

measured by the null expansions,

θ± := H� ± Tr�k,

where H� is the mean curvature with respect to the unit outward normal (pointing towards
spatial infinity). The null expansions measure the rate of change of area for a shell of light
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emitted by the surface in the outward future direction (θ+) and outward past direction (θ−).
Thus the gravitational field is interpreted as being strong near � if θ+ � 0 or θ− � 0, in which
case � is referred to as a future (past) trapped surface. Future (past) apparent horizons arise
as boundaries of future (past) trapped regions and satisfy the equation θ+ = 0 (θ− = 0).

In an attempt to find the most general conditions under which the Penrose inequality is
valid, Bray and the author [4] have proposed the notion of a generalized apparent horizon,
which we take to be any surface � satisfying the equation

H� = |Tr�k|.
A very natural question, posed by Wald [10], is to ask whether such surfaces can exist inside
Minkowski space. Our purpose here is to show that this is not possible. The strategy will be
to follow Witten’s proof of the positive mass theorem, and show that if such a surface exists
in any initial data set satisfying the dominant energy condition then the ADM mass is strictly
positive, which, of course, cannot occur for a slice of Minkowski space. In fact, this result
will be a special case of the positive mass theorem for spacetimes containing a generalized
trapped surface, that is a surface � satisfying the inequality

H� � |Tr�k|. (1)

It has been shown [5] that the existence of a compact generalized trapped surface in an
asymptotically flat initial data set implies the existence of a generalized apparent horizon.
This is analogous to the relationship between classical trapped surfaces and apparent horizons
[1]. The following theorem exhibits another analogy between classical and generalized trapped
surfaces.

Theorem. Let (M, g, k) be an asymptotically flat initial data set for the Einstein equations
satisfying the dominant energy condition μ � |J |. If the boundary ∂M is nonempty and
consists of finitely many compact components each of which is a generalized trapped surface,
then the ADM mass is strictly positive, E > |−→P |.
Proof. Let (M, γ ) be a portion of the spacetime arising from the initial data (M, g, k), and
let c : Cl(TM) → End(S) be the usual representation of the Clifford algebra on the bundle
of spinors S, so that

c(X)c(Y ) + c(Y )c(X) = −2γ (X, Y ) Id.

We choose a local orthonormal frame ea, a = 0, 1, 2, 3 such that e0 is normal to M and
ei, i = 1, 2, 3, are tangent to M. Then the ‘spacetime spin connection’ on M is given by

∇ei
ψ = (

ei(ψ
I ) + 1

4ψI
l
ij c(e

j )c(el) + 1
2ψIkij c(e

j )c(e0)
)
φI ,

where ψ = ψIφI with φI , I = 1, 2, 3, 4, being a choice of spin frame associated with the
orhtonormal frame ei , and 
l

ij are Christoffel symbols for the metric g. Note that we are using
Dirac spinors ψ , which consist of a pair of SL(2, C) spinors, one left handed and one right
handed. Consider the following chiral boundary value problem for the Dirac operator:

Dψ =
3∑

i=1

c(ei)∇ei
ψ = 0 on M, ψ = ψ∞ + o

(
1

|x|1−δ

)
as |x| → ∞,

εψ − ψ = 0 on ∂M+, εψ + ψ = 0 on ∂M−,

(2)

where ε = c(e3)c(e0) with e3 normal to ∂M and pointing towards spatial infinity, ψ∞ is a
nonzero spinor which is constant in the asymptotic end (the components ψI

∞, with respect to
a fixed frame at spatial infinity, are constant), and ∂M± denotes the portion of ∂M on which
θ± � 0. Note that these boundary conditions are the usual ones used to establish the positive
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mass theorem with black holes in which ∂M is assumed to consist of classical future and
past apparent horizons. Below, we will show that this boundary value problem is coercive.
Moreover (2) falls into a class of elliptic boundary value problems treated in [3]. Therefore,
we conclude that there exists a unique solution with ψ − ψ∞ ∈ W

1,2
−1 (M) ∩ W

2,2
loc (M); here

W
1,2
−1 (M) and W

2,2
loc (M) represent Sobolev spaces of square integrable derivatives up to orders

one and two, respectively, with the subscript −1 indicating an appropriate weight to obtain
the correct fall-off at spatial infinity.

Consider the following Lichnerowicz formula ([3, 7, 9]) for the solution of (2):

D∗Dψ = ∇∗∇ψ + Rψ = 0,

where

Rψ = 4π(μ + J ic(e0)c(ei))ψ.

Then integrating by parts produces∫
M

(|∇ψ |2 + 4π(μ|ψ |2 + J i〈ψ, c(e0)c(ei)ψ〉))

= 4πP a〈ψ∞, c(e0)c(ea)ψ∞〉 −
∫

∂M

〈
ψ, c(e3)

2∑
i=1

c(ei)∇ei
ψ

〉
, (3)

where P a is the ADM 4-momentum. In order to facilitate the calculation of the boundary
term, we define the boundary covariant derivative by

∇ei
ψ = ei(ψ) +

1

4

2∑
j,l=1


l
ij c(ej )c(el)ψ +

1

2
ki3c(e3)c(e0)ψ, i = 1, 2,

and we define the boundary Dirac operator by

D∂Mψ = c(e3)

2∑
i=1

c(ei)∇ei
ψ.

The boundary term may now be calculated by using properties of Clifford multiplication,
symmetries of the Christoffel symbols and the special boundary conditions of (2), as follows:

c(e3)

2∑
i=1

c(ei)∇ei
ψ = D∂Mψ +

1

2

2∑
i=1

3∑
j=1


3
ij c(e3)c(ei)c(ej )c(e3)ψ

+
1

2

2∑
i,j=1

kij c(e3)c(ei)c(ej )c(e0)ψ

= D∂Mψ − 1

2
H∂Mψ − 1

2
(Tr∂Mk)c(e3)c(e0)ψ

= D∂Mψ − 1

2
θ±ψ on ∂M±. (4)

Moreover, a similar calculation shows that D∂Mε = −εD∂M , and therefore since ε is self-
adjoint with respect to the (positive definite) inner product 〈·, ·〉 on S we have

〈ψ,D∂Mψ〉 = ±〈ψ,D∂Mεψ〉
= ∓〈ψ, εD∂Mψ〉
= ∓〈εψ,D∂Mψ〉 = −〈ψ,D∂Mψ〉. (5)
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Then by combining (3), (4) and (5), choosing ψ∞ so that

P a〈ψ∞, c(e0)c(ea)ψ∞〉 = E − |−→P |,
and applying the dominant energy condition, it follows that∫

M

|∇ψ |2 � 4π(E − |−→P |). (6)

Note that the same arguments used to obtain this inequality also yield the coercivity of the
boundary value problem (2), which is needed for establishing the existence and regularity of
solutions.

We now proceed by contradiction and assume that E � |−→P |. Then (6) shows that ψ is
covariantly constant. First, consider the case in which at least one boundary component �

is a true generalized trapped surface, that is � satisfies (1) and Tr�k changes sign along �.
Then according to the boundary conditions imposed on ψ , and the fact that ψ is continuous
up to the boundary (with the help of a Sobolev embedding), there is a point p ∈ � at which
ψ(p) = 0. Now parallel transport ψ along any curve emanating from p to find that ψ = 0
along this curve (since ψ restricted to the curve is itself the solution of parallel transport). But
this implies that ψ ≡ 0 on M, which is impossible as ψ∞ = 0.

In the remaining case to consider, all boundary components are either pure future or past
trapped surfaces. Then according to Andersson and Metzger [1] there exists a smooth compact
outermost apparent horizon, each component of which either has spherical topology or is a flat
torus [6]. First assume that at least one component � of the outermost apparent horizon has
spherical topology, and we further assume that it is a future apparent horizon, that is θ+ = 0
(similar arguments will hold for a past apparent horizon). By writing the full Dirac operator
in terms of the induced operator on the boundary with the help of calculation (4), and using
the fact that ψ is covariantly constant, on � we have

0 = c(e3)Dψ = −∇e3ψ + D�ψ − 1
2θ+ψ = D�ψ.

Since ψ cannot vanish on � (according to arguments above), this says that � admits a
nontrivial harmonic spinor. However, since � is topologically a 2-sphere, this is impossible
according to the Hijazi–Bär inequality [2, 8], which states that all eigenvalues of the Dirac
operator on a 2-sphere must satisfy

|λ(D�)| �
√

4π

Area(�)
> 0.

The application of the Hijazi–Bär inequality was first suggested by Bartnik and Chruściel
in [3].

If all components of the outermost apparent horizon are flat tori then we proceed as follows.
Assume that ∂M coincides with the outermost apparent horizon. Then we may choose a spin
structure on M for which the induced spin structure on one of the boundary components � is
not the ‘trivial’ one (note that the 2-torus admits four distinct spin structures). By arguing as
above we find that � admits a nontrivial harmonic spinor. However this is impossible, since
only the trivial spin structure on a flat torus admits nontrivial harmonic spinors [2]. With this
contradiction we conclude that the ADM mass must be strictly positive. �
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