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ABSTRACT. This is the second in a series of two papers to settle the conjectured mass-angular
momentum inequality for multiple black holes. More precisely, we show that for a complete,
simply connected, maximal initial data set for the Einstein equations with multiple ends that are
either asymptotically flat or asymptotically cylindrical, the ADM mass of any asymptotically
flat end admits a lower bound given by the square root of total angular momentum, under the
assumption of nonnegative energy density and axisymmetry. Moreover, equality is achieved in
this mass lower bound only for a constant time slice of an extreme Kerr spacetime. The proof
is based on a novel flow of singular harmonic maps with hyperbolic plane target, under which
the renormalized harmonic map energy is monotonically nonincreasing. Relevant properties of
the flow are achieved through a refined asymptotic analysis of solutions to the harmonic map
equations and their linearization.

1. INTRODUCTION

In [24] Penrose outlined heuristic arguments that give rise to the Penrose inequality [2, 15],
as well as a conjectured lower bound [22, Section 8] for the ADM mass/energy m of a spacetime
in terms of ADM angular momentum 7, which takes the form

(1.1) m > +/|J|.

In this paper we rigorously establish this inequality for any number of black holes, using a new
flow of singular harmonic maps.

The reasoning that leads to (1.1) requires conservation of angular momentum, and to achieve
this it is typically assumed that the spacetime is axisymmetric and satisfies certain conditions
on matter fields. In fact, counterexamples have been constructed by Huang-Schoen-Wang [14]
when the axisymmetric assumption is removed. The original motivation for the Penrose in-
equality holds equally well for the mass-angular momentum inequality, namely they both serve
as necessary conditions for the weak cosmic censorship [23, 25] and the final state [19] conjec-
tures. Therefore, while a counterexample to the inequality would be detrimental for at least
one of these latter two conjectures, confirmation of (1.1) only adds to the prevailing belief in
their generic validity. Furthermore, inequality (1.1) may be interpreted as a refinement of the
positive mass theorem [27, 34], in which a precise contribution to the total mass is expressed via
the rotation of black holes. This manuscript is the second in a series of two papers to establish
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the mass-angular momentum inequality for multiple black holes; the first paper in this series is
[12].

The appropriate mathematical setting in which to study this inequality is that of an initial
data set (M, g, k) for the Einstein equations, consisting of a smooth connected 3-manifold M
with Riemannian metric g and a symmetric 2-tensor k representing the second fundamental
form of an embedding into spacetime. These quantities satisfy the constraint equations

(1.2) 16mp = R+ (Trgk)? — |k[2, 8rJ = divy(k — (Trgk)g),

where R is the scalar curvature of g, and u, J denote the matter energy and momentum densities
respectively. A natural hypothesis related to the dominant energy condition is the assumption
of nonnegative energy density g > 0, which when combined with the mazimal slice condition
Tryk = 0 guarantees nonnegative scalar curvature. Moreover, it will be assumed throughout that
the data are azially symmetric. This means that a subgroup isomorphic to U(1) is present within
the isometry group of the Riemannian manifold, and that the extrinsic curvature is invariant
under the U(1) action. In particular, if n is the associated Killing field generating the symmetry
and £, denotes Lie differentiation, then

£y9 =L,k =0.

The initial data set (M, g, k) will be asymptotically flat with multiple ends, in that there exists
a compact set C, called the core, and an integer N > 2 such that M \ C = Ui\;OMi, where the
pairwise disjoint ends M; are either asymptotically flat or asymptotically cylindrical, with ¢ = 0
designating an asymptotically flat end. The other ends for 1 < ¢ < N represent individual black
holes. Recall that an ith end is referred to as asymptotically flat if it is diffeomorphic to R3\ By,
and in the resulting Cartesian coordinates with § denoting the Euclidean metric we have

(1.3) 0(9 = 8)ls = O(r~17"), <6, [kls = O(r~17h),

for some g > % where r is the Euclidean radial coordinate; additionally the scalar curvature is
required to be integrable R € L'(M;). We note that the condition ¢ < 6 is stronger than the
typical requirement, and that this is due to the need for Brill coordinates [6, Remark 3.2], (see
also [16, 29]). Each asymptotically flat end comes equipped with the ADM energy, which is
well-defined [1, 5] and given by

1
m= lim — / *s (divgg — dTrsg) ,
S,

r—oo 167

where s is the Euclidean Hodge star operator, and S, is the coordinate sphere of radius r.
Furthermore, axial symmetry implies that the ADM angular momentum of the end is aligned
along the symmetry axis and thus may be described by a single number

J = lim 1/ (k — (Trgk)g) (n,v)dA,
Sy

r—o0 8T

where v and dA are the unit outer normal and area element of S,. Notice that the integral is
invariant over any surface homologous to a coordinate sphere when the swirl vanishes J(n) = 0.
This latter condition will be assumed in order to obtain a twist potential, and therefore make
contact with harmonic maps. Moreover, it also shows that the total angular momentum is a
sum of the individual angular momenta J; evaluated at the auxiliary ends, that is J = Zf\;l N/
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In particular, note that this implies such initial data without black holes must have vanishing
ADM angular momentum.

Consider the warped cylindrical geometry (R; x S2%,g) with model metric § = A2dt? + h,
where )\ is a positive smooth function independent of the radial coordinate ¢, and h is a metric
on the 2-sphere. It is assumed further that g admits a Killing vector field that is tangent to S?
and has periodic orbits. An end (M;, g) is then referred to as asymptotically cylindrical if it is
diffeomorphic to Ry x S2, and in the coordinates provided by the diffeomorphism

Vi —9lg=0@"), <7,

for some ¢ > 0 where V denotes covariant differentiation with respect to g. Again the large
number of derivatives ¢ < 7 is included for the existence of Brill coordinates [16, 29]. We note
that extreme Kerr black holes possess an asymptotically cylindrical end in the sense described
above.

In this setting, with the additional hypotheses of completeness, simple connectivity, and the
absence of asymptotically cylindrical ends, the mass-angular momentum inequality (1.1) was
initially studied by Dain and established for a single black hole through the combined work of
Chrusciel, Costa, Dain, Schoen, and Zhou in [6, 7, 9, 10, 28]. The survey [11] details many of
these developments, and [4] addresses situations where completeness and simple connectivity
may be removed. The case of multiple black holes was taken up by Chrusciel-Li-Weinstein [8]
(see also Khuri-Weinstein [18] for the inclusion of charge) who proved the lower bound

mZ—F(j17"'7jN7217"'7ZN)7

where the function F is proportional to a renormalized harmonic map energy depending on the
angular momenta J; and positions z; associated with the IV black holes. Our main result shows
that this function is bounded below by the desired quantity \/m . The proof is based on a
novel flow of singular harmonic maps with hyperbolic plane target, under which the renormal-
ized harmonic map energy is monotonically nonincreasing. Relevant properties of the flow are
achieved through a refined asymptotic analysis of solutions to the harmonic map equations and
their linearization.

Theorem 1.1. Let (M, g, k) be a complete, simply connected, axially symmetric, maximal initial
data set for the Finstein equations with one designated asymptotically flat end and finitely many
other asymptotically flat or asymptotically cylindrical ends. Assume further that the nonnegative
energy density condition is satisfied pp > 0, and the momentum density vanishes in the direction
of rotation J(n) = 0. Then

m = /|71,

with equality if and only if the data arise from a constant time slice of an extreme Kerr black
hole.

As mentioned above, the proof is based on a flow of singular harmonic maps. More precisely,
we observe that the first variation of renormalized harmonic energy under perturbations of the
black hole singularities within the maps, is determined by the conical singularities along the axis
in the associated stationary vacuum spacetimes. From this we are able to define a flow of the
singular harmonic maps, along with the corresponding stationary vacuum black holes solutions,
which moves the black holes guided by the conical singularities and results in a monotone
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nonincreasing renormalized energy. It is shown that the flow exists up to a maximal time, at
which point two different scenarios can occur: the black holes either collide, or stagnate. In the
first case, the limiting renormalized energy exists and is shown to be greater than or equal to the
renormalized energy of the configuration after collision. Thus, the flow may be restarted at the
new collision configuration while preserving monotonicity through the singular time. In the case
of a stagnating flow, we find that the limiting harmonic map gives rise to a regular multi-Kerr
spacetime, in contradiction to the black hole uniqueness theorem [13]. With these observations,
an induction argument on the number of black holes is then used to establish the main result.

This paper is organized as follows. In the next section, background material and the set up
relating a preliminary mass lower bound to the harmonic map energy are described. A flow of
harmonic maps via movement of singular points is introduced in Section 3, and statements of the
results concerning families of singular harmonic maps and their linearization are also discussed.
The flow is studied in more detail in Section 4, where it is shown that the renormalized energy
is monotonically nonincreasing along the evolution. Collisions of the singular points along the
flow are analyzed in Section 5, where it is proven that energy monotonicity is preserved in this
situation. The proof of the main theorem is provided in Section 6. Section 7 is dedicated to an
asymptotic analysis of the linearized local harmonic map system at horizons, while Section 8
establishes differentiability properties of the harmonic maps with respect to parameters. Finally,
an appendix is included to collect miscellaneous auxiliary lemmas.

Acknowledgements. The authors would like to thank Demetrios Christodoulou for helpful
comments. This project was made possible in part by a SQuaRE at the American Institute
of Mathematics. The authors thank AIM for providing a supportive and mathematically rich
environment.

2. BACKGROUND AND SET UP

Let (M, g) be a complete, simply connected, axially symmetric Riemannian 3-manifold which
is asymptotically flat with N + 1 ends. Then it is shown in [5, Theorem 2.9, Remark 3.2]
(only asymptotically flat ends) and [29, Theorem 1.0.5] (including asymptotically cylindrical
ends) that M = R3\ {p1,...,pn}, and that there exists a global (cylindrical) Brill coordinate
system (p, z,¢) on M with p > 0 and z € R parameterizing a half-plane orbit space, and where
¢ € [0,2m) is associated with the rotational Killing field so that n = d4. Moreover, the points
p; (referred to as punctures) represent individual black holes and all lie on the z-axis T', where
|n| = 0. In these coordinates the metric may be expressed to exhibit the Riemannian submersion
structure

g =e U2 (dp? 1+ d2?) + p?e?Y(dp + A,dp + A.dz)?,

where all coefficient functions are independent of ¢ and pe~Y(d¢ + Aydp + A.dz) is the dual
1-form to fiber directions |n|~'n. In the designated asymptotically flat end My, as Euclidean
distance 7 = y/p? + 22 — oo the coefficient functions satisfy the decay’

U= OZ_?’(r_q)’ 0= 05—4(T_q)a AP = IOOK—S(T_Q_Q)’ Az = OK—S(T_q_1)7

IThe notation h = Oy(r~9) asserts that [9Lh| < Cr~9~! for all I < £.
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for £ < 6. In the remaining ends associated with punctures we have r; — 0, where r; is the
Euclidean distance to p;, and the coefficients satisfy the following decay in the asymptotically
flat case
1
U =2logri+O0pa(r]), o0=0p4(r]), A, =p0is(r]), A.=03(r{"),

7

for ¢ < 6, while in the asymptotically cylindrical case

U = log ri+ﬂ(9i)+0574(r§1), o =06(0;)+0e_4(r]), A,=pO,_s(r]), A, = Og,g(rqﬂ),

7

for ¢ < 7, where U and & are some functions of the polar angle 6; centered at p;.
To obtain a twist potential observe that a calculation produces

dx (k(n) An) = —wy*J(n) =0,

where * is with respect to (M, g), interior product is denoted by ¢, and we use the same notation
7n for both the vector field and its dual 1-form. Since M is simply connected, there then exists
a smooth potential function v such that

dv =« (k(n) An).

Notice that the z-axis with punctures removed may be decomposed into a set of pairwise disjoint
open intervals I'\ {p1,...,pn} = Ué\f:ﬁlfj, for which v = ¢; is constant on each I';. The intervals
are called axis rods, whereas the corresponding values of v are referred to as potential constants,
and they determine the angular momentum of each black hole. More precisely in the maximal

case

(2.1) 7, = lim 1/ k(. v)dA = i(ci+1 —a),
Sy,

7‘1'4)0 87'['

where S, is a coordinate sphere centered at p; and v is the unit normal pointing towards the
designated asymptotically flat end. Here the labeling of intervals is such that I';41, ['; lie directly
above and below p;, respectively. Furthermore, using the orthonormal frame

e1 = eU_U(E)p —Ap0p), e2= eU_”(az —A.0p), e3= p_leU8¢,
we find

k(er,e3) = —|n|Pea(v),  k(ez,e3) = || %e1(v).

It follows that

66U72a

(2.2) |]€|3 >2 (k(el, 63)2 + ]{7(6’2, 63)2) =2 ‘VV|2,

o
where the norm | - | is with respect to the Euclidean metric.

2.1. Relation between mass and harmonic map energy. Recall that in Brill coordinates
the scalar curvature may be expressed ([3], [10]) as

2672U+20R _ SAU _ 4Ap,za _ 4’vU‘2 _ p26720' (Ap,z — AZ?,O)Q ,
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where A is the Euclidean Laplacian on R? and A Pz = 83, +02. Integrating this formula by parts
yields the following mass formula [6, (3.9)] ([29, (4.5.15)] including asymptotically cylindrical
ends)
1
" 321 s
Observe that the Hamiltonian contraint (1.2), the nonnegative energy density and maximality
conditions, together with (2.2) imply that

(26*2U+20R 4 4|VU’2 + /)26720(14/)72 - Az,p)2) dx.

66U720

_ 2 2
(2.3) R =16mp + |k[; > 2 P Vv,
and therefore
(2.4) m > 1/ VUL 4+ 0 v ) ax = - £(@)
. ~ 87 Jgs p* S 8n ’

Notice that with the substitutions U = u + In p, and using that In p is harmonic on R3 \ T', the
functional on the right-hand side is up to boundary terms the harmonic map energy of a map
® = (u,v) : R3\T' — H?, where the metric du? + e*#dv? of the hyperbolic plane (with Gaussian
curvature —4) is expressed in horospherical coordinates. We refer to £(®) as the renormalized
energy of the map @, since the infinite terms involving V In p have been removed.

In [8, Proposition 2.1] (see also [18, Corollary 3.2]) it is shown that there exists a unique
singular harmonic map ® = (u,v) : R3 \ I' — H? having the same potential constants as ®,
which is asymptotic to the relevant extreme Kerr harmonic map near each puncture p; as well
as at infinity, and for which u = —Inp + O(1) upon approaching the rods I';. The harmonic
map equations are given by

(2.5) Au — 2eM| Vol =0, Av +4Vu - Vo = 0.

Furthermore, it is proven in [8] and [18, Theorem 4.1] that this map minimizes? the renormalized
energy so that £(®) > £(P), and hence

1
(2.6) m2875((p) = f(jl,...,jN,Zl,...,ZN).

This relies on the observation that asymptotically cylindrical ends carry less energy than asymp-
totically flat ends. We also note that no additional decay assumption on k is required along an
asymptotically cylindrical ends to achieve (2.6). This is due to the fact that R = O(1) and (2.3)
imply |Vv| < Cp?r; % along the ith end, which is precisely the cylindrical-end estimate of [18,
(4.10)] with A = 2; the remaining hypotheses of [18, Theorem 4.1] are immediately verified.
The remainder of this manuscript is dedicated to proving that the function F is bounded
below by \/W . This entails two separate analyses to obtain asymptotics near punctures and
other regimes, namely one for the nonlinear harmonic map system (2.5) carried out in [12]
and another for the linearized equations carried out in Section 8 below. Moreover, a flow of
harmonic maps ®;, for ¢t € R, is developed based on the movement of punctures p;(t) in the
direction of conical singularity angle defects of an associated stationary vacuum spacetime. The
renormalized energy £(®;) will be shown to be monotonically nonincreasing along the flow and

2The assumption [18, (1.5)] indicates derivative decay of k, however this is not used. Therefore (1.3) is sufficient.
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to converge, after possible jumps when punctures collide, to a value not less than the desired
lower bound of the main theorem.

3. THE FLOW OF PUNCTURES AND FURTHER HARMONIC MAP ANALYSIS

Fix potential constants ¢y, ..., cyy1 that give rise to the nonzero angular momenta J; as given
by (2.1), and let z = (z1,...,2n) be the z-coordinates for N distinct punctures p; on the z-axis
I' ¢ R3. As discussed above, for each such data set there is a unique singular harmonic map
®, = (ug,vy): R3\ T' — H? with prescribed blow-up at punctures designated by z, and having
these given potential constants. The quantity z may be viewed as a multivariate parameter for
the harmonic maps ®,. Let zg = (20,1,...,20,n5) With 201 < 202 < -+ < 29,n, and consider
a ball BY(z9) C RY with this center, having radius ¢ > 0 small enough to ensure that the

closed balls B:(p?) C R3 remain pairwise disjoint, where p{ = (0,0, z9;) € R? are the punctures
associated with zy. According to [12, Theorems 2.1 and 2.2] we have the following expansions
for the harmonic maps ®, in a neighborhood of each puncture with z-coordinate z;, using polar
coordinates (7, 0;, ¢) centered at this puncture, namely

(31) U, =1uz +Inp=1Inr; + Uz,z(ez) + Uz,i(ria 91)7 Vz = 'l_)z,i(gi) + 'Dz,i(riy 92)7

where there exist constants b; € (—1,1) and a; = 2J; > 0 such that the barred functions yield
the renormalized tangent maps

_ 1 QCLM/l—bZZ
U(0;,b;) = —=In

2 1 + cos? 0; + 2b; cos b;

Uz,i
(3.2)

B ~ b; + b; cos® 6; + 2 cosb;

Ui = (0, b) = s < 1+ cos? 8; + 2b; cos 0; ) '

Although a; and the angular momentum are assumed positive here, no generality is lost as
the generic case of these local expansions may be obtained from this one by replacing v, with
4w, + ¢, for some appropriately chosen constant ¢; this transformation yields an isometry of the
target hyperbolic space, and hence does not affect the harmonic map equations. Notice that
each (ti,; = U,; — Insin6;, v,,) is harmonic from S?\ {N, S} — H? where N, S represent north
and south poles, and thus provides the tangent map at the puncture. The constants b; will be
referred to as tangent map parameters. Furthermore the error terms satisfy

|Us il + 73107, Usil + 106,03 = O(r)"),
(51 6:)~CF) (0] + 74000, T al) + (50 05) ) |0p, 5,5 = O(r)),
for some f; € (0,1) where ¢ € (0,1) is arbitrary. Similar estimates hold for higher derivatives
up to and including order three. It should be pointed out that while 6; and b; are functions of

z, the a; are independent of z. Furthermore, it follows from [12, Theorem 2.3] that the relevant
expansions near infinity (as r — co) are given by

(3.3)

i 3+¢
u, = —Inp+ 4. O(r=2), vy = ez cos0(3 — cos? 0) + c3 + O ((51r19)> ,
T

r

for some constants ¢y, co, c3 with corresponding fall-off for derivatives. Note that there is no
constant term in the expansion of u, due to asymptotic flatness.
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The following result addresses the smooth dependence problem for the singular harmonic maps
and their corresponding tangent maps. The notation 0,; will be used to denote differentiation
with respect to the components of the parameter z, which should be distinguished from 9, which
represents domain differentiation with respect to the z-coordinate of R3.

Theorem 3.1. For any s € (0,1) the map BN (zo) — Cl?;’z(R?’ \ UX, B-(p)),R?) given by z
(Uy,vg) is smooth, and the map BY (zo) — C><(S?,R?) given by z +— (Uyy,¥z;) is smooth for
each i = 1,...,N. Moreover, for any i,j € {1,...,N} and | + k < 3 the following estimates
hold

IV5(02,uz + 6:502uz)| + (sin.6;)" 37|V (05,05 + 8;j0:v,)] < O™ in Bejo(pi) \ T,
V820, Uz | + (sin 0;)" 27| V&0, 05| < C  on S*\ {N, S},

V5 (8:,uz)| + (sin )~ 375 |V5(0s,v,)| < Cr= D in R3\ (T UY, B, jo(py))

and
) |(ri0r, ) V2 (02,15 + 8:50:21z) — O,z
' + (A | (1,0, )V (D05 + 61j020,) — B2,05]| < Ol in Bojy(pi) \ T,
for some constants C and B > 0 depending on ¢, c1,...,cN41, and Zl]\il |zi|, with C depending
also on g.

The proof of this result is presented in Section 8, and relies on two primary elements. These
include convexity estimates of the renormalized energy, derived by Schoen-Zhou [28] and Khuri-
Weinstein [18], which provide the starting point C/2 regularity of £(®,). Additionally, a refined
asymptotic analysis based on [12] is employed, which is detailed in Section 7.

Let g9 > 0 be sufficiently small and consider a smooth curve of punctures z(t) C BN (zg) for
t € (—eo,e0), with z(0) = zg. Then Theorem 3.1 implies that the family of harmonic maps
;= (ut, vt) := (Ug(r), Vy(r)) is smooth in ¢ away from the axis. We emphasize that 0; and b; are
functions of ¢, whereas a; are independent of t. The next result essentially follows from Theorem
3.1, and its proof is also given in Section 8.

Corollary 3.2. Let (Ut,i}t) be the derivative with respect to t of the renormalized family of
harmonic maps. In a neighborhood of each puncture p;(t), as ri(t) — 0, the following expansions

hold

Uy = (‘Z_QZZ + pzaei(_]) i+ b0y, U + O(r?"_l),
(3.5) P "
i1 = 15 (0p,0)2i + biOp, 0 + O(r) ' sin ;).
i
Furthermore, there exists a constant C such that

22U,

(3.6) U | + ¢ 5 |0t| < C as p— 0 away from punctures,
p
and
2
(3.7) |Ut| + —5-[0¢] < Cr=t asr — oo.
p
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The desired curve of punctures arises from a flow guided by the tangent map parameters,
where the potential constants are held fixed according to the prescribed angular momenta.
More precisely, we require the curve to satisfy the autonomous system
dZZ'
dt
which we will refer to as the puncture flow. In the next section it is shown that when an initial
condition is given, there is a unique C? solution for a maximal time interval. Furthermore, it
will also be established that the renormanlized energy is monotone along the flow, in fact when
smooth the flow implies

(38) :—bi(zl,...,zN), iIl,...,N,

N
(3.9) Le@) =~ > (o <0
for some increasing function f with f(0) = 0. Monotonicity in the presence of collisions is
proven in Section 5. The relation to extreme black hole uniqueness arises in the case that all b;
vanish. More precisely, with a harmonic map ® = (u, v) as described, one may build a stationary
vacuum spacetime on R x (]R3 \ {p1,..-, pN}) with metric in Weyl coordinates given by (see [12,
Section 2])

g = —eVdr? + p?e V (dg + wdr)? + e 22 (dp* + d2?),
where w is obtained from dw = 264%77 *5 dv and « satisfies
(3.10) 9o = p [(9,U)*—(0:U)* + e*“((0pv)*—(0:0)})], 0.cx = 2p (8,U0:U + e*0,v0,v) .

According to [12, Theorem 2.4], the tangent map parameter at p; is related to the logarithmic
angle defects b; 1, b; of the neighboring axis rods for the constructed spacetime, via the formula

Thus if all b; = 0, which indicates a stationary point for the flow of punctures, then the associated
spacetime would be devoid of conical singularities. This leads to a regular stationary vacuum
solution with multiple degenerate black holes, which would be in contradiction to the extreme
black hole uniqueness theorem. For convenience, we state here the version used in this paper.

Theorem 3.3. Let ®, : R3\ T' — H? be a singular harmonic map associated with a collection
of N > 1 distinct punctures located on the z-axis at z = (21,...,2N), and having potential
constants giving rise to nonzero angular momenta J; at each such location. Then at least one of
the tangent map parameters b;, 1 = 1,..., N must be nonzero, in particular by < 0 and by > 0.

This version follows as a special case of [13, Theorem 1.1], using the relation (3.11).

4. ENERGY MONOTONICITY

In this section we will show that the renormalized harmonic map energy of harmonic maps
moving according to the flow (3.8) is monotonically nonincreasing, whenever the flow is smooth.
The first step is to establish a short time existence result in the next proposition. This follows
from standard ODE theory, as the functions b; used in the definition of the flow are well-behaved.
In particular, they are smooth with respect to movement of punctures due to the tangent map
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statement of Theorem 3.1. We will also establish a version of this statement in the following
result using a different method.

Proposition 4.1. The tangent map parameters bi(z), i = 1,..., N are continuously differen-
tiable in z as long as the z; remain pairwise distinct. Consequently, given an initial condition
z(0) with z;(0) < z;11(0) there exists a maximal time T > 0 (possibly infinite) and a unique
C? ([0, ), RN) solution z(t) of the initial value problem corresponding to the puncture flow (3.8).
The solution satisfies z;i(t) < zi+1(t) for all i and t € [0,T), and the maximal time, if finite, is
characterized by the property that

(4.1) limnf (251 (1) — 2(1)) = 0.

for some j €{1,...,N —1}.

Proof. Below it will be proven that

(4.2) limsup(zj+1(t) — 2j(t)) =00, or liminf(zj11(t) — 2z;(t)) = 0.
t—T t—=T

We note that due to the last statement of Theorem 3.3, the first possibility of (4.2) never occurs.

Consider the harmonic map ®, = (u,,v,) with punctures p; designated by z, and having
fixed potential constants. We may view z as a multivariate parameter for the harmonic maps
®,. Let z(0) = zg have distinct components, and take a ball BY(zg) C R where £ > 0 is small
enough to ensure that the components of each point remain distinct. According to Theorem 3.1,
the map B (zg) — C%¢(R?\ I's, R?) given by z + (U,,v,) is continuously differentiable, where
Up=u;+Inpand I'. =T N (UY,B(p?)).

By [12, Theorem 2.4] we have the following relation between the tangent map parameter at the
1th puncture and the difference of logarithmic angle defects associated with the two neighboring

axis rods
(43) bZ(Z) — ta,nh < Z+1(Z)2 'L(Z)> ,

which follows from (3.11). Moreover, [12, (2.12)] shows that the logarithmic angle defect of an
axis rod agrees with the spacetime metric coefficient i, of (3.10) restricted to the rod; this value
is constant along the rod. Thus, if v; is a semi-circle in the pz-half plane centered at puncture
pY of radius 2¢ and connecting points p;, Pi+1 of the neighboring axes T';, T';11, then

(4.4) bit1(z) — bi(z) = az(pit1) — az(pi) = / doy, =: Z;(z).
Yi

Note that € may be chosen small enough so that the curves 7; enclose no other initial puncture
except p. It suffices then to show that Z;(z) is continuously differentiable for z € BY (zo).

In what follows the dependence on z will be suppressed for clarity, and a dot will be used
to denote partial differentiation with respect to the z-parameters. Observe that by formally
differentiating the expression (4.4) we obtain

%L(z) _ / p [0pUB,U 000U +20¢™ ((0,0)— (0.0)2) +¢™ (9,00~ 0:00.) | dp
Vi

(4.5)
+ / p [apUazU +0,U0,U + 4Ue* 9,000 + e (0,000 + apvaze)} dz,
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with the help of (3.10). Although e*" blows-up upon approach to the axis I', this formula is
valid. To see this, let s € [0, 1] parameterize the curve ~; and denote by h,(s) the integrand
of Z;(z), then the following properties are satisfied. First, it is clear that h, is an integrable
function of s for each z € BN (pg). Secondly, for almost all s € [0,1] the partial derivative h,
exists for all z € Bév (zo), by virtue of Theorem 3.1; in fact, this holds for all s except at the end
points s = 0,1 and the expression for h, is as in (4.5). Thirdly, there is an integrable function
h of s such that |hy(s)| < h(s) for all z € BN (zg) and s € (0,1). The function h may be taken
to be an appropriate constant away from the endpoints, and near s = 0,1 it suffices to choose
h(s) ~ p(s)~'/2. The reason such an h dominates is due to Theorem 3.1 which implies that U,
VU, and Vo are continuous on [0,1] x BN (z), as well as [21, Theorem 1.1] which yields the
same for U, VU, and Vv in addition to the asymptotics v = ¢; + 01(p7/2) as p — 0 near p;
(similarly for p;y1). In particular, the only terms within (4.5) which potentially blow-up upon
approach to I', admit the estimate

pe |9,08,0 — 8,0, 0| < Cp~ /2

where the constant C' is independent of z € B (zg), showing that h bounds the integrand as
desired. We may now differentiate under the integral and establish (4.5). Furthermore, similar
arguments show that 7Z;(z) is continuous on the e-ball. It then follows from (4.3) and (4.4) that
bi(z) is continuously differentiable as long as the components of z remain distinct.

Standard ODE theory now yields local in time existence and uniqueness of a C? solution z(t),
in which the components remain pairwise distinct. If 7' € (0, 00) denotes the maximal time of
existence, and neither of the behaviors in (4.2) occur, then the functions b;(z(t)) are uniformly
bounded on [0,T]. It follows that the solution may be smoothly extended to ¢ = T, and local
existence may be applied once more to contradict the maximality of 7. Thus, we conclude that
either the solution exists for all time or the maximal time of existence may be characterized by
(4.2). O

We will now proceed to show that the renormalized energy £(®;) is monotonic along the flow
(3.8). This will require several preliminary lemmas. Let €,5, A > 0 be parameters with § < €
and define domains of the form

Q?d’/\:{(p,z,qb) ER?|p>d,ri>ei=1,...,N} N By,

where r; is the Euclidean distance to the puncture p;(¢). This domain is the region inside the
ball of radius r = A centered at the origin, outside the cylinder of radius J around the z-axis,
and outside the balls of radius € centered at the punctures p;(t). The boundary of this region
is the union of a large sphere with discs removed at the north and south poles S} 5, a collection
of cylinders Cge’ Ao L=100 ,N + 1 in one-to-one correspondence with axis rods, and small
€
a pictorial representation that is projected onto the pz-half plane and reflected across the axis.
Note that Cg} Y is independent of A when ¢ = 2,..., N. Consider the renormalized harmonic

spheres with discs removed at the north and south poles S? st =1,...,N. Figure 1 provides

map energy restricted to these domains, denoted Eqe s (®4). The strategy will be to differentiate

this quantity with respect to ¢, and then integrate’ By parts thereby reducing the problem to
an analysis of boundary terms. Although a special class of exhaustion domains is used for this
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purpose, which is chosen to simplify computations, the main result (Theorem 4.8) does not
depend on this choice since the renormalized energy density is integrable on R3.

The movement of Q! ;| in time may be obtained from the action of a l-parameter family
of diffeomorphisms appfiéd to a fixed initial domain, such that the associated flow vector field
takes the form Z = hd, where h is a smooth function on R® which vanishes except near the
punctures p;(t), and in a sufficiently small neighborhood of these points h = Z;(t). According
to Corollary 3.2 and Proposition 4.1, the 1-parameter family of harmonic maps ®; = (uy, vy) is
continuously differentiable in ¢t away from the axis, and ®; € CZ(QE S R?). Since the domains
are bounded and removed from the axis, we may differentiate under the integral and utilize the
harmonic map equations to find

d ) AU AU
—Eqt . (Py) :/ (QVUt'VUt+ \Vvt| + Vvt> dx
di e 2 51
+/ (]VUt|2 + 2) Lzdx
O 5 5
. 64Ut e4Ut
= / 2 <Ut V., Us + 4’L')tv,ﬂ}t> dA —|—/ <|VUt|2 + 4|Vvt|2> Lzdx
N 5 P o 5 p
= / + Z / / (Ut V., U + 1 @tvy’l)t> dA
Sx.s Ctoni Sts p
I1(A0) IE (6,6,0,%) Ig(e,é,i)
N €4Ut
+2/ (VUt|2+4\Vvt|2> Lzdx,
i=1 S:,a i P
——
It (¢,8,i)

where v is the unit outer normal to the boundary, and ¢z denotes interior product. In the next
four lemmas, exhaustion limits for each of the integrals Iy, I, I}, and I} will be evaluated.

Lemma 4.2. For each 6 > 0 we have limy_,, I1(\,0) =0

Proof. Tt suffices to show that the integrand is o(r~2). By [12, Theorem 2.3] and (3.7) of
Corollary 3.2, there exists a constant C such that for all r large enough
|V’Ut‘ ’Ut‘ C

‘Ut|§C7 ‘VU|+ = 27 |U’+ Sia
p? P2

from which the desired result follows. O
Lemma 4.3. For eache >0 andi=1,...,N + 1 we have

lim lim I5(6,¢, A, i) = 0.

6—0 A—o0

Proof. First consider the case i = 2,..., N, in which I5(d,¢, A, i) = I4(d, ¢, 1) is independent of
A. Since the areas of the relevant cylinders Cf_, . are O(d) as § — 0, it suffices to show that
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Ts

Qe,&,)\ :
Fz—/':

Ty

FIGURE 1. Domain of integration and boundary components.

the integrands are O(1). For fixed € > 0, observe that [12, Theorem 2.1}, [21, Theorem 1.1], and
(3.6) of Corollary 3.2 imply the existence of a constant C' such that

Vo U
Vulco e 'pt'

yielding the desired result.

Consider now the case when ¢ = 1, N 4+ 1. Since the areas of the relevant cylinders C’g, Y
are O(6)), it suffices to show that the integrands are O(r~2). For fixed € > 0, observe that [12
Theorem 2.3] and (3.7) of Corollary 3.2 imply that for all r large enough

Vo v C
Ml <S o<l
P> r

|Us| < C, VU + S*

where C is independent of §. The desired result now follows. O

Lemma 4.4. For eachi=1,...,N we have

lim lim T4(e, 8,4) = — f3(b;)bs,

e—00—0

where f3(b) is defined by (4.9).

Proof. According to [12, Theorem 2.1 and 2.2], expansions for the harmonic map ®; are given
by (3. 1) (3.3) in a neighborhood of each puncture. Next observe that by Proposition 4.1 we
have b;, Uy = O(1) and b;dy,0; = O(1) as 7; — 0. Thus, (3.5) of Corollary 3.2 implies that on
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Sé s; the following asymptotic profiles hold

. 2 N EREE! _
U0, Uy = K_(z 22 ) + aneiUt> 2 + b0y, Uy + 0(7"52 1)} [r + O(Tfl 1)}
I T i
4.7 ! ¢
(47 o) P o s
= - 7’3 Zl+ﬁ(801Ut)Zz+O(rl ),
2
4Uy 29, . .
e Oy = 1 1+ cos® 6; + 2b; cos 0; N O('riﬂ")

r sin’ 0; 2a;\/1 — b2
(2

S0 (95,502 + bidy, Bt + O sin 9,;)] 0@~ (sin 0;)7/2)

Or; vt

T

= O((sinﬁi)*l/Qrf"_Q).

We now let § — 0 and integrate over the spheres Sé’i on which r; = €, and note that the first

term on the right-hand side of (4.7) integrates to zero due to symmetry. Since
_ sin 0; (cos 6; + b;)

4. U =—
(4.8) .U 1+ cos26; + 2b; cos b;

by (3.2), it follows that

. 4Ut ™ _
lim 2 <UtVVUt + ¢ 1 @tvyvt> dA = —47rz"i/ (0p,U) sin? 0;d0; + O(e’gi)
005t p 0
= — f3(bi)b; + O(e™),
where f3 is defined in Lemma 4.7 and we have used (3.8). Letting € — 0 now produces the
desired result. OJ
Lemma 4.5. For eachit=1,..., N we have

1%%%13(67& i) = —fa(bi)bs,
where f1(b) is defined by (4.9).
Proof. Observe that on Si 5; & direct computation produces
Lzdx = zidx N dy = —éir? sin 6; cos 0;d¢; A db;.
Furthermore, (3.1)-(3.3) imply that in a neighborhood of the ith puncture
IVU|* = (0,,U0)* +7;72(99,Ur)*

= (7t + O(r?i‘l)>2 oy (89@ + O(rfi)>2

172 (14 (36,0:)%) + O(r ),

7
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and

e4Ut

o

(Vo |? = bt ((0y,00)% + 7;72(0g,01)?)
= [64% + O((sin 91-)747"?")}
2
[“@wﬁﬂﬁ*ﬂ+ﬁ%%w+a@wfﬂ¢0}

— 7 2eM (9, 1,)% + O(r 7).
Therefore, integrating over the surface with respect to the induced boundary orientation yields

AU
1 ]Vvt|2) Lzdx

lim (yVUt|2 -
208 P

= — 273 / (1 + (99,U)* + €*"(p,)?) sin 0; cos 0;df; + O(”)
0

= — f4(bz)bz + O(GBL)

In the last step we used (4.8), together with (3.2), and the relation e*%9p,v = —(2a;sin6;)~*
from [12, (4.5)], to obtain

- ) 2(1 + b; cos ;)
2 47 =2 _ ! ¢
1+ (0p,U)" + €™ (99,0)" = 1 + cos? 0; + 2b; cosb;

Letting € — 0 now produces the desired result. O

Remark 4.6. We point out that the estimates in the proofs of the preceding three lemmas are
uniform in ¢, for ¢ in a sufficiently small neighborhood of any given value tq for which z(tg) has
pairwise distinct components.

Lemma 4.7. Let

@9 file)=ar [
Then

sin® @ (cos 6 + b) T (14 bcosf)sinfcosb
— 4 .
1 +cos29+2bc059d0’ f4(b) 7T/0 1+ cos?6 + 2bcost

f(b) :=(f3+ f1)(b) = 4w arctanh b
for allbe (—1,1).
Proof. Using sin?# = 1 — cos? 6, the numerator of the f integrand may be written as
4 sin6 (b — cos® f — 2bcos? 9) .

Setting u = cos  therefore gives

f_/lb—u3—2bu2du_/1 4 utb "
dr )y 14w +200 ), u? + 2bu + 1 ‘

A simple evaluation yields

f:;[log(u2+2bu+1)]11:1log<1+b

1-0

e > ) = arctanh b. O
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We are now ready to establish the main result of this section. We will utilize an elementary
fact concerning the interchange of derivatives and limits. Recall that if {h,} is a sequence of
continuously differentiable functions on a bounded interval I such that {h,(t.)} converges for
some t, € I, and {h] } is uniformly convergent on I, then {h,} converges uniformly on the same
interval to a continuously differentiable function h with A'(t) = lim, o hl,(¢) for all ¢ € I.

Theorem 4.8. Let z(t) be a solution of the puncture flow (3.8) fort € [0,T) provided by Propo-
sition 4.1, and consider the 1-parameter family of harmonic maps @1 = ®y,y. Then the flow of

renormanlized energy E(®y) is continuously differentiable and monotonically nonincreasing on
[0,7).

Proof. Set Q€ s = Qe 6,007 and observe that since the renormalized energy densities of the har-

monic maps are globally integrable, we have that &gt M(<I>t) — thg((I)t) as A — oo for all

t € [0,T). Then with the aid of Remark 4.6 and a standard calculus result [26, Theorem 7.17],
upon letting A — oo in (4.6) we may interchange derivative and limit and apply Lemma 4.2 to
find that Eq (®;) is continuously differentiable in ¢ with

d d N+1 N N
T () = lim =& (Pr) = lim Z 1505, 6,0, 4) + > T4(e, 6, 1) +Zlg(e,5, i).

A—oo dt

Next set Q! = Qi,o and note that in a similar manner, using now Lemma 4.3, we have that
Eqt (®¢) is continuously differentiable in ¢ with

N
d . d ¢ t
@Egé(@t) = gl_r{(l) %Sﬂt (Py) = 5: (I5(e, 0,) + Ii(e, 6,1)) -

Finally, interchanging derivative and limit one more time while letting ¢ — 0 shows that £(®;)
is continuously differentiable in ¢, and employing Lemmas 4.4 and 4.5 yields

N
d
5€(@y) = lim 5Qt(¢>t)f1%%1i%l 1(13(6 ,6,0) + Ii(e,6,1)) = Zf )b; <0,
where the last inequality follows from Lemma 4.7. g

5. COLLISION OF PUNCTURES

Consider the 1-parameter family of harmonic maps ®; = (u,vt) = (Ug), V() With fixed
potential constants, defined by the flow of punctures (3.8). Let z;(t), 1 < i < N denote the
z-coordinate of the ith puncture at time ¢, and assume that 2z1(0) < --- < zyx(0). According

to Theorem 3.1 and Proposition 4.1, this family of maps is continuously differentiable in time
away from the axis for t € [0,7). At time 7' (which may be infinite), at least one of the
possibilities from (4.1) occurs. In the latter case, namely when liminf, ,7 (2j411(t) — 2;(¢)) =0
for some j € {1,...,N — 1}, we say that two (or more) adjacent punctures z; < zj41 collide
at time T'. Note that more than two punctures can collide at time 7" in a single location, or in
multiple locations simultaneously. In this section we will treat the case in which no scattering
occurs, that is, when the first possibility of (4.1) does not happen. With this setting, after
possibly translating in the z-direction, we may assume without loss of generality that the set of
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punctures remains within a fixed compact set for all time. Hence, there is a sequence of times
tn, — T such that lim, . 2;(t,) = 27 for all 4, and z;(t,) eventually collides with zj41(t,) for
some j. Note that the neighboring jth punctures collide if and only if zj* = zj* 11, in which

case we call z7 a collision location. The collection of values {#},..., 25}, which has at most
N — 1 distinct elements, is referred to as the collision configuration. Consider a harmonic map
®, having the set of punctures given by {z{,..., 25} and with the same potential constants

on the rods that remain; this will be referred to as the collision configuration map. We point
out that different sequences t,, — T may result in different collision configurations and collision
configuration maps. Nevertheless, the limiting renormalized energy is the same for all sequences,
that is lim;_,7 £(®P;) exists in light of the monotonicity provided by Theorem 4.8. The proposition
below contains the primary result of this section, which will allow the flow to ‘pass through’ the
maximal time of existence when a collision happens, while maintaining the desired monotonicity
property with the use of collision configuration maps.

Proposition 5.1. Let ®; be the 1-parameter family of harmonic maps with fized potential con-
stants defined by the flow of punctures (3.8), in which a collision occurs at the limiting time T,
with no scattering. If ®, is a collision configuration map described above, then

(5.1) E(®.) < lim £(®y).

Proof. Let {t,} be a sequence of times with ¢, — 7', which leads to a collision configuration
{#],..., 2y} and the associated collision configuration map ®,. For convenience denote ®, =
®;,. We claim that

(5.2) ®,, — @, in C° away from the axis,
and that for any € > 0 there is an n. large enough such that the renormalized energies satisfy
(5.3) E(P,) < E(Py,) + e

A simple limit as € — 0 in (5.3) then yields (5.1). The rest of the proof is devoted to the proof
of (5.2) and (5.3).

For each n, consider a harmonic map ¥, having the same punctures as ®, except for the
colliding punctures which are replaced by the corresponding set of collision locations, and hav-
ing the same potential constants on the rods that remain. The maps W, are called auziliary
collision configuration maps. The punctures at collision locations within ¥, have absorbed all
the colliding punctures from ®,,, and it follows from (2.1) that the resulting angular momentum
at any collision location is the sum of all the angular momenta from punctures colliding at that
point. With ®, given as the harmonic map associated with the collision configuration, then
observe that Theorem 3.1 implies

(5.4) ¥, — @, in C° away from the axis,

since no collisions occur in the sequence V,,.

We will construct a model map Z,, for ®,, which coincides with ¥,, outside a fixed compact set.
This will lead to an upper bound on the hyperbolic distance dp2(®y,, V) which is independent
of n, and will allow us to argue that ®, — ®, uniformly on compact subsets of R3 \ I'. Recall
that a model map [17, Definition 4.1] for ® is a map =: R* \ I' — H? which is asymptotic
to ® in the sense that dy2(P,ZE) is bounded and tends to zero at infinity, and such that its
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tension 7(2) = TrVdE is bounded and satisfies |7(Z)| < —Aw, for some positive function
w € C?(R?) which tends to zero at infinity. In order not to encumber the notation, we will omit
the subscript n until the L°°-bound has been obtained. Here V denotes the covariant derivative
on the pullback bundle 7*(R3\ T') ® =~ TH?2.

The construction of the model map, and the estimation of its tension will proceed in three
cases. We will first consider the case where there is only one collision, and only two colliding
punctures. We will then consider the case where there is one collision location but possibly more
than two colliding punctures. Finally, we will treat the general case.

Case 1. Consider the situation in which only two punctures collide, and denote for convenience
the two colliding punctures by pi1, pa with z-coordinates z; < z3. Without loss of generality
it may be assumed that the midpoint between these two punctures occurs at the origin. Set
n = (22 — z1)/4 and let B; = By(p;) be the ball of radius n centered at p;; clearly By N By = 0.
For any § > 0, n may be taken large enough and hence 7 small enough to guarantee that the
union of these two balls lies within the ¢§/4-ball centered at the origin, and to guarantee that
the collision location lies within Bs/4. We define the model map by

E = (u,v) = x000 + X101 + X202,

where ©; = (u;,v;), i = 1,2 are the corresponding extreme Kerr maps associated with each
p;, and we have denoted the extreme multi-Kerr auxiliary collision configuration map ¥ by
O = (ug,vg) for uniformity. Furthermore, 0 < x; < 1 are cut-off functions described as follows.
Let (r,0, ¢) be polar coordinates centered at the origin, and take 0 < x1, x2 < 1 to be functions
of 0 alone such that x; + x2 = 1, and x; = 1 in B;. For instance these may be chosen so that
X1 =0for 0 <6 <7/4, and x1 = 1 for 37/4 < 6 < 7. Then take yo to be a nonnegative
function of r alone such that xo = 0 in Bj/9, and xo = 1 outside Bs, and set x; = (1 — xo0)Xi»
1 = 1,2. See Figure 2 for a diagram of the regions involved as well as other regions detailed
below.

First note that the tension 7(Z) vanishes except in an annulus A and the portion of a sector

SN Bs/y where
§={(r0.¢) R’ |n/4<0<3r/4},  A={(r6,0)cR’|5/2<r <4}

In regions where it is nonzero we seek to bound the four quantities labelled by Roman numerals
from

I7(2)] = V|Au — 22| Vo[22 4 eu|Av + 4Vu - Vo2
(5.5) < |Au| + 2| Vol 4 €®|Av| 4 4€**|Vu - Vo
= T+ 11+ 1III + IV,

where the tension norm is with respect to the hyperbolic space metric. We begin by estimating
the tension in S N Bs/s, term by term. Observe that in this region xo = 0, hence x; = X; for
1 =1,2 and = is a combination of only ©1 and ©5. Since Y2 = 1 — x1 we find that

(5.6) I <|Axi|lur —ue| + 2|V x1||V(ur — u2)| + x1]|Au1| + x2|Augl.

The first term of (5.6) may be estimated by C/r?, where here and in what follows C represents
a constant independent of 7 (or rather n) and of §. This follows from |Ax;| < C/r? and
|lup — ug| < C, with the latter inequality arising from (3.1) together with the leading term



THE MASS-ANGULAR MOMENTUM INEQUALITY 19

P2 ®

1 ®
Bn(pl)/p((

SN B§/2

FIGURE 2. Case 1: collision of two punctures.

inequality |Inr; —Inrge| < Inb5 outside By U By which is shown in Corollary A.2; r; and ry denote
the distances to p; and po respectively. Similarly, the second term satisfies the same bound since
IVxi| < C/r, and |Vuy — Vug| < C(1/r1 + 1/r9) < C/r outside By U By. Moreover, (3.1)-(3.3)
imply that the last two terms satisfy |Au;| < C/r? outside By U By. It follows that I < C/r2.
Term IIT in (5.5) is handled analogously to I and thus satisfies the same estimate, using the fact
that e2%|v; — vo|, re?*|Vu;|, and r?e**|Av;| are uniformly bounded in S N By /2 &S a consequence
of Lemma 5.2 below.
Consider now term IV and use the expression

Vu = (u1 —u2)Vx1 + xa1Vur + x2Vus,
as well as a similar expression for v to find

Vu - Vo = (ug —ug)(vy — v2)|Vx1]? + x3Vuy - Vor + xaVug - Vg
+ (u1 —u2)(xaVxa - Vur + x2Vx1 - Vog)
+ (v1 = v2)(x1Vx1 - Vur + x2Vx1 - Vuz)
+ x1x2(Vuy - Vug + Vugy - Vuy).

(5.7)

When multiplied by €2 each term on the right-hand side of (5.7) is bounded by C/r? in SN Bs /25
as can be seen from the uniform boundedness in this region of the following quantities discussed
in the previous paragraph: |uj — usl, €**|vy — val, 7|Vu;|, re?*|Vu;| for i = 1,2. Term II of (5.5)
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may be handled similarly replacing Vu with e?*Vv. Therefore we conclude that
- c .
(5.8) IT(E) < 5 Bsa

for some constant C' independent of 7 and §, since the tension vanishes on Bs/s \ S.
__ Turning now our attention to the annulus A, note that away from the axis in this region
O = X101 + X202 = (@, 0) is bounded. We can perform a computation similar to (5.5), (5.6)
utilizing

E = X000 + (1 —x0)©
with u; replaced by @ and us replaced by ug, to obtain quantities analogous to I-I'V which will
be denoted with the same notation. The analogue of (5.6) becomes

(5.9) I < [Axolla —uo| +2[Vxo - V(@ — uo)| + (1 — x0)|Ad| + xo|Aug|-
As a consequence of Lemma A.3 we have that [ — uo| is uniformly bounded outside By, and
moreover |Axo| < C/6%2 < C/r? in A. To estimate the gradient term note that (3.1)-(3.3) yield
a—wug=x1lnr; +xe2lnre —Inr+ O1(1),
and since x; are independent of r while x( is a function of r alone, we obtain
Vi~ ug) - Vx| < (a1 + %oV Inrs — Vinr| +0(7) [Vxol < 5.

Furthermore, as indicated above |Au;| < C/r?, i = 1,2 outside of By U By and hence on A;
the same is true also for ¢ = 0. Therefore the last two terms of (5.9) admit the inverse square
estimate by routine computations. Putting this together then produces I < C/r?2 on A. As
before, term IT admits the desired estimate using a version of (5.7), together with the fact that
e2|5 — vo| and re?“(|Vo| + |Vugl|) are uniformly bounded in A by Lemma 5.3 below. However,
since the estimates for Avg in this same lemma involve a nonzero ¢, we cannot directly follow
the approach used in S N Bj/y for III. Instead, terms ITT and IV of (5.5) will be replaced by
e?“|Av + 4Vu - Vo|. Observe that a calculation similar to that of (5.9) in which u is replaced
by v, combined with the estimates of Lemma 5.3 yields

e?"Av = e2%yoAvy + O (T%)

in A. Moreover a computation, along with (3.1)-(3.3), and again Lemma 5.3 show that in this
region

Vu - Vv =xoVuy - Vug + (vg — 0)Vug - Vxo + (1 — xo0)Vug - VO
+ V(1 = x0)(U = Up)] - V[o + xo(vo — 7)]
= xoVuo - Vug + O (i#) ;
where U = @ + In p and Uy = ug + In p. Therefore since (ug, vg) is harmonic we find that
e*|Av + 4Vu - Vu| < 7%,

where C' is independent of  and §. Thus, the tension of E satisfies the same estimate of (5.8)
within the annulus A.
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At this stage notation indicating the dependence on n will be reintroduced. We may summa-
rize what has been established with the following properties of the model map tension

- c -
[7(En)l <5 onBs\T,  [7(Ea)[=0 on (R*\ Bs)\ T,
where C is a constant independent of n and §. Let

A(®y, En) = \/1 + dHQ((I)m En)2
and observe that by [33, Lemma 1] we have

_ ng on Bs\ T
(5.10) AA(®y, En) 2 —|7(En)| 2 {() on (R*\ Bs)\T

Now define a radial function

Cln <5> +C on Bj

w(r) ;
€0 on R3\ Bj
r
and note that w € CH1(R3\ {0}) with
C
Aw=1{ 12 on Bs
0 on R3\ B
from which it follows that
(5.11) A(A®,,Z,) —w) >0 onR3\ (TUIB;).

Although this inequality is satisfied only outside the axis I' U 9By, [31, Lemma 8] implies it is
satisfied weakly on all of R3 so that the maximum principle applies. Since ®,, and =,, are as-
ymptotic by Lemma A.4 and Remark A.5, we find that A(®,,,=,,) —w — 1 at infinity. Moreover,
A(®,,ZE,) —w < 0 on the boundary of a small enough ball centered at the origin. Hence, the
maximum principle then yields the L*°-bound

_ /Co(Ca+2r)
g (B, U) = diggz (P, Ep) < /w(w + 2) +2) R\ (B;UD),

where C is independent of n and §.

Case 2. Consider the situation in which there is only a single collision location with multiple
punctures colliding, and for convenience denote the z-coordinates of the N1 punctures p; colliding
at the one location by 21 < --- < zn,. Without loss of generality it may be assumed that
Zi\hl Z; = 0. Let 20,i = (Zi+1 —|—Zi)/2, n= 1/4~min1§i§Nl_1(zi+1 — Zi), and Bi = Bn(pi>- Clearly
the balls By, ..., By, are mutually disjoint. Now set ¥ = m and for¢ =1,..., Ny —1 define
the sectors

Si = {(74,0;,0) € R® | 37 — i < §; < 3% — (i — 1)v},

where (7, HNZ-, ¢) are polar coordinates centered at the point p; € I' with z-coordinate zp;. The
sectors 5; are mutually disjoint, and are also disjoint from the balls UzN:llBi. We will denote
the components of the complement of UN1 s, by Ti,...,Tn, in order of increasing z. For
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each ¢ =1,..., N1 construct cut-off functions x; > 0 satistying the following properties: X; is a
function of only 0 in S; and is a function of only (91 1in S;—1, with x; =1in T3, xi + Xi+1 = 1
in 5;, and Zi:l i = 1 globally. Motivated by the arguments from Case 1, the model map will
be taken in the form

E=(u,v) =x000+x101 + -+ xn,On,,

where o is a nonnegative function of r alone which vanishes in Bs/y and equals 1 outside Bs,
and Xz = (1 — xo0)Xi so that > x; = 1. As before n may be taken large enough to guarantee
that U ', Bi and the collision location lie within Bj,4, where r respectively By are the Euclidean
dlstance and 0-ball centered at the origin which serves as the center of mass of the punctures.
Moreover ©;, ¢ = 1,..., N7 denotes the extreme Kerr harmonic map associated with each col-
liding puncture, and Oq is the extreme multi-Kerr auxiliary collision configuration map W.

The tension 7(Z) vanishes except possibly in the regions S; N B/ and A = B; \ Bs /2. Note
that in each sector S; only two of the cut-off functions, x; and X;y1, are ever nonconstant.
Therefore, a straightforward generalization of the arguments leading to the tension estimate
(5.8) in Bs/y apply here to yield the same bound with 1/ r? replaced by vazlf 1 /72. Similarly,
minor modifications to the methods of Case 1 provide the same estimate with 1/72 in the annulus
A. Since 7; is comparable with r inside A it follows that

Ni—1

\<C’Z on Bs\TI,  [7(E,)] =0 on (R*\B;s)\T

where C' is a constant independent of n and §. Define radial functions w; € CH1(R?\ {p;}),
i=1,...N,—1by

20
C’ln(T ) +C  on Bys(pi)
w;(7) = ’ ;
20 on R?\ Bas(p)

T
and note that as in (5.10)-(5.11) we have
Ni—1
A (A(@n,En) -y wi> >0 onR3\ (r Tl aBQ(;(ﬁi)) .
i=1
The weak maximum principle argument may then be applied as before to obtain

C3(Cs + 2r)

r

dig2 (P, U,,) = dpg2 (P, ) < Vw(w +2) < n R3\ (Bss UT),

where w = Zf\gf Lw; for some constant C' independent of n and 4.

Case 8. Consider now the situation in which there are simultaneous collisions at & > 1
separate locations, with punctures p; having z-coordinates z; < --- < zp, colliding at the first
location, those labelled by zn,11 < -+ < zp, colliding at the second location and so on, up
to those labelled by zn, ,+1 < -+ < zn, colliding at the kth location. For convenience of
notation the indices moving from one collision group to another are consecutive, however there
may be noncolliding punctures located between the collision groups. Taking 7 to be 1/4 of the
minimum distance between any two colliding punctures, we can repeat the arguments of Case 2
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inside the balls Bs(p;), j = 1,...,k where p; € I' is the point with z-coordinate given by the
mean of 2y;_,+1,..-,2N,, and § is chosen so that the larger balls Bss(p;) are mutually disjoint;
here Ny = 0. When n is sufficiently large, n is small enough to guarantee that each B, (p;), for
Nj_1+1 <i < Ny, is contained within the corresponding ball Bs/4(p;). The resulting model
map E,, transitions within each Bj;/o(p;) from one extreme Kerr solution to another across sector
regions, and it further transitions across the associated k annuli out to the extreme multi-Kerr
auxiliary collision configuration map ¥, on the complement of the §-balls. The methods of Case
2 lead to a tension estimate

N;—1
= 1 _ ,
I7(E,)] < C g = on Bs(pj)\T, 7=1,...,k,
’L'ZN]‘,l-‘rl (

7(Ea)l =0 on (R*\UL,By(p;)) \ T,

where the 7; denote Euclidean distance to the sector vertices. As above, this leads via the
maximum principle to the distance bound

_ Co(C6§ + 27 _
(5.12) dpz (P, W) = dpg2 (P, Ep) < (f) on R?\ (U?:1B36(Pj) U F) ;
for some constant C' independent of n and 6 where ¥ = min{7, ..., 7} with 7; representing the

distance to p;. For convenience we will denote the region on which (5.12) holds by Ds.

Having achieved the L*>*-bound, we are now able to prove (5.2) and (5.3). According to (5.4),
the sequence ¥,, converges on R3 \ T to the collision configuration map ®,. Let ®, denote the
limit of ®,,, then we claim that &)* = ®,. Since both of these maps are harmonic, this conclusion
would follow immediately if they were known to be asymptotic. However, the estimates above
do not show this property due to the blow-up at certain points on the axis. Instead, we can
use (5.12) directly to show that ®,, — ®,. Indeed, if d2 > 0; > 0 then (5.12) implies that
di2 (P, ¥,,) = O(\/d1) on Ds,. In particular, by keeping d2 > 0 fixed and sending d; to zero
as n — oo, we find that ®,, and ¥,, must converge to the same limit ®, on D;s,. Since sy is
arbitrary, it follows that 5* = ®,. This establishes (5.2).

To complete the proof of the proposition let € > 0 be given, and set Bs = U;?:lB(; (p}") where p}'f
denote the k distinct collision points having z-coordinates z;. Since @, has finite renormalized
energy, d may be chosen small enough to guarantee that £z, (®.) < €/2. Furthermore, since
®, = ¥, we have that Er3\B; (Pn) — Era\p;(Px) as n — co. To see this in more detail, note
that since the difference of energy densities converges to zero in L' on any fixed compact subset
of R3\ Bs with the aid of [12, Theorem 2.1], the same holds if the fixed set is replaced by a
slow sequence of exhausting domains. This fact, combined with estimates for the difference of
energy densities in the complement of the exhausting domains obtained from the expansions [12,
Theorem 2.3|, produces the desired conclusion. Thus, there exists a sufficiently large n. such
that

g(q)*> = ggé(q)*) =+ 5R3\l35 <(I)*) < e+ 5R3\B§(q)ne) <e+ g((I’ne),

which yields (5.3). O
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The proof of Proposition 5.1 relies on two lemmas which we now establish. In what follows
the notation will be consistent with that utilized in the proof of this proposition.

Lemma 5.2. Let 1,6 > 0 be small parameters with 6 > 12n. Consider two extreme Kerr
harmonic maps (u;,v;), i = 1,2 with punctures located at py = (0,0,—2n) and p2 = (0,0,2n) in
Cartesian coordinates, and set (u,v) = Z?Zl Xi(u;, v;) where x; are cut-off functions from Case
1 in the proof of Proposition 5.1. Then there exists a constant C' independent of n and § such
that

(5.13) e*|v; —vy| < C, re?|Vu;| < C, r2e?|Av;| < C,
in sector SN Bs fori=1,2.

Proof. Let (r;,0;,¢) be polar coordinates in R3 centered at p;, i = 1,2 and let a; > 0 be
parameters, then recall that the extreme Kerr harmonic map [18, Appendix B] with puncture
p; and angular momentum a? is given by

1 2a2(r; + a;) sin® 6;
w;=—Insinb; — =In{ (r; + a;)> + a? + L ,
l b2 <( i ai) © 0 (ri+ ai)? + a? cos? b
af cos 6; sin* 6;

2 2
v; = aj cos 0;(3 — cos” 0;) + it a) @0t
(2

The extreme Kerr map with angular momentum —a? may be obtained by replacing v; with —v;.

Furthermore, for the purposes of this lemma we may assume without loss of generality that the
angular momentum at p; is a/2 and that the angular momentum at py is 1/2 for some a # 0,
so that

1
(5.14) vy = %cos 01(3 —cos’0) —a — 1+ O(sin 6y), vy = 5 c08 02(3 — cos? B2) + O(sin” 6z).

Generality is achieved by noting that for any constant ¢ the map (u,v) — (u + c,e>%v) is
an isometry in the target hyperbolic space. Even though such ‘hyperbolic translations’ do not
preserve asymptotic flatness of the associated spacetime, the estimates in (5.13) will be preserved.
Note that the potential constants for v; and ve agree (and equal —1) on the axis rod between
the two punctures.

Using p = rsinf = r;sinf; and z = rcosf = rycost)y — 2n = rycos by + 21, we find in the
region S N Bs/y (where ¢ < 7/2 and 02 > 7/2) that

. 2\ —1/2
cos@lgzﬂ:ﬂ:<1+ (e ) ) |
’ /1 + tan? 6, o rcos@ £ 2n
and consequently if z = 2n/r then
sin? 0

5.15 in20;0=1—cos? 04 = .
(5.15) St b1,2 o5 b1,2 142z cosf + z2

It follows that

-4 .4
(5.16) v — v = W(z,0) + O < sin” 0 sin” 0 ) ,

(1 + 2z cos O + x2)2 * (1 —2xcosf + 22)?
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where
W(z,0) = — leosf+a (3— (cosf + )’ >—a—1
2v/1 + 2z cos 0 + 2 1+ 2z cosf + z2
|cos 6 — x| (3_ (cos — )2 >
2v/1 — 2z cos 0 + a2 1—2xcosf+a2)"
Moreover

(5.17) w = x1u1 + xouz = —Insinf + % In(1 4 2z cos 0 + z2) + % In(1 — 2z cos @+ x2) + O(1),

and hence
(1 — 2z cos + x2)X1 (1 + 2z cos O + x?)X2

2u
e — v < C
g 2| < sin? 6

W (z,0) + O(1)

in SN By, for some constant C' independent of 1 and §. By expanding in powers of z and noting
several cancellations, a calculation shows that

W (z,0)| < % for all z > 1 and /4 < 6 < 37 /4.

We also observe that within the region given by x < 1 and 7/4 < 0 < 3w /4, the function W (z, 0)
remains uniformly bounded. These facts, together with x1 + x2 = 1 — xo < 1, imply that the
first inequality of (5.13) is valid.
Consider now the second inequality of (5.13) and notice that for i = 1,2 a direct computation
yields
.3
(5.18) V| < 0

7

Next use u; = —Insinf; + O(1) and x1 + x2 = 1 — xo to find

20ur—u2| o .
vl — _ ) e sin 6;
2| Vu;| < e2lxomxillu—ua] 20=x0)ui| 7| < O — T

i

Moreover, for all z > 0 and 7/4 < § < 37/4 we obtain
sin? 6, 1+ 2z cos @ + z2

< <10C
sin?6; — 1 —2xcosf +x2 —
with the help of (5.15), and a similar inequality holds for e2(u2—u1) - GQipce 1 /ri < C/r for some
uniform constant C' at all points of S by Corollary A.2, we conclude that the second inequality
of (5.13) is valid.

Consider now the third inequality of (5.13) and note that for i = 1,2 we have

(5.19) e2m—uz) < ¢

sin2 92
53—
L

(5.20) |Av| < C

As above this gives rise to
e2|u17u2\

€2U|A’Ui| < 62|1—X0—Xi||u1—u2\€2(1—xo)ui|A,Ui’ <C . ’
A
i

and the desired estimate follows from (5.19). O
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Lemma 5.3. Let 1,0 > 0 be small parameters with 6 > 12n. Using the notation from Case
1 in the proof of Proposition 5.1, consider a extreme multi-Kerr harmonic map (ug,vo) having
a puncture at the collision location in B,y with all other punctures occurring outside a fived
radius, and set (1, 7) = 37, Xi(us, v;) using two extreme Kerr harmonic maps (u;,v;), i = 1,2
having punctures located at p1 = (0,0, —2n) and p2 = (0,0,2n) in Cartesian coordinates. Then
there exists a constant C independent of n and § such that

(5.21) (sin @) ~1=e?*|o — vg| < C, re® ((sin€) Vo] + (sin6) ¢ [Vuy|) < C,

(5.22) r2e?t (|AD| + (sin )| Avg|) < C,
in annulus A = B \E(;/Q where uw = xouo + (1 — x0)a, and s € (0,1) is arbitrary but fized.
Proof. Consider the first expression of (5.21) in AN S, and observe that
€25 — vg| < €¥|xa(v1 — va)| + €2¥|vy — vyl
Applying Lemma 5.2 in this region yields

62“’5(2(1;1 — )| < e2Xouo <62(X1u1+X2u2)|Ul _ U2|) <0,

where we have also used that e?X0% remains uniformly bounded due to (3.1)-(3.3) combined
with the restriction of angles inherent within A N S. It should be noted that even though the
collision location which serves as the puncture for the map (ug, vo) does not necessarily coincide
with the origin, its distance to the origin tends to zero as n — 0, so that polar coordinate
angles measured from the collision location are comparable to those measured from the origin.
Moreover, v; —vg may be computed analogously to (5.16), and arguments as in Lemma 5.2 may
be utilized to estimate e2(Xouo+Xx1u1) |y — 40| inside A N S. Again since e2X2¥2 is controlled here
we obtain a bound for e€“|v; — vg|, and hence the desired inequality for the first inequality of
(5.21) follows in AN S. In this process, the expansion (3.1)-(3.3) allows us to effectively replace
(up, vp) with a single extreme Kerr. Similar considerations show that the proof of Lemma 5.2
also yields the desired estimates for the remaining quantities of (5.21) and (5.22),in AN S. In
fact, ¢ plays no role here and may be taken to be zero.

Consider now the region A\ S = Ay U A_, where Ay are the portions of the annulus with
0 <6 <m/4and 3r/4 <60 <, respectively. We will treat the A region, and note that similar
arguments hold for A_. First observe that in this region x; = 0, and therefore ¥ = vo. We may
assume without loss of generality that the potential constants for v; and v9 are as in the proof
of Lemma 5.2. Then (3.3) and (5.14) produce

a+1

1
vy = cosfp(3 — cos? fy) — a + O(sin®** 6p), vy = 5 cos 02(3 — cos? f3) 4+ O(sin 6y),

where (rg, 0y, ¢) are polar coordinates centered at the collision location and ¢ € (0,1). Using
the identity

%cos (3 — cos?0) = 1 — 6sin?(0/2) + 4sin%(0/2),

it follows that

o —vp = O(sin®"< Gy + sin’ 6y).
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Next utilize (3.1) and similar computations as in (5.17) to find
u = xouo + (1 — xo)uz = —Insin6 + O(1),

and hence within A, we have

o~ sin®*t< 0y sint 6,
€ |U - UO‘ <C ) )
sin“ @ sin“ @

for some uniform constant C'. Furthermore, (5.15) implies

Sin2 92

oy = (1 —2zcosf+2*) "' = ((x — cosh)* + sin? 0)_1 <(1/v2-1/3)72
sin

since x = 2n/r < 4n/d < 1/3 in A4, and a similar estimate holds if s is replaced by 6. Hence,
the first inequality of (5.21) is satisfied in A;. Moreover, these observations also show that the
derivative inequalities of (5.21) and (5.22) involving v follow from (5.18) and (5.20), together
with the fact that r;, ¢ = 1,2 are comparable with r in A by Lemma A.3. Lastly, the derivative
inequalities involving vp may be obtained by replacing (5.18) and (5.20) with

s 24¢ s 14¢
Vo] < CM, | Avg| < Cuv
To T
0

which is due to (3.1)-(3.3). We conclude that the desired estimates are valid on all of A. O

6. PROOF OF THE MAIN THEOREM

In this section we will complete the proof of Theorem 1.1. Let (M, g,k) be an initial data
set satisfying the requisite hypotheses of the theorem. According to (2.6) we have the following
relation between the ADM mass m and the renormalized energy of a harmonic map ® = (u,v) :
R3\ T' — H? which encodes the angular momenta of the data, namely

1
m > —&(P).
8w

For convenience in what follows, we will write £(®) = =&(®). Suppose there are N punctures

associated with the map ®, and that it has total angular momentum 7.

6.1. Inequality. It will be proven by induction on N that

(6.1) £(@) > /]J1.

First note that the case N = 1 is true, since ® must correspond to an extreme Kerr harmonic
map with angular momentum 7, and therefore 1/87 times the renormalized energy of the map
agrees with \/m . This latter statement follows from the arguments leading to (2.6) when
applied to extreme Kerr initial data. More precisely, in this situation the ADM mass agrees
with the appropriate multiple of renormalized energy, and it is known by direct calculation that
the mass is given by \/m for extreme Kerr.

Suppose now that (6.1) holds for any extreme multi-Kerr harmonic map with n punctures
and total angular momentum 7, where 1 <n < N —1, and let &g be such a harmonic map with
N punctures. We start the flow defined in Section 3 with initial condition ®3. By Proposition
4.1 the flow ®; exists and is regular up to a maximal time 7" (possibly infinite), and according
to Theorem 4.8 the renormalized energy £(®;) is nonincreasing along this flow. We find that
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there are two possibilities to contend with at time T': either a collision occurs, or no collision
occurs. Note that in the first case T can be either finite or infinite, while in the second case
T will be infinite. Consider the first of these cases in which a collision occurs at time 7. By
Proposition 5.1 we have that

lim £(®;) > E£(®.),

t—T

for some collision configuration map ®, which has at most N — 1 punctures and total angular
momentum J. By the induction hypothesis we then obtain the desired inequality

E(Po) 2 lim £(@y) > £(2.) = V| T |-

Now consider the second case, in which no collisions occur at time 1" = co. Since the function
t +— E(P) is continuously differentiable and nonincreasing on [0, c0) we find that

/ooo ‘%g@”)dt = &(@o) — lim £(Py) < E(®o).

It follows that there exists a sequence of times t; — oo such that %S (®4;) — 0. Next observe
that the IV punctures along these times converge to some N distinct fixed limits pj, 7 =1,..., N.
The limiting harmonic map ®* must be stationary with respect to the flow, since the associated
tangent map parameters satisfy b7 = 0 for i = 1,..., N by virtue of their continuity (Proposition
4.1) and their relation to the first variation of the renormalized energy (3.9). This contradicts
Theorem 3.3, showing that the second case does not occur.

This completes the induction argument, and therefore also the inequality portion of Theo-
rem 1.1.

6.2. Rigidity. It remains to establish the rigidity statement for the mass-angular momentum
inequality. Consider the case of equality when m = \/m . This implies equality of renormalized
energies £(®) = £(®), for the map ® obtained from the initial data (M, g, k) and the associated
extreme multi-Kerr harmonic map ®. Due to the gap bound [18, Theorem 4.1], it follows that
® = ®. Moreover, several other restrictions on g and k are obtained from equality in (2.4),
as detailed at the end of Section 2 in [18]. We may then construct from ® an axisymmetric
stationary vacuum spacetime with an asymptotically flat end and N degenerate horizons, from
which (M, g, k) arises as a constant time slice. Since the given initial data set is void of conical
singularities, this spacetime is regular. If N > 1, a contradiction is obtained from Theorem 3.3.
We conclude that N = 1, and [18, Theorem 1.1] yields the desired result that (M, g, k) must
arise from a constant time slice of an extreme Kerr black hole.

7. LINEARIZED HARMONIC MAPS NEAR PUNCTURES

This section represents an extension of the study of isolated singularities that was presented
in [12, Theorem 2.1], to higher order expansions. The results of this and the next section are
needed to prove Theorem 3.1 and Corollary 3.2. Let ® = (u,v) be an H;} -harmonic map from
B1 \ T, the Euclidean unit ball minus the z-axis, to H?. It will not be assumed here that this
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map is axisymmetric.® Suppose that

sup |u+ Insinf| < oo, |V (u+1np))? + ' Vol* € Li. (B \ {0}),
Bi\T
with
v=aon BNy and v=-—aon ByNIT_ in the trace sense,

for some positive constant a. We will use the notation = = (x1,x2,23), r = |z| and sinf = 2.
By Theorem 2.1 of [12], (u + Insinf,v) € C3%(By \ {0}) for any « € (0,1), and there exists a
harmonic map ® = (u,v): S?\ {N, S} — H? satisfying

(@ + Insinf,7) € C>*(S?), o(N)=a, o(S)= —a,
such that

(7.1) v (|(raT)lv’g2 (u(r) — @) | + eBTP|(r0,)'VE, (v(r) — v) |) < Crf

for [+k < 3, where C and f3 are positive constants and ®(r) = ®(r,-). The map ® is the tangent
map of ® at the origin, and the constant 8 depends only on ®.

In the following, we fix a harmonic map ® = (u,v) and its tangent map ® = (i, ) as above.
Let L = (L1, L2) be the linearized harmonic map operator at ®, which is given by

Lip = Apy — 8e™|Vu|2p; — 4e1Vv - Vs,
Loy = Ay +4Vu - Vs +4Vv - Vi,

for ¢ = (1, p2) with 1 € C%(By) and @2 € C?(B; \T). Here, A and V are with respect to the
flat metric in R3. The spherical part T = (71, 72) of L at ® is given by

Tip = A90901 - 8€4ﬂ|vgoﬁ|2@1 - 4e4ﬁVgOU Vo2,
Tap = A90802 + 4V g - Voo + 4V 0 - Vg1,

where gg = d#? + sin? #d¢? is the round metric on S2.
Denote by L?(S?, e*") the subspace of L?(S?) consisting of all functions f with the bounded
norm

) 1/2
[ £l L2 (s2,eta) = </82 et f? dvolgo> ,
and by Hg(S?, ') the closure of C2°(S?\ {N, S}) under the norm
. 1/2
||f||H1(S27e4ﬂ) = (/S2 et (|Vgof|2 + f2) dvolgo)

The inner products associated with these norms will be denoted by the braces (-,-). Introduce
the bilinear form

E[Vja M = /82 (Vgosol . vgowl + e4ﬂv90902 . Vgow2 + 864E|V9017|2g011/;1

+ 4e* 11V gy 0 - Vgoipa — 4€*™1poV g 0 - Vo 01) dvol gy,

(7.2)

3Note that @ in the current setting has a different meaning from that in [12].
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for any ¢ = (p1,92),¢¥ = (P1,v2) € HY(S?) x H&(SQ,e‘m). If o1 € C%(S?) and ¢y € Cg(S2\
{N, S}), then
Blo, ] = —(Tw, ) 22 1xetmy = —(Ti, 1) 12(s2) — (T2, P2) 12(52 et)-

It was proved in [12] that B is symmetric and nonnegative on H'(S?) x H}(S?, e1%), and zero is
the least and simple eigenvalue of the problem

~To=pp inS*\{N,S},  @2(N)=a(S)=0.
Let
O=p1 <pp <---<py < -0 =00

be the collection of eigenvalues, and ¢ be the normalized eigenfunction corresponding to j;.
We present a result on the asymptotic behavior of solutions to the linearized equation

(7.3) Lw=f inB\I', wya=0 onINBy,

as * — (0. The weak solutions will be understood in the integration by parts sense. Their
regularity and local derivative estimates can be deduced from [12, Proposition 3.9].

Proposition 7.1. Assume that f = (f1, f2) € CY(By \T) satisfies

VR — )| + 24 VEG2 fa — fo)| < KrY ™% in By \ T, k=01,
for some positive constants K, vy, and a C*-function f = (f1, f2) on S?. Let w = (w1, ws) be a
weak solution of (7.3) satisfying (w1, e*“wq) € L>(By). Then for any ¢ € H'(S?) x H}(S?, *?)
with Ty = 0 we have

(f, @) 12521081y = 0,
and there exists a function w = (w1, w2) € H'(S?) x H}(S?, et®) with
Tw=f inS*\{N,S}.
Moreover, there is a universal constant 0 < $ < min{3,~v} such that for k = 0,1 and any
€ (0,1) it holds that

(7.4) |VE (w1 — o1)|(2) + (sin ) 379 V* (wy — w2)|(z) < C’|33|B_k in B\ T,

2

where C' is a constant depending only on K, o, v, and the L®-norms of wy, €*%“wy, 72 f1, and

r2e?t fy in Bj.

Although w in Proposition 7.1 is assumed to be bounded in Bj, in some applications only
its bound in B; \ By is known, for some d > 0. In order to apply Proposition 7.1, we need to
estimate the bound of w in B; in terms of that in B \ Bs.

Proposition 7.2. Let f and w be as in Proposition 7.1. Then there exists 0 < 6 < 1/2
depending only on v, a, as well as C and 3 in (7.1), such that

lewn |+ €|l = 5, .
< O(lfwrl + e hwa gy 059 + 2 A1+ 0 fall o) + K-

Moreover, (7.4) holds for C depending only on K, «, v and the L>®-norms of wy and e*“wy in
Bi\ Bs.
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To prove Propositions 7.1 and 7.2, it is convenient to adopt the cylindrical coordinate ¢ =
—Inr. Then the Euclidean metric becomes

(da:)2 =dr? + 7“290 = 6_2t(dt2 +90)-
In what follows we will set
g = dt2 + 90,

which is the standard product metric on R, x S?. Denote by Vs and Ay the gradient operator
and the Laplace-Beltrami operator with respect to the metric § on R, x S?, in particular

Vg = (at7vgo)’ Aé = at2 + AQO'

Recall that (u,v) is the tangent map of ® and L is the linearized harmonic map operator at
®. In the new coordinates this takes the form

e ' Lip = (0} — 0 + Ay )1 — 8™ [Vgu[ip1 — 4™ V0 - Vi,
e 2 Lyp = (07 — 0y + Ago)p2 +4Vgu - Vapo +4Vav - V.
Write
e Lo = Lo+ Qp,
where £ = (L1, L2) and Q = (Qy, Q2) are given by
Lip = (0 — O+ Dgy)p1 — 8|V 0201 — 4€*V 3,0 - Vg 09,
Lop = (8152 — Or+ Agy)p2 + AV gt - Vo2 + 4V 500 - V01,
and
QAT —12 du 2 Ao - 4u
Qi = (8e™|Vy,0]” — 8e™|Vv[7)p1 + (4€™“V 40 - Vo2 — 4™ Vv - V02),
Qop = 4Vgu . Vg(pg + 4Vgl) . Vﬁgol - 4Vg0ﬁ : Vgo(pg — 4Vgoﬂ . Vgogol.

The operator T introduced earlier is the spherical part of £. We point out that the coefficients
of £ do not depend on ¢. The next result asserts that Qw is a perturbative term.

Lemma 7.3. Let C and 3 be as in (7.1). For any w = (w1, ws) € CY(By \T), the estimate
|Q1w| + €*|Qaw| < Ce P (Jwi| + |Vywi| + €|V ws|)
is valid with a constant C depending only on C.

Proof. A straightforward calculation yields
|Qiw| + €| Qw| < C(Ju — a| + [V (u — a)| + €| Vy(v — 1))
- (lwr| + [ Vgwi| + €[ Vzwal).

The desired result follows from (7.1), reformulated on the cylinder. O

We now prove Propositions 7.1 and 7.2 in the new coordinates. Note that the f appearing in
these propositions differs from that of the following result, by a scaling factor of e~2.
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Proposition 7.4. Assume that f = (f1, f2) € C'(Ry x (S*\ {N,S})) satisfies
IVE(fL = F)l+e2VE(f2 — fo)| < Ke' in Ry x (S*\{N,S}), k=01,

for some positive constants K, v, and a C'-function f = (f1, f2) on S?. Let w satisfying
(wi, e*wy) € L®(Ry x S?) be a weak solution of

(7.5) e ?Lw=f inRy xS wy =0 onRy x{N,S}.
Then for any p € H'(S?) x H}(S?,e*®) with T = 0 we have
(f, @) 2(s2,1xetm) = 0,
and there exists a function w = (wy,wq) € HY(S?) x HL(S?, e**) with
Tw=f inS*\{N,S}.
Moreover for all 0 < B < min{B3,~} with B> + 3 < pa, k = 0,1, and any o € (0,1) it holds that

sup  (|Vg(wi(t) —wr)| + (sin ) |V (wa(t) — o))
S2\{N,S}

<CeP{ s (il eunl) + sup ([l 4 efl) + K,
Ry x(S2\{N,S}) Ry x(S2\{N,S})

(7.6)

where C' is a constant depending only on K, o, v, 3, and j.

Proof. The proof consists of two steps. For brevity we will make use of the notation

I llze = - lzzsziaxessy,  Coodee = G prszaxeny, A= Sup (lw@®llz2 + £ )]l 2).

€[0,00
Step 1. By a local estimate for w (see the proof of [12, Proposition 3.9]), for any ¢ > 1 and
k =0,1 we have
k k—3—a ok o 2 2 1/2
@) s (Vo] +6in0) > hua) < O [ (w1561 ds) < ca.
S2\{N,S} -1

It follows that Lemma 7.3 implies

|Q1w| + e |Qow| < CAe ™, t>1.
By setting 47 = min{~, 5} we then have that for ¢ > 1,
(7.8) (f = F) — Qul| . < C(A+ K)e ™.
Now write equations (7.5) as

w —w +Tw=f+(f-f)— Quw inR, xS?

where the prime notation indicates t-derivatives. Taking an inner product with the eigenfunction
oM in L2(S?,1 x %) then yields

d? d . .
Tatw e = —(w, o) 2 = (F, W) 12 +{f = F = Qu, V)2,
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which is a second order ODE for (w, (1)) 2. The first term on the right-hand side is constant
and the second term decays exponentially as ¢ — oo according to (7.8). Therefore

(w, @MY 2 = 1 + cael — t{F, W) 2 + /00(1 — ") (f(s) = f — Qu(s), ) 2ds,
t

for some constants ¢; and ¢z. Since (w, o)) 2 is bounded, we must have c; = 0 and (f, o) 2 =
0. Hence, there exists a unique w, = (0.1, Ws2) € H(S?) x H{(S?, e*") satisfying

(7.9) Tw,=f on$S* and (w,,oW)2=0.
Moreover, note that
(7.10) [(w(t) — B, M)z — 1| < CA+ K)e™, 1> 1.
Step 2. We will now establish (7.6), which follows from standard ODE analysis. Set
(7.11) (1) = w(t) — . — (w(t) — @, o) 20V,
and

F(t) = (f(t) = ) = Qu(t) = (f(t) = ) — Qu(t), V) 29"

Then

(7.12) @' - @' +Tw=f inRyxS?
and

(7.13) 1)l < CA+K)e ™, t>1.

Moreover (w(t), M) 2 = 0 and hence
(7.14) Bla(t), w(t)] > pallw()]7,

where B is the bilinear form defined by (7.2). Taking an inner product of the equation (7.12)
with —@(t) in L2(S?,1 x €*%) produces

(@(t), =" (t) + @'(t)) 12 + Bl(t), @ (t)] = —(@(t), f(t)) L2
For any ¢ > 0 set
. N o 1/2

o) = 1902 = [, (@) + “@30)) duol,)

and note that y is differentiable at ¢ > 0 if y(¢) > 0. At such ¢ we have
y(t)y' (t) = (@(1), @' ()12, y(O)y" () + [y () = (D(t), " (1)) 12 + (@' (), @' (¢)) 2
The Cauchy-Schwarz inequality implies that if y(¢) > 0 then |¢/(¢)| < ||@'(t)|z2 and hence
y()y"(t) = (@(t), @"(t)) 2

It follows that for ¢t > 1 inequalities (7.13) and (7.14) yield

—y(6)y" (1) + y (O (1) + n2y(t)” < y(OI F O 2 < C(A+ K)y(t)e ™,
and thus when y(t) > 0 we obtain
=y () + /(1) + pay(t) <C(A+ K)e ', t>1
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Consider 0 < B < 7 with %2 + 8 < po. For some positive constant B to be determined, set
2(t) = Be~ P~ and observe that

—2"(t) + 2 (1) + paz(t) = B(uz — 2 — B)e 771,
We choose B large enough such that
By — B —B)>C(A+K) and B> [@(1)||e.
Hence, y(1) < z(1) and if y(¢) > 0 then
(7.15) ~(y—2)" () + (y—2) () + p2(y— 2)(t) <0,  t>1.

We now claim that y(¢) < z(¢t) for any ¢t > 1. If y — z has a local nonnegative maximum at some
t* > 1 then

(y—2)(t) 20, (y—2)(t) =0, (y—2)"(t) <0,

and in particular, y(t«) > z(t«) > 0, contradicting (7.15) at t,. Thus, y — z does not have a
local nonnegative maximum on (0, 00). Assume (y — z)(¢g) > 0 for some ¢g > 1. Then y(to) > 0
and (7.15) holds at to. If (y — 2)(t) < (y — 2)(to) for some t > to, then y — z has a local positive
maximum in (1,¢), leading to a contradiction. Therefore, (y — z)(t) > (y — 2)(tp) > 0 for all
t > to. In particular, y(t) > z(¢) > 0 for all t > ¢y so that (7.15) holds whenever ¢ > t5. Next
observe that for any s >t > tg, a similar argument shows that (y — z)(s) > (y — z)(¢). In other
words, y — z is nondecreasing on (tg, 00). Hence (y — z)’ > 0 on (¢, 00), and by (7.15) we have

(y—2)"(t) > (y = 2)' (1) + paly — 2)(t) = pay — 2) (o),  t>to.

It follows that (¢) — oo, which contradicts the boundedness of w on R, x S2. Thus y(t) < z(t)
for all t > 1, and hence

|@(t)| g2 < Be PED g >1

The proof of [12, Proposition 3.9] applied to equation (7.12) in (¢t — 1, + 1) x S?, for ¢t > 2
and k = 0,1, now implies

t+1
gy s (TERO]+ o) hm) <o [ (0 + 7))
<C(A+K)e ™,
Note that by (7.11) we have
w(t) — . — a1V = B(t) + [{w(t) — wn, o) — 1],
Then for k£ = 0,1 the estimates (7.10) and (7.16) produce

sup  (IVE(wi(t) — e — c1pl)] + (sin )| VE (wa(t) — e — c165)])
S2\{N,S}

<C(A+K)e ™,

This establishes the desired result with w = w, + clgo(l). O
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Proposition 7.5. Let f_cmd w be as in Proposition 7.4. Then there exists t, > 10 depending
only on 7y, a, as well as C and ( in (7.1), such that
lfwi] + € [wal|| Lo @ x52)
< C(lllwi] + €*“walll oot xs2) + I1f1l + €| fal | oo (s x52) + K-

Moreover, (7.6) holds with the L>®-norms of w1 and e*“wy on [0,00) x S? replaced by that on
[0,t.] x S%.

Proof. For brevity we will write || - [[12 = || - |2(s2;1xe4a)- Let W, be as in (7.9) and set
W) =w(t) —w.,  f(t)=(f—F)-
Then
" — @ +Tw=f inRyxS%

We will expand w and f according to the eigenfunctions {cp(i)} as

=Y awe?, f) =3 O
=1 =1

The regularity of w obtained from [12, Proposition 3.9] guarantees that the expansion can be
differentiated term by term so that

2
d” iy _ 4 =)

@w dt — H;Ww ~(Z) f(z) in R+.

For ¢ > 1 define
1 1
=§(1+w/1+4u¢), /\;:5(1—\/1+4ui),

and note that )\ZT" > 1, \; <0, as well as )\f =1, A\ =0. We will treat ¢ = 1 differently from
i > 2. Since @™ is bounded on R, there exists a constant c¢; such that

dD(t) = ¢ eM 4 @l (t),

where for ¢ = 1 the remaining function takes the form

(7.17) @t () = - / e fW(s) ds + / o
t t
and for 7 > 2 it becomes
~(1) _ 1 > A (t—s) 70 )\ t—s) 7(i
Correspondingly, we may write
W(t) = Wo(t) + W), Wo(t) =D cyeMtp®, @ 241
i=1

By the explicit expression of wy(t) for ¢ > 2, it follows that

~ Al A
IIwo(t)H%2=Z )e? t<z )2e* A = ||wo(2)|72-

=1
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Moreover, the triangle inequality then gives
[w®)][z2 < lwo()llz2 + [lwx(®)][z2 < [lwo(2)l|z2 + @« ()] >
< lw@)llz2 + [lwx (2l > + [0 ()] 2-
For ¢t > 2 this, together with w(t) = w(t) + w,, implies
leo(®)ll 22 < lo(2)]1z2 + 202 + 5@l 2 + -0l 2
< lw@)llzz + Cllfllze + 1@ (2) 2 + @ ()] 2.
We next estimate w,. By (7.18) and the Holder inequality, we have for ¢ > 2 and ¢ > 2 that

00 t
~(i) 11\ |2 A (t—s)| 7l 2 A (t—s)| Fli 2
07 < o [T TP (s [T s

<C / e fO(s) P ds + C / 2 =2)| i) (5) 2 ds,
t 2

where in the second inequality )\;F > )\; > 1and A\, < A, <0 were used. Similarly, for i = 1
and ¢t > 2 we find that (7.17) yields

"“S(l) 2 C * t—s| 7(1) 2d C > (1) d 2.
PP <c [T @R [ )

(7.19)

(AD)?

Since

[, (2 HL2_Z|~ HI*, 1f () HLz—ZIf”

for t > 2 we have

00 ~ t _ . o 2
B0 <C [N ds+C [ N FFads v [T IF@)]ds)
t 2 t
and hence

~ o 2
7.0 <€ s 1FIE+C( [ 17l

s€|(2,00
It is obvious that
1F ()2 < 1£(s) = Fllzz + 1Qu(s) |l z2 < CKe™ + || Qu(s)|l 12,
and
IO ()] < N1£(s)ll 2 < CKe ™ + [|Qui(s)l| 2,
so that

@0 < C(K+ swp |Quis)lzs + [ 1Qu(s)lds).

$€[2,00)

Furthermore, by Lemma 7.3 we have

1Qu(s)ll 2 < Ce ™ (Jlw(s)ll 2 + [Vaw(s)llz),
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and a local estimate for w (see Proposition 3.9 of [12]) when s > 2 produces

s+1
IVgw(s)7= < C (L ()72 + lw(r)I72) dr
s—1

s+1
<C swp |f()IPatC / ()2 dr,
[s—1,s+1] s—1

so that
s+1 1/2
1Qus)lz < Ce*( sup I r)lee + wo)lze + (| wr)zar) ).
[3_17S+1] s—1

Next note that a simple substitution gives

. (t)]2 < C (K + sup £+ sup <o)l
sc|l,oco se|l,00

0 00 s+1 1/2
(7.20) + / eB3||w(s)| 12 ds + / e_'BS( / lw ()2, dT) ds)
t t s—1

B,
<C(K+ sup [[f(s)lr2+ sup e 2°Jw(s)]2);
s€[1,00) $€[1,00)

this holds for any t > 2.
By substituting (7.20) into (7.19) we obtain

_B,
Jw(t)|[2 < C([lw(2)|2 + K + S[lllp)Hf(S)HL2+ s[lllp)e 2% [lw(s)ll2).-
se|l,o0 se|l,00

Next, let t, > 1 and break the interval of the last term on the right-hand side into [1,t,] and
[t«,00) to find

B,
sup [w(t)|zz < C(Jw®2)llz2 + K + sup [[f(s)]z2 + sup e”2%[w(s)] 2)
tE[tx,00) s€[1,00) s€[1,t4]

8
+Ce 2% sup |Jw(s)||pe.

SE[tx,00)
Choosing t* > 2 large enough such that Ce=P*"/2 < 1/2 then produces

sup [[w(t)|2 < C(K + sup [f(s)]z2+ sup [lw(s)l|z2).
tE[t«,00) s€[1,00) SE[L,t«]

Furthermore by the local estimate [12, Proposition 3.9], for any ¢ > 3 and k = 0, 1, we have

(7.21)  |[VEwi(t)| + (sin0)" 3| VEw,(t)| < C(K + S[lllp)||f(5)HL2+ s[lllrzl\lw(s)HLz)
se|l,o0 se|l,t«

Following the proof of Proposition 7.4, using (7.21) in place of (7.7), yields the desired (7.6)
with the L>-norms of wy and e?“wq on [0,00) x S? replaced by that on [0, 2] x S2. O

Remark 7.6. Given the propositions above, one can improve (7.1) by identifying higher order
limits of (u,v) as x — 0. In particular, we find that 8 > 0 depends only on pus.
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8. DIFFERENTIABILITY OF SINGULAR HARMONIC MAPS WITH RESPECT TO PARAMETERS

We now study the harmonic maps discussed in Section 3 which depend on parameters, and
provide a proof of Theorem 3.1 and Corollary 3.2. Let zg = (20,1,...,20,n5) With 201 < 202 <

- < zo,n denote the collection of z-coordinates for points p? = (0,0,z20,) € R3, and set
0o = %minlSiSN_l{zo,iH — 20} Points in R? will be denoted by y = (y1,y2,¥3). Let x1 be a
smooth function on [0, 00) with support in [0,v/28y), 0 < x1 < 1, and x1(¢) = 1 for t < &y, and
define

X(w) = x1(p(y)) - x1(|ys)
where p(y) = \/y? + y3. Consider the map II, : R? — R3 given by

yHy_‘_Z — 20,i)X (Y1, Y2, Y3 — 20, )€3 =1 ,

where e3 = (0,0,1). Note that it is a diffeomorphism when z € Bg(zo) for some small d; > 0,
and that I1,(p}) = p; for every 1 <i < N. Furthermore, the coefficients of the pull back of the
Euclidean metric g, = 1138 = (g,)apdy®dy® take the form

(8.1) (92)ab(y) = 0ap + Z ( — 20,i)(0a30pX + 65302 X) + (2i — Zo,i)ZaaXf?b)Z) (Y1, Y2, Y3 — 20,3)-

Notice that

(9a)ab = 8ap o ULy By () U (R® \ UL, Bas, (1)),
and
(8.2) Aglnp = Aps (I Inp) =1I; (Aslnp) =0 in R’

Moreover, we may choose 0 < gy < min{dp,d;} small enough so that, in the sense of positive
definite matrices, %6 < g, < 26 for z € B,,(z0). For convenience, in what follows we will forgo
the subscript z and simply write g in place of g,.

For simplicity, we shall only consider the case when one component z;, of z is varying, so that
zi = 2o, for i # ig. It will become evident that the general case can be proved similarly, albeit
with a tedious but straightforward adaptation. Without loss of generality we may assume that
20,i, = 0, and denote s := z;, € (—dp, dp). To streamline the notation set

(8.3) D(s,y) = (uls, y),v(s,y)) = Pa(llz(y)),

where &, is the harmonic map defined in Section 3. In the y coordinates, the harmonic map
system becomes

(8.4) Agu — 27|V u|? =0, Agv+4Vgu - Vyv = 0.

Let o be a smooth function on R3\ {pY,...,p%} such that

o(y) = | 50 {pl,-- o }) i dists(y, {p1, .- PR }) < 200,
vl if [y =237 =l + 1,
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and

1. .

Sdists(y, {2, P }) < oly) < 2dists(y, {21, .. PN ).
Lemma 8.1. Let ® = ®(s) = (u(s),v(s)) be given by (8.3), for any s € [—eg,ep]. Then
(8.5) A2 (®(5),@(0)) < A in R3\ T,

where A is a positive constant depending only on £y and {p?, e ,p?v}. Moreover for any r >
2(|z0,1] + |z0,n5]), @ € (0,1), and k = 1,2,3 we have

k—3—«
(8.6) vk (u(s) +In B)y + (ﬁ) VEu(s)] < C(r)e ™ in By \ T,
o o
where C(r) is a constant independent of s.

Proof. Both estimates are consequences of slight modifications of the proofs from previous re-
sults, where the flat metric § is replaced by ¢g. In particular, the first conclusion follows from
Proposition 2.1 of [8] (see also [32]). The second one follows from Proposition 3.8 and Theorem
2.3 of [12], together with standard estimates in regions away from the axis. U

Remark 8.2. Notice that although the distance between ®(s) and ®(0) is defined only on R3\T,
according to [12, Theorems 2.1 and 2.3] it lies within C3*(R3\ {p{,...,p%}) for any a € (0,1).

By Theorem 2.1 of [12] (see also (7.1) above), for each s € [—&q,€q] and each p;, 1 <i < N
there exists a unique tangent map ®; = (;, ;) from S?\ {N, S} to H?, such that for any I+k < 3
we have

G (1300 VEs (s, 7, 00) — i, 60))]
(8.7) :

+ BRI (0,0 V7K, (u(s, 14, 0;) — Ti(s, ei))\) < Cy(s)rf?

in Bs, (p?) \ {p?}, where B8 > 0 is independent of s, 7; = |y — pY|, and sin6; = %’). Furthermore,
(@ +InL.v;) € C32(S?) for any a € (0,1), and v; = ¢; at the south pole S while ¥; = c¢;41
at the north pole N; see (3.2) for the explicit form. We will now prove that the dependence of

C1(s) on s can be removed.

Lemma 8.3. Let & = ®(s) be given by (8.3), for any s € [—¢co,€0]. Then the constant Ci(s) in
(8.7) is uniformly bounded for s € [—e¢,ep], and hence may be chosen independent of s.

Proof. Take an arbitrary sequence s,, € [—&,¢€0], and let ®(s,,) be the corresponding solutions
of (8.4). By (8.5) and (8.6), the Arzela-Ascoli theorem may be applied to extract a subsequence,
still denoted by ®(sy,), such that

lim _dg (P(s0), P(sm)) = 0 in B, () \ (Bsyj2(p) UT).

n,m—00

By (8.5), we have dy2(®(s,), ®(s)) < C in Bs,(p?). Note also that the negative curvature of
the target space yields

AV + dg2 (D (50), @(5))2 >0 in Bs, (p?) \ T
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Therefore, the maximum principle [31, Lemma 8] implies

By, (I;lfg)ti({p?} dp2 ((I)(Sn)7 (I)(Sm)) < ngag)( dy2 ((I)(Sn)v (I)(Sm))'
These estimates show that the constants C and C from Lemmas 5.6 and 5.7 of [12], are indepen-
dent of n. It then follows from the proof of [12, Theorem 5.8] that C(s;,) is uniformly bounded.
The desired result may now be obtained from a simple contradiction argument. Suppose that
there exists a sequence s, € [—ep, o] such that Cy(s,) — oo as n — oo. The argument above
shows that C(s,) is bounded, leading to a contradiction. O

Let ro > 8(|z0,1] + |20,n|) be a large number. According to Theorem 2.3 of [12], for each s
and any a € (0, 1) there exist constants v, v1, vo, C, and spherical harmonics Y7, Y5 of degrees
1 and 2 such that within By we have

lu(s,r,0) +Inp—vy—1r~ ' = Yir % = Yor < Cr—3h,

s

8.8
(®8) !v(s, 7,0) — Jocos (3 — cos® 0) — vor~tsin? 0‘03(82) < Cr~17P0(sin g)3te,

where r = |y|, Jo is a multiple of total angular momentum, and 5y € (0, 1) is independent of s.
Moreover, the corresponding asymptotics are valid for the r-derivatives of (u,v). We point out
that the constants vy, v1, ve, C' and functions |Yi|, |Y2| have uniform bounds for s € [—&g, €o],
which depend only on A and rg.

Lemma 8.4. Let ® = ®(s) be given by (8.3), for any s € [—eo,e0]. Then vy = 0 for all
s € [—eo,¢e0] and

dg2 (D(s,9), @(0,y)) < Cr~'  in BE

ro’

where C' is a positive constant independent of s.

Proof. For each fixed s, consider the original x coordinates. In this setting, recall the construc-
tion of ® in [8]. In the proof of [8, Proposition 2.1], a model (or reference) map ® = (i, ) is
constructed such that & = ¢; on the interval T; C T', 1 < i < N and @ coincides, for all large
values of |z|, with the extreme Kerr solution having potential constant value cy41 for zz > zn
and value c; for x3 < z1 on the xg-axis. Next, one solves the Dirichlet problem for the harmonic
map system in a sequence of exhausting domains Q,, = {z | p(z) > 1/n,|z| < n}, with bound-
ary values given by the above model map; this generates a sequence of harmonic maps @, in
Q,,. It is then shown that there is a uniform hyperbolic distance bound between ®,, and ® on
compact subsets. The desired solution ® is obtained by sending n to infinity and passing to a
subsequence. Furthermore, by Theorem 4.1 of [18] (with motivation from [28]) we have

~ 1/3
< dpp2 (P, <I>)6dzn> < 0.
R3
On the other hand, for large |z| the expansions (8.8) imply
(8.9) cosh <2de(<I>, é)) = cosh (2(u — @) 42T (v —5)? = cosh |20+ O(|z| 1)+ O(|z| ~2),

from which it follows that vy = 0. O
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We will begin the study of regularity for ®(s), with respect to the s-parameter, by establishing
continuity in an L%-sense.

Proposition 8.5. Let ® = ®(s) be given by (8.3), for any s € [—co,e0]. Then for any s1,s2 €
[—€0,€0] we have

1/6
(/(mx¢@m¢@ﬂW@Q < Clsy — 5],
RB

where C is a constant independent of s1 and so.

Proof. Since p(y) = p(Ilz(y)), we may renormalize the first term of the harmonic maps with the
same expression in z or y-coordinates by U = u + In p, and define the renormalized energy in
y-coordinates with

E.0(5) = [ (VyUE + 1T 05 duoly.
Using that ®(s;) is harmonic with respect to g(s;), j = 1,2 the estimate of [18, Theorem 4.1]
(see also [28, Theorem 1.1]) gives

1/3
SAﬂQD—%@%mZC(Adw@me@W@> ,

3

3

1/3
e@@@m—&ayw»zc<4dw@w»w@W@) ,

where C' is a positive constant depending only on &g, independent of s; and so. We point out
that these estimates were proved in the original coordinates x, however in light of (8.2) the same
arguments may be applied in the current y-coordinate setting. Next observe that

Eut(®(52)) = £y (B(51)) + Ex(B(51)) — E(@(52)
= £, (B(52)) — Eua (B52)) + Eug (D51)) — Ex (D (51)).

By a straightforward computation the terms on the right-hand side may be estimated by
(Vg U + €™ Vyav)v/det g(s1) = (IV s UI* + €|V g5y 0]*) V/det g(52)
= (Vg UI? + €| Vy(a)v*) (V/det g(s1) — /det g(s2))

+ (Vo) UP + V(e ol?) = ([Vg(an U1 + "V gy vl*)] v/ det g(s2)
< C(IVy(snyUP + €[ Vy(eyv*)Is1 = 52| Xfsupp(a(sn) —gs2))}
+Cl(g" (s1) = 97 (2)0U0;U| + e'[(g” (s1) — 9" (52))Divd;v],

where X {supp(g(s1)—g(s2))} 1 the indicator function of the support set of g(s1) — g(s2). Since
g(s1) — g(s2) is supported in Bsgs, \ Bs,, we may apply (8.6) to obtain the desired result. O

We are now able to establish the Holder continuity of ® with respect to s.

Proposition 8.6. Let & = ®(s) be given by (8.3), for any s € [—ep,e0]. Then for any s1,s2 €
[—¢e0,€0] we have

(8.10) de2 (D(51,9), D(s2,9)) < C(L+ [y]) " |s1 — s'/? in RP\ T,
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and for k =0,1,2,3 as well as any o € (0,1) it holds that

Vh(u(sn) — (sl ) + (2) 1 w(s1) — ()| )
<Co (1 +y)Ms1 —s2'/? in RP\T,

(8.11)

where C' is a constant independent of s1 and s2, and g = g(s) for any s € [—eo, £¢).

Proof. Recall that p?o is the origin and 291 < --- < zo,n. It follows from Proposition 8.5 above
and (the proof of) Proposition 3.9 of [12] that for any r > 2(|z01| + |20.n|) and « € (0,1) there
exists a constant C', depending only on r, g, and the boundary data cy,...,cyy1 such that for
all s1,s9 € [—e0,20] and k =0, 1,2,3 we have

p k—3—«
(Vh(u(st) = uls2) | + (2) T 19hw(s1) = v(s2))
< Clsi— 52/ in B\ (TUN, Bs, (p?)) -
With the aid of (8.9), this in particular implies

sup  dgp (®(s1,y), P(s2,9)) < Cls1 — so|'/2.
BI‘\Ug\LlBéO (p?)

Furthermore, since the metrics g(s1) = g(s2) = é agree in By, U B , it follows that

A1+ dyg2 (®(s1,9), ©(s2,y))2 > 0 in Bs, U B, .

The first conclusion then follows from a maximum principle argument as in the proof of Lemma
8.3, together with Lemma 8.4. This inequality (8.10), in turn may be used to obtain the second
conclusion from the proof of [12, Proposition 3.9]. O

In the remainder of this section, we will study higher order regularity with respect to s. Let
g = g(s) be the metric as in (8.1). In view of (8.4) and ® = (u,v), define

Fi(s, @) = Agu — 2|V 0|2, Fa(s,®) = Agv+4Vu - Vyv,

and write F(s, ®) = (Fi(s, ®), Fa(s,®)). Let Ly = (Ls,1, Ls2) be the linearized operator of F
at ®. A straightforward computation yields

Leip=Agp1 — 864“|ng\2<p1 — 464“ng - Vg2,

(8.12)
Leop = Agpa +4Vgu - Vyps +4V v - Vg1,

for p = (1, 2) € CL(R3) x CH(R3\ T). Define
Bilp, o] = / (Vo1 - Vot + 8¢ |Vgulprehr + € Vs - Vgiba) dvol,
R

+ 4/3 64“((ng - Vgp2)th1 — (Vgv - Vgio1)tbe) dvoly.
R

This is the quadratic form associated with L.
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Proposition 8.7. Let ® = ®(s) be given by (8.3), for any s € [—eg,e0]. Then for all ¢ =
(01, p2) with 1 € CHR?) and py € CHR3\T) we have

1/3
Blod 20 ([ (ol +lelfar)

where C' is a positive constant independent of s.

Proof. For any t > 0 there exists ¢, € (0,¢) such that

2 g2 2 g2

d t
(P —&(P) =t—E5(D —— = ——&(P .
£(P +19) —£:(P) tdtg (®+ w)‘tzo T3 dt? t=t. 2 dt2g (®+tp) t=t

Moreover, as in the proof of Proposition 8.5 the estimate of [18, Theorem 4.1] applies to the
current setting and yields

Es(@ +ts0)‘

1/3
éq¢+waa@)zc</dW@Ht%@P@> ,
R

where C' is a positive constant independent of s. Therefore

12 . d2(® + o, @)\ 6 \V?
_ el > e :
e = lim g 10|, 2 tmigee ([ (FEED

3

Next note that the hyperbolic distance expression (8.9) implies
1
dyg2(® + 1, @) = S In(¢ + V/¢2 — 1), ¢ = cosh(2tey) + 2e2(2utte) 22,
Since ¢ = 1+ 2t2(p? + e*p3) + O(t3) we obtain

C+ V=1 =1+2t/p} + et + O(t%),
. dHQ(@—FtQD, (b) _ 2 du, 2
iy SR o v

The stated result then follows easily. O
For each s € [—&g, o], denote by H the closure of C}(R3) x C}(R3\ T') under the norm

el = v/ Bsle, ¢l

By Proposition 8.7 we have the following Sobolev type inequality

and hence

1/6
(813 ([ e+ e®lealay) < Cliol tor any o e

where C' is a positive constant independent of s. We point out that the space H is independent
of s and the norms ||p|| corresponding to different s € [—¢q, g¢] are comparable.
Consider the linear equation with boundary condition

(8.14) Low=f inR3\T, wy =0 onT\{pd,....0o%}.
Given f = (f1, f2) with fi, fo € L}, (R3), we say that w € H is a weak solution of (8.14) if

Bs[w, ¢] = — /R3(f1<,01 + e fapa)dvoly,
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for all ¢ = (g1, ¢2) € CL(R?) x CLRP\ T).
Lemma 8.8. Suppose that w € H is a weak solution of (8.14) with f as above and satisfying

11 )]+ €W fo(y)| < Cro(y) (L + y)) ™ fory e RP\T.
Then

Jwll3 < CCh,
where C' is a constant independent of s € [—ep, o] and w.

Proof. By the density of compact support functions in H, together with Holder’s inequality, and
the definition of weak solutions we have

Bs[w, w] = — /]1{3(flw1 + e4uf2w2) dvoly

<CC1 [ o)1+ ) (ol + sl dy

-1 - g 2u 6 C
<CCy o5 (1+y) s dy (lws] + €™ |w2|)” dy
R3 R3

2 6 %
<co (/ (Jwi| + €2 [ws)]) dy>
]R3

The lemma then follows from (8.13) immediately. O
It is now possible to improve Proposition 8.6 to obtain Lipschitz regularity in s.

Proposition 8.9. Let ® = ®(s) be given by (8.3), for any s € [—ep,e0]. Then for any s1,s2 €
[—€0,€0] we have

di2 (D(51,9), ®(s2,9)) < C(L+ [y)) 's1 — 52| in R*\T,
0,1)

and for k =0,1,2,3 as well as any o € ( it holds that

p k—3—«a
Vh(u(sn) = u(s2)l@) + (2) 19k @w(s) = v(s2)] ()
< Co 1+ [y) s —so| in RPN\ {pY, ... 0%,
where C' is a constant independent of s1 and s2, and g = g(s) for any s € [—eo, £¢).

Proof. Take any s, 7 such that s,s + 7 € [—£0,£0]. We will first derive an equation satisfied by
®(s+7) — D(s). Note that F(s+ 7, P(s+ 7)) = F(s,P(s)) =0, and thus

0=F(s+7,P(s+ 7)) — F(s,P(s))
=F(s+7,®(s+7)—F(s,P(s+ 7))+ F(s,P(s+ 7)) — F(s,P(s))
— Ls(®(s +7) — ®(s)) + Ls (®(s + 7) — D(5)).
This may be rewritten as

(8.15) Lo(®(s+7)—®(s)) = P(s,739) + Q(s, T3 9),
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where
P(s,1;y) = — []:(S +71,®(s+ 7)) — F(s,P(s + 7'))],
Q(s,m3y) = — []:(s, O(s+171)) — F(s,P(s)) — Ls (<I>(s +7)— CIJ(S))]

We point out that P involves g(s + 7) — ¢g(s) and hence is supported in Bss, \ Bs,, while @ is
quadratic in ®(s 4+ 7) — ®(s). Next set P = (P1, P») and Q = (Q1,Q2), and write g = g(s) for
brevity. Then a straightforward computations yields

Qi1(s,m3y) = 2™ (D7) — 1 — d(u(s + 1) — u(s)))|V40(s)|”
+ 2e1uS) (Al =ul) 1) (W 0(s + 1) 2 — |Vgu(s)[?)
+2e" |V v(s + 1) — Vyu(s) %,
and
Q2(s,73y) = —4(Vgu(s + 1) = Vau(s)) - (Vau(s + 1) — Vgu(s)).

For any s1,s9 € [—£0,&0] write s1 = s and s9 = s+ 7, then according to (8.15) we find that
D(sy) — P(s1) is a solution of (8.14) at s = s1 with

f="P(s1,52 = s13) + Q(s1, 82 — 515°).
By the explicit expressions of @)1 and @2, Proposition 8.6, as well as (8.6) and (8.8) we have
|Q1(s1, 52 — s1;9)| + €| Qa(s1, 52 — s13)| < Clsy — salo (1 + [y]) 2

on R3\ I'. A similar estimate holds for P, since P;, P, involve g(s1) — g(s2) and are therefore
supported in Bsgs, \ Bs,. Denoting f = (f1, f2), it follows that

1)+ €@ fa(y)] < Clsi — salo2(1+[y))™> in R¥\T.
By Lemma 8.8, noting that ®(s1) — ®(s2) € H in light of (8.8) and (8.11), we get
[@(s1) — ®(s2)[[2 < Cls1 — saf-
Inequality (8.13) then produces

1/6
(/ﬂ@(\u(sﬂ —u(s2)| + 62“(31)]1)(31) — v(s9)])° dy) < Cls1 — 83,

and hence the distance formula (8.9) yields

</R3 diz (®(s1), @(82))6dy>1/6 < Clsy — s3l.

This is an improvement of Proposition 8.5 from the power 1/2 to 1 for |s; — s2|. We can now
repeat the proof of Proposition 8.6 to obtain the desired result. O

We will next prove differentiability of ®(s) with respect to s.

Proposition 8.10. Let & = ®(s) be given by (8.3), for any s € [—o,e0]. Then V'g@(s) is
differentiable in s except on the axis for k =0,1,2,3, and for any o € (0,1) it holds that

(8.16) |v’;asu<s>|<y>+(g)'“*‘”’*“rv’;asv(sn(y)sca—’f<1+|y\>—1 in RS\ T,

where C' is a constant independent of s.
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Proof. We will adopt the notation from the proof of Proposition 8.9. Consider the difference
quotient

1L¢@y=%@@+4d—¢@%

for 7 # 0. By Proposition 8.9, for £ =0,1,2,3 and any s,s + 7 € [—£0, £9] we have

(.17) VD)) + (2) T IVED ()l w) < CoF1 4y in BT,

We will prove that the limits of V¥D,u(s) and V¥D,uv(s) exist as 7 — 0, therefore showing that
V’gu(s) and V’;v(s) are differentiable in s and satisfy (8.16).
Dividing (8.15) by 7 produces
1 1
LSDT(I)(S) = ;P(S,T; y) + ;Q(S,T; y)

For any s, 7, and 7" # 0 with s,s + 7,5 + 7’ € [—&0, e¢] define w(s,7,7") = D ®(s) — D P(s),
and observe that a simple subtraction yields

(8.18) L, [w(s,T, T’)] = f(s,7,7'),
where
N — 1P . 1 P /. 1 . 1 /.
f(SaTvT) - ; (877—7 ) - ; (877— ,') + ;Q(S7T7 ) - ;Q(S7T ) )

The two differences on the right-hand side will be estimated below. In particular, by writing
f = (f1, f2) we claim that

(819)  Ifi(s, )W) + 2D\ fols,7,7)(y) < Clr — o 2(1 + |y) 2 in R\ T
With this, Lemma 8.8 applies to give
lw(s, 7, 7)< Clr —7'].

Moreover, after setting w = (wq,w2) we find that (8.13) implies

1/6
(/ (’wl(s’T’T/)’ +eQU(S)|w2(Sa7—77—,)‘)6 dy) S C‘T—T/|7
R3

and hence by the definition of w it follows that

</]R3 dy2 (D 2(3), DT’q)(S))GdZ/) v <C|r -7

We now proceed as in the proof of Proposition 8.6. Take any r sufficiently large, ¢ sufficiently
small, and any a € (0,1). By (the proof of) Proposition 3.9 of [12], for k = 0, 1,2, 3 we have

VEDou(s) — D]l + (2) 7 IV5Dru(s) — Dorn(s)]

<Olr—7| in By \ (TUX, B;s(»))),

(8.20)

where C'is a constant depending on r and §, independent of s. Hence, for k = 0, 1, 2, 3 the limits
of D,V*u(s) and D,V¥*u(s) exist as 7 — 0, and thus V¥u(s) and V*v(s) are differentiable with
respect to s in By \ (T'UN, Bs(p?)) for any r,d > 0.
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We now establish (8.19). Consider first the term
Qa(s,7;-) = =472V yDru(s) - V,Drv(s),
and observe that
%QQ(S,T; )= %T,Qg(s, ') = =7V gD u(s) - VyDrv(s) + 7'VyDpu(s) - VyDrro(s)
= —, (u(s +7) = u(s + 7)) - V4 Dr0(s)

+ (1 = 7")VyDru(s) - VgDru(s)
+ Vg (v(s+ 1) —v(s+7)) - VgDru(s).

Then Proposition 8.9 and (8.17) imply

1 1 _ o .
e2uv) ;QQ(S,T;y> - ;QQ(S,’T,;y)‘ <Clr—"7|o 2(1 + |y]) 2 inR? \T.
Estimates for @1, Pi, and P> may be achieved similarly, yielding the desired conclusion. O

For a later purpose, we shall improve (8.20) so that for any large r, « € (0,1), and k = 0,1, 2,3
the following estimate is valid

(VED-u(s) — Drau)]| + (2) 7 [VEDru(s) — Dol

<Co7kr—7'| in B \T,

(8.21)

where C'is a constant depending only on r, independent of s. To see this, first rewrite (8.20) as
k / PR3 g / "no N 0
|vgw1(sa7—a7—)|+ E ’vgw2(577a7)| < C|7-77— | m BI‘\ (F Ui=1 B5(pz))

By applying Proposition 7.2 to equation (8.18) near each puncture p?, we find that there exists
a ¢ > 0 sufficiently small such that

sup (]wl(s,T, 7'/)’ + (g) _2’w2(3,7', TI)‘)

Be\T'

-2
< s (s )+ (2) et )
Be\(PUIL, Bs (1)) 7

2 / P2 2 '
+;11\1; (\0 fi(s, 7,7 + (G> 0% fa(s, 7,7 )|>
<Cl|r -7

This inequality, together with the proof of Proposition 3.9 of [12], then yields (8.21). We next
study the asymptotic behavior of 9;®(s) as y — {p},...,p }-

Proposition 8.11. Let ® = ®(s) be given by (8.3) and ®;(s) = (u;(s),vi(s)) be the map

satisfying (8.7), for any s € [—eg, 0] and any puncture p?. Then Vgg(I)i(s) 1s differentiable in s
except at the north and south pole for k =0,1,2,3, and for any « € (0,1) we have

(8.22) |VE:05i(s)| + (sin 0;)" 37| VE,050,(s)| < C' on S*\ {N, S},
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and for I + k < 3 it holds that

sup (| (riOr,)' VE[Osu(s, 14, 0;) — Ostis (s, 6;)]]
S2\{N,S}

+ e(BromhI() | (1,0, )7, [040(s, 74, 0;) — Bt (s, 0,)]|) < Cr?

in Bs,(pY) \ {pV}, where C and B are positive constants independent of s, r; = |y — p?|, and
py)

sin&i: o
K3

Proof. The proof consists of three steps. Throughout, we will fix a puncture p?.

Step 1. We will show that V’S“QCR-(S) is differentiable in s for k = 0,1,2,3, and that (8.22)
holds. To this end recall that for k¥ = 0,1,2,3, any s1,82 € [—¢€g,¢0], and any a € (0,1),
Proposition 8.9 implies

k P\ET3e Ok
Vglu(s1) —uls2)]|(y) + [Vglv(s1) —v(s2)](y)
<Co *1+|y)"s1 — 52| in R3\T.
By letting y — p? and using (8.7) we obtain
V& [@i(s1) — wi(s2)]| + (sin0)* 2~ |V5a[05(s1) — Di(s2)]]
< Clsy — so| on S?\ {N,S}.
In other words, V’S“Qai(s) is Lipschitz in s for £ = 0,1, 2,3. This is the counterpart of Proposition
8.9 for ®; = (u;,v;). Note that ®; is a harmonic map from S?\ {IV, S} to H2. By proceeding as
in the proof of Proposition 8.10, we obtain the desired result. In fact, the proof in the present
case is easier since S? is compact.

Step 2. We will show that there exists a map @El)(s) = (ﬂgl)(s), T)El)(s)) with both component
functions in C*%(S?) for any a € (0, 1), while the second satisfies 271(1)(3) =0 at N and S, such
that for [ + k£ < 3 it holds that

sup_(|(r30,)! VEa[Dsu(s, 14, 0:) — 3 (s,6,)]
(8.23) e
T B (1,0, Yk 0,0(s, 7, 00) — 0 (s,0)]]) < O

in Bs,(p?) \ {p?}, where C' and 3 are independent of s. To prove (8.23) differentiate (8.4) with
respect to s, and observe that in view of (8.12) we have

(8.24) Ls0s® =Py,
where P; = (P11, P1,2) with
P =— g Dgpu — 83(8ag“b + ¢®9, In \/c?tg)abu + 29,9, v,
Pio=— gD — 88(8ag“b + g9, In \/(th)@bv — 48,g™ 0 udpv.
Note that Py is supported in Bag, (p¥) \ Bs,(p}) so that
Ls0s® =0 in By, (p?)\ T, dsv =0 on T N By, (p)).

Utilizing (8.16), Proposition 7.1 as well as the proof of Proposition 3.8 of [12] for higher order
derivatives, we obtain (8.23).
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Step 3. We will now prove that 9;®; = 551). Since D ®(s) — 9s®(s) as 7/ — 0 by Proposition
8.10, it follows that letting 7/ — 0 and taking k£ = 0 in (8.21) produces

IDru(s) — dyuls)| + (£) 7 IDrols) — duels)| < Clrl in BT,
Sending y — p? then yields
1D-2i(s) — i (s)] + (sin ;) 3| Dro(s) — " (s)] < Clr| on S?\ {N, 5}.
Finally, by 7 — 0 we obtain 9,®; = @El). 0
Lastly, we will establish the smooth dependence of ®(s) on s.

Theorem 8.12. Let ® = ®(s) be given by (8.3) and ®;(s) = (u;(s),v;(s)) be the map satisfying
(8.7), for any s € [—eq,e0] and any puncture p?. Then for k = 0,1,2,3, the maps V’;CI)(S)
and V’S%(f)i(s) are smooth in s, except on the axis. Moreover for these k, any j > 1, and any
a € (0,1) we have

. k—3—«a .
(825 IVEu()w) + (2) T IVE(s)I(w) < CoTF A+ )Tt inRI\T,
(8.26) IVE,01(s)| + (sin 6;)F 3| VE,005i(s)| < € on S*\ {N, S},
and for I +k <3 and 0 < r; < dg it holds that

SZ\SFJ\I/')S} (1(ri0,) ' VEa[Du(s, 7, ;) — Hwi(s, )]
(8.27) : )
+ eGremh)| (30, )V (000 (s, 74, 05) — D0i(s,0,)]]) < Cr?

ply)
T

where C and 3 are positive constants independent of s, and r; = |y — pg| with sin 0; =

Proof. By Propositions 8.10 and 8.11 we have that V’;@(s) and V’S"Q ®,(s) are differentiable in
s, and that (8.25)-(8.27) hold for j = 1. We now prove that VE®(s) and VE,®;(s) are twice
differentiable in s, and that (8.25)-(8.27) hold for j = 2. The proof consists of several steps.
Recall that 0;® satisfies (8.24).

Step 1. We claim that for k£ =0,1,2,3 any s1,s2 € [—€p,£0], and any « € (0,1) it holds that

VhDaus1) — duls2llw) + ()" 198051 — (sl (w)
< Co F1+|y)) 7Y s1 — s2| in R3\T,

where C' is a positive constant independent of s; and s3. The proof is similar to that of Propo-
sition 8.9, with ® there replaced by 0.

Step 2. We claim that Vg@sé(s) is differentiable in s for k = 0,1,2,3, and that (8.25) holds
for j = 2. The proof is similar to that of Proposition 8.10, again with ® replaced by 0.

Step 3. We claim that Vggas@i(s) is differentiable in s for k = 0,1, 2,3, and that (8.26) holds
for 5 = 2. The proof is similar to Step 1 in the proof of Proposition 8.11.
Step 4. We will show that there exists a map <i>l(-2)(s) = (ﬁ@)(s) 17(2)(5)) with both component

A e}

functions in C*%(S?) for any « € (0, 1), while the second satisfies 172(2)(3) =0 at N and S, such
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that for [ + k < 3 and 0 < r; < g it holds that
sup  (|(ridr,) VE [02u(s, i, 6;) — 0\ (5, 6,)]]
S2\{N,S}
+ eBrahu)| (r,0, ), [020(s, 74, 0;) — 812 (s,60:)]]) < CrP

where C' and 3 are independent of s. To this end differentiate (8.24) with respect to s, or
differentiate (8.4) with respect to s twice to obtain

L02® = Py,
where Py = (P21, Pa,2) with
Pa1 = 05P11 — 059" 0upOsu — 95(0ag™ + g™ 04 In \/det g)IpOsu
+ 885(64“\ng|2)85u + 433(64“ng - Vyg)0sv,
Pan = 05P12 — 359™0up0sv — D5(0ag™ + ™0, In \/det g)9, 050
—40s(Vgu - V4)0sv — 405(V4v - Vy)Osu.
We may then proceed similarly to Step 2 in the proof of Proposition 8.11 to obtain the desired
conclusion.
Step 5. We claim that 9?®; = <i>§2). The proof is similar to Step 3 in the proof of Proposition

8.11. This completes the proof for j = 2.
The general case may be treated by induction. O

Proof of Theorem 3.1. Assuming all components of z are allowed to vary, the same conclusions
as above remain valid. In particular the map BN (zg) — C;Z(R3 \ UN, {pV},R?) given by
z > (U, oI, v, 0 I1,), and the map BN (zg) — C3<(S? R?) given by z (Ugi,g;) for each
1 =1,...,N, are smooth in s for some small ¢ > 0. Since II, is a diffeomorphism, the first
conclusion of Theorem 3.1 holds.

We will now consider estimates for the derivatives with respect to z. Observe that for each

j=1,...,N, a simple differentiation along with II,(y) = x produces
02;(Py 0 z(y)) = 02, Pa(x) + VO, (2) - 02, 14(y)
= azj@z(x) + 023 P2 ()X (Y1, Y2, Y3 — 20,5)-
Let ¢j(x) = x(II;}(x) — 20 e3) and note that this function is supported in Bas, (p?), and set

z

7(x) = o(I;}(z)). It follows from Theorem 8.12 that for k = 0,1,2,3 and any a € (0,1) we

V(0 s + Ouya)| () + () I9H @y v+ Org)() < CoH1 4 Ja)
in R3\ T, as well as
IVE,0., 1] + (sin 0;)" 3| VE,0.,,,] < C on §*\ {N, S},
and for [ + k <3 and 0 < r; < §p it holds that

sup (’(Tiari)lvg2 [(az] Ug + aacg,“ij) - 8zj-ﬁz,i”
S2\{N,S}

+ e(Breh)us | (1,0, VVE, (D20, + DuygvaCy) — 0, 054)]) < O,
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for some constants C' and 3 > 0. ]

Proof of Corollary 3.2. By a direct computation
Ut7 'Ut Z 82’] UZ7 UZ

In each ball B, /5(p;) we have the following expansion by (3.4) of Theorem 3.1, namely

0., (Ugs v2) = —84j (OayUs, Onyve) + 0z, (Ui Tgi) + O(r2).

J

Next observe that
0z; (Usis i) 25 = 0 (Un(t),5 Ua(t)i) = Ob; (Ui Vi) by,
and by [12, Theorems 2.1 and 2.2] (see (3.1)-(3.3)) it holds that

1)-
(OrsUss Oryva) = (25%,0) + 0, (U ) Oas + O )
) -

_ <a:3 zi .0 p@g Zz,vZZ)+O(Ti6i_1).

Therefore

(Ut, Ut) = |:_ (msr zi O) + 69 ( 2,03 Uz 2):| Zi + 81,1. (Uz7i,ﬁz,@') bl + O(r?ifl).
’ 1

Regarding v, the remainder O(Tfﬁl) can be refined to O(rfifl(sin 0;)%) as we have the weighted

estimates. Hence (3.5) is proved. The remaining two estimates of this corollary may be estab-

lished similarly, and we omit the details. g

APPENDIX A. MISCELLANEOUS COMPUTATIONS

Lemma A.1. Letry, ry be the respective Euclidean distances to the (Cartesian) points (0,0, F2n) €

R3 where n > 0, and set D = {(p,z,¢) €R® | 2 >0, ro > n}. Then within D we have
(A.1) <5

2

Proof. On D, consider the function

r2  p?+(z—2n)% +8nz 8nz
flos) =T - EET Ry B
"2 "2 "2

Clearly f is a decreasing function of p, and hence f(p, z) < f(p, z) for (p, z) € OD where dD is the
left-hand portion of the projected boundary of D within the pz-half plane. This left-hand portion
of the projected boundary consists of three parts within the half plane: I={p =10, 0 < z < n},
M={ra=nn1<z<3n}and IIl = {p =0, 3n < z < co}. As a function of z, we find that f
is increasing on I U II and decreasing on III. Therefore, its maximum value on the closure of D
is achieved at the z-axis when z = 37, and (A.1) follows. O
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Corollary A.2. Letrq, ry be the respective Euclidean distances to two distinct points p1, pa € R3,
and set 4n = |p1 — p2| to be the distance between them. Then

Lon g
5 ro T

outside of the two balls of radius n centered at p1 and ps.

Proof. Without loss of generality it may be assumed that the points p; and py are located on
the z-axis, and that the origin is located at the midpoint between them. Lemma A.1 then states
that r1/ro < 5 in the upper half-space z > 0 outside B, (p2), and hence ry/ry > 1/5 there.
Also clearly 79 < 71 in the upper half-space, so that r1/re > 1 there. By symmetry we obtain
r1/r2 > 1/5 in the lower half-space outside By (p1), and also ri/ry < 1 there. Combining these
inequalities yields the desired result. O

Lemma A.3. Let §,n > 0 and po,p1,p2 € R be such that By(p;) C Bsa(po), i = 1,2 with
|p1 — p2| = 4n and po = (p1 + p2)/2. Set r; to be the Fuclidean distance to p;, i = 0,1,2. Then
for any A € [0,1] we have

(A.2) Alnr+ (1= A)Inry —Inrg| <In2, |Vinr| < 30,

outside Bja(po)-

Proof. Let i = 1,2. By the triangle inequality
7"0§7”i+27]<7“i+%,

and thus dividing by r; produces

(A.3) FSILULPY

T Ti

outside Bj/s(po), since in this region r; > §/4. Similarly

1)
Ti§T0+277<7‘0+Z,

and hence

outside Bs/s(po). Therefore in this region
|Inr; — Inrg| <In2,
and (A.2) follows by the triangle inequality after rewriting Inry as a convex combination
Alnry+ (1= A)Inrg —Inrg| < A|Inrp —Inrg| + (1 = A)|Inrg — Inrg| <In2.
Lastly, for the gradient bound observe that (A.3) implies 1/r; < 2/rg outside Bj/a(po). The

desired estimate now follows. O

Lemma A.4. Let ®; = (u;,v;), i = 1,2 be extreme multi-Kerr harmonic maps with the same
potential constants on '} = [a,00) C z-azis, for a > 0 sufficiently large so that there are no
punctures on this axis interval. Then dgz(P1, P2) — 0 as r — oo with 0 < 0 < /2.
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Proof. Recall the hyperbolic distance formula [30, Lemma 3] given by
cosh (2dg2 (1, ®2)) = cosh (2(u1 — ug)) + 2e2(1742) (v — 19)2,

Observe that the expansions of [12, Theorem 2.3], on the complement of ball B,(0) with 0 <
0 < /2, imply that

(A.4) up —up = O(r 1), v1 — vy = O(sin® ),

as r — 0o. Here we have utilized the fact that the constant term in the expansion of u; vanishes,
see Lemma 8.4. Therefore

cosh (2dg2 (1, ) =1+ O(r 1)
in this region, and the desired result follows. O

Remark A.5. We note that an analogous result holds for I', = (—o0, —a] and 7/2 < 0 < T,
using the same asymptotics (A.4). Similarly, the result is valid for 0 < §; < 6§ < 6, < 7 without
hypotheses concerning potential constants, where we only need to use the first inequality in
(A.4) and boundedness of vy, va.
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