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Abstract. We prove the black hole uniqueness conjecture in the axially symmetric, stationary,
electrovacuum setting, subject to the refined asymptotic analysis of the associated singular
harmonic maps, which includes an analyticity hypothesis at the axes. More precisely, it is
shown that any asymptotically flat solution of the Einstein–Maxwell equations in this class, with
more than one black hole horizon component is either: Majumdar–Papapetrou, up to a duality
rotation, in which case all logarithmic angle defects vanish, or every finite axis rod logarithmic
angle defect is strictly negative and hence every interaction force is strictly attractive. The proof
extends the singular harmonic map method used for vacuum Kerr uniqueness in [18].

1. Introduction

A fundamental question of general relativity asks to what extent a stationary black hole is
determined by its conserved charges. For the four-dimensional Einstein–Maxwell equations, the
expected connected-horizon answer is the Kerr–Newman family. The classical proofs are based
on the Ernst formulation [16], divergence identities, and the harmonic map structure of the
reduced field equations; see Carter [5, 6, 7], Robinson [35], and Mazur [31]. More recently in
[15], Costa classified stationary, I+-regular, analytic, nondegenerate electrovacuum black holes
in terms of Weinstein solutions and obtained Kerr–Newman when the horizon is connected, see
also the discussion in [9, Section 3]. The connected rotating degenerate case was treated by
Amsel–Horowitz–Marolf–Roberts [1] and by Chruściel–Nguyen [11]. Moreover, a constructive
axis-potential proof, including the extreme case, was given by Meinel [32].

Disconnected horizons introduce different phenomena. Recall that in vacuum, there are no
regular static multi-black hole solutions [4, 13], and the conical singularities in the Bach–Weyl
and Israel–Khan metrics [3, 21] represent the struts needed to prevent collapse. On the other
hand, electromagnetic repulsion creates the possibility of regular balanced solutions. Indeed,
Majumdar [30] and Papapetrou [34] found the explicit static solutions

gmp = −U−2
mpdt

2 + U2
mp dx2, Ump = 1 +

N∑︂
i=1

mi

|x − pi|
, mi > 0, (1.1)

on R× (R3 \ ∪N
i=1{pi}), and Hartle–Hawking [20] showed that the apparent point singularities are

in fact degenerate horizons. Here, mi represents the mass and charge of each black hole. Chruściel–
Nadirashvili [10] proved that a static, asymptotically flat electrovacuum black hole locally of
Majumdar–Papapetrou type, with nonsingular domain of outer communications, is necessarily a
standard Majumdar–Papapetrou solution. Furthermore, the static electrovacuum classification of
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Chruściel–Tod [14] identifies the alternatives of Reissner–Nordström and Majumdar–Papapetrou
under certain global hypotheses. We mention also the analysis of Israel–Wilson–Perjés black
holes in [12], the Majumdar–Papapetrou classification of Lucietti [29], and the recent related
work of Hirsch–Zhang [25].

The remaining balance problem is to understand rotating and charged configurations with
several horizon components. In Weyl–Papapetrou coordinates, the stationary axisymmetric
Einstein–Maxwell equations reduce to a singular harmonic map into complex hyperbolic plane.
Weinstein used this structure to construct all possible configurations of nondegenerate horizons
[39, 40], while Khuri–Weinstein [26] treated the case of degenerate horizons. The reconstructed
metrics are smooth away from possible conical singularities on finite axis rods. Regularity of the
reduced harmonic maps at axis interiors was established by Nguyen [33]. An alternative approach,
via inverse scattering techniques, gives a complementary finite dimensional description of the
charged balance conditions, see Hennig [22, 23, 24]. Nevertheless, the question of determining
which charged multi-black hole configurations can exist in equilibrium without struts, has stayed
largely open until now.

In the vacuum setting, the authors recently proved that every finite axis rod has negative
logarithmic angle defect, and hence positive attractive force, for arbitrary finite mixed config-
urations of nondegenerate and rotating degenerate horizons [18]. The proof combines refined
puncture asymptotics from [17] with a global differential inequality for the Weyl conformal factor,
and a local analysis at special points along axis rods. The purpose of the present work is to
generalize this result to the electrovacuum setting, and identify the Majumdar–Papapetrou family
of solutions as the only balanced configurations.

We now describe the setting of the main theorem. Let Γ = {ρ = 0} ⊂ R3 denote the
rotation z-axis in cylindrical coordinates (ρ, z, ϕ), with ϕ of period 2π. On the domain of
outer communications away from the orbit space boundary, the spacetimes under consideration
have topology R × (R3 \ Γ), and their axisymmetric stationary electrovacuum metrics take the
Weyl–Papapetrou form

g = −e2Udt2 + ρ2e−2U (dϕ+ w dt)2 + e−2U+2α(dρ2 + dz2). (1.2)

Here ∂t and ∂ϕ are respectively the stationary and rotational Killing fields. Setting u = U − ln ρ,
Einstein–Maxwell equations reduce to solving for an axisymmetric harmonic map

Φ = (u, v, χ, ψ) : R3 \ Γ −→ H2
C,

where the target complex hyperbolic plane has metric

hH2
C

= du2 + e4u(dv − ψ dχ+ χdψ)2 + e2u(dχ2 + dψ2). (1.3)

The functions v, χ, ψ represent the charged twist and electromagnetic potentials. The full
equations, and reconstruction quadratures which derive α and w from the harmonic map, are
recorded in Section 2.

The boundary {ρ = 0} of the orbit half-plane decomposes into alternating horizon and axis
intervals. Write

Hi = [z−
i , z

+
i ], z−

i ≤ z+
i < z−

i+1, 1 ≤ i ≤ N,

for the horizon components. If z−
i < z+

i , the interior of Hi is a nondegenerate horizon rod,
and the endpoints (0, 0, z−

i ) and (0, 0, z+
i ) are the lower and upper poles of the horizon. If
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z−
i = z+

i = zi, the horizon is degenerate and is represented in the orbit space by the puncture
pi = (0, 0, zi) ∈ R3. The complementary axis rods are

Γ1 = (−∞, z−
1 ), Γj+1 = (z+

j , z
−
j+1), ΓN+1 = (z+

N ,∞), 1 ≤ j ≤ N − 1.
On each Γj , the three potentials have constant traces. With a fixed orientation and electromagnetic
gauge, their jumps encode the individual angular momenta and charges of the horizons Hi, by

Ji = 1
4(vi+1 − vi), Qe

i = 1
2(χi+1 − χi), Qb

i = 1
2(ψi+1 − ψi), 1 ≤ i ≤ N,

as in [26]. The total charge will be denoted by Qi =
√︂

(Qe
i )2 + (Qb

i)2.
The logarithmic angle defects bj also arise directly from the reconstructed harmonic map data.

More precisely, standard axis regularity implies that α has a constant trace on each axis rod.
For z0 ∈ Γj , the appropriate radius/circumference ratio computed from (1.2) yields

ebj := lim
ρ→0

∫︂ ρ

0
eα(s,z0)−U(s,z0) ds

ρe−U(ρ,z0) = eα(0,z0) ⇒ bj = α|Γj .

The corresponding interaction force [37] may then be expressed as

Fj = 1
4

(︂
e−bj − 1

)︂
,

so that bj < 0 is equivalent to a strictly positive, or attractive, force on the axis rod. In the
asymptotically flat setting, α → 0 at infinity, and hence the two semi-infinite rods satisfy

b1 = bN+1 = 0. (1.4)
Section 2 gives the definition of a stationary electrovacuum singular harmonic map with

black hole rod data, which is used in the statement of our main theorem. This notion records
the standard horizon, axis, and infinity asymptotics of the harmonic maps that arise from
asymptotically flat, axisymmetric, stationary electrovacuum spacetimes.

Theorem 1.1. Let N > 1, and let
Φ = (u, v, χ, ψ) : R3 \ Γ −→ H2

C

be a stationary electrovacuum singular harmonic map with N black hole horizon components.
Assume that

Ji ̸= 0, or Qi ̸= 0,
for every degenerate horizon component; no such hypothesis is imposed on nondegenerate horizon
rods. Then exactly one of the following alternatives holds.

(i) Every finite axis rod has negative logarithmic angle defect,
bj < 0, 2 ≤ j ≤ N.

(ii) Every horizon component is degenerate, all axis defects vanish, and Φ is the harmonic map
of a Majumdar–Papapetrou spacetime, up to a Heisenberg translation in the target space
and a constant duality rotation of the Maxwell field.

Remark 1.2. The conditions that characterize stationary electrovacuum singular harmonic
maps, in Definition 2.1, including analyticity at the axes, arise as consequences of substantially
weaker assumptions [19], see the discussion in Section 2.2.
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The theorem is formulated entirely at the level of singular harmonic maps. Its standard space-
time consequence may be briefly summarized as follows. Suppose that an analytic, asymptotically
flat, stationary electrovacuum black hole spacetime satisfies the usual I+-regularity hypotheses.
If at least one component of the event horizon is rotating, the rigidity theorem [8], yields a global
axial Killing field, independently of horizon connectedness or degeneracy. The electrovacuum
circularity theorem [9] then gives the Weyl–Papapetrou reduction, and corresponding stationary
electrovacuum singular harmonic map. If the horizon were disconnected, regularity of the finite
axis rods would rule out alternative (i) of Theorem 1.1, while the remaining alternative would
imply that the spacetime is Majumdar–Papapetrou and hence static, contradicting the presence
of a rotating horizon component. The horizon is therefore connected, and the known connected-
horizon classifications imply that the domain of outer communications is Kerr–Newman: Costa
[15] in the nondegenerate case, and Chruściel–Nguyen [11] or Amsel–Horowitz–Marolf–Roberts
[1] in the degenerate case.

If, on the other hand, every horizon component is nonrotating, axial symmetry does not
follow merely from analyticity, as the Majumdar–Papapetrou family demonstrates. However,
if the domain of outer communications admits a smooth maximal Cauchy surface, then the
electrovacuum staticity theorem [36] implies that the solution is static, and the classification
of Chruściel–Tod [14] gives Reissner–Nordström when the horizon is connected and Majumdar–
Papapetrou when it is disconnected. Thus, under the rigidity theorem hypotheses in the rotating
case and the staticity theorem hypotheses in the nonrotating case, the Kerr–Newman/Majumdar–
Papapetrou dichotomy follows. In this overall picture, Theorem 1.1 provides the key step in the
rotating case by excluding disconnected event horizons.

We now outline the proof for the main theorem. A central observation is a new nonlinear
differential inequality for the Weyl conformal factor α. More precisely, by differentiating the
Weyl quadratures equations that determine α, and exploiting the complex-square structure of
the harmonic map stress-energy tensor we arrive at

∆ρ,zα+ ρ−1|∇α| ≥ 2e4u|dv − ψ dχ+ χdψ|2 ≥ 0. (1.5)

By invoking the maximum principle on a sequence of exhaustion domains that are separated
from the axis in the orbit space half-plane, and using the asymptotics at nondegenerate horizon
poles and degenerate horizon punctures, we obtain the global upper bound

α ≤ max
1≤j≤N+1

bj . (1.6)

This conclusion is analogous to the first goal in the proof for the vacuum setting [18]. At this
point, the strategies for the vacuum and electrovacuum cases diverge, since here we intend to
take advantage of the analyticity condition of the reduced harmonic map along axis rods, while
in [18] such analyticity is not assumed. Let Γj be a finite axis rod which realizes the largest
logarithmic angle defect. Near this rod analyticity yields the factorizations

U = F (ρ2, z), v = ρ4G(ρ2, z), χ = ρ2H(ρ2, z), ψ = ρ2K(ρ2, z),

and at an interior maximum for U |Γj we show that

αρρ(0, z) = 4e2F (0,z)(︁H(0, z)2 +K(0, z)2)︁
.
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The global upper bound forces this expression to vanish at the maximum. This, combined with
the differential inequality (1.5), and further asymptotic analysis, gives α ≡ 0. The conclusions of
Theorem 1.1 then follow in a relatively straightforward manner.

The paper is organized as follows. Section 2 records the complex-hyperbolic reduction and
the harmonic map asymptotic class. Section 3 establishes the Weyl conformal factor differential
inequality (1.5), and the global upper bound (1.6). The axis factorization of α, and a related
quadratic boundary rigidity theorem, are provided in Section 4. The proof of the main theorem
is given in Section 5.

Acknowledgements. This project was made possible in part by a SQuaRE at the American
Institute of Mathematics. The authors thank AIM for providing a supportive and mathematically
rich environment.

2. The Electrovacuum Singular Harmonic Map

2.1. The complex hyperbolic reduction. By setting u = U − ln ρ, the Einstein–Maxwell
equations for the Weyl-Papapetrou metric (1.2) reduce ([40]) to an axisymmetric harmonic map
system for Φ. If

Θ = dv − ψ dχ+ χdψ,

then, with all norms and differential operators taken with respect to the Euclidean metric on
R3 \ Γ, the harmonic map equations may be expressed as

∆u = 2e4u|Θ|2 + e2u(︁
|∇χ|2 + |∇ψ|2

)︁
,

div(e4uΘ) = 0,
div(e2u∇χ) − 2e4uΘ · ∇ψ = 0,
div(e2u∇ψ) + 2e4uΘ · ∇χ = 0.

(2.1)

The remaining metric functions w and α are recovered by quadrature, namely

wρ = 2ρe4uΘz, wz = −2ρe4uΘρ, (2.2)

αρ = ρ
[︂
U2

ρ − U2
z + e4u(Θ2

ρ − Θ2
z) + e2u(χ2

ρ − χ2
z + ψ2

ρ − ψ2
z)

]︂
, (2.3)

αz = 2ρ
[︂
UρUz + e4uΘρΘz + e2u(χρχz + ψρψz)

]︂
. (2.4)

Moreover, the spacetime field strength tensor for the electromagnetic field is related to the
electromagnetic potentials by

dχ = ι∂ϕ
∗gF, dψ = ι∂ϕ

F,

and given explicitly as

F = (dϕ+ w dt) ∧ dψ − ∗g
(︁
(dϕ+ w dt) ∧ dχ

)︁
,

where ∗g denotes the spacetime Hodge star and ι∂ϕ
is interior product.

The integrability conditions for (2.2)–(2.4) follow from (2.1). Furthermore, since the target
space metric and the harmonic map equations are real analytic, elliptic regularity shows that Φ
is real analytic on {ρ > 0}; the quadratures then imply that w and α are real analytic there as
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well. We also note that the complex hyperbolic target space H2
C is invariant under the Heisenberg

translation isometries

v ↦−→ v + a3χ− a2ψ + a1, χ ↦−→ χ+ a2, ψ ↦−→ ψ + a3, (2.5)

where a1, a2, a3 are constants. Therefore, on any fixed axis rod, where v, χ, ψ have constant
traces, one may choose the constants in (2.5) so that all three traces vanish, while the 1-form Θ
is unchanged.

2.2. Regularity and asymptotics. We now state the local and asymptotic hypotheses for
the harmonic maps appearing in the main theorem. The conditions below are modeled on the
vacuum black hole class of maps in [18] and arise from: the axis and pole estimates of Nguyen
[33], Li–Tian [27, 28], Weinstein [37, 38, 39], as well as the puncture and infinity estimates of
Han–Khuri–Weinstein–Xiong [17]. The conditions concerning the Weyl conformal factor α follow
directly from the harmonic map asymptotics and equations (2.3)–(2.4). The primary difference
between the prior works listed above, and the conditions appearing below, is the analyticity at
the interior of axis rods. This, however, turns out not to be an additional restriction, see Remark
2.3.

Definition 2.1. Let Φ = (u, v, χ, ψ) be an axisymmetric weak solution of (2.1) on R3 \ Γ, having
the prescribed potential constants and horizon/axis rod structure along Γ as in Section 1. We
say that Φ is a stationary electrovacuum singular harmonic map with black hole rod data if the
following conditions hold.
(A1) Axes. Let Γj be an axis rod. For every compact subinterval I ⊂ Γj, after the Heisen-

berg translation (2.5) which makes the traces of v, χ, ψ vanish along this rod, there is a
neighborhood OI ⊂ R3 and a constant ΛI such that

|U | + eu(|χ| + |ψ|) ≤ ΛI on OI \ Γj ,

and the renormalized energy is finite∫︂
OI

[︂
|∇U |2 + e4u|Θ|2 + e2u(|∇χ|2 + |∇ψ|2)

]︂
dx < ∞.

Moreover, there exist real analytic functions F,H,K,G on OI such that, with s = ρ2,

U = F (s, z), v = s2G(s, z), χ = sH(s, z), ψ = sK(s, z). (2.6)

(A2) Nondegenerate horizons and poles. On the interior of a nondegenerate horizon rod,
u, v, χ, ψ are smooth, and in a neighborhood of each compact subinterval

u(ρ, z) = u0(z) +O2(ρ2), α(ρ, z) = ln ρ+O2(1), (2.7)

for some smooth function u0. At the lower and upper poles q−
i = (0, 0, z−

i ) and q+
i =

(0, 0, z+
i ), in polar coordinates (r±

i , θ
±
i ) centered at the pole,

α(r−
i , θ

−
i ) = bi + ln sin θ

−
i

2 +O((r−
i )γ−

i ), (2.8)

α(r+
i , θ

+
i ) = bi+1 + ln cos θ

+
i

2 +O((r+
i )γ+

i ), (2.9)
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for some γ±
i > 0, uniformly in the angular variable. On the adjacent axes,

U(0, z) = 1
2 ln |z − z±

i | +O(1). (2.10)

(A3) Degenerate horizons. At each puncture pi = (0, 0, zi) either

Ji ̸= 0, or Qi ̸= 0,

and there is an axisymmetric tangent harmonic map Φ̄i = Φ̄i(θi) from S2 \ {N ,S} → H2
C,

such that for any γ ∈ (0, 1),

(Ūi, v̄i, χ̄i, ψ̄i) ∈ C3,γ(S2), Ūi(θi) = ūi(θi) + ln sin θi,

and
sup

0≤θi≤π

⃓⃓⃓
U(ri, θi) − ln ri − Ūi(θi)

⃓⃓⃓
−→ 0 as ri → 0, (2.11)

with corresponding estimates for derivatives up to order three, where N ,S are the north
and south poles. Moreover, there is a function ᾱi ∈ C2([0, π]) with

ᾱi(0) = bi+1, ᾱi(π) = bi, (2.12)

such that the Weyl conformal factor satisfies

sup
0≤θi≤π

|α(ri, θi) − ᾱi(θi)| −→ 0 as ri → 0,

along with corresponding estimates for derivatives up to order two.
(A4) Infinity. As r → ∞,

U = O(r−1), α = O(r−2), ∇α = O(r−3). (2.13)

In particular, the additive constant in α is fixed by α → 0; the same is done for the metric
coefficient w.

2.3. Existence and uniqueness. Consider a general rod data set, consisting of a collection of
horizon rods {Hi}N

i=1, axis rods {Γj}N+1
j=1 , and corresponding collections of potential constants

{vj}N+1
j=1 , {χj}N+1

j=1 , {ψj}N+1
j=1 . By superposition of Kerr–Newman and extreme Kerr–Newman

harmonic maps, one may construct an axisymmetric model map Φ0 : R3 \ Γ → H2
C which realizes

this rod data set, and has the additional properties that its tension is globally bounded and
decays quickly at infinity; for an explicit construction in the case of degenerate horizons, see
Khuri–Weinstein [26, Section 3]. A typical exhaustion argument then yields the existence of a
unique axisymmetric harmonic map Φ : R3 \ Γ → H2

C which is asymptotic to Φ0 in the sense that

sup
R3\Γ

dH2
C
(Φ,Φ0) < ∞, dH2

C
(Φ,Φ0) → 0 as r → ∞.

We refer to the survey [41] for more details, and record these conclusions in the following result.

Proposition 2.2. Given a rod data set with arbitrary horizon, axis, and potential constant
configuration with model map Φ0, there is a unique axisymmetric harmonic map Φ : R3 \ Γ → H2

C
which is asymptotic to the model map.
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Remark 2.3. In a forthcoming work [19], the authors will show that each of the harmonic
maps arising from Proposition 2.2 satisfy the conditions (A1)–(A4), and are hence stationary
electrovacuum singular harmonic maps. In particular, this will show that the analyticity condition
assumed at the axes, is not an additional restriction on the class of maps, but is rather a natural
consequence of the regularity theory.

3. Weyl Conformal Factor Global Upper Bound

The desired global upper bound for the Weyl conformal factor will be achieved with the
maximum principle, applied to a nonlinear differential inequality that generalizes [18, Lemma
3.1] in the vacuum setting. We will first compute the 2-dimensional Laplacian of α. It will be
convenient to introduce the notation

A = |∇U |2, T = e4u|Θ|2, E = e2u(︁
|∇χ|2 + |∇ψ|2

)︁
,

and observe that the harmonic map equations imply

∆U = 2T + E . (3.1)

Moreover, note that if δ = dρ2 + dz2 + ρ2dϕ2 is the flat metric on R3 in cylindrical coordinates,
then the stress–energy tensor for the harmonic map is given by

TΦ = Φ∗hH2
C

− 1
2 |dΦ|2δ,hH2

C
δ,

with components

(TΦ)ρρ = 1
2

(︃
|Φρ|2hH2

C
− |Φz|2hH2

C

)︃
= −(TΦ)zz, (TΦ)ρz = ⟨Φρ,Φz⟩hH2

C
.

Here the target inner products are computed with respect to (1.3), for instance

|Φρ|2hH2
C

= u2
ρ + e4uΘ2

ρ + e2u(χ2
ρ + ψ2

ρ).

Lemma 3.1. Away from Γ, the Weyl conformal factor satisfies

∆ρ,zα = −A + 3T + E . (3.2)

Proof. Set
ξ = α− 2u− ln ρ.

Substituting U = u+ ln ρ into (2.3)–(2.4) produces

ξρ = ρ

[︃
|Φρ|2hH2

C
− |Φz|2hH2

C

]︃
= 2ρ(TΦ)ρρ, ξz = 2ρ ⟨Φρ,Φz⟩hH2

C
= 2ρ(TΦ)ρz.

Next differentiate these two equations, denoting by D the pullback connection of H2
C, to obtain

∆ρ,zξ = |Φρ|2hH2
C

− |Φz|2hH2
C

+ ρ ∂ρ(|Φρ|2hH2
C

− |Φz|2hH2
C
) + 2ρ ∂z⟨Φρ,Φz⟩hH2

C

= |Φρ|2hH2
C

− |Φz|2hH2
C

+ 2ρ ⟨Φρ, DρΦρ +DzΦz⟩hH2
C

.

In covariant form, the axisymmetric harmonic map equations are

DρΦρ +DzΦz + ρ−1Φρ = 0,
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and thus
∆ρ,zξ = −|Φρ|2hH2

C
− |Φz|2hH2

C
= −|∇u|2 − T − E .

Moreover,

∆ρ,zu = 2T + E − uρ

ρ
, ∆ρ,z ln ρ = − 1

ρ2 .

Since α = ξ + 2u+ ln ρ and U = u+ ln ρ, it follows that

∆ρ,zα = −|∇u|2 − T − E + 4T + 2E − 2uρ

ρ
− 1
ρ2

= −|∇U |2 + 3T + E ,

which gives (3.2). □

We are now ready to establish the nonlinear differential inequality for the Weyl conformal
factor.

Proposition 3.2. Away from Γ, the Weyl conformal factor satisfies

∆ρ,zα+ |∇α|
ρ

≥ 2T ≥ 0. (3.3)

Proof. Consider the complex valued functions

ζU = Uρ + iUz, ζ0 = e2u(Θρ + iΘz), ζ1 = eu(χρ + iχz), ζ2 = eu(ψρ + iψz),

and observe that the quadrature equations imply
|∇α|
ρ

=
⃓⃓⃓
ζ2

U + ζ2
0 + ζ2

1 + ζ2
2

⃓⃓⃓
. (3.4)

Indeed, the real and imaginary parts of the complex number on the right-hand side of (3.4) are
exactly αρ/ρ and αz/ρ, by (2.3)–(2.4). Furthermore, the triangle inequality gives⃓⃓⃓⃓

⃓⃓ζ2
U +

2∑︂
j=0

ζ2
j

⃓⃓⃓⃓
⃓⃓ ≥ |ζU |2 −

2∑︂
j=0

|ζj |2 = A − T − E .

Applying Lemma 3.1, we find that

∆ρ,zα+ |∇α|
ρ

≥ −A + 3T + E + (A − T − E) ≥ 2T .

This yields (3.3). □

We will now obtain the global upper bound for α, by applying the maximum principle on
a sequence of exhaustion domains. The first step is to estimate the asymptotic profile at each
puncture.

Lemma 3.3. Let pi be a degenerate horizon puncture, and let ᾱi be the function provided by
condition (A3). Then

αi(θ) ≤ max{bi,bi+1}, 0 ≤ θ ≤ π. (3.5)
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Proof. Insert the asymptotic expansion of α near pi, as given by condition (A3), into the
differential inequality of Proposition 3.2, multiply by r2

i and take the limit as ri → 0 to find

α′′
i (θ) + |α′

i(θi)|
sin θi

≥ 0, 0 < θi < π. (3.6)

We will show that a function satisfying (3.6) cannot exceed the larger endpoint value.
In what follows, for convenience, we will remove the i subscript from θi, and set y = α′

i.
Suppose that y is positive at some interior point. On the connected component of {y > 0}
containing that point, (3.6) reads

y′ + y

sin θ ≥ 0.
Since

d

dθ
ln tan θ2 = 1

sin θ ,
it follows that

d

dθ

(︃
y tan θ2

)︃
≥ 0. (3.7)

Let (a, b) be that connected component. If b < π, continuity gives y(b) = 0, while (3.7) says that
y(θ) tan(θ/2) is nondecreasing and is already positive at the chosen point, yielding a contradiction.
Hence b = π, and y > 0 on the entire open interval from the chosen point to π. The function αi

is therefore strictly increasing there.
If (3.5) failed, continuity and the endpoint values (2.12) would give an interior point θ∗, at

which αi takes a value larger than both endpoint values. By the mean value theorem there would
be a point to the left of θ∗ where y > 0. The preceding paragraph then shows that y > 0 from
that point all the way to π, so αi(π) > αi(θ∗), contradicting the choice of θ∗. We conclude that
(3.5) must hold. □

Proposition 3.4. Set
M = max

1≤j≤N+1
bj . (3.8)

Then M ≥ 0 and
α(ρ, z) ≤ M throughout the open orbit half-plane ρ > 0.

Proof. Observe that the semi-infinite axis normalization (1.4) gives M ≥ 0. To establish the
upper bound for α, we will use the maximum principle on a collection of exhaustion domains.
Let Q be the finite set consisting of all poles of nondegenerate horizon rods and all degenerate
punctures. Choose σ > 0, R ≫ 1, and 0 < η < σ/2, and define

Ωη,σ,R = {(ρ, z) | ρ > η, ρ2 + z2 < R2, rq > σ for every q ∈ Q}, (3.9)
where rq denotes the Euclidean distance to point q ∈ R3. The value R should be chosen sufficiently
large so that all points of Q lie within the sphere of radius R/2. On this domain (3.9) set

B =

⎧⎪⎨⎪⎩
∇α
ρ|∇α|

, ∇α ̸= 0,

0, ∇α = 0,

and note that B is bounded and measurable, with |B| ≤ η−1. By Proposition 3.2 we have
∆ρ,zα+B · ∇α ≥ 0,
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and hence the maximum principle yields

sup
Ωη,σ,R

α ≤ sup
∂Ωη,σ,R

α. (3.10)

We now estimate the boundary pieces. At a degenerate puncture, condition (A3) and Lemma 3.3
provide a modulus εq(σ) → 0 such that

sup
rq=σ

α ≤ M + εq(σ).

At a nondegenerate lower or upper pole, (2.8)–(2.9) and ln sin(θ/2), ln cos(θ/2) ≤ 0 imply

sup
rq=σ

α ≤ M + Cqσ
γq ,

for some γq > 0. Thus, since Q is finite, the error in all these small circle estimates tends
uniformly to zero with σ. On portions of the boundary with ρ = η that project to compact
subsets of an axis rod, Proposition 4.1 produces

α ≤ M + Cσ,Rη
2,

while on portions of the boundary projecting to the interior of a nondegenerate horizon rod, (2.7)
gives

α ≤ ln η + Cσ,R.

Moreover, on the outer semicircle ρ2 + z2 = R2, it follows from (2.13) that

|α| ≤ CR−2 ≤ M + CR−2,

since M ≥ 0.
Fix (ρ0, z0) arbitrarily with ρ0 > 0. For all sufficiently large R and sufficiently small σ, η,

this point belongs to Ωη,σ,R. In (3.10), first let η → 0 with σ,R fixed, then let σ → 0, and
finally let R → ∞. The horizon term tends to −∞ and all error terms vanish. It follows that
α(ρ0, z0) ≤ M . □

4. Analysis at the Axis

In this section we will first establish technical properties concerning the Weyl conformal factor
expansion at axis rods, and will then prove a rigidity statement for analytic functions satisfying
the differential inequality (3.3).

4.1. Axis factorization. Fix a compact subinterval I ⊂ Γj of an axis rod and assume that
target space isometry (2.5) has been applied so that all potential constants vanish,

v = χ = ψ = 0 on the rod. (4.1)

By (2.6) of condition (A1), there exist real analytic functions F,H,K,G on a neighborhood of
the subinterval such that

U = F (s, z), v = s2G(s, z), χ = sH(s, z), ψ = sK(s, z).

where s = ρ2. We will also set

f(z) = F (0, z), h(z) = H(0, z), k(z) = K(0, z).
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Proposition 4.1. Let I ⊂ Γj be an axis rod subinterval as described above. Then there exists a
neighborhood OI ⊂ R3, and a real analytic function A, such that on OI ,

α(ρ, z) = bj + ρ2A(ρ2, z). (4.2)
Moreover, on OI ∩ Γj it holds that

αρρ(0, z) = −f ′(z)2 + 4e2f(z)(︁h(z)2 + k(z)2)︁
. (4.3)

Proof. For s > 0, write ˆ︁α(s, z) = α(
√
s, z), and define the analytic functions

a = H + sHs, b = K + sKs,

c = 2G+ s(Gs −KHs +HKs), d = Gz −KHz +HKz.

Then
Uρ = 2ρFs, χρ = 2ρa, ψρ = 2ρb, Θρ = 2ρ3c,

Uz = Fz, χz = sHz, ψz = sKz, Θz = ρ4d.

Since e2u = s−1e2F and e4u = s−2e4F , the radial Weyl quadrature equation (2.3) yields

ˆ︁αs = 2sF 2
s − 1

2F
2
z + 2se4F c2 − 1

2s
2e4Fd2 + 2e2F (a2 + b2) − 1

2se
2F (H2

z +K2
z ),

which is real analytic in (s, z). In particular, there exists an analytic function A such that, in a
neighborhood of I, ˆ︁α(s, z) = bj +

∫︂ s

0
ˆ︁αs(t, z) dt = bj + sA(s, z),

which gives (4.2). Next, observe that
Uρ = O(ρ), χρ = 2ρh(z) +O(ρ3), ψρ = 2ρk(z) +O(ρ3), Θρ = O(ρ3),

Uz = f ′(z) +O(ρ2), χz = O(ρ2), ψz = O(ρ2), Θz = O(ρ4).
These formulas, together with e2u = ρ−2e2U and e4u = ρ−4e4U , inserted into (2.3) produce

αρ = ρ
[︂
−f ′(z)2 + 4e2f(z)(h(z)2 + k(z)2)

]︂
+O(ρ3).

Differentiating with respect to ρ and evaluating at ρ = 0 gives (4.3). □

4.2. Boundary rigidity. The next result gives a local boundary rigidity statement for a certain
class of functions. This will be applied to the Weyl conformal factor in the next subsection, and
is a central mechanism in the strict inequality argument for the angle defects.

Lemma 4.2. Let a = a(ρ, z) be real analytic near (0, 0), is even in ρ, and suppose that in a half
neighborhood ρ ≥ 0, it holds that

a ≤ 0, a(0, z) = 0.
Assume further that for ρ > 0,

aρρ + azz + |∇a|
ρ

≥ 0.

If
aρρ(0, 0) = 0,

then a ≡ 0 in a neighborhood of the origin.
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Proof. For convenience we set V = −a. Observe that this function satisfies

V ≥ 0 for ρ ≥ 0, V (0, z) = 0, ∆ρ,zV − |∇V |
ρ

≤ 0 for ρ > 0. (4.4)

Because V is analytic, is even in ρ, and vanishes on ρ = 0, there is an analytic even function P
such that

V (ρ, z) = ρ2P (ρ, z).
Moreover P ≥ 0 for ρ ≥ 0, and P (0, 0) = 1

2Vρρ(0, 0) = 0 since aρρ(0, 0) = 0.
Assume, by way of contradiction, that P is not identically zero. Let Pd be the first nonzero

homogeneous term in its Taylor expansion at the origin. Then d ≥ 1, Pd is even in ρ, and
Pd(ρ, z) ≥ 0 for ρ ≥ 0.

Indeed, this follows by restricting P to every ray and taking the first nonzero coefficient. The
first homogeneous term of V is

Vn(ρ, z) = ρ2Pd(ρ, z), n = d+ 2 > 2.
Passing to the leading homogeneous order in the differential inequality of (4.4) gives

∆ρ,zVn − |∇Vn|
ρ

≤ 0 for ρ > 0. (4.5)

Next, introduce polar coordinates
ρ = r sin θ, z = r cos θ, 0 < θ < π,

and write
Vn = rnp(θ).

Then p ≥ 0, and the factor ρ2 shows that p vanishes to order at least two at both endpoints.
Equation (4.5) then becomes

p′′ + n2p−
√︁
n2p2 + p′2

sin θ ≤ 0. (4.6)

We first show that p > 0 on (0, π). On any component where p > 0, define ς ∈ (−π/2, π/2) by

tan ς = p′

np
. (4.7)

A direct substitution into (4.6) yields

ς ′ + n ≤ cos ς
sin θ . (4.8)

If p had an interior zero at θ0, nonnegativity and analyticity would give, on one side of the zero,
p(θ) = c|θ − θ0|m(1 + o(1)) with m ≥ 2 and c > 0. Approaching from the right gives

ς ′ −→ − n

m
,

cos ς
sin θ −→ 0.

Taking the limit in (4.8) would imply n(1 − 1/m) ≤ 0, which is impossible. Hence p > 0 in (0, π).
Let m− be the order of vanishing at θ = 0. Then p(θ) = cθm−(1 + o(1)), and (4.7) gives

ς ′ −→ − n

m−
,

cos ς
sin θ −→ n

m−
.
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Equation (4.8) therefore implies m− ≤ 2. Since the factor ρ2 gives m− ≥ 2, one has m− = 2. An
identical argument at θ = π shows that the upper endpoint order is also two.

Now, reparameterize θ ∈ (0, π) by t ∈ (−∞,∞) and define a function y(t) as follows

t = ln tan θ2 , sin θ = sech t, y(t) = sin ς(θ(t)).

Then multiplying (4.8) by sin θ cos ς produces

y′ ≤ 1 − y2 − n sech t
√︂

1 − y2, (4.9)

where y′ = dy
dt . We will make a comparison with the function

y0(t) = − tanh t.

Observe that replacing y with y0 in the right-hand side of (4.9) yields (1 − n) sech2 t, whereas
y′

0 = − sech2 t. Thus, since n > 2 we obtain

1 − y2
0 − n sech t

√︂
1 − y2

0 < y′
0. (4.10)

Moreover, since the endpoint vanishing for p is of order two it follows that

y(t) = 1 − n2

2 e
2t + o(e2t) as t → −∞, (4.11)

y(t) = −1 + n2

2 e
−2t + o(e−2t) as t → +∞. (4.12)

On the other hand,

y0(t) = 1 − 2e2t + o(e2t) as t → −∞,

y0(t) = −1 + 2e−2t + o(e−2t) as t → +∞.

Since n > 2, (4.11) gives y < y0 for all sufficiently negative t. At a first finite time contact from
below we would have (y − y0)′ ≥ 0, while (4.9) and (4.10) give (y − y0)′ < 0. Therefore y < y0
for every finite t. However, (4.12) ensures that y > y0 for all sufficiently positive t, yielding a
contradiction.

We conclude that no nonzero first homogeneous term Pd exists in the Taylor expansion of
P . Real analyticity then implies that P ≡ 0 near the origin, and hence a ≡ 0 in the same
neighborhood. □

4.3. Rigidity at a maximal axis rod. We will now apply Lemma 4.2 at an axis rod having
the largest logarithmic angle defect.

Proposition 4.3. Let M be defined by (3.8). If a bounded axis rod Γj satisfies

bj = M, (4.13)

then
α ≡ 0 throughout the orbit space half-plane,

and in particular M = 0.
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Proof. We first observe that the axis trace f(z) = U(0, z) on Γj , achieves an interior maximum.
This is due to the fact that f is continuous in the open interval and tends to −∞ at both
endpoints. Indeed, this asymptotic behavior follows from (2.10) for an endpoint belonging to
a nondegenerate horizon, and follows from (2.11) for an endpoint that is a degenerate horizon
puncture. We may therefore choose an interior maximum point and translate it to z = 0, so that
f ′(0) = 0. We will also choose the target space gauge (4.1).

Set
a = α−M.

By Proposition 3.4, a ≤ 0 in the open half-plane. By (4.2) and (4.13), a(0, z) = aρ(0, z) = 0 near
the chosen point, and since ρ ↦→ a(ρ, 0) has a one-sided maximum at ρ = 0 it follows that

αρρ(0, 0) = aρρ(0, 0) ≤ 0.
On the other hand, (4.3) and f ′(0) = 0 give

αρρ(0, 0) = 4e2f(0)(︁h(0)2 + k(0)2)︁
≥ 0.

Therefore
h(0) = k(0) = 0, aρρ(0, 0) = 0.

By Proposition 4.1, a is a real-analytic function of (ρ2, z) near the axis, and satisfies

aρρ + azz + |∇a|
ρ

≥ 0

by Proposition 3.2. The boundary rigidity Lemma 4.2 then applies and gives a ≡ 0 near the
chosen point. Since a is real analytic on the connected open orbit space half plane, analytic
continuation yields

α ≡ M.

Lastly, the asymptotic normalization (2.13) forces M = 0. □

5. Proof of the Main Theorem

The main theorem involves a dichotomy statement, between the balanced and unbalanced
classes of solutions. These two classes are characterized by the vanishing or nonvanishing of α,
respectively.

5.1. The Majumdar–Papapetrou case. In this subsection we will classify all solutions for
which α vanishes.

Proposition 5.1. Assume that α ≡ 0 on the orbit space half-plane. Then the following global
properties of the harmonic map and its associated electrovacuum spacetime hold.

(i) The twist 1-form is trivial, and the two remaining pieces of the renormalized energy density
agree

Θ ≡ 0, |∇U |2 = e2u(︁
|∇χ|2 + |∇ψ|2

)︁
. (5.1)

(ii) There is a constant unit vector η0 ∈ S1 ⊂ R2 such that, with U = e−U , one has
∆U = 0, d(χ, ψ) = η0 ρ ⋆2 dU . (5.2)

(iii) The spacetime metric (1.2) takes the form
g = −U−2dt2 + U2(︁

dρ2 + dz2 + ρ2dϕ2)︁
. (5.3)
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(iv) After a Heisenberg translation, the twist potential vanishes v ≡ 0, and the Maxwell field is
a constant duality rotation of d(U−1dt), in particular

dχ = cos γ ρ ⋆2 dU , dψ = sin γ ρ ⋆2 dU ,
for some constant γ ∈ [0, 2π).

Proof. Since α is constant, (3.3) implies that T = 0, and hence Θ = 0. According to (3.2) we
then have A = E , which yields (5.1). Next, observe that the two quadrature equations (2.3)–(2.4),
with α = 0 and Θ = 0, give

U2
ρ − U2

z + e2u(︁
χ2

ρ − χ2
z + ψ2

ρ − ψ2
z

)︁
= 0, (5.4)

UρUz + e2u(︁
χρχz + ψρψz

)︁
= 0. (5.5)

Set
X = eu(χρ, ψρ), Y = eu(χz, ψz), a = Uρ, b = Uz.

Then combining (5.1), (5.4), and (5.5) produces

|X|2 = b2, |Y |2 = a2, X · Y = −ab.
Thus, equality holds in Cauchy–Schwarz, and it follows that on any open set where ∇U ̸= 0,
there is a unit vector field η such that

X = bη, Y = −aη, η = bX − aY

a2 + b2 . (5.6)

Since e−u = ρe−U = ρU , equations (5.6) may be rewritten as
dZ = η ω, Z = (χ, ψ), ω = ρ(−Uzdρ+ Uρdz) = ρ ⋆2 dU . (5.7)

From (3.1) and (5.1), ∆U = |∇U |2, and hence

∆U = e−U (︁
−∆U + |∇U |2

)︁
= 0.

Moreover, a direct calculation shows that
dω = ρ(∆U) dρ ∧ dz = 0,

and taking an exterior derivative in (5.7) gives
dη ∧ ω = 0. (5.8)

When Θ = 0, the third and fourth equations of (2.1) become

div(e2u∇Z) = 0 ⇐⇒ d
(︁
ρe2u ⋆2 dZ

)︁
= 0.

Using (5.7), ρe2u = 1/(ρU2), and ⋆2
2 = −1 on 1-forms, we obtain

ρ e2u ⋆2 dZ = −η U−2dU = η d(U−1),
and thus

dη ∧ d(U−1) = 0. (5.9)
Where dU ̸= 0, the 1-forms dU and ω = ρ ⋆2 dU are linearly independent. Equations (5.8) and
(5.9) then imply that dη = 0 on such a region. Choose a nonempty connected component of
the set on which dU ≠ 0; note that U is not globally constant because the solution contains a
horizon. On this set, η = η0 is constant and (5.7) holds with η0. Since dZ − η0ω = 0 on an open
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set, and the left-hand side is an analytic 1-form, it follows that this holds globally on the orbit
space half-plane, which yields (5.2).

To establish (iii), note that the quadrature equation (2.2) gives dw = 0; asymptotic flatness
fixes w = 0. Substituting into (1.2) then produces (5.3).

We will now prove (iv). Let η⊥
0 = (−η2

0, η
1
0). Observe that, throughout the half-plane, we then

have
d(η⊥

0 · Z) = η⊥
0 · dZ = (η⊥

0 · η0)ω = 0.
Hence

η⊥
0 · Z = c⊥

for some constant c⊥, and it follows that
Z = qη0 + c⊥η

⊥
0 , q = η0 · Z.

Therefore, the image of Z is contained in an affine line parallel to η0. Choose the constant
Heisenberg translation (2.5) with (a2, a3) = −c⊥η

⊥
0 , namely˜︁χ = χ+ a2, ˜︁ψ = ψ + a3, ˜︁v = v + a3χ− a2ψ + a1.

This transformation preserves
Θ = dv − ψ dχ+ χdψ,

and for the translated electromagnetic potential ˜︁Z = (˜︁χ, ˜︁ψ) one has˜︁Z = qη0.

Therefore
− ˜︁ψ d˜︁χ+ ˜︁χd ˜︁ψ = 0.

Since ˜︁Θ = Θ = 0, it follows that d˜︁v = 0. The remaining translation parameter a1 may then be
chosen so that ˜︁v = 0. In what follows, we will denote ˜︁v, ˜︁χ, ˜︁ψ by v, χ, ψ.

Define
F0 = d(U−1dt) = U−2dt ∧ dU ,

and observe that a direct calculation in the metric (5.3) produces
∗gF0 = ρ dϕ ∧ ⋆2dU .

It follows that
ιη∗gF0 = ρ ⋆2 dU , ιηF0 = 0, η = ∂ϕ.

Since ∗2
g = −1 on 2-forms, the axial potential pairs associated with F0 are

(dχ0, dψ0) = (ρ ⋆2 dU , 0).
Note that since U is harmonic, F0 satisfies the source-free Maxwell equations dF0 = d∗gF0 = 0.
Now write the constant unit vector in (5.2) as η0 = (cos γ, sin γ). Then

dχ = cos γ ρ ⋆2 dU = ιη∗gF, dψ = sin γ ρ ⋆2 dU = ιηF,
where F is the following duality rotation of F0,

F = cos γ F0 + sin γ ∗gF0.

Indeed, away from the rotation axis, a spacetime 2-form F is uniquely determined by the pair
(ιη∗gF, ιηF), through the formula

F = |η|−2
g

[︂
η♭ ∧ ιηF − ∗g

(︁
η♭ ∧ ιη∗gF

)︁]︂
. □
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To complete the classification of solutions with α = 0, we next find the explicit form for U
and show that nondegenerate horizons cannot occur.

Proposition 5.2. Assume that α ≡ 0 on the orbit space half-plane. Then there are no nonde-
generate horizon rods. Moreover, if p1, . . . , pN denote the degenerate horizon punctures, then the
positive harmonic function in Proposition 5.1 has the form

U = Ump := 1 +
N∑︂

i=1

mi

|x − pi|

for some constants mi > 0.

Proof. Assume that a nondegenerate horizon rod exists. On the interior of this rod, (2.7) gives
u = u0(z) +O2(ρ2) with u0 finite. Hence

U = e−U = e−u0(z)

ρ
+O2(ρ),

and thus the leading terms in the axisymmetric Laplacian are

∆U = Uρρ + Uzz + 1
ρ

Uρ = e−u0(z)

ρ3 +O(ρ−1).

This contradicts ∆U = 0 for ρ > 0 sufficiently small. We conclude that nondegenerate horizons
cannot occur.

Now let p1, . . . , pN denote the collection of degenerate horizon punctures. Observe that
axis analyticity implies that U extends harmonically across the axis away from the punctures.
Therefore

U > 0, ∆U = 0 on R3 \ {p1, . . . , pN }, U −→ 1 at infinity.
By Bôcher’s theorem [2], near each puncture

U(x) = mi

|x − pi|
+ hi(x),

where mi ≥ 0 and hi is harmonic across pi. The uniform puncture expansion (2.11) gives
U = e−U → +∞ as x → pi; hence mi > 0. Moreover, the function

h(x) = U(x) −
N∑︂

i=1

mi

|x − pi|

extends to a harmonic function on all of R3, and tends to 1 at infinity. It is bounded, so Liouville’s
theorem implies h ≡ 1. □

An immediate consequence of the previous two propositions is the following classification.

Corollary 5.3. Let Φ = (u, v, χ, ψ) be a stationary electrovacuum singular harmonic map
with black hole rod data in the sense of Definition 2.1, and let α be reconstructed with the
asymptotically flat normalization. If α ≡ 0, then all horizon components are degenerate punctures,
and the associated spacetime metric takes the Majumdar-Papapetrou form (1.1), with Ump = e−U .
Moreover, after a Heisenberg translation, there is a constant γ ∈ [0, 2π) such that

v = 0, dχ = cos γ ρ ⋆2 dUmp, dψ = sin γ ρ ⋆2 dUmp.
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In particular, the reconstructed Maxwell field is that of a constant duality rotation of the collinear
Majumdar–Papapetrou solution.

5.2. Proof of Theorem 1.1. Let M = max1≤j≤N+1 bj . By (1.4), M ≥ 0. Suppose first that
no bounded axis rod realizes the logarithmic angle defect maximum, M . If M > 0, then the
maximum could not occur on either semi-infinite rod, whose values are zero, and hence would
have to occur on a bounded rod, leading to a contradiction. Therefore M = 0. Since no bounded
rod realizes M , every bounded rod satisfies bj < 0. This is alternative (i).

Suppose instead that some bounded axis rod realizes M . By Proposition 4.3 it follows that
α ≡ 0. We may then appeal to Corollary 5.3, to obtain the conclusion of alternative (ii).
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