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ABSTRACT. We study the problem of conformal deformation of Riemannian structure to constant
scalar curvature with zero mean curvature on the boundary. We prove compactness for the full set
of solutions when the boundary is umbilic and the dimension n < 24. The Weyl Vanishing Theorem
is also established under these hypotheses, and we provide counter-examples to compactness when
n > 25. Lastly, our methods point towards a vanishing theorem for the umbilicity tensor, which will
be fundamental for a study of the nonumbilic case.

1. INTRODUCTION

The Yamabe problem consists of finding a constant scalar curvature metric § which is pointwise
conformal to a given metric g on an n-dimensional (n > 3) compact Riemannian manifold M without
boundary. This is equivalent to producing a positive solution to the following semilinear elliptic
equation

n+2
(1.1) Lyu+ Kur=2 =0, on M,
where K is a constant, Ly, = Ay — ¢(n) R, is the conformal Laplacian for g with scalar curvature Ry,
4
and c(n) = 4(’;7__21). If uw > 0 is a solution of (1.1) then the new metric § = u»—2 g has scalar curvature

c(n)"1K. This problem was solved in the affirmative through the combined works of Yamabe [46],
Trudinger [44], Aubin [5] and Schoen [39] (see also [27] for a complete overview).

From an analytic perspective the Yamabe problem has proven to be a rich source of interesting
ideas. The complete solution of the problem was the first instance of a satisfactory existence theory
for equations involving a critical exponent, where the standard techniques of the calculus of variations
fail to apply. When the first eigenvalue of the conformal Laplacian is positive, which is equivalent
to the case of positive Yamabe invariant Y (M) (see [41] for a definition), solutions to (1.1) are not
unique, and it is known that the set of solutions can be quite large ([37, 36]).

Therefore it becomes natural to ask what can be said about the full set of solutions to (1.1) when
Y (M) > 0. While this set is noncompact in the C? topology when the underlying manifold is S™ with
the round metric (see [36]), when M is not conformally equivalent to the round sphere compactness
was established in various cases, namely by Schoen [38] in the locally conformally flat case, Schoen
and Zhang [43] in three dimensions, Druet [15] for n < 5, Marques [32] for n < 7, Li and Zhang
[29, 30] for n < 11. However in a surprising turn of events, counterexamples to compactness were
found by Brendle [7] when n > 52 and subsequently by Brendle and Marque [9] for 25 < n < 51.
Finally, Khuri, Marques and Schoen [25] proved that compactness does hold in all remaining cases,
that is, for n < 24. See [10] for a survey of various compactness and non-compactness results for the
Yamabe equation.

The second author is partially supported by NSF Grants DMS-1007156, DMS-1308753 and a Sloan Research
Fellowship.
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An obvious extension of such problems is to consider manifolds with boundary. In this case one
would like to conformally deform a given metric to one which has not only constant scalar curvature
but constant mean curvature as well. This problem is equivalent to showing the existence of a positive
solution to the boundary value problem

nt2 .
(1.2) {Lgu+Kun—2 =0, in M,

n
Byu = 0,,u + "Tdﬁgu = ”szcun%, on OM,

where v, is the unit outer normal and k4 is the mean curvature. If such a solution exists then

the metric § = = g has scalar curvature ¢(n) 'K and the boundary has mean curvature c¢. This
Yamabe problem on manifolds with boundary was initially investigated by Escobar [17, 18], who
solved the problem affirmatively in several cases. With contributions from several authors (see
[19, 33, 34, 23, 24, 1, 3, 8, 12]), most of the cases have now been solved.

Notice that if K # 0 and ¢ # 0 then both the equation and the boundary condition are nonlinear.
In order to simplify the problem, it is customary to assume then that one of them is linear, that is,
that either K or c is zero. Geometrically, this corresponds to deforming the manifold to one with
either constant nonzero scalar curvature and zero mean curvature on the boundary (K # 0, ¢ = 0)
or zero scalar curvature and constant nonzero mean curvature on the boundary (K =0, ¢ # 0). In
this paper we will focus on the first of these two cases.

In analogy to the case of manifolds without boundary, where the round sphere provides the canon-
ical example of noncompactness, when the manifold has boundary and is not conformally equivalent
to the round hemisphere, the question of compactness of solutions arises. Compactness was proven
by Han and Li [23] when the scalar curvature is negative (K < 0) and the mean curvature is zero
(¢ =0), and also when the scalar curvature is positive (K > 0) with no restriction on the mean cur-
vature but with the extra hypotheses that the manifold is locally conformally flat and the boundary
is umbilic; by Felli and Ahmedou [20] when the scalar curvature is zero (K = 0), the mean curvature
positive (¢ > 0), the manifold is locally conformally flat and the boundary umbilic (see also[21]); and
by Almaraz [2] when the scalar curvature is zero (K = 0), n > 7, and a generic condition on the
trace-free part of the second fundamental form holds.

It is natural to consider subcritical approximations to equation (1.2), where a priori estimates are
readily available. Thus we define

@p:{u>0‘L9u+Kup:0inM, Bgu:OonaM},

for p € [1, 23], Furthermore, as the case K < 0 has already been treated in [23], we will assume

from now on that K > 0. Then our main result may be stated as follows.

Theorem 1.1. (Compactness) Let (M™, g) be a smooth compact Riemannian manifold of dimension
3 < n < 24 with umbilic boundary, and which is not conformally equivalent to the standard hemisphere
(S%,90). Then for any e > 0 there exists a constant C > 0 depending only on g and € such that

Cl<u<Cand ||u lc2on< C

for allu € U1+£§p§%q)¥” where 0 < a < 1.

This theorem is established by a fine analysis of blow-up behavior at boundary points; such a
fine analysis was carried out for interior blow-up points in [25]. The entire problem is reduced to
showing the positivity of a certain quadratic form on a finite dimensional vector space, which may
be analyzed in a similar manner as is done in the appendix of [25]. Of course this theorem also
relies on the Positive Mass Theorem of General Relativity, in its usual form. That is, although we
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are concerned with manifolds having boundary, we are still able to use the standard Positive Mass
Theorem by employing a doubling procedure.

Another key feature of our approach is to employ a version of conformal normal coordinates
adapted to the boundary, which elucidates the dependence of various geometric quantities on the
conformally invariant umbilicity tensor and Weyl tensor. This coordinate system can be thought
of as a good compromise between traditional conformal normal coordinates [27] and the so-called
conformal Fermi coordinates [33]. This is because although the latter has been shown to be a powerful
tool to study the Yamabe problem on manifolds with boundary, a critical part of the compactness
result in [25] is the proof of the positivity of the quadratic form mentioned earlier. This proof makes
substantial use of the the radial symmetry coming from normal coordinates and we would like to
preserve as much as possible of that original argument.

In general, it is expected that wherever blow-up occurs, these conformally invariant quantities will
vanish to high order because, up to a conformal change, the geometry of the manifold resembles that
of a sphere near the blow-up. As we are assuming that the boundary is umbilic here, we focus on
the Weyl tensor. In this regard we prove

Theorem 1.2. (Weyl vanishing) Let g be a smooth Riemannian metric defined in the unit half n-ball
Bf', 6 <n < 24. Suppose that there is a sequence of positive solutions {u;} of

Lgu; + Kul" =0, in By,
Bgu; =0, on Bf AR 1,

pi € (1, 2£2], such that for any e > 0 there ezists a constant C(e) > 0 such that SUp g\ g Ui < C(e)

and limi_,oo(supB;r u;) = 00. Assume also that Ff NR™ 1 is umbilic. Then the Weyl tensor Wy
satisfies
[Wyl(z) < Cla|f

: n—6
for some integer £ > "5>.

Remark 1.3. It may appear that since the boundary is umbilic, the proofs of theorems 1.1 and 1.2
should follow directly from [25] by applying a reflection argument. However, the techniques employed
in [25] require a higher degree of regularity than what is typically available from a simple reflection
of the metric.

In analogy to the case without boundary, one wonders if theorem 1.1 is false when n > 25. We
have also been able to answer this question.

Theorem 1.4. Assume that n > 25. Then there exists a smooth Riemannian metric g on the
hemisphere S* and a sequence of positive functions u; € C*°(S%), such that:

(a) g is not conformally flat (so in particular (S7,g) is not conformally equivalent to (S7, go),
where gg is the round metric),

(b) 0S% is umbilic in the metric g,

(c) for each i, u; is a positive solution of the boundary value problem:

n+2
Lyu; + Ku]"? =0, in S%,
Byu; =0, on OS",

where K s a positive constant,
(d) SUpgn Uj — 00 as i — 0.
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Together, theorems 1.1 and 1.4 give a complete answer to the question of compactness of solutions
to the Yamabe problem on manifolds with umbilic boundary in the positive scalar curvature setting
(Almaraz has proven an analogue to theorem 1.4 for scalar-flat manifolds [4]).

The proof of theorem 1.4 relies heavily on [7, 9]. In fact, with [7, 9] at hand, the idea to proof
theorem 1.4 is not complicated. Brendle and Marques’ construction is a perturbation of the round
sphere (S™, go). Although their solutions are constructed on S™ rather than S, they “almost” satisfy
the boundary condition. We can therefore slightly modify Brendle and Marques’ solutions in order
to produce a blow-up sequence for the hemisphere.

One obvious consequence of theorem 1.1 is to give an alternative proof of the solution to the
Yamabe problem, allowing us to compute the total Leray-Schauder degree of all solutions to (1.2)
(with ¢ = 0), and to obtain more refined existence theorems. This is discussed at the end of the
paper (see section 14).

As mentioned earlier, certain conformally invariant quantities are expected to vanish to high order
at a blow-up point. In particular such behavior is expected for the umbilicity tensor when the
boundary is not umbilic. In this regard, we expect the following.

Conjecture 1.5. Let g be a smooth Riemannian metric defined in the unit half n-ball Bf, 4<n<
24. Suppose that there is a sequence of positive solutions {u;} of

Lgu; + Kul" =0, in By,
Byu; =0, on Bf NR"™ 1,

pi € (1,222] such that for any € > 0 there exists a constant C(g) > 0 such that SUD g\ gt Ui < C(e)

' n—2
and lilrni_N,o(supB;r u;) = 0o. Then the umbilicity tensor T, satisfies

Tyl(x) < Claf™, @ € By NR",
for some integer m > ”7_4. Moreover, if n > 6 we also have
W,l(z) < Claft, = € Bf,
for some integer £ > ”7_6.

Proving this conjecture would be a key step towards a compactness theorem for manifolds with
non-umbilic boundary. In fact, one of the main ingredients of our proofs is to estimate several relevant
quantities in terms of the umbilicity tensor and its derivatives at the origin. The vanishing of these
terms should allow one, at least in principle, to adapt the ideas presented here to the non-umbilic
case.

2. SETTING, NOTATION, AND BASIC DEFINITIONS

Let M™ be a n-dimensional Riemannian manifold with smooth boundary, and let {g;}°; be a
sequence of metrics on M converging in C*(M) to a metric g, where k is large and depends only on
n. Let {u;} be a sequence of positive solutions of the boundary value problem

{ Lgui + K f7%uP" =0, in M,

(2.1) . B "o B
i Ui = 3,,giui + 55 kgu; =0,  on OM,

where Ly, = Ay, —c(n)Ry,, c(n) = 4817_721), Ry, is the scalar curvature of the metric g;, K = n(n —2),

Vg, is the outer unit normal, kg4, is the mean curvature of the boundary, {f;} is a sequence of smooth

positive functions converging in C?(M) to a smooth positive function f, 1 < p; < Z—fg, 0; = Z—i’g — ;.
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Ly is referred to as the conformal Laplacian, and the boundary value problem (2.1) is conformally
invariant (see proposition A.2).

In conformal normal coordinates (see [27, 41, 11]) centered at a point p, we write g(x) = exp(h(z)),
where h is a smooth function taking values in the space of symmetric n x n matrices. From standard
properties of conformal normal coordinates it then follows that z7h;;(x) = 0, and tr hij(z) = O(r")
where 7 = disty(z,p) and N is arbitrarily large. We also have det g;; = 1+ O(r™).

In most of the text we will identify the center p of normal coordinates with the origin. We will
write u;(z) instead of u;(exp,(x)) and |z| instead of disty(x,p). Since N in the above expressions is

)

as large as we want, we will often ignore the O(rV) contribution in the volume element and write
dvolg(x) = dx.

The proofs of theorems 1.1 and 1.2 depend crucially on finding a good approximation to the scalar
curvature in terms of polynomials. To this end we define, in conformal normal coordinates

(2.2) Hyj(x)= Y hijar®

2<|a|<n—4
where h;; o are the coefficients of the Taylor polynomials centered at the origin. Notice that we will
sometimes use  to denote Taylor coefficients at the origin — which are multiples of derivatives

evaluated at the origin rather than the derivatives themselves.
We then have hij == Hl'j + O(|$‘n_3), Hij == Hji7 xJH”(x) == 0, and tr Hl](x) = 0. Put also

k ey
(2.3) HZ»(j) = Z hijax®,
la|=k
(2.4) JHPP =" |hijal®,
iJ o=k

and for ¢ > 0, set x = ey and define

o (k k
(2:5) 17 () = 7} (ey).
We will make extensive use of the following standard rescaling argument. Let {¢;}:2, be a given se-
pi—1
quence of positive numbers converging to zero. Define M; by M, > =g, Iand in normal coordinates

pi—1

put y = M, * xzei_lxand

_pi=l 2

vi(y) = M ' (z) = M 'ug (M, 2 y) = 55?11%(5@'1/)

pi—1

fory<oM, *> = 5;10, where || < o belongs to the domain of definition of the normal coordinates.
Then v; satisfies
F—06;,Di il
(2.6) Ly + K f v =0, for [y < oM, 2,
Bgi?_}i = az/gi v; + ”52 Hgivi = 07 on 8M,

~ _pi—l _pizl
where fi(y) = filM; * y) = fi(ey), @)u(y) = (9)u(M; * y) = (gi)n(€iy) (see [25, 32]).
We recall some standard definitions (see [25, 23]). Consider a sequence {u;} of solutions of (2.1).
A point € M is called a blow-up point for {u;} if u;(z;) — oo for some x; — .

Definition 2.1. A point & € M is called an isolated blow-up point for {u;} if there exists a sequence
{z;} € M, x; — &, where each z; is a local maximum for u; and
1) ui(x;) = 00 as i — 0o,
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__2
2) u;(x) < Cdisty, (x,x;) »i~! for x € B,(x;) and some constants o, C' > 0.
Notice that the definition of isolated blow-up points is the same as for the boundaryless case ([23]).

Remark 2.2. If we change the metric by a uniformly bounded conformal factor ¢ > 0 such that
¢(z;) =1 and V¢(z;) = 0, then isolated blow-up points are preserved.

Definition 2.3. ([23]) Let {u;} and {z;} be as in definition 2.1. z; — 7 is an isolated simple blow-up
point if for some p € (0,0) and C' > 1, where o comes from the definition of isolated blow up point,
the function

) 2 reit /
Ui(r) =rri-tu;(r) = HEste
(") ) = o, 1 B,w) ieom, oy

pi—1

satisfies, for large i, @) < 0 for r such that CM, * <r <p.

Observe that if Z is an interior point then this definition agrees with the standard one (compare
with [32]).

Throughout the paper we let U : R™ — R be the function U(y) = (1 + ]y\Q)Q_Tn
the “standard bubble”. From [25] we have the following.

. U is known as

Definition 2.4. Let Z. be the solution of

n—4
4 ~
(2.7) Az +n(n+2Un2z =c(n)y 8iajHi(f)U
k=4
constructed in [25]. It is implicitly assumed that Z. = 0 if n = 3,4, 5.

We recall estimate (4.4) of [25]

n—4
(28) 0°2)| < C 3 3 gl (1 + [ 1,
la|=4 2k

which implies
(2.9) 0°2(y)] < C(1+ [yl)> 17, for [y < oe™'.

The role of Z. is to provide a sharp correction term for the usual approximation of the (rescaled)
solutions u by U around a blow-up point. Z. was introduced in the context of manifolds without
boundary, and one of the main challenges in our paper is to establish that the same Z. can be used
in our setting. In other words, we need to show that Z. satisfies a natural boundary condition. In
order to accomplish this, we use one of the key results of the paper, theorem 3.4, to show that the

(k)

umbilicity of the boundary implies severe constraints on the behavior of the polynomials H ij on the

boundary. Then we use the explicit construction of Z. in terms of ﬁz‘(f) to show that it satisfies the
desired boundary condition.
Notation and terminology used throughout the text:

. -2

(i) d = [*5=].

(ii) If z; — & is an isolated blow-up point, we denote M; = wu;(x;) and 5;1 =M,

(iii) 2’ denotes the first n — 1 coordinate functions.

(iv) We use N to denote an integer that is arbitrarily large, coming typically from properties of
conformal normal coordinates, such as det(g) = 1 + O(rV).

pi—1
2
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(v) Let © be an open connected set that intersects M. We then set Q) = QN IM and 9T =
IO\’ Q.

(vi) In a coordinate system near the boundary, define BS(0) = {z € B,(0) | 2™ > G(x)} for
some real valued function G, then denote & BS(0) = {(2', G(z))}, 07 B (0) = 0B (0)\0'GS(0) (see
section 3 and corollary 3.8).

(vii) We will always assume that the blow-up points Z lie on the boundary M, since theorems
1.1 and 1.2 would otherwise follow from [25] (see section 12).

(viii) We will switch back and forth between problems (2.1) and (2.6), referring to them as “x-
coordinates” and “y-coordinates”.

(ix) If o € OM, then B, (x0) is a ball of radius o and center o, i.e.,

B, (x0) = {x € M | dist(z,z9) < o}.

Notice that B, (zg) will usually look more like a half-ball rather than like a full ball, but we will not
denote it by B (), reserving the latter for balls which explicitly satisfy the condition z™ > 0.
(x) For T' > 0 we define R" , = {x € R" | 2" > =T} and R} = {z € R" | 2" > 0}.

3. ESTIMATES NEAR THE BOUNDARY AND BOUNDARY CONFORMAL NORMAL COORDINATES

In this section we will derive estimates for the second fundamental form, mean curvature, etc., in
terms of the umbilicity tensor. Then we will use these estimates to modify the standard conformal
normal coordinates construction in order to obtain conformal normal coordinates at the boundary
with zero mean curvature.

We first recall a result of Escobar.

Proposition 3.1. (Conformal normal coordinates at the boundary [17]) Assume OM is umbilic and
let xg € OM. For any N > 0 there exists a metric g conformal to g such that, in normal coordinates
for g centered at xg

det(3) = 1+ O(Y),

where r = |z|. If N > 5 then Ry = O(r?), and ARy(0) = —§|W5[%(0), and kg = O(r?). Here Wy is
the Weyl tensor.

Now take conformal normal coordinates at g € OM. We choose the coordinates so that 0,
1 <i < mn—1, are tangent to OM and 0, is normal (pointing inward) to OM at xg = 0. Near zg
the boundary M may be expressed as a graph z" = F(z'), where 2’/ = (z',...,2"!) and since
normal coordinates are defined up to a rotation we can assume that F(0) = |[VF(0)| = 0 and the
tangent plane at 0 is the “horizontal” hyperplane {z” = 0}. Then a basis for the tangent space
T,0M is given by the vectors X; = 0; + F;0,, 1 < ¢ < n — 1. The normal is given as a covector by
(Vg)n = —1,(vg)i =Fi, 1 <i<n—1, or as a vector by
n—1
(3.1) (vg)' = g (v); = —g™ + Y g7 F.
i=1
If g = e" then we may write
(vg)" = =" + hin + F + O(|h|* + |h||VF).
Define the second fundamental form by

(3.2) Rij = ’Q(Xian) = g(inygvXj)v
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then
(3.3) kij = 9(Vivg, 0;) + Fig(Vnvg, 05) + F;9(Vivg, On) + FiF jg(Vnvg, On)
=T} + Fuj — Fal'h;(vg)i — FyT5,(vg)i — FiFTh,, (ve):
1
= 5(*3nhij + Oilinj + Ojhni) + Fi5 + O(|h]|[VR| + [VF[|Vh]).

The mean curvature is given by
n—1 1

(3.4) k=g (X, X))k = AF + ) Oihni + 5 Onlnn
=1

+ O(|h|[Vh| + [VF||Vh| + |h||V2F| + |VF?|V2F| + |z|Y),

where we have used Y, hy; = O(|z|Y). Finally the umbilicity tensor is given by

1
(35) T(XZ, Xj) = CTZ']' = Ii(Xi,Xj) - 1I€g(Xi,Xj).

Notice that these quantities differ from the usual ones by a multiple of |v,| (since v4 is not necessarily
a unit vector). As we show below (see proposition 3.5 and corollary 3.10), this will immediately
yield estimates for the standard (i.e., defined with respect to a unit vector) mean curvature, second
fundamental form and umbilicity tensor, and it will suffice for our purposes. In fact, we will express
all desired quantities in terms of 7T;;, and the umbilicity of the boundary implies that T;; defined
with respect to (3.1) vanishes as well. We remark also that our definition of the mean curvature in
this section differs from the standard one by a multiple of (n — 1)~!. However, in all other sections
of the paper we adopt the standard convention, unless otherwise specified.

The next theorem will be our main tool to produce estimates. Although its proof is long, the
idea behind it is quite simple: from properties of conformal normal coordinates we can derive several
identities involving geometric quantities and the functions h;;. We restrict the obtained expressions
to their Taylor polynomials, and successively solve these equations for one quantity in terms of the
others, until we express all quantities in terms of the umbilicity tensor and an error.

Remark 3.2. It should be noted that in (3.3) and (3.4), as well as in the proof below, the expression
|h||Vh| appearing in the error only includes terms of the form |h||0;hn;|, |h||Onhij|, |R||Onhnn| or
il [V R

Remark 3.3. Since we will eventually restrict all expressions to their Taylor polynomials in theorem
3.4, and N is arbitrarily large, we will ignore the O(|z|") contributions.

Theorem 3.4. Take conformal normal coordinates at xg € OM as described above and choose a large
integer N. Then there exists a constant C, depending only on N such that for any € > 0 sufficiently
small:

N N n—1
S lkale <0 30 S [Tl

|or|=2 |a|=21,j=1
N N—-2 n—1
> |AFL <O YN Talet?
|af=2 |a|=01,j=1

N n—1 N on1
Do D IKigale™ <C Y Y Tiale®

la|=04,j=1 la|=04,j=1
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N N-2 n—1

Yo IFale <Y N Ty ale

lal=2 la=01,j=1
N n-—1 N—-1 n—1

Z Z|hnj,a|5‘a| <C Z Z |Tij,a’5|a‘+1

laj=2 j=1 la|=14,j=1
N n-—1

N n—1
Z Z |Onhijale™ < C Z Z Tl

la|=11,j=1 la|=114,j=1

N N n-—1
S 0nhnale® <030 ST Tijale

lo|=1 la|=1¢,j=1
where o denotes partial derivatives in the variables x', ..., z" 1 evaluated at the origin, and F is the
local representation of the boundary as a graph as explained at the beginning of this section. Moreover

(0) = [Vk[(0) = F(0) = [VF|(0) = AF(0) = 0 and [VAF[(0) < C 3., |VT;((0).

Proof. We first record several useful calculations. When repeated indices ¢ or j appear this signifies
summation from 1 to n — 1. Using familiar properties of conformal normal coordinates and (3.3) we
have

. 1 . . . . .
(3:6) @'kij = 5[~ On(@'hig) + 2Ok — 83hni + Oy hni)] + 2 Fij + Ozl || Vh| + |2V F|[Vh])

1 ) .
= 5[8n($nhnj) + x’&ihnj — hnj — 8j($nhnn)] + x’@iF,j + O(|xHhHVh\ + ’:EHVFHVM)

1, 4
= 58 0ihag + 20 5 + O(a" V] + |al B[] + |a] [V F| VA,
Furthermore
o o 1 .. 1 . .

(3.7) 2'alkiyy =a'alFyj — ix%ﬁhnj + imzai(xjhnj)

+O(|z||z"|IVh| + |2*[A][Vh| + |2[*|V F||Vh])

o 1 1 .
=2"0IF i+ —a"hpy — =" 5" Oy + O(|z]|2"||VR| + |2 |?|R||VR| + |2|*|VF||Vh])

2 2
= 2’2/ Fj + O(|2"||h| + |z||2"||Vh| + |2[*|A||Vh| + |z[*|V F||Vh]),

(3.8) w'w! kg(Xi, Xj) = &' 0 k(gij + Figjn + Fjgin + FiF jgun)
= |2'|*k + O(lx?|h]||K| + [2[*| [ VF[*|x]).
Recalling the definition of the umbilicity tensor together with (3.7) and (3.8) yields

1
n—1
+ |z|*|VF||Vh| + |z [hl|s] + |2*[VF*|]).

(3.9) w'al Fyj = [ [+ a'a? Tyj + O(|2"||h| + || |2"||VA] + [ R VA|

Moreover since

@'wg(Xi, X;) = @'+ O(|z]|h]|s] + |2l VF[?|s]),
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we find that (using (3.6))
1 . ,
(3.10) Eaﬁzaihnj + xlaiEj
1

n —

206+ @' Ty + Ol ||Vh| + [ ||| VA| + [l [VF[[VA] + |l[h]|x] + 2]V F[s]).
Eliminating x from (3.9) and (3.10) produces
(3.11) :r:i(?iEj + %xiaihnj — xiﬂj = \x’\_%jxixl(Eil —Ty) + 9,
where throughout this proof €2; denotes error which satisfies
(3.12) Q; = O(|2"(|Vh| + |2||h|[VA| + |z]|VF||Vh| + [a||h]|] + |2]|V F[?|s] + 2|~ a"||h])

= O(|2"||Vh| + |z]|a][Vh| + |||V F[|VA| + |2[[p||V2F| + x| VF[*[V2F| + |2'| 2" [|A]).
Upon restricting attention to Taylor polynomials (3.11) simplifies to

(3.13) (k — D)2’ PP — k(k — 1)ad F®)
1 _ . _ . _ _
= 5 (k= DI/ PRE 4+ o P T — ool T 4 a2l
where hg;_l) denotes the (k—1)-degree Taylor polynomial in the variables z!, ..., 2"~ ! and similarly

for F(k), Ti(f—2)_ We note that hg;._l) is not the full Taylor polynomial in all the variables z!, ..., 2"
but rather just the portion involving the first n — 1 coordinates, and the remainder involving " is
relegated to the error term. Now apply 0; to (3.13) and sum over j to find an equation for F (®),

1 .
(3.14) @/ PAF® + k(3 —n— k) F®) = |2/ Po;h
+(k — 1)_1aj(’$/|2$i7}gk_2) — xj:cixlﬂ(lk_m) + Gj(|x'\29§.k_1))

where we used z'h;j = —x™hy; to absorb this term in the error. Differentiate (3.10) with respect to
2’7 and sum over j to find

1 1 . . . )
§8jhm- + iﬂflaiajhnj + AF + 2'0;AF = xzajTi]’ + K+ $J8jli + 8ij

n—1
where we used that the error term in (3.10) has the form ;. Then

(k=2) | T thk- 3K(k—2) i 8jQ§k—1).

(3.15) 5k~ DR + (k- )AF® = 279;T)] —

On the other hand (3.9) gives

(3.16) k(k—1)F® — i k=2) Ekfl)

)

1 .
=71 |x'|2/£(k_2) + z'Q
Therefore using (3.14) and (3.16) in (3.15) produces

xj (k—1) (k—1)
|$/‘QQj —|—8ij .

. 2 e
(3.17) oy V) = O T 4

Let B{‘_l denote the unit ball with respect to z!',...,2"" 1, and let ¢ € COO(S?_Q). Extend ¢
radially so that it is defined on B '\{0} and 9,6 = 0 on S72, where r = |2/|. Notice that even
though ¢ is not defined at the origin, we can still integrate by parts against functions which vanish
at zero, and so in particular against homogeneous polynomials.



COMPACTNESS AND NON-COMPACTNESS FOR THE YAMABE PROBLEM 11
Let ¢ be as above. From (3.10) we have
1 ; k—1 (k- o (k— -
(3.18) (k=D F® = ——a'sh=) - Th;’j Y T i,
Multiply (3.18) by 0;¢, sum over ¢ and integrate by parts to get
1

—(k—=1) / PAF®) 1 (k—1) / o o F ) = / d(n + k — 3)sF2
BIL—l Sin,—2 n — 1 BIL—I

1 w E—1 _ k—1 (e
+ / prict k2 / gb@ihgz b / ¢V’h$ 2
n—1 SIL*Q 2 anl 2 S{L72

- / o2l 0TV + / oriaI T / p0, Y 4 / pr QY
B{L—l SIL 2 11—1 511—2

Integrating in polar coordinates produces

1
—(k—1) / prth—d PAF®) 1 (k—1) oV O F®)
0 sn—2 sn—2

1 1 1 -
_ / hAn—d S(n+k — 32 4 iz h=2)
0 gn—2 n

n—1 -1 SW*Q

E—1 [t k-1 ! , _
+ 7,nJrl€f4 ¢a h (k=1) ¢ zh (k—1) / rn+k4/ ¢xjaZT2(Jk 1)
2 0 Siz 2 2 S]?:L 2 0 SIL,Q

1
+/ (ﬁVZQ?JCTZ(kZ)—/ rn+k4/ ¢8ZQ£k1)+/ ¢V’£Q§k*1)7
S{I*Q J 0 1172 ?72

which implies (notice that the mean curvature terms cancel out)

k k—2 1 _ 1 k < _
1) ar® KOS o Lo SRS s Ll
n+k— 3tz (k—2) (k—1) zt (k—1)
_ 7]{; — |x”2Tij + 8¢Qi + ‘$/|29i ,

where we have used that ¢ is an arbitrary smooth function on S{l_Q and homogeneous polynomials
are determined by their values on the sphere. Using (3.14) and (3.17) in (3.19) we find that

2
(k—1)(n+k—3)
Similarly, multiplying (3.13) by 0;¢ and integrating by parts yields

(3.20) P o' 2I T + QY 4 Pl Y.

(3.21)
—n—1 1 (e 1 _
|2/ |2AF®) k(kknl)F(k) = Sn+k- 3)alhY — §ym’|28jh§j§. Y4 |’ T
n+k—3 ; i (k-2 iy (k—1) 124 (k—1)

Solving for AF®) + %thg;-_l) in (3.14) and using it along with (3.20) in (3.21) we obtain

n+k—3
k(2n+3k—nk—k2—3)

Notice that the denominator of the first term on the right hand side is never zero since k > 2.

(3.22) Fk) =

z JT(k 2)+$jQ§-k_l)+‘x/‘28jQ§-k_l).
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From (3.9) we have

1 S o
9 / —QF(k) _ (k—2) =2, ]T(k 2) /-2 jQ(k 1)_
(3.23) k|x'| (n—l)(k—l)ﬁ —l—k_l\m] ' T + [l 72
Using (3.22) in (3.23) yields
K—2) _ a'al ko) @ k1) (k—1)
(3.24) k=2 = ¢(n, k) !:v’IQT” + W‘QQJ. +0;90 Y,

where ¢(n, k) is a numerical factor depending on n and k only. Let R be the set of homogeneous
polynomials that can be estimated in terms of the umbilicity tensor and an error (of the same degree)

in ;. Then (3.17), (3.20), (3.22) and (3.24) give that 9;h" V), 2ipE™D pP®) k=2 ¢ R From

ni ni

(3.19) it then follows that AF®*) € R as well. From (3.13) and F*) € R we get hg;»_l) € R, and from

(3.4) and AF®), 8l-hgz_l) € R it follows that (Ophn,)*~2) € R. Using (3.5) along with x(*=2 € R
we get K§§_2) € R and from this, (3.3), hg;_l) € R and F®) € R we find that (9,h;;)*2 € R.

The inequalities of theorem 3.4 now follow with the help of remark 3.2.

By our construction of F' and properties of conformal normal coordinates we have £(0) = |Vk|(0) =
F(0) = |VF|(0). Hence in order to finish the theorem we only have to show that AF(0) = 0 and
VAF|(0) < CY,, VITy](0).

Using the definition of ;;, and recalling that v, = —1 and v; = F;, 1 < j <n — 1, we obtain

(3.25) kij = Fij =T Fy + T — F;T5 Fi + FI7,
— FilsFi+ Fln; — FiF T Fr+ FiF T,

where we have used F,, = 0 and Zz;ll FfJFk = Ff]F , since F' does not depend on z". Evaluating

(3.25) at 0 and using I’,i-“j(O) = 0 = |VF|(0), we have £;;(0) = F;;(0). Taking a trace produces
AF(0) = k(0) = 0. Finally notice that (3.12) gives

Qi = O(la" || + Jz[* + |2 + [2|7Ha"[|2[?),
so we can compute directly from (3.22) to find [VAF(0)| < C' 3, [VT;;(0)], finishing the proof. [

Now with the help of theorem 3.4 we improve the properties of conformal normal coordinates
at the boundary by showing that we can also require zero mean curvature. We call these coordi-
nates boundary conformal normal coordinates to avoid confusion with the usual conformal normal
coordinates at a point on the boundary.

Proposition 3.5. (Boundary conformal normal coordinates) Let (M, go) be a Riemannian manifold
with umbilic boundary and xg € OM. Fix an integer N > 5. Then there exists a metric § conformal
to go such that, in g-normal coordinates centered at xo: (i) det§ =1+ O(r"N), (ii) Rz = O(r?), (iii)
AgR5(0) = —1|W5|2(0) and (iv) kg = 0 near xo, where r = |z|.

Proof. Using conformal normal coordinates at xg we obtain a metric g which satisfies properties
(1)-(iii) in a ball B,(0). Our task is to show that we can perform a further conformal change in the
metric in order to obtain property (iv) while maintaining (i)-(iii).

We write all quantities as explained above (see equation (3.1) and what follows); in particular we
denote by k4 the mean curvature defined as in (3.4), and by Kk, the mean curvature defined in the
usual way, i.e., with respect to a unit vector.

If § = e?/g then 7z = e~/ (K, + aang). We will choose f appropriately.
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Because the boundary is umbilic, T;; vanishes identically and therefore theorem 3.4 gives kg,4(0) =
0 for |a] = 0,..., N, where a denotes derivatives with respect to z',..., 2" 1. In other words, we
obtain that xk, = O(|2’|"), from which it follows that &, = O(|2/|Y) as well. Now we choose an
extension of &, to %, in a neighborhood of xg, with &, satisfying &, = O(|z|"¥) and g—'z‘g’ = 0. Such
an extension is possible because &, = O(|2/|").

Now pick a smooth function fsuch that 57{7 = —1 near zp and put f = f'/%g. With this choice of
f we then have K3 = 0 in a neighborhood of 0.
By construction we have f = O(|z|"), and so we obtain the desired result as the remaining

properties all follow from det(§) = 1+ O(r") (after choosing a smooth extension of f to the whole
of M). O

Remark 3.6. We stress a point made in the introduction. The so-called conformal Fermi coordinates
[33] have been used with great success in the study of the Yamabe problem for manifolds with
boundary (see references mentioned in the introduction). This expresses the fact that cylindrical
coordinates generally work better than spherical ones for Neumann-type of problems. However, a
critical part of the compactness result of Khuri, Marques and Schoen [25] for boundaryless manifolds
is the proof of the positivity of a quadratic form on Taylor polynomials of the scalar curvature
which naturally arises in the problem. Their proof makes substantial use of the the radial symmetry
coming from normal coordinates and we would like to preserve as much as possible of that original
argument. Boundary conformal normal coordinates preserve the radial symmetry while displaying
features similar to the good properties of Fermi coordinates, as it is shown below.

Boundary conformal normal coordinates have the following useful property.

Corollary 3.7. In boundary conformal normal coordinates centered at xg € OM the boundary is
given by x™ = 0. Moreover, gin(z',0) = O(|2'|V), 1 <i<n—1.

Proof. Since the boundary is umbilic and k4 = 0, it is also totally geodesic (i.e. k;; = 0) for the
metric g, and therefore the boundary is given by 2™ = 0 in normal coordinates. The second statement

follows from theorem 3.4 as g = e”. U

Now we want to extend the previous results for the case of interior points. Assume that zg € M
is an interior point which is sufficiently close to 0M, and take conformal normal coordinates at xg.
Denote by &g € 9M the closet point to xp. We can still write the boundary as a graph =" = F(a/),
and since normal coordinates are defined up to a rotation we can assume that F(0) = —|Zg| where
|Zo| = dist(xo,Zo) (so that To = (0,...,0,—|Zo|)) and the tangent plane is horizontal there, so

|VF(0)| = 0. Moreover, by the Gauss lemma we also have %  =g"" Onlz,-
&0

If we “translate the boundary”, i.e., define
G(z') = F(a') + |Zo]

we have G(0) = |[VG(0)] = 0 and 9°G = 9“F. Set BS = {x € B,(0)|z" > G(z')}. Notice then that
a basis for the tangent space at a point on &'BS = {(z/,G(2'))} is X; = 9; + G0y = 0; + Fi0p,
1 <i<mn—1 (since we are simply translating the boundary). We can then consider all geometric
quantities induced on the boundary o’ Bf. In this situation, theorem 3.4 holds with G replacing F
and all quantities being defined with respect to the boundary &’ Bf, except for the conclusions that
depend on k = O(r?), since the boundary & BS need not be umbilic. We state this as a corollary.
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Corollary 3.8. Let zg € M, take conformal normal coordinates at xg and assume that xg is suf-
ficiently close to OM as to have OM N B,(0) # 0, where B,(0) is the domain of definition of the
conformal normal coordinates. Let F = F(x') be the local representation of the boundary as explained
above. Define G(2') = F(2') + |%o|, BS = {x € B,(0)|z" > G(2)}, and &' B¢ = {(«/,G(2'))}. Then
there exists a constant C, depending only on N, such that for any € > 0 sufficiently small:

N N n—1 _
S e <03 S [Talde

\a|:2 ol =2 ij=1
N-2 n—1
Z |AG o lelel < ¢ Z Z ]lea]&?'a‘”
|a|=2 |ee|=01%,j=1
N n—1 N n-—1
Yo Figald <O YN Tjale
\a|:0i,j=1 |a|=01,5=1
N—-2 n—1
Z Golel®t <O > > |Tijalel!t?
|a|=2 |a|=01,5=1
N n—1 N—-1 n—1
DN el <C YN Talel !
|a|=2 j=1 |a|=114,j=1
N n-1 N n—1
Z Z |8nhij,a|5‘a| <C Z Z |rfij,a|5|a‘
|a|=114,5=1 |a|=11%,5=1
N N n-—1
S Onhnnale® <Y ST T ale!
la|=1 la|=11,j=1

where K, EU and ﬁ-j are respectively the mean curvature, second fundamental form and umbilicity
tensor of &' BS, all defined with respect to the outer normal

n—1
(vg) = 9" (vg); = —g" + > _ "G,
=1

(which is not necessarily a unit normal) and o denotes partial derivatives in the variables x*, ... "1

evaluated at the origin. Moreover G(0) = [VG|(0) = 0 and [VAG|(0) < C 3, IV T31(0).

As before, estimates on quantities defined with respect to v,, with v, not necessarily a unit vector,
will suffice for our purposes.
Because 0*G = 0“F, estimates for G from corollary 3.8 translate into estimates for F'.

Corollary 3.9. Let xy € M and To € OM be the closest point to xog. Take conformal normal
coordinates at xqg, choose a large integer N and let F' be the local representation of the boundary as
a graph. Then there exists a constant C, depending only on N such that for any ¢ > 0 sufficiently
small:

N-2 n—1

Z [Folel <0 Y > [T alet?

|ae|=2 |a|=01,5=1
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N N-2 n—1 _
Y IAF T < Y Y Tale
jal=2 la=04,j=1

where ﬁ-j is the umbilicity tensor of the boundary 0’ BS as in corollary 3.8, and o denotes partial
derivatives in the variables ', ..., "' evaluated at the origin. Moreover |VF|(0) =0, [VAF|(0) <
sz‘j [VT35(0)] and F(0) = —|Zol.

The following corollary will finish the treatment of interior points in this section.

Corollary 3.10. (Boundary conformal normal coordinates for an interior point) Let (M, go) be a
Riemannian manifold with umbilic boundary and xy € M. Fiz an integer N > 5. If xqg is sufficiently
close to OM , then there exists a metric g conformal to gg such that, in g-normal coordinates centered
at zo: (i) det§ =1+ O(r"N), (ii) Ry = O(r?), (iii) AgRz(0) = —2|W5[*(0) and (iv) kg = 0 near Zo,
where r = |x| and Ty € OM is such that distg,(xo, Zo) = distg, (2o, OM).

Proof. Let &g € OM be the closet point to xg. Denote by {#'} conformal normal coordinates
centered at g, {2’} conformal normal coordinates centered at xg, & the mean curvature of OM in
{#'}-coordinates, x the mean curvature of M in {z*}-coordinates. When x¢ — %o we have z° — 7%,
and Oy (z0) — 0af(Zo) where o denotes partial derivatives with respect to z!,...,2" ! and &
denotes partial derivatives with respect to to @',..., "L

By theorem 3.4 we have that Jszx(Zo) = 0 for |&| < N since the boundary is umbilic. Because
Oak(x0) — Oak(Zp) as xy — To, if o is sufficiently close to Ty we can choose an extension of k to
By(x9) (with o small) which is O(]z — x|"). The rest of the argument now is similar to the proof
of proposition 3.5. U

We finish this section with several remarks.

Remark 3.11. One of the key ingredients of our proof is to show that the blow-up sequence z;
lies on the boundary (possibly after passing to a subsequence, see section 7). Before showing that,
however, we have to deal with both the case of a blow-up sequence belonging to the boundary and the
case of a blow-up sequence belonging to the interior of the manifold. It will therefore be implicitly
understood that when x; € M , all quantities k, k;; and Tj; are for the boundary o' Bff , as described
above, i.e., we will drop ~ from the interior quantities for the sake of notation. F', however, will
always be the representation of M as a graph unless stated otherwise.

Remark 3.12. Suppose that xy € M or that it is sufficiently close to the boundary, and in
boundary conformal normal coordinates centered at xo consider x = (0,2™). If we translate the
boundary by |z"| instead of |Zo|,

G(a') = F(a') + |2,

we can, for each |2"|, consider geometric quantities induced on the boundary &’ BS as before. In
another words, we have a foliation of a small neighborhood of the boundary by copies of M.
In particular, we can then think of T;; as defined in a neighborhood of OM, allowing us to take
derivatives with respect to 2", Taylor expand T;; in the z™ direction, etc.

Remark 3.13. Since boundary conformal normal coordinates are a special case of conformal normal
coordinates, the results of this section stated for conformal normal coordinates, in particular theorem
3.4, are still valid if we choose boundary conformal normal coordinates instead.
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4. HIGHER ORDER ESTIMATES

Our next goal is to extend the results of theorem 3.4 to higher order derivatives of h in the
normal direction. Throughout this section we will work with boundary conformal normal coordinates
centered at a point on the boundary; all definitions are as in section 3. We will use Greek letters
to denote indices running up to m, Latin letters to denote indices running up to n — 1, and 2’ to
denote the first n — 1 coordinates. Notice that in light of corollary 3.7 we have that the boundary
is given by 2™ = 0, and as in section 3, by a “translation” we can consider quantities defined on the
neighborhood of the boundary, so that

a nTt
(4.1) 371/5] =—g""0r,
(42) gni|aM = gm-(a:/,O) = O(‘$/|N)’
n—1
(4.3) O g 0)0,+ S 0( M)
Mg lon =1

Theorem 4.1. In boundary conformal normal coordinates at a point on the boundary,

(4.4) hnn‘aM = hnn(xlvo) - O(|x/‘N>

Proof. We will compute V;»" in two different ways. First,

(4.5) Vi = —9ig™ — g™ — g,
Notice that (3.3) becomes in our coordinates I'};(2',0) = £;;(2’,0) = 0, and hence (4.5) gives
(4.6) Vir"lonr = —0ig™" — %(9”")28197171 - %g"”gnl(@-gnz + Ongii — Oigin)

= 01" — 55" Ohgan + O/ PV,

where we used theorem 3.4. In order to simplify notation, here and in the rest of the section we use
the following convention. When an equality is restricted to the boundary we write -|5,, or (-)(2’,0)
on one side of the equation, and it is implicitly understood that the remaining quantities on the
other side are restricted as well.

Now differentiate ¢"" gnn +9™ g = 1 with respect to i to obtain ¢"9ignn = —gnn0ig™™ — 0 (g™ gni)
and so (4.6) becomes

1 _
(4.7) Viv" gy = —0ig"" + §gnn9nn8i9nn - 8i(gnlgnl) + O(’$/|2N 1)

1 _
= —0ig"" + 5 (1 - 9" 9u)0:g™ — 0i(g™ gmt) + O(|2" 2N )

— 50"+ O(la M),
where we used theorem 3.4 again. Combining (4.6) and (4.7) gives
;g™ + (") Bigan = O(la' PN ).
Using g = e” this becomes
(4.8) ~(1 = (¢")*)Dihun + 0:O0nn(=h) + (§"")?0;0nn(h) = O(|2' 1)
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where
50
- (=2
But
Y] C (p2t+1
Onn(—h) = %(hnnhnn + hntfin) + ; (}Eze)ﬂm - ; W
and

o o h2€+1

Opn(h) = ( +zz+€z;( +;2£+1

and since by theorem 3.4 hy(2,0)hy(2',0) = O(|2'|?Y), (4.8) becomes

(4.9) (=14 (g™ + hop + (6™ 2P ) Db + (1 + (g azi
(=2

(1 ( nn)?)a - (h2€+1)fm _O(| /|2N—1)

B 12_;(2“1)!_ . '

We will now show inductively that h,, = O(|2’|¥) implies hn, = O(|2'|>¥), k < N. Notice that we
already know that h,, = O(|2/|?). Also, as before, the terms h,; appearing in (h?%),,, £ > 2, and
(h?*1),, £ > 1, can be estimated by theorem 3.4 and hence they can be absorbed in the error; in
other words we can replace (h%),, by (hnn)® up to and error O(|2'|>V~1) (notice that due to the rules
of multiplication of matrices, the terms h,,; appearing in (h?),,,, £ > 2, (h?*1),,, £ > 1, or in the
expansion of ¢g"" must be multiplied by another h,; and hence such errors are of the same order of
the right hand side of (4.9)).
Since g"" > C > 0 near the origin, if Ay, = O(|]2|F) then

—14(g")? = ~(1+¢") (1~ g") = (1 + g™ O(|«'*) = O(I2'[")

and also
hnp + (an)zhnn = O(‘wllk)a

S0
(4.10) 14 (g")% + b + (") hn = O(J2/|").
But

nny2 — (h*)n 112N -1
(4.11) L+ ™90 gy = ;j PPN

= O(|'|"*1) + O’ |2N 1)

and

R AVAY-Y — (h%)nn — nn _ ,nnN\ 9. = (h ) /12N—-1
(112) (= (Y Tt = (kg = Y e + O PN
(=2

= (L+¢")O0(|2"MO(2"[**~1) + O(la" M)
— O(’w/|4k71) + O(‘x/’2N71)'
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Therefore (4.9)-(4.12) give

O:h,, = 1 1 nn)2y 5. - (h%)nn
1 nn . - (h2€+1) nn
MR e v e L AR B o7

= O(/[%1) + O(a/ [PV 1),

provided that (—1 + (¢™™)2 + hpn + (¢™)%hpyn)(27,0) is not zero and k < N. Since h(0) = 0 we
conclude that hp,(2') = O(|2'|?*). Repeating the argument we obtain the result.

Now we have to show that the result is still true if (—1+ (¢"")2 + hun + (9"™)2hnn ) (2, 0) vanishes
or is O(|z'|"V), and it is enough to consider this latter case. So suppose that (—1 4 (¢™™)2 + hpy +
(9" 2hpn) (2',0) = O(|2'|V). Multiply it by gn, and use 1 = ¢"gnn + " gn1 = 9" Grn + O(|2'|2V)
to get

—9nn + gnn + (gnn =+ gnn>hnn = O(|xl|N)7
which implies —Oy,y, (h) + Onn(R) + (Opp(h) + Opn(—h))hnn = O(|2'|V) and therefore

_2§: 2é+1 +2h 00 (h%)nn B O(‘x”N)
(20 + 1 " — (20)! N ‘

As before we can ignore contributions from h,,; and replace (he)m by (h,m)z , which gives

1 o0 B 20+1
_*(hnn)g —2 Z; ((263-1)' + ((hnn)2

20
T ——

This gives (hnn)® = O((hnn)®) +O(|2'|V). Since h = O(|z|?) we obtain (h,,)? = O(|2'|!°). But then
(hnn)3 = O((hnn)®) + O(|x/‘N> = O((hyn)*(hnn)?) + O(‘Qf’/’N)
= O(|2/"(hnn)?) + O(12'|Y) = O(|2'|™).

Repeating the argument produces (hpn,)> = O(|2’|"V), which gives the result since N is as large as
we want. 0

Theorem 4.2. In boundary conformal normal coordinates centered at a point on the boundary we
have

(4.13) O2hnja(0) =0, |o| <N

(4.14) B hpna(0) =0, [&/| <N

where o/ denotes derivatives with respect to x',... 2" 1. In other words 02 hm‘aM O(|2'|V) and
a,?;hm\aM = O(|2'|).

Proof. Denote by hf:ln) the m!" Taylor polynomial of h,;. Let ¢ € C“(Siﬁl) and extend it radially
similarly to what was done in theorem 3.4 (notice however that here we have the full, i.e., including
x™, Taylor polynomial). Integration by parts yields

00y =2 | oo,0hl + /S " hly) /B L hy

B. By " :
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where B, is the half unit ball and B"~! the unit ball in 2’ coordinates. Since h,;(z’,0) = O(|z'|"V)
by theorem 3.4, we obtain that the integral over B"~! vanishes. Integrating in polar coordinates as
in theorem 3.4 shows that

m m-+n—1
/ S0 = —2/
5;1_ m-+n S

And since this is true for any ¢ € C*(S" 1), we conclude

000n) =) [ il

n— n—1
+ S+

m+n-—1 m ny(m n—
manqﬁh;l)—i-é(m—i-n—l)x h(l) OHS+ 1.

n
Using theorem 3.4 again, or, alternatively, choosing a non-zero test function such that d,¢ = 0 on
S"=2 = 9B™ 1 it follows that 8nh7(:ln) (z',0) = 0, from which we conclude

(4.15) Onh (', 0) = O(|'|").

$0,hT = —2

Now with (4.15) in hand, we repeat the integration by parts argument with 92h,,; in place of 9, hp
and conclude (4.13).

To obtain (4.14), argue similarly to the above, integrate 02h,, by parts and use theorem 3.4 to
conclude 92hy,(2',0) = O(|2'|"); then repeat the argument, expressing 93 hy,;, in terms of 92hy,,. O

Remark 4.3. Since theorem 3.4 gives 9,hu,(2,0) = O(|2'|V), using an argument similar to that of
theorem 4.2 we can relate Ophp,(2',0) and hy,(2,0), obtaining in this way an alternative proof of
theorem 4.1.

5. BOUNDARY CONDITION FOR THE CORRECTION TERM

In this section we use the results of sections 3 and 4 to show that the correction term Z. (see
definition 2.4) satisfies the correct boundary condition. The idea is to use the results of sections 3
and 4 to show that certain homogeneous polynomials that appear in the (explicit) construction of Z.
satisfy the boundary condition and so will Z. itself. Throughout this section we work with boundary
conformal normal coordinates centered at a point on the boundary. This section relies heavily on
the appendix of [25] and we will often refer to it.

Lemma (A.6) of [25] gives the decomposition

5521
k k =
(5.1) Hi(j) = Wz(j f E (HM)
q=1

where Wi(jk) satisfies 8¢jWi(jk) = 0. In [25] it is also computed that
~ n—2

(AW, —
(5:2)  oy(HM); =

q
= O g 2?7 pr_2q,

(k —2q)(k —2¢ = 1)(n+k —2¢ = 1)(n + k — 2q — 2)|2[*"?p_sg

where pj_g, is a harmonic polynomial of degree k — 2g.
Since HZ(Jk) () = X2 |aj=k hijaz®, we obtain
k
8,16”111(])(90) = Z hij,aanijl'a~
|a|l=k
(k)

Now we consider 8,18in2-;€ and identify the terms that do not necessarily vanish (recall that the

oM
boundary is given by z" = 0).



20 DISCONZI AND KHURI

Consider the case 7,7 < n. In this case if

Z hijpz 8ijnxa|xn:0 7é 0,

laf=k

then the non-zero terms have «,, = 1, i.e., we can write the multi-index « (of the non-zero terms) as
a = (c/,1). Hence the coefficients of the non-vanishing terms are all of the form

1 1
(53) hij,a = a(‘)ahw(O) = aanhij,a/(()), |O/| =k—-1.
Similarly if ¢ = n and j < n then the coefficients of the non-vanishing terms are all of the form
1
(5.4) hij,a = aaﬁhn]”a/(()), ’Odl‘ =k— 2,
and if ¢ = j = n the coefficients of the non-vanishing terms are all of the form
1
(5.5) hijo = —Onhnno0 (0), [0 =k =3,

where o is a multi-index with o), = 0. Since k < n — 4, we have by theorems 3.4 and 4.2 that (5.3),
(5.4) and (5.5) all vanish, and therefore

(5.6) 0,0 HY (2',0) = 0.

Combining (5.1) and 9;; W, = 0 with (5.2) and (5.6) gives

[k72

==
Z Cn,k,q

qg=1

33/’2q72anpk72q($/7 0) - 07

and it then follows from usual decomposition theorems for homogeneous polynomials (see e.g. [6])
that each 0ppi_o4(2’,0) vanishes separately.

To compute OpZc|gn-1 it is enough to compute the derivative of Z ((ﬁq(k))w) — the solution to

(2.7) with (ﬁék))zj instead of ), Hi(f). Such a solution takes the form (see [25])

q+1

Z((HP)ij) = e(n)ar—2q(1 + |21%) 75 Y T(k, q, 1) |z[¥ pr—2g
j=1

where a2, and I'(k, ¢, j) are numerical coefficients. Computing we find

q+1
anZ((H(gk))l])(x,7 0) = C(n)ak—Qq(l + ’$l|2)_% Zr(ka Q7j)|$/|2]anpk—2q(x,7 0)
j=1

But we showed above that dppg_24(2',0) = 0 and hence 8nZ((fL§k))ij)(x’,O). Therefore, we have
proven

Proposition 5.1. Take boundary conformal normal coordinates at a point on the boundary and let
Ze be as in definition 2.4. Then it satisfies

Az +n(n+2Ui2 % = o(n) Y-t 0,0, AU, in R,
(5.7) § -
Onz: = 0, on R* 1
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6. BASIC CONVERGENCE RESULTS

Here we prove some basic convergence results. Most of the results are either known or modifications
of similar results for manifolds without boundary.

Lemma 6.1. Suppose x; — T is an isolated blow-up point. Take normal coordinates at x;, and
rescale coordinates to y-coordinates. Then in the limit i — oo the boundary becomes a hyperplane.

Proof. The metric g; is obtained from g by (i) a rescaling ¢, = szi_lgi = 5;29 and then (ii) by
4
the change of coordinates y = ¢~ lz. If we write g1, = Mip"_lgi in the standard form g1, = ¢ *g;
2 p;—1

we have ¢/ 2 = M, > = ¢; ', so transformation law (A.4) gives (x1,)r; = €; '(ki)xj- The second

fundamental form transforms as

5 o0xP dx4 :
(Hi)kj(y) = @@(K1i)pq(iﬂ) = 5?5@5%(“1)17(1(93)

= &7 (k)i (@) = g7y (ha)ij (@) = eilki)iy ()

when we change coordinates from z to y via = £;y. Now the sequence (k1)x;(x) is bounded because
in z-coordinates the metrics converge in C* (k large), and therefore the second fundamental form
goes to zero in y-coordinates. But g;;(y) — 0;; since

3ij(y) = gij(ey) = 655+ €;0(|y[?)
and therefore in the limit the boundary is a hyperplane (see also [23]). O
Lemma 6.2. Let x; — T € OM be an isolated blow-up point. There exists a constant C > 0 such
that for all i and all |y| < UMZ-WT_1 we have |v;(y)| < C (where o comes from the definition of isolated
blow-up point).

Proof. The proof is similar to the first claim in proposition 4.3 of [32] and it uses the maximum
principle, the Harnack inequality and the definition of isolated blow-up point. In fact, from the
definition of v; and isolated blow-up points we have that

pi—1

v;(0) =1, Vu;(0) =0
(6.1) Ly bt
0<wi(y) <Cly| »t forly|<oM; * =1

From these properties it follows that v;(y) < C for 1 < |y| < ;. Since Lz v; = —Kv! <0, using the
maximum principle (corollary A.4) we have that there exists a constant C' > 0 such that for every 4,

min v;(y) > C~! min v;(y)
lyl<r lyl=r

with 0 < r < 1. Using the Harnack inequality (lemma A.6) we get

max v;(y) < C min v;(y),

ly|=r ly|=r
so that
max v;(y) < C min v;(y) < C min v;(y) < Cv;(0) < C
ly|=r ly|=r ly|<r
for 0 < r <1, and the claim follows. O

The next proposition is the analogue of proposition 4.3 of [32] and of proposition 1.4 of [23].
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Proposition 6.3. Let x; — T € OM be an isolated blow-up point and assume that R; — oo and

€; — 0 are given. Then p; — Z—fg and, after passing to a subsequence

| vi = U llc2(Bg, (0) < €
and

B —0
log M; ’

Proof. Let R > 0 and € > 0 be given. From lemma 6.2 we have |v;(y)| < C.
Therefore, by standard elliptic estimates there exists a subsequence of v; converging in C?

o O A
limit v which satisfies

Av+KvP =0 in R",,

367””:0 on OR" . if T' < oo,
v(0) =1 and y = 0 is a local maximum of v,

i—1 i—1
where T' is the limit of a subsequence of T; = M:T distg, (x;,0M) = M:T|50Z| =|gi|. YT = o0
then the proposition follows from the well known result of Caffarelli, Gidas, and Spruck ([14]). If
T < oo then the boundary converges to a hyperplane when ¢ — oo by lemma 6.1, and the result
follows from proposition A.1. O

The following lemma is analogous to lemma 2.1 of [23]. As in the the proof of [23] — where
)
they assume conformal flatness — the idea is to show that if the M, * disty, (x;,0M) does not stay

bounded, then after rescaling the solutions we obtain an interior blow-up point, in which case the
machinery of [25] can be applied (of course, in [23] they could not use [25] since such results had not
yet been known, but they could still apply whatever was known about blow-up points in conformally
flat manifolds without boundary; the idea here is similar). The proof does not require change to
y-coordinates but we will keep track of the expression in y-coordinates for future use.

Lemma 6.4. Let x; — T € OM be an isolated simple blow-up point, with x; € M. Then

pi=1
M, * distg,(z;,0M)
stays bounded.

Proof. Let Z; be such that distg, (z;, 0M) = distg, (x;, ;). The proof is by contradiction. Consider a
subsequence such that

pi—1 pi—1

M, ? distg,(z;, OM) = M, 2 |Z;] — o0

(2

pi—1
ie., ;| = co. Put T; = M, % |%;| = || and take normal coordinates at z;. For |z| < |Z;| 1o (where

o comes from the definition of isolated blow-up point) define

_pi—l

fi(z):Ni_lui(Ni °z)

L 2
where N, = |z;|7i~T.
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_pi—1

Notice that & has the same form as v; with N; in place of M;, so if (¢;)(2)m = (9:)u(IN; * z) we
see that &; satisfies

Lg, &+ K f; el = for |2| < |2;| 1o,
Béigi = augifz + = =5 Klglgz = on OM,
~ _pi—l
where fi( ) = fi(N, * z). Since z; is an isolated simple blow-up point for u; we have u;(x) <

__2 2
Clz| P and then &i(z) < Clz| »i~1. This, together with the fact that £(0) = |&;|?i~1u;(0) =

|Z; |Pz TM; = T“_1 — 00 as ¢ — oo implies that {0} is an interior isolated blow-up point for &;,
hence we can use corollary 2.6 of [25] (with [V; instead of M; and &; instead of ;) and conclude that
£(0)¢ — w in C2 (R, — {0}), where w > 0 is the Euclidean Green’s function for the Laplacian
centered at 0 (Euclidean because §; converges to the Euclidean metric) and R”; = {2" > —1}. It
also follows that Bg,§; = 8,@ &+ "5 Hglfl = 0 becomes in the limit g"jl =0 on 8R” We have (see

for instance [23])
w(z) = alz)* "+ A+ 0(|z]), A>0.

Define

—2 ¢

0
B(T,Z,é,Vf) 9 67_7|v€|2 (875)2

Because 0 is an interior blow-up point, we can use theorem 7.1 of [25] to get

r—0

liminf/ B(r,z,w,Vw) >0
|z|=r
and a direct computation gives

lim inf B(r,z,w,Vw) = —

r—0 |z|=r

contradicting A > 0. O

Suppose i — & € OM is an isolated simple blow-up point. In the notation of lemma 6.4, write
p;—1 p;—1 71

T; = M 7 distg, (z;,0M) = M, ? |%;|. In y-coordinates this becomes T; = M, 2 |Z;| = |gil.
By lemma 6.4 we cannot have T — 00, and passing to a subsequence we have T] - T < .
Corresponding to the subsequence {T;,} there is a subsequence {v;, }. Applying proposition 6.3 to
the {v;, } yields T'= 0. Hence, we can hereafter assume that

(6.2) il = 0.

Proposition 6.5. Let x; — & € OM be an isolated simple blow-up point for the sequence {u;} of
positive solutions to (2.1). Then there exist constants C > 0, o > 0 independent of i such that
pi—1
Miui(x) > CilGi(a:,:c,-), M, ?* <lz| <o,
Mjui(z) < Clz[*™, |z| <o,

where Gj(x, x;) is the Green’s function for Ly, centered at x; with boundary condition By, Gi(x,z;) =0
on & B,(x;). Moreover, after passing to a subsequence Myu;(x) — G(x,z) in C? (B, (2)\{z}), where
G(x,z) is the Green’s function for Ly centered at T with boundary condition B,G(x,z) = 0 on

' B, (T).
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Proof. The proof is an adaptation of the ideas from [32] and [23] using lemma A.6 and proposition
6.3. O

7. A FURTHER ESTIMATE ON distg, (x;, 0M).

Let z; — & € OM be an isolated simple blow-up point. As in the boundaryless case, one of the
main features of our proofs is the usual use of coordinates centered at the points x;. If x; € M , lemma
6.4 then gives an estimate for the distance of z; to the boundary. Unfortunately this estimate is not
enough for our purposes. In fact the results of sections 4 and 5 require the center of the coordinate
system to lge on the boundary. We therefore have to prove that we can pass to a subsequence such
that x; € M.

Proposition 7.1. Suppose x; — T is an isolated simple blow-up point. Then in boundary conformal
normal coordinates at x;, there exist constants o,C > 0, independent of i, such that

lv; — Ul(y) < Cey

p;—1

for every |y| < oM, *

Proof. The idea of the proof is as follows. Using the fact that the boundary is totally geodesic in
boundary conformal normal coordinates, we can reflect all quantities across the boundary and then
mimic the proofs of [32]. In order to simplify notation the index ¢ will be dropped from all quantities
when no confusion arises, and the metric § in y-coordinates will simply be denoted as g. Similarly f
will be denoted by f. We will use Greek letters to denote indices running up to n and Latin letters
for indices running up to n — 1, and write as usual y = (3/,y"). Let [ = o~ 1.

If y; € OM, take Fermi coordinates (z',...,2") at y;. If y; € M then take Fermi coordinates
(z%,...,2") at §;, where §; € OM is the closest point to ;. Then in these coordinates gn, = 1 and
gni = 0. Shrinking the domain if necessary, we can assume that the domain of definition of the Fermi
coordinates contains the domain of definition of the boundary conformal normal coordinates. Define
the extensions

! n n >
(71) E(Z/,Zn) _ {g(z y % )7 z" Z . and 6(2/,»2”) — {
"<

g(Z,—=z2"), =z

v, 2", 2" >0

v(z',—2"), Z"<0.

Recall that in boundary conformal normal coordinates the mean curvature vanishes and hence the
boundary condition for v is just a Neumann condition. Moreover the umbilicity of OM gives that
the second fundamental form vanishes as well. Therefore the above extensions are C?, and are in
fact smooth in the 2’ direction. Notice also that we are performing a change of coordinates to Fermi
coordinates, but we are not making a conformal change of the metric, and hence the vanishing of s
and k;; are still true in Fermi coordinates. Mimicking a standard one-dimensional argument then
shows that 0,,(02v) and 9,,(0%9) exist in the weak sense, so in particular the extensions are C%<. Of
course, the extended metric also satisfies g,,,, = 1 and g,,; = 0.
A simple calculation shows that

(7.2) Rg(7',2") = Ry(',—2"), 2" <0,
and

(7.3) AGu(2,2") = Agu(Z, —2"), 2" < 0.
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Now extend the function f across the boundary by f(z/,2") = f(2/, —2") if 2™ < 0. Notice that f
and Ry are C%®. Combining (7.2) and (7.3) produces

Lg0(2, 2") = Lyv(2, —2") = =K f°(2/, —2")oP (¢, —2") = —K?ié(z’, 2P (2, 2")

for 2" < 0, i.e., the extended quantities also satisfy the equation. It follows that the extended
equation holds in the original y-coordinates,

(7.4) Lyo(y) + K% (y) = 0 in By(0),

where By(0) is a full ball in R, i.e., B(0) = {y € R" | |y| < [}. From det g = 14+ O(N) in B;(0) we
obtain detg = 1+ O(rN) in B;(0) as well.

Now that the problem is defined in the full ball EZ(O), to prove the proposition, proceed with
almost identical arguments as in the proofs of lemmas 5.1, 5.2 and 5.3 of [32]. There are, however,
three differences that we now discuss.

First, unlike in [32] the coefficients, of the PDE are not smooth. However, they are sufficiently
regular to apply elliptic estimates.

Second, we need the estimate v < CU. In [32] this arises from the fact that the blow-up is isolated
simple. In the current situation it is not necessarily true that 0 is an isolated simple blow-up point
for 7 on By(0). Nevertheless, we will show that o(y) < CU(y) still holds for all y € B;(0). Notice
that we do not need to make an extension of U since it is a priori defined on the whole of R™.

To see why this is the case, first notice that since y; is an isolated simple blow-up point for v on
B)(0), we have v < CU there. For p € By(0), let p € B;(0)\B;(0), be the reflected point. If y; € OM
then dg(yi, D) = dg(ys, p), where dg means distg. If y; ¢ M, then in y coordinates the boundary is
given by a graph y" = F(y), but F(y') — 0 as i — 0 (see (6.2) and lemma 6.1), which then implies
dg(yi,P) = dg(yi,p) + o(1). Therefore

9(p) = v(p) < CU(p) = C(1 + dy(yi,p)2) 7 < CL(1 + dy(yi,D)?) 7 = CLU(D),

as desired.

Finally, the third difference with [32] is that there, the scalar curvature satisfies Ry = O(r?), which
comes from the Taylor formula and properties of conformal normal coordinates. Here, since Ry is
C% only, we avoid the Taylor expansion. Without Rz = O(r?) the proof in [32] yields a weaker
estimate, but since we only need |v — U|(y) < Ce, the hypothesis Rz = O(r?) is not necessary. In
[32] the better estimate |[v — U|(y) < Ce®, with s > 1, is established. O

Remark 7.2. Observe that as in [32], the proof of proposition 7.1 produces the estimate ¢; < Ce;.

In the proof of the next proposition, we retain the notation for the reflected quantities that appears
in the proof of proposition 7.1.

Proposition 7.3. Under the same hypotheses of proposition 7.1, there exists a constant Cy, inde-
pendent of i, such that

| vi—=U ch,a(gll(o))ﬁ Coei,

N

where [; = O'Ei_l.

Proof. 1t is sufficient to establish the desired estimate for w; = v; — U. We have

Lgw; + bjw; = Q; in Eli (0)
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5 551‘?1‘ — Upi
W(y),
Qi(y) = (et Ry (Gi)U (v) + KU 2 = F 0P + M 10(ly ™) yl(1 + ) 7% ).

li

Use (7) to find |b;(y)| < ¢(1 + |y|)~*. Then the representation formula gives, for any and |y| < T

(7.5) )= [ Gl - Q- [

By, (0) 0By, (0) Vg
where G; is the Green’s function for the conformal Laplacian with Dirichlet boundary condition.
The proof is now similar to standard estimates for the Newtonian potential, and therefore we will
only indicate the main steps (see for example [22]).

First notice that unlike the Newtonian potential case, there is a boundary integral in the rep-
resentation formula (7.5). Nevertheless, this boundary integral is easily estimated using standard
properties of the Green’s function and v; < CU, since the singularities occur within the radius %.

For the interior integral, write v; = b;w; — @;. This quantity plays the role of the inhomogeneous
term in potential theory. Therefore standard potential theoretic arguments yield

C
2 a
(7.6) [D wi]%g%(o) < lza( | vi ||CO(§%(O)) +IS [%]a,gl{}(o))
where [-]o,o is the Holder semi-norm on 2. Next, observe that by interpolation
(77) (a5, © < C(Piag, 005, 0+ [@as, ©)

2 2 2 2

In order to estimate [w;] the representation formula (7.5) may again be employed along with

a7§lz‘ (0)
2
standard properties of G; and proposition 7.1. However, control of the boundary term relies on y
staying away from the boundary, that is why we choose an estimate on By, (0) (giving then a final
2

estimate on By, (0)). Moreover, using remark 7.2 and Unss —?_5iUpi = U%O(ﬂ log f|+|log Ul)d:),
it follows that

n+2 *—52' X
(7.8) Qo 5, @ < C(HRaEc)UW0 5, o + U2 =T U, 5, )
2 2 2

el OQuM b1+ )5, 5, o)

< 087;.

NS

Finally, the term || 7; | -0 ( is estimated in a similar manner

By, (0)
2

| i HCO(’B“” (0))§ Ce;.
z

Combining this with (7.6), (7.7) and (7.8) yields [D?w;] < Ce¢;. The remaining lower order

a7§li (0)
4

terms of the C?® norm may be estimated in an analogous way. O

The analogous of the following result is already known for scalar-flat manifolds [2].
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Theorem 7.4. Suppose xr; — T is an isolated simple blow-up point. Then in boundary conformal
normal coordinates at x;, for all i sufficiently large and possibly after passing to a subsequence, we
have x; € OM.

Proof. The proof is by contradiction. Therefore assume that x; € M occurs only for finitely many
1. Hence passing to a subsequence, still denoted x;, we can assume that

(7.9) z; € M for all i.

Take boundary conformal normal coordinates at z; (see corollary 3.10), rescale all quantities to
y coordinates as explained at the beginning of the text, and denote by ¢; € OM the closest point
to y;, where y; is identified with the origin. The closure of the ball of radius |g;| will be denoted by
By3,/(0). Furthermore, for any domain €2, denote by [-]11.q,0 the Ch® Holder semi-norm, and by []1.0
the C! Holder semi-norm.

Let w; = v; — U, then

0n(vi — U)(0) — On(vi — U)(%:)] <

As explained in section 3, the coordinates may be arranged such that % = g"" Oy| bi Observe
i 1gi !

that the boundary condition for v; implies that 9,v;(7;) = 0, since the mean curvature vanishes.
Notice also that we have Vv;(0) = VU (0) = 0. On the other hand a direct calculation gives

n

(7.11) OnU (5:) = (2 = n)(1+ |:l*) "2 57"
Hence (7.10) becomes

i } 1 N noo
971 = Il < =5 @+ 1) E | e o

since §; = (0,...,0,97). By (6.2), —L5(1 + |]?)2 < C} for a constant C; independent of i, so

' n—2

(7.12) 15i| < Culgil° wily 455, @

By proposition 7.3, w; converges to zero in C%?, so there exists a small » > 0, independent of 4, such
that the Taylor formula for w; holds in B,.(0) for all i. By (6.2) we can assume that By,(0) C B;(0).

Therefore for any y € By, (0),

Awi(y) = Opwi(0) + Ry(y)y' = Ru(y)y,

where we used Vw;(0) = 0. The remainder term satisfies, for each I = 1,...,n,
Ri(y)| < sup  |[Viw(z)| <[ w; ||CQ,O¢(W)S Coei,
2€B),(0)

where proposition 7.3 has been used. Hence |Oxw;(y)| < |Ri(y)y'| < nCos;ly|, and therefore

(7.13) [wil, 5@ < nCocildil.
Let Q be a convex domain. The following inequality is standard (see e.g. [22])

(7.14) [whiso < A Plulivan + Ap Pluliq,
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where the constant A depends only on the dimension, 0 < 8 < a < 1, and p > 0 is any positive num-
ber. Also, using the mean value inequality, there is a constant A depending only on the dimension,
such that |9;u(p) — du(q)| < Alp — ql[ul2.0 = Alp — ¢|*|p — ¢|'~*[u]2,0. From this it follows that
(7.15) [u]11a.0 < Adiam(Q)'~*[u].q.

Because the constants Cp,C1, A and A do not depend on i, we can, with the help of (6.2) and the
definition of &;, choose i so large that

N 1
(7.16) 3 < 5
(7.17) €; < 1,

a2
(7.18) maX{C’oClAA, anClA}si7 < 3
(7.19) CoChe; < 1,
where p > 1 is a large number chosen such that
1

(7.20) p; <1

This is possible since o < 1; notice that p does not depend on 1.
Now fix an iy = ig(n, Co, C1, A, A) such that (7.16)-(7.19) hold. From (7.15) we have

(7.21) < Afw;,]

[wily 1o Byg;,1(0) = 2,By5,,1(0)°

Moreover the constants Cy,Cq1, A and A do not depend on the choice of 8, as can be seen from
the derivation of inequalities (7.12), (7.14), (7.15), and the proof of proposition 7.1. Therefore the

inequalities (7.12)-(7.21) hold for any /5 such that 0 < 8 < a.
We are now in a position to prove the theorem. It will show by induction that

(7.22) [Gio| < b
for all £ = 0,1,2,3,.... Since g;, < 1 this would imply |g;,| = 0 so that x;, € OM, contradicting
(7.9).

For k =0 (7.22) is true by (7.16). For k = 1, recall that 0,v;,(7;,) = 0, and observe that
10U (Gio)| = 10n(vi = U)(%iy)| < MLW-
Then (7.11), proposition 7.1 and (7.19) give
G| < Cr[wio), 75 B, < CoCieip = CoCrej; e < eft
So assume that (7.22) holds for some k > 1. Combining (7.12) and (7.14) gives
(728) (5ol < Caliiol i) sy < Ol (P il 7y + 2~ i) 57

Choose 3 = & (which is less than a by the choice of p). If we also choose p = eF then (7.23)
becomes

o 3

- e/ ka—
’yz‘o‘ < CIA‘yio‘pk <5i0 ? [wioh"'a’B\@io\(O) + 5i0p [wioh’B\ﬂiO\(O))
y (7.13), (7.21), proposition 7.1, the induction hypothesis (7.22) and the fact that

[in]ZW <|| wig ch,a(wy
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we obtain
o payl-e  _eyigg
Tio| < max{CgclAA nCOClA}eZ;’ ( Z-a b +eiop+ " a)
2
l—q_a
_QmaX{COClNA nCoCyN Je;7 eiteg, 2
1 =3
< €£§+1)asio o ”.
a2
where (7.18) has been employed. Finally, ¢, TP by (7.17) and (7.20). O

8. SYMMETRY ESTIMATES

In this section we derive sharp estimates for the behavior of solutions wu; in the neighborhood of
an isolated simple blow-up point. The proofs are an adaptation of the results of [25] and we will
often refer the reader to it for details.

Throughout this section, let x; — T € M be an isolated simple blow-up point. By theorem
7.4 we can assume that xz; € OM. We will be using boundary conformal normal coordinates at x;
(see proposition 3.5) and rescale all the quantities to y-coordinates as explained at the beginning
of the text. Notice that because in boundary conformal normal coordinates we have k4, = 0 in the
neighborhood of the origin, the boundary condition becomes a Neumann condition. Moreover, since
the boundary is umbilic we obtain that it is totally geodesic in the neighborhood of the origin.

Also, by (4.3), proposition 5.1 gives that for |y| < 05-71 we have, with Z; = Z,,,

{Az+nm+2nm%z=d>§: 100, AU, for [y < oe],

o =0 gMaz =eNO(y 1N+ 1y D", on oM

where (2.9) has also been used. Notice that since 9,U(y’,0) = 0, in these coordinates U also satisfies
the boundary condition

n—1

(8.2) e Y g"au =eNo(y|N 1+ ly')' ") on OM.
9i =1

Proposition 8.1. Suppose x; — T is an isolated simple blow-up point. Then in boundary conformal
normal coordinates at x;, there exist constants o,C > 0 such that

o= U~ 5 <€ max (FIHOP @), 5)
pi—1
for every |y| < oM, *
Proof. Put A; = max, <, [vi —U — Z| = [v; = U — Z|(y;). Then as in the boundaryless case we get

a stronger inequality if there exists a constant ¢ such that |y;| > ¢l; for every i. In fact, using that
T is an isolated simple blow-up point we get the inequality v < CU < C|y|?>~™, and using estimate
(2.9) we get A; = |v; — U — Zi|(y;) < Clyi|>™™ < 2. Hence we can assume |y;| < %
If the proposition is false we have
1

1 . 1
A pdnax {2 HP) 2 ()} = 0, —e" 3 =0, —6 — 0.

Define
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Then |w;(y)| <1, and

Lg,wi + biw; = Qi in By, (0)
(8.4) w; = O(A~1e"2) on 9+ B, (0)
s = ATENO(YIN (L + [y on OBy, (0),

where (8.1), (8.2) and the boundary condition for v; have been used; @; and b; are as in the bound-
aryless case

(U + z;)Pi

bily) = Kfé“w_U_% v).
n—6
Qi(y) = %{c(n)s? (Rg, — Z(ajf?kﬂjk)“))(siy)U () + (A — L) (%)
¢ =2

+O(|EPUE) + K((U + &) — f5(U + 2)%)

—(14+N)2 n
+ M, 2cwanmu+uA>2}

and they satisfy the estimates (see [25])

bi(y)| < (14 [y~

and

Qi < O3 {, g (FUHOP ML+

1+N n
I N (L o+ [yl?)

+ 63(| 1og(U + )| + [log fil) 1+ y) ™72}

+ P31+ Jy)) 7 + M,

Let G; be the Green’s function for the conformal Laplacian with boundary condition G; = 0 on
07 By,(0) and By, G; = gli’ =0 on 9'By,(0). The representation formula then gives

wily) = /B o Gl = Q) /a "0

+/ Gi(y, n)—~2dS(n
o ( )81@ (n)

for |y| < % The first two integrals are estimated as in the boundaryless case (see [25]). For the third
one we use (8.4) to find

(8.5) ’ / Gi(y,n)awi(n)dn’ < Cen?,
o' By, 8V§z
Hence,
. —2 i 2k n—3
(3.6) wilw) < C((1+ )™+ -, max (PP @), 770, 63).
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It then follows from (8.3), (8.6), and standard elliptic estimates that w; is bounded in C?

io. and has
a subsequence, still denoted w;, converging to a limit we.,, which satisfies

Awso +n(n + 2)UﬁwOO =0 onR%}

%ZZ%" =0 on R*1

limy| 00 Woo (y) = 0.
Note that for the boundary condition we used that A=eN|y/|NV(1+ |y/|)}~" < Ce?2 for |y/| < oe; .
Lemma A.5 then gives

n—1
w:co(n;QU(y)—i—y-VU) +j;cj'8jU.

However w;(0) = |Vw;|(0) = 0 implies weo (0) = [Vweo|(0) = 0, from which we conclude that ws, = 0.
It then follows that |y;| — oco. This combined with (8.3) contradicts (8.6), as w;(y;) = 1. O

The proofs of the next two results are similar to those in [25], making the necessary adaptations
to the boundary case with ideas described in proposition 8.1.

Proposition 8.2. Under the hypotheses of proposition 8.1,
. < 2k (k)12( 0. n—3
51 — C2§I]I€l§3l(_1{€z ‘H ‘ (xl)vgz }

p;—1

for every |y| < oM, *

Proof. If the proposition is false we have

1 kyrr(k)|2 L 3
(8.7) 525’%_1{83 |[H®)12(z:)} — 0, 575? —0.
Hence from proposition 8.1,

|Ui - U - Ez\(y) S C(SZ

Define
1 -
w; = 5—(1)@ U - %),
i
and argue as in proposition 8.1, with J; replacing A;, to obtain w; — we, in CZQOC, where 9,ws = 0

on R*"~1. Define ¥(y) = ”T_QU(y) +479;U(y). Now we argue as in [25], except possibly for the extra

boundary terms
i U
/ )\ Ow and / wia—.
o8, (0) Ovg, o8, (©0) OV
2

by
2

But as before, 2% = eNO(|y/|N(1 + |/|)'~™), and a direct computation gives 2% = eNO(|y/|N (1 +

’ allgi 8Vgi
|y/|)!=™), which is enough to handle the boundary integrals as in proposition 8.1. O
Proposition 8.3. Under the hypotheses of proposition 8.1,
d—1
V™ (0i = U = Z)|(y) < C Y e [HOP (@) (1 + [y) 2 4 el P (14 y)
k=2

for every |y| < oe™t, m=0,1,2.
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Proof. Arguing similarly to [25] with the necessary modifications as in propositions 8.1 and 8.2, we
obtain the result with m = 0. To obtain the result for the derivatives, we invoke standard elliptic
theory, which gives the estimate provided that we can bound the C® norm of 8,,§i (v —U — Z;) on
the boundary. Since 8% v; = 0 and 0, | yneo = 0= oU ’y":()’ it is enough to show that

n—1

(8.8) 1> g™ aE+U) lcras, o)< Cef >
=1

From (2.9), (5.1), properties of boundary conformal normal coordinates (in particular corollary 3.7)
and the explicit form of U we have

n—1
Y g+ U)W 0)| < My YL+ )
=1
which is bounded by Ce?™® for |y/| < oe; !
Differentiating 37" g™ (%; + U) with respect to y*, k < n — 1, using again (2.9), (5.1), and
properties of boundary conformal normal coordinates yields

n—1
(Y g0 + U)W, 0)| < C=r7 o Jy| < o
=1
Differentiating again and repeating the argument gives (8.8). Now the pointwise estimate follows by
standard arguments. O

9. WEYL VANISHING

In this section we will work mostly in z-coordinates and take boundary conformal normal coor-
dinates at x;. In these coordinates, estimate (2.8) and the estimate of proposition 8.3 become, for
|z < o,

(9.1) (V™2 |<g Z D hjral(ei + |a])let2mmm
|a\ 4 gl
(92)  [V™(ui —ue, — z)()| < Ce, 2 Z\H’“)\ (i) (ei + 227 4 e, T (g faf)
k=2

where both z; and the sum with |H®*)|?(z;) appear only when n > 6, and
Ze, = zz(az) = E%Tnéi(sfla:)

ug, (z )_6 (E +|x\)

Throughout this section it will be assumed that (M",g) is a Riemannian manifold of dimension
3 < n < 24 with umbilic boundary. The index i will be dropped from all quantities in several
estimates below. Note also that by theorem 7.4 we can assume that x; € 9M , therefore the boundary
is given by M = {z™ = 0}. We will use the notation B = {z € B,(z;) } "™ > 0}, where p <o —
of course, B;r is the same as B,(0), but the first notation will be emphasized since it better suits the
Pohozaev identity. Furthermore, the unit normal will be denoted by v = v4 = v, when no confusion
arises, and vs will denote the Euclidean normal.
We can now state one of the main estimates of the paper.
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Proposition 9.1. Suppose 6 < n < 24 and that x; — T € OM is an isolated simple blow-up point.
Then

d n
>3 Ihijalfe N loge|lier < Cem 2,
lor|=21,j=1
where O, =1 if k = ”T_Q and 0;, = 0 otherwise.

Before giving a proof of proposition 9.1, some consequences are derived, in particular the Weyl
vanishing theorem.

Theorem 9.2. (Weyl vanishing) Let x; — T be an isolated simple blow-up point and 6 < n < 24,
then

VLWl () < Cef 7 logeg| %2,
for every0 <1 < ["T_G} , where 0, = 1 if k = "7_2 and 0 = 0 otherwise. In particular ]VéWgP(:ﬁ) =0
for0<I< [76]

Proof. Proposition 9.1 gives the same estimate as in the boundaryless case, the argument then is
similar (see [25]). O

Corollary 9.3. Under the same hypotheses of the Weyl vanishing theorem,
V™ (vi = U = Z)(y)| < Cef (L + [y~

or, in x-coordinates

n—2

V™ (ui = ue, — 2,) (@) < Ce; 7 (e + [a)) ™"

Proof. This is straightforward from proposition 8.3 and theorem 9.2. 0

We now proceed with the proof of proposition 9.1. The proof will involve an application of the
Pohozaev identity (A.6) in a half ball B .

Write ¢ = ”Tﬂu + 2*0pu and ¢, = "Tﬂue + 2*0pue. In the proofs below extensive use will be
made of the inequalities |V™u| < Ce%lx\2_”_m and [V™¢| < C’ERT72|:U\2_”_7”, which follow from
proposition 6.5.

Proof of proposition 9.1: First it will be shown that there exists a constant C' such that

(93) (Z Z |hz]a’2 2|af+1 + Z Z ’Tz]a |€|a [+1 T 2)

|a|=214j=1 |o/|=01,5=1
> —/ ¢€Hinaizedfn+/ C(n)gbt‘uﬁaijhijdx
d'Bf BY
-2
* / + c(n)(deze + ua(n Ze + xkakze))aijhijdx
BP

+/+ ( )QSEUE( (Hmalel)—i- 8Hl]81HZl 81Hij81Hl-j)dx.
B

where by o/ we mean derivatives along z’ only.
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Start with the Pohozaev identity (A.6). On its left hand-side the integrals over the hemisphere
S%1(p) are of order €"~2 and the boundary terms with 2*2/¥ vanish on & B, so the remaining term
on the left hand side of (A.6) is

n—2 & ou .,
—dz’.
/C(),B+( 5 u+x 8ku)ay(5 x

Since d,u = 0 and ¢g"™" is bounded away from zero near the origin

ou 1= nl
- = —(%u = gﬁ E g al’U,7
=1

Ovs
< c‘ /83+

+C‘/BB+

Using (4.2), (9.1), (9.2), and theorem 3.4, we find that the above integrals are bounded by Ce"~2
and terms involving the umbilicity tensor. Now (9.3) follows from (see [25])

therefore

-2
‘ / (n u+ xkaku
oBr 2

u—i—x 8ku Zg Loy ( u—ug—zg)dx’
=1

u + xkaku Z g"lal (ue + 2¢)da’|.

d n
1 1 _
| Ry = Oishij + 0;(HijouHu) — 50 Hij0yHiy + 01 Hio Hi| < C SN hijalPla?e + Clan3
|a|=215=1

The next step is to show that, as in the standard case of a full ball, the first interior term on the
right hand side of (9.3) may be absorbed into the error. To see this observe that theorem 3.4 implies

n—1

/B+ Peusijhij = — /a/B+ Getue(Y | 0jHpj + OpHyn) + O(e"?)
p p

Jj=1

N n-—1
L)

la/|=0i,j=1

Therefore after an integration by parts (9.3) becomes

d n N n-1
(9.4) C( D N Ihijale 4+ 30 3 [Tyl 4 en2)

laf=2 ij=1 la/|=0,j=1
> / (C(n)fbsusHinalHil - ¢5Hin6izs)
8BS
1, 1 1
-2 c(n)ueze (1 4+ =x"0k)0ijhij + c(n)peus(50;HijO Hyy — —01Hi0,Hjj).
Bf 2 B 2 4

Furthermore the boundary integral on the right hand side of (9.4) may be absorbed into the error
term with the help of theorem 3.4,

/BIB;(C(TLW&“&HM&H” G Hin0ize) = ( Z Z ‘sza ’€|oz |+1+€n 2)

la’|=014,5=1
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The remaining interior integrals are the same as those that appear in the original Weyl vanishing
proof [25], except that the domain of integration is a half ball instead of the full ball. At this point we
may follow the original proof to obtain the desired conclusion, as long as the following two facts hold:
(i) the necessary integration by parts may be performed with the extra boundary integrals (along
o B;’) being absorbed into the error, (ii) an orthogonality condition among harmonic polynomials
holds on the half ball.

An inspection of the original proof shows that (i) is valid, since any integrand along &’ B; will
contain quantities that either appear in theorem 3.4 (and thus may be estimated by the umbilicity
tensor) or involve 0,z — which vanishes by proposition 5.1. Furthermore consider the decomposition
(5.1), then in the notation of [25]

s k .
(Hy)\ = Proj(9;0;pr_szqla*+?).

In section 5 it was shown that 0,pr_24| 5 Bf vanishes, therefore it follows that (Hy)in, 8n(.FAIq)nn, and

6n(ﬁq)ij can be estimated in terms of the umbilicity tensor. This implies that the corresponding
elements of W;; can also be estimated in terms of the umbilicity tensor (since the corresponding

elements of H;; have this property by consequence of theorem 3.4). Hence ((ITIq)ij,Wi-) can be
absorbed into the error, where the inner product is taken over the half sphere. Similarly

/ (I = k)pipr, = / (PEOnD1 — P1Onpr) = 0,
ST (p) o' Bf

so that p; L pg, | # k, that is, (ii) is valid. This finishes the proof of proposition 9.1.

n—1
+

10. SIGN RESTRICTION

Define

/ _ el k Yw o Sk Lk 2
P(r,w)—/aBj(mi)( 5 W 1/5+x Okw ” x5 |Vw|*)ds.

Proposition 10.1. (Sign restriction) Let x; — T be an isolated simple blow-up point and assume
that 3 <n < 24. If M;u;(z) — w away from the origin then

lim inf P’(r,w) > 0.
r—0

Proof. Define

n—2 Ou; Oou; 1 4

1
P ) — ko _ = 12
(r, u;) ABj(xi)( 5 Uig, T Otig -~ 5u vy | Vu|* + —

41
Py 1K(x):rk1/§u’-’ + )ds.

)

If r is sufficiently small, the Pohozaev identity (proposition A.7) gives

P’I“,Ui 2_/
( ) Br(l’i)(

-2
+ / (n u; + xkﬁkui)Rgiuidm

_9 . , :
B S+ 2 Ou;) (g7 — 69)dyu; + Oigl dju;)de

2
Notice that

(10.1) / xkﬁkuiRgiuidx
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= —/ (2" Ry, + nRy, utdr — / 2*Ou; Ry uidx +/ FUF Rz
B () B (x) OB (x;)
Since z*v¥ = 0 on 0'B;} (z;) and v¥ = 2% /r on 0+ B} (z;) we obtain
1
/ a*Opui Ry, upde = — = / (2", Ry, + nRy,)uldx + r / Ry,uZds,
B () 2 /B ) 2 Jor B} (2:)
SO
n—2 k
(10.2) c(n) ( ui + 2" 0pu;) Ry, uidx
B (z;)
1
= —c(n)/ (f:ckakRgi + Ry, )uidx + c(n)r/ Ry,uids,
B (o) 2 2 ot B @
and then

—9 : , ,
P(r,u;) > —/+ = 5 Ui + 2P Ou;) (67 — 89)dyu; + B9 Bju;) d
B (z;)

1
- c(n)/ (z2*0 Ry, + Ry, )uldx + c(n)r/ Ry,ulds
B () 2 2 Jor Bt @)

r

= Ai(r)+ c(n)§ /B+B+( )Rgiu?ds

where A;(r) is defined by the above equality. Now observe that faB,T(zi) K(w)fokugufiH — 0. In

fact, the integral over & B;f (z;) vanishes as 2*v¥ = 0 there. On 9% B, (x;) we have 21§ = r, hence,

using the equation satisfied by u; produces

/ K (z) M2l = —/ M;uLg, M;u; — — wLyw = 0.
It B (z;) ot B (2) O+ B ()

Therefore M2 P(r,u;) — P'(r,w), so

P'(r,w) = lim MEP(T, w;) > lim MZ-QAi(T) + lim c(n)r/ N Ry, (Miui)st
0t By (z;)

= lim M?A;(r) + c(n)r/ Ry, w?ds.
Ot Bif (w)

1—00 2

We now proceed to analyze MizAi(r), noticing that since theorem 9.2 and corollary 9.3 give the
same estimates as in the boundaryless case, the same analysis can be carried out, except for an extra
boundary term that appears in A;(r) when integration by parts is performed, where

. 1
(10.3) Ai(r) = —c(n)/ (z2"0k Ry, + Ry,) (e, + 2c,)%da
B:{-(a;z) 2 1 k2 1 T

n—2
- /+( )( 2 (uai + Zai) + xkak(u& + Z€i))(Agi - Aé)(uai + Zai)d‘r'
B (x;

Corollary 9.3 implies that €27 A;(r) — A;(r)| < Cr, s0 lim; o0 €2 "(A;(r) — A;(r)) > —Cr. Notice
2

i

1

that since M; = E;F and —]ﬁ — 2 —n we can replace ]\/[l-2 by 5?_" and obtain

10.4 P(r,w) > —Cr +c(n r Ry w?ds + lim 27" A (r).
gi 7
OB (z;)

2 i—00
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Using the symmetries of u,,

(10.5) / (n —2 (U, + 2¢,) + 8k(u5 + 2¢,)) (Ag, — As)(ug, + 2¢,)dx

B (x;)

e + xkakZEi)(Agi - AIS)Z&'dx

B ( z)
0z, Oz,

2 _ 71 d

/83+(a:1 8V9i aVé) i

3Lu5 8Luai
o )is,
aBT*(m vy, s

where L = ”T_z + 2%0),. The integrals over otBf (xz) vanish by properties of normal coordinates, so

Zsz —

ugi + a:k(?kugi)(

_l’_

consider the integrals over & B, (z;). Observe that
(4.2), the definition of u.,, and (9.1), we obtain

n
10.6 /
. ‘ &' B ()

= Op2e, by proposition 5.1. Then using

1
2 k aZe n—2 k K l
g 1d‘:‘/ b Oe,) 3 o oz d|
U, + kugl)aygi s - ( 5 Ug, + T kuel)l:1 g; Olze; a8

< / (Ei+|l‘,|)2_n(€i+|$/|)6_n_1|x/|NdLU/
' By ()
< C’E?_Qr.
For the other boundary integral notice that

OLu., OLu,,
81191. 81/5

= (91”05 + On) Luie, = (—g" + 1) Lue, Zg’”awusz

Since |V Lu,,| < 5 (51 + |z|)™", using (9.1), theorem 4.1, theorem 3.4, and (4.2), it follows that

aLuS OLug, 2,
. i 7 < n—
(10 7) ’ ~/8’B+ an 3 d ‘ CE

Combining (10.3), (10.4), (10.5), (10.6), and (10.7) yields

n

-2
(10.8) P'(r,w) > —C’r/ ( 2e, + P02 ) (Ay, — Ag)ze,d
Bt (z) 2

r 2
+ c(n)2 /(%Bjm) Ry w*ds

1
—¢(n) lim 52 "/+( )(ixkﬁkRgi + Ry,) (ue, +Zai)2d$.
B (x;

1—>00

We can now proceed as in the boundaryless case. The first integral on the right hand side of (10.8)
as well as & [ 9+ B (2:) Rg,w?ds are estimated using theorem 9.2. Theorem 9.2 and corollary 9.3 may

be used to estimate | B (x ) éxkﬁkR + Rgl)z2 dz. Finally the estimate of proposition 9.1 is used to
handle fB+ 230 *OpRg, + Ry,)(u2, + 2uc, 2., )dx. O
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11. BLOW-UP SET

In this section we show that the set of blow-up points is finite and consists only of isolated
simple blow-up points. The proofs are very similar to the boundaryless case ([25]) and the locally
conformally flat case with boundary ([23]), and therefore we will go through them rather quickly,
indicating the necessary modifications.

The following proposition is proven in [23] (proposition 1.1, see also [25, 32]).

Proposition 11.1. Given § > 0 sufficiently small and R > 0 sufficiently large, there exists a
constant C' = C(0, R) > 0 such that if u is a positive solution of (2.1) with maxu > C, then there
exists {x1,...,xzxy} C M, N = N(u) > 1, wher Z—J_rg —p < 9 and each x; is a local mazimum of u
such that:

1) {By,(z;)}Y., is a disjoint collection if r; = Ru(xi)fp%l,

2) in normal coordinates centered at x;

p—1

()~ i () ™77 y) = U(Y) le2(Broy < 9
where y = u(xz)%x, .
3) u(x) < Cdg(x,{x1,...,2n}) »1 for allz € M and
dy @i, )) T u(ay) = 07
for x; # x;.

Lemma 11.2. Let x; — T be an isolated blow-up point for the sequence {u;} of positive solutions of
(2.1). Then T is an isolated simple blow-up point.

Proof. We argue as in [25] to obtain a subsequence w; such that
wi(0)wi(y) = h(y) = aly[*™" +b(y) in C.(R}\{0}),

where b(y) is harmonic in R and satisfies 9,b = 0 on R"~!. Therefore, extending b across R"~! and
using Liouville’s theorem shows that a = b > 0. Arguing as in [25] this leads to a contradiction with
proposition 10.1. U

Proposition 11.3. Let §, R, u, C(6,R), and {x1,...,xN} be as in proposition 11.1. If § is
sufficiently small and R sufficiently large, then there exists a constant C(8,R) > 0 such that if
maxy u > C then dg(xj, ) > C forall1 <j#1<N.

Proof. Again we argue as in [25], making the necessary modifications along the lines of [23] as in
lemma 11.2. 0

The following is an immediate consequence.

Corollary 11.4. Let {u;} be a sequence of solutions of (2.1) with maxys u; — oo. Then p; — Z—fg
and the set of blow-up points is finite and consists only of isolated simple blow-up points.

12. COMPACTNESS

Now that we have the Weyl vanishing theorem and sign restriction, the remaining arguments for
the proof of theorems 1.1 and 1.2 are similar to those of the boundaryless case. In fact, the results
of this section will be an adaptation of [25, 8, 17], and therefore as in section 11, we will go through
the proofs very briefly.
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Proof of theorem 1.1: From the results of section 11 p; — Z—fg, and there exists a finite number
N > 0 of isolated simple blow-up points %(1) -z, . ,I‘Z(N) — zN)_ If none of the Z; belong to

the boundary then the compactness result follows from [25], so assume that at least one of them
belongs to OM. It may also be assumed without loss of generality that z, € OM, ¢ =1,... N —k
and Zy ¢ OM, =N —k+1,...,N, for some k < N — 1. Furthermore let

ui(asz(-l)) = min{ui(:ngl)), .. ,ui(xEN_k))}

for all 3.
Set w; = u,(:cgl))uz A standard estimate gives that away from the blow-up points w; —
Zévzl a;Gi), where aj > 0, ap > 0 and G is the Green’s function for the conformal Lapla-

cian with singularity at zU). Now argue as in [41] (see [8, 17] as well) to obtain the asymptotic
expansion

n—2
(12.1) G, 7M) = 2o (14 Y ) + A+ O(Ja|log]a)),
k=d+1

where G = G, ¥ are homogeneous polynomials of degree k£ and A is a constant. The sum
between parenthesis starts at k = d + 1 because h;j(Z) = 0 at a blow-up point £ € 9M, by the
Weyl vanishing theorem. We remark that when the boundary is not umbilic an extra singular term
appears in this expansion (see e.g. [26]). Also notice that standard properties of conformal normal
coordinates, theorem 3.4, and the umbilicity of the boundary, imply that |, gt 0;;H;; = 0, from

which it follows that

(12.2) ¢k =0= / . am/;k

n—1 n
sn st

Now put g = G2 g. Then (M\{z(V},§) is scalar flat and its boundary is totally geodesic. If we
introduce the asymptotic coordinates y = |x| 2z, then the expansion (12.1) and the Weyl vanishing
theorem give gi; = d;; + O(|y|~@~1). Therefore the doubling of (M\{z(1)},3) is asymptotically flat
and has a well defined ADM mass ([31], compare also with [8]).

The rest of the argument now is standard. The positive mass theorem (see remark below) along
with (12.2) and the Weyl vanishing give that A > 0 (as in [25], using the hypothesis that the
manifold is not conformally equivalent to the round hemisphere we can rule out the A = 0 case).
This contradicts the sign restriction of theorem 10.1, finishing the proof.

Remark 12.1.

1) Strictly speaking, we did not show how to prove a positive mass theorem (PMT) for manifolds
with boundary, as the mass of such manifolds was never defined. What is referred to as the PMT
for manifolds with boundary is actually the statement that the constant term in the asymptotic
expansion of the Green’s function is non-negative, which in turn is implied by the positivity of the
mass of the doubled manifold (see [32]).

2) The PMT is known to hold up to dimension 7 [40, 41, 42] and in arbitrary dimensions if the
manifold is spin [45, 27]. Therefore, our result for n > 8 in the case of non-spin manifolds is true
provided that the PMT holds under such hypotheses.

Proof of theorem 1.2: This follows from lemma 11.2 and theorem 9.2.
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13. BLOW-UP OF SOLUTIONS FOR n > 25

In this section we prove theorem 1.4. We assume n > 25 throughout. As we mention in the
introduction, the proof relies heavily on the constructions of Brendle [7] and Brendle and Marques
[9], and we refer the reader to them on several occasions.

We start collecting facts from [7, 9] that will be of direct use in our proof. Their main results is

Theorem 13.1. (Brendle and Marques, [7, 9]) Assume that n > 25. Then there exists a metric g
on S™ (of class C*) and a sequence of positive functions u; € C°°(S™) with the following properties:

(a) g is a small perturbation of the round metric gy which is not conformally flat, and g = go
near and beyond the equator,

(b) for each i, u; is a solution of the Yamabe equation

n+2
Lou; + Ku 2 =0,

where K = n(n — 2) is a positive constant,

(c) Eg(u;) <Y (S™) for alli € N, and E4(u;) = Y (S™) as i — oo, where E4(u;) is the Yamabe
energy of u; and Y (S™) is the Yamabe invariant of the round sphere,

(d) supgn u; — 00 as i — 0.

The scalar curvature of the metric g satisfies
(13.1) Ry >c¢>0.

for some constant c, since g is a small perturbation of the round metric. In particular this guarantees
the coercivity of Ly, which allows us to use the the C%-blow-up theory developed by Druet, Hebey
and Robert [16]. From their results and estimate (c¢) of theorem 13.1 it then follows (theorem 5.2
of [16], see also discussion at the end of section 5.1) that u; has only one blow-up point, and it is
apparent from [7, 9] that this is the south pole (from the point of view of stereographic projection).
Moreover, up to a subsequence the following estimate holds (again theorem 5.2 of [16])

(13'2) Qilu&,xi(x) < ul(x) < QuEiazi(‘r)?
for some constant Q > 1 independent of ¢ and for all z € S™; here ¢; = (supgn uz)fﬁ = ui(mi)fﬁ,
n—2 2—n

and ug, 4, = ¢, 2 (24 | —xi[?) 72, |z — x| = disty(z, x;).
Consider now the south hemisphere S™, which we identify with the unit ball in R™ via stereographic
projection. Since g = go on a neighborhood 9S™, we have that 0S” is totally geodesic, and in

particular By = 9,,. Combining (13.2) with the Harnack inequality implies that away from the south
2—n

pole, €, 2 u; converges in C? to a positive Green’s function for the conformal Laplacian (possibly
after passing to a subsequence). We claim that for large i

3ui <0.
Ovg ~

(13.3)

To see this, denote by § the Euclidean metric so that go = 4U = Gy, and G5 be the corre-

sponding Green’s functions with singularity at zero. Their relation is given by G4, = 43U —1Gs.
Using (A.3) and the fact that the mean curvature of 9S™ vanishes , we have

0Gg,
vy, -

-2

BgoGyy =47 U 72 B;G5 < 0
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on 95™, where the inequality follows by direct calculation. Therefore %—Cj; < 0 by theorem 13.1(a),

so that (13.3) holds.
We conclude that

nt2
Lyu; + Ku!"? =0, in S,
Byu; <0, on 0S".

That is, u; is a sub-solution of the boundary value problem

n+2
L Koyn—2 — in g™
(13.4) {g” v =0 s,

Bgv =0, on 0S™.

Actual solutions to (13.4) will be constructed by finding appropriate super-solutions. The super-
solutions will satisfy the equation with a different constant K, and this will require a slight modifi-
cation of the standard sub-super-solutions argument.

Theorem 13.2. For all sufficiently large i there exists a solution v; of (13.4) satisfying u; < v;. In
particular supgn v; — 00 as i — 0.

Proof. Because of (13.1), we can choose ¢ > 0 so small that
n+2 n+2
Ly + Kon—2 = —c(n)Ry0 + Kon»—2 < 0.

Put w; = A;0, where A; > 1 is a constant chosen so large that

(13.5) U; S A,;(S,
and

ntg n+2
(13.6) w2 — Aidn—2 <0

By the choice of §

~ nt2
(13.7) {ngz- + Kw[™ <0, in S,

Byw; =0, on 95",

- __4 ~
where K; = A, " ?K. So w; is a super-solution of the problem with constant K;. As pointed out

before, (Lg, By) is invertible and therefore the operators T' and P; given by

R S )
(138) TZ:t<:> Lgt_ KZ 27 m S—;
Bgt = 07 on 352,
and
2 on
(13.9) Pw = p; < Lyp;i = —K;wn-2, in S™,
Bypi =0, on HS™,

are well defined. By the maximum principle T" and P; are monotone in the sense that zg < 21 =
Tzy < Tz, and analogously for P;.

Now we put u? = u;, w? = w; and define inductively uf“ = Tuf and wf“ = Piwf. Since u; is
041 0+1

3
a sub-solution we obtain u,? < uzl and inductively uf < 5

super-solution.

. Analogously wf > w,; T since w; is a
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We have u? < w? by (13.5), and claim that uf < wf for every ¢ (the difference from the standard
sub-super-solutions argument is that the equations involved in the definition of 7" and F; are not

exactly the same due to the different constants K and K;). The difference uf“ — wf‘“ satisfies
4 L nt2 =~ n+2 .
(13.10) Lg(uyt' = wi™h) = (K (uf) =2 — Ki(w})»-2), in 87,
By(ui ™t —wi*h) =0, on 98",

In order to apply the maximum principle we need the right hand side of (13.10) to be non-negative.
To show this, recall the definition of w; and K;, use the monotonicity of the sequences uf and wf , as
well as (13.6) to find

nt2 ~ == 0y 22 ~ 0n 2t2 nt2

K@) — Ki(wh)n=2 > Kd)n2 — K;j(w?)n? = Ku? — KA;5n-2 <0,

(2

It follows that uf < wf .

Now a standard argument produces the desired solution u$® of (13.4) such that u; < uf®. The
proof also yields a w$® solving (13.4) with I~(z in place of K, and such that and w{® < w;, but this is
not the solution we are looking for due to the different i-dependent constant I?, O

14. LERAY-SCHAUDER DEGREE OF SOLUTIONS

Here we discuss some consequences of theorem 1.1. Throughout this section we assume 3 < n < 24.
The results here are very similar to the cases of manifolds without boundary and locally conformally
flat with boundary, so we refer the reader to [25] and [23] for details.

As we pointed out in the introduction, one obvious consequence of theorem 1.1 is to give an
alternative proof of the solution to the Yamabe problem. This follows from the fact that standard
variational methods can be used to give solutions to the subcritical problem

{Lgu + KuP =0, in M,

(14.1)
Bgu =0, on OM,

with 1 < p < Z—fg More generally, the compactness theorem allows us to compute the total Leray-
Schauder degree of all solutions to equation (14.1), and to obtain more refined existence theorems
which we now discuss.

Without loss of generality we can assume that R, > 0 and x4 = 0. Then we can write (14.1) as

" L B0 =0,
Tug = 0, on 8M,

where
B = | (Voul + clm)Ryu)av,
M
is the energy of u (there is no boundary term since x4, = 0). Notice that the Neumann problem for
the conformal Laplacian is invertible in that R, > 0. Defining
Qp={uecC** (M) | |ulc2e (M) <A, u>A""}

we obtain a map Fj, : Qy — C**(M) given by Fj(u) = u+ L' (E(u)uP).

From elliptic theory, we know that the map u — L;l(E(u)up) is a compact map from Q, into

C%%(M). Thus F, is of the form I+compact, and we may define the Leray-Schauder degree (see
[35]) of F), in the region Q4 with respect to 0 € C%(M), denoted by deg(F,, 2,0), provided that
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0 ¢ F,(0Q)). The degree is an integer which counts with multiplicity the number of times that the
value 0 is taken on by the map F,. Notice that Fj,(u) = 0 if and only if u is a solution of (14.2).
Furthermore, the homotopy invariance of the degree tells us that deg(F},{2,,0) is constant for all
p € [1, 2] provided that 0 ¢ F,,(9Q,) for all p € [1, 2£2]. Moreover, in the linear case when p = 1, it
is not difficult to calculate, by an argument similar to what is done in [38], that deg(F};,Q4,0) = —1
for all A sufficiently large. Therefore, theorem 1.1 allows us to calculate the degree for all p € [1, Z—f%]
Since it follows from the a priori estimates we derived that 0 does not belong to F},(0€24), we obtain

Theorem 14.1. Let (M™, g) satisfy the assumptions of theorem 1.1. Then for all A sufficiently large
and all p € [1, Z—i‘%], we have deg(Fp,2y,0) = —1.

In the case that all solutions of the Yamabe problem are nondegenerate, our previous results assert
that there will be a finite number of solutions of the variational problem. Moreover, the strong Morse
inequalities will hold for the Yamabe problem since these inequalities hold for subcritical equations,
and theorem 1.1 shows that all critical points converge as p — Z—f% It follows that

A
(DA <D (=DM HCu, A=0,1,2,...
pn=0

where C, denotes the number of solutions of Morse index p. Since there is a finite number of
solutions, we then obtain:

Theorem 14.2. Let (M",g) satisfy the assumptions of theorem 1.1, and suppose that all critical
points in [g] are nondegenerate. Then there is a finite number of critical points g1, ..., gk, and we
have

k
1= Z(_l)f(gj)
j=1
where I(g;) denotes the Morse index of the variational problem with volume constraint.
APPENDIX A. AUXILIARY RESULTS

In this section we state several auxiliary results that are either well known or slight modifications
of standard results. Therefore proofs, when provided, will be rather short.
The following proposition is analogous to a well known theorem of Caffarelli, Gidas, and Spruck

([14)):
Proposition A.1. Let T >0 and R" , = {y € R" | y* > —T'}. Consider the problem

Au+n(n—2)uP =0, u>0 in R,
(%; =0 on OR" 1.,

u(0) =1, 0 is a local mazimum of u,
where p € (1, Z—i‘%] Ifp < Z—fg then this problem has no solution. If p = Z—fg then

1 H,EQ
1+|(a;’,a:n)\2> =Ul@)

w(@' z,) = (
in which case T' = 0 necessarily.

Proof. [28] (see also the proof of proposition 2.4 in [20], and [23] p. 498). O
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Now we recall some transformation laws.

Proposition A.2. Let (M, g) be a Riemannian manifold with boundary and ¢ > 0 a smooth function.
4
Let g = ¢n—2g, then

(A1) Ly(¢™u) = 772 Lyu
(A.2) Ry = —c(n) "¢ "2 Lyo
(A.3) By(¢~'u) = ¢ "2 Byu
N
(A'4) Fiij = ¢m’ﬂ] ¢" 2 ﬁgzj
B 2 _ o n_
(A.5) k= m?b "=2By¢

where quantities with ~ refer to the metric g, kij and k are the second fundamental form and the
mean curvature, respectively.

Proof. Direct calculation (see [25, 17, 32] for example). O

Proposition A.3. Up to a conformal change we can assume that in small balls the scalar curvature
is positive and that the mean curvature of OM wvanishes.

Proof. The idea of the proof is to perform two conformal changes on the metric, one to produce a
metric with zero mean curvature and a further one to achieve positive scalar curvature. Denote by
¢1 > 0, the first eigenfunction of the conformal Laplacian with boundary condition B¢ = 0, i.e.,

Lyp1 + X1 =0, in M,
Byo1 =0, on oM.

See [17] for the existence of ¢1; the fact that ¢; > 0 follows from a standard calculus of variation

argument. By transformation law (A.5), the metric g1 = ¢~ = g has zero mean curvature.

Now let g € OM and consider a small ball Bsys(xo) near the boundary. Denote by 11 > 0, the
first eigenfunction of the Laplacian A, with the boundary condition as below:

Agr + pipr =0,  in Bys(xo),

Y1 =0, on 91 Bas(xp),
91 ¢1 81[)1 = 0, on 61325(1'0).

The existence and positivity of ¢ again follows from a standard calculus of variations argument.

Consider the metric § = ¢/ 2g; on Bas(xo). Then from (A.2),

n+ 2

Ry = —c(n) 7 Loyihy = —c(n) 197 (8g, 1 — Ryytn).

Since p; — oo as § — 0 we can choose § > 0 so small that

Ag 1 — Ry 1 = —p1p1 — Ry 901 <0,

and therefore R; > 0 on Bs(x(). Notice that shrinking Bys(zo) does not affect Ry, as ¢ is defined
on the whole of M. Finally, the mean curvature for g is K = %’(ﬁ_ﬁBgl”L/J =0. g

The next result immediately follows.
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Corollary A.4. Up to a conformal change the mazimum principle holds for the conformal Laplacian
in small balls. More precisely, if Lgu > 0 in By(xg), u > 0, then there exists a constant C' > 0,
independent of u, such that SUPB, (z0) U < CsupaBa(xO) u, provided o is small enough.

Lemma A.5. Let ¥ be a solution of

Ap+n(n+2Un 2y =0, inR",
%ﬁ =0, on OR™ 1,

Then it takes the form

n —

2

n—1
bly) = co( 2U+y-VU) +3 o,
j=1

for some constants cq,...,cn_1.

Proof. Since 9,9 = 0 on R"!, we can make a C? reflection across R"~! and then the result follows
from [13]. O

The following is a Harnack-type inequality.

Lemma A.6. Let x; — T be an isolated blow-up point and assume that 7 is sufficiently small. Then
for all r such that 0 < r < 7 we have
sup u; < C inf Uj,

Br(zi)\B,a(z;) Br(%:)\By./2(xi)
for some constant C' independent of i and r.

Proof. 1t follows from a combination of lemma A.1 of [23], the Harnack inequality, and the definition
of isolated blow-up points. O

Proposition A.7. (Pohozaev identity) Let w > 0 be a solution of Lgu—i—Kfi_éup =0 on B; ={ze
B,(0) | ™ > 0}. Then
1 k

n—2 ou 1
(A.6) /BB,jf (( 5 U Q?kaku)% — 57 V5| Voul® + P 1K(x)a:k1/(’fup“>da

== /B+(n ; 2U + kaaku)((gij — 5ij)aiju + 8jgij8iu)dx
p

*/B; e(m)(Z

+( n n—2
p+1 2

1
u + ¥ u) Rude + —— / %O K (z)uP Tl dx
p+1/pf

) K (z)uPdz,
B

where quantities with o refer to the Euclidean metric and K (x) = K f~(x).

Proof. Standard integration by parts argument. O
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