
Isometries of the plane. DraftOleg ViroBelow formulations of the main statements (theorems and problems) thatare to be proved are separated from the rest of the text. The proofs arepostponed to the end of the text. The reader is enouraged to invent proofson her/his own. Nonetheless, the reader has to read the proofs, no matter,if you found a proof or not. The reader is enouraged also to draw missingpitures. Eah theorem should be illustrated with a piture!1. Reloations as isometriesThe notion of isometry is a general notion ommonly used in mathematis. Itmeans a mapping whih preserves distanes. The word metri is a synonymto the word distane.In the ontext of this ourse, an isometry is a mapping of the plane that mapseah segment s to a segment s′ ongruent to s. Therefore eah reloation isan isometry. In fat, eah isometry of the plane is a reloation.2. Reovery of an isometry from its restrition tothree pointsTheorem A. An isometry of the plane an be reovered from its restrition toany triple of non-ollinear points.Reall that a restrition of a mapping f to a subset is the mapping fromthis subset whih maps eah point exatly as f . Theorem A laims that anisometry an be restored if one forgets how it moves all the points besidessome three points that are not ontained in a line.In fat, an isometry an be almost reovered from its restrition to a pair ofpoints: there are exatly two isometries with the same restrition to a pairof distint points. They an be obtained from eah other by omposing withthe re�etion in the line onneting these points.3. Isometries as ompositions of re�etionsTheorem B. Any isometry of the plane is a omposition of at most threere�etions.



24. Translations and entral symmetriesA map of the plane to itself is alled a translation if, for some �xed points
A and B, it maps a point X to a point Y = T (X) suh that XY BA is aparallelogram.Here we have to be areful with the notion of parallelogram, beause a paral-lelogram may degenerate to a �gure in a line. Not any quadrilateral squeezedto a �gure in a line deserves to be alled a parallelogram, although any twosides of suh a degenerate quadrilateral are parallel. By a parallelogram wemean a sequene of four segments KL, LM , MN and MK suh that KLis ongruent and parallel to MN and LM is ongruent and parallel to MK.This de�nition desribes both usual parallelograms, for whih ongrueneof opposite sides an be dedued from parallelness and vie versa, and thedegenerate parallelograms.Theorem C. For any points A and B there exists a translation whih maps Ato B. Any translation is an isometry.Denote by TÐ→

AB
the translation whih maps A to B.Theorem D. The omposition of any two translations is a translation.Theorem D implies that TÐ→

BC
○ TÐ→

AB
= TÐ→

AC
.Fix a point O. A map of the plane to itself whih maps a point A to a point

B suh that O is the midpoint of the segment AB is alled the symmetryabout a point O.Theorem E. A symmetry about a point is an isometry.Theorem F. The omposition of any two symmetries in a point is a translation.In details, SB ○ SA = T
2
Ð→
AB

, where SX denotes the symmetry about point X.Corollary G. A omposition of a translation and a symmetry about a point is asymmatry in a point.Corollary H. The omposition of an even number of symmetries in points isa translation; the omposition of an odd number of symmetries in points is asymmetry in a point.Problem 1. Given enters of sides of a pentagon, �nd the verties of the pentagon.Problem 2. Whih sets of 2n points are enters of sides of 2n-gon? Hown many
2n-gons have the same enters of sides?Problem 3. Given a irle c, a line l and a point A, �nd points B ∈ l and C ∈ c suhthat A is the midpoint of segment BC.Problem 4. Given irles c1 and c2 meeting at point A, �nd points X1 ∈ c1 and
X2 ∈ c2 suh that A is the midpoint of segment C1C2.Problem 5. Given irles c1 and c2 and a segment s, �nd points X1 ∈ c1 and X2 ∈ c2suh that the segment is ongruent and parallel to s.



35. Compositions of two re�etionsTheorem I. The omposition of two re�etions in non-parallel lines is a rotationabout the intersetion point of the lines by the angle equal to doubled anglebetween the lines. In formula:
RAC ○RAB = RotA,2∠BAC ,where RXY denotes the re�etion in line XY , and RotX,α denotes the rotationabout point X by angle α.Theorem J. The omposition of two re�etions in parallel lines is a translation ina diretion perpendiular to the lines by a distane twie larger than the distanebetween the lines.More preisely, if lines AB and CD are parallel, and the line AC is perpendiularto the lines AB and CD, then

RCD ○RAB = T
2
Ð→
AC

.6. Appliation: �nding triangles with minimal perime-tersProblem 6. Given a line l and points A,B on the same side of l, �nd a point C ∈ lsuh that the broken line ACB would be the shortest.Reall that a solution of this problem relies on re�etion. Namely, let B′ = Rl(B).Then the desired C is the intersetion point of l and AB′.Notie that this problem an be reformulated as �nding C ∈ l suh that the perime-ter of the triangle ABC is minimal.Problem 7. Given lines l, m and a point A, �nd points B ∈ l and C ∈ m suh thatthe perimeter of the triangle ABC is minimal.Problem 8. Given lines l, m and n, no two of whih are parallel to eah other. Findpoints A ∈ l, B ∈m and C ∈ n suh that triangle ABC has minimal perimeter.7. Composition of rotationsTheorem K. The omposition of rotations (about points whih may be di�er-ent) is either a rotation or translation.9 (Napolean Theorem). For any triangle △ABC and equilateral triangles △BCU ,
△CAV and △ABW having no ommon interior points with △ABC, points X, Yand Z that are enters of △BCU , △CAV and △ABW , respetively, are verties ofan equilateral triangle.



48. Glide re�etionsA re�etion about a line l followed by a translation along l is alled a glidere�etion. In this de�nition, the order of re�etion and translation does notmatter, beause they ommute: Rl ○ TAB = TAB ○Rl if l ∥ AB.Theorem L. The omposition of a entral symmetry and a re�etion is a glidere�etion.9. Classi�ation of plane isometriesTheorem M. Any isometry of the plane is either a re�etion about a line, orrotation, or translation, or gliding re�etion.Lemma N. A omposition of three re�etions is either a re�etion, or a glidingre�etion.Exerise. Generalize everything that follows into the setup of the 3-spae.
Proofs and CommentsA Given images A′, B′ and C ′ of non-ollinear points A, B, C underand isometry, let us �nd the image of an arbitrary point X. Using aompass, draw irles cA and cB entered at A′ and B′ of radii ongru-ent to AX and BX, respetively. They interset in at least one point,beause segments AB and A′B′ are ongruent and the irles entered at
A and B with the same radii interset at X. There may be two interse-tion point. The image of X must be one of them. In order to hoose theright one, measure the distane between C and S and hoose the interse-tion point X ′ of the irles cA and cB suh that C ′X ′ is ongruent to CX.
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Proofs and Comments 5B Choose three non-ollinear points A, B, C. By theorem A, it wouldsu�e to �nd a omposition of at most three re�etions whih maps A, Band C to their images under a given isometry S.First, �nd a re�etion R1 whih maps A to S(A).
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The axis of suh a re�etion is a perpendiular bisetor of the segment
AS(A). It is uniquely de�ned, unless S(A) = A. If S(A) = A, one antake either a re�etion about any line passing through A, or take, instead ofre�etion, an identity map for R1.Seond, �nd a re�etion R2 whih maps segment S(A)R1(B) to S(A)S(B).
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R2(C)The axis of suh a re�etion is the bisetor of angle ∠R1(B)S(A)S(B).The re�etion R2 maps R1(B) to S(B). Indeed, the segment
S(A)R1(B) = R1(AB) is ongruent to AB (beause R1 is an isometry),
AB is ongruent to S(A)S(B) = S(AB) (beause S is an isometry), there-fore S(A)R1(B) is ongruent to S(A)S(B). Re�etion R2 maps the ray
S(A)R1(B) to the ray S(A)S(B), preserving the point S(A) and distanes.



6Therefore it maps R1(B) to S(B).
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Triangles R2 ○ R1(△ABC) and S(△ABC) are ongruent via an isometry
S○(R2○R1)

−1 = S○R1○R2, and the isometry is identity on the side S(AB) =
R2 ○ R1(AB). Now either R2(R1(C)) = C and then S = R2 ○ R1, or thetriangles R2○R1(△ABC) and S(△ABC) are symmetri about their ommonside S(AB). In the former ase S = R2 ○R1, in the latter ase denote by R3the re�etion about S(AB) and observe that S = R3 ○R2 ○R1.C Any points A, B and X an be ompleted in a unique way to a parallel-ogram ABYX (maybe degenerated, that is all four points are ollinear and
AB = XY , BY = AX). De�ne T (X) = Y . For any points X, Y the quadri-lateral XY T (Y )T (X) is a parallelogram (maybe, degenerated). Therefore,
T is an isometry.E SAS-test for ongruent triangles (extended appropriately to degeneratetriangles.)
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(X).Draw the piture!G The equality

SB ○ SA = T
2
Ð→
AB



Proofs and Comments 7implies a ouple of other useful equalities. Namely, ompose both sides ofthis equality with SB from the left:
SB ○ SB ○ SA = SB ○ T

2
Ð→
ABSine SB ○ SB is the identity, it an be rewritten as

SA = SB ○ T
2
Ð→
AB

.Similarly, but multiplying by SA from right, we get
SB = T

2
Ð→
AB
○ SA.6 Constrution that solves Problem 2. Re�et point A in l and m, thatis �nd B′ = Rl(A) and C ′ = Rm(A). Then B = l ∩B′C ′ and C = m ∩B′C ′.Exerise: provide a proof and researh.8 If we knew a point A ∈ l, the problem would be solved as Problem2: we would onnet points Rm(A) and Rn(A) and take for B and C theintersetion points of this line with m and n. So, we have to �nd a point

A ∈ l suh that the segment Rm(A)Rn(A) would be minimal.The end points Rm(A), Rn(A) of this segment belong to the lines Rm(l)and Rn(l) and are obtained from the same point A ∈ l. Therefore
Rn(A) = Rn(Rm(Rm(A))) = Rn ○Rm(B),where B ∈ Rm(l). So, one end point is obtained from another by Rn ○Rm.By Theorem J, Rn ○Rm is a rotation about the point m ∩ n. We look for apoint B on Rm(l) suh that the segment BRn ○Rm(B) is minimal.The loser a point to the enter of rotation, the loser this point to its imageunder the rotation. Therefore the desired B is the base of the perpendi-ular dropped from m ∩ n to Rm(l). Hene, the desired A is the base ofperpendiular dropped from m ∩ n to l.Sine all three lines are involved in the onditions of the problem in the sameway, the desired points B and C are also the end points of altitudes of thetriangle formed by lines l, m, n.K Prove this theorem by representing eah rotation as a omposition oftwo re�etions about a line. Choose the lines in suh a way that the seondline in the representation of the �rst rotation would oinide with the �rstline in the representation of the seond rotation. Then in the representationof the omposition of two rotations as a omposition of four re�etions thetwo middle re�etions would anel and the whole omposition would berepresented as a omposition of two re�etions. The angle between the axesof these re�etions would be the sum of of the angles in the deompositions



8of the original rotations. If this angle is zero, and the lines are parallel, thenthe omposition of rotations is a translation by Theorem J. If the angle is notzero, the axes interset, then the omposition of the rotations is a rotationsaround the intersetion point by the angle whih is the sum of angles of theoriginal rotations.Similar triks with re�etions allows to simplify other ompositions.L Use the same triks as for Theorem KM This theorem an be dedued from Theorem B by taking into aountrelations between re�etions in lines. By Theorem B, any isometry of theplane is a omposition of at most 3 re�etions about lines. By Theorems Iand J, a omposition of two re�etions is either rotation about a point ortranslation.N If all three axes of the re�etions are parallel, then the �rs two anbe translated without hanging of their omposition (the omposition ofre�etions about two parallel lines depends only on the diretion of lines andthe distane between them). By translating the �rst two lines, make theseond of them oiniding with the third line. Then in the total ompositionthey anel, and the omposition is just the re�etion in the �rst line.If not all three lines are parallel, then the seond is not parallel to one of therest. The omposition of re�etions about these two non-parallel lines is arotation, and the lines an be rotated simultaneously about their intersetionpoint by the same angle without hanging of the omposition.By an appropriate rotation, make the middle line perpendiular to the linewhih was not rotated. Then by rotating of these two perpendiular linesabout their intersetion point, make the middle one parallel to the otherline. Now the on�guration of lines onsists of two parallel lines and a lineperpendiular to them. The omposition of re�etions about them (the orderdoes not matter any more, beause they ommute) is a gliding symmetry.


