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COMPLEX STRUCTURES ON RULED SURFACES

Ljudmila K. Kamenova

We study the twistor space Z of D xCP. If the scalar curvature of D xCP! is zero,
then it is known that Z is a complex manifold, so every almost complex structure of
D xCP', compatible with the metric is integrable. Our main result is that the set
of all integrable structures of D xCP! is a real quadric, which we describe explicitly.
As a corollary we get the same result for ruled surfaces of genus g > 2 and of an even
degree.

1. Preliminaries. Here we introduce the twistor space of an oriented even dimen-
sional Riemannian manifold M, following the notations of [2], [3] and [5].

Let (M, g) be an oriented connected Riemannian manifold of real dimension 2n. Let
P be the SO(2n)-principle bundle of oriented g-orthonormal frames on M. Denote by
7 : P — M the canonical projection. Then SO(2n) acts on the right on P.

Consider local coordinates {z1,...,z2,} in a nieghborhood U of x € M, and let
{01,...,02,} be alocal oriented g-orthonormal frame.

The fibre 7~1(z) is diffeomorphic to SO(2n). Let us denote by i : 7=*(z) — P the
fibre’s inclusion, then

V, = i*|a(Ta7r_1(a:))
is called the vertical tangent space at the point a.

Let {67, ...,03,} be the local coframe dual to {61, ..., 02,}, then the covariant deriva-
tive V on M defined by the Levi-Civita connection of g is locally expressed by: V6, =
I'¥,07 © 0y, and the Christoffel’s symbols satisfy I'f; = —TY,, so the matrix (T';.) € so(2n).
Hence (according to [4]), the Riemannian connection on P at the point a = (z; X) =
(z; (X;)), induced by g, can be expressed by:

7 v 1 r r r r T *
(1) wi(z; X) = §(Xi dX7 — X7dX]) + X[ T, (2) X605, ()

m

The connection w = (w]‘) on P induces a splitting of the tangent bundle in horizontal

and vertical subbundles, at the point a:
T,P=H, oV,
where
H, :={Y € T,P|w(Y) =0}
is the horizontal tangent space at the point a.
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2
SO(2n) acts transitively on $0(2n)

U(n)
SO(2n)
U(n)

. Then we have an action of SO(2n) on P x

, defined by:
SO(2n) SO(2n)
2 P
SO(2n) x P x T — P x Tn)
(A,a,XU(n)) — (aA, A71XU(n)).
Definition 1. The twistor space of (M, g) is the associated bundle to P defined as the

SO(2
U((n;l) with respect to the action (2). It will be denoted by Z (M, g), or
simply by Z, when the manifold (M, g) is understood.
Z is a bundle over M with fibre 50(@2n)
U(n)
II: P— Z and by r : Z — M the bundle projections, and by Z, := r~!(x) the fibre of
Z at the point © € M. The geometric meaning of Z is clear from the following:

(2)

quotient of P X

and structure group SO(2n). Denote by

Theorem 1.1. Z, parametrizes the complex structures on T,M compatible with the
metric g and the orientation.

The splitting T,P = H, & V,, via II induces a corresponding splitting of T pZ for
p € Z. Let a € II"*(p). Then

TPZ = (H)*\a(Ha) S5 (H)*\a(va) = HP D ‘/P

We have immediately that r,,(H,) = T, M. Then for every p € Z and for ev-
ery tangent vector X € T,Z, we have a decomposition of X in horizontal and vertical
component:

X=X, +X,Xn € Hy, X, €V
Let us define an almost complex structure J on Z: for X = X}, + X, € T),Z, we set:
J(X) = r:hl«(p) opo T*\p(Xh) + JV(X’U)7

yM according to Theorem 1.1, and Jy is the almost complex structure

SO(2
of the symmetric space Z,(,) = U((n;l)

2. Main results. We explore the complex inclusions of D xCP! in its twistor
space and in consequence we get the explicit record of its complex structures.

We use the notations of the previous section. Let D be the one-dimensional disc
equipped with Poincare metric with scalar curvature —1 —¢, (¢ > —1), and CP' denotes
the projective 1-dimensional space with Fubini-Study metric with scalar curvature +1.
We denote the real local coordinates on D and CP! with 1, y; and xa, o, respectively.
According to [8] their metrics are:

_dz1 @dry 4+ dys ® dy: g drs @ dra + dys @ dy2
cpt = .

where p acts on T,

gp = 1+e P 1
1- (% +97) L+ 7 (23 +43)
We set:
1 1
A , B:=
IL+e , 2 Lo, 2
1- 1 (z1 +yi) 1+Z(x2+y2)
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We choose = = (z1,y1,22,y2) € D xCP!. An orthonormal frame for T, (D><(C]P’1) is
=t 0 g 10 g 10, 10}
A Oz A Oyq B 0zo B 0y,
and an orthonormal frame for 7 (DxCP') is
{07 = Adxy, 05 = Adyy, 05 = Bdxs, 0; = Bdy.}.
From the condition V8; = I’fj 07 ® 0, for the metric of D xCP', we compute its Christof-
fel’s symbols and therefore we get the following:
Lemma 2.1. The curvature components of the metric of D xCP' defined above are:
Ryp =eA?, Riy =eB,
R3y3 = Ryyy = Riys = Riyy = €AB,
Ry =0, else, where i < j,k <.
In order to parametrize the fibre in more convenient way, we use the following:

Lemma 2.2.

Proof. Let H = R* be the space of quaternions with a basis {1, i, j, k} over R with
the relations:
= =k>=-1,ij = k = —ji, jk = i= —kj, ki = j = —ik.
The standart complex structure Jy of R* is identified with the left multiplication with i.
Let S3 be the unit sphere in R?, i.e. the space of unit quaternions. Let ¢ € S3, ¢ = a+i
b+ jet+ k d = 21 + 29j, where z1 = a+ib, zo0 = c+id. We define the following maps:
¢ : CP! — 83, [21:22) > q; ca: S3 - CP', ¢— [21 @ 29].

For every ¢ € S® we define a matrix A, € SO(4), which corresponds to a left multi-
plication with the conjugate of ¢, in other words, A,z = ¢ - 2, where x € H = R* and
“” is the quaternionic multiplication. Reversly, for every matrix A € SO(4), we define
a unit quaternion ¢ with the same equation. We obtain the following maps:

51:9%° = S0(4), qg— Ay s2:50(4) — 3 A, q.

Note that for ¢1,q2 € S, A, = A, if and only if cjfl(jg eU(2)

Now we can define the maps:

4
p1: CP' — SUO((Q)), [21 1 z2] = AU (2),p1 = prosioc
and
S0O(4 .
P2 U((Q)) - Cpla AqU(Z) = [21 1 22], p2=c20s204,
4 4
where pr: SO(4) — SI’:]O—(Z)) and 7 : %(2)) — SO(4).
It is easily seen that the maps p; and p, are correctly defined and they are isomor-
SO(4)

phisms between CP' and ——-~.

U(2)
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Remark 1. We associate to A, the almost complex structure J, = Aq_ngAq7 com-
ming from Theorem 1.1. After some computations we get:

0 -5 2(ad+bec)  2(bd — ac)
7 S 0 2(bd — ac) —2(ad + bc)
| —2(ad +be)  2(ac — bd) 0 -5 ’
2(ac —bd)  2(ad + bc) S 0

where S = a? +b? — % — d%.
In order to compute a local frame for Hy,aen! (U), it suffices to compute horizontal
lifts 0; of §; for 1 < j < 4. In the notations of the previous paragraph, 6; is uniquely

determined by: m,,(6;) = 0;(w(a)) and w(a)(d;) = 0 for all @ € 7~ (U), where w is
defined by (1). The local frames 9}, 1< 5 <4, for Hy,p € Z are the projections of 9}-:

0; = 11,4 (05).
z
We consider local coordinates {ui,u2} on the fibre (CIP’I, where u = —2,u = u; +
Z1
iug. So the local coordinates on the twistor space Z are {x1,y1, T2, ya, ur, uz}. If we
z
choose local coordinates {v1,v2} on the fibre CP!, where v := —1,1) = vy + ivg, then
z2

the computations will be analogous. Let p = (21, y1, z2, Y2, u1,u2) € Z. {chording to
Remark 1, we can compute J in the chosen local coordinates, as well as J0;,1 < j < 4.
Now we can compute explicitely all terms of the Njienhuis tensor
N(J)p)(X,Y)=[JX,JY] - J[X,JY] - JJX, Y] - [X,Y].
For convenience we will write N(X,Y") instead of N(J)(p)(X,Y).

Lemma 2.3.

0 0

(1+u? +ud)?

. A A 4e(1+u? —u3)((A? + B?)(u? +u3) — 2AB
N(91,93)=—N(92,94)=— E( +U1 UQ)(( + )(U1+U2) )i

N(él,ég) = N(é3,é4) =

)

(1+uf +ul)” dur
_ 8eugug((A® + B?)(uf +u3) —24B) 9
(14 u? + u2)? duz’
A SN Scuius((A2 + B2)(u? +u2) — 2AB) 0
N(6r.6)) = N(a. 65) = — 324 2(( )(u 22) ) 9
(1+uf +uj) dur
748(1 —u? +ud)((A% + B?)(u? + u3) — 2AB) 0
(1+u? + ud)’ Dus

According to the Newlander-Nirenberg Theorem, an almost complex structure is in-
tegrable if and only if its Nijenhuis tensor vanishes. We apply it for the horizontal
subbundle of Z and get the following result:

Theorem 2.1. Ife =0, then Z is a complex manifold, else D x CP' embeds in Z
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as a complex submanifold with the help of the section
¢:D x CP' — Z,

(x1,y1,x2,y2) = (a?1,y1,x2,y2,u1,u2)
if and only if
9 9 2AB
vt = e g
where A and B are defined above.

Corollary 2.1.1. Ife = 0, then all almost complex structures of D x CP, compatible
with the metric, are integrable, else the set of integrable complex structures is a quadric.

Remark 2. In the case ¢ # 0, all integrable almost complex structures, com-
patible with the metric are in the equivalent class with representative of the form:

_( Ja 0 _ 0 1
J—( 0 J‘/),WhelreJV—(1 0),

0 1-— u% — u% 2uso —2uq
T — 1 u% + u% -1 0 —2uq 2usg
T 1ra +ul —2us 2uy 0 1—u?—ud |’
214 2ug u? +ul -1 0
2AB
and moreover u? + u3 = TLE

Remark 3. It is interesting that the above properties we got do not depend on the
exact value of ¢, but only on the condition if it is equel or not to zero.

Remark 4. Although the submanifolds ¢(D x CP') of Z are the same as smooth
manifolds for different values of €, their induced metrics are different.

Remark 5. Since D! is the universal cover of Riemmanian surfaces of genus g > 2,
then Theorem 2.1 is true for every ruled surface of genus g > 2 and of an even degree
(see [6]).
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KOMIIJIEKCHU CTPYKTYPU BBPXY JINHUPAHU ITOB BbPXHVHWN

JIrogmuina K. KamenoBa

Wsyuyasame TBHCTOpHOTO mpocTpascTBo Z Ha D X CP'. Ako ckamapmara kKpusuHa
ma D x CP! ce amymmpa, mobpe m3BecTHO e, ue Z € KOMIIJIEKCHO MHOTOOGpasme, OT-
KBIETO BCAKA TOYTH KOMILIEKCHA CTPYKTypa Ha D X CP!, chBMecTnMa ¢ MeTpmkaTa
e naTerpyema. OCHOBHUSAT HH Pe3y/lTaT €, 4€ MHOXKECTBOTO OT BCUUYKU UHTErpyeMu
crpykrypn Ha D x CP! e peanna xBanpuka, koaTo onucsame B siBeH Bun. Karo cien-
CTBUE IIOJIyYaBaMe CBINUAT PE3yJITaT 33 JIMHUPAHU HOBBPXHUHI OT POA ¢ > 2 U OT
YeTHA CTeIeH.
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