RATIONAL SURFACES IN INDEX-ONE FANO
HYPERSURFACES

ROYA BEHESHTI AND JASON MICHAEL STARR

ABSTRACT. We give the first evidence for a conjecture that a general, index-
one, Fano hypersurface is not unirational: (i) a general point of the hypersur-
face is contained in no rational surface ruled, roughly, by low-degree rational
curves, and (ii) a general point is contained in no image of a Del Pezzo surface.

1. INTRODUCTION

For complex, projective varieties a classical notion is unirationality: A variety
rationally dominated by projective space is unirational. A modern notion is rational
connectedness: A variety is rationally connected if every pair of points is contained
in a rational curve. Every unirational variety is rationally connected. The two
notions agree for curves and surfaces. Conjecturally they disagree in higher dimen-
sions.

Conjecture 1.1. For every integer n > 4 there exists a non-unirational, smooth,
degree-n hypersurface in P"™.

A smooth hypersurface in P of degree d < n is an indez-(n + 1 — d), Fano
manifold. By [2 and [9], every Fano manifold is rationally connected. Versions of
Conjecture [Tl have been around for decades. The specific case n = 4 is attributed
to Iskovskikh and Manin, [7].

In [B], Kollar suggested an approach to proving Conjecture [LIl A general point
of an n-dimensional, unirational variety is contained in a k-dimensional, rational
subvariety for each k < n. Thus, Conjecture [Tl for n > 5 follows from the next
conjecture.

Conjecture 1.2. For every integer n > 5, there exists a smooth, degree-n hyper-
surface in P whose general point is contained in no rational surface.

In fact the conjecture fails for n = 4. The following argument was related to
us by Rahul Pandharipande and Joe Harris and independently by Miles Reid. For
every smooth degree 4 hypersurface X C P4, for general p € X, the set C,, of lines
L osculating to X to order 3 at p is a smooth conic in the projective tangent bundle
PT,X = P?. Of course LNX = 3p+ g, for a point gr,. Varying L in C,, the points
qr, sweep out a rational curve B), (of degree 6). Varying p in a rational curve D, the
union of the curves B, is a rational surface Bp. Finally, varying D among rational
curves in X, a general point of X is contained in a rational surface Bp.

We give the first evidence for Conjecture
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Theorem 1.3. For every integer n > 5, every smooth, degree-n hypersurface X in
P" contains a countable union of closed, codimension-2 subvarieties containing the
image of every generically-finite, rational transformation P' x P! --» X mapping a
general fiber {t} x P! isomorphically to an (n — 1)-normal, smooth, rational curve
m X.

Theorem 1.4. For every integer n > 5, every smooth, degree-n hypersurface in
P™ contains a countable union of closed, codimension-2 subvarieties containing the
image of every generically finite, reqular morphism from a Del Pezzo surface to X.

A projective variety is k-normal if every global section of the restriction of Opx (k)
is the restriction of a global section on P".

We present two approaches here. First, given a rational surface S and a regular
morphism f : S — X, to prove deformations of f are contained in a codimension-2
subvariety of X it suffices to prove A"~ *(f*Tx /Ts)/Torsion has no nonzero section.
In Section [ this is used to prove Theorems and [C4

Second, a rational surface with a pencil of rational curves gives a morphism from
P! to a parameter space of rational curves on X. There is a construction of algebraic
differential forms on the parameter space. Since P! has only the zero form, these
forms impose restrictions on rational curves in the parameter space. In Section B,
these restrictions are used to prove the following generalization of Theorem

Theorem 1.5. For every integer n > 5, every smooth, degree-n hypersurface X in
P™ contains a countable union of closed, codimension-2 subvarieties containing the
image of every generically-finite, rational transformation S --+ X from a surface
with a pencil of curves mapping the general curve isomorphically to an (n — 1)-
normal, smooth curve of genus 0 or 1, also assumed non-degenerate if the genus is

1.

As the second approach does not apply to Theorem [C4 the first approach is
more productive. However, further progress in proving Conjecture will likely
use both approaches, as well as new ideas.
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2. THE FIRST APPROACH

Let X be a smooth, degree-n hypersurface in P™, n > 5. Denote by Hilb(X) the
Hilbert scheme of X. Theorem follows easily from the next theorem.

Theorem 2.1. Let Z be an irreducible subscheme of Hom(P, Hilb(X)) satisfying,

(i) the associated morphism Z x P' — Hilb(X) does not factor through the
projection Z x Pt — Z, and

(i) the image of a general point of Z xP! parametrizes a smooth, (n—1)-normal,
rational curve in X.

Then there exists a codimension > 2 subvariety of X containing all curves parametrized
by Z x PL.



A morphism P! — Hilb(X) is equivalent to a closed subscheme S’ C P! x X,
flat over P!. If a general point of P! parametrizes a smooth rational curve, then
S’ is an irreducible surface. Any desingularization S of S’ is a surface fitting in a
diagram,

s—-x (1)
lﬁ
P!
Associated to this diagram there is a derivative map
df : Ts — [Tx
and a torsion-free sheaf \
n/\ (f*Tx /Ts)/Torsion.

Proposition 2.2. Let Z be an irreducible subvariety of Hom(P', Hilb(X)) satisfy-
ng,
(i) the associated morphism Z x P' — Hilb(X) does not factor through the
projection Z x P* — Z,
(ii) a general point of Z x P! parametrizes a smooth curve in X, and
(iii) there is no codimension 2 subvariety of X containing all curves parametrized
by Z x PL.
Then, for the morphism P! — Hilb(X) parametrized by a general point of Z, the
torsion-free sheaf N\"~*(f*Tx /Ts)/ Torsion associated to the diagram in Equation[d
has a nonzero global section.

Remark 2.3. This proposition holds if P! is replaced by any other curve, and even
if Hom(PP!, Hilb(X)) is replaced by the scheme of all maps from smooth projective
connected curves to Hilb(X).

Proof. Replacing Z by a dense, Zariski open subset if necessary, we may assume Z
is smooth. Let V' C Z x P! x X be the pullback of the universal family to Z x P*.

Let ¢ : V — V' be a desingularization of V. Denote by ¢’ the projection map
from V' to Z x X, and denote by p’ the projection map from V' to Z. Let g = g’ o ¢,
and let p = p’ o ¢.

Replacing Z by a dense, Zariski open subset if necessary, we may assume p is
smooth, cf. [, Corollary I11.10.7]. Associated to the morphism g is the derivative
3



map,
dg: Ty — ¢"Tx.

Associated to the morphism p is the derivative map,
dp:jkr—»p*jé,

By hypothesis, dp is surjective. Denote by T, the kernel of dp. Because Z x P! —
Hilb(X) does not factor through Z, the restriction of g to a general fiber of p maps
generically finitely to its image. Therefore the following sheaf homomorphism is
generically injective,
dg:T, — g"Tx.
As T, is locally free and V is integral, the sheaf homomorphism dyg is injective on
all of X.
Denote Coker(dg) by N,

N := Coker(dg : T, — ¢*Tx).
The following is a commutative diagram with exact rows

dp

0 1y Tv pTz —=0
|
0——=1p) ——=g'Tx N 0

By the universal property of cokernels, there is a unique sheaf homomorphism,
u:p*Ty — N,

such that the following diagram commutes,

d;
0 T, Ty — 2= p*Ty ——=0
{
0——=1Tp, ——g"Tx N 0

By generic smoothness, the rank of dg at a general point of V equals the di-
mension of the closure of Image(g). By hypothesis, this is > n — 2. Therefore the
rank of u at a general point is > n — 4. Thus, the restriction of u to a general
(n — 4)-plane in the fiber of p*Tz has rank n — 4. A general (n — 4)-plane is the
tangent space of a general (n — 4)-dimensional subvariety of Z. We may replace Z
be the smooth locus inside a general (n —4)-dimensional subvariety of Z. Therefore
we may assume Z is (n — 4)-dimensional and u is generically injective.

Associated to u, there is an induced map,

n—4 n—4 n—4
/\ (u) :p* /\ Tz — /\ N /Torsion.

Because u is generically injective and n > 5, this map is generically injective.

Let z be a general point of Z, and denote by S’ and S the fibers of p’ and p
over z, respectively. Since V is smooth, S is a smooth surface. Let f: S5 — X
be the restriction of g to S. The restriction of A to S is precisely f*Tx/Ts. The
restriction of p*Tz to S is precisely the trivial vector bundle Tz , ®c Og. Since
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. _— —4, . . o o
z is general, the restriction of A" "(u) is generically injective. Therefore, it is a
nonzero map,

n—4 n—4 n—4

/\ (u)ls : (/\ Tz.) ®c Os — (/\ f*Tx /Ts)/Torsion.

By our assumption Tz, is (n — 4)-dimensional. Therefore this nonzero map is

equivalent to a nonzero global section of (A"~ * f*T'x /T)/Torsion (well-defined up
to nonzero scaling). O

Proposition 2.4. Let P* — Hilb(X) be a morphism with associated diagram as in
Equation 0. If the curve parametrized by a general point of P! is smooth, rational
and (n — 1)-normal then

n—2
ho(S,ws® N\ fTx)=0.
Proof. Pulling back the short exact sequence of tangent bundles
0—Tx — Tpn|x — NX/]Pn ~0x(n)—0

to S and taking its (n — 1) exterior power gives another short exact sequence

n—1
0= A FTx = N T = Foxme N FTx 0

Tensoring this sequence with wg ® f*Ox(—n) gives the following short exact se-
quence

n—1 n—1 n—2

0= ws®f Ox(-n)@ N\ fTx = ws®f Ox(—n)@ N\ f*Ton — ws® N\ f'Tx — 0.
By applying the long exact sequence of cohomology, we conclude that
n—2
hO(vaS & /\ f*TX) =0
if both
(i) hO(S,ws @ f*Ox(—n) @ A"~ ' f*Tpn) = 0, and
(ii) B} (S, ws ® f*Ox(=n) & \"™ [*Tx) =0
Proof of (i). Consider the Euler exact sequence on P
0— O[Pn — O[Pn(l)n+l — T[Pn — 0.
Pulling this back to S, and taking its n'" exterior power gives the following exact
sequence

O—»/\ fT[P’n_’fOX() (D) f*Ox(n +1) — 0.

Tensoring with ws ® f*Ox(—n) gives an injective map

ws ® f*Ox(-n)@ \" LT — W2,

Thus it suffices to prove h?(S,ws) = 0. Because the general fibers of S — P! is a
rational curve, S is a rational surface. Therefore h°(S,wg) = 0.
Proof of (ii). There is a canonical isomorphism

ws @ f*Ox(-n)@ N FTx Zws® [*Ox(—n+1).
5



So by Serre duality, it suffices to prove h'(S, f*Ox(n—1)) = 0. Let C be a general
fiber of the map 7 : S — P'. There is a short exact sequence

0— f"Ox(n—-1)®Ic/s = ffOx(n—1) = f*Ox(n —1)|c — 0, (2)

where Zg /g is the ideal sheaf of C'in S. By hypothesis, the image of C' by [ is
(n — 1)-normal in P", therefore the map

HO(S, f*Ox(n—1)) — H(C, f*Ox(n —1)|c)

is surjective. The long exact sequence of cohomology associated to the sequence in
Equation B gives an isomorphism

H'(S, f*Ox(n = 1) ® Ie/s) = H' (S, f*Ox(n — 1)). (3)
Recall a coherent sheaf F on S is called m-relatively globally generated if the
following sheaf homomorphism is surjective,
e F — F.

The surface S is smooth and the general fiber of 7 is a smooth, rational curve.
Therefore if F is m-relatively globally generated, then R, F is the zero sheaf.

Of course, since f*Ox(n — 1) is globally generated, it is m-relatively globally
generated. Because I/g = 7*Op1(—1), the twist f*Ox(n—1)®I¢/g is m-relatively
globally-generated. Thus the sheaves R7.(f*Ox(n — 1)) and R'm.(f*Ox(n —
1) ® I¢/s) are each zero. So, by the Leray spectral sequence, there are canonical
isomorphisms

H'(S, f*Ox(n — 1)) = H' (P!, m(f*Ox (n — 1)), (4)
HY(S, [*Ox(n = 1) ® Igys) = HY (P, m(f*Ox (n — 1) © Zgys))- (5)
Taken together, Equations Bl ] and B give a canonical isomorphism
HY(PY 7 (£ Ox (0 — 1)) = H (P, 7, (f*Ox (0 — 1)) & Op (~1).
This is possible only if h* (P!, 7. (f*Ox(n —1))) = 0. O

Proof of Theorem [Zl. Let Z satisfy the hypotheses of Proposition 22 and let S
and f satisfy the conclusion of Proposition B2 The injective sheaf homomorphism
df : Ts — f*Tx induces a multiplication map,

2 n—4 n—2

/\T5® /\ ffTx — /\ fTx.
Because /\3 Ts is the zero sheaf, the kernel of the multiplication map contains the
image of the following sheaf homomorphism

2 n—>5s 2 n—4
/\T5®T5® /\ f*TX — /\T5® /\ f*Tx.

This image is precisely the kernel of the following sheaf homomorphism

2 n—4 2 n—4

ANTse N\ FTx = NTs® N\ (fTx/Ts).
Therefore the multiplication map factors uniquely through this surjective sheaf
homomorphism, i.e., there is an induced sheaf homomorphism,

n—2

2 n—4
NTs® N\ (fTx/Ts) = N f*Tx.
6



Because /\n*2 f*Tx is locally free and X is integral, every coherent subsheaf is
torsion-free. Thus the homomorphism factors through the torsion-free quotient,

2 n—4 n—2
NTs @ N (fTx/Ts)/Torsion — N f*Tx.

On the open dense subset of S where f is unramified, this homomorphism is
clearly injective. Because the domain of the homomorphism is torsion-free and S
is integral, the sheaf homomorphism is injective on all of X. Tensoring with the
canonical bundle of wg, this gives an injective sheaf homomorphism

(/\n74(f*TX/Ts))/Torsion — ws ® /\n72 [*Tx.

By hypothesis, (A"~ *(f*Tx/Ts))/Torsion has a nonzero global section. Therefore
ws & /\n_2 f*Tx also has a nonzero global section.

On the other hand, for Z satisfying the hypothesis of Theorem Bl Proposition
24 implies,

n—2
hO(S, ws ® /\ fTx)=0.

Thus Z does not satisfy the hypothesis of Proposition Z4] i.e., it does not satisfy
Hypothesis (iii). Therefore there exists a codimension 2 subvariety of X containing
all the curves parametrized by Z x P! O

Proof of Theorem [[Z3. For every generically-finite, rational transformation P' x
P! --» X restricting to a closed immersion on a general fiber, there is an asso-
ciated rational transformation

P! ——» Hilb(X), t+ Image({t} x P!).

By properness of the Hilbert scheme and the valuative criterion, this extends
to a regular morphism. Therefore, associated to each rational transformation
is an element in the Hom-scheme Hom(P!, Hilb(X)). Those rational transfor-
mations satisfying the hypothesis of Theorem give a locally closed subset of
Hom(P!, Hilb(X)). As Hom(P!, Hilb(X)) is a countable union of quasi-projective
varieties, this subset is also a countable union of quasi-projective subvarieties. By
Theorem Z1 for each such subvariety Z, there is a codimension-2 subvariety of X
containing every curve parametrized by Z x P1. This subvariety contains the image
of each rational transformation P! x P! --» X giving a point in Z. Therefore, there
exists a countable union of codimension-2 subvarieties of X containing the image
of every rational transformation satisfying the hypothesis of Theorem 11 O

The proof of the Theorem [l is similar to the proof of Theorem Il There is a
preliminary proposition.

Proposition 2.5. Let X be a smooth hypersurface of degree m in P™. For every
Del Pezzo surface S and every gemerically finite morphism f : S — X, the only
global section of /\n74(f*TX/T5)/Torsion is the zero section.

Proof. The proof is similar to the proof of Theorem ZIl By the same type of
argument, it suffices to prove,
(i) hO(S,ws @ f*Ox(—n) @ N" "' f*Tpn) = 0, and
(it) h'(S,ws ® f*Ox(—n) @ N"' f*Tx) = 0.
7



The proof of (i) is the same as in the proof of Theorem B} since h?(S,wg) = 0.
As for (ii), there is a canonical isornorphism

ws @ f*Ox (- ®/\ T > (wg' ® f*Ox(n—1))7"

Denote wg' ® f*Ox (n—1) by L. The sheaf f*Ox (n— 1) is globally generated. By
the hypothesis that S is a Del Pezzo surface, w;l is ample. Thus L is ample. By
Kodaira vanishing, h'(S, L~1) = 0. So, using the canonical isomorphism, h*(S, ws®
[*Ox(—n) @ N" 7' f*Tx) = 0. 0

Proof of Theorem[I.7] By the same countability argument as at the beginning of
the section, it suffices to prove that for every flat family

DLXXV

gp

such that ¢ is generically finite and a general fiber of p is a Del Pezzo surface, the
image of ¢ is contained in a subvariety of codimension > 2. Let S be the fiber
of p over a general point of V| and let f be the restriction ¢|s : S — X. As in
the proof of the Proposition B2 if the image of ¢ is contained in no subvariety
of codimension > 2, then HO(S, A" *(f*Tx/Ts)/Torsion) has a nonzero global
section. Thus Proposition proves the image of ¢ is contained in a subvariety of
codimension > 2. O

3. THE SECOND APPROACH

Let n > 4 be an integer. Let X be a smooth hypersurface in P" of degree n. Let
M be a proper, smooth variety parametrizing a family of genus g curves in X.

Theorem 3.1. Assume g = 0 or 1. Assume dim(M) = n — 3 and the curves
parametrized by M sweep an (n—2)-fold in X. Assume a general curve parametrized
by M is embedded, smooth, and (n—1)-normal. Further, if g = 1, assume the curve
is nondegenerate. Then h"=3°(M) > 1. In particular, M is not uniruled.

Here is the outline of the proof.

(i) There is a natural correspondence between X and M giving a map
¢ HY(X, Q% %) — HO(M, Q3.

It suffices to prove ¢ # 0.

(ii) For a point m of M, taking the fiber of a global section of Q’I\L/fg at m gives
a map

O HY(X, Q57%) — Q47 @ k(m).

If m is a general point of M, there is a description of ¢,,, as the composition
of a number of explicit “component” maps. To prove ¢ # 0, it suffices to
prove ¢, is surjective.

(iii) The hypotheses imply the component maps are surjective. For instance,
one of the component maps is the “restriction of sections” map

H°(X,0x(n—1)) = H°(C,0x(n —1)|¢)
8



where C' is the curve parametrized by m. Surjectivity of this map is pre-
cisely the hypothesis that C' is (n — 1)-normal.

There is one preliminary reduction having to do with the type of family of curves
parametrized by M. Embedded smooth curves in X are parametrized by a scheme
that is simultaneously an open subset of three different proper parameter spaces:
the Chow variety of X, the Hilbert scheme of X and the Kontsevich space of
stable maps to X. Thus there are (at least) three ways to generalize the notion
of embedded smooth curves. This last one is most useful to us. The Kontsevich
(coarse moduli) space is denoted by M, o(X).

Because a general curve parametrized by M is embedded and smooth, there is
a rational transformation ¢ : M --» M (X). For smooth projective varieties M,
h"=39(M) is a birational invariant. So we are free to blow-up M without changing
h"=39(M). Therefore assume ¢ is regular on all of M.

There is a universal family of curves over My o(X) and a map from this family
to X. The pullback family of curves is denoted 7 : Cpy — M. The pullback of the
map is denoted fa; : Cpy — X.

3.1. Construction of the forms. First we construct the (n — 3)-forms on M.
Then there will be some work to prove some of these are nonzero. The (n — 3)-
forms are constructed using the obvious correspondence

Moy 25 x

between M and X. The first part of this correspondence is straightforward: For
every pair of integers (p, ¢) there is a pullback map

Far s HPUX, QBT — HIP (O, 02T,
The other part of the correspondence is an “integration along fibers” map
I HTHC, QB — HY(M, Q).

Naively it is clear what this is, but we include the construction below for complete-
ness.

Integration along fibers. Let U C M be the (dense) open subset over which
Cy := 7~ 1(U) is a family of smooth curves. There is a canonical isomorphism

T @ wely = QL /mr Q!

where wr |y is the relative cotangent bundle Q¢ ;7. Composing with the quotient
map gives

Gp 1 U — 7Y @ welu
As proved in [3] this extends to a sheaf homomorphism on all of C)py

Op Q%'Ll — T, @ ws.
This sheaf homomorphism gives a map of cohomology

Gp t HITH(Cog, QBT — HIPH(Cpp, 7 Q8 @ wi).
The morphism 7 determines a Leray spectral sequence for cohomology of sheaves

on Cjs. The spectral sequence has an abutment map

H (O, 78, @ wy) — HY(M, Q% @ R'mowy).
9



Of course there is a trace isomorphism
R'maw, =N Oy
So the abutment map can be written as
a: HYCuy, 7 O, @ wy) — HIY(M, Q).
This gives the integration along fibers map
I=aody,.: H (Cu, Q5 — HIU(M,QF)).
Lemma 3.2 (JB]). For every pair of integers (p,q) there is a natural map of C-
vector spaces
Opa = o fig : HYP (X, Q4Y) — HI(OML %),
In particular, this gives a map of C-vector spaces
¢ = d)nfS,O : Hl(Xv 97)1(_2) - HO(M7 971(4_3)

3.2. Description of the forms — overview. The goal is to prove ¢ # 0. Proving
this directly from the definition of ¢ seems difficult: the definition is fairly simple,
but not very explicit.

What would be a more explicit description of ¢? Because elements of H%(M, Qﬁjg)
are sections of the sheaf 97;23, one possibility is to try to describe the values of
these sections at some point m € M. The fiber Q’I\L/fg ® k(m) is the vector space
of (n — 3)-linear alternating forms on the Zariski tangent space T,,, M. Thus, given
a point m € M, given an element a € H'(X, Q% ?) and given an (n — 3)-tuple of
tangent vectors 01,...,6,_3 € T,, M, the map ¢ is a rule

(avolv" '597173) = <¢(Oé)|m,91 AREE /\Gn73> e C.

Equivalently, it is a map

n—3
bm : HY(X, Q% %) = (\ TmM).

An explicit description of ¢ is quite simply an explicit description of the rule ¢,,
for general m. In particular, if ¢, # 0 for some m then ¢ # 0.

In fact there is such a description, at least when m is in the open subset U
parametrizing embedded smooth curves: ¢,, is the composition of a number of
simple, explicit maps. To be honest, there are quite a number of these component
maps. For this reason the composition ¢,, is not very simple. But it is explicit.

Lemma 3.3. Denote by L the invertible sheaf on C

n—2

L:= /\ Neo/x ® N)\é/]}hn|c-
10



There is a commutative diagram

HO(X, O, (2X)]|X) —= H (X, Q%77 (6)

HO(C, 0. (2X)|c)
HO(Cx)
HO(C7 wo @ Ev)

5 dm
HY(C,\"* Neyx @ NY jpalo)Y
st

HO(C, \"° Neyx )Y

wl

(A" H(C, Noyx))

Of course this is meaningless without an explicit description of the component
maps, which we give next. But before describing the component maps it is worth
putting things in perspective. The proof that ¢, # 0 uses only Lemma B3 not
the definition from Lemma So, the reader is probably asking, why did we
bother with Lemma B2? Think of it this way: We are about to give an explicit
map from global (n — 2,1)-forms on X to (n — 3,0)-forms on U. Holomorphic
(n—3,0)-forms on U are meromorphic (n — 3,0)-forms on M (with poles contained
in M — U). Now a uniruled variety has no nonzero holomorphic forms, but it has
many nonzero meromorphic forms. Therefore it is crucial that these meromorphic
forms are actually holomorphic on all of M. This is precisely what Lemma
gives, i.e., Lemma is a global regularity result.

In order to make the rule ¢,, explicit, we first must make the inputs of the rule
explicit: o € H'(X, 9}72) and the tangent vectors 61,...,60,_5. This is what we
do next.

do)t
VA (AT

3.3. Description of the inputs — Griffiths residue calculus. Griffiths de-
scribed the primitive middle cohomology of a hypersurface X in P™ as the residues
of meromorphic n-forms on P" with poles along X, cf. [B, Section 8]. One can make
the description purely algebraic. For the part we need, this is particularly simple.
There is a short exact sequence of sheaves on X

0 —— Q2 —— O (X)lx —— Q' © O (X)[x —— 0. (7)
The long exact sequence of cohomology gives a connecting map
res : HO(X, Q. (2X)|x) — HY(X, Q% ?) (8)
By a small amount of diagram-chasing

hH(X, Q5% (X)]x) = 0.
11



Therefore res is surjective, i.e., every element o € H*(X, Q% ?) is the image res(3)
of an element

B € HO(X, 0. (2X)|x).

The usual way of saying this is that an (n — 2,1)-form « on X is the “residue” of
a meromorphic n-form # on P" with a double pole along X. (Of course Griffiths
describes all (p, ¢)-forms on X in terms of residues, but we only need the (n—2,1)-
forms.) Thus the linear map ¢,, determines a linear map

¢m ores : HO(X, QR (2X)|x) — /\ T M)V

Since res is surjective, ¢,, is uniquely determined by ¢,, o res.
While we’re at it, the component map r is just restriction of global sections of
OF,.(2X)|x to the curve C parametrized by m,

r: HO(X, Q8. (2X)|x) — H(C, Q8. (2X)|c).

3.4. Description of the inputs — the tangent vectors. The inputs of the
rule ¢, are an element a € H'(X,Q% %) and an (n — 3)-tuple of tangent vec-
tors 01,...,0,—3 € T,,M. The previous section describes « in terms of a more
explicit element 8 € H(X, 0%, (2X)|X). Lemma asserts that ¢, actually de-
pends only on the restriction (3) € H°(C, Q%,(2X)|C), where C is the curve in X
parametrized by m.

In a similar way, Lemma asserts that ¢,, depends on the tangent vectors 6;
only through certain associated elements, which are more explicit. Recall there is
a morphism ¢ : U — M, o(X). The derivative of ¢ is a map

d( IJ)nA4<—>jqcﬂKng()()
where C' is the embedded smooth curve parametrized by m. Since
Tie)Mg,0(X) = H°(C, Noyx)

d¢(6;) is just a global section of the normal bundle N¢,x of C'in X.
To be precise, the derivative d{ gives a map between exterior powers

n—3 n—3
Nd¢: N\ TnM — /\ H(C,N¢)x).
The transpose is a map
n—3 n—3
(A\dO) = () H(C,Neyx)¥ — (N TM)Y
It will turn out there is a map
n—3
ey + HY(C, Q. (2X)|c) — (\ H(C, Neyx))Y
such that
¢m otes = ¢t =P or, (P = (/\ dO)T 0 gy
There is another manipulation with the inputs d{(6;). Wedging global sections
determines a map
n—3 n—3
w: [\ H(C,N¢/x) — H(C, )\ Neyx).
12



The component map w' is just the transpose

n—3 n—3

wh: H(C, \ Neyx)Y — (\ H(C, Neyx))Y.

3.5. Description of the rule — the tangent bundle sequence. The next com-
ponent map relates HO(C, \"* Neyx)Y to HY(C, L)Y for a line bundle £. Then
Serre duality will relate this to H°(C,wec @ £Y). The final component map will
come from a canonical isomorphism of we ® £V with another natural line bundle
on C.

The relation of HO(C, A" Neyx)Y to HY(C, L)Y comes by way of the tangent
bundle sequence of X in P"

0 TX T[pn|X E— NX/IP’" — 0.
This gives a sequence of normal bundles on C'
0 —— Ng/x — N¢gjp» —— Nx/pnlc — 0.

Taking (n — 2)"¢ exterior powers turns this into a sequence

n—2 n—2 n—3

0— /\ Nejx — /\ Nejpn — (/\ N¢yx) ® Nx/prlc — 0.
Twisting each term by Ny /pn |c gives an exact sequence,
n—2 n—2 n—3
0— A Noyx @ N¥jpnle = \ Neppr @ N pule = /\ Neyx = 0. (9)
The long exact sequence of cohomology turns this into a connecting map

n—3 n—2

5 . HO(O, /\ NC/X) — HI(O, /\ NC/X ®N)\é/[Pn|C)-

The component map ' is just the transpose
n—2 n—3
5T HY(C, \ Neyx ® NYjpule)¥ — HO(C, )\ Neyx).
Define £ to be the line bundle

n—2

L:= /\ Neo/x ® N)v{/pn|c.

The component map s is the isomorphism given by Serre duality

n—2

s: H(C,we ® LY) = HY(C, L)Y = H'(C, /\ Neoyx @ NY palc)

3.6. Description of the rule — the line bundle £. The last thing we need to
understand the rule ¢,, is an alternative description of the line bundle

n—2

L:= /\ Nejx ® NY pulc.
To obtain this, we will identify each of the two factors in this tensor product.

The first factor. The factor /\"_2 N¢/x is the determinant of Ng/x. By adjunc-
tion for the embedding C' — X the determinant of N¢, x is canonically isomorphic
to wo ® (Q}il)\qc

13



On the other hand, adjunction for the embedding X < P gives an isomorphism
Ol >~ Qn (X)|x. These two adjunction isomorphisms together give
X P J p g g

n—2

/\ Neyx 22 we ® (9.(X)) e

The second factor. Also, Nx/pn is isomorphic to Op»(X)|x. Thus the factor,
Ny /IF’"|C7 is isomorphic to Op»(X)V|c. Together these two identifications give an
identification

n—2

L=\ Noyx @ NYjpulo = we @ [QF.(2X)] Yo (10)

Taking the transpose and twisting by we gives the isomorphism of O¢-modules
n—2

) Q. (2X)|e = we ® [\ Neyx ® NYpalc]” =we @ LY.
The final component map H°(C, 1) is the map of global sections associated to 9
HO(C,v) : HO(C, 5. (2X)]0) — H'(C,we ® LY).

Proof of Lemma[Z3 In the special case that n = 5, this is [B, Theorem 5.1]. The
proof in the general case is very similar. It amounts to much more of the same sort
of diagram-chasing above. We will leave the details to the reader, referring to the

proof of [, Theorem 5.1] for the key ideas.
O

3.7. Proof of the theorem. Finally we are ready to prove Theorem Bl It suffices
to prove the map ¢ from Lemma is nonzero.

Proof of Theorem [l Recall there is a morphism ¢ : M — My (X). The sub-
variety of X swept by curves in M equals the subvariety swept by curves in
¢(M). Thus the dimension of the subvariety swept by curves in M has dimen-
sion < 1+ dim(¢(M)). By hypothesis, the curves parametrized by M sweep an
(n — 2)-dimensional subvariety of X. Thus dim(¢(M)) = n — 3, i.e., ( is generically
finite. Because our base field is characteristic 0 and because M is smooth, ( is
generically unramified.

The hypothesis that the curves of M sweep an (n — 2)-dimensional subvariety
of X also implies the map fy : Cy — X is generically finite, where U C M
parametrizes only smooth curves and Cy — U is this family of smooth curves.
Because Cp is smooth and the characteristic is zero, fy is generically unramified,
i.e., the locus where fi; is ramified is a proper subvariety of Cy. Therefore, for
a general point m € U the map fy is unramified at a general point of the fiber
Cn CCyp.

Let V be the maximal open subset of M such that

(i) v : V — My o(X) is unramified,
(ii) every curve C, parametrized by m € V is embedded, smooth and (n — 1)-
normal,

(iii) if g =1, Cy, is also nondegenerate,

(iv) and fy is unramified at a general point of C,, C Cy.

The arguments above prove V is dense in M. The claim is that for every m € V,
¢m # 0. Because the target of ¢, is 1-dimensional this is equivalent to the claim
that ¢,, is surjective.

14



Of course it suffices to prove that ¢,, ores is surjective. This is equivalent to the
claim that the transpose map (¢, ores)’ is injective. By Lemma

¢m ores = (/\dQ)Jf ow'odToso HO(C,¢)or.
Thus the transpose is
(¢ ores) = 1T o HO(C,p)T o sT 0dowo /\dC.
We will prove this in stages, by first proving injectivity of the maps
(wo /\d(), st,H(C, )T, and r.
We reserve injectivity of § for last, since this is the most difficult to verify.

Injectivity of wo A d(. It turns out this is precisely Item (iv) in the definition of
V. By hypothesis, there exists p € C), such that fy is unramified at p. Consider
the sheaf homomorphism

dfv : Ne,,jco — Ney,/x

and take its (n — 3)™ exterior powers

n—3 n—3
Ndfv: \ Ne,jco = N\ Ne,yx

Both sheaves are locally free, Cy, is integral, and the sheaf homomorphism is injec-
tive at p by hypothesis. Therefore the sheaf homomorphism is injective. Thus the
map of global sections

n—3 n—3
H°(C, \dfv) : H(C, \ Ne, /c,) = H(C, )\ Ne,,/x)
is also injective. Because C, is a fiber of Cy — U,
NCm/CU =T, M Ocm.

Therefore we have canonical isomorphisms

n—3 n—3
H(C, \ Ne,jcp) = N\ TmM, H'(C, \dfv) =wo )\ dC.
Because H°(C, A\ dfv) is injective, w o A d( is injective.

Injectivity of H°(C,v)" and s'. Because v is an isomorphism, so is H%(C, 1),
and thus also H%(C, ). Similarly, the Serre duality map s is an isomorphism, and
thus also st is an isomorphism.

Injectivity of rf. This is equivalent to proving surjectivity of 7. Recall r is the
restriction map

r: HO(X, Q8. (2X)|x) — HY(C,Q%. (2X)|c).
Now Qpn (2X) is isomorphic to Opn(—n — 1) @ Opn (2n) =2 Opn(n — 1). Therefore r
is the same as the restriction map

H(X,0x(n—1)) = H(C,0x(n —1)|c).

The hypothesis that C' is (n — 1)-normal precisely says this restriction map is
surjective.
15



Injectivity of d. Associated to the short exact sequence in Equation [ there is
an exact sequence of cohomology
n—2

n—3 n—2
5
H°(C, N\ Neypr ® NYjpalo) = HO(C, \ Neyx) = HYC, \ Neyx @ NY jpalo).
(11)

Claim 3.4. h°(C, /\7172 Neypn @ N)\Q/Pn|c) = 0; in particular 0 is injective.

Proof of Claim B4l We reduce the original claim to a second claim that is similar.
The second claim will follow from the hypotheses on g and on the curve C.
To begin with there is an isomorphism

n—2 n—1
/\ Neypn = Ng/]?n ® /\ Ng/pn.

Adjunction for the embedding of C in P” gives an isomorphism
n—1

/\ Nc/Pn = wce ® (an)\/lc = we ® O]Pn(n + ]‘)|C
Together with the isomorphism N)\é /Bn = Opn (—n)|x this gives

In other words N /p» @ Ny, /BN |c is obtained by twisting the vector bundle N /pn

by the line bundle we ® Opn(1)]c.

The vector bundle Ng /pn is a subsheaf of Qpn|c,

0 —— N/ /pn
Thus the twist we ® Op»(1)|c ® N¢jpn is a subsheaf of we @ Opn(1)|c ® Qpnlc-
And so it goes with global sections

H(C,we @ Ngypn @ Opn(1)]c) € HO(C,we ® Qen(1)|0).
Thus Claim B4 follows from the following.
Claim 3.5. h°(C,wc @ Qpn(1)|c) = 0.

— Q]pn|c — QC — O

Proof of Claim The proof will ultimately boil down to injectivity of a certain

multiplication map v. This injectivity follows from the hypotheses that ¢ = 0 or

g =1, that C' is embedded and smooth, and that C' is nondegenerate if g = 1.
There is an exact sequence on P™.

0— Q[pm(l) — HO(PR, O[pm(l)) Rk O[Pn — O[pm(l) — 0.
Pulling back and twisting with we gives an isomorphism of H?(C,we @ Qpn (1)|¢)
with the kernel of a multiplication map v,
HO(O, we ® Qpn (1)|0) =2 Ker(v),
v HO(PH, Opn (1)) ® HO(O, we) — HO(C, we ® Opn(1)|e)-

Thus it suffices to prove v is injective.

By hypothesis g = 0 or ¢ = 1. If g = 0 then already h°(C,wc) = 0 and thus
Domain(v) = 0. Thus v is injective if g = 0.

If g =1 then we = O¢. Thus v is simply the restriction map

HO(P", Opn (1)) — H°(C, Opn (1)c).
16



By hypothesis C' is nondegenerate, i.e., the restriction map is injective. Thus again
v is injective if g = 1. This proves Claim B and thus also Claim B4l both when

g =0 and when g = 1. O

Proof of Theorem [, This follows from Theorem Bl by an argument similar to

the one in the proof of Theorem O
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