LOW DEGREE COMPLETE INTERSECTIONS ARE
RATIONALLY SIMPLY CONNECTED

A. J. DE JONG AND JASON MICHAEL STARR

ABSTRACT. We prove smooth, low degree complete intersections in projec-
tive space are rationally simply connected in a strong sense. Using a result
of Hassett, we deduce weak approximation for smooth, low degree complete
intersections defined over the function field of a curve.

CONTENTS

[L.__Main results| 1
L1 Overview] 5
2. Elementary results about complete intersections| 7
[3._Canonical irreducible components| 11
M._Poinfed Tined 16
5. Minimal pointed curves. Existence and connectedness| 20
6. Minimal pointed curves. Canonical bundle and uniruledness| 30
7. Twisting surfaces. Existence| 40
[8. Twisting surfaces. Rational simple connectedness| 63

] 68
References 73

1. MAIN RESULTS

There is a well-developed algebro-geometric analogue of path connectedness: A
nonempty, projective, complex variety is rationally connected if each pair of closed
points is contained in a rational curve, cf. [Kol96], [Deb01]. To give a flavor of this
notion, we mention that a smooth complete intersection of ¢ hypersurfaces in P™ of
degrees d1, ..., d. is rationally connected if and only if

i=1

A path connected space is simply connected if the space of based paths is path
connected. Barry Mazur suggested an algebro-geometric analogue of simple con-
nectedness: a rationally connected variety should be rationally simply connected if
the space of based, 2-pointed rational curves of suitably positive class is rationally
connected.

Date: October 31, 2006.
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We must assume the curve class is suitably positive or else the space may be empty
or atypical in some other way. Similarly we must assume the two basepoints are
general. Finally, since the space of 2-pointed rational curves is typically not com-
pact, it should be compactified. We compactify with the Kontsevich moduli space
of stable maps. For a projective scheme X and nonnegative integers g, m and e,
the Kontsevich space M, (X, e) parametrizes data (C,p1,...,DPm,h) of
(i) a proper, connected, at-worst-nodal, arithmetic genus g curve C,

(ii) an ordered collection py, ..., p,, of distinct smooth points of C,

(iii) and a morphism A : C'— X whose image has degree e
such that (C,p1,...,pm,h) has only finitely many automorphisms, cf. [FP97]. Of-
tentimes this is refined by using a curve class 3 in X in place of the degree e. There
is an evaluation morphism

ev: Mg n(X,e) = X™, (Cyp1,...,pm,h) = (h(p1), ..., h(Dm)).
In particular, a general fiber of
ev: Mpa(X,e) = X x X
is an algebraic analogue of the space of based paths in topology.

Theorem 1.1. Let X be a smooth complete intersection in P™ of type d = (dy, ..., d.).
For simplicity, assume all d; > 2. The variety X is rationally simply connected if

n+12§:d3
i=1

with the one exception n = 3 and d = (2), i.e., a quadric surface. Also P is
rationally simply connected for n > 2.

To be precise, for every e > 2 there is a canonically defined irreducible component
Mo C Mo 2(X,e) such that the restriction

ev: Meo— X x X

is dominant with rationally connected general fiber.

A general point of M, o parametrizes embedded, smooth rational curves. Moreover,
if X is general then Mg o(X,e) is irreducible, i.e., M. o = Mo 2(X, e), cf. [HRS04].

What of m-pointed curves with m > 27 The fiber of
ev: Mom(X,e) — X™

over a general point (pi,...,pmn) is an algebraic analogue of the space of based
m~pointed paths to a path connected topological space X

Porvoom = {(vst1, o tm)|y 1 [0,1] — X continuous ,

O=t1 <ta<--<tm=1, v(t1) =p1,...,Y(tm) = Pm }-
Of course this is homotopy equivalent to the (m — 1)-fold product of the space of
based paths in X. So if X is simply connected, then P,, ., is path connected.

m

Unfortunately the analogue in algebraic geometry is unclear (and quite possibly

false): rational connectedness of the space of based m-pointed rational curves does

not obviously follow from rational connectedness of the space of based 2-pointed

rational curves. However, the methods for proving rational connectedness of the
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space of based 2-pointed rational curves often do prove rational connectedness of
the space of based m-pointed rational curves.

Theorem 1.2. Let X be a smooth complete intersection inP™ of type d = (dy, ..., d.).

For simplicity, assume all d; > 2. The variety X is strongly rationally simply con-

nected if
d

n+1>Y (2d? —d;).
i=1
Also linear varieties of dimension > 2 and smooth quadric hypersurfaces of dimen-
ston > 3 are rationally simply connected.

To be precise, for every integer m > 2 and every integer e > 4m — 6 there is a
canonically defined irreducible component M, C ﬂom(X, e) such that the re-
striction

ev: My — X™

is dominant with rationally connected general fiber.

The irreducible component M, ,, above is the unique one dominating the irreducible
component M, ; from Theorem in particular a general point parametrizes a
smooth, embedded curve. The inequality in Theorem is worse than the inequal-
ity in Theorem [T.I] We expect Theorem [I.2] holds whenever

n > id?
i=1

This would be the analogue of the theorem above that a smooth complete intersec-
tion is rationally connected when

i=1

The methods of this paper combined with [Sta04] prove the following.

Theorem 1.3. A general degree d hypersurface in P™ is strongly rationally simply
connected if

n > d?,
i.e., the locus parametrizing strongly rationally simply connected hypersurfaces is a
dense Zariski open subset of the parameter space of all degree d hypersurfaces.

Weak approximation. There are applications of these theorems to weak approx-
imation for varieties defined over the function field of a curve. There are equivalent
algebraic and geometric formulations of weak approximation.

Weak approximation: Algebraic formulation. First let R be a semilocal
Dedekind domain with maximal ideals my, ..., m, and fraction field K. A smooth
K-algebraic space (or K-scheme if you prefer) X is said to satisfy weak approzima-
tion with respect to R, and my,...,m, if for every smooth R-algebraic space Xp
with generic fiber X = X, the image of the induced map of rational points

Xp(R) = [[ Xr(Bw,)

3

thm-main?2

thm-main3



thm-Hassett

is dense for the adic topology. In other words, for every sequence (G1,...,0,) of

elements 7; € Xg(Ru,), and for every integer N, there exists an element 0 € X(R)
such that for every i = 1,...,n,

o = 5;( modulo m}).

More generally, let R be a Dedekind domain with fraction field K, not necessarily
semilocal. A smooth K-algebraic space X is said to satisfy weak approrimation
with respect to R if it satisfies weak approximation with respect to every semilocal
localization of R.

Weak approximation: Geometric formulation. Let B be a connected, smooth
curve over an algebraically closed field, let Z be a proper closed subset of B, and
let K be the function field of B. A smooth algebraic space X over K is said to
satisfy weak approximation with respect to B and Z if for every smooth morphism

T: X — B

with generic fiber ¥ ®o, K = X and for every morphism of B-schemes oz : Z — X,
there exists an open subset U of B containing Z and a commutative diagram of
B-schemes

z 22 . x

cl lz

U -2 ., x

In other words, there exists a B-morphism oy : U — X such that oy|z = 0z.

More generally, let B be a connected, smooth curve over an algebraically closed
field and let K be the function field of B. A smooth algebraic space X over K
is said to satisfy weak approrimation with respect to B if for every proper closed
subset Z of B, it satisfies weak approximation with respect to B and Z.

The connection between the algebraic formulation and geometric formulation comes
by setting R to be the coordinate ring of any open affine subset of B containing
Z. Although nontrivial, the geometric formulation holds for arbitrary proper closed
subschemes Z if and only if it holds for reduced proper closed subschemes, i.e., finite
sets of closed points of B, cf. [HT06, Proposition 11].

Weak approximation and rational simple connectedness. The strong ver-
sion of rational simple connectedness is related to weak approximation by the fol-
lowing beautiful theorem of Hassett.

Theorem 1.4. [Has04] Let K be the function field of a curve over an algebraically
closed field of characteristic 0. A smooth, projective K-scheme X satisfies weak
approzimation if the geometric generic fiber X®@ x K is strongly rationally connected.

More precisely, X satisfies weak approzimation if for every sufficiently positive and
divisible integer m there exists a Galois-invariant curve class 3 in X @x K and a
Galois-invariant, irreducible, closed subset Mg, of Mom(X @k K, ) such that
some point of Mg ., parametrizes an irreducible curve and the restriction to Mg,
of the evaluation map

6’U|M : Mg,m C mO,m(X RK F, /6) — (X RE ?)m

18 dominant with rationally connected geometric generic fiber.
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Corollary 1.5. Let K be the function field of a curve over an algebraically closed
field of characteristic 0. Let X C P}, be a smooth complete intersection of type
d=(dy,...,d.). If

(&
n+1>Y (2d? —d;)
i=1
then X satisfies weak approximation.

Ifn > d* and if X C P is a “general” hypersurface of degree d, then X satisfies
weak approximation. To be precise, there exists a Zariski dense open subset U in

the parameter space PY, N = ("gd) — 1, of degree d hypersurfaces in P" defined

over Q. If the K-valued point of IF’% associated to X lies in U, then X satisfies
weak approrimation.

At least conjecturally, rational simple connectedness should imply existence of ra-
tional points for varieties defined over the function field of a surface.

Principle 1.6 (de Jong). A proper, smooth variety defined over the function field
of a surface over an algebraically closed field of characteristic 0 has a rational point
if the base-change to the algebraic closure of the function field satisfies a strong
version of rational connectedness and a certain Brauer obstruction vanishes.

In a forthcoming paper, we will present de Jong’s strategy for proving Principle
and prove Principle under some additional hypotheses.

Acknowledgments: We are grateful to Izzet Coskun, Joe Harris and Brendan
Hassett for useful conversations.

1.1. Overview. In fact, the methods of this paper are not particular to complete
intersections, although this is the application we have in mind. Theorems
and [I.2] are special cases of the following theorems about Fano manifolds whose
Chern classes satisfy certain inequalities, together with linear sections of these Fano
manifolds.

Theorem 1.7. Let (X,0(1)) be a smooth, projective variety. Let o be an O(1)-
degree 1 curve class. Assume ¢1(Tx) = {(c1(Tx),a)c1(O(1)), i.e., c1(Tx) is a
multiple of c1(O(1)).

Assume (X,0(1)) is neither a linear variety nor a quadric hypersurface. Assume
that

2¢cho (Tx ), I1
< 2(2X) >01(O(1))2

for some integer (2chy(Tx),11), i.e., 2cha(Tx) is a multiple of c1(O(1))%. Assume
that

Chg (Tx) =

(e1(Tx),a) >0,
(2¢hy(Tx),1I) > 0
and

dim(X) > 2(dim(X) — (c1(Tx),a) — 1) + 4.
5
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Assume there exists a smooth, projective variety Y such that X is a codimension ¢
linear section of Y. Assume

c>2(dim(X) — {1 (Tx),a) — 1) — dim(X) + 5,
e > dim(X) — 2(dim(X) — (c1(Tx), ) — 1) — 2(2che(Tx), 1) + 2,
and
CHP(Y) = Z{c1(O(1))?}, for 0 <p < 2(dim(X) — (e1(Tx),c — 1) + 4.
By Barth’s theorems, [Bar70|, this last condition holds if
e > 4(dim(X) — (c1(Tx), o) — 1) — dim(X) + (h°(X, O0(1)) — dim(X) — 2) + 9.

Then, first, there exists a unique irreducible component M, 1 of Mo1(X,a) dom-
inating X, and a general fiber of Mo 1(X, ) over X is geometrically irreducible
and geometrically rationally connected. Second, for every integer e > 2 there is
a canonically defined irreducible component Mc.q 2 of Mog(X, ea), constructed in
Notation[3.7, for which the fiber of the restriction

6’U|M : Me.ag - MOVQ(X, ea) — X?

over a general point of X? is geometrically irreducible and geometrically rationally
connected.

The same conclusion holds for every linear variety of dimension > 2 and every
smooth quadric variety of dimension > 3.

Theorem 1.8. Let (X,0(1)) be a smooth, projective variety. Let o be an O(1)-
degree 1 curve class. Assume ¢1(Tx) = {(c1(Tx),®)c1(O(1)), i.e, c1(Tx) is a
multiple of c1(O(1)).

Assume (X,0(1)) is neither a linear variety nor a quadric hypersurface. Assume
that

2¢che(Tx ), 11
< 2(2X) >01(O(1))2

for some integer (2chy(Tx),11), i.e., 2cha(Tx) is a multiple of c1(O(1))%. Assume
that

Chg (Tx) =

<Cl (TX)a 04> > 07
2(2cha(Tx),II) > (1 (Tx), @)
and
dim(X) > 4(dim(X) — (c1(Tx),a) — 1) + 4.
Assume there exists a smooth, projective variety Y such that X is a codimension c
linear section of Y. Assume
¢ > 4(dim(X) — (c1(Tx),a) — 1) — dim(X) + 4,
¢ > dim(X) - 2(2(2¢hy(Tx),0) — (e1(Tx), @) — A(dim(X) — {e1(Tx), @) — 1) + 6,
and
CH'(Y) = Z{c1(O(1))"}, for 0 < p < 2(dim(X) — (c1(Tx),a — 1) + 4.
By Barth’s theorems, [Bar(Q], this last condition holds if

¢ > 4(dim(X) — (c1(Tx), @) — 1) — dim(X) + (h°(X, O(1)) — dim(X) — 2) + 9.
6



Then, first, there exists a unique irreducible component My 1 of HOJ(X, a) dom-
inating X, and a general fiber of Mo 1(X, ) over X is geometrically irreducible
and geometrically rationally connected. Next, for every integer m > 2, for every
integer e > 4m — 6, there is a canonically defined irreducible component Me.q m of
Mo.m (X, eqr), constructed in Notation for which the fiber of the restriction
ev\ns : Moo C Mo (X, ea) — X™

over a general point of X™ is geometrically irreducible and geometrically rationally
connected.

The same conclusion holds for every linear variety of dimension > 2 and every
smooth quadric variety of dimension > 3.

2. ELEMENTARY RESULTS ABOUT COMPLETE INTERSECTIONS

We gather here some elementary, well-known results about complete intersections
which we use. The first result we use is the computation of the Chern character of
a complete intersection.

Lemma 2.1. For a smooth, complete intersection X of type d = (di,...,d.) in
P™, the Chern character equals

Ch(Tx)zn—c+§<n+1—§d§> cl(iﬂ

Proof. There is a short exact sequence

0 Tx Tpn|x —— &= 0pn(di)lx —— 0.

Therefore, by the axioms of the Chern character,

¢ n—c c¢ O 1 k
(Tx) = h(Ten)x — 30 2O = (Tenly) e~ 30 3 at HIDL
=1 k=1 i=1 :
Also, by the Euler sequence,
0 —— Opn —— Opn(1)201+D) T 0

and the axioms of the Chern character,

ch(Tpn) = (n+ 1) ©D) _ 1 =p 4 Z(n + 1)%
k=1 ’
Combined, these formulas give the formula for ch(Tx). O

The second result we use is that every complete intersection is a linear section of a
smooth complete intersection of arbitrarily large dimension.

Lemma 2.2. Let Y C PV be a smooth, quasi-projective variety, let I1 be a linear
subspace of PN intersecting Y transversally in a smooth subvariety Yi, let d be a
positive integer, and let F' be a global section of Oy (d) whose zero locus Z = V(F)
does not contain Yr. Denote the ideal sheaf of II in PN by Ty

If
codim(IT € PV) > dim(Sing(TIN Z)) + 1,
7
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then there exists a global section G of Iry - Opn (d) such that the zero locus Z' =
V(F+Gly) is smooth. Thus Z' is a smooth Cartier divisor on'Y such that Z'NII
Z N1IL

Proof. The base locus of the linear subsystem L of |Oy (d)| spanned by F and the
image of |Zr; - Opn (d)] is contained in Z N II. By Bertini’s theorem, cf. [Jou83,
Théoréme 1.6.3.2], a general member Z’' of L is smooth away from Z NII. Thus
to prove a general member is everywhere smooth it suffices to prove there exists at
least one member that is smooth at every point of Z N1II.

Denote the “bad locus” Sing(ZNII) by B. Denote by a the codimension codim(Yr C
Y'). Denote by b the dimension dim(B). Choose homogeneous coordinates [Xo, . .., X ]
on PV so that
0=V(Xnt1ar- s XN).
Because a > b, there exist elements Gn11_q,-..,Gn € H'(PN,0(d — 1)) so that
BN V<GN+170,; ceey GN> - @

For each scalar A, denote

Fy:=F+ )\ZXN—IL—H'GN—(I—H
i=1
and denote the zero locus of F by Z,. The claim is that Z, is smooth at every
point of Z NI for a general choice of the scalar .

Associated to F)\ there is a derivative map
dF,\ : Ty|Z)\ — Oy(d)|Z>\.

The singular locus of Z is the support of the cokernel of dF. Thus Z) is smooth
at every point of Z N1II if and only if the induced map

dFx : Ty |zan — Oy (d)|znn
is surjective. The restriction to the subsheaf Ty, |znm is precisely

d(Flv) : Tynlzon — Oyy ()] zom-
Denote the cokernel by
C := Coker(d(F|yy))-

This is a locally principal coherent sheaf supported on B. There is an induced map

dF : Ny /v |zon — C.

The map dF A is linear in A. To be precise there exists a map

é . NYH/Y|Zn — C
such that . . N

dFy =dFy+ )\G.
The sequence (Xn41—a, - - -, Xn) is an ordered basis for Zri (1), i.e., the induced map
0% — T1(1) is an isomorphism. Transposing, twisting by O(1) and restricting
to Y gives an isomorphism Ny y & Oy, (1)®*. Inverting the isomorphism and
composing with G gives the map

G : Oy (1)2% — Oy, (d)
8



whose restriction to the i'" summand Oy, (1) of Oy, (1) is the restriction to Yy
of the multiplication map

GN_ati: O(1) — O(d).
For scalars A, i, consider the map
/J,C,l\}/?ﬁ-)\é : NYH/Y|Zn —C.
For 1 =0 and A = 1, the map is surjective because
B rWR’<C¥]\7-"—1—G7 . aGN> = @

Therefore, by upper-semicontinuity, the map is surjective for general choice of (A, p).
In particular, there exists p # 0 such that the map is surjective. But then the map

is also surjective for (A/p,1). Thus Zy,, is smooth at every point of Zy. a
notat-extl
Definition 2.3. Let P be a pure-dimensional variety. A sequence Yi,...,Y, o
locally closed, pure-dimensional subvarieties intersect dimensionally transversally
if either Y7 N ---NY,. is empty or else it is pure-dimensional of dimension
dim(Y; NdotsNY;) = dim(Y7) + - - - + dim(Y;.) — (r — 1)dim(P).
lem-ext2

Lemma 2.4. Let (Y,II,r,d, Fy,...,F.) be a datum of a smooth, quasi-projective
variety Y C PV, a linear subspace I1 of PV intersecting Y transversally in a smooth

subvariety Y, a positive integer r, a sequence of positive integers d = (dy,...,d;),
and fori=1,...,r, a global section F; of Oy (d;) with zero locus Y; = V(F;) such
that Y1,...,Y, and Il intersect dimensionally transversally. Denote the ideal sheaf
of IT in PN by Ip.

If

codim(IT € PV) > (2" — 1)dim(Yo NIT) — 2" + 7 + 1
then for i = 1,...,r there exist global sections G; of Ir1 - Opn (d;) giving Cartier
divisors Y] = V(F; + G,ly) such that for every k = 1,...,r the intersection Y{ N
- NY}/ is smooth.

Proof. This is proved by induction on r. The base case, r = 1 is Lemma [2.2
Thus, by way of induction, assume r > 1 and assume the result is known for r — 1.
By Bertini’s theorem, cf. [Jou83l Théoréme 1.6.3], for a general linear space A of
dimension

dim(A) = dim(II) + dim(Y N 1I)
containing II, the intersection Y N A is transverse and smooth. The singular locus
of Y1 N1II has dimension

dim(Sing(Y; N1I)) < dim(Y; N1II) = dim(Y N1II) — 1.
Thus
codim(IT C A) > dim(Sing(II N'Y7)).
Thus Lemma implies there exists a global section G of Zyy - Opn (d) such that
the zero locus Yy , = V(Fi[s + G1[a) is smooth. Since Y] 5 is smooth, a second
application of Lemma implies there exists G as above such that also Y{ =
V(F1 + Gily) is smooth.

For each of i = 2,...,r, after replacing F; by F; + G;|y for a general member G;
of Zr1 - Opn (d;), Y1,...,Y, and A intersect dimensionally transversally.
9
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Now form the new datum (Z, A, r—1,e, Hy, ..., H._1) where Z =Y/ e = (do, ..., d;),
andfori=1,...,r—1, H; = Fj41|z. Foreachi=1,...,r—1, denote Z; = V(H;) =
Z1NY;41. The claim is that this datum also satisfies the hypotheses of the lemma.
One hypothesis that requires verification is:

dim(PY) — dim(A) > (277! = Ddim(Z N A) — 277! + 7,
First observe that
dim(Yy NA) =dim(YNA)—1=
(dim(Y N1II) 4+ dim(A) — dim(IT)) — 1 = 2dim(Y N1II) — 1.
By construction of A and the hypothesis on dim(II),
dim(PY) — dim(A) = dim(PY) — dim(IT) — dim(Y N 1I) >
(2" = 1)dim(Y NII) — 2" 4+ r + 1] — dim(Y N1II) =
(2" —2)dim(Y NTI) — 2" +r+1= (2" —1)(2dim(Y N1I)) — 2" +r + 1.
Using the identity above, this is
(2t = Ddim(Yys NA) +277 12"+ + 1.
Using the elementary identity that
2l 12"l =—(2" 2" =27 g
it follows that
dim(PY) — dim(A) > (27! = 1)dim(Z N A) — 2" 47,

So the datum satisfies the hypotheses of the lemma.

By the induction assumption, for each ¢ = 1,...,r — 1, there exist elements J;
of Tp - Opn(dit1) giving Cartier divisors Z, = V(H; + J;|z) such that for every
k=1,...,r — 1, the intersection Z] N---N Z; is smooth. In other words, setting

Giy1 = Ji, for the Cartier divisors Yy} = V(Fi11 + Giy1ly),
YINY,Nn---NY  =2ZN---NZ,

is smooth. Thus (G1,Ga,...,G,) satisfy the conditions of the lemma. Therefore
the lemma is proved by induction on r. ([l

Lemma 2.5. Let X be a complete intersection, not necessarily smooth, in P™ of
type d = (di,...,d,). For every integer

c>2"—=1n—-2"4+r+1,
for every linear embedding P* C P™V¢, there exists a smooth complete intersection

X' in P™"¢ of type d such that X =P" N X',

Proof. This follows from Lemma by setting PV = Prt¢, 11 = P*, Y = PV, and,
fori=1,...,r, letting F; be a general section of Zx - Opn (d;). O

Remark 2.6. The inequality in Lemma [2.5]is certainly not the best possible, but
it suffices for our purposes.

10
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3. CANONICAL IRREDUCIBLE COMPONENTS

The space of rational curves of a given class in a rationally connected variety may
be reducible. However, often there is a distinguished irreducible component. In
this section we present a construction associating to a distinguished component for
one curve class a and a positive integer e, a distinguished component for the curve
class ea. In fact, there are two constructions: the first uses multiple covers and the
second uses reducible curves. The main result of this section, Lemma proves
these constructions agree under a suitable hypothesis.

Lemma 3.1. [Kol96, Theorem I1.7.6] Let f : C — X be a stable map such that
every component of C is contracted or free. Then Mg o(X) is smooth at [(C, f)],
and there exist deformations of (C, f) smoothing all the nodes of C. A general such
deformation is free.

The following criterion from [Gro67), §4] will be useful.

Lemma 3.2. Let
i:N—-M, e:M—X

be morphisms of irreducible schemes. If i maps the generic point of N to a normal
point of M, and if e o1 is dominant with irreducible geometric generic fiber, then
also e is dominant with irreducible geometric generic fiber.

Proof. If e o4 is dominant, clearly e is dominant. By [Gro67, Proposition 4.5.9],
to prove the geometric generic fiber of e is irreducible, it is equivalent to prove the
field extension K (M)/K(X) is a primary extension, i.e., K(X) is separably closed
in K(M). Denote by 7, the image under ¢ of the generic point of N. Because
the K (X)-algebra Oy, is normal, the separable closure of K(X) in K(M) equals
the separable closure of K(X) in Ous,,,. Because the separable closure is a field,
it maps isomorphically to its image in the residue field x(n;) of Oary,. Thus the
separable closure of K(X) in K (M) is contained in the separable closure of K(X)
in k(n;). Of course x(n;)/K(X) is a subextension of K(N)/K(X). Because the
geometric generic fiber of eoi is irreducible, K (X) is separably closed in K (N), thus
separably closed in x(n;). Therefore also K(X) is separably closed in K (M). O

The first construction of distinguished irreducible components uses multiple covers.

Lemma 3.3. Let M, be an irreducible component of Mg o(X, ) whose general
point parametrizes a smooth, free curve. For every positive integer e there exists a
unique irreducible component Me.q.0 of Mo o(X,ea) parametrizing a degree e cover
of a smooth, free curve parametrized by M, .

For every positive integer e denote by M. 1 the unique irreducible component of
Mo 1 (X, ea) dominating Me.q 0. If the geometric generic fiber of

evlp : M1 — X
is irreducible, then for every e the geometric generic fiber of
evlpr : Meg1 — X

1s irreducible.
11
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Proof. The subvariety S of Mg o(X, ea) parametrizing degree e covers of smooth,
free curves parametrized by M, ¢ fibers over M, o with fibers isomorphic to Mg (P!, e).
Because Mg o(P, €) is smooth and geometrically connected, S is irreducible. More-
over, because a multiple cover of a free curve satisfies the hypothesis of Lemma 3.1
Mo o(X, eq) is smooth at every point of S. Therefore there exists a unique irre-
ducible component M,., o that intersects S.

The proof of the second part uses Lemma[3.2] The role of e is played by
evia : Mea1 — X.

The role of i : N — M is played by the inverse image S; of S in M,..,1. By the
argument above, S; is in the normal locus of M,., 1. By Lemma to prove the
geometric generic fiber of e is irreducible, it suffices to prove that i o e is dominant
with irreducible geometric generic fiber.

The morphism e o i factors as
Sl — Ma,l — X

where the first morphism “forgets” about the multiple covering. The first morphism
is dominant and its geometric generic fiber is isomorphic to a base change of the
geometric generic fiber of o
ev: Mo (Pl e) — P,
which is irreducible. Thus both
S — Ma,l and Ma71 — X

are dominant morphisms whose geometric generic fiber is irreducible. Therefore
the composite e o ¢ is also dominant with irreducible geometric generic fiber. O

The second construction of distinguished irreducible components uses reducible

. curves.
lem-cic0.3

Lemma 3.4. Fori = 1,2, let M; be an irreducible component ofﬂo,l(X, B;) whose
general point parametrizes a smooth, free curve. Assume that for at least one of
1 =1,2, the geometric generic fiber of

evlar, 1 My € Mo (X, 3) — X
is irreducible. Then there exists a unique irreducible component M of Mg o(X, b1+
B2) parametrizing a reducible curve C = Cq U Cy whose component C; is a smooth,
free curve parametrized by M;. Moreover a general point of M parametrizes a
smooth, free curve. And, if evrr, has geometrically irreducible generic fiber for both
i =1 and 2, then for the unique irreducible component M' of Mo1(X, 1 + B2)
dominating M, the restriction

eong : M C Mo (X, B+ B2) = X

has geometrically irreducible generic fiber.
Proof. Denote by M the open subset of M, parametrizing smooth, free curves.
Then, by [Kol96, Corollary I1.3.5.4.2], the evaluation morphism

ev|M5 : MZ-O C MOJ(X, 51) — X
is smooth. Therefore the fiber product

F = M; xx M3
12



is smooth, and projection onto each factor is smooth. Moreover, the geometric
generic fiber of projection onto My, resp. onto M7, equals the geometric generic
fiber of

evlye @ M7 — X.
By hypothesis, at lease one of the geometric generic fibers is irreducible. Therefore
the geometric generic fiber of one of the two projections of F' is irreducible. Since
the base of each projection is irreducible, it follows that F' is irreducible.

There is a boundary morphism
A Mo (X, B1) xx Mo1(X, B2) = Mo,o(X, 51 + (2)

associating to a pair ((C1,p1, f1), (C2,p2, f2)) with f1(p1) = f2(p2) the reducible
curve C' = C1UC5 obtained by gluing p; to ps, and the unique morphism f : C — X
whose restriction to C; equals f; for each i. As Fis irreducible, also the image A(F)
is also irreducible. By Lemma Mo o(X, 31 + (2) is smooth at every point of
A(F). Therefore there exists a unique irreducible component M of Mg o(X, £1+52)
intersecting A(F'). By Lemma the generic point of M parametrizes a smooth,
free curve.

Next assume that ev|ys, has geometrically irreducible generic fiber for each of i =
1,2. Denote by (M?)" the open subset of Mg 2(X, 1) parametrizing smooth, 2-
pointed curves whose associated 1-pointed curve (forgetting the first point) is a free
curve parametrized by M;. The projection

(M?) — M7, [(C1,po,p1, f1)] = [(Cr,p1, f1)]

is smooth with geometrically irreducible fibers. Therefore also the fiber product
F' = (Mf)/ XMf F =

{((Cr,pos P15 f1)], [(C2s P2y f2)DI(Cispis fi)] € M7 for i = 1,2, and fi(p1) = f2(p2)}
is smooth and irreducible. There is a boundary map

A Moo(X, B1) xx Moa(X, B2) = Mo1(X, b1 + Ba),

([(C1,po, p1, f1)], [(C2, p2, f2)]) = [(C, po, f)]
where C and f are as above. Again by Lemma Mo 1(X, B1 + (2) is smooth at
every point of A(F"), so there is a unique irreducible component M’ intersecting
A(F"). By Lemma the generic point of M’ parametrizes a smooth curve. Thus
the image of M’ in Mg (X, 81+ 32) is an irreducible component intersecting A(F),
i.e., it is precisely M.

To prove the restriction
evyr M C Mo (X, 01+ B2) = X
has geometrically irreducible generic fiber, we use Lemma 3.2 with evys in the role
of e, and with
A:F - M
in the role of ¢. Thus it suffices to prove that the geometric generic fiber of
evoA:F — X
is irreducible. By construction, this is a composition of the dominant morphisms
F' — (M?) — MY — X.
13
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Each of these has irreducible geometric generic fibers by the hypotheses that ev|ay,
have geometrically irreducible fibers. Thus the composition also has irreducible
geometric generic fibers. O

The following lemma shows that in good cases the constructions from Lemmas

and [3:4) agree.

Lemma 3.5. Let M, be an irreducible component of H0,0(X, «) whose general
point parametrizes a smooth, free curve. Denote by My, the unique irreducible
component of Mo 1(X,«) dominating Mao. Assume that the generic fiber of the
restriction

evlpr s Mo — X
is geometrically irreducible.

For every positive integer e there is a unique irreducible component Me.q 0 of
Mo o(X, ear) parametrizing (among others) a reducible curve whose (non-contracted)
components are all multiple covers of free curves parametrized by M, o.

A general point of M..q,0 parametrizes a smooth, free curve. Denoting by Me.q 1
the unique irreducible component ofﬂ()’l(X, ea) dominating Me.q 0, the restriction

evlp : Meg1 — X
is dominant with irreducible geometric generic fiber.

Proof. The very last part is just the restatement of the second half of Lemma [3.3

Let (D, g) be a stable map all of whose non-contracted components D; are mul-
tiple covers of free curves C; parametrized by M,,0. By Lemma Mo o(X)
is smooth at [(D,g)]. In particular, there is a unique irreducible component M
containing [(D,g)]. Let e be the degree of D; over C;. Since the space of mul-
tiple covers MQ7T(P17€) is irreducible, we can deform D; to become a reducible
cover of C; all of whose non-contracted components map isomorphically to C;. So
there is a deformation of (D, g) in M which specializes to a stable map (C, f) all
of whose non-contracted components are equal to free curves C; parametrized by
Mg 0. Therefore it suffices to prove there exists a unique irreducible component M
parametrizing a stable map (C, f) all of whose non-contracted components are free
curves parametrized by M, o.

For each integer e, if M,.,,1 is an irreducible component satisfying the hypotheses,
then the image Mc.q,0 of Me.o,1 under the forgetful morphism

Mo (X, ea) — Moo(X,ea)

is an irreducible component of Mg o(X,ea), and M,., 1 is the unique component
of Mo 1(X,ea) dominating M,.q 0.

The lemma is established by induction on e. The base case e = 1 is tautological.
Thus, by way of induction, assume e > 1 and assume the lemma is true for e — 1.
The irreducible components My, 1 and M. _1).q,1 satisfy the hypotheses for M; and
Ms in Lemma Therefore there exists a unique irreducible component M., o of
ﬂo,o(X ,ea) parametrizing a reducible curve C' = C; U Cy whose component Cf,
resp. (b, is a smooth, free curve parametrized by M, 1, resp. M(c_1).q,1- Moreover
a general point of M,.o0 parametrizes a smooth,free curve and the generic fiber
of Me.o1 over X is geometrically irreducible. By the induction hypothesis, there
14



is a reducible curve Cy parametrized by M, _1).q,1, all of whose non-contracted
components are free curves parametrized by M, . Because they are free curves,
for a general deformation of Cy as above, the marked point is a general point of
X. Because M, ; dominates X, there exists a smooth, free curve C parametrized
by M, whose marked point agrees with the marked point of Cy. Thus, by the
construction of Mc.q,0, C = C1UC, is a point of M., 0, and all of its non-contracted
components are free curves parametrized by M, .

It remains to prove that M,.q 0 is the only irreducible component of WO,O(X ,eq)
parametrizing a curve all of whose non-contracted components are free curves
parametrized by M, . Let C' be such a curve. There exists an irreducible com-
ponent C7 of C meeting the remainder C3 of C' in a single node. Necessarily
C1 is not contracted, since it does not contain 3 special points. Therefore Cf,
marked by the node, is a free curve in M, ;. Moreover, C is a curve parametrized
by Mo o(X, (e — 1)a) all of whose non-contracted components are free curves
parametrized by M, . By the induction hypothesis, C3, marked by the node, is
parametrized by M._1)a,1. Thus C is in the image A(Mqy,1 X x M(c—1)a,1). By the
construction in the proof of Lemma C is contained in M. 0. By Lemma
Mo o(X, eq) is smooth at [C], therefore M,.q ¢ is the unique irreducible component
containing C. O

Here is a useful “recognition criterion” for the irreducible component M., 0.

Lemma 3.6. Let C be a smooth point of M0,0(X, ea). Assume that every non-
contracted component C; of C' is in one of the sets Me,.q,0. Moreover, assume that
at most one of the C; is not a free curve. Then Me.q 0 is the unique irreducible
component ofMo,o(X, ea) containing C.

Proof. Let C; be an irreducible component of C' such that for every other component
C; # C;, Cj is free. Then, for every deformation of C;, there exists a deformation of
the remaining irreducible components C; giving rise to a deformation of C'. Because
C is a smooth point of MO,O(X ,ea), the unique irreducible component containing
C also contains this deformation. Because Cj; is in one of the sets M, .40, & general
deformation of C; is a free curve. Thus the unique irreducible component containing
C also contains a curve C™®" as above all of whose components are free. Thus,
without loss of generality, assume C' has been deformed so that every irreducible
component of C is a free curve parametrized by some M., .

The proof is by induction on the number of components of C. If C' is irreducible,
then the result is tautological. Thus assume the number of components c is positive,
and the result is known for all smaller values of ¢. Let C; be a leaf of C and let
C" denote the union of all components C; # C;. Mark each of C; and C’ by their
intersection point p. By the induction hypothesis, the unique irreducible component
of Mo,o(X, (e — ;) - a) containing C” is M(c_¢,).a,0- Thus the curve C is in the
image of the boundary map

A Mei~a,1 Xx M(efei)Aa,l - m0,0()(7e : OZ).

Moreover, C'is in the unique component M’ dominating M(._c,).a,1. By the same

argument as in the previous proof, the unique component of Mg o(X, e-a) contain-

ing the image of M’ contains a reducible curve, every (non-contracted) component
15
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of which is a smooth, free curve in M, . Therefore, by Lemma [3.5] the unique
component containing the image of M’ is Me.q 0. ([

It is useful to extend this to m-pointed maps.

Notation 3.7. For every integer ¢ > 1 and every integer m > 0, denote by Mc.q.m
the unique irreducible component of Mg ., (X, e-a) whose image under the forgetful
morphism

Mo (X,e-a) = Moo(X,e-a)
equals Mc.q0-

Finally, one can consider Behrend-Manin stable maps whose components are free
curves parametrized by some Me.q .

Notation 3.8. Let 7 be a genus 0, stable A-graph for X in the sense of [BM96], all
of whose curve classes are multiples of a. Denote by M. the closure in the Behrend-
Manin stack M(X, 7) of the locus parametrizing stable maps each of whose (non-

contracted) irreducible components is a smooth, free curve parametrized by some
Me.om.

4. POINTED LINES

In order to apply Lemma @ we must first have an irreducible component M, ;
dominating X whose geometric generic fiber over X is irreducible. When « is the
class of a line, i.e., the O(1)-degree of « is 1, there are conditions on the dimension
of X and the intersection number {c;(Tx), @) guaranteeing the existence of such
a component M, 1, which is moreover the unique component dominating X. The
conditions are stronger than might be expected (by doing a parameter count, for
instance). However, if we assume that X is a linear section of a smooth, projective
variety of sufficiently high dimension (which is true for every smooth complete
intersection), then the strong conditions may be replaced by weaker conditions.

Let X be a smooth, projective variety with a very ample invertible sheaf O(1). All
degrees are relative to O(1). Let « be a curve class on X. Denote by

I _

g
Mo1(X, )

the universal family of stable maps over My 1(X,a). If a is “indecomposable”,
then we know quite a bit about My 1(X, ) and the evaluation morphism ev.

Lemma 4.1. Assume there is no nontrivial decomposition o = o/ + o of a as a
sum of effective rational curve classes, e.g., the O(1)-degree of a equals 1.
(i) A general fiber of
ev: Mo1(X,a) » X
18 smooth and projective.
(ii) Every (nonempty) connected component M of a general fiber of ev has di-
mension
dim(M) = (¢1(Tx),a) — 2.
In particular, if ev is dominant then {(c1(Tx),a) > 2.
16



(iii) The first Chern class of M is

(Tus) = o f*leha(Tx) + 52— (Tx)?] — ¥,

(c1(Tx), a)
where —1 is the first Chern class of the normal bundle of the marked section

in the universal curve over M. In particular, if the O(1)-degree of o equals
1, this reduces to

c1(Thr) = mo f*[cha (T ) + c1(Tx)? — c1(0(1))?].

1
2{c1(Tx ), )
Proof. The first part follows from [KMM92, 1.1]. The second part follows from
[Kol96, Theorem I1.1.7.2]. The third part follows from [dJS05]. O

Because of Lemma ii), ev is dominant only if

(c1(Tx), ) > 2.
Moreover, if there is equality, a general fiber is finite. If the degree is not 1, then
the fiber is disconnected. However, if the inequality is strict, i.e., if

(a1(Tx)a) = 3,

we may well expect a general fiber of ev to be irreducible. The next lemmas prove
dominance of ev and irreducibility of a general fiber of ev under inequalities stronger
than this naive one. After that, we prove the naive inequality suffices if X is a linear
section of a smooth projective variety of large dimension.

Lemma 4.2. Let a be an O(1)-degree 1 rational curve class. Assume that
2(c1(Tx), ) > dim(X) + 3.
If a general fiber of

ev: Mop1(X,a) = X
is nonempty, then it is irreducible.

Proof. Let M’ and M" be irreducible components of the fiber of ev over a general
point p of X. Denote by II’, resp. II”, the subvarieties of X swept out by curves
parametrized by M’, resp. M". By Lemma ii),

dim(I1") = dim(11”) = (1 (Tx), @) — 1.
Moreover they intersect at p. Because X is smooth at p,

dim, (II' N II") > dim, (IT') + dim,, (I1") — dim, (X) = 2(c; (Tx), a) — 2 — dim(X).
By hypothesis, this is > 1. In particular, there exists ¢ # p such that II' and IT”
intersect at q. There is a unique line L containing p and ¢. Thus

[L] e M'nM".
By Lemma i), the fiber of ev over p is smooth. In particular, every connected
component is irreducible. Therefore
M/ — MI/
i.e., the fiber is irreducible. O

Because of Lemma [£.2] irreducibility follows from dominance of ev, if the index
(c1(Tx), ) is sufficiently large. The next lemma shows that if the index is suffi-
ciently large, then ev is dominant.

17
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Lemma 4.3. Assume that for every effective rational curve class o # a,
(e1(Tx),a’) > dim(X) + 2.
Then a general fiber of
ev: Mo1(X,a) — X

is nonempty. In particular, if c1(Tx) = {c1(Tx), @)c1(O(1)) for an O(1)-degree 1
class a, i.e., if c1(Tx) is a multiple of ¢1(O(1)), the inequality holds if

2(c1(Tx), @) > dim(X) + 2.
Proof. This follows from [Kol96, Theorem V.1.6]. O

Together, Lemmas [£:2] and [I-3] imply that ev is dominant, resp. ev is dominant and
a general fiber is irreducible, if

2(c1(Tx), ) > dim(X) + 2, resp. > dim(X) + 3.
However, as observed above, we expect this to hold under the weaker inequality
(e1(Tx),0) > 2, resp. > 3.

The next lemma proves the weaker inequality suffices provided X is a linear section
of sufficiently high codimension of a smooth, projective variety Y.

Lemma 4.4. Let « be an O(1)-degree 1 curve class. Assume that
(1(Tx), ) > 2, resp. > 3.

Assume there exists a smooth projective variety Y such that X is a codimension c
linear section of Y and

ev: Mo1(Y,a) =Y
is dominant, resp. dominant with connected generic fiber. Then

ev: Moq(X,a) = X

is dominant, resp. dominant with connected generic fiber. In the latter case,
the unique irreducible component M, 1 dominating X satisfies the hypotheses of
Lemma 33

In particular, if ¢1(Tx) = (a1(Tx),@)c1(O(1)), i.e., if c1(Tx) is a multiple of
c1(0(1)), and if X is a codimension c linear section of a smooth projective va-
riety Y, then
ev: Mo1(X,1) — X
is surjective, resp. surjective with connected generic fiber, if
(a1(Tx), ) > 2, resp. >3
and

e > dim(X) —2(c1(Tx),a) + 2, resp. > dim(X) — 2{c1(Tx), ) + 3.

In the latter case, the unique irreducible component M, 1 dominating X satisfies

the hypotheses of Lemma
18



Proof. By hypothesis, the morphism
ev: Mop1(Y,1) =Y

is dominant. Thus for some O(1)-degree 1 curve class « on Y, the morphism
ev: Mo1(Y,a) =Y

is dominant. By the Lefschetz hyperplane theorem, the curve class a on Y is the
image of a curve class @ on X. By Lemma a general fiber of ev has dimension

(er(Ty),a) —2=c+ {a1(Tx), ) — 2.

By the hypothesis that (c¢1(Tx),«) > 2, this implies a general fiber has dimension
> c¢. By upper semicontinuity of fiber dimension, every fiber has dimension > c.

Let p be a point of X. Of course Y is embedded in a projective space PV and X
is the intersection of Y with a codimension ¢ linear subspace A containing p. The
variety of lines in PV containing p is isomorphic to PN ~1 = PV /{p}. By the previous
paragraph, the variety of lines in Y containing p is a subvariety of PV ~! of dimension
> c¢. The variety of lines in X containing p is the intersection of this subvariety
with the codimension ¢ linear subspace A/{p}. Because every c-dimensional variety
in projective space intersects every codimension c linear subspace, there exists a
line in X containing p, i.e.,

ev: Mo1(X,1) — X
is surjective.

Next assume that
(1(Tx),a) > 3.

By [Kol96, Theorem I1.1.7.2], every irreducible component of Mg 1(Y, ) has di-
mension

> (c1(Ty),a) + dim(Y) — 2.

By the argument above, the fiber of

evy : Mo1(X,a) = X
over a point p is an intersection of ¢ ample divisors in the fiber of

evy : Mo1(Y,a) =Y
over p. If p is a general point of X, then by Lemma ii),

dim(evy'(p)) < (e1(Tx), ) = 2.

Therefore
dim(evy'(p)) < (c1(Tx),a) =2+ ¢ = (c1(Ty), @) — 2 = dim(Mg 1 (Y, a) — dim(Y).

This implies that evy is a flat, local complete intersection morphism at every point
of ev{,l(p), cf. [Kol96, Theorem I1.1.7.3]. In particular, every irreducible component
of evy!(p) is contained in an irreducible component M of My 1 (Y, a) that dominates
Y. By hypothesis, a general fiber of evy is irreducible. Thus, in fact, there is only
one irreducible component M. The restriction

eviy : M =Y
19
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is a projective morphism whose geometric generic fiber is connected. By [Har77,
Corollary TII.11.5], every fiber is connected. Therefore the fiber evy!(p) is con-
nected. Also, as mentioned above, it is a local complete intersection variety of
dimension

>{a(Tx),a) —2+c>c+ 1.
Thus an intersection with ¢ ample divisors is still connected, cf. [Har77, Corollary
I11.7.9]. Therefore evy'(p) is connected.

The last part of the lemma follows from the first parts together with Lemmas 4.2
and (43 O

The main application is to complete intersections.

Corollary 4.5. Let X be a smooth complete intersection in P™ of multidegree
d=(di,...,d.) and thus of index

(a1(Tx),a) =n+1- Zdi'

A general fiber of ev is nonempty, resp. nonempty and irreducible, if
(ci(Tx),a) > 2, resp. > 3.

In the latter case, the unique irreducible component M, 1 0fﬂ071(X, «) dominating
X satisfies the hypotheses of Lemma[3.5

Proof. This follows from Lemma [£.4} for every sufficiently positive integer ¢ there
exists a smooth projective variety Y such that X is a codimension c linear section
of Y by Lemma O

5. MINIMAL POINTED CURVES. EXISTENCE AND CONNECTEDNESS

The proofs of Theorems [I.1] and [I.2] are essentially induction arguments. A key role
is played by rational curves having minimal curve class among those that contain
1, resp. 2 and 4, general fixed points of X. More generally, a curve having minimal
curve class among those containing m general fixed points of X is called a minimal
pointed curve. The case of 1 point, i.e., pointed lines, was considered in Section [4]
The higher cases are considered in this section and Section [f]

There are a few features of the space of minimal pointed curves that are important.
First of all, in order to prove irreducibility and rational connectedness of a general
fiber of

ev: Mon,(X,8) — X™
for large m and f, it is crucial to first prove irreducibility and rational connectedness
of a general fiber of

ev . MO’Q(X, 2&) — X2.
Secondly, in order to make the induction argument work, we need to prove existence
of some special rational surfaces in X. Although it is possible one can prove this
directly, we find it useful to think of such rational surfaces as minimal degree free
curves in a space of minimal pointed curves. For this reason, it is important to study
the canonical bundle and uniruledness of the spaces of minimal pointed curves. This
is done in Section [f] Finally, although we are primarily concerned with the cases
m = 2 and m = 4, the methods apply to arbitrary m. Thus the results are proved
for arbitrary m.

20



As above, X is a smooth, projective variety with a very ample invertible sheaf O(1).
The goal in this section is to understand curve classes 8 such that the geometric
generic fiber of

ev: Mon,(X,8) — X™
is smooth, resp. smooth and automorphism free. There is one simple criterion for
smoothness of a general fiber of ev.

Lemma 5.1. If every point in a general fiber of ev parametrizes a curve whose
irreducible components are all free, then a (non-empty) general fiber of ev is smooth
of the expected dimension

<C‘1(Tx),ﬁ> — (m — 1)dzm(X) +m—-3
and the intersection with the boundary A is a simple normal crossings divisor.
Proof. This is trivial if a general fiber is empty. Thus assume ev is dominant.

The open substack U of WOJ,L(X , ) parametrizing unions of free curves is smooth
and U N A is a simple normal crossings divisor, cf. [Kol96, Theorem II1.7.6]. By
generic smoothness the intersection of U with a general fiber of ev is smooth and
the intersection with U N A is a simple normal crossings divisor. If U contains
a general fiber of ev, the fiber is smooth and the intersection with A is a simple
normal crossings divisor. (]

There is a simple criterion on the curve class 8 insuring the hypothesis of Lemmal5.1
The relevant definitions are the following, and the criterion is the next lemma.
Definition 5.2. A curve class § is m-dominant if the evaluation morphism
ev: Mo (X,08) — X™
is dominant.
An m-dominant curve class 8 is m-minimal if for every partition
m=mq+---+m,

and for every collection (f1,..., ;) of m;-dominant curve classes §; satisfying

> Bi<B
=1

in fact .
> Bi=p
=1

In particular, this implies that § is minimal among m-dominant curve classes.

Lemma 5.3. If 3 is m-minimal, then every point in a general fiber of
ev: Mom(X,8) — X™

is a union of free curves. Therefore a general fiber of ev is smooth of the expected
dimension

(c1(Tx),B) — (m —1)dim(X) +m — 3
and intersects A in a simple normal crossings divisor. Moreover, every point in a
general fiber parametrizes an automorphism-free stable map.
21
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Proof. Let p = (p1,...,pm) be the geometric generic point of X™. Then for every
subset I C {1,...,m}, setting | := #1I, the [-tuple (p;|i € I) maps to the geometric
generic point of X'.

By Lemma to prove the lemma it suffices to prove that every point (C, q1, ..., ¢, f)
in the fiber of

ev: Mo, (X,8) — X™

over p is a union of free curves. Let C’ be the maximal subcurve of C' whose
irreducible components are free curves. Let C1,...,C/ denote the connected com-
ponents of C’ containing at least one of the marked points. Denote by C” the union
of all irreducible components of C' not among C1,...,C\.

There are two observations. First of all, for every i = 1,...,m, every irreducible
curve in X containing p; is free by [KMMO92| 1.1]. Therefore every point ¢; is
contained in one of the components C1,...,C;. Secondly, let C; be a contracted
irreducible component of C' whose image equals p;. Every irreducible component of
C intersecting C} is either contracted — and thus trivially free — or else maps to an
irreducible curve in X containing p; — and thus free by the first observation. There-
fore every connected component C contains at least one irreducible component
that is not contracted.

Let §; denote the curve class of C/. Denote by m; the number of elements of
{q1,...,¢r} contained in C}. Because every subset of {p1,...,pm} is general, §; is

m;-dominant. And
Z Bi < 8.
i=1

Therefore, since 3 is m-minimal,

> Bi=p
=1

In particular, every irreducible component of C” is contracted. Because contracted
curves are free, every irreducible component of C is free.

Finally, to prove that C' is automorphism-free, it suffices to prove that every non-
contracted component C; has degree 1 over its image. But if the degree is > 1,
then C; can be replaced by a curve with smaller curve class also meeting all marked
points contained in C;: namely the normalization of the image of C; (if any “special”
points are mapped to the same point in the image, one may also need to attach
some contracted components). Thus C can be replaced by an m-dominating curve
with smaller curve class. This contradicts that 8 is m-minimal. ([l

What is the O(1)-degree of an m-minimal curve? Assuming
m < h%(X,0(1))

then m general points on X impose independent conditions on linear forms, i.e.,

they are in linear general position. The minimum O(1)-degree of a rational curve

in PV containing m points in linearly general position is m — 1. However, there

seem to be very few varieties X with an m-dominating class of O(1)-degree m — 1.
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Question 5.4 (Coskun, Harris). Let (X, O(1)) be a smooth projective variety, and
let m be an integer satisfying 2 < m < h%(X,O(1)). Assume that every general
m-~tuple of points on X is contained in a curve in X of O(1)-degree m — 1. Is it
true that (X, O(1)) is a linear variety, a quadric hypersurface, or the projection of
a rational normal scroll or a Veronese surface?

There is some evidence for a positive answer. This gives one criterion for a curve
class to be m-minimal.

Lemma 5.5. Let (X,O(1)) be a smooth, projective variety and let m be a positive
integer. Assume that c1(Tx) = {(c1(Tx),a)c1(O(1)) for some O(1)-degree 1 curve
class a, i.e., c1(Tx) is a multiple of ¢1(O(1)).

If there exists an m-dominating class B of O(1)-degree < m, then (X,O(1)) is
isomorphic to either (P, Opn (1)) or a quadric hypersurface (Q, Opn+1(1)|q).

If (X,0(1)) is neither a linear variety nor a quadric hypersurface, then every O(1)-
degree m, m-dominating class is m-minimal.

If (X,0(1)) is a linear variety, [line] is 1-minimal. If (X,0(1)) is a quadric hy-
persurface, m[line] is m-minimal for m =1, 2.

Proof. For a general m-tuple of points on X, every irreducible curve C' containing
the points satisfies

h'(C,Ngyx(—m)) =0
and therefore

X(C, Ngyx(—=m)) > 0.
By Riemann-Roch, this implies
(c1(Tx),C) =2 —(m—1)(dim(X) — 1) = deg(N¢, x (—m)) +rank(N¢, x (—m)) > 0.
Substituting in

a(Tx) = txe(0(1))
and

(c1(0(1)),C) <m —1
gives,

tx > dim(X)

As is well-known, this implies either X = P™ or X is a quadric hypersurface.
For linear varieties and quadric hypersurfaces, lines are obviously 1-minimal. For a

general pair of points on a quadric hypersurface, the join of the pair is not contained
in the hypersurface. Thus conics are 2-minimal on a quadric hypersurface.

Assume (X, O(1)) is neither a linear variety nor a quadric hypersurface. Let 3 be
an m-minimal curve class of O(1)-degree m. Let

m=mj+- - +m,

be a partition of m and let (3,...,5,) be a sequence of m;-dominant classes (;

such that .
> Bi<p
i=1
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By the first part of the lemma, the O(1)-degree of 3; is > m,;. Thus the sum of the
O(1)-degrees of the classes 3; equals the O(1)-degree of 8. Since O(1) is ample,

this implies
Z pi=0
i=1
Therefore 3 is m-minimal. [l

When is an O(1)-degree m curve class m-dominant? By Lemma if ¢1(Tx) =
(c1(Tx), ayer (O(1)) and if ma is m-dominant, then

dim(X) > m(dim(X) — (¢1(Tx), o) — 1) + 3.
If ev is not generically 1-to-1, then a general fiber of ev is irreducible only if
dim(X) > m(dim(X) — (1 (Tx), ) — 1) + 4.

Assuming these inequalities hold, is ma an m-dominant class, resp. m-dominant
with irreducible geometric generic fiber over X7

For m = 1, this is precisely the issue addressed by Lemma 4] For m > 1, the
question can be reduced to the case of m; < m.

Let mq,mo be positive integers such that mi 4+ mo = m. For i = 1,2, let §3; be an
O(1)-degree m; curve class. Denote

B = b1+ Pa.
For i = 1,2, let p; be a general point of X™. Denote

p=(p1,p2) € X™
For ¢ = 1,2, let II; be the subvariety of X (possibly empty) swept out by curves in
the fiber of
ev: Mom, (X, 5;) = X™
over p;.
Lemma 5.6. Let (X,0(1)) be a smooth projective variety and let 3 be an O(1)-

degree m curve class on X. If for every gemeral point p € X™ there exists a
decomposition,

m=my+mz, B=p1+p0s
for which Iy intersects Iy, then B is m-dominating.
Conversely, if 8 is m-dominating and if
dim(X) > m(dim(X) — 1) — {c1(Tx), 8) + 4
then there exists a nontrivial decomposition as above such that 111 intersects Il5.

Proof. The first part is obvious by taking a union of two intersecting curves. The
second part follows from the bend-and-break lemma, cf. [Kol96l Corollary I1.5.5].
O

These results imply a consequence for the canonical irreducible components of Sec-
tion [B
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Lemma 5.7. Assume (X, O(1)) is neither a linear variety nor a quadric hypersur-
face and Pic(X) = Z{c1(O(1))}; in particular, c1(Tx) = {(c1(Tx),a)c1(O(1)) for
some O(1)-degree 1 curve class a.
Assume there exists a unique irreducible component My 1 of Mo1(X,a) such that
the restriction

evlpr : Mo1 — X
is dominant, and further assume the general fiber is irreducible. Assume

dim(X) > m(dim(X) — (c1(Tx),a) — 1) + 4

If there exists an irreducible component M, of Mo (X, ma) such that the restric-
tion

evlys 2 My, — X™

is dominant, then M,, equals the component My, . m from Notation .

Proof. The lemma will be proved by induction on m. For m = 1, it is tautolog-
ical. Thus assume m > 1 and the lemma is true for all smaller values m’ < m.
First of all, by Lemmas and ma is m-minimal and a general point of
M,, parametrizes a smooth curve. Therefore the image of M, in M0,0(X , Q)
is an irreducible component M, and M, is the unique irreducible component of
Mo (X, ma) dominating Mo.

Let p = (p1,...,pm) be a general point of X™. By the second part of Lemma
there exists a decomposition
m = mi -+ ms

and a reducible curve C' = Cy U Cy parametrized by M, such that
(Cl M {ph e >p’m}) L (Cl N {pla e apm})

is a partition of {p1,...,pm} into subsets of size m; and my respectively. The sum
of the O(1)-degrees of C; and Cy equals the O(1)-degree of C, m. On the other
hand, by Lemma [5.5] the O(1)-degree of C; is > m;. Therefore the O(1)-degree of
C; is precisely m;.

Because p is general,ﬁalso every subset of {p1,...,pm} is general. Therefore the
component M, of Mg, (X, m;a) parametrizing [C;] dominates X™. Moreover,
because X is neither linear nor a quadric hypersurface,
dim(X) — (1 (Tx),a) =1 > 0.

Therefore, since

dim(X) — 4 > m(dim(X) — {1 (Tx), ) — 1),
also for i = 1,2,

dim(X) — 4 > m;(dim(X) — (1 (Tx),a) — 1).
Thus m; and M,,, satisfy all the hypotheses of the Lemma. Because m; < m, by
the induction hypothesis, M, equals My, q,m,-
By Lemmas[5.3]and[5.5] every irreducible component of C; is a free curve. Therefore
M contains a point in the image of

A Mmlu,l Xx Mmg-a,l — M070(X, ma)
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which is a smooth point of Mg (X, ma). By Lemma because both morphisms
ev: Mpy,.a1 — X

are dominant with irreducible generic fiber, M, .0.1 Xx Mpm,.q.1 is irreducible (by
the same argument as in the proof of Lemma [3.4]). Therefore My is the unique
irreducible component of Mg (X, ma) containing the image of My, .01 X x Mim,-0.1-

By Lemma each of M,,,.o1 parametrizes a reducible curve C,,, whose (non-
contracted) components are all smooth, free curves parametrized by M, 1. Because
they are free, they deform so that the marked point p; is a general point of X. In
particular, there exists a pair of curves ((Cpny, 1), (Ciny,D2)) as above so that pp
and po coincide in X, i.e., the pair is contained in the fiber product

Mmlu,l Xx Mm2.a’1.

The image under A parametrizes a reducible curve C = C7 U Cy. Every (non-
contracted) component of C' is either a (non-contracted) component of C; or of Cs.
Thus, by hypothesis, it is a smooth, free curve parametrized by M, ;. Since My
contains such a curve, by Lemma My equals M,y,.q,0. Since My, is the unique
irreducible component dominating Mg, My, equals Mp,.q m. The lemma is proved
by induction on m. ([

Lemma [5.6] provides the induction step in an inductive proof of the existence of an
m-dominating curve class of O(1)-degree m. For the induction step to apply, it is
necessary that certain cycles in X have nonempty intersection. The simplest way
to insure this is to require the relevant Chow groups of X to be generated by the
appropriate power of ¢;(O(1)).

Lemma 5.8. Assume that c1(Tx) = (c1(Tx),a)er(O1)) for an O(1)-degree 1
curve class a, i.e., c1(Tx) is a multiple of c1(O(1)), resp. assume Pic(X) is gen-
erated by ¢1(O(1)). Assume that (X, O(1)) is neither a linear space nor a quadric
hypersurface. Let m be an integer m > 2. Assume that

dim(X) > m(dim(X) — {(c1(Tx),a) — 1) + m+ 2,
resp. > 2(m — 1)(dim(X) — {(c1(Tx),a) — 1) +2m — 6.

Assume that for every pair of nonempty closed subsets Il1,1ls, resp. for every

m-tuple of nonempty closed subsets I, ... I, of X with pure dimensions

dim(IT;) = {1 (Tx),a) — 1,
and
dim(Ils) = (c1(Tx),a) — (m — 2)(dim(X) — (1 (Tx), @) + m — 3,
respectively
dim(I1}) = (c1(Tx),a) — 1, fori=1,...,m,
the intersection II; NIl is nonempty, resp. IIjN---NII,, is nonempty and connected.
In particular this holds if
CHP (X) = Z{c1(O(1))?}, for 0 <p < dim(X)+1— (c1(Tx), ),
respectively
for0<p<m(dim(X)+1—{c1(Tx),)).
Then ma is m-dominating, resp. ma is m-dominating and a general fiber of ev is

connected.
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Proof. First of all, because X is neither linear nor a quadric hypersurface,
dim(X) — (c1(Tx),a) =1 > 0.

This means that the various inequalities above for m imply the analogous inequal-

ities for m’ < m. This is the basis for the induction argument.

There are two directions: nonemptiness and connectedness. Nonemptiness of a
general fiber of
ev: Mo (X, ma) — X™
will be proved by induction on m. For m = 1, connectedness follows from Lemma4.4
Thus, assume m > 1 and the result is known for m—1. By the induction hypothesis,
the fiber of
ev: Mom_1(X,(m—1)a) — X™!

over a general point (p1,...,Pm—1) is nonempty. By Lemmas and the
fiber has pure dimension

(c1(Tx),a) — (m —2)(dim(X) — (¢1(Tx),a)) + m — 4.

Therefore the subvariety IT” swept out by the curves parametrized by the fiber has
dimension one greater,

dim(I1") = {e1(Tx), @) — (m — 2)(dim(X) — (c1(Tx), a)) +m — 3.
Fix a general point p,, in X. By Lemma |4.4] a general fiber of
ev . moyl(X,OL) — X

is connected. By Lemma the fiber has dimension (¢1(Tx), ) — 2. Therefore
the subvariety II' swept out by curves in the fiber has dimension one greater,

dim(I1") = {e1(Tx), a) — 1.

By hypothesis, II' and II” intersect. Therefore there exists a curve C” of class

(m — 1) containing py,...,pm—1 and a curve C’ of class a containing p,, such
that C” intersects C”'. The union C' = C" U C” is a curve of class ma containing
D1s--->Pm—1,Pm- Lherefore ma is m-dominating.

Next we address connectedness. Let M be an irreducible component of a the fiber
of

ev: Mo (X, ma) — X™
over a general point p = (p1,...,pm) of X™. By repeatedly applying the second
part of Lemma M parametrizes some curves C' every irreducible component of
which has class « and contains precisely one of the points {p1,...,pm}. Moreover,
the locus A of such curves has dimension

m{c1(Tx),a) — (m — 1)dim(X) — 2.

Now consider the pointed lines parametrized by this locus. The total space of the
family is a P'-bundle over the locus, together with a section contracted to a point
pi. For such a P!-bundle over a 1-dimensional base, any two effective curves that
do not intersect the contracted section do intersect each other. From this it follows
that there is a nonempty sublocus A’ of dimension

m{c1(Tx),a) — (m —1)dim(X) —m
parametrizing curves such that every component is a curve of class a containing

precisely one of the points {p1,...,pm}, and such that all components intersect
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in a common point q. For ¢ = 1,...,m, denote by II; the closed subvariety of X
swept out by all a-curves containing p;. Then clearly A’ is a M ,,,-bundle over the
intersection

:=1nN---NIT

m*

By Lemmas and each II' is nonempty of dimension
dim(I1}) = (1 (Tx), ) — 1.

By hypothesis, the intersection II’ of an m-tuple of such subvarieties is nonempty
and connected. Therefore A’ is connected. Therefore ev=!(p) is connected. O

The following two lemmas form the analogue for higher m of Lemma [4.4]

Lemma 5.9. Let (X,0(1)) be a smooth, projective variety that is neither a linear
space nor a quadric hypersurface. Let m be a positive integer < h°(X,0(1)). Let
B be an O(1)-degree m curve class on X. Assume that

dim(X) > m(dim(X)—1)—{c1(Tx), 8)+3, resp. > m(dim(X)—1)—{c1(Tx), 3)+4.
In particular, if B = ma, assume
dim(X) > m(dim(X)—{c1(Tx),a)—1)+3, resp. > m(dim(X)—{c1(Tx),a)—1)+4.

Assume there exists a smooth projective variety Y such that X is a codimension c
linear section of Y and

evy : Mo (Y,5) = Y™

is dominant, resp. dominant with connected generic fiber. Then
evx : Mom(X,8) — X™

is dominant, resp. dominant with connected generic fiber.

Proof. The proof is very similar to the proof of Lemma Embed Y in PV and
let X =Y N A for a linear subspace A of codimension ¢. For an m-tuple of points
Ply--+Pm, in X, a B-curve in Y containing pi,...,pm is contained in X if and
only if its span is contained in p1, ..., pm,. Using Lemmas and together
with the argument from the proof of Lemma [£.4] the morphism evy is a flat, local
complete intersection morphism at every point of the fiber ev)_(1 (p) over a general
point p of X™. The claim is that ev)_(1 (p) is an intersection of ¢ big, base-point-free
divisors in ev{,l(p). This will immediately imply that every component of ev{,l(p)
meets ev;(1 (p), in particular ev;(1 (p) is not empty. Moreover, if a general fiber of
evy is connected, by the same argument from the proof of Lemma ev{,l(p)
is a connected, locally complete intersection. Then by [Har77, Corollary III.7.9,
Corollary TI1.11.5], evy' (p) is also connected.

To see that ev;{1 (p) is an intersection of big, base-point-free divisors in ev;/1 (p),
fix a hyperplane H C PV containing {p1,...,pm}. Associated to every O(1)-
degree m curve C containing {p1, ..., pm}, the span of C is an m-plane containing
span(py, - .., pm)- In other words, it is a point in PN=™ = PN /span(py, ..., pm)-
The hyperplane H corresponds to a hyperplane in PY~™. Therefore the set of
curves C' contained in H forms a divisor in evy —1(p). Varying H, it is clear that
this divisor class is big and base-point-free. (I
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Corollary 5.10. Assume that c1(Tx) = (c1(Tx), @)c1(O(1)) for an O(1)-degree 1
curve class a, i.e., c1(Tx) is a multiple of c1(O(1)), resp. assume Pic(X) is gen-
erated by ¢1(O(1)). Assume that (X, O(1)) is neither a linear space nor a quadric
hypersurface. Let m be an integer m > 2. Assume that

dim(X) > m(dim(X)—{(c1(Tx),a)—1)+3, resp. > m(dim(X)—{c1(Tx),a)—1)+4.

Assume there exists a smooth, projective variety Y such that X is a codimension ¢
linear section of Y. If

c>m(dim(X) — (c1(Tx), ) — 1) — dim(X) + m — 2,
respectively

c>2(m—1)(dim(X) — {c1(Tx),a) — 1) — dim(X) + 2m — 6

and if
CH(Y) = Z{c1(O(1))"}, for 0 <p < dim(X) +1 — (c1(Tx), ),
respectively
Jor 0 <p <m(dim(X) +1—(a1(Tx), q)),
then

evx : Mo,m (X, ma) — X™

is dominant, resp. dominant with connected fibers. By Barth’s theorems, [Bar70],
this last condition holds if

¢ > 2(dim(X) — (c1(Tx), @) — 1) — dim(X) + (h°(X, O(1)) — dim(X) — 2) + 5,

respectively
¢ > 2m(dim(X) —(c1(Tx), a) — 1) — dim(X) + (h°(X, O(1)) — dim(X) —2) +4m +1.
Proof. This follows from Lemmas [5.8] and O

The main application is to complete intersections.
cor-mpcdomb
Corollary 5.11. Let X be a smooth complete intersection in P" of multidegree

d=(dy,...,d.). For simplicity, assume all d; > 2 and assume d # (2). Let m be
an integer 1 < m < n. The fiber of

ev: Mom(X,m) — X™
over a general point in X™ is nonempty, resp. nonempty and irreducible, if
dim(X) > m(dim(X)—(c1(Tx),a)—1)+3, resp. > m(dim(X)—{c1(Tx),a)—1)+4,
in other words, if
n > Z(mdiferl) —m—+3, resp. > Z(mdl- —m+1)—m+4.
i=1 =1

Proof. This follows from Corollary [5.10]since complete intersections are arbitrarily
extendable by Lemma [2.5 (]
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6. MINIMAL POINTED CURVES. CANONICAL BUNDLE AND UNIRULEDNESS

The rational surfaces we will need in Section [7] arise from minimal free curves in
the space of minimal pointed curves. We study these curves using the formula for
the canonical bundle from [dJS05] together with the method of Kollar-Miyaoka-
Mori, cf. [MMS86], [Kol96, §V.1]. As in Sections 4] and [5| the existence of the
curves follows from hypotheses on dim(X), (¢1(Tx), @), and also the second graded
piece of the Chern character {chs(Tx),II). The hypotheses are stronger than the
weak hypotheses suggested by a parameter count. However, under when X is a
linear section of sufficiently high codimension in a smooth, projective variety Y,
the weaker hypotheses suffice (and, in fact, are also necessary conditions).

Because of the criterion in Lemma [5.5] we shall focus on the case of m-minimal
classes of O(1)-degree m. Moreover the varieties we will focus on have another
feature formalized in the following definition/hypothesis.

Definition 6.1. Let m and N be integers satisfying 1 < m < N. For a linearly
general m-tuple p = (p1,...,pm) in (PV)™, the linearly nondegenerate locus U, is
the maximal open substack of the corresponding fiber of

ev : Mo (PY,m) — (PV)™
parametrizing stable maps for which no irreducible component is mapped into the
linear subspace span(pi,...,pm). By Bézout’s theorem, this is equivalent to the
condition that no non-contracted component is mapped into the linear subspace
span(pi, - . ., Pm)-

Lemma 6.2. Let (X,0(1)) be a smooth, projective variety. Let o be an O(1)-
degree 1 curve class. Let m be a positive integer < h°(X,0(1)). If m > 2, assume
(X,0(1)) is not a linear variety. If m > 3, assume (X,O(1) is not a quadric
hypersurface. Assume ¢1(Tx) = (c1(Tx),a)c1(O(1)), i.e., c1(Tx) is a multiple of
c1(0(1)). Assume ma is an m-dominating class. Assume either
(i)
dim(X) > (e1(Tx), o) + 1,
(i)
dim(X) = (c1(Tx), a) + 1,
and
RO(X,0(1)) > dim(X) +m — 2,
(i) (X,0(1)) is a quadric hypersurface and m < 2, or
(iv) (X,0(1)) is linear and m = 1.
Then the fiber of
ev: Mo m(X,ma) — X™

over a general point p of X™ is contained in the nondegenerate locus U,,.

sec-mpc2

Proof. Embed X in PV by the complete linear system |O(1)], where N = h%(X, O(1))—

1. First consider the case when
hY(X,0(1)) > dim(X) + m.

The codimension of X is ¢ = h%(X, O(1))—dim(X)—1 > m—1. Also the degree of X

is > codim(X) + 1 > m. Therefore m general points py, ..., p, of X are contained

in a codimension c linear section of X, which is necessarily zero dimensional. For
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every curve C'in X containing pq, . . ., pm, span(C) contains span(p1, . . . , P ), which
is contained in the zero dimensional linear section of X. Since dim(C) is positive,
span(C) must properly contain span(pi,...,pm). In particular, if C' is a degree m
rational curve, C' is linearly nondegenerate.

Next assume that
dim(X) +m > h'(X,0(1)).
The claim is that
RO(X,0(1)) > dim(X) — m(dim(X) — {c1(Tx),a) — 1) +m — 2.
Indeed, h°(X,O(1)) > dim(X) + 1 always. So in case (i),
RO(X,0(1)) > dim(X)+1 > dim(X)—2 > dim(X)—2—m(dim(X)—(c; (Tx), a)—2).
In case (ii), by hypothesis,
R(X,0(1)) > dim(X) +m — 2 = dim(X) — m(dim(X) — {e1(Tx),a) — 1) +m — 2.
In case (iii), since m < 2,then
RO(X,0(1)) = dim(X)+2 > dim(X)—m(—1)+m—2 = dim(X)—m(dim(X)— (¢, (Tx), a)—1)+m—2.
And case (iv) is clear.
Let Z be the intersection of X with a general P™~! in PV. Then
dim(Z) = dim(X) +m — h°(X,0(1)),
and
(e1(T7), @) = {e1(Tx), @) +m — h'(X, O(1)).
Thus,
dim(Z) — (c1(Tz),a) — 1 =dim(X) — (1 (Tx ), — 1.
Plugging this in,
dim(Z)—m(dim(Z)—(c1(Tz), a)—1)—3 = dim(X)+m—h"(X, O(1))—m(dim(X)—{e1 (Tx ), a)—1)—3.
Because
BO(X,0(1)) = dim(X) — m(dim(X) - (e1(Tx),a) — 1) — 3,
it follows that
dim(Z) —m(dim(Z) - (1(Tz), ) =1) =3

is negative. By Lemma there is no O(1)-degree m curve class on Z that is
m-dominating. Let pi,...,p, be m general points of Z. These span a P™~!
ie., span(pi,...,pm) = span(Z). Let C be a degree m curve in X containing
P1s---,Pm- Then span(C) contains span(pi,...,pm) = span(Z). Because there is
no O(1)-degree m curve class on Z that is m-dominating, the curve C' cannot be
contained in Z, i.e., it cannot be contained in span(Z). Therefore span(C') properly
contains span(Z) = P™~1 i.e., C is a linearly nondegenerate curve. O

Because of Lemma, we introduce the following hypothesis.
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Hypothesis 6.3. Let (X,O(1),m) be a smooth, projective variety together with
a positive integer m. Let a be an O(1)-degree 1 curve class. Assume m <
hO(X,0(1)). Assume c¢;(Tx) = (c1(Tx),a)c1(O(1)), i.e., ¢1(Tx) is a multiple
of ¢1(O(1)). If m > 2, assume (X,O(1)) is not a linear variety. If m > 3, as-
sume (X, O(1)) is not a quadric hypersurface. If dim(X) = (¢1(Tx),a) + 1, as-
sume h%(X,0(1)) > dim(X) + m — 2. Assume ma is an m-dominating class. By
Lemma these assumptions imply the fiber M, of

ev: Mo (X, ma) — X™ C (PNV)™
over a general point p of X™ is contained in the linearly nondegenerate locus U),.
The varieties we consider satisfy Hypothesis [6.3] The hypothesis implies conse-
quences for the divisor theory of M,. As usual, denote by
(r:C—U,/(si:U—=Cli=1,...,m),g:C—PN)
the universal family of stable maps over U.

Lemma 6.4. The stack U, is automorphism-free, i.e., U, is a quasi-projective
scheme. Moreover, there exists a big, base-point-free Cartier divisor class A on U
such that
Teg*c1(Opn (1)) = m,
T (8:(U) - 5;(U)) ==X, i=1,...,m.
If m > 1, also
1
{A,B},AUB={1,...m}
Proof. Denote by E the locally free sheaf
E :=m.g"Opn(1).
Denote by F' the vector space
F=a®]2,0pn (1) @ k(pi)
Because gos; is a constant morphism with image p;, there is an evaluation morphism
E— F®0Oy.
This is surjective, because it factors the surjective evaluation
H'PY,001)® 0Oy — E — F® Oy.

Denote the kernel by
L :=Ker(E — F®Oyp).

This is an invertible sheaf on U. Denote its divisor class by
A:=c1(L).
It is clear that A is base-point-free. The complete linear system defines a morphism
bx : Up — PN=™ = PN Jspan(py, ..., pm)
that associates to a stable map (C, (¢1, ..., ¢m), f) the point

span(f(C)) € PV /span(py, ..., pm)-
32
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It is clear that the only locus contracted by this morphism is the locus of curves
with a contracted component (not mapping into span(pi,...,pm,)!) containing at
least 4 double points. Therefore ¢, is big.

By adjunction there is a natural homomorphism

™ E — ¢"Opn(1).
Restricting to £ gives a morphism of invertible sheaves

L — g"Opn (1),
or equivalently, a global section of the twist

0:0c— 1LY ®g* Opn(1).
The zero locus of this section is precisely
Zero locus(o) = g~ 'span(p1,. .., Pm).
Of course there is an inclusion
Ui ys:(U) C g~ 'span(pi, .- ., pm)-

Now a curve of degree m spans at most a P"™. Thus span(p1, ..., pm) is a hyperplane
in the span of the curve. By Bézout’s theorem, if the intersection has degree > m+1,
then some irreducible component of the curve is contained in span(pi,...,pm). By

hypothesis, every curve parametrized by U has no irreducible component contained
in span(py, ..., pm). Thus

Zero locus(o) = U2, s;(U)

as closed subschemes of C. This implies an isomorphism of invertible sheaves

m

Oc(>_siU) = a*LY g O(1).
i=1
Applying s! to each side of this isomorphism gives
s70c(si(U)) = LY,
or equivalently,
—m[si(U) - si(U)] = A
for every i = 1,...,m. Combined with [dJS05, Lemma 5.8], this implies the divisor

class relations
1

7m_1 Z #A#BA(A’B):TR/\
(A,B),1€A,AUB={1,....m}
and )
{A,B}
Also,
m.g*c1(Opn (1)) = . [Z si(U) +m*\? = Zm [s:(TU) - s;(U)] + 2 Zsjﬂ*)\
i=1 i=1 i=1

which reduces to
7.9 c1(Opn (1))? = mA.
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When m is small, this allows us to give a useful formula for the first Chern class of
a general fiber of the evaluation morphism ev.

Lemma 6.5. If (X, 0(1),m) satisfies Hypothesis then the fiber M, of
ev: Mo m(X,ma) — X™

lem-mpch

over a general point p of X™ is a smooth, projective variety of the expected dimen-
sion
dim(X) —m(dim(X) — (c1(Tx),a) —1) — 3
whose first Chern class equals
(m—2){c1(Tx),a) + 2m
2m

c1(Th) = meg™[cha(Tx) — c1(0(1))%] + 2A.

In particular, for m =1 this is the formula from Lemma[4.]]

), @) =2 oy,

C1(TM) :ﬂ'*g*[ChQ(TX)‘i‘ 9

for m = 2 this is
c1(Tar) = g™ [cha(Tx) + e1(O(1))],

and for m = 3 this is

!

Proof. For m = 1, this follows from Lemma[4.1] Thus assume m > 1.

First of all, by Lemma ma is m-minimal. Thus, by Lemma [5.3} M), is smooth
and automorphism-free. By [dJS05, Theorem 1.1], the first Chern class of M,

c1(Tar) = meg*[cha(Tx ) —

equals
1
Cl(TM) = ’]T*g*[ChQ(TX) + mcl(Tx)z] + 2A
1 1
- A-#BA - - T ! T "NAsg g
7,._1 Z # # {A,B} 2<61(TX)’ma> o Z - <Cl( X)a6><cl( X)?ﬂ > {ﬁ B }
{A,B} {B".8""}.8'+B"=ma

Using the fact that every curve class is a multiple of «, this reduces to
1

R (), may 1 (1)1 28

9" [cha(Tx) +

1 (e1(Tx), @)
—1 Z #A-#BAa By — om Z m'm" Agpramral-
{A,B} {m/,m"”}m/+m'" =m

Next, because m is m-minimal,

Z A{A,B} = A{m’a,m”cc}-
{A,B},#A=m' #B=m'"

So the formula reduces further to

9" [cha(Tx) + c (Tx)Q} + 2A

2(c1(Tx), ma)

1 1 <Cl(TX)7a>
Tt 2 O Bameey =g B
m/+m/’'=m m/+m/'=m
34
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Finally, by Lemma[6.4] there is a divisor class relation

1

m Z m/m”A{m/a,mna} =m\= W*g*01 (0(1))2
m/4+m’’'=m

Substituting this in and simplifying gives the formula.

The formulas in the cases m = 2 and 3 follow from the formula above together with

the relations from Lemma
1-1 .
A171 = TALl =2\ = T«g 61(0(1))2,

2.1
Ay = TAQJ =3\ =m.g*c1(0(1))%
When m > 3, the boundary A is not of a single type, i.e., A # A, ;. Thus there is
not a similar formula for m > 3. O

Because of the formula in the last lemma, chy(Tx) plays a significant role in the
geometry of a general fiber of ev. It is useful to make the following hypothesis,
which holds for all complete intersections.

Hypothesis 6.6. Assume (X, O(1),m) satisfies Hypothesis Further assume
that

2chy (Tx ), I
< 2(2X) >61(O(1))2
for some integer (2chy(Tx),II). If X contains the class of a linear 2-plane I, then
the integer is the intersection number indicated.

Chg (Tx) =

Kollar, Miyaoka and Mori proved uniruledness of varieties with positive first Chern
class. In our setting, this gives the following.

Corollary 6.7. Assume that (X, O(1),m) satisfies Hypothesis[6.6, If
m(2chy(Tx),II) — (m —2){c1(Tx),a) —2m >0
then the fiber M, of
ev: Mom(X,m) —» X™
over a general point p of X™ is uniruled. If
(m — 1)dim(X) + m(2che(Tx ), 1) — 2(m — 1){c1(Tx), ) —3m+2 >0
then M, is uniruled by rational curves of A-degree 1.

Proof. When the first inequality holds, by Lemma ¢1(Tx) is the sum of a nef,
big divisor and an effective divisor. Therefore, by [MMS86], M is uniruled.

Moreover, applying bend-and-break, the minimal class 7 of a free rational curve in
X satisfies the inequality from [Kol96, Theorem V.1.6.1],

(c1(Thr),7) < dim(M) + 1.
Every free rational curve class in X satisfies
(A,7) 20

since such curves deform out of A. If (A, v) > 2 and if the second inequality holds,
then
(c1(Tar),y) > dim(M) + 1.
35
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lem-mpc7

Therefore, if the second inequality holds, M is uniruled by rational curves of \-
degree 1. ([

Lemma 6.8. Assume (X,0(1),m) satisfies Hypothesis[6.5 Assume that the fiber
M, of
ev: Mom (X, ma) — X™

over a general point p of X™ is uniruled by rational curves of \-degree 1. A general
point of M, parametrizes a curve which is either a hyperplane section of a degree m
rational normal surface scroll ¥ C X or a hyperplane section of a Veronese surface
¥ C X (which can only occur if m =4).

Proof. First of all, by the proof of Lemma [5.3] a general fiber M is smooth and
automorphism-free, a general point of M parametrizes a smooth curve, and the
boundary A N M is a simple normal crossings divisor.

Let D be a free rational curve in M of A-degree 1. Denote by m : Cp — D the
restriction of the universal curve over D. Denote by (X, O(1)) the linearly normal
surface obtained by contracting all curves in Cp of g*O(1)-degree 0. In other words,
if Cp — P¥ is the morphism induced by the complete linear system of g*©O(1), then
¥ is the linearly normal image of Cp in PV.

By Lemma the surface ¥ has O(1)-degree m since D has A-degree 1. Because
the invertible sheaf £|p has degree 1,

hO(3,0(1)) = h°(D, m.g*O(1)|p) = m + 2.

Therefore ¥ spans a linear P 1. A surface of degree m spanning P™*! is a surface
of minimal degree. These were classified by Del Pezzo in 1885, [DP85]. For a modern
account and generalization, see [EH87]. In particular, there are three possibilities
for 3: 3 is a cone over a rational normal curve, 3 is the Veronese surface, or X is
a (smooth) rational normal surface scroll. In each of these cases, D is a pencil of
hyperplane sections of X.

If ¥ is a cone over a rational normal curve, then the hyperplane containing the vertex
of the cone gives a point of D that intersects the boundary A with multiplicity > 1.
Assuming D is general in its deformation class, D intersects any specified divisor
transversally, cf. the proof of [Kol96, Proposition I1.3.7]. Therefore ¥ is not a cone
over a rational normal surface scroll.

The final claim is that the morphism ¥ — X is an embedding. If not, the image
spans a P™. But then span(pi,...,pm) N X is a hyperplane section of ¥, thus
a curve in X. In particular, it is strictly larger than {pi,...,pm}. Therefore a
curve parametrized by D intersects span(pi,...,pm,) in a subscheme of degree >
m + 1. By Bézout’s theorem, the curve has an irreducible component contained in
span(p1, . ..,Pm). This contradicts the hypothesis that D is contained in the open
substack U of Lemma[6.4] Therefore ¥ — X is an embedding. O

Using the previous result, we can compute the dimension of the space of free \-
degree 1 curves in M,,. In particular, since the dimension must be positive if such
curves exist, the dimension inequality gives a necessary condition for the existence
of free A-degree 1 curves in M,,.
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Lemma 6.9. Assume (X,0(1),m) satisfies Hypothesis[6.6 Assume that the fiber
M, of

ev: Mo (X, ma) — X™
over a general point p of X™ is uniruled by rational curves of \-degree 1. With one
exception, the space of A\-degree 1 curves in M, containing a general point of M,
has dimension

m m—2
5(2ch2(TX),H> —

(c1(Tx), ) + m — 2.

The one exception occurs when m = 4 and the A-degree 1 curves sweep out Veronese
surfaces. In this case the dimension equals

2<2€h2(Tx),H> — <Cl (Tx), Oé>.

Proof. For a free curve D in a smooth projective variety M, the dimension of the
space of deformations of D containing a general point m equals

<Cl(T1\/f)7D> - 27

cf. [Kol96, Theorem II.1.7, Corollary 11.3.5.3]. The formula for ¢;(Ths) is given
in Lemma [6.5 By hypothesis, the A-degree is 1. Thus the only missing data to
compute (c1(Thr), D) is the intersection number with A. The two possibilities for
D are given in Lemmal6.8} either D is a pencil of hyperplane sections of a rational
normal surface scroll, or D is a pencil of hyperplane sections of a Veronese surface.
In the first case, the intersection number with A equals m: the hyperplane becomes
reducible precisely when it contains a line of ruling through one of the m points

P1,-.-,Pm- In the second case, the intersection number with A is 3 (even though
m = 4): a pencil of conics in P? has 3 reducible members. Substituting this in gives
the two formulas above. O

Assuming X is a linear section of sufficiently high codimension in a smooth projec-
tive variety Y, Lemma implies the necessary condition above for the existence
of a A-degree 1 free curve is also a sufficient condition.

Lemma 6.10. Assume (X,0(1),m) satisfies Hypothesis [6.6 If m # 4, assume

that
m—2

%<2ch2(TX),H> - (c1(Tx),a) +m—2 > 0.
If m =4, assume that
2<2Ch2(Tx),H> — <Cl(Tx),a> Z 0.

Assume there exists a smooth projective variety Y such that X is a codimension c
linear section of Y. If

c¢>2(m—1){c1(Tx),a) — m{2chy(Tx), ) — (m — 1)dim(X) 4+ 3m — 2
then a general fiber M of
ev: Mom (X, ma) — X™

is uniruled by rational curves of \-degree 1.
37
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Proof. First of all, the hypotheses of Corollary [6.7] for X imply the hypotheses for
Y. There is a formula

(m — 1)dim(Y") + m(2cha(Ty ), II) — 2(m — 1){c1(Ty ), ) —3m + 2 =
¢+ (m —1)dim(X) + m{(2cha(Tx ), ) — 2(m — 1){c1 (Tx), @) — 3m + 2.
Therefore the inequality on ¢ implies that
(m — 1)dim(Y) + m(2cha(Ty ), II) — 2(m — 1){c1(Ty), ) —3m +2 > 0.
By Corollary a general fiber of
ev: Mo, (Y,ma) — Y™

is uniruled by A-degree 1 rational curves. By Lemma the dimension of the
space of such rational curves is at least

m—2

m
ay = §<2Ch2(TY),H> - (c1(Ty),a) +m —2
if m # 4, and is at least

ay = 2<2Ch2(Ty),H> — <61(Ty), Oé>

if m = 4. Of course there are formulas

%(2(3h2(Ty),H> _m

c+ %@chQ(TX),H) -
respectively
2(2chy(Ty),II) — (a1 (Ty), a) =
¢+ 2{2cha(Tx ), ) — (c1(Tx), ).
In other words,

ay =c+ax.

By upper semicontinuity, for every point of Mg (Y, ma) contained in an irre-
ducible component dominating Y, the dimension of the space of A-degree 1 curves
is at least ay. Let [C] € Mg, (X, ma) be a general point of a general fiber of

ev: Mom (X, ma) — X™.
By Lemma C' is a smooth curve and
h'(C, Tx|c(—m)) = 0.
There is a short exact sequence

0 TX TY‘X e 0(1)69(’ — 0

giving rise to a short exact sequence

0 —— Txlo —— Tyle —— O()|§" —— 0.

Since C has O(1)-degree m, O(1)|¢c = O¢(m). Therefore twisting this sequence by
Oc(—m) gives

0 —_— Tx|c(fm) A Ty|c(7m) O%C O

Since
R (C,0c) =0
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by the long exact sequence of cohomology, also
RO, Ty |c(—m)) =0

Thus C deforms to a curve in Y passing through m general points. Therefore the
dimension of the space of A-degree 1 rational curves containing C, for Y, is at least
ay .

Denote by Mx the fiber of
ev: Mo (X, ma) — X™

over a general point (p1,...,pm) and denote by My the fiber of
ev: Mo, (Y,ma) — Y™

over the same point (p1, ..., pm). Recall there is a morphism My — PN~ defined
as follows. Associated to a curve C' in PV containing p1,. .., pm, there is the point
v = span(C) in the projective space PN =™ = P /span(py,...,pm). Each A-degree
1 curve in My maps to a line in PNY =", Because X is a codimension ¢ linear section
of Y, there is a codimension ¢ linear subspace A of PY~™ such that Mx equals
My xpn-m A. Let [C] be a general point of Mx mapping to a point v of PN =™,
By the previous paragraph, the space of A-degree 1 curves in My containing [C]
is at least ay. These map to lines in PV =™ containing v, i.e., these correspond to
points in the quotient projective space PV ="~1 = PN=m /y,  Of course v € A and
A/v is a codimension c linear subspace of PY~™~1  Therefore, as long as

ay > ¢

there exists a A-degree 1 curve in My containing [C] whose image is containing in
A, i.e., there exists a A-degree 1 curve in Mx. Because ay = ¢+ ax, the inequality
above is precisely,

ax Z 0

which is the inequality in the statement of the lemma.

O

The main application is to complete intersections.

Corollary 6.11. Let X be a smooth complete intersection in P" of type d =
(di,...,d;). Without loss of generality, assume all d; > 1. Also assume d # (2).
If d = (3), assume m < 4, and if d = (2,2), assume m < 5.

If m # 4, assume

. -2
nz Y (BT 1-m
i=1

If m =4, assume
n>Y (2d; —d;) - 1.
i=1
Then (X,O(1),m) satisfies Hypothesis and a general fiber of

ev: Mo m(X, m[ling]) — X™

is uniruled by \-degree 1 rational curves.
39
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Proof. First of all, the inequalities above implies the inequality in Corollary [5.11}
Thus, Corollary together with Lemma implies m(line] is an m-minimal
class. If dim(X) = (c1(Tx), ) + 1, then d = (3) or d = (2,2). In the first case,
h9(X,0(1)) > dim(X) + 2 = dim(X) + 4 — 2. In the second case, h%(X,O(1)) >
dim(X) + 3 = dim(X) + 5 — 2. Thus, in every case (X, O(1), m) satisfies Hypothe-
sis [6.3] Moreover,

(2chy(Tx ), I1)

Chg (Tx) = 5

c1(O(1))?,

for the integer
c
(2chy(Tx), M) =n+1-Y d;.
i=1

Therefore X satisfies Hypothesis

Because a complete intersection is infinitely extendable, Lemma the second
hypothesis of Lemma [6.10] holds. Substituting in

(2chy(Tx), 1) =n+1-Y d?
=1

and

c
(c1(Tx), [line]) =n+ 13 d;,
i=1
the first hypothesis of Lemma [6.10] is precisely

if m # 4, respectively
n>Y (2d? —d;) -1
i=1

if m = 4. Thus, by Lemma [6.10] a general fiber of
ev : Mo.m (X, m[line]) — X™

is uniruled by A-degree 1 rational curves. (Il
7. TWISTING SURFACES. EXISTENCE

Every rational ruled surface
T:% - P!
is isomorphic to the projective bundle
P(Opl D O]pl (7]1)) — ]Pl

for some nonnegative integer h. We will call the integer h the Hirzebruch type of
the ruled surface, or H-type for short. We are mostly interested in the case that
h=0,ie., Y =P x P! But for some arguments it is convenient to have a more
general setup.

Denote by F' the divisor class of a fiber of 7 in ¥. Let E be the divisor class of a
section of 7 with minimal self-intersection, i.e., E is the directrix. If this section
40



is unique, also denote by E the unique effective curve in this divisor class. The
self-intersection of the section is

(E-E)s = —h.
Denote by F’ the divisor class
F' :=F—(F-E)sF=FE+hF
i.e., F’ is the unique divisor class of a section such that

(F'-E)s =0.

Associated to every morphism from a rational ruled surface to X,
f:X—-X,
there is a morphism
(m,f): ¥ — P x X.

In other words, consider f as a family of morphisms from P! — the fibers of 7 — to
X parametrized by the base of m, which is also PL. If (m, f) is finite, the vertical
normal bundle is defined to be

N(ﬂ',f) = COkeI‘(d(ﬂ', f) : TE - (TF, f)*TPlxX)'

Although N(, y) need not be locally free, it is w-flat.

lem-q0
Lemma 7.1. The sheaf N,y is w-flat.
Proof. By the local flatness criterion, [Mat89, Theorem 22.5], it suffices to prove
that for every geometric point ¢ of P!, the induced morphism
d(f) : 3¢ — fiTx
is injective, where f; is the restriction of f to ¥; = 7~ 1(t). By hypothesis, f; is
finite. Since the characteristic is 0, this implies f; is generically unramified and
thus d(f;) is injective. O
There is a slightly technical lemma which is useful. Let
T:%— P!
be a ruled surface. Let n be a positive integer. Let N be a coherent sheaf on X.
There is a cup-product map
HY(®, Ox(F' +nF)) x H (S, N(—=F' —nF)) — H'(Z,N),
or equivalently a map
c: H'(Z,O(F' +nF)) — Hom(H' (2, N(—F' —nF)), H' (X, N)).
lem-qtech

Lemma 7.2. Let n be a positive integer. Let N be a m-flat coherent sheaf on 3.
Assume there exists an N-regular section o of HY(Z, O (F' +nF)), for which c(c)
is injective. Also assume there exists an N -regular divisor D € |Ox(F' +nF)| such
that N|p is generated by global sections. Then N is generated by global sections
and h* (S, N(—=F' —nF)) = 0.

a1



claim-qtecha

Proof. Let U be the maximal open subscheme of ¥ on which N is generated by
global sections. The goal is to prove that U equals all of X.

If ¢(«) is injective for one N-regular «, then it is injective for a general choice of a.
Similarly, if N|p is generated by global sections for one N-regular D, it is generated
by global sections for a general choice of D. Thus there exists « and D as above
so that D is the zero locus of . Also, we may assume that D is irreducible (hence
smooth).

Consider the short exact sequence

0 —— N(-D) N N|p 0.

There is a long exact sequence of cohomology, some of whose terms are

HY(S,N) — HY(D,N|p) —— H S, N(-n,~1)) - H(=, N).

By the hypothesis that ¢(«) is injective, the first map is surjective. By the hypoth-
esis that N|p is generated by global sections, D is contained in U. Since D is an
ample divisor, the complement of U consists of finitely many closed points of 3.

Claim 7.3. Both
R'7.N and R*7,N(—D)

are zero.

Because N is 7-flat, by cohomology and base change [Har77, Theorem 111.12.11], it
suffices to prove that for every fiber F' of 7,
h'(F,N|r) = h'(F,N(-D)|r) = 0.

Now N|f is a coherent sheaf on F' = P whose global sections generate N on the

dense open F N U. Every coherent sheaf on P! that is generically generated is

globally generated. And for a globally generated coherent sheaf N|z on P!,
h'(F,N|p) = h*(F,N|p(=1)) = 0.

This is easy to see using Grothendieck’s lemma on splitting of vector bundles to-
gether with the cohomology of invertible sheaves on P'. Therefore

R'7,N = R'7,N(-D) = (0),
i.e., Claim [7.3]is valid.

Because of Claim the Leray spectral sequence associated to 7 proves that ¢(«)
is a morphism

H'(P', 7, N(-D)) — H' (P!, 7,.N).
Because c¢(a) is injective

r*(PY, 7, N(—D)) < h' (P!, 7. N).

There is an isomorphism
mN(=D) = [r.(N(—F"))] ® O(—n),
where F' is a general member in its linear equivalence class. In particular, F’ is
contained in U, thus N|p/ is generated by global sections. Since there is a short
exact sequence
0 —— N(-F) N N|lpp —— 0
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and since
R'7,N(~F") = (R'7,N(—D))(n)
is zero by Claim there is a short exact sequence
0 —— m.N(-F") TN N|pr —— 0.

Since N|p is generated by global sections,
hY(P!, N|g:) = 0.
Thus the long exact sequence of cohomology gives

(P 7, N(—F")) > h*(P', 7. N).

Since . N(—F") is coherent, by Grothendieck’s lemma it has the form
. N(—F") = (Torsion) ® O(a1) & - -- & O(a,)

for some integers a1, ...,a,. If h! is positive, some of the a; are negative. Then, of
course, twisting by O(—n) makes those a; more negative. Therefore, if

B, 7 N(—F')) # 0,

then
BB, [m.N(—F')] ® O(=m)) > b (B, m, N (= F")),
which implies
R (P, 7, N(—D)) > h' (P!, 7. N).

This contradicts the previous paragraph. Therefore

RY (P, 7 .N(—F")) = 0.
By the previous inequalities this implies

(P!, 7. N) =0,

which in turn implies

(P!, 7, N(—D)) = 0.
By Claim and the Leray spectral sequence for m,

rY(Z, N(-D)) = h' (P!, 7.N(-D)) = 0.

Thus it only remains to prove N is globally generated.

Since 7, N (—D) is a coherent sheaf on P! with vanishing h!, the twist [7,N(—D)]®
O(n) is globally generated, i.e., m . N(—F") is globally generated. As the first and
last terms in the short exact sequence

0 —— w.N(—F') TN N|pr —— 0

are globally generated, also 7, F is globally generated. As established above, E is
m-relatively globally generated. Therefore E is globally generated. O

The geometric question behind these definitions is this: Given a rational ruled
surface in X, and given a deformation in X of a rational curve in the surface, is
there a corresponding deformation of the surface containing the deformation of the
curve? The following lemma gives one answer.
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Lemma 7.4. Let 7 : ¥ — P! be a ruled surface. Let f : ¥ — X be a morphism such
that (m, f) is finite. Let n be a positive integer. Assume that Ny, 5y is globally
generated and hl(Z,N(prhf)(—F/ —nF)) = 0. Every free curve in ¥ maps to a
free curve in X. Moreover, for every reduced curve D in |Os(F' + nF)|, for every
infinitesimal deformation of D in X, there exists an infinitesimal deformation of
3 in X containing the deformation of D.

Proof. For a free curve C' in ¥, both Ng /s and Ny, 5)lc are globally generated.
Therefore N¢/x is globally generated, i.e., C'is a free curve in X.

In particular, since a reduced curve D in |Ox(F’ +nF)| is free in ¥, it is free in X.
Thus the deformation space of the morphism (D, f|p : D — X) (allowing both D
and f to vary) is smooth. Because

h! (D7 N(prl,f)|D) = h1(27 N(Prlyf)(_D)) =0,
and by the long exact sequence of cohomology associated to the short exact sequence

0 —— N, p(=D) —— Nipeyopy) —— Nyl —— 0,

it follows that h'(X, Niuy,,ry) = 0. Thus the deformation space of (m, f) : ¥ —
P! x X (allowing both ¥ and (m, f) to vary) is also smooth. It follows that the
deformation space of the datum,

(5, DCy (mf): % — P x X),

(allowing ¥ and (7, f) to vary, and allowing D to vary as a divisor in X) is also
smooth.

There is a morphism from the deformation space of the datum (3, D, (r, f)) to the
deformation space of (D, f|p). Because both are smooth, the morphism is smooth
if and only if the induced map of Zariski tangent spaces is surjective, i.e., if and
only if
H(S, Nipe, 1)) = H*(D, Nepr, ) D)

is surjective. By the long exact sequence above, the cokernel is contained in
Hl(E,N(prlﬁf)(fD)). This is zero by hypothesis, therefore the map of deforma-
tion spaces is surjective. O

The central notion of this section is as follows. It is closely related to the notion of
twisting family of pointed curves from [HS05] and [Sta04].

Definition 7.5. For an integer n an n-twisting surface in X is a ruled surface
T:% P!

together with a morphism
f:¥—-X

such that

(i) f*Tx is generated by global sections,
(ii) (71, f) is finite and

R (2, Nz, p)(—F' = nF)) = 0.
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If the pushforward of the divisor class F' equals 31 and the pushforward of F’ equals
Ba, then f has class (81, B2).

Let a and M = M, be given as in Lemma If the pushforward of every
element in |Ox(F)| is in M., .0 and the pushforward of every element in |Ox (F")|
is in Me,.a,0, then f has M-class (e1 - o, ez - ).

There are some elementary results comprising the “sorites” of twisting surfaces.

lem-qa
Lemma 7.6. (i) Forl < mn, every n-twisting surface is also l-twisting.
(ii) Let f be an n-twisting surface. For all integers Iy > maz(—1,—n) and
l2 > 07

R (Z, N,y (L F' + 1, F)) = 0.
(i) If f is a 1-twisting surface of H-type 0, then the composition of f with the
permutation morphism
(pry, pry) : Pt x Pt — Pt x P!
is also 1-twisting of H-type 0.
(iv) Let h=0or h=1and letn=1—h. Fori=1,2, let
be an n-twisting surface in X of H-type h and with class (8;, 3), respectively
with M-class (e; - a,e - «). Assume there exist irreducible divisors Dy of
class E in 31 and Do of class F' in Xo such that fi|p, equals fa|p,. Then
there exists a n-twisting surface in X of H-type h and with class (81402, 3),
resp. with M-class ((e1 +e2) - a,e - a).
(v) Let ny and ng be positive integers. Fori=1,2, let
fi : Zi — X
be an n;-twisting surface in X of class (8, ;), respectively of M-class (e -
a,e; - ). Assume the H-type of f1 is 0 and the H-type of fo is h = 0 or
h =1. Fori= 1,2, assume there exists fibers F; of m; : ¥; — P! and an
isomorphism Iy = Fy such that

film = falr,-
Then there exists an (ny + ne — 1)-twisting surface f in X of H-type h and
with class (8,1 + B2), resp. with M -class (e - a, (e1 + e2) - ). Moreover,
the restrictions of f1, fa and f to F-curves give points of Mo o(X) that are
all parametrized by the same irreducible component.

Proof. (i) If | = n, this is just the hypothesis that f is n-twisting. Thus assume
I < n. Let C be a general member of the linear system |Ox((n—1)F)|. Thus C is a
disjoint union of n — [ fibers, C' = Cy U---UC,_;. There is a short exact sequence

0 —— N(mf)(—F/ — nF) — N(‘:rl,f)(_F/ — lF) E— N(,lef)(—F/ — ZF)|C — 0.
Applying the long exact sequence in cohomology and the induction hypothesis,

K (2, Nep, gy (—F'=1F)) < h*(C, Nz gy (—F'~1F)|c) = Z (Ci, New gy (—F'=1F)|c,).

There is a natural isomorphism

Neppy(=F' = IF) o (=1).
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Because f*T'x is globally generated, the same holds for N, ) |c,. By Grothendieck’s
lemma,
Nz, pylc; = Torsion © O(a1) @ - - @ O(a,)
for integers ay, ..., a, > 0. Therefore
Nz, plo,(—1) = Torsion ® O(a; — 1) & --- @ O(a, — 1)
for integers a; — 1 > —1. Since h'(C;, O(b)) = 0 for b > —1, it follows that
W (Cis Niw ) (= F = 1F)|e,) = 0.

Therefore also
K (E, Niw,p)(—F' — IF)) = 0.

(i) Let C be a general member of the nonempty linear system |O((l; +1)F’+ (I1 +
n)F)|. There is a short exact sequence
O — N(ﬂ.)f)(—F/ — nF) E—— N(ﬂ.)f)(lgF/ + llF) E— N(.,r7f)(ZQF/ + llF)|C E— O

By the long exact sequence in cohomology and the hypothesis that f is n-twisting,
it suffices to prove that

hl(C, N(ﬂ,,f) (lgF’ +1LF)|lc)=0.
Because f*T'x is globally generated, also N( ) is globally generated. Thus N, ) (l2F'+

I1F)|c is a quotient of Ox(loF’ + 1 F) %N, for some integer N. Since H'(C, —) is
right exact, it suffices to prove that

hY(C,Ox(laF' + 11 F)|c) = 0.

Again using the long exact sequence of cohomology associated to the short exact
sequence

0 —— Ox(—F' —nF) —— Os(lbF' + 14F) —— Os(loF' + 1F)lc —— 0
and the fact that
Y2, O(=F" —nF)) = h*(Z,0(-F —nF)) =0
(using the Leray spectral sequence of 7), it is equivalent to prove that
RY (S, O(IF' + 11 F)) = 0.
This holds since I; > —1 and 5 > 0.
(iii) As
hH(P x P Tpaepr (—1, =1)) = h2(PY x P!, Tpa g (1, —1)) = 0,

from the long exact sequence of cohomology,

RY (P x PY, Nipe, 1y (—1,-1)) = K*(P* x P', f*Tx (-1, -1)).
Therefore f is 1-twisting if and only if f*Tx is globally generated and

RYH(P! x P, f*Tx (—1,—1)) = 0.

This is clearly symmetric in the two factors.

(iv) Define ¥’ to be the coproduct of ¥; and ¥y attached along Dy = Ds, the
isomorphism being the unique one compatible with m; and 7. There is a unique
morphism
7y — P!
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such that 7’|y, = m; for ¢ = 1,2. There is a unique morphism

Yy —-X
such that f'|n, = f; for i = 1,2. By (i) and (ii),

W (i, Nir,. 1y = W (B, N, 1) (= E)) = 0
for i = 1,2. Since h = 0 or 1, also
h'(8i, Tx, (—E)) = h' (2, T, (—E))
for i = 1,2. Thus
It follows from the long exact sequence of cohomology that
RS, (f)* Tx) = 0.

In particular, there are no obstructions to deforming f’. Since ¥’ deforms to a
ruled surface

7:% =P
of H-type h, it follows that f’ deforms to a morphism

f:2—PL
Clearly the class of f is (81 + B2, 3), resp. with M-class ((e1 +e€2)-a,e-a). It only
remains to prove f is 1-twisting.
Let £ be the invertible sheaf on P! x C' whose restriction to ¥y is O(—F' — nF)
and whose restriction to X is O(—nF). There is a short exact sequence
0 —— f5Tx(—F —nF) —— (f)*Ix®L —— f3Tx(—F —nF) —— 0.
As above,

Y%, T, (—F' — nF)) = 0;
for h = 1 this is precisely the statement above, for h = 0, this follows from the fact
that
R (P! x PY,O(-1,1)) = 0.
By the long exact sequence of cohomology,
W (S, fi Tx (= F' = nF)) = 0.
Therefore
WH(E (f) Tx @ £) = 0.
The invertible sheaf £ deforms to O(—F’ — nF’) on . Therefore, by upper semi-
continuity,
KW(E, f*Tx(—F' —nF)) =0,

i.e., f is n-twisting.
(v) Let X be the coproduct of ¥; and X5 via the isomorphism Fy & F,. Let C”
be the coproduct of P! and P! via 71 (F;) ~ mo(F»). There is a unique morphism

Y =C
such that 7’|y, = m;. And there is a unique morphism

iy -X
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such that f'|s, = f;. By (ii)
R (21, Nz, 1) (—F)) = 0.
Since also
h'(21, T, (- F)) =0,
by the long exact sequence of cohomology,
W (S1, fiTx (—F)) = 0.
By a similar argument,
W' (32, f3Tx) = 0.
There is a short exact sequence
0 —— fiTx(-F) —— (f')*Tx —— f3Tx —— 0.
Using the corresponding long exact sequence and the vanishing above,
RY(E, (f) Tx) =0.

In particular, there are no obstructions to deforming f’. Since ¥’ deforms to a
ruled surface

7:3% — P!
of H-type h, f’ deforms to a morphism
f:X—X.

Clearly f has class (3,31 + [2), resp. M-class (e - «, (e1 + e2) - @). It remains to
prove that f is (ny 4+ ng — 1)-twisting.
Let £ be the invertible sheaf on ¥ whose restriction to X is O(—F' — (n1 — 1)F)
and whose restriction to 3g is O(—F' — ngF'). Because
N(ﬂ"vf/)|2i = N(ﬂ'i)fi)
for i = 1,2, there is a short exact sequence
0 —— N(ﬂl}fl)(—F/ — an) e N(ﬂ./’f/) QL —— N(ﬂ.z’fQ)(—F/ — n2F) —F 0.
By the long exact sequence of cohomology and the hypothesis that f; is n;-twisting
fori=1,2,
R (3, Newr 1y ® L) = 0.
Since Ny ¢y deforms to N r) and since £ deforms to O(—F" — (ny +ng — 1)F),
by upper semicontinuity it follows that
R (E, Nep,py(—F' = (n1 + no — 1)F)) = 0.
Therefore f is (ny + ny — 1)-twisting.

It is clear that the F' curves in X are deformations of the F curves in ¥; and
deformations of the F-curves in Y. O

The next result is the basic “bootstrapping” result producing 1-twisting surfaces
of larger class from 1-twisting surface of smaller class, and producing m-twisting
surfaces for arbitrary m from a 1-twisting surface and a 2-twisting surface.

48



cor-qa

4 Corollary 7.7. (i) Letn be a positive integer. Let f : ¥ — X be an n-twisting
surface of H-type 0. Let D be a reduced divisor in |Os(F' + nF')|. There
exists an open subset of Mo o(X) containing (D, f|p) parametrizing maps
(C, gc) for which there exists an n-twisting surface g : © — X of of H-type
0 and an embedding of C' as a divisor in |Og (F'+nF)| such that go = g|c.
In other words, every small deformation of D is contained in a deformation
of ¥ that is n-twisting.

(ii) If there exists a 1-twisting surface fi1 : 1 — X of H-type 0 and class
(b1, B2), resp. M-class (e1 -, eq- ), then for every positive integer d there
exists a 1-twisting surface fq : ¥q — X of H-type 0 and class ((1,dfBa),
resp. M-class (e1-a, des-a). Moreover, for curves C in |Ox(F)| and curves
Cy in |Ox, (F)|, the stable maps (C, flc) and (Cq, falc,) are parametrized
by the same irreducible component of Mgo(X).

(iii) If there exists a 1-twisting surface of H-type 0 and class (B1,B2), resp.
M-class (e1 - a, es - @), then for every pair of positive integers dy,ds, there
exists a 1-twisting surface of H-type 0 and class (d101,d282), resp. M-class
(dlel - Qy d262 . O[).

(iv) Assume there exists a 1-twisting f1 : ¥1 — X surface of H-type 0 and class
(8,P1), resp. M-class (e - a, ey - @), and assume there exists a 2-twisting
surface fa: X9 — X of H-type 0 and class (3, B2), resp. M-class (e- o, eq -
a), such that the restriction of fi to F-curves in X1 and the restriction of
fa to F-curves in $o give points of Mo o(X,[3) parametrized by the same
irreducible component (this is automatic if f; has M-class (e - a,e; - @) for
it =1,2). Then for every positive integer m and every nonnegative integer
r, there exists an m-twisting surface fo r : Xm,r — X of H-type 0 and class
(B,rB1+ (m—1)p3,), resp. M-class (e-a, (re; + (m —1)es) - ). Moreover,
the restriction of fm, to the F-curves in Y, , give points of Mo o(X, )
parametrized by the same irreducible component as above.

Proof. (i) This follows from Lemma

(ii) This is proved by induction on d. The base case d = 1 is tautological. Therefore,
by way of induction, assume d > 1 and the result is proved for d — 1. By (i), each
of f1 and f;_1 may be chosen so that its restriction to a general F-curve gives a
point of Mo o(X,3) which is a general member of its irreducible component. By
the induction hypothesis, the irreducible component for f; equals the irreducible
component for fy_;. Therefore, assume there exists an F-curve F; in X1, an F-
curve F;_1 in ¥4_1, and an identification F} 2 Fy_; such that fi|p, = fa—1lF,_,-
Then, by Lemma v), there exists a 1-twisting surface fy: Xq — X of H-type 0
and class (81,dB2), resp. of M-class (e - a, des - ). Moreover, the restriction of fy
to a general F-curve gives a point of Mg (X, 3) in the same irreducible component
as for f; and fy—1. Thus the result is proved by induction on d.

(iii) Let f : P! x P! — X be a 1-twisting surface of class (31, 32), resp. of M-class

(e1-, €2+ ). By Lemmal[7.6(iii), the morphism fo (pry, pry) is a 1-twisting surface

of class (32, 01), resp. of M-class (ea-a,e;-a). Applying (ii) to this morphism with

d = dy, there exists a 1-twisting morphism fg, of H-type 0 and class (82, d101), resp.

of M-class (es - o, dyer - ). Applying Lemma [7.6(iii) again, f4, o (pry, pry) is a 1-

twisting morphism of H-type 0 and class (dy 01, 82), resp. M-class (die1 - a, €9 - ).
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Applying (ii) to this morphism with d = da, there exists a 1-twisting morphism
fay.a, of H-type 0 and class (dy51,d202), resp. M-class (die; - o, daes - ).

(iv) This is proved by induction on m and r. The argument is very similar to
the argument above. By Lemma [7.6{(v), there exists an m-twisting surface fm o :
Ym0 — X of H-type 0 and class (8, (m —1)32), resp. M-class (e-«, (m—1)es- ).
By (ii), there exists a 1-twisting surface f, : ¥, — X of H-type 0 and class (3, r31),
resp. M-class (e - «,re; - ). Finally, the restrictions of f,, o and f, to F-curves
give points in My (X) in the same irreducible component. Thus, by (i), fm.0 and
fr may be deformed so that there exist F-curves Fy, o in X,, 0, F; in X, and an
identification F, o = F, so that fn.0|F,, = frlr.. Now the result follows from

Lemma [7.6]v). O

By Corollary it is clear that existence of a single 1-twisting surface f; : P* xP! —
X and a single 2-twisting surface fo : P x P! — X can produce a plethora of
n-twisting surfaces for every integer n. To produce a 1-twisting surface and a 2-
twisting surface, we exploit a connection between n-twisting surfaces and A\-degree
1 free curves in a general fiber of

ev: Mo (X, ma) — X™,
for m = 2n.

Lemma 7.8. Let n be a positive integer. Assume (X,0(1),m = 2n) satisfies
Hypothesis[6.3. Assume that the fiber of

ev: Mo m(X,ma) — X™

is uniruled by \-degree 1 rational curves. If a general surface ¥ from Lemma [6.8
is abstractly isomorphic to P' x P! then every isomorphism

f:PrxPlo2cCcX
satisfying

f10s(C) = O(n, 1)
is n-twisting of type (o, na) (and there exists such an isomorphism f). Here C is
the image in X of a general fiber of the morphism

Cp— D
as in the proof of Lemma[6.8

Proof. First of all, a degree 2n rational surface scroll that is abstractly isomorphic
to P! x P! has hyperplane class O(n,1) up to permutation of the factors. So an
isomorphism f as above exists.

Because ¥ is embedded in X, the normal bundle Ny, x is a locally free sheaf on 3.
The space of first order deformations of ¥ C X, i.e., the Zariski tangent space of
the Hilbert scheme of X at [X], is canonically isomorphic to

HO (27 NE/X ) .
The space of first order deformations of C' C X is

HO (Oa NC'/X ) :
There is a short exact sequence

0 —— Ngys —— Ngyx —— Ny/xlc —— 0.
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This gives rise to a diagram
H°(C, N¢yx)

H°(%, Ny x) —— HO(C, Ny xl|c)

Given a first order deformation 0 € H°(C, N¢/x) of C and a first order deforam-
tion fs € HO(X, Ny /x ), the deformation of C is contained in the deformation of
if and only if
u(GC) = U(Qz).
Because the A-degree 1 curve is free, for every first order deformation of C, there
exists a first order deformation of ¥ containing the first order deformation of C. In
other words,
Image(u) C Image(v).

On the other hand, because C'is a hyperplane section of ¥, the normal sheaf N¢ /5
is globally generated and thus
h'(C,Ngys) = 0.
Therefore, by the long exact sequence of cohomology, u is surjective. Thus, by the
last paragraph, also v is surjective. Also
W (2, prsTe (—n, —1)) = B (S, pryTp: (—n, —1)) = 0
and
hl(C, pr;T]pl (—n, —1)|C) = hl(C, 0()) =0.
Therefore, from the long exact sequence of cohomology associated to the short exact
sequence
0 —— pr3Tpr —— Nepr,p) — Ngyx —— 0
it follows that
H(S, Npr,..y) = H(C, Nepr, )
is surjective. Since Ny, x|c and pryTp:|c are globally generated, also Ny, )lc is
globally generated. Therefore, by Lemma [7.2] N, ) is globally generated and
R (2, Npe, ) (—n, —1)) = 0.

In other words, f is n-twisting. O

This method of producing n-twisting surfaces is compatible with the canonical
irreducible components from Section

Lemma 7.9. For e =1 and n, assume that M.q,1 is the unique irreducible com-
ponent of Mo1(X,e) dominating X. Then the n-twisting surface from Lemma
has M-class (a,n - ).

Proof. Because Ny, x is globally generated, every rational curve in 3 is a free
rational curve in X. In particular the fibers of the projections are free curves of
O(1)-degree e for e = 1,n. Assuming that M., is the unique irreducible component
parametrizing free curves of O(1)-degree e, it follows that the fibers have M-class
e-a. (]

This raises the question, when is the surface ¥ abstractly isomorphic to P* x P1?
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Lemma 7.10. Letn equal 1 or2, i.e., m equals 2 or 4. Assume (X, O(1),m = 2n)
satisfies Hypothesis[6.3 Assume that the fiber of

ev: Mom (X, ma) — X™

over a general point is uniruled by \-degree 1 rational curves. Let X be a general
surface as in Lemma . Forn =1, ¥ is isomorphic to P! x P. Forn =2, % is
isomorphic to P! x P! or a Veronese surface.

Proof. Every smooth quadric surface is abstractly isomorphic to P* x P'. So for
n =1, ¥ is isomorphic to P! x P

The case n = 2 is more difficult. From Lemma [6.§] it is possible that the surface ¥
is abstractly isomorphic to the Hirzebruch surface

S = P(Op1 @ Opi (—2)).

We need to prove that in this case, a general deformation of ¥ is isomorphic to
P! x P

The Hirzebruch surface contains a unique rational curve E with self-intersection
—2. Denote by F the divisor class of the lines of ruling of ¥. The linear system
embedding ¥ as a quartic scroll is Ox(EF + 3F). Because a general deformation of
a curve D € |Ox(E + 3F)| is contained in a general deformation of 3, the normal
bundle Ny, x satisfies the hypotheses of Lemma with F/ = E+ 2F and n = 1.
In particular, Ny, x is globally generated and h' (X, Ny/x(—E — 3F)) = 0. By
Lemmal7.4] every free curve in ¥ maps to a free curve in X and every deformation
in X of a reduced member D € |Ox(E + 3F)| is contained in a deformation of X.

Denote by o’ the curve class of E/ in X. The goal, of course, is to argue that X
deforms to a quartic scroll that is isomorphic to P! x P'. To prove this, we first
show that if X is general then the curve F is free.

Claim 7.11. For a general surface 3 as above, E is a free curve.

Let C' = C7 Uy be a general reducible curve on ¥ with
Cy € |0s(F)|, C; € |Ox(E +2F)|.

By the argument above, C; and Cj are free curves in X. Moreover, because %
contains four general points of X and C and C5 can be chosen to contain one and
three of these points respectively, Cs is 3-dominating.

By Lemmal[7.4] a general deformation of C'; UCs is contained in a deformation of X.
After replacing C7 U Cs by a general reducible deformation, let us assume C; and
C5 are general in their deformation classes. The curve E intersects both C7 and
Cs, and the intersection points are distinct. Thus these intersection points specify
E uniquely in X C PV since E maps to a line in PV.

Let Y denote the union in X of all non-free curves of class . To prove that FE is
a free curve, it suffices to prove that F is not contained in Y. In other words, for
every irreducible component Yj, it suffices to prove that E is not contained in Y;.

(i) codimy (Y;) > 2. Because the two irreducible components of C' are general free
curves, they do not intersect any component of Y having codimension > 2 in X,
cf. [Kol96, Proposition I1.3.7]. Since F intersects C; and Cs, F is contained in no
irreducible component Y; of Y of having codimension > 2 in X.
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(ii) codimx (Y;) = 1, Y; not linear. Let Y; be an irreducible component of ¥ that
is a codimension 1 component of X. Assume that Y; is not a linear space. Since Cy
is a free curve, (' intersects Y; in general points. Because C5 is 3-dominating, even
after specifying that Cy intersect C7, Cs intersects Y; in points that are general
with respect to C7 NY. Thus every pair of a point of C; NY and a point of CoNY
is a general point of Y x Y. Because Y is not a linear space, there is no line in
Y, that contains a general pair of points in Y. Thus there is no line in Y; that
intersects both Cy and C5. Since E is a line that intersects both C; and Cs, E is
not contained in Y.

(iii) codimx (Y;) =1, Y is linear. Finally, let Y; be an irreducible component of
Y that is a codimension 1 component of X and is a linear space, i.e.,
(Yi, O(D)ly;) = (B, Opa-i(1))
where d is the dimension of X. By way of contradiction, assume FE lies in Y;. The
intersection of Y; with ¥ contains E. Moreover, because the lines of ruling of X
are free curves, they intersect Y; transversally. Therefore the multiplicity of E in
Y,NnXis 1, i.e.,
Y,NE=E+D'
where E is not an irreducible component of D’. Therefore,
(B-(YinY)s = (E-E)s +(E-D)s > 2.
In other words,
(e1(Nyi/x), [E]) = —2.

Because ¢1(Tx) = {(c1(Tx), a)c1(O(1)) and because E has O(1)-degree 1,

(c1(Tx), a) = {e1(Tx), a)(c1 (O(1)), [E]) = (e1(Tx), [E]).

On the one hand, restricting the short exact sequence

0 Ty, Txly, —— Nyyx —— 0

to E gives
(1(Tx), [E]) = (c1(Tv,), [E]) + {1 (Ny,/x), [E]) 2 d + (=2) = d = 2.
On the other hand, because of the hypothesis that X is neither a linear hypersurface
nor a quadric hypersurface,
(c1(Tx), ) <d—1.
Together this implies that
(c1(Tx), ) =d—1ord—2.

We will show that each of these leads to a contradiction.

Claim 7.12.
<61(TX)aa> 7& d—1

By way of contradiction, assume that (¢ (Tx), «) does equal d — 1. Then the curve
D’ is nonempty:
(E-D)g=-2—(E-E)g=1.
Thus D’ must be contained in Y;. Since F is a line in the projective space Y;, every
curve in Y; is rationally equivalent to a multiple of F, i.e.,
D' X aE
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for some positive integer a. Therefore
(D" Yi)x = {ca1(Ny;/x), D') = af{er(Ny;/x), E) = a(E - (E+ D'))s = —a.
On the other hand,
(D"-Y))x =(D" - (E+D'))g=(D"-D')s+1>0.
This contradicts that a is positive. Therefore Claim [7.12]is valid.

Claim 7.13.
(c1(Tx), o) #d —2.

By way of contradiction, assume that (c¢;(Tx), ) does equal d — 2. Because 4« is
4-dominating, the dimension of a general fiber of ev is nonnegative, i.e.,

4(e1(Tx), @) + 1 > 3dim(X) = 3d.
Substituting in (c;(Tx),a) = d — 2, this gives
d>T.
But for d > 7,

1 1
(er(Tx),0) =d =2 > gd+1 = dim(X) + 1.

By a theorem of Wisniewski, [Wig90|, this implies Pic(X) = Z. Therefore Y; is
either ample, trivial, or antiample. Because Y; is effective, it is neither trivial nor
antiample. But since

(Y], [E]) = (1 (Ny;/x): [B]) = =2,

Y; is not ample. This contradiction proves Claim [7.13] This proves that E is not
contained in Y;. Since F is contained in no irreducible component Y; of Y, F is a
free curve, i.e., Claim [7.11] is valid.

Let D be a union of E and three general lines of ruling Fy, F5, F3. Because F and F'
are free lines in X, F'UF} deforms to a conic in X. Therefore D deforms to a union
of a conic and two lines. By Lemma there is a deformation of ¥ containing
this deformation of D. A quartic surface scroll contains a conic if and only if it
is isomorphic to P* x P!. Therefore a general deformation of ¥ is isomorphic to
P! x PL. O

As proved, the constructions above are compatible with the canonical irreducible
components of Section |3] In fact, existence of free A\-degree 1 rational curves often
implies the basic hypothesis of Section

Lemma 7.14. Letn =1, i.e., m = 2. Assume (X, O(1),2) satisfies Hypothesis.
Assume that the fiber of

ev: Moa(X,2a) — X2
over a general point is uniruled by \-degree 1 rational curves.

(i) If a general fiber has dimension > 2, then there is a unique component
Maa of Mo1(X,a) dominating X and a general fiber of My 1 over X is
geometrically connected. In particular this holds if

<20h2(Tx)7H> > 0.
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(ii) Assume there exists a unique component My 1 of Mo 1(X, ) dominating

X. With respect to My,1, the surface ¥ from Lemma has M -class

(o, ).
Proof. (i) By Lemmas and Hypothesis the dimension of a general
fiber of

ev: Mopo(X,2a) — X?
equals
dim(X) — 2(dim(X) — (¢1(Tx), ) — 1) — 3.
If this dimension is > 2, then
2(c1(Tx),a) > dim(X) + 3.
Then, by Lemma [£.2] a general fiber of
ev : Moyl(X,Oé) — X

is irreducible, provided it is nonempty. By hypothesis, a general pair of points of X
is contained in a surface ¥. By Lemma ¥ is a smooth quadric surface, which
is ruled by lines. Thus every point is contained in a line, i.e., a general fiber of ev
is nonempty, thus irreducible.

Notice by Lemma [6.9] the dimension of the space of A-degree 1 curves containing
a general point of a general fiber of

ev: Moo (X,2a) — X2
equals
(2chy(T'x ), II).
If this is positive, then there is at least a 1-parameter family of A-degree 1 curves

in a general fiber. Thus the fiber must have dimension > 2.

(ii) Because a general deformation of ¥ contains a general point of X, the lines in
Y are in My, i.e., ¥ has M-class («, cv). O

To summarize, positivity hypotheses on the Chern character of X and conditions on
the Chow ring of X imply the basic hypothesis of Section [3| as well as the existence
of 1-twisting surfaces in X.

Corollary 7.15. Let (X,0O(1)) be a smooth, projective variety. Let o be an O(1)-
degree 1 curve class. Assume ¢1(Tx) = {(c1(Tx),)c1(O(1)), i.e, c1(Tx) is a
multiple of ¢1(O(1)). Assume X is a Fano manifold, i.e., (c1(Tx), ) > 0. Assume
(X,0(1)) is neither a linear variety nor a quadric hypersurface. Assume that

2¢che(Tx ), 11
< 2(2 ) >01(O(1))2
for some integer (2chy(Tx),II). Assume that

(2¢hy(Tx),1I) > 0

Chg (Tx) =

and
dim(X) > 2(dim(X) — (c1(Tx),a) — 1) + 4.
Assume there exists a smooth, projective variety Y such that X is a codimension c

linear section of Y. Assume

c¢>2(dim(X) — (c1(Tx),a) — 1) — dim(X) + 5,
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¢ > dim(X) — 2(dim(X) — (1 (Tx ), ) — 1) — 2(2che (Tx ), ) + 2,
and
CHP(Y) = Z{c1(0O(1))?}, for 0 < p < (dim(X) — {c1(Tx), — 1) + 2.
By Barth’s theorems, [Bar70|, this last condition holds if
e > 2(dim(X) — (c1(Tx),a) — 1) — dim(X) + (h°(X,0(1)) — dim(X) — 2) + 5.

(i) Then there exists a unique irreducible component M, 1 of Mo 1(X, ) dom-
inating X and a general fiber of Mo1(X,a) over X is geometrically con-
nected.

(ii) And for every pair of positive integers dy,ds, there exists a 1-twisting sur-
face of H-type 0 and M-class (dy - o, dg - o) (with respect to M 1 ).

The same conclusion holds for every linear variety of dimension > 2 and every
smooth quadric variety of dimension > 3.

Proof. (i) The proof uses Lemma The hypotheses of that lemma are that
(e1(Tx),0) = 3
and that X is a codimension c linear section of a smooth, projective variety with
¢ >2(dim(X) — {1 (Tx), ) — 1) — dim(X) + 5.

This second condition is one of the hypotheses above. For the first condition,
observe that since (X, O(1)) is neither linear nor quadric,

dim(X) — (c1(Tx),a) =1 > 0.
Together with the inequality
dim(X) > 2(dim(X) — (1 (Tx), ) — 1) + 4
this implies both that dim(X) > 4 and (¢;1(Tx), ) > 3.

(i) The next claim is that 2« is 2-dominating. This is proved using Corollary
The first hypothesis of that lemma,

dim(X) > 2(dim(X) — {¢1(Tx),a) — 1) + 3,
is implied by one of the hypotheses above. The second hypothesis that
¢ > 2(dim(X) — (1 (Tx), @) — 1) — dim(X)
follows from the first hypothesis: ¢ > —3 holds for ¢ = 0. The final condition,
CHP(Y) = Z{c1(O(1))?}, for 0 < p < (dim(X) — {¢1(Tx), ) — 1) + 2

is precisely one of the hypotheses above. Therefore 2« is 2-dominating by Corol-

lary

Because 2« is 2-dominating, (X, O(1),2) satisfies Hypothesis Together with
the hypotheses above, this implies (X, O(1),2) satisfies Hypothesis The next
claim is that a general fiber of

ev: Moo (X,2a) — X2

is uniruled by rational curves of A-degree 1. This is proved using Lemma [6.10] For
m = 2, the first hypothesis of Lemma is precisely that

(2¢h2(Tx),II) > 0,
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which is one of the hypotheses above. The second hypothesis is that
¢ > dim(X) — 2(dim(X) — (c1(Tx),a) — 1) — 2(2chs(Tx ), II) + 2,

which is precisely one of the hypotheses above. Therefore a general fiber of ev is
uniruled by rational curves of A-degree 1 by Lemma [6.10

By Lemmal[7.10} the surface 3 swept out by a general A-degree 1 curve in a fiber is
a quadric surface. In particular, ¥ 22 P! x P'. By Lemmal7.§] this surface ¥ is a 1-
twisting surface of H-type 0 and class (o, a). Moreover, by Lemma[7.9] the surface
has M-class (o, «). Finally, by Corollary for every pair of positive integers
dq, da, there exists a 1-twisting surface of H-type 0 and M-class (dy - o, da - ).

For a linear surface (X,0(1)) of dimension > 2, let f : P! — P! — X be the
composition of a degree 2 morphism P! xP! — P? with a linear embedding P? — X.
Then f is a 1-twisting surface of H-type 0 and M-class (o, ). And Mg 1(X, )
is irreducible. Similarly, if (X, O(1)) is a quadric hypersurface of dimension > 2,
then a general 2-dimensional linear section of X is a quadric surface which is a
1-twisting surface of H-type 0 and M-class («, «). And if the dimension > 3, then
ﬂo,l (X, «) is irreducible. Thus, by Corollary for every pair of positive integers
dq, ds, there exists a 1-twisting surface of H-type 0 and M-class (d; - a,ds - ). O

Lemma 7.16. Letn =2, i.e., m = 4. Assume (X, O(1),4) satisfies Hypothesis.
Assume that the fiber of

ev: Mo a(X,4a) — X*
over a general point is uniruled by \-degree 1 rational curves.

(i) There is a unique component My 1 of Mo1(X,a) dominating X and a
general fiber of My 1 over X is geometrically connected.

(ii) Fvery O(1)-degree 1 curve (assuming there are any) in a general surface
Y from Lemma for m = 4 is parametrized by a point of My, cf.
Notation [3.7.

(ili) With respect to My 1, every irreducible O(1)-degree 2 curve in a general sur-
face X from Lemma 710 is parametrized by a point of Maao, cf. Notation
[3.71 In particular, if © = P! x P, this surface has M-class (o, 2 - a).

Proof. Because there exists A-degree 1 curves in a general fiber of
ev: Mo4(X,4a) — X4
the dimension of a general fiber is > 1. By Lemmas and Hypothesis[6.3]

the dimension is
(dim(X) — 4) — 4({dim(X) — 1 = {1 (Tx), a))-
Also, by Lemma [6.9]
2<2Ch2(Tx),H> - <61(Tx)7 a) 2 0.

Because X is neither linear nor a quadric hypersurface,
dlm(X) —-1- <01(Tx),a> > 0.
Thus dim(X) > 4. There is one extreme case that must be ruled out.

Claim 7.17. Either dim(X) > 4 or dim(X) > (c1(Tx), o) + 1.
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By way of contradiction, assume there exists X satisfying the hypotheses of the
lemma with

dim(X) =4 and (¢1(Tx), o) = 3.
Notice it also follows that

T

(2cho(T), ) > ATXR0 3,

Since (2chy(Tx),IT) is an integer, in fact this implies that
(2¢hy(T'x),II) > 2.
Now, by Lemma [£.3] the morphism
ev: Mo1(X,a) - X
is dominant. By Lemma ii), a general fiber is 1-dimensional. By Lemma iii),
every connected component M of the fiber has
2¢1(Tar) = ((2chy(Tx ), IT) + 3) 7, f*[c1 (O(1))?].
This is positive. Therefore M = P! which implies ¢1(Th) = 2. Substituting in
gives,
4= 2¢1(Tur) = ((2che(Tx), 1) + 3)m. f*[e1 (O(1))?] = 5. f*[e1 (O(1))].

Since 7. f*[c1(O(1))?] is a positive integer, this is impossible. This contradiction
proves that X cannot have both

dim(X) =4 and {(¢;(Tx), ) = 3.
Therefore Claim [Z.17 is valid.

(i) Claim implies that
(dim(X) —5) — 2(dim(X) — 1 — (c1(Tx), ) > 0.
Therefore, by Lemma [4.2] a general fiber of
ev: Mo1(X,a) = X

is irreducible. In particular, there exists a unique irreducible component M, ; of
M1 (X, @) dominating X.

(ii) By Lemma either ¥ =2 P! x P! or ¥ is a Veronese surface. A Veronese
surface contains no lines, so the result is vacuous. If ¥ = P! x P!, then the lines
are the fibers of one of the two projections. In particular, a general point of ¥ is
contained in a line. Since a general point of 3 is a general point of X, every line
in ¥ containing a general point of ¥ is a line in X containing a general point of X.
Since M, is the unique irreducible component dominating X, these lines are in
M, . Since the space of lines in X is irreducible, every line in X is in M .

(iii) Because
(dim(X) —5) — 2(dim(X) — 1 — {c1(Tx), ) > 0,
by the same bend-and-break argument used to prove the second part of Lemmal5.6]
every fiber of o
ev:Mpa(X,2a) = X x X
intersects the boundary A. Thus, for every curve C' in X with class 2«a, and for
every pair of points py,ps of C, there is a deformation of C' containing p; and ps

that specializes to a union of curves C1UC5 of class a containing p; and ps. Because
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« is the minimal curve class, both C and C5 are smooth. By Lemma [3.5] to prove
that [C] is in Ma, o, it suffices to show that Cy and Cs are free curves.

Now, if ¥ is the surface coming from a general A\-degree 1 curve, then a general
point of X is a general point of X. Thus, for a general conic C' in ¥ and general
points p1,p2 in C, every irreducible curve in X containing p; is a free curve. Thus
the curves C7,Cy are free curves, unless one of them contains both p; and ps.
Therefore, to finish the proof of the lemma, it suffices to prove that for a general
3, a general conic C in ¥ and a general pair p, ps of points in C, there is no line
in X containing both p; and p,.

By Lemma either ¥ = P2 or ¥ = P! x P'. First consider the case that
Y =2 P2 ie., ¥ is a Veronese surface. Every pair of points of ¥ is contained in a
conic. Moreover, a general quadruple of points of X is contained in a surface X, by
construction. Therefore, a general pair of points of X is a general pair of points on
a general conic in a general Y. Thus, if every such pair is contained in a line, then
every general pair of points of X is contained in a line. This implies X is a linear
variety, contrary to hypothesis. Therefore, for a general X, a general conic C' in X
and a general pair of points p1, ps of C, there is no line in X containing p1, p2, and
thus [C] is in Mg.a70.

Next consider the case ¥ = P! x P!. The conics in ¥ are the fibers of one of the
projections. The union of all lines connecting a pair of points of one of these fibers

is a linear projection of a cubic Segre variety P! x P2, where the quartic scroll
P! x P! is embedded in the cubic Segre variety by

Idp: x (2 — uple Veronese) : P* x P* — P! x P2,

In particular, any four general points in P! x P! are contained in a twisted cubic in
P! x P2. Since four general points of X are contained in a surface X, this implies
that 3a is 4-dominating. By Lemma this implies X is either a linear variety
or a quadric hypersurface, contrary to hypothesis. Therefore, for a general X, a
general conic C' in ¥ and a general pair of points p1,ps of C, there is no line in X
containing pq, pz, and thus [C] is in Ms.q,0. O

Lemma 7.18. Assume (X,O(1),m = 4) satisfies Hypothesis[6.3 Assume that the

fiber of
ev: Mo a(X,4a) — X*

over a general point is uniruled by \-degree 1 rational curves. Let X be a general
surface as in Lemmal[6.8 If ¥ is a Veronese surface, then every morphism

fPPxPl PPy cCcX
with f*Op2(1) 2 O(1,1) is a 2-twisting surface of type (2, 2c).

If X further satisfies Hypothesis then there exists a unique irreducible compo-
nent My1 of Mo1(X,a) dominating X, and f has M-class (2-a,2- ).

Proof. Let C be a general conic in P? 2 ¥. By the same argument as in the proof
of Lemma the map

H°(%, Ny/x) — H°(C, Ng/x|c)

is surjective. Denote by
v:Y—X
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the blowing up of 3 at a point p in C'. The surface ¥ is a rational ruled surface of
Hirzebruch type 1. The sheaf

N = V*NE/X
satisfies the hypotheses of Lemma for n = 1: for the divisor D use the strict
transform of C. Thus by Lemma N is globally generated on ¥. Therefore
Ny x is globally generated on Y. Moreover

W' (S, Ny x(=C)) = (S, v.(N(=D))) = h' (£, N(=D)) = 0.
In other words,
WS, Ny x(=2)) = 0.

By an argument similar to the proof of Lemma i), also

h'(Z,Ns/x(—1)) = hl(EyNz/X) =0.
Moreover, because

h(Z, T (-2)) = h'(Z,T(-1)) = K (2, T%) = 0,
it follows from the long exact sequence of cohomology that Tx|s is globally gener-
ated and
hH(Z, Tx|n(-2)) = h'(Z, Tx|s(-1)) = h'(2, Tx|s) = 0.
For every morphism
f: P x P! — P2

with f*O(1) =2 O(1,1),

f«Op1yp1(—1,0) = Op2(—1) ® Op2(-1)
and thus

f«Op1yp1) (=2, —1) = Op2(—=2) ® Op2(-2).

Since Tx|s is globally generated, also f*Tx is globally generated. And, by the
computation above

WY (PP, f*Tx (2, —1)) = b (P2, Tx @ f.O(=2, 1)) = h* (P!, Tx (=2))+h' (P', Tx (—2))

Therefore f is 2-twisting.

By Lemmal[7.16] if X satisfies Hypothesis[6.6] then there exists a unique irreducible
component M, 1 of Mg 1(X,a) dominating X, and every conic in ¥ (which is the
image of a line in P? under the Veronese morphism) is in Ma., . Since the fibers
of the two projections of P! x P! map to lines in P? under f, i.e., map to conics in

¥, f has M-class (2- «,2 - a). O
Corollary 7.19. Let (X,0O(1)) be a smooth, projective variety. Let o be an O(1)-
degree 1 curve class. Assume ¢1(Tx) = {(c1(Tx),®)c1(O(1)), i.e, c1(Tx) is a

multiple of ¢1(O(1)). Assume X is a Fano manifold, i.e., (c1(Tx),a) > 0. Assume
(X,0(1)) is neither a linear variety nor a quadric hypersurface. Assume that

2¢cho (Tx), 11
< C 2(2 ) >Cl(0(1))2
for some integer (2che(Tx ), II). Assume that

2(2chy(Tx), 1) — (c1(Tx), ) > 0

Chg (Tx) =

and
dim(X) > 4(dim(X) — (c1(Tx),a) — 1) + 4.
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Assume there exists a smooth, projective variety Y such that X is a codimension ¢
linear section of Y. Assume

c¢> dim(X) —2(2(2cha(Tx ), II) — (c1(Tx), ) — 4(dim(X) — (c1(Tx),a) — 1) + 6
and
CHP(Y) = Z{er(OQ)?). for 0 < p < (dim(X) — {ex(Tx),0) — 1) 42
By Barth’s theorems, [Bar70|, this last condition holds if
e > 2(dim(X) — (c1(Tx),a) — 1) — dim(X) + (h°(X,0(1)) — dim(X) — 2) + 5.

(1) Then there exists a unique irreducible component My 1 of Mo 1(X, ) dom-
inating X and a general fiber of Mo1(X,a) over X is geometrically con-
nected.

(ii) For every pair of positive integers dy,ds, there exists a 1-twisting surface
of H-type 0 and M-class (d1 - o, ds - o) (with respect to M 1).

(iii) And there exists a 2-twisting surface of H-type 0 and M -class either («, 2-a!)
or (2-a,2-a). Thus for every positive integer m and nonnegative integer r,
there exists an m-twisting surface of H-type 0 and M -class either (c, (2m+
r—2)-a)or(2-a,2m+r—2)-a).
The same conclusion holds for every linear variety of dimension > 2 and every
smooth quadric variety of dimension > 3.

Proof. (i) and (ii) First of all, the hypotheses above imply the Hypotheses of

Corollary The one hypothesis of Corollary that is a bit less obvious is,
dim(X) > 2(dim(X) — {1 (Tx),a) — 1) + 5.

By Lemmas and Hypothesis this is equivalent to the hypothesis

that
ev: Mopo(X,2a) — X?
has fiber dimension > 2. By the hypothesis above,
2<2Ch2(Tx),H> > <81(TX),06> > 07

and thus (2chs(Tx),II) > 0. By Lemma i), this implies the fiber dimension of
ev is > 2. Therefore Corollary implies (i) and (ii).

(iii) The next claim is that 4« is 4-dominating. This is proved using Corollary
The first hypothesis of that lemma,

dim(X) > 4(dim(X) — {c1(Tx),a) — 1) + 3
is implied by one of the hypotheses above. The second hypothesis that
¢ > 4(dim(X) — {(c1(Tx),a) — 1) — dim(X) + 2
follows from the first hypothesis: ¢ > —1 holds for ¢ = 0. The final condition,
CHP(Y) = Z{c1(O(1))?}, for 0 < p < (dim(X) — {¢1(Tx), ) — 1) + 2
is precisely one of the hypotheses above. Therefore 4« is 4-dominating by Corol-

lary
The claim is that (X, O(1),4) satisfies Hypothesis By the last paragraph, 4«
is 4-dominating. Because (X, O(1)) is neither linear nor quadric,
dim(X) — (c1(Tx) —1>0.
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Therefore the hypothesis that
dim(X) > 4(dim(X) — (1 (Tx), ) — 1) + 4
implies that dim(X) > 4. Since (X, O(1)) is not linear,
RY(X,0(1)) > dim(X) + 2.
Therefore 4 < h9(X,O(1)) and
RO(X,0(1)) > dim(X) +4 — 2.

Therefore (X, O(1)) satisfies Hypothesis Together with the hypotheses above,
this implies (X, O(1),4) satisfies Hypothesis

The next claim is that a general fiber of
ev: Mo 4(X,4a) — X*

is uniruled by rational curves of A-degree 1. This is proved using Lemma [6.10} For
m = 4, the first hypothesis of Lemma is precisely that

2<2Ch2(TX)7 H> - <61(TX)7 Oé> > Oa
which is one of the hypotheses above. The second hypothesis is that
¢ > dim(X) — 2(2(2che(Tx ), II) — (1 (Tx), @) — 4(dim(X) — (c1(Tx),a) = 1) + 6

which is precisely one of the hypotheses above. Therefore a general fiber of ev is
uniruled by rational curves of A-degree 1 by Lemma [6.10

By Lemmal[7.10} the surface X swept out by a general A-degree 1 curve in a fiber is
either a quartic scroll abstractly isomorphic to P' x P! or else a Veronese surface.
By Lemmas [7.§ and in the first case ¥ is a 2-twisting surface of H-type 0
and M-class («,2 - «). By Lemma in the second case there is a morphism
P! xP! — ¥ C X which is a 2-twisting surface of H-type 0 and M-class (2-«,2-«).

In the first case, since there exists a 1-twisting surface of H-type 0 and M-class
(a, @) and a 2-twisting surface of H-type 0 and M-class (o, 2- ), Corollary [7.7](iv)
implies that for every positive integer m and nonnegative integer r, there exists an
m-twisting surface of H-type 0 and M-class («, (2m +r — 2) - @). In the second
case, by (ii) there exists a 1-twisting surface of H-type 0 and M-class (2- «, «) and
a 2-twisting surface of H-type 0 and M-class (2 a,2 - «). Thus Corollary [7.7|(iv)
implies that for every positive integer m and nonnegative integer r, there exists an
m-twisting surface of H-type 0 and M-class (2-a, (2m + 1 —2) - «a).

The conclusion for P*, n > 2 follows by considering any morphism f : P! x P! —
P™ such that f*O(1) = O(1,2). The conclusion for a quadric hypersurface X of
dimension > 3 follows by considering any 2-dimensional linear section ¥ = P! x P!
of X and then composing with a morphism

gxIdp :PLx P! P! xP'>2YcCc X

where ¢ is a degree 2 morphism. (I
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8. TWISTING SURFACES. RATIONAL SIMPLE CONNECTEDNESS

Let 01 and (2 be curve classes in X. Let m be a positive integer. Denote by
Tm(B1; B2) the genus 0, stable A-graph with one vertex vy of class B2 and valence
m, and m leaves v;, i = 1,...,m, of class §; connected to vy. Denote by 7. (51; 2)
the A-graph obtained from 7,,(031;02) by attaching one tail to each of the leaf
vertices only, v;, ¢ = 1,...,m. And denote by 7/ (031;52) the A-graph obtained
from 7,,,(01; B2) by attaching a tail to every vertex v;, i = 0, ..., m. In other words,
Tm(B1; B2) is the dual graph of a reducible, arithmetic genus 0 curve in X which
is a comb with handle class 8, and with m teeth of class 8;. And 7/,(81;02) is
the dual graph associated to the n-pointed curve obtained by putting one marked
point on each tooth of the comb. And 7)) (51;32) puts one marked point on each
tooth and on the handle. [REFERENCES — DIAGRAMS]

For a Hirzebruch surface

7:% — P!
of H-type h, an integer m > h and a nonnegative integer n, denote by U, ,, the
open subset of Mg (3, F’ +mF) parametrizing smooth divisors

C € |Os(F' +mF)|
together with n distinct points

P1s---5Pn cC.
If n = m, denote Uy, ym by Un,.

lem-t1

Lemma 8.1. The variety M(Z, 7! (F; F')) is smooth and irreducible. The image
in Mom(Z, F' +mF) intersects the smooth locus of the morphism
ev: Mo (S, F' +mF) — ™

and is contained in U,,. A general fiber of the restriction ev|5m is rationally con-

nected. A general point of U, is rationally connected to the image of M(X, 7! (F; F'))
by a rational curve in a fiber of ev. Moreover, the intersection points may be chosen
general.

Proof. A point of M(X, 7/, (F; F')) is equivalent to the data of a divisor Dy in the
linear system |Ox(F’)|, divisors D;, ¢ = 1,...,m, in the linear system |Ox(F)],
and a point p; of D; for each i = 1,...,m. The parameter space for such data is
clearly smooth and irreducible. Moreover, for a general such datum, the divisor
D = Dg+ Dy +---+ Dy, is a reduced member of the linear system |Os(F' 4+ mF)|,
and each point p; is distinct from the intersection point ¢; of D; and Dy.

There is a short exact sequence
0 — & Np/s(—=(p1+ - +pm))|p, /(@) = Np/s(—=(pr1+ - +pm)) = Np/s(—(p1+
There are also isomorphisms

ND/Z(_(pl + +p7TL))|D0 = ND/Z|D0 = NDD/Z(‘h + -+ an) = ODo(m - h)

and

Np/s(=(p1+-+pm))
for i =1,...,m. Since
hl(DOa ODo(m - h)) = hl(Dlvqu(fl)) =0,
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by the long exact sequence of cohomology
hl(DvND/Z(_(pl + - +pm))) =0.
Thus both My, (2, F' + mF) and the evaluation morphism
ev: Mom(E, F' +mF) — X"

are smooth at the point (D,p1,...,pm). Moreover, by a parameter count, the
divisor D deforms to a smooth divisor C' in |Os(F' + mF')| containing pi1, ..., pm.
Therefore the image of M(X, 7} (F; F')) is contained in U,y,.

The fiber of

ev:U,, - X™
over a general point (pi,...,pm) is birational to the linear system of curves in
|Ox(F' + mF)| with base locus py, ..., pm. Therefore it is rationally connected.

Let C be a smooth member of the linear system of curves in |Ox (F'+mF)| with base
locus p1, ..., pm- The divisors D and C span a pencil A of divisors in |Os(F'4+mF)|
containing p1, ..., pmn. Marking each divisor in the pencil by p1,...,p,, there is a
1-morphism

C:A— Mow(S, F' +mF)
whose image contains (C,p1,...,pm) and (D,p1,...,pm) and is contained in a
fiber of ev. By construction, (D,py,...,pm) is general in M(X, 7/ (F;F’)) and

(C,p1,...,pm) is general in Mg ,,,(X, F' + mF). 0
lem-t1.5
Lemma 8.2. Assume the H-type of ¥ is h = 0, i.e., & = P! x P. The variety

M, 7! (F, F")) is smooth and irreducible. The image in Mo m+1(3, F + mF)
intersects the smooth locus of the morphism

ev: Mo mi1(E, F' +mF) — ymtl

and is contained in Uy, mi1. A general fiber of the restriction €U|Um oy, U8 Tatio-
nally connected. A general point of Uy, i1 is rationally connected to the image
of M(Z,7/L(F; F)) by a rational curve in a fiber of ev. Moreover, the intersection

points may be chosen general.

Proof. The proof is very similar to the proof of Lemma [8.1] The one difference is
that, because ¥ =2 P! x P!, the curve Dy can be chosen to contain any point pg of

lem-t2 . .

Lemma 8.3. Let h equal 0 or 1 and let m be a positive integer. Let
7Y —-P, f:¥ X

be an m-twisting surface of H-type h and class (B1,82). Denote B + mBy by .
By functoriality of the Kontsevich space, for each nonnegative integer n there is a
1-morphism

Mon(f) : Mon(S, F' +mF) — Mo, (X, 3).
Every point of Mo (3, F' +nF) corresponding to a reduced divisor D in |Ox(F’ +
nF)| withn distinct, smooth marked points is mapped to a smooth point of Mo n(X, 3).

Denote by M, the unique irreducible component of ﬂo,m(X7 B) containing the
image of U,,. A general point of M,, is contained in the image of a 1-morphism
C:P' - M,
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contained in a fiber of

ev: Mom(X,8) — X™
and intersecting M(X,7],(B1;82)) in a general point specializing to the image of
M(Z, 7, (F F)).
Finally, assume h =0, i.e., ¥ = P! x PL. Denote by M1 the unique irreducible
component of Mo m+1(X, ) containing the image of Uy, my1. A general point of
Mp,11 is contained in the image of a 1-morphism

¢: Pt — m—+1
contained in a fiber of
ev: Mo ma1(X,8) — X™T!

and intersecting M(X, 7" (B1;B2)) in an general point specializing to the image of
M(E, 7, (F5 F7)).

Proof. For every reduced divisor C' in |Og(F" 4+ mF")|, the normal bundle N¢/5
is globally generated. Since also Ny x is globally generated, Ng,x is globally
generated. Therefore C' is a smooth point of Mg (X, B2 + mp1).

By Lemmal[7.4] a general deformation in X of a reduced divisor C' in |Ox(F'+mF)|
is contained in a deformation of 3. Because the H-type h equals 0 or 1, every small
deformation of ¥ is again a Hirzebruch surface of H-type h. By Lemma 8.1} a small
deformation of C' is contained in the image of a morphism ( as above.

Because the deformation of C' may be taken to be a general point of My, or a
general deformation of a point of M(X, 7/, (F; F')) to a point of M(X,7/,(51; 52)),
the image of a general morphism ( as above intersects both loci in general points.

The version with M, replaced by M,,1 and U, replaced by U, m+1 follows in
the same way from Lemma [8.2] O

Lemma 8.4. Let M, be an irreducible component of MO,I(X, a) dominating X
and whose general point is a smooth rational curve. If the m-twisting surface in
Lemma has H-type 0, i.e., ¥ = P! x P!, and M-class (e; - a,eq - @), then
denoting e = ea + mey, My, resp. My miy1 equals Me.qm, 1esp. Me.qm+1. And
the image of M(X; 7, (F; F")), resp. M(3Z;7/(F; F')), is contained in the image
of Mo (e-qies-a), T€SD- Myrr (ey.ases-0)s Cf- Notatz'on.

Proof. Because the H-type is 0, every curve in ¥ is free. Because the M-class is
(e1-a, e~ ), there is a curve in M,,, resp. My, m+1, whose irreducible components
are free, smooth curves parametrized by components Me,,.o 0 for various positive
integer e;. Therefore the lemma follows from Lemma [3.6] |

Lemma 8.5. LetY be a proper algebraic space over k, let v : Y —>Y bea strong
resolution of singularities, and let

0:Y - Q
be the MRC' fibration.

Let Z be a closed subset of Y such that Z N Yspoown @S dense in Z. If every general
point of Y is contained in a rational curve intersecting Z N Ygmooth, then the strict
transform Z of Z intersects the domain of definition of ¢, and ¢(Z) is dense in Q.
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Proof. By definition of the MRC quotient, there exists an open subset U of Y such
that the restriction of ¢,

¢U U — Qa
is regular and proper and every curve in Y intersecting the geometric generic fiber

of ¢y is contained in the geometric generic fiber of ¢y (in particular, it is contained
in U).

Because v is an 1somorphlsm over Ygmooth, the strict transform of the rational curve
in the statement intersects Z. Therefore every general point of Y is contained in a
rational curve intersecting Z. By the previous paragraph, 7 intersects the geometric
generic fiber of ¢y. In other words, Z intersects U and du(UN A ) is dense in Q. O

Lemma 8.6. Let M, be an irreducible component of ﬂo,l(X, a) dominating X
and whose generic fiber over X is geometrically irreducible. Let m be a positive
integer. Assume there exists an m-twisting surface of H-type 0 and M-class (e; -
Q,es - Q).

Denoting e = e5 + mey, a general point of a general fiber of the restriction
evlar : Me.qms1 C MO,mH(X, eq) — xmt+l

is contained in a rational curve in the fiber intersecting the image of the boundary
map

Mel‘a,2 XpTQOe'U,X,prloev M(efel)u,m«%l - Meu,m-{-h
in a smooth point of the fiber. Thus the image A(c,.a {0}),((e—e1)-a,{1,...m}) Of the
boundary map intersects the domain of definition of the MRC fibration of a strong
resolution of the fiber, and this intersection dominates the MRC quotient of a strong
resolution of the fiber.

In particular, if a general fiber of A(e,.a,{0}),((e—e1)-ar{1,....m}) OVET X"t s geo-
metrically connected and geometrically rationally connected, then a general fiber of
ev|ys is geometrically connected and geometrically rationally connected.

Proof. By the last part of Lemma and by Lemma a general point of a
general fiber of ev|ys is contained in a rational curve intersecting Moir (e azen-a) I
a smooth point. Recall that M/ (¢, .a;e,-) Parametrizes reducible combs €' = Cp U
C1U---UC,, whose handle Cy has M-class es -« and whose teeth C;, i =1,...,m,
have M-class e; - a. For each i = 1,...,m, there is a point ¢; o of Cj that is
attached to a point ¢; of C;. Also, there is a marked point py of Cy and for each
i = 1,...,m, there is a marked point p; of C;. Altogether, (C,po,...,pm) is a
marked curve parametrized by Me.q m+1-

Now let By be one of the teeth C;, ¢ = 1,...,m and mark it by rqg = p; and syp = g;
so that (Bo, 70, So) is parametrized by M,,.q 2. Next let B be the union of Cy and
all of the teeth C; with j # 4. Mark B; by s1 = ¢;,0 and

o Pjs ]#Z
! Po, ]:Z

so that (B1, 51,1, -, Pm) is parametrized by M(c_c,).q,m+1- Thus the pair ((Bo, ro, s0), (B1, 51,71, -

is parametrized by a point of

Meya,Q ><p1r20<:v,X,p1rlocv M(e—el)u,m-i-l'
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Moreover, up to a reordering of the marked points, the image of this point under
the boundary map

Mel‘(x,2 xprzoev,X,prloev M(efel)-a,erl - Me~a,m+1
is precisely (C, po, . .., pm). Inother words, M/ (¢, .a;ey-a) 18 contained in A, .q,{0}),((c—e1)-a{1,...m})
up to reordering of the marked points. Therefore the rational curve from the pre-
vious paragraph intersects A(c,.q,{0}),((e—e1)-a{1,....m})-

Also, since a general point of M1 (ey-aze,-0) Parametrizes a curve whose irreducible
components are all free, a general point is a smooth point of the fiber. Thus,
by Lemma for a general geometric point (z1,2z2) of X x X, the boundary AN
ev|]T41 (21, x2) intersects the domain of definition of the MRC fibration of ev| X/ll (z1,22),
and the intersection dominates the MRC quotient. If ANev|y; (z1,22) is connected
and rationally connected, the same holds for the MRC quotient. Then, by [GHS03],

ev|yf (z1,22) is connected and rationally connected. O .
_ em-t4
Lemma 8.7. Let M, 1 be an irreducible component of Mo 1(X, ) dominating X

and whose generic fiber over X is geometrically irreducible. Let m, e, €/ and e be
nonnegative integers such that e > e} + ef.
Assume that for both (c,c1) = (e,€]) and (c,c1) = (e — €], €5) a general point of a
general fiber of the restriction

et : Mo € Moymi1(X, ca) — X741
is contained in a rational curve in the fiber intersecting the image of

Mclva,Q Xprz,oev,X,p'rloev M(cfc1)~a,m+1 - Mc-a7m+1

i a smooth point. Then a general point of a general fiber of the restriction

evar : Me.omy1 € Mo g1 (X, ea) — X!
is contained in a rational curve in the fiber intersecting the image of the boundary
map

M(e’1+e’1’)~a,2 Xprzoev,X,prloev M(e—e’l—e’2)~a,m+1 - Me-a,m+1

in a smooth point.

Proof. Consider a general fiber of the three restrictions of the evaluation morphism
evr = ev|ar : Meami1 C Mo (X, eq) — XL

_ . m+1
evyr = (Pryoevopry, pry ,410evopry) i Mei.a 2 Xpr, 0ev, X pryoev M(e—e)-amt1 = X777,
and
j— . m
evrir = (prloevoprlvpr2,,‘,,m+1oevopr3) . Me’l-a,ZXprzoev,X,prloevMe’l’-a,ZXprzoev,X,prloevM(e—e’l—e’l’)'a,m-‘rl — X
Of course evyy is the restriction of evy to the domain of evyy, and likewise evyyy is

the restriction of evy; to the domain of evyyy. Thus the fibers of the three evaluation
maps form a triple of nested subvarieties.

Using the hypothesis for (¢, c1) = (e, €}), Lemmaimplies that the MRC quotient
of a strong desingularization of a general fiber of ev; is dominated by the MRC
quotient of a strong desingularization of the corresponding fiber of ev;;. Using the
hypothesis for (¢,c;) = (e — €},€}), Lemma implies that the MRC quotient
of a strong desingularization of a general fiber of evy; is dominated by the MRC
quotient of a strong desingularization of the corresponding fiber of evyy;. Thus the
MRC quotient of a strong desingularization of a general fiber of ev; is dominated
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by the strict transform of the corresponding fiber of evyr;. Also every general point
of the domain of evy; is a smooth point of the image of

M(e'1+e/1’)-o¢,2 ><przoev,X,prloev M(e—e’l—eé)-oz,m+l - Me~a,m+1'

Thus the MRC quotient of a general fiber of ev; is dominated by the strict transform
of the corresponding fiber of A((e’1+e;’)-a7{0}),((e—e’1—e’l’)va,{l,...,m})~ ([

9. PROOFS OF THE MAIN THEOREMS

Proof of Theorem[I.7. First of all, the hypotheses of Corollary are implied by
the hypotheses of Theorem [I.7] Therefore, by Corollary [7.15] there is a unique
irreducible component M, 1 of My 1(X,«) dominating X, and a general fiber of
M1 over X is geometrically connected. Moreover, by Lemma iii), a general
fiber is Fano and thus rationally connected. Also by Corollary for every
positive integer r there exists a 1-twisting surface of H-type 0 and M-class («, r-«).

The proof that the fiber of
evlar i Meg 2 — X2
over a general point of X? is geometrically rationally connected is by induction
on e > 2. The base case is e = 2. First of all, by Lemmas [5.1] and [5.5] the
fiber is smooth (but possibly empty). The claim is that the fiber is nonempty
and geometrically connected. This will be proved by Corollary The first
hypothesis of Corollary for m = 2 is,
dim(X) > 2(dim(X) — (¢1(Tx),a) — 1) + 4.
This is implied by one of the hypotheses of Theorem [I.7] The second hypothesis is
¢ >2(dim(X) — {1 (Tx), ) — 1) — dim(X) — 2,
which is implied by the first hypothesis: ¢ > —2 holds for ¢ = 0. The final hypoth-
esis,
CHP(Y) = Z{c1(O(1))?}, for 0 < p < 2(dim(X) — (c1(Tx), ) — 1) + 4,
is one of the hypotheses of Theorem Therefore, by Corollary a general

fiber of ev is nonempty and geometrically connected. So the fiber is nonempty,
smooth and geometrically connected.

The next claim is that a general fiber of
ev @ M2'0472 — X2

is a Fano manifold, and thus geometrically rationally connected. Since the fiber is
nonempty, smooth and geometrically connected, it only remains to prove the first
Chern class is positive. This follows from Lemmal[6.5] The hypothesis of Lemmal[6.5
is

(2chy(Tx),II) > —1.
Since one of the hypotheses of Theorem is that

<2Ch2(Tx),H> 2 0,

Lemma implies that a general fiber of ev is Fano. Therefore by [KMM92]
and [Cam92], a general fiber is geometrically rationally connected. This establishes
the base case of the induction.
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Now, by way of induction, assume e > 2 and assume the result is known for e — 1.
There exists a 1-twisting surface of H-type 0 and M-class («, (e — 1) - «). Thus, by
Lemma [8.6] the fiber of

evipr i Mego — X2

over a general point is geometrically connected and geometrically rationally con-
nected if the fiber of

EeVA Ma,z Xpr,oev, X,pr; oev M(e—l)<a,2 - X xX

over a general point is geometrically connected and geometrically rationally con-
nected.

Fix a general geometric point (z1,2z2) of X x X. Projection onto the first factor
pry : Mo 2 Xpr,oev, X,pr; oev M(e—l)-a,2 — My 2
restricts to give a projection of the fiber evg1 (21, x2) onto the fiber of
prioeviy : Myo — X x X — X.

Of course this is the same as the composition of the forgetful morphism (forgetting
the second marked point),

Dy :Myo — My
with the evaluation morphism

evip : My — X.

By the first paragraph of the proof, the fiber of this last map over a general point
x1 is geometrically connected and geometrically rationally connected. Moreover, a
general fiber of ®; is a smooth rational curve. Therefore, by [GHS03] (or simpler
arguments), the fiber F of

prioeviapr: Mao— X xX — X
over a general point x; is rationally connected.

By [GHS03] again, to prove that ev,y' (1, z2) is connected and rationally connected,
it suffices to prove that the fiber of

pr1|pr;1(F) ceva (w1, 29) — F
over a general point is geometrically connected and geometrically rationally con-

nected. But the geometric generic fiber of prl\prfl( Py 18 precisely the same as the
geometric generic fiber of

eV|M : M(efl)-a,Z - X2-

By the induction hypothesis, this is connected and rationally connected. Therefore
evA' (w1, r2) is connected and rationally connected. By the arguments above, this
implies the fiber of

ev|n t Me.o2 C Mo a(X, ea) — X2

over a general point of X? is geometrically connected and geometrically rationally
connected. Therefore the theorem is proved by induction on e. (I
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Proof of Theorem[I-1. The case of a linear or quadric hypersurface follows immedi-
ately from Theorem Thus assume the smooth complete intersection is neither
linear nor quadric, i.e., all d; > 2 and d # (2). To prove the theorem, it suffices to
verify the hypotheses of Theorem By Lemma [2.1

(e1(Tx),a) =n+1-=> " d,
=1

and .
(2chy(Tx), M) =n+1-Y d?.
1=1

Thus,

dim(X) = (c1(Tx),0) = 1= > (di —1) = 2.
i=1
So the first three inequalities in Theorem [I.7) are

n+1—idi>0,
i=1

n+1-Y d?>0,
i=1

and .
n>> (2d; - 1).
i=1

Because d; > 1 for all i, >, d; < >, d?. Also, the difference

o= (> = 1] = Yo~ 1)

is strictly positive. In particular, it is > 1. Therefore the hypothesis

n+12§:d§
i=1

in Theorem implies all three of the hypotheses above.

The hypotheses on ¢ all hold. In fact, for a smooth complete intersection X, for
every sufficiently positive integer ¢, X is a codimension c¢ linear section of a complete
intersection Y by Lemma [2.5 (]

Proof of Theorem[1.8. First of all, the hypotheses of Theorem imply the hy-
potheses of Theorem The one hypothesis of Theorem that is a bit less
obvious is,
dim(X) > 2(dim(X) — {1 (Tx),a) — 1) + 5.

This follows by the same argument as in the proof of Corollary In particular,
there exists a unique irreducible component M, 1 of Mg 1(X,a) dominating X,
and a general fiber of M, ; over X is geometrically connected and geometrically
rationally connected.

The second part is proved by induction on m. The base case, m = 2, follows from

Theorem [[.7} Thus, by way of induction, assume the result for m and consider the

case m~+ 1. The hypotheses of Theorem imply the hypotheses of Corollary
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Thus, by Corollary for every €' > 2m — 2, there exists an m-twisting surface
of H-type 0 and M-class either

@). (a,€ - ) or
In). (2-a,€e - a).
Then, by Lemma one of the following hold

(I). For every ¢/ > 3m—2, every general point of a general fiber of the restriction
eV|M : Me’-a,erl C Mo’erl(X, 6/04) — Xt

is contained in a rational curve in the fiber intersecting the boundary divisor
A(a,{o}),((e’—l)u,{l,...,m}) in a smooth pOiIlt.
(IT). For every ¢/ > 4m—2, every general point of a general fiber of the restriction

€V|M : Me’~a,m+1 C ﬂ07m+1(X, 6’0&) — Xt
is contained in a rational curve in the fiber intersecting the boundary divisor
A(2-a,{0}),((e’—2)-04,{1,...,m}) in a smooth point.
Moreover, in Case (I), using the result for both €’ and e’ — 1, Lemma [8.7] implies
(I). For every e/ > 3m—1, every general point of a general fiber of the restriction
evin : Meramir € Momir (X, €'a) — X™H
is contained in a rational curve in the fiber intersecting the boundary divisor
A(Q-a,{o}),((e’72)-a,{1,...,m}) in a smooth point.
Thus, both in Case (I) and Case (II), for every e > 4(m + 1) — 6, every general
point of a general fiber of the restriction
EV‘M : Me-a,m+1 C M()’m+1(X, ea) — Xm+1

is contained in a rational curve in the fiber intersecting the boundary divisor
A2.0,{0}),((e=2)-a,{1,....,m})- Thus, a general fiber of ev|ys is nonempty, geometri-
cally connected and geometrically rationally connected if and only if a general fiber
of

. m
eva = (prloevoprlapr2,...,m+loev7pr2) . MQ»a,QXpr2oev,X,pr1oevM(672)-a,m+1 — XxX

is nonempty, geometrically connected and geometrically rationally connected.

Fix a general (geometric) point (p, (g1,...,¢m)) of X x X™. Because e > 4(m +
1) — 6, e — 2 > 4m — 6. Thus, by the induction hypothesis, the fiber of

ev M(e—2)~a,m - X"

over (qi, ..., qm) is nonempty, geometrically connected and geometrically rationally
connected. Moreover, for the forgetful map

Dy : M(e—2)-o¢,m+1 - M(e—Q)-ozfm
forgetting the first marked point, the fiber of

BV|M 0®y: M(ef2)-a,m+1 - M(ef2)-a,m - X"

over (qi, ..., Qm) is a flat, proper family of rationally connected curves over ev\&l (q1,---

whose general fiber is smooth. A conic bundle over a rationally connected variety
is rationally connected, thus the fiber of ev|y; o ®1 over (¢1,...,¢n) is rationally
connected.
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Projection w3 onto the M(c_2).q,m+1 factor defines a projection from the fiber of
eva 1 Ma.q 2 Xpryoev, X pryoev Me—2).a,m41 — X X X™
over (p,(q1,---,qm)) to the fiber of
eviapr o @1 Me—gy.a,mt1 — Me—2).a.m — X"
over (qi,-..,¢m)- Since the second fiber is nonempty, geometrically connected and
geometrically rationally connected, by [GHS03], to prove the first fiber is ratio-

nally connected, it suffices to prove the geometric generic fiber of 75 is nonempty,
geometrically connected and geometrically rationally connected.

Assuming that (q1,...,¢m) is general, the first marked point of a general curve
parametrized by a point of the second fiber is a general point p’ of X. Thus, for
general p, the pair (p,p’) is a general point of X x X. Thus the geometric generic
fiber of w5 equals the geometric generic fiber of

eV|M : Mg.ag C HO’Q(X, 2) — X2,

By Theorem this is nonempty, geometrically connected and geometrically ra-
tionally connected. Thus, by the argument above, the geometric generic fiber of

ev|n i Meomi1 C Moms1(X,ea) — b ean:
is nonempty, connected and rationally connected. Therefore the theorem is proved

by induction on m. O

Proof of Theorem[1.Z The case of a linear or quadric hypersurface follows immedi-
ately from Theorem Thus assume the smooth complete intersection is neither
linear nor quadric, i.e., all d; > 2 and d # (2). To prove the theorem, it suffices to
verify the hypotheses of Theorem [1.8 By Lemma [2.1

(e1(Tx),a) =n+1-=7 d;
=1

and
(2chy(Tx), M) =n+1-Y d;.
i=1

Thus,

C

dim(X) — (e (Tx), o) = 1= (d; — 1) — 2.
i=1
So the first three inequalities in Theorem [I.§] are

n+17idi>0,
=1

2n+1-> d)>n+1-Y d ©n+1>Y (24 —dy),
=1 =1 =1
and

n+4>Y"(4d; - 3).
=1
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Because d; > 1for all 4, >, d; < >_.d?, which implies ), d; < },(2d? — d;). Also,
the difference

C C C

D (2d2 —di)] - > (4d; = 3)] = (2d; — 3)(di — 1)

i=1 i=1 i=1

is strictly positive. In particular, it is > 1. Therefore the hypothesis

n+1>Y (2d? —d;)

i=1

in Theorem implies all three of the hypotheses above.

The hypotheses on ¢ all hold. In fact, for a smooth complete intersection X, for
every sufficiently positive integer ¢, X is a codimension c¢ linear section of a complete
intersection Y by Lemma [2.5 g
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