RATIONAL CURVES ON HYPERSURFACES OF LOW DEGREE II

JOE HARRIS AND JASON STARR

ABSTRACT. This is the second in a sequence of papers on the geometry of spaces of rational curves
of degree e on a general hypersurface X C P™ of degree d. In [II] it is proved that if d < "T'H then
for each e the space of rational curves is irreducible, reduced and has the expected dimension. In
this paper it is proved that if d2 + d + 1 < m, then for each e the space of rational curves is a
rationally connected variety; in particular it has negative Kodaira dimension.
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1. STATEMENT OF RESULTS
This is the second in a sequence of papers on the geometry of spaces of rational curves on a
general hypersurface X C P". Let d = deg(X). In [I1] it is proved that if d < “E! then for each
e the space of rational curves of degree e is irreducible, reduced and has the expected dimension.
The main result of this paper is the following theorem.

Theorem 1.1. If X C P" is a general hypersurface of degree d and if n > d?> 4+ d+1 then for each
integer e > 1 the stack Mo (X, e) is rationally connected. More precisely, there exists a morphism
fiPt— (Moo(X,€))fine)sm such that f*Typ | (x .y is ample.

,0

Remark 1.2. (i) The scheme Mg o(X,e) is the coarse moduli space of My o(X,e), the open
subset (Mg,0(X, €))fine is the fine moduli locus, and the open subset ((Mg,o(X, €))fine)sm iS
the smooth locus of the fine moduli locus.

(ii) For the cases d = 1,2, a related and stronger theorem is proved in [I5, Thm. 3]; namely
the coarse moduli space MO,O(X ,e) is rational. The proof relies on the fact that X is
a homogeneous space and does not extend to the case d > 3. Moreover, it is not clear
from [I5] that there exists a very free rational curve in the smooth locus of the fine moduli
locus of the coarse moduli space.
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The space M0,0(X, e) is the Kontsevich moduli stack of stable maps, which will be recalled below;
it is a Deligne-Mumford stack containing the parameter space of smooth rational curves in X of
degree e as an open substack. A variety is rationally connected if any two closed points are contained
in the image of a morphism from P! to the variety. Rationally connected varieties have negative
Kodaira dimension, hence the schemes Mg o(X, ) have negative Kodaira dimension.

The motivation behind Theorem [I.T]is a conjectural relationship between rational connectedness
of My o(X,e) and a theorem of Lang about rational points of varieties defined over the function
field of a surface.

Theorem 1.3 (Lang, [I8]). Let K be the function field of a surface over C and let X C P be a
hypersurface of degree d. If d*> < n, then X(K) # 0.

There is a naive parameter count that suggests that if d*> < n then for e > 0 the stack Mg (X, e)
is rationally connected, and if d> > n+2 then for e > 0 the stack Mg o(X, e) is of general type; i.e.,
the Kodaira dimension of Mg (X, e) is determined by the same inequality as in Lang’s theorem.
This suggests Lang’s theorem is related to rational connectedness of spaces of rational curves. In
a personal communication, A. J. de Jong has outlined an approach for proving that a K-variety
X has a K-point if the stacks Mg o(X ®x K,e) are rationally connected, and a certain Brauer
obstruction vanishes. Of course Lang’s original proof is simple and direct. But de Jong’s approach
could apply to classes of varieties where Lang’s proof does not apply, i.e., to varieties that are not
hypersurfaces in projective space.

The naive parameter count is not rigorous. As it seems impossible to make it rigorous, it is not
recalled here. In this paper a different strategy is developed for proving the stacks Mo o(X,e) are
rationally connected, and this strategy is applied to hypersurfaces in projective space. This strategy
should also apply to other varieties, hence it is formulated in greater generality than strictly needed
for the case of hypersurfaces.

1.1. The Kontsevich moduli space. The most natural parameter space for rational curves of
degree e on X is the open subscheme of the Hilbert scheme parametrizing smooth rational curves of
degree e on X, RS C Hilb%“. For e > 1, R% is not proper. To study the global geometry of RS,
e.g. to determine its Kodaira dimension, it is necessary to embed it as an open subset of a proper
scheme. The simplest choice is to take the closure RS inside Hilb%“. This is a poor choice for two
reasons: First, there is no simple characterization of the closed subschemes of X that correspond to
points in RS . Second, the deformation theory of a closed subscheme of X is difficult to work with.

There is a better choice; one where the points of the closure have a simple geometric meaning, and
where the deformation theory is easier to work with. This choice is Mg o(X,€), or more generally
MOJ'(X; e), the Kontsevich moduli space of degree e, r-pointed, genus O stable maps to X. This
space has one disadvantage over RS ; namely Mo (X, e) is a Deligne-Mumford stack rather than a
scheme. However, the coarse moduli space My (X, e) is a projective scheme, cf. [2]. For the reader
unfamiliar with stacks, most occurrences of My (X, e) can safely be replaced by (Mg (X, €))ine,
the fine moduli locus of Mg (X, e).

To be precise, My (X, e) is the stack whose objects are triples
C: ((p:EHB,Ul;"'aO—T)vg:Z_}X),

consisting of a flat, proper family of curves p : ¥ — B, a collection of r disjoint sections o; : B —
¥,i=1,...,r with image in the smooth locus of p, and a morphism g : ¥ — X such that for each
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geometric point b € B, the fiber ¥ is a connected, at-worst-nodal curve of arithmetic genus 0, the
morphism gp, : ¥ — X ®¢ #(b) has no infinitesimal automorphism fixing the marked points o;(b),
and the degree of (g,)*Ox(1) is e, cf. [0, [5].

A refinement of this stack used in this paper is the Behrend-Manin stack, M(X,T), associated
to a genus 0 stable A-graph 7, cf. [5]. A genus 0 stable A-graph is a tree with tails with a degree
associated to each vertex that satisfies a certain stability condition. A tree is a graph that contains
no cycles. A tail, or a half-edge, is an edge that originates on a vertex but does not terminate on
a vertex (e.g. what one would get if one were to “cut in half” an edge of a usual graph). A degree
function is an assignment of a nonnegative integer to each vertex of the graph. And the stability
condition is that no vertex both has degree 0 and valence less than 3 (tails count toward the valence
of a vertex).

Given an at-worst-nodal curve of genus 0, X, a collection of marked points on X, 01,...,0,, and a
morphism g : ¥ — X, there is an associated A-graph defined as follows. The tree is the dual graph
of 3; there is one vertex for each irreducible component of 3 and one edge for each node of 3. For
each marked point o; of 3 there is a tail attached to the obvious vertex. And the degree of a vertex
is simply the degree of ¢g*O(1) on the corresponding irreducible component. The Behrend-Manin
stack M(X, 7) (essentially) parametrizes the closure of the locally closed substack of Mg (X, e) of
stable maps whose associated A-graph equals 7. For the precise definition, cf. [5].

The boundary of the stack M(X,7) is a union of stacks M(X, o) where o ranges over stable A-
graphs such that there is a contraction from o to 7, i.e., the graph o is “more degenerate” than the
graph 7, cf. [5]. Hence the boundary of every Behrend-Manin stack can be understood inductively
starting from the “most degenerate” graphs 7, for which M(X, ) is a fiber product over X of
the space of pointed lines on X. So questions about M(X,7) that can be studied by specializing
to points in the boundary eventually reduce to questions about the space of pointed lines on X.
Moreover, the deformation theory of a point in M(X,7) is straightforward; it will be recalled in
Section [Bl

1.2. Sketch of the proof. The proof of Theorem uses a theorem of Kollar.

Theorem 1.4 (Kolldr, Thm. IV.3.7 [I6]). Let V be an irreducible, projective variety, and let
Vem C V denote the smooth locus of V. If there exists a very free morphism f : P — V.., i.e. a
morphism such that f*Ty is an ample vector bundle, then V is rationally connected.

The reader is warned that “very free” is the first of a multitude of definitions with “very”
similar names: free, very free, deformation ample, very stable, unobstructed, twisting, very twisting,
twistable, very twistable, positive, very positive, inducting pair, inductable, modification, typical,
and c-generating linear system. A morphism f : P! — V is free if f*Ty is a vector bundle
that is generated by global sections. The goal is to prove there exists a very free morphism to
Mo o(X,e) for all e. It is difficult to directly construct a very free morphism. However, existence
of a very free morphism can be studied by specializing to the boundary of M0,0(X ,e), and, using
an induction argument, can ultimately be reduced to a question about pointed lines on X. The
induction argument does not produce a very free morphism to the boundary of Mo o(X,e), but
rather a reducible rational curve B in the boundary such that the restriction of Tﬂo,o (x,e) tO B is
deformation ample: for a deformation of B to an irreducible rational curve B’, the restriction of
Tﬂo,o(X,e) to B’ is ample, cf. Section (a curve B’ is called a deformation of B if both B and B’
have a common generization). The rational curve B’ is a very free rational curve which proves that
Mo o(X, e) is rationally connected.
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The induction argument constructs a reducible rational curve B which itself parametrizes stable
maps from reducible rational curves to X. Each of these stable maps is the union of a map of
degree e — 1, g : ¥ — X, and a line L C X that intersect in a node ¢ € ¥ N L. Since the union is
stable, the 1-pointed map (X, o, g) is stable. To simplify the deformation theory, it is assumed that
(X, 0,9) is very stable: the unmarked map (X, g) is stable (this assumption must be justified!). To
guarantee that B is in the smooth locus of Mg (X, e), it is assumed that (3, g) is unobstructed:
I[‘Ext%92 (Lg, Ox) = {0}.

The condition that TR, o X@)\ p is deformation ample can be translated into a condition on
the family of pointed lines, (L, o), together with a condition on the family of pointed maps of
degree e — 1, (X,0,¢); these conditions are defined in Section The condition on the family
of pointed lines is that it is very twisting. The family is twisting (resp. wvery twisting) if the
associated morphism ¢ : B — Mg 1(X, 1) pulls back the vertical tangent bundle of the projection
pr: Mo 1(X,1) — Mogo(X,1) to a bundle which is generated by global sections, and pulls back the
vertical tangent bundle of the “evaluation at the marked point” morphism ev : My 1(X,1) — X to
a bundle which is generated by global sections (resp. deformation ample). Composing ¢ with ev
gives a map h : B — X. Such a map which arises from a twisting (resp. very twisting) family is
called twistable (resp. very twistable). The property of being twistable (resp. very twistable) is an
open condition on the family of all maps.

The condition on the family of pointed maps of degree e — 1 is that it is very positive. The
family is positive (resp. wvery positive) if the associated morphism ¢ : B — Mg 1(X,e — 1) pulls
back the vertical tangent bundle of the projection pr : Mg 1(X,1) — My (X, 1) to a bundle which
is generated by global sections (resp. ample) and the pullback by pro ¢ of Tﬂo,o( X.1) is deformation
ample. The main observation is this: For a positive (resp. very positive) family over a smooth
rational curve, the morphism ¢ : B — Mg 1(X,e — 1) is free (resp. very free).

An inducting pair consists of a very twisting family of pointed lines over B and a very positive
family of pointed maps of degree e—1 over B which intersect along the marked points. The induction
step proves that if an inducting pair exists for degree e, then an inducting pair exists for degree e+ 1.
It is sometimes useful to “forget” the very twisting family of pointed lines, and only “remember”
that the family of marked points is a very twistable map. A very positive family of pointed maps of
degree e — 1 such that the family of marked points is a very twistable map is an inductable family.

The induction step begins with an inducting pair for degree e and produces an inductable family
for degree e + 1. In particular, the inductable family is very positive and there is a deformation to
a very free morphism from an irreducible curve to MO,I(X ,e) whose projection to M(LO(X ,e)is a
very free morphism. The family of unmarked maps over B is obtained by gluing the very twisting
family of lines and the very positive family of maps of degree e — 1 along the curve of marked
points . To get a family of marked maps, let ¢’ be an irreducible curve in the total space X of the
very positive family which is linearly equivalent to . The curve ¢’ fails to be a family of marked
points precisely at the finitely many points in B over which the curve ¢’ intersects the curve o. The
solution is to blow up each of these finitely many points on X; this produces a family of marked
stable maps of degree e. Unfortunately blowing up destroys the “very positivity” of the family. Very
positivity is restored by making a modification at each of the finitely many points of B over which
¥ is blown up. The modification attaches a P! to B at the specified point and extends the family
over this P! so that the stabilized family of unmarked maps is a constant family, but such that the
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marked points in this constant family vary. After modification, the family of marked stable maps
is inductable. Incidentally, it is the process of modification that requires using reducible curves in
Mo o(X, e) and working with the property of deformation ample bundles.

The last section establishes the base case of the induction argument: existence of a family of
pointed lines that is both very twisting and very positive. The total space of a very positive family
of lines is a scroll ¥. The whole argument reduces to producing a pair of a scroll ¥ and a hypersurface
X containing ¥ such that X corresponds to a very positive family of lines on X. This reduces to a
computation of the dimension of certain linear systems on the scroll X, c-generating linear systems.
This is a straightforward computation in the Cox homogeneous coordinate ring of the scroll. The
hypothesis that d? +d + 1 < n is used in this last computation.

1.3. Technical Hypotheses. In the proof of the induction step, some technical hypotheses are
used.

Hypothesis 1.5. For each contraction of genus 0 stable A-graphs, ¢ : 0 — 7, the image of the
morphism of Behrend-Manin stacks M(X, o) — M(X, 7) has codimension dim(X, 7) — dim(X, o)
in M(X,7).

By [11, Prop. 7.4], if d < "TH and if X C P™ is a general hypersurface of degree d, each stack
M(X,0) has the expected dimension; thus Hypothesis holds for X.

Hypothesis 1.6. A general fiber of the evaluation map ev : Mg 1(X,1) — X is irreducible.

For a pair (X, p) consisting of a hypersurface X C P™ of degree d and a point p € X, the associated
fiber of ev is a subvariety Z C P"~! which is a complete intersection of a sequence of hypersurfaces
Y1,...,Yy in P" with deg(Y;) = 4: the defining equation of Y; is the degree ¢ homogeneous part of
the Taylor expansion of the defining equation of X about the point p. If the pair (X, p) is general,
the sequence of hypersurfaces Y,..., Yy is general. By the Bertini theorem [I4, Thms. 4.10, 6.10]
the intersection Y; N ---N Yy is smooth and connected if d < n — 2.

Hypothesis 1.7. For each integer e > 0, the locus in My 1(X, e) parametrizing stable maps with
nontrivial automorphism group has codimension at least 2.

Of course any stable map with nontrivial automorphism group has an irreducible component
which is a multiple cover of its image. In light of [TI, Prop. 7.4], a simple parameter count shows
that if d < "TH and if X C P™ is a general hypersurface of degree d, Hypothesis is satisfied.

1.4. Conventions. Unless stated otherwise, schemes are of finite type and separated over Spec C.
Absolute fiber products of schemes will be fiber products over Spec C. Absolute fiber products of
stacks will be 2-fibered products over Spec C.

1.5. Acknowledgments. We are very grateful to A. J. de Jong and Steven Kleiman for many
useful conversations. We are also grateful to the referees for their many useful comments.

2. DEFORMATION AMPLE

Let T be a scheme.

Definition 2.1. A family of prestable curves of genus g over T' is a proper, flat morphism 7 : B — T
such that every geometric fiber of 7 is a connected, at-worst-nodal curve of arithmetic genus g.

Notation 2.2. Let 7 : B — T be a morphism of schemes and let E be a quasi-coherent sheaf on
B. Denote by pug : m*m.E — E the morphism left adjoint to the identity morphism n.F — 7, F.
The sheaf E is w-relatively generated by global sections if pug is surjective.
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Let m : B — T be a family of prestable curves of genus 0 and let E be a coherent sheaf on B.
Let 0 : T — B be a section of m and let Z C Op be the ideal sheaf of o(T).
Lemma 2.3.
(i) If E is w-relatively generated by global sections, then R'm,E = {0}.
(ii) If E is m-relatively generated by global sections, then R (T - E) = {0}.
(iii) Let E' and E" be coherent sheaves on B and let

0 E’ E E” 0
be a short exact sequence of coherent sheaves. If E' and E" are m-relatively generated by
global sections, then E is w-relatively generated by global sections.

Proof. All three statements can be proved locally over T'. Hence it suffices to consider the case that
T is affine.

(i): Since FE is m-relatively generated by global sections and T is affine, F is generated by global
sections, i.e., there is a short exact sequence of coherent sheaves,

0 K ogN E 0.

Since 7 is of relative dimension 1, R?m,K = {0}. Since the fibers of B are connected of arithmetic
genus 0, R'7,0Op = {0}. In the long exact sequence of higher direct images associated to the short
exact sequence above, R7.E fits between le*OgN and R?m,K; hence R'n.FE = {0}.

(ii): There is a short exact sequence of coherent sheaves,
0 I F FE E®og OU(T) — 0

giving rise to a long exact sequence of cohomology groups,
B —— m(E ®oy Op(r)) —— R'7(Ly- E) —— R'm,.E.

By the last paragraph, R'm,E = {0}. Since E is generated by global sections, 7. E — 7.(E ®0,
O, (1)) is surjective. Therefore R, (Z - E) = {0}.

(iii): By (i), h'(B, E’) = 0; therefore every global section of E” is the image of a global section
of E. So the global sections of E generate E”. And the global sections of E’ generate E’. Therefore
FE is generated by global sections. O

Let B be a prestable curve of genus 0, and let E be a locally free sheaf of positive rank on B. A
smoothing of the pair (B, E) over a discrete valuation ring R is a pair (B, &) consisting of a family
B — Spec R of prestable curves of genus 0 and a locally free sheaf £ such that the generic fiber of B
is a smooth curve, such that the closed fiber of B is isomorphic to B, and such that the restriction
of £ to the closed fiber is isomorphic to E. What conditions on (B, E) guarantee that for every
smoothing (B, £), the restriction of £ to the generic fiber is an ample locally free sheaf? Certainly if
E is ample, this is true. But E need not be ample for this condition to hold: e.g. if E is an invertible
sheaf such that the total degree of E is positive, then for every smoothing the restriction of £ to
the generic fiber is ample. Although it is not the most general criterion, the following criterion is
used in the rest of the paper.

Definition 2.4. Let B be a connected, proper, at-worst-nodal curve of arithmetic genus 0. A
locally free sheaf E on B with positive rank is deformation ample if

(i) E is generated by global sections, and

(i) h'(B, E(Kg)) =0, where Op(Kp) is the dualizing sheaf of B.
Remark 2.5.
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(i) Conditions (i) and (ii) above are independent.

(ii) If F is invertible, then E is deformation ample iff the restriction of E to every irreducible
component has nonnegative degree and the restriction to at least one irreducible component
has positive degree, cf. Lemma

(iii) One can determine whether E is deformation ample in terms of the splitting type of the
restriction of E to each irreducible component together with the patching isomorphisms at
the nodes of B.

Let T be a scheme, let m : B — T be a family of prestable curves of genus 0, and let E be a
locally free sheaf of positive rank on B.
Definition 2.6. The sheaf E is w-relatively deformation ample (or simply deformation ample if ©
is understood) if

(i) E is m-relatively generated by global sections, and
(ii) R'm.(E(K,)) = {0}, where Op(K,) is the relative dualizing sheaf of 7.

Let m: B — T be a proper, flat family of connected, at-worst-nodal curves of arithmetic genus
0, let F be a locally free sheaf on B of positive rank, and let f : T/ — T be a morphism of schemes.
Denote the fiber product as in the diagram,

B —% ., B

~| |

f

7 ——— T
Denote by E’ the pullback g*FE.
Lemma 2.7. If E is w-relatively deformation ample, then E' is ©'-relatively deformation ample.
If f is surjective, the converse also holds.

Proof. (=): For the main direction, by [I0, Sec. 8.5.2, Prop. 8.9.1], it suffices to consider the case
when T and T" are Noetherian affine schemes.

There is a canonical map of Op-modules, v : f*m.E — (7'),.g*E, which fits into a commutative
diagram,
() f*mE ——— g*m*m.E

| |o7ue

(ﬂ_/)*(ﬂ_/)*E/ HE’ Jol
Since pg is surjective, g*ug is surjective. Hence also pp/ is surjective, i.e., E’ is 7/-relatively
generated by global sections.

Since 7 has relative dimension 1, R?m.E(K,) = {0}. By [13, Thm. IIL.12.11(b)], for every
closed point t € T, h'(By, E(K,)|p,) = 0. By [13, Prop. 1I11.9.3], for every closed point ¢ € T",
hl(Bg,,E’(K,rfﬂB;/) = 0. So by [13, Thm. II1.12.11(a)] and Nakayama’s lemma, R'7 (E'(K,/)) =
{0}. Hence E’ is 7’-relatively deformation ample.

(«): Now suppose that f is surjective and that E’ is 7'-relatively deformation ample. As above,
it suffices to consider the case when T and 7" are Noetherian affine schemes. As above, for every
closed point t' € T, hl(Bg,,E’(K,r/)|B£/) = 0. Since T’ — T is surjective, by [I3, Prop. I111.9.3]
for every closed point t € T, h'(By, E(K)|g,) = 0. So by [13, Thm I11.12.11(a)] and Nakayama’s
lemma, R'7.(E(K,)) = {0}.



8 J. HARRIS AND J. STARR

It remains to prove that E is w-relatively generated by global sections. For every closed point
t € T, there is a closed point ' € T’ mapping to ¢. Since E’| B/, is generated by global sections, also

E|p, is generated by global sections. By Lemma. ht ( Bt,E|B,) = 0. By [13, Thm. III.12.11(a)]
and Nakayama’s lemma, R, (E) = {0}.

The claim is that for any coherent Op-module F, R, (7*F ® E) = {0}. This is local on T.
Locally on T, F is the cokernel of O;‘?N for some N, so 7*F ® E is the cokernel of E®Y. Since

7 has relative dimension 1, R'm, is right exact on the category of coherent Op-modules. Since
Rim, (E®N) = {0}, also Rlm,(7*F ® E) = {0}, which proves the claim.

In particular, applying the long exact sequence of higher direct images to the short exact sequence,

0 —— 71, F E E|lp, —— 0,

m.(E) — H (B, E|p,) is surjective. Since E|p, is generated by global sections for every closed point
t € T, E is w-relatively generated by global sections. So F is m-relatively deformation ample. O

Lemma 2.8. Let m: B — T be a proper, flat family of connected, smooth curves of genus 0 and
let E be a locally free sheaf of positive rank. Then E is m-relatively deformation ample iff E is
w-relatively ample.

Proof. Both properties are local on T' and can be checked after étale, surjective base-change of T.
So it suffices to consider the case when 7 : B — T is isomorphic to 7 : T x Pt — T.

(=): Denote F = (m7)+(E ® 73, Op1 (—1)). Tensoring the map 1E@R?, Op (~1) with the identity
map on 7*Op1(—1) gives a map v : 7 F @ 75, Op1 (1) — E. Assume that E is deformation ample.
The claim is that v is surjective. To prove this, it suffices to prove,

(i) For every geometric point t of T, h!(PL w(ty ElB, ® Op1(—1)) =0,
(ii) F ®oy K(t) = HO(Pi(t)vE|Bt ® Op1(—1)), and
(iii) the map HO(P! w(tys BB, ® Op1(=1)) @ Opi(1) — E|p, is surjective.

By Grothendieck’s lemma [I3], Exer. V.2.6], E|p, splits as a direct sum Opi(a1) @ - - ® Op1(a,)
for some integers a; < -+ < a,. By Lemma E|p, is deformation ample, and in particular
h'(PY, E|p,(—2)) = 0. Hence a; > 1, and h'(P*, E|p, ® Opi1(—1)) = 0, i.e., (i) holds. By [I3]
Thm. I11.12.11(b)], also (ii) holds. Finally, for a; > 1, H*(PL, Op1(a; — 1)) ® Op1 (1) — Op1(a;) is
surjective. Thus (iii) holds and the claim is proved.

Now 77 F' @ 7, Op1 (1) is wp-relatively ample. Since E is a quotient of 7 F ® 7y, Op1 (1), also E
is wp-relatively ample, cf. Lemma m (1).

(«): The converse direction follows in the same way. O
Lemma 2.9. There exists an open subscheme i : U — T with the following property: for every
morphism f:T" — T, f(T') is contained in U iff E' is 7’-relatively deformation ample.

Proof. By [10, Sec. 8.5.2, Prop. 8.9.1], it suffices to consider the case that T and T" are Noetherian
affine schemes.

Let Z; C T be the closed subset,
Z1 = f[Supp(coker(n*m. E — E))].
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Let Z3 C T be the closed subset,
Zy = Supp(R'm.(E(K))).
And let Z3 C T be the closed subset,
Z3 = Supp(R'71.E).
Let i : U — T be the open complement of Z; U Zy U Z3.

Let f : T — T be a morphism of Noetherian affine schemes. By [13, Thm. III.12.11,
Prop. 1I1.9.3] and Nakayama’s lemma, R'w,(E'(K.)) = {0} iff for each closed point ¢ € T”,
hl(Bé,,E’(Kw/)|BZ,) = 0. Denoting t = f(¢), hl(Bé,,E’(Kw/)|B£/) = 0 iff K*(B;, B(K,)|B,) = 0,
i.e., iff t is contained in the complement of Z,. Hence R'7 (E'(K,/)) = {0} iff f(T) is contained in
the complement of Zs.

By the same argument as in the converse direction of the proof of Lemma E' is n'-relatively
generated by global sections iff for every closed point ¢’ € T, F| B, is generated by global sections.
Denoting t = f(t'), E’| B, is generated by global sections iff £ |B, is generated by global sections. If
E|p, is generated by global sections, then h'(B;, E|g,) = 0. By [13| Thm. I11.12.11], ¢ is not in Z3
and t is not in Z;. Conversely, if ¢ is not in Z3, then F|p, is generated by global sections iff ¢ is not
in Z;. Thus E’ is 7'-relatively generated by global sections iff f(7"”) is contained in the complement
of Zy U Zsz. So E' is n'-relatively deformation ample iff f(7”) is contained in U. O
Lemma 2.10.

(i) If x : E — E" is a morphism of locally free sheaves on B whose cokernel is torsion in every
fiber (in particular, if x is surjective), if E" is nonzero, and if E is w-relatively deformation
ample, then also E" is w-relatively deformation ample.

(ii) If E' and E" are w-relatively deformation ample, then for every short exact sequence of
coherent Og-modules,

0 F - F 2> E" 0,
E is w-relatively deformation ample.

(iii) If E is w-relatively deformation ample, then for every integer n > 1, also E®™ is w-relatively
deformation ample.

Proof. (i): Let @ denote the cokernel of y and let I C E” denote the image of x. There is a short
exact sequence of coherent Op-modules:

0 I E" Q 0.

When we “twist” this exact sequence by Op (K ), it remains exact. Because 7 has relative dimension
1, Rl7, is right exact on the category of coherent Op-modules. In particular, since R'm,F(K,) =
{0}, also R'm.I(K,) = {0}. Since Q is torsion in every fiber, R'7.Q(K,) = {0}. Thus, by
the long exact sequence of higher direct images associated to the twisted exact sequence above,
Rin.E"(K,) = {0}.

The surjective composition map

B —2 B I
factors through the natural map p; : 7*m.I — I. Hence uj is surjective, i.e., I is mw-relatively
generated by global sections. Since @ is torsion in every fiber, the support of @ is finite over T and
it follows that @ is w-relatively generated by global sections. By Lemma (iii), E” is w-relatively
generated by global sections. So E” is m-relatively deformation ample.
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(ii): By hypothesis, Rl E'(K,) = R'm.E"(K,) = {0}. By the long exact sequence of higher
direct images, also R'm.F(K,) = {0}. By Lemma (iii), F is m-relatively generated by global
sections. So FE is m-relatively deformation ample.

(iii): This is proved by induction on n, the case n = 1 being tautological. It suffices to consider
the case when T is affine. Suppose n > 1 and suppose the result is known for n — 1. In particular,
E®(=1) i5 generated by global sections. There is a natural surjection

T T, <E®(”71)) Roy E — E®™,

And there is a surjective map O%Y — m,(E®("~1)). Hence there is a surjection E®N — F®". By
(ii) and induction, E®Y is m-relatively deformation ample. By (i), the quotient E®" is m-relatively
deformation ample. Thus (iii) is proved by induction. O
Lemma 2.11. Let B be a proper, connected, at-worst-nodal curve of arithmetic genus 0 over an
algebraically closed field k. Let E be a locally free sheaf of positive rank such that,

(i) for every irreducible component B; C B, E|pg, is generated by global sections, and
(ii) there exists a nonempty, connected, closed subcurve B' C B such that E|p: is deformation
ample.

Then E is deformation ample.

Proof. Let 6 be the number of irreducible components of B which are not contained in B’. The
result is proved by induction on §. The base case § = 0 is tautological, for then B = B’. Assume
that 6 > 0 and that the result is true for all smaller values of §.

Let By C B be an irreducible component of B. Let By C B denote the union of all irreducible
components other than Bj. There exists an irreducible component By not contained in B’ such
that Bs is connected: if the dual graph of B’ contains every leaf (= vertex of valence 1) of the dual
graph of B, then the two graphs are equal. The intersection By N Bs is a single node, denoted b.
By the induction hypothesis, E|p, is deformation ample.

The claim is that E is generated by global sections. Denote by F' C E the image of H°(B, E) ®
Op — E. There is a short exact sequence of coherent sheaves:

0 —— E®o, Op,(-b) E E®o, Op, —— 0.

Since E|p, is a locally free sheaf on P! generated by global sections, Grothendieck’s lemma and
the cohomology of line bundles on P! imply that h'(B, E @0, Op, (=b)) = 0 (R (P!, Opi(a)) = 0
for a > —1). Hence all the global sections of E|p, lift to global sections of E, i.e., F — E|p, is
surjective. So E/F is supported on B;. Hence E/F is a quotient of E|p,. Since E|p, is generated
by global sections, also E/F is generated by global sections. There is a short exact sequence

0 F E E/F 0.
By Lemma 2.3 (iii), E is generated by global sections.

There is a short exact sequence of coherent sheaves,
0 — E(Kp)®o,; Op,(-b) — E(Kp) — E(Kp) ®o, Op, — 0.
This gives a long exact sequence in cohomology, part of which is,

H'(B, E(Kp) ®0, Op,(~b)) — H'(B, E(Kg)) — H'(B, BE(Kp) ®0, Op,) — 0.
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The inclusion map By — B is finite, therefore there is a canonical isomorphism of Op-modules
(cf. [12), Sec. II1.6], [I7, Cor. 5.68]),

OB, (Kp,) = Homo,(Op,,0p(Kp)) = Op(Kp) ®o, Op,(-b).

Hence h'(B,E(Kp) ®o, Op,(=b)) = h'(By, E ®0, Op,(Kp,)), which is zero by the induction
assumption. Similarly, E(Kp) ®0, Op, is isomorphic to E ®e, Op, (—1) (identifying B; with P!).
Since E|p, is generated by global sections, it follows by Grothendieck’s lemma and the cohomology
of line bundles on P! that h'(By, E|p,(—1)) = 0. Hence h!'(B, E(Kp)) = 0, and E is deformation
ample. Therefore the lemma is proved by induction on 4. O

Remark 2.12. A particular case of Lemma is when B’ is one irreducible component of B, in
which case the lemma says that a locally free sheaf on B which is generically ample in the sense of
Lazarsfeld [8] is deformation ample.

3. DEFORMATION THEORY OF STABLE MAPS

The Kontsevich moduli space of genus 0 stable maps, Mo (X, €), and the Behrend-Manin moduli
spaces, M(X, 7), are described in Subsection The deformation theory of stable maps has been
worked out in [4] and [3]. Many specific deformation-theoretic results follow easily from these papers
and are known to the experts, but have not been written down. Some of these specific results are
proved in this section. Although these results will only be applied to genus 0 stable maps in this
paper, the same arguments work for stable maps of arbitrary genus; in this section only, stable maps
and stable A-graphs are not necessarily assumed to be of genus 0.

Let X and T be schemes.

Definition 3.1. A family of r-pointed, genus g prestable maps to X over B is a triple
CZ ((p:ZHB,Ul,...,O}),gIZ—>X)
consisting of a family p : ¥ — B of prestable curves of genus g over B, a sequence of r disjoint
sections ¢; : B — ¥ with image contained in the smooth locus of p (if = 0, the sections are
omitted), and a morphism g : ¥ — X.
Let ((X,01,...,0.),9) be a prestable map over an algebraically closed field. An irreducible

component ¥, C ¥ is stable if the restriction of the log-dualizing sheaf, Os;(Ks,+ 01+ -+ 0,) Qo
Oy, is g-relatively ample, i.e., one of the following hold,

(i) ¢g:%; — X is nonconstant,

(11) pa(zi) >1,
(iii) pe(X;) =1 and X; contains at least one marked point or external node of X, or
(iv) pa(X;) =0 and 3; contains at least three marked points and nodes of B.

The curve X is stable if Osx(Ks 401+ - -+0,) is g-relatively ample, i.e., every irreducible component
of ¥ is stable. The family ( is stable if for each geometric point ¢ € T', the curve 3; is stable.

Now assume that X is smooth.

Notation 3.2. Denote by L¢ the complex of coherent sheaves on X
-1 0

7 20 0 (o (T) + -+ 0.(T)) @

For a scheme T and a bounded above complex of coherent sheaves C on T', C¥ denotes the object
in the derived category of coherent sheaves on T,

CY := RHomp, (C,Or).
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In particular, L} is the object
LZ = RHom@E (LC’ Oz)

in the derived category of coherent sheaves on X.

The relevance of the complex LZ is the following.

Lemma 3.3. Let X be a smooth quasi-projective scheme. Let ﬂg,T(X, B) denote the Deligne-
Mumford stack of r-pointed stable maps to X of arithmetic genus g and degree 3. Let p : ¥ —

M, (X, B) denote the universal curve, let o; : Mgy (X, ) — X denote the universal sections, and
let g : ¥ — X denote the universal map, i.e.

C:((plE*)mgx(X,ﬁ),Cfl,...,O})7g:2~>X)

is the universal family of stable maps. There is an obstruction theory for M, (X, 3) in the sense
of [, Def. 4.4] of the form

v
(Rp. (L))" = Lz, , (x.0)-
A similar result holds for prestable maps, cf. Remark[5.

Proof. Essentially this follows from [4] and [3]. O

Remark 3.4. Explicitly, if ( = ((%,01,...,0.),9: X — X) is a stable map or a prestable map, the
space of first order deformations of ( is Ext}gz (L¢, Os) and the obstruction group is a subgroup of
IEX‘L?QE (L¢, Os). In the case of a prestable map, the space of infinitesimal automorphisms of the map
is Extg_(L¢,Ox) (for stable maps this group is zero). In particular, if Ext?, (L¢,Osx) vanishes,
then M, (X, 3) is smooth at the point [¢].

Lemma 3.5. Let ((¥,01,...,0.),9) be a prestable map. Let Oy denote the tangent sheaf of ¥,
i.e. the dual of Qx. The space of infinitesimal automorphisms of C, Ext%E(LC,Og), s canon-
ically isomorphic to a subspace of the space of infinitesimal automorphisms of (X,01,...,0.),
HO(S, Os(~(0y + -+ + 01))).

An irreducible component ¥; C X is stable iff the restriction of every infinitesimal automorphism
of ¢ to Os(—(o1+ -+ 0,)) ®og O, is zero. Moreover, if 3; is unstable, then every infinitesimal
automorphism of the nodal curve ¥; that fizes all marked points and nodes of ¥ is the image of an
infinitesimal automorphism of C.

Proof. Analyzing the spectral sequence for hypercohomology, IEZX‘L%E (L¢, Osy) is canonically isomor-
phic to the kernel of

EX‘E%E (QE(O'l 4+ 4 O'T), Og) — EX‘E%E (g*Qx, Og)
And Ext,_(Qs(01 + -+ +0,), Ox) equals HO(Z, Ox(—(o1 + -+ + 0,))).

Assume that Y; is stable, i.e., 3; satisfies one of the Cases (i)—(iv) in Definition In Cases
(ii)—(iv), the image of

H(,05(—(01 + -+ +0,))) — H(X;,05(—(01 + - + 0,)) ®oy Os,)

is zero, hence the restriction of every infinitesimal automorphism of ( is zero. In Case (i), chasing
through diagrams, the image of H°(X,Ox(—(o1 + - + 0,))) is contained in the subsheaf which is
the kernel of d(gls,) : O, — ¢*Tx ®oy Os,. Since g is non-constant, this map is nonzero. And
Oy, is a torsion-free sheaf, so the kernel of d(g|x;) is zero. Hence, also in Case (i), the restriction
of every infinitesimal automorphism of ( is zero.
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Assume that ¥; is not stable. Then g contracts ¥; to a point, and either ¥ = 3J; is a curve of
arithmetic genus 1 and there are no marked points, or ¥; is a smooth rational curve which contains
at most two marked points and nodes of X. In both cases there is a positive dimensional group of
automorphisms of ¥; which fix all marked points and nodes of ¥: Pic” (%;) acting by translation if
¥; has arithmetic genus 1, and the group of automorphisms of P! fixing (at most) two points if 3;
is a smooth rational curve. The Lie algebra of this positive dimensional group is the Lie algebra of
infinitesimal automorphisms of the marked curve ¥;. This group of automorphisms of ¥; extends to
a group of automorphisms of the map (. Therefore every infinitesimal automorphism of the marked
curve X; extends to an infinitesimal automorphism of ¢. In particular there exists an infinitesimal

automorphism of ¢ whose restriction to ¥; is nonzero. O
Let f : X — Y be a smooth morphism of smooth quasi-projective varieties. Let ¢ = ((¥,01,...,0.),9:
> — X) be a prestable map. Denote by h : ¥ — Y the composition h = f o g, and denote by £ the
prestable map ((2,01,...,0.),h: X — Y). There is a short exact sequence of complexes
0 Le L¢ g Q1] —— 0,

defined by the following commutative diagram,
-1 0

.
Le: g f*Qy 2 Qg(o1+-+ +0y)

| ] I

dart
LC: Q*QX L) QE(Ul+"'+0r)

Lo l

g Q1] g*Qp —— 0
Lemma 3.6. (i) If € is stable, then C is stable.
(ii) If the dimension of the obstruction group of ¢ is 0, then the dimension of the obstruction
group of & is 0.
(iii) Ifh(X, g*Q}) = 0 and if the dimension of the obstruction group of § is 0, then the dimension
of the obstruction group of ¢ is 0, and the map from the space of first order deformations
of ¢ to the space of first order deformations of £ is surjective.

Proof. (i): If the log dualizing sheaf of (3,01, ...,0,) is h-ample, then it is g-ample.

(ii): Associated to the short exact sequence of complexes above, there is a long exact sequence
of hyperExt, part of which is

}Extéz(LC,(’)z) _ ExtéE(Lg,(’)z) _ ]Ext%z(g*Qf[l],Og).

Of course Extg,_ (9% (1], Ox) = H*"1(2, g*QY). In particular dimExt, (¢*Qf[1], Ox) = h*(,g*QY) =
0. Therefore if dim[EX‘c?92 (L¢, Ox) =0, then dimExt?gz (L¢, Ox) = 0.

(iii): If hl(E,g*Q}/) = 0, then Ext},_(L¢,Ox) — Extd_(Le, Ox) is an isomorphism. Hence if
the dimension of the obstruction group of ¢ is 0, then the dimension of the obstruction group of &
is 0. Moreover the preceding two terms in the long exact sequence of hyperExts give a surjection
]EX'E%QE (L(, 02) — EXt}QE (Lg, Og) O

Let ¢ : S — B be a smooth morphism and let ¢ : ¥ — S be an unramified morphism of B-
schemes. Then (g,7) : ¥ — X x S is an unramified morphism of B-schemes, hence the map of
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coherent sheaves

d(g,i)" : (9,9)*QX x S/B) — Q,
is surjective. Because p is flat of relative dimension 1 and the geometric fibers are reduced, local
complete intersection schemes, the kernel of d(g,7)" is a locally free sheaf N (\;_’ i Similarly the kernel
of dif :i*Qy — €, is a locally free sheaf N,.

There is a short exact sequence of coherent sheaves

0 Ny Ny — g'Qx —— 0.

Denote by N ;) the subsheaf of N/ ; (01(B)+- - +0,(B)) that contains N;Y (01(B) ++ - +0,(B))
and such that N(\éﬁi)/NiV(al(B) +---+0,.(B)) is identified with ¢*Qx C ¢*Qx(01(B)+---+0.(B)).
Observe that N(Vg,i) is a locally free sheaf.

Notation 3.7. There is a canonical map N(\;J)(crl(B) + -+ 0p(B)) = (9,1)* Qxxs/5. The two
projections give a canonical isomorphism of 2x g/ p with 7% Qx &75(2,. Denote by v ) : N(Vm) —
g Qx(01(B)+ -+ 0.(B)) @i*Qq(01(B) + - - - + 0,-(B)) the induced morphism. Observe that the
composition of (¢ ;) with projection on the first summand factors through ¢*Qx C g*Qx(01(B) +
-+ 0(B)). Denote by ai : N,y — ¢"Qx and By + Ny — i"Qq(01(B) + -+ + 0(B))
the composition of 7 ;) with the two projections. Denote by L ;) the complex of locally free
Os-modules concentrated in degrees [—1, 0],
-1 0
N L0 4, (01(B) + -+ 0,(B)).
Denote by A¢¢4) @ L¢,isy — L¢ the quasi-isomorphism of complexes of coherent Os-modules,

Bc,i .
N(\é,i) D, i*Qu(01(B) + -+ 0.(B))

Oé(ci)l l(di)*

. (dg)*
g QUx —— Qy(o1(B) +-- +0.(B))

The relevance of (¢ ) : L¢s) — L¢ is that the complex L(VC 0 is easy to compute since L ;) is

a complex of locally free sheaves; it is simply
0 1

Bles
i"Ty(~(01(B) + -+ + 0:(B))) —= Nic-
In most applications, B will be the spectrum of a field and S will be a surface.

3.1. Contracting unstable components. In this subsection, the base B will always be the spec-
trum of an algebraically closed field. The changes necessary to get relative versions of the lemmas
over a more general base are straightforward.

Let
¢=(2,01,...,0.),g: 5 — X)
be a prestable map, let
X0y, on 0], o))

’Y s

be a proper, connected, at-worst-nodal curve, and let

u: (X, oy,...,00) — (X,01,...,0,)
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be a map which contracts some of the unstable components of (X', 01, ..., 0..) (i.e., u contracts some
of the irreducible components of ¥’ which have arithmetic genus 0 and contain fewer than three

nodes and marked points). Denote g’ = g o u and denote by ¢’ the prestable map
¢ =(x01,...,0000,...,00),¢ : ¥ — X).

s Yo

What is the relationship of Extoy (L¢, Ox) and Exto,, (L¢r, Osr)?

Any morphism u : ¥’ — ¥ as above can be factored as a sequence of elementary morphisms,
defined below.

Definition 3.8. (i) The morphism u is a Type I elementary morphism if { = (X,9: ¥ — X) is

a prestable map without marked points, u : ¥’ — ¥ contracts a single unstable component
to a smooth point of ¥, and ' = (¥, ¢’ =gou: ¥ — X).

(ii) The morphism w is a Type II elementary morphism if { = (£,9 : ¥ — X) is a prestable
map without marked points, u : ¥’ — X contracts a single unstable component to a node
of X,and ' = (X',¢' = gou: ¥ — X).

(iii) The morphism w is a Type III elementary morphism if ¢ = (X, (01,...,0.),9: 2 — X) is a
marked prestable map, ¢’ is the same prestable map but with one extra marked point, and
u: Y — X is the identity map.

Let S be a smooth surface and let 7 : ¥ — S be a closed immersion. Let s € ¥ C S be a closed
point.

Notation 3.9. Denote by v : S’ — S the blowing up of S at s. Denote by E C S the exceptional
divisor. Denote by i’ : ' — S’ the reduced total transform of B; i.e., the reduced scheme of v=1(X).
Denote by v also the morphism of pairs v : (S’,X') — (S, X). Denote by u : ¥’ — ¥ the restriction
of v to ¥'. Denote by ¢’ : ¥’ — X the composition ¢ = g o u. Denote by ¢’ the prestable map
(X,¢ : ¥ — X). Denote by T' C ¥’ the closed (not necessarily connected) subcurve which is the
union of all irreducible components other than E, and denote D = ENT.

Definition 3.10. (i) The morphism of pairs is Type Ia if s € ¥ is a smooth point that lies on

a stable component.

(ii) The morphism of pairs is Type Ib if s € ¥ is a smooth point that lies on an unstable
component.

(iii) The morphism of pairs is Type I if it is Type Ia or Type Ib.

(iv) The morphism of pairs is Type Ila if s € ¥ is a node, and there exists a first order defor-
mation of ¢ that smoothes the node s (to first order).

(v) The morphism of pairs is Type IIb if s € 3 is a node, and there is no first order deformation
of ¢ that smoothes the node s (to first order).

(vi) The morphism of pairs is Type IT if it is Type ITa or Type IIb.

If v is Type I, then v*¥ = ¥’ as Cartier divisors. If v is Type II, then v*¥X = ¥’ + E as Cartier
divisors.
Lemma 3.11. For every integer k the pullback morphism of sheaf hypercohomology groups, H* (3, LZ) —
Hk(Z’,]Lu*LZ/), s an isomorphism.

Proof. Of course v,0gs = Og and RFv,0s = {0} if & > 0. Also v.(Og/(E)) = Og and
RFv,(0g/(E)) = {0} for k > 0. If v is Type I then Og/(-Y') = v*Os(-%), and if v is Type
IT then Og (=Y') = v*O5(—X) ®o,, Os/(E). For both types, the projection formula implies that
0.(O0g/(=%")) = Og(—X) and R*v,(Og (-%")) = {0} for k > 0.
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Associated to the short exact sequence of coherent Og/-modules,
0 —— Og(-Y) —— Oy Osy 0,

there is a long exact sequence of higher direct images R*v,, and the higher direct images of Qg
and Og/(—Y') have just been computed. The conclusion is that u.Oss = Ox and RFu,Os = {0}
for k > 0. In other words, the canonical morphism of complexes of coherent Ox-modules, Ox[0] —
Ru, Oy, is a quasi-isomorphism. From this and the projection formula, it follows that the canonical
morphism

Licq) = RusLu” (L )
is a quasi-isomorphism. Therefore the pullback morphisms
H* (S, LY) — HF (X', Lu*LY)
are isomorphisms. O

There is a canonical map of coherent sheaves Og/(¥') — v*Og(X). It is an isomorphism if v
is Type I, and is injective with cokernel v*Og(X) ®o,, Of if v is Type IL. If v is Type II, then
v*0x(X) ®o, Op =2 M ®c O where M = Og(X)|s is a one-dimensional vector space. If v is Type
I, the canonical morphism N ;) — u* N ;) is an isomorphism. If v is Type II, there is an exact
sequence:

0— M ®c TOT?S/(OZ/7 Og) — Neriny — U*N(C,i) — M ®c Og — 0
Lemma 3.12. Let NE/S/ denote the conormal sheaf of E C S’. There is a canonical isomorphism
TOT?S’ (OZ/’ OE) = Ng/s, ®0E OE(—D)
Proof. There is an Og/-flat resolution of Op,
0 —— Og/(—FE) —— Og Og 0.
Tensoring this resolution with Oy over Og/ gives a canonical isomorphism,
TOT?S,(OE/, OE) ~7r ®@S, OS/(fE) = N%/S’ R0 OE(fD)
where Zp C Osy is the ideal sheaf of I' C ¥'. O

In particular, if v is Type II there is an exact sequence:
0— M ®c NE/S' ®oy Op(=D) — N iy — u* Ny — M &c Op — 0.
Lemma 3.13. There is a long exact sequence,
0 — Tg(—D) — (i")*"Ts L w*i*Ts — Ty ®0, Ngg — 0.
(Both if v is Type I and if v is Type II.)

Proof. For both types, there is a short exact sequence of coherent Og/-modules

(dv)f

0 —— ’U*QS QS/ QE — 0.

There is an associated long exact sequence of higher derived functors of Homo,, (-, Os/), part of
which is the short exact sequence,

0 Ts: vy — Ext}gsl (QE, OS/) — 0.
The resolution of O from the proof of Lemma [3.12] gives a canonical isomorphism,
Exty_,(Op,0g/) = N /g,

where Ng /g is the dual of Ny, ez So the previous exact sequence is,

0 Ts: v*Tg T Koy NE/S” — 0
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Of course TE®o, Ng/g is alocally free Og-module; in particular, we have a canonical isomorphism,
Oy ~ Oy
TOT‘l s (Ogl,TE Rog NE/S’) = TOT‘l s (Ogl,OE) Rog Tk Koy NE'/S/-
Tensoring the short exact sequence above with Oy over Ogs and using Lemma [3.12] produces the
exact sequence,
0—Tg(—D) — (i/)*TS/ LN w'i*Ts — Tg Qo NE/S/ — 0.
O

The maps N/ 1y — u*Nc ;) and (i')*Ts: — u*i*Ts are compatible with a](L ) and u*a& o So

¢
there is an induced map of complexes L(VC, " = u*LE/C o
Notation 3.14. (i) Denote by du : LE/C’ " = h*L(V< ;) the induced map of complexes.
(ii) Denote by Image(du) — u*L(VC ;) the image of du in the Abelian category of complexes of
coherent Osy-modules.

(iii) If v is Type I, denote K; = Tg(—D)[0] and Q; = (TE ®op NE/S’) [0].
(iv) If v is Type II, denote
Ki = Tu(=D)0& (M 9c Ny,q (=D)) [-1]
Qir = (Te ®ogz Ngjsr)[0] @ (M ®@c Op) [—1]

Lemma 3.15. Both if v is Type I and if v is Type 11, there are short exact sequences of complexes
of coherent Ox-modules,

0 —— K e L(VC, i) g, Image(du) —— 0
0 —— Image(du) —— u*L{ —— Q — 0

Proof. If v is Type 1, there is a commutative diagram with exact rows,

L(VC' i -, u*Ly,

(¢,9)
0 — TE(—D) — (i/)*TS/ M u*i*Tg — TE ®(9E NE/S/ — 0
! !
Nein = h*Ne
The middle two columns of this diagram give du : LE/C’,Z”) — U*LE/CJ)' By inspection the kernel of
du is K7 and the cokernel of du is Q;.

If v is Type II, there is a commutative diagram with exact rows,
\ du *TV
Liciny = Wl
-/ * (i’)*d'u * ok
0 — Tr(—D) — (")'Tsy ——— uw'i'Ts — Tgp®o, Ng/s+ — 0

1 !
0 — M®CN2€//S/(_D) — N(C’,i’) — U*N(Cvi) — M ®¢ Op — 0

The middle two columns of this diagram give du : L(VC,’Z.,) — U*LE/C,Z')'

The claim is that the induced map of kernels, Tg(—D) — M ®c N}, / g/ (=D), is zero, and the

induced map of cokernels, Te ®o, Ng/g0 — M ®c O is zero. To see this, observe that in each
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map, the domain and target are locally free sheaves on E. So each map is really a section of a
Homeo,, (-, -) sheaf. Up to canonical isomorphisms, the sheaf in both cases is simply

HOmOE(TE,M ®(C NE/S’) =M ®C Q2S’ ®05 OE

Identifying E with P', there are isomorphisms Ng g = Og(—1) and Op(Kg) = Op(—2). By
the adjunction formula for divisors on surfaces Q%, ®os Op = Og/(Kg') ®0, Op is isomorphic to
Op(KEg) ®op N}J//SM ie, Q% ®os Op 2 Op(—2+1) = Og(—1). Since this sheaf has no nonzero
global sections, both the induced maps are zero. Therefore the kernel of du is K;; and cokernel of
du is Q]]. O

Assume first that v is Type 1. Since Tr(—D) = Og(1), HY (X', K;) = H°(E,Tg(—D)) is 2-
dimensional, and dimH!(X, K;) = 0 for i # 0. Similarly H°(X',Q;) = H(E,Tg(E)) is 2-
dimensional and dimH*(%’,@Q;) = 0 for i > 0. Therefore there is a long exact sequence of hy-
percohomology groups:

0 — H(E,Tp(—-D)) —» H (X, Ly 1) = HO(Z, L ) — - -

- — H(E,Tg ®0, Ngys') = H (X, L y) = HY(S, L ;) — 0

0 — H* (X, Ly ) = HA(S, L 5y) — 0

Lemma 3.16. If v is Type la then there are exact sequences,

0 — HY(E,Tp(-D)) — H (X', L{s i) — H (S, L 5y) — 0,

0— H(E,Tg ®0, Ngjs) = H' (X', Lz 1) = H (Z, L ) = 0,

0 — H(X, Lz ) — HA(S, L 5y) — 0.
In other words, the canonical map from the space of infinitesimal automorphisms of ' to the space
of infinitesimal automorphisms of { is surjective with 2-dimensional kernel, the canonical map from

the space of first order deformations of ¢’ to the space of first order deformations of ( is surjective
with 2-dimensional kernel, and the obstruction space of (' equals the obstruction space of .

Proof. The only claim that doesn’t follow from the long exact sequence of cohomology is that
HO(Z/’LE/(',i')) — HO(E,L(VC)i)) is surjective. Since the irreducible component ¥; C ¥ containing
s is stable, Lemma states that every infinitesimal automorphism of ¢ vanishes on ¥;. The
infinitesimal automorphisms of ¢ that vanish at s are the same as the infinitesimal automorphisms of
¢’ that vanish on E. Therefore every infinitesimal automorphism of ¢ is the image of an infinitesimal
automorphism of ¢’ that vanishes on E. O

Let v be a morphism of Type Ib. Let ¥; C ¥ denote the unstable component containing s. Let
N denote the 1-dimensional vector space Oy, ®oy, Os.

Lemma 3.17. If v is Type Ib then there are exact sequences,
0— H(E,Tg(-D)) = H (X', L 4y) = H (S, Lz ) = N — 0

0— HY(E,Tg ®0, Ngjs')/N — H (X', L{es iy) = H (S, L ) = 0

0— H2(E/,Lz/c/7l’/)) - H2(Z’ LE%,Z)) —0

In other words, the canonical map from the space of infinitesimal automorphisms of ¢’ to the space
of infinitesimal automorphisms of ( has a 2-dimensional kernel and a 1-dimensional cokernel, the
canonical map from the space of first order deformations of (' to the space of first order deformations
of € is surjective with 1-dimensional kernel, and the obstruction space of (' equals the obstruction

space of C.
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Proof. As in Lemma [3.16] the only claim that doesn’t follow from the long exact sequence of
cohomology is that the cokernel of du : HO(E/’LE/C,@/)) — HO(Z,LE/M)) is N. Let ¥} C X' denote
the strict transform of ; Z} is canonically isomorphic to ;. Composing du with the restriction
map H° (Z’LE/CJ)) — H%(X;,0y,) gives a map which is canonically isomorphic to the restriction
map H° (X', LE/C’,Z")) — HO(Z;», 929 ). By Lemma every infinitesimal automorphism of ¢’ restricts
to an infinitesimal automorphism of Z;» that vanishes at s. On the other hand, the infinitesimal
automorphisms of ¢ that vanish at s are the same as the infinitesimal automorphisms of ¢’ that
vanish on E. Hence the image of du is precisely the subspace of infinitesimal automorphisms of ¢
that vanish at s.

Since ¥; is unstable, either ¥ = ¥; is a curve of arithmetic genus 1 with no markings and g is
constant, or 3; is a smooth curve of genus 0 containing at most 2 marked points and nodes of ¥
and g|x; is constant. In each case, it is easy to see that there is an infinitesimal automorphism of
Y; that vanishes at all marked points and nodes of ¥ and that does not vanish at s. By Lemma
this infinitesimal automorphism of 3; is the image of an infinitesimal automorphism of ¢, i.e., there
exists an infinitesimal automorphism of ¢ that does not vanish at s. Therefore the cokernel of du is
N. O

Assume next that v is Type II. Because the divisor D C FE has degree 2, the Og-module
Ng/s,(—D) is isomorphic to Op(—1). Since h°(E,0p(-1)) = hY(E,0p(-1)) = 0, the term
M ®c Ng/s,(—D)[—l] in K7 does not contribute to the hypercohomology; i.e., the hypercoho-
mology of Ky is the sheaf cohomology of Tr(—D). The Og-module Tr(—D) is isomorphic to Og;
hence h°(E,Tg(—D)) = 1 and h'(E,Tg(—D)) = 0. Therefore dimH° (X', K;7) = H*(E, Tg(—D))
is 1-dimensional, and dimH*(X%’, K;;) = 0 for k # 1.

For Q11 both Tg ®o, Ng,g/[0] and M ®c Og[—1] contribute to the hypercohomology. The Op-
module T ®0, Ng /g is isomorphic to Og(1). Hence HY(X, Q1) = HY(E, Tg(F)) is 2-dimensional,
HY (Y, Qrr) = M is 1-dimensional (recall M = Og(X)[s), and dimH* (X', Qr7) = 0 for k # 0, 1.
Therefore there is a long exact sequence in hypercohomology:

0— HO(E7TE(—D)> — HO(E/, LE/C';i’)) — HO(E’LE/CJ)) — ...

N HO(E,TE R0y NE/S’) — HI(E/’LE/C’,Z”)) — Hl(E’LE/C,i)) — ...

= M = B (Y, L ) — BA(E, L)) — 0

Every infinitesimal automorphism of ¢ vanishes at s. So the infinitesimal automorphisms of ¢ are
the same as the infinitesimal automorphisms of ¢’ that vanish on E. In particular, H°(X/, L(VC, i,)) —

HO (3, L{¢ ;) is surjective. The map H(%, Lt ) = Os(2)[s is nonzero iff there are deformations
of ¢ that smooth the node s to first order. This proves the following two lemmas, which are stated

separately for notational convenience.

Lemma 3.18. Ifv is Type Ila then there are exact sequences,

0— HY(E,Tp(—-D)) = H (X, L 1) = HO(Z, L ;) = 0 (2)
0— HO(EaTE ®op NE/S’) - Hl(zleE/(/,i/)) - Hl(EaLE/Q,i)) - OS(E”S —0 (3)
0— H* (X, Ly o)) = HA(Z, L ) — 0 (4)

In other words, the canonical map from the space of infinitesimal automorphisms of ' to the space
of infinitesimal automorphisms of ( is surjective with a 1-dimensional kernel, the canonical map
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from the space of first order deformations of (' to the space of first order deformations of ¢ has
a 2-dimensional kernel and a 1-dimensional cokernel, and the obstruction space to (' equals the
obstruction space to (.

Lemma 3.19. Ifv is Type 1Ib then there are exact sequences,

0 — H(E,Tp(~D)) — H(X', L, 1) — H(3, L ) = 0 (5)
0— HY(E,Tg ®0, Ngss) = H' (2, L 1)) = HH (S, L ;) — 0 (6)
0— Os(2)]s = B (X, L i1y) — H(Z, L ;) — 0. (7)

In other words, the canonical map from the space of infinitesimal automorphisms of (' to the space of
infinitesimal automorphisms of ¢ is surjective with a 1-dimensional kernel, the canonical map from
the space of first order deformations of ¢’ to the space of first order deformations of ( is surjective
with 1-dimensional kernel, and the map from the obstruction space of ¢’ to the obstruction space of
¢ is surjective and has a 1-dimensional kernel.

Finally, assume that u : ¥’ — X is a Type III elementary morphism, i.e., u is the identity map,
but there is one marked point ¢’ € ¥’ that is not in X.

Definition 3.20. Let u: ¥’ — ¥ be a Type III elementary morphism.

(i) The morphism w is Type IIla if o/ € ¥ lies on an unstable component.
(ii) The morphism w is Type IIIb if o' € ¥ lies on a stable component.

In both cases, there is a canonical short exact sequence of complexes:

0 LC LC/ QE(O'/) ®O>: Oo'/ [0] — 0

Of course EX’E%QE (Qs(0")®0x Oy, Ox) is canonically isomorphic to Tx®oy, O, and dimIExt’éE (Qs(0)®oy
O,,05) =0 for k # 1. In particular, there is an induced map

Ext®, (Le, Ox) — Ts @0y Oy

This map is zero iff ¢’ lies on a stable component of (. Combined with the long exact sequence
of hypercohomology associated to the short exact sequences, this proves the following two lemmas,
which are stated separately for notational convenience.

Lemma 3.21. Ifu:Y — X is Type Illa then there are exact sequences,
0— Ext%z/ (LC" 021) — E:Et%z (Lc, Oz) — Tx RO Oy — 0
0— Extézl (LC'V 02/) — E.’L'té)z (LC7 Oz) — 0
0— EII%Z/ (LC/7 Og/) — E:L’t?gz (Lc, Og) —0

In other words, the space of infinitesimal automorphisms of (' maps isomorphically to a codimen-
sion 1 linear subspace of the space of infinitesimal automorphisms of , the space of first order
deformations of (' equals the space of first order deformations of ¢, and the obstruction space of '
equals the obstruction space of C.

Lemma 3.22. Ifu:Y — X is Type IIIb then there are exact sequences,
0 — Eatyr , (L, Ox) — Bty (L¢, Os) — 0
0 — Ty @0y Ogr — Eaty_, (L¢r, Oxr) — Eatp, (Le, Os) — 0
0 — Eatg, (Lo, Osy) — Eatgy, (L¢, Ox) — 0
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In other words, the space of infinitesimal automorphisms of ¢’ equals the space of infinitesimal
automorphisms of (, the canonical map from the space of first order deformations of (' to the space
of first order deformations of  is surjective with 1-dimensional kernel, and the obstruction space of
¢’ equals the obstruction space of ¢'.

Taken together, Lemma through Lemma describe the canonical maps Ext’ézl (L¢r, Osy) —

]Ex‘u’éE (L¢, Os;) for any morphism w : ¥’ — 3 that removes a subset of marked points from ¥’ and
then contracts a subset of the unstable components.

3.2. Gluing stable maps. Let 7 be a stable A-graph, not necessarily of genus 0. To describe the
analogue of Lemma a more precise description of the stack M(X,7) is needed. Let B be a
scheme. A l-morphism ¢ : B — M(X,7) is equivalent to a pair (,$) consisting of a family of
r-pointed stable maps,

(=(p:X— B,o1,...,0.),9: 2 — X),

along with a natural assignment to each geometric point b € B of a contraction of stable A-graphs
oy : 7(¢p) — 7. The graph 7((p) is the stable A-graph of ((Xp,01(b),...,0.(b)),g5). A contraction
of stable A-graphs, ¢ : 7/ — 7 is a map that contracts subgraphs of 7/ to vertices of 7, cf. [B]
Def. 1.8]. Geometrically the vertices of 7 give a decomposition of ¥} into connected subcurves.
The main example of a contraction of stable A-graphs comes from a family of stable maps over a
discrete valuation ring, ¢ : Spec R — M, (X, e). Let (o denote the fiber over the geometric closed
point of R and let (; denote the fiber over the geometric generic point of R. There is a canonical
contraction ¢ gy : 7(¢o) — 7((,); a vertex of 7((p) corresponding to an irreducible component
Yo,; C Xp maps to a vertex of 7((,) corresponding to an irreducible component of ¥, , C %, iff
Yo,; is in the closure of X, ;. The assignment ¢ from above is called natural if it is compatible
with the action of the Galois group of k(b) and for each map from a discrete valuation ring to B,
p: Spec R — B, the contractions ¢,) and ¢,,) commute with the contraction ¢,«¢ r.

Notation 3.23. Associated to each edge e = {f1, fo} of 7, there is a section o, : B — ¥ such that for
each geometric point b € B, o.(b) € ¥ is a node. Denote by N, the pullback U:ExtéE(Qp(ol(B) +
-+-+0,(B)),0x). Denote by N, the direct sum ®.N, where e ranges over all edges of 7.

Definition 3.24. Let T be a scheme. Let C be a complex of coherent sheaves on T and let n be
an integer. The good (< r)-truncation, C<", is the complex of coherent sheaves on T,

Cc* k<r,
(C=")F = ¢ Ker(d :C" —C"™) k=,
{0} k>r

The differentials on C<" are the obvious ones. The association C' + C'S" defines a functor on the
category of complexes of coherent sheaves on 7. This functor takes quasi-isomorphisms to quasi-
isomorphisms and sends null-homotopic maps to null-homotopic maps, thus it induces a well-defined
functor on the derived category of coherent sheaves on T'. There is a natural transformation to the
identity functor, C<" — C.

The Op-module N, is invertible and the localization of Exty,(Q,(01(B)+- - +0,(B)), Ox) along
o¢(B) is canonically isomorphic to (o)« Ne. By construction there is a map of complexes of coherent
Os-modules, L{ — RHomoy, (Qp(01(B)+- - +0.(B)),Ox). Forall k > 1, Ext’éB (Qp(o1(B)+---+
0.(B)),0p) = {0}. So the complex is quasi-isomorphic to its (< 1)-good truncation,

qgism

R Homog, (Q,(01(B) + -+ + 0,.(B)), Os) —— RHomog, (Qy(a1(B) + - -+ + 0,.(B)), Ox).
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Notation 3.25. After replacing LZ by a quasi-isomorphic complex, there is a morphism of com-
plexes denoted a(cry : LY — R='Homoy (Qp(01(B) + -+ + 0,(B)),0x) factoring the original
morphism. There is a map of complexes of Ox-modules denoted

bc.ry : RS Homoy, (Q(01(B) + -+ + 0.(B)), Ox) — Exty (Q(01(B) + -+ + 0,.(B)), Ox)[-1].
Denote by,
eyt Brty (Qp(a1(B) + -+ + 0,(B), Ox); — Eaty (Qp(01(B) + -+ - + ,(B)), Ox),

the kernel of],
Eath, (Q(01(B) + -+ + 0.(B)),Ox) — @(0) N..

Denote by
d(¢.r) : RS Homog (Qy(01(B) + -+ + 0,(B)), Os), — RE Homo (2 (01(B) + - - + 0,(B)), Ox),
the fiber product of b ;) and ¢(¢ ;). Denote by,
e Lien = L
the fiber product of a(¢ ) and d¢ ;).

Let |7| denote the underlying modular graph of 7, i.e., the graph of 7 along with the genus
function on vertices, but without the degree functon on vertices, cf. [5]. There is a (highly non-
separated) Artin stack of |7|-prestable curves, 9(|7|), and a 1-morphism M(X,7) — 9MM(|7]). The
relative obstruction theory for this 1-morphism is described in [3]. From this the absolute obstruction
theory of M(X, 1) readily follows.

Lemma 3.26. Let X be a smooth quasi-projective scheme. Let T be a stable A-graph. Let
C=((p: 2= M(X,7),01,...,0.),9: % — X)

denote the universal family of stable maps over M(X, 7). There exists an obstruction theory for
M(X,7) in the sense of [4, Def. 4.4] of the form

Vv
(R (L)1) = Lxgn):

This obstruction theory is perfect, and there is a distinguished triangle in the derived category of
complexes of coherent OW(X,T)—modules,

Rp.(LY,))[1] —— Rp.(LY)[1] N, Rp.(LY,)[2].

Remark 3.27. The definition of LE/C ) seems very complicated, but in fact it is quite simple. Let

((%,01,...,04),9) be a stable 7-map. Let i : ¥ — S be a closed immersion from ¥ to a smooth
surface S. Let N; denote the normal sheaf of . The complex LZ is quasi-isomorphic to the complex
L{: ;- There is a surjective map Ni¢;) — Ni(01(B) + -+ + 0,(B)). Define Ni¢; ) C Nic,s to be
the subsheaf which is the inverse image of Z - N;(01(B) + - - + 0,(B)) C N;(01(B) + - - - + 0.(B)),
where 7 is the ideal sheaf of Ucoe. Then e ry : LE/C n LZ is quasi-isomorphic to the following

map of complexes.
0 1

LE/CaivT) 1i*Ts(01(B) + -+ 0,(B)) —— N¢in

wo| | 1

LE/CJ) . i*TS(U1(B)+"'+U7~(B)) _— (C;i)
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Let € = {f1, fo} is a disconnecting edge of 7. Let 71 C 7 be the maximal connected subgraph
which contains f; and not f,, and let 75 C 7 be the maximal connected subgraph which contains fo
and not fi. There are “forgetful” 1-morphisms F; : M(X,7) — M(X,7;) fori = 1,2. Let z: (¢, 9)
be a map in M(X,7;), where ¢ = ((3,01,...,0,),9). Let 0. € ¥ be the node corresponding to e.
Let ¢ = ((i,¢i) € M(X,7;) be the image Fy(C). Denote ¢; = ((%i,04,00---,0ir;),9;) for i = 1,2
where 0; o € ¥; is the point corresponding to the flag f; of 7;, i.e., 050 = 0.

Lemma 3.28. If
(i) the dimension of the obstruction group of M(X, ;) at El 1s0,1=1,2, and

(ii) the evaluation morphism evy, : M(X, 1) — X is smooth at (1,
then the dimension of the obstruction group of M(X, 1) at Z s 0, and there is a short exact sequence,

0 —— (G Tery,, — (7 — G — 0,

Uy TH(X,T) TH(X,TQ)

where Ty, is the dual of the sheaf of relative differentials of evy, .

Proof. The proof follows from the fact that M(X, ) is an open substack of the 2-fibered product:

M(X, Tl) ><evh,X,er2 M(X7 TZ)~
U

Let ¢ : 7 — 7/ be the minimal contraction of stable A-graphs that contracts the edge {f1, f2}.
The induced 1-morphism,

M(X, ) : M(X,7) = M(X, T,
is unramified and the image has codimension at most 1. In some circumstances, this morphism is
the normalization of a Cartier divisor.
Lemma 3.29. If

(i) 7 has genus 0,
(ii) the dimension of the obstruction group of M(X,m2) at (3 is 0, and
(iii) the Ogx,-module giTx is generated by global sections,

then the dimension of the obstruction group of M(X,7") at M(X, ¢)(() is 0, the irreducible compo-
nent of M(X,T) containing ( maps to a Cartier divisor under M(X, ¢), and there is a short exact
sequence,

0 —— Tﬂ(X,T)'Z - TH(X,T’)‘E - ®Z1|U1,0 ®622|02,0 — 0.
Proof. There is a short exact sequence of complexes,

0 —— LE(0'1+~~~+O'T) LC g*Qx[l] B — 0,

that gives rise to a long exact sequence in hypercohomology, part of which is,
H(E, 1Y) — HY(S, L ({01 + -+ + 0,)) = H'(S,¢"Tx) — BX(S, LY) 0.

The goal is to prove that dimH?(%, L)) = 0, i.e., that H' (%, LY (—(01 +--- +0,))) — H' (%, 9" Tx)
is surjective. After replacing Ly and L¢ by quasi-isomorphic complexes of locally free Osx-modules,
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there is a diagram of distinguished triangles of coherent Op-modules,

Lz(Ul-i-"'—‘rO'T) — LC —
! !
LZ(Ul +eee UT) Qo5 022 - LC ®0os 022 -

— g*QX[l] — LE(01+"'+UT>[_1]
! l :
— ¢"Qx ®o; Os,[1] — Ls(o1 4+ 0r) ®oy, Os,[—1]
that gives rise to a commutative diagram of exact sequences in hypercohomology,
HY(S, Ly (=(o1 + - + 0v))) — H' (2, 9*Tx)
1 1 ,
Hl(zvl’%(_(al +ot UT)) ®ox 022) - Hl(zvg*TX ®oyx 022)
To prove the top horizontal arrow is surjective, it suffices to prove

(i) the left vertical arrow is surjective,
(ii) the right vertical arrow is an isomorphism, and
(iii) the bottom vertical arrow is surjective.

Let S be a smooth surface, and let i : ¥ — S be an unramified morphism. Then Ly(—(o1+-- -+
o)) is represented in the derived category of coherent sheaves by the complex

0 1

LY (~on 4 0.)) 4 T5(~(01 +++ 4 0,) 2 Ni—(o1 ++++ ).

Let K denote the kernel of ﬂj and let () denote the cokernel of 5: . The sheaf K is torsion-free and
is locally free of rank 1 on a dense open subset of 3. The sheaf @ is torsion. There is a short exact
sequence of complexes

0 —— K[o) —— Ly(~(01++0,)) —— Q1] —— 0,
This gives rise to a long exact sequence in hypercohomology, part of which is
HY (S, K) —— HYS, LY (=(o1+ -+ +0,)) —— HYZ,Q) —— 0.

Let K’ denote the kernel of ﬂg ®oy Os, and let @' denote the cokernel. There are induced maps
of coherent sheaves on X, K — K’ and Q — @Q’. These maps give rise to a commutative diagram
with exact rows,

HY(S,K) —— HY(S, LY (= (o1 + -+ + ov)) — H(%,Q) —— 0

l | l

Hl(ZaKl) - Hl(EvLy(i(O—l +oeet JT) X0 022) - HO(Z’Q,) — 0.
Now @ — @’ is a surjective map of torsion sheaves, so the map on the right is surjective. And the
cokernel of K — K’ is torsion, and hence the map on the left is surjective. Therefore the map in
the middle is surjective, i.e., (i) holds.

There is a short exact sequence of Og-modules,

0 —— (1) Tx(—010) —— ¢g*Tx —— ¢"'Tx ®oy O, —— 0
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By hypothesis (g1)*Tx is generated by global sections, hence h'(X1,(g1)*Tx(—01,0)) = 0 by
Lemma Therefore H(X, g*Tx) — H' (2, ¢*Tx ®0y Os,) is an isomorphism, i.e., (ii) is true.

Denote by j : X9 — ¥ the canonical closed immersion. There is a morphism of complexes of
Os-modules,
-1 0

da)T
LCS g*Qx & QE(O'l—F"'—FO'T)

| Jr

. . j«(dg2)t .
JeLe, 15 (92)" Qx M’ Qs (o204 +02,4,)

By adjunction, there is a morphism of complexes of Os,-modules, L¢ ®py, Os, — L¢,. So there is
a commutative diagram in hypercohomology

H' (22, L, (= (01 + -+ + 07)) —— H'(32,(92)"Tx)

| l

H' (39, LY (= (020 + - - + 02,1)) R0y, Ox,) —— H'(32,5%9*Tx)

Of course (g2)*Tx = j*¢*Tx, so H'(Zq,(92)*Tx) — H(32,7*g*Tx) is an isomorphism. By
hypothesis, the obstruction group of (o vanishes, hence H'(Xy, Ly, (—(02,0 4 -+ + 02,,))) —
H1(3, (92)*Tx) is surjective. Therefore also H! (g, L (— (014 - +0,))®05 Os,) — HY (X2, 5% 9" Tx)
is surjective. This proves (iii). Therefore the dimension of the obstruction group of M(X,7') at

M(X, ¢)(C) is 0.

Because the obstruction groups of M(X,7) and M(X,7’) both vanish, each stack is smooth
of the expected dimension at Z . The expected dimension of M(X,7) is 1 less than the expected
dimension of M(X,7’), because T has one extra edge (before stabilization). Therefore the image of
the irreducible component of M(X, 7) containing ¢ is a Cartier divisor in M(X,7’).

Finally, the short exact sequence follows from the 2-Cartesian diagram of Artin stacks,

M(X,$)
_

M(X,T) M(X, ")
m(r) LD (),

The image of M(|¢|) is a Cartier divisor. Because the image of M(X, ¢) is a Cartier divisor, the
normal bundle of M(X,¢) is simply the pullback of the normal bundle of 9(|¢|), which is the

bundle whose fiber at ( is the space of first-order deformations of the node o, € .. It is well-known
that this space is canonically isomorphic to Oz, |5, , ® O%, sy - O

Remark 3.30. There is a relative version of Lemma Let B be a scheme and let E: (¢, 0) be
a family of 7-maps over B. If for every geometric point b € B, the map Zb satisfies the hypotheses
of Lemma then the obstruction group of M(X, o) at Zb vanishes, the image of M(X,7) in
M(X,7') is a Cartier divisor, and there exists a short exact sequence of locally free Opg-modules,

0 —— Txixry — CTrxy — 91,09%/8 ®0op 03,005,/ — 0.
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4. CONDITIONS ON FAMILIES OF STABLE MAPS

This section defines and proves basic results about the many conditions discussed in Subsec-
tion [1.2] Because of the process of modification given in the next section, it is necessary to work
with families of stable maps that are parametrized by reducible curves of genus 0. This is the setting
in which all definitions are made.

Let ( =((2,01,...,0.),9: % — X) be an r-pointed genus 0 stable map to X.
Definition 4.1. The stable map ¢ is very stable if the prestable map (X, g : B — X) is stable.

Let X be a quasi-projective scheme. Let B be a scheme. Let ( : B — Mg’T(X, e) be a 1-
morphism.

Notation 4.2. The 1-morphism ¢ : B — M, (X, e) consists of a datum,
¢=((pc: B¢ = Bioay--0(¢m) 9¢: 8 — X),

where

(1) pe: X¢ — B is a proper, flat family of connected prestable curves of arithmetic genus g,
(ii) o,y : B — ¥¢,i=1,...,7is a collection of everywhere disjoint sections with image in the
smooth locus of p¢, and
(iii) g¢ : ¥¢ — X is a morphism of schemes,
that satisfies the stability condition in Definition Denote by h¢; : B — X the composition
gc © o (c.i)- When there is no risk of confusion, the subscript ¢ will be omitted.

Let X be a smooth, quasi-projective variety. Let m : B — T be a proper, flat family of connected
prestable curves of arithmetic genus 0. Let ¢ : B — M 1(X, 1) be a 1-morphism ((p : & — B, o), f :
¥ — X).

Definition 4.3. The l-morphism ¢ : B — Mg 1(X, 1) is twisting (vesp. very twisting) if,
(i) (m: B = T,h : B — X) is a family of stable maps to X, i.e., a l-morphism § : T —

Mo o(X,e) for some e > 0,

(ii) the dimension of the obstruction group of My o(X,e) at each point of £(T) is 0,

(iii) the dimension of the relative obstruction group of the evaluation morphism ev : Mg 1(X,1) —
X at each point of ((T") is 0,

(iv) denoting by T, the dual of the sheaf of relative differentials Qcy, the pullback (*Ty, is
w-relatively generated by global sections (resp. m-relatively deformation ample), and

(v) denoting by pr : Mg 1(X,1) — Mpo(X,1) the projection map, and denoting by T}, the
dual of the sheaf of relative differentials ., the pullback (*Ty, is m-relatively generated by
global sections, i.e., the line bundle 0*Ox (o (B)) is m-relatively generated by global sections.

Remark 4.4.

(1) The sheaf (*T},, is canonically isomorphic to c*Ox(c(B)).

(ii) The product morphism (p,g) : ¥ — B x X is a closed immersion whose ideal sheaf is
everywhere locally defined by a regular sequence, i.e., it is a regular embedding. Denote by
N the normal bundle of this regular embedding. Then (iii) of Definition is equivalent
to the condition that R'p. (M(—c(B))) = {0}. Under this hypothesis, (*T,, is canonically
isomorphic to p, (N(—o(B))).

(iii) Condition (ii) is superfluous. Since the prestable family of maps (7 : B — T,£ : B — X) is
stable, also (7 : B — T,(: B — M, 1(X, 1)) is stable by Lemmah (i).

(iv) The conditions in Definition impose some restrictions on the degrees of the locally free

sheaves involved. By [19, Lem. 2.2.2], the total degree of 0*Ox(c(B)) is simply § = 2e — ¢’
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where e is the degree of h : B — PV and ¢’ is the degree of f : ¥ — PN, If ( is twisting
then 2e > €.

Let B be a prestable, connected curve of arithmetic genus 0. Let By, By C B be connected
subcurves of B such that By N By = {q} is a single node, and B = By UB;. Let ( : B — Mg 1(X, 1)
be a 1-morphism.

Lemma 4.5. If(|p, : Bi — Mo 1(X,1) is twisting for i = 1,2, then ( is twisting. If both (1, (s are
twisting, and if at least one of them is very twisting, then ( is very twisting.

Proof. This follows from Lemma [2.11 O

Let m : B — T be a proper, flat family of connected, prestable curves of arithmetic genus O.
Let ¢ : B — Mo 1(X,1) be a I-morphism. For every morphism of schemes g : 7" — T, denote by
7+ By — T’ the base-change of 7 by g, and denote by (7 : Bys — My 1(X, 1) the composition
of BT/ — B with C

Lemma 4.6. There is an open subscheme Upyise C T (resp. Uppwist C T') with the following
property: for every morphism of schemes g : T — T, the pullback family wp: : By — T and
Cre 2 By — Moa(X, 1) is twisting (resp. very twisting) iff g(T") C Upwist (resp. f(T") C Uptwist)-

Proof. By [3l, Lemma 1] there is an open subscheme U; C T with the property that for every
morphism g, (7gs : By — T, hyr : Byr — X)) is a family of stable maps iff g(T") C U;. For every
morphism g such that (7 is twisting, g(T”) C U;. Hence the lemma for {y;, implies the lemma for
(. After replacing T' by Uj, the morphism h : B — X is a family of stable maps over T, i.e., a
1-morphism ¢ : T — M (X, e) for some integer e.

Because 7 has relative dimension 1, the cohomology sheaf H*(Rm.(L))) = {0} for k > 2. By
cohomology and base change, for every geometric point ¢ of the support of the sheaf H'(Rm.(L))),
dimH! (Bt,L,\L/t) > 0, i.e. the obstruction group of & does not vanish. Therefore the dimension
of the obstruction group of Mg o(X,e) at each point of &/ (T”) is 0 iff g(T") is contained in the
complement of the support of H!(Rm,(L))). The complement of the support of this sheaf is an
open subset of T'. After replacing T by this open set, the dimension of the obstruction group of
Mo o(X,e) at each point of &(T) is 0.

For similar reasons, T' can be replaced by the complement of

7[Supp (R'p. (N (—a(B))))];
where N is as in (ii) of Remark After replacing T' by this open subset, for every g, {p satisfies
(i), (ii), and (iii) of Definition In order that (v) is satisfied, it is necessary and sufficient that
g(T") is contained in the complement of the support of the sheaf
Coker (r*m,0*Ox(0) — 0*Ox(0)) .

After replacing T by the complement of the support of this sheaf, for every g, (7 satisfies (i), (ii),
(iii) and (v) of Definition

Define Uyiyist to be the complement in T' of the image under 7 of the support of
Coker (T My Ty — (" Tov) -
For every morphism g, ((*Tey )7 is mrs-relatively generated by global sections iff g(T") C Uswist-
Therefore, for every morphism g, (7 is twisting iff g(7") C Uiwist- By Lemma there exists

an open subset Uytwist C T such that for every g, ((*Teoy )7 is mp-relatively deformation ample iff
g(T") C Uytwist- Therefore (7 is very twisting iff g(T") C Uytwist- O
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Let (m : B — T,h : B — X) be a family of genus 0 stable maps, i.e., a 1-morphism & : T —
Mo o(X,e) for some e > 0. For every morphism of schemes g : 77 — T, denote by 7y : By — 1"
the base-change of m by g, and denote by &7/ @ By — M(M(X7 1) the composition of By» — B with
&.

Definition 4.7. The family of stable maps £ : T — Mo o(X, €) is twistable (resp. very twistable)
if there exists a surjective étale morphism u : 7/ — T and a morphism ¢ : By» — Mg 1(X, 1) such
that £ = & and such that ¢ is twisting (resp. very twisting).

Proposition 4.8. There is an open subscheme Uy gpie C T (resp Uyt-apie C T) such that for every
morphism of schemes g : T' — T, &{rv is twistable (resp. very twistable) iff g(T") C Ut apie (resp.
g(T/) - U'Ut—able)-

Proof. Tt suffices to check that if ¢ € T is a geometric point such that h; : By — X is twistable
(resp. very twistable), then there is an étale neighborhood of t € T over which £ is twistable (resp.
very twistable). Denote by (; : By — My 1(X, 1) the twisting morphism. Consider M 1(X,1) as a

n(n 2
quasi-projective scheme via the Pliicker and Segre embeddings of G(1,n) x P — P C5E -1 Let
[ denote the degree of the stable map (;.

Define M = T x Mg o(Mo,1(X,1),0), i.e., M parametrizes pairs (s,() consisting of a point
s € T together with a genus 0 stable map ¢ : B — Mo 1(X, 1) of degree 3. Denote the universal
stable map over Mg o(Mo1(X,1),5) by

p:B— ﬂo,(@OJ(X, 1),8),
(:B— Mpi(X,1).

As in Notation let p : ¥ — B be the pullback by ¢ of the universal curve over Mg 1(X, 1), let
o : B — X be the pullback of the universal section, let g : 3 — X be the pullback of the universal
map, and let h = g o 0. This gives a family of prestable maps,

€= (p:B— Moo(Mo1(X,1),8),h:B— X). (8)

By [3, Lemma 1] there is a maximal open substack U, C Mo o(Mo.1(X, 1), 3) over which £ is stable
of degree e. By hypothesis, (¢,¢;) isin T X Ue..

Because (; is twisting, the hypotheses of Lemma (iii) are satisfied where f : X — Y cor-
responds to ev : Mp1(X,1) — X and where (¥,g9 : ¥ — X) corresponds to (B, (; : By —
Moy 1(X,1)). Therefore at the point (B, (; : By — Mo1(X, 1)), the stack U, is smooth and the
morphism E: U. — Mo,o(X, e) is smooth by the Jacobian criterion.

Consider the 1-morphism (17,&) : T — T x Mg (X, e). Denote by M the 2-fibered product of
the 1-morphism (17, &) and the 1-morphism (17, 5) : TxU, — TxMoo(X,e). The 2-fibered product
M is the stack whose objects are triples (¢,(,#) consisting of a point ¢ € T, an object ( : B —
Mop1(X,1) of U, and an equivalence 6 : & — ¢ of objects in the groupoid Mo o(X,e)(Spec (t)).
Because (17,€) is smooth at (¢, (By,¢;)), the projection pr, : M — T is smooth at (£, (By, ().
Hence there exists an étale 1-morphism f: M — M from a scheme M to M such that (¢, (B, (;))
is in the image of f and such that the composite morphism pry o f : M — T is smooth. By [G]
Prop. 2.2.14], there exists an étale morphism w : (T',¢') — (T,t) and a section z : T — M such
that f(z(t")) is (¢, (B, (;)). Denote by (pre : 7 — U, the composition pry o f o z.
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Denote by ¢ : B’ — Moy 1(X,1) the pullback by (pre : 77 — U, of the universal stable map.

By construction, £(¢) : B' — Mo o(X,e) is equivalent to u*¢ : u*B — Mo o(X,e). Hence, after
replacing T’ by a surjective, étale cover, B’ = u*B as T’-schemes, and E(g) = u*¢. The fiber
of ¢ : u*B — My 1(X,1) over every preimage of (t,(B;,(;)) is twisting. So by Lemma after
replacing 7" by a Zariski open subscheme whose image contains ¢, ¢ : u*B — My 1(X, 1) is twisting.
Similarly, if (¢, (By, (¢)) is very twisting, after replacing 7" by a Zariski open subscheme whose image
contains t, ¢ is very twisting. On the Zariski open subscheme of T that is the image of u : T" — T,

the family & : B — My (X, e) is twistable (resp. very twistable). O

Let
&=((m:B;—T,0;:T— B;),h;: B, — X),i=1,2,
be two families of 1-pointed stable maps such that h; o 01 = hg 0 09. Denote by
E=(m:B—T,h: B— X)

the family obtained by taking B to be the union of By and By where the section oy is identified
with the section 0.

Lemma 4.9. If for i = 1,2 the family of unpointed stable maps (w; : B; — T,h; : B; — X) is
twistable, and if for every geometric point t € T, the variety parametrizing free lines that contain
h(o(t)) is irreducible, then & is twistable. If also one of &1,&s is very twistable, then £ is very
twistable.

Proof. This follows from Lemma [£.5] First of all, using Proposition [{.8] it suffices to prove the
result when T" = Spec k for some algebraically closed field k.

For each of i = 1,2, let M; denote the 2-fibered product constructed in the proof of Proposi-
tion[d.§ i.e., the objectst of M; are pairs ((;, ;) consisting of a twisting family (resp. very twisting
family), ¢; : B; — Mo.1(X, 1), such that the induced map

G = ((Bi7ai)agi op;: B — X)

is stable, and an equivalence of objects, 0; : & — EZ Since each of ¢; is twistable, each of M; is
nonempty.

By the proof of Proposition each of M; is smooth. By the definition of twisting families, for

each ¢ = 1,2 the morphism
€; . Mz — ./\/1071(X, 1)7 Cz — Ci(o-i)

has image contained in the unobstructed locus of ev : My 1(X,1) — X. Let P C Mo 1(X, 1) denote
the preimage under ev of the point p = hq(01) = ha(03). The image of e; is contained in the smooth
locus of P. The claim is that e; : M; — P is smooth. The obstruction space at a point (; is a
quotient of the cohomology group H' (B, (;Tey(—0;)). By Definition (iv), ¢/ Tey is generated
by global sections. Hence, by Lemma (ii), this cohomology group is zero, and e; is smooth.

Since both e; : M; — P and ey : My — P are smooth, both have nonempty, open image
contained in the locus of free lines. By hypothesis, the open subset of P parametrizing free lines
is irreducible. Therefore the image of e; and the image of ey intersect. Choose a family (; € M1
and (o € My such that e;(¢1) = e2({2). Then (3 and (s can be glued to obtain a morphism
¢: B — Mo1(X,1) such that {|p, = (1 and (|, = (2. By Lemma ¢ is twisting. Moreover, if
one of (q, (s is very twisting, then ( is very twisting. And Z = £. Therefore £ is twistable, and it is
very twistable if one of &1, &, is very twistable. O
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Hypothesis 4.10. Let U C My 1(X, 1) denote the preimage of Uy aple C Mo (X, 1) under pr. The
evaluation morphism ev : U — X has Zariski dense image, i.e., a general point of X is contained in
a twistable line.

Let w: B — T be a family of prestable curves of arithmetic genus 0.

Definition 4.11. A l-morphism ¢ : B — Mo 1(X, e) is positive (resp. very positive) if
(i) (r: B— T,h: B — X) is a family of stable maps, i.e., a l-morphism & : T — My o(X,¢€)
for some € > 0, o
(ii) the dimension of the obstruction group of My ¢(X,¢€) is 0 at each point of £(T'),
i) the dimension of the obstruction group of Mg o(X,e) is 0 at each point of pr(¢(T)),
(iv)
)

(iii
the pullback (pro ()" 17, o(X,e) 18 m-relatively deformation ample, and
(v) the pullback o*Ox (o) is m-relatively generated by global sections (resp. w-relatively ample).
Remark 4.12. This definition is similar to Definition It differs in that e need not equal 1

and that pr o ¢ has image in the unobstructed locus, instead of requiring ( to have image in the
unobstructed locus of the morphism ev.

Lemma 4.13. Let m: B — T be a family of prestable curves of arithmetic genus 0 and let { : B —
Mo 1(X,1) be a 1-morphism. There is an open subscheme Upos C T (resp. Uy pos C T) with the
following property: for every morphism of schemes f : T' — T, the pullback family f*m : f*B — T
and f*¢ : f*B — Mo 1(X, 1) is positive (resp. very positive) iff f(T") C Upos (resp. f(T") C Uppos)-

Proof. The proof is almost identical to the proof of lemma [4.6 g

Lemma 4.14. Let B be a prestable curve of arithmetic genus 0, and let ( : B — My 1(X,e) be a
positive 1-morphism whose image is contained in the locus of very stable maps.

(i) If B is smooth, then ¢ : B — Moy 1(X,e) is free, i.e., CTRg, , (x,e) 18 generated by global
sections. If ¢ is very positive, then C is very free, i.e., Tz, (Xoe) s ample.

(ii) The dimension of the obstruction group of the 1-morphism ¢ : B — Mg 1(X,e) is 0. In
particular there is a discrete valuation ring, R, a family of prestable curves, m : B — Spec R,
and a positive 1-morphism (g : B — Mo 1(X,e) such that the geometric closed fiber is ¢,
such that the geometric generic fiber B, is smooth, and such that (r(B) is contained in the
locus of very stable maps.

Proof. (i): By hypothesis, ( is positive (resp. very positive). By the relative version of Lemma |3.21]
the image of ¢ is in the smooth locus of My 1(X,e) and there is a short exact sequence,

0 —— 0’*02(0) —_— C*Tmo,l(X,e) - (prOC)*Tﬂo,U(Xve) — 0

By Definition (iv) and (v), (pro¢) Tz, ,(x,e) is deformation ample and 0*Ox(0) is generated
by global sections (resp. deformation ample). Hence ¢ T, [(Xe) 1S generated by global sections
(resp. deformation ample by Lemma (ii)). Since B is smooth ( is free (resp. very free).

(ii): Let R’ be a discrete valuation ring and let 7 : B’ — Spec R’ be a smoothing of B, i.e.,
there is an isomorphism ¢ : B — B{) and the generic fiber B;, is smooth. For technical reasons it is
necessary to compactify Mg 1(X,e). Let j : X — X be an open immersion of X into a projective
scheme, and let j. : Mo 1(X,e) — My 1(X,e) be the corresponding open immersion of moduli
stacks. By [9], Mo 1(X,e) is a proper Deligne-Mumford stack with projective coarse moduli space.
Form the R'-stack, B’ x My 1(X,e). With respect to an ample invertible sheaf on the coarse moduli



RATIONAL CURVES ON HYPERSURFACES II 31

space, let € denote the degree of the map (i,¢) : B — B’ x My 1(X,e). Then (i,() is an object of
the Abramovich-Vistoli stack,

K= ]CO,O(B/ X H0,1(y7 6),6) - Spec RI7

that parametrizes twisted stable maps to B’ x Mg 1(X,e) over Spec R, cf. [I]. The stack £ —
Spec R’ is a Deligne-Mumford stack that is proper over Spec R/, and the coarse moduli space is
projective over Spec R'.

The deformation theory of twisted stable maps is developed in [I, Section 5], and is exactly
analogous to the deformation theory of stable maps. In particular, the obstruction space to the
morphism o : K — Spec R’ at [(i,()] is a quotient of Hl(B7c*Tﬂ0,1(X,e))- Since ("T'xg, , (x,e) 18
generated by global sections, by Lemma (i), h*(B, C*Tﬂo,l(X,e)) = 0. Therefore o is smooth at
[(4,¢)]. By [6, Prop. 2.2.14], there exists an étale morphism of discrete valuation ring’s, Spec R —
Spec R’ and a section s : Spec R — K of 0. In other words, there exists a family of twisted stable
maps over Spec R whose closed fiber is isomorphic to the pullback of (4, (), i.e.,

(m: B — Spec R',\: B — Spec R Xgpec r (B x Mo 1(X,€))).

Because B is a scheme, the family of curves over Spec R is a scheme, i.e., 7 : B — Spec R is a
morphism of schemes. Because the composition of (i,{) with projection onto the closed fiber of 5’
is an isomorphism, the composition

B i) Spec R XSpec R’ (B/ X mo,l(Y, 6)) pr_31> Spec R XSpec R’ B/’

is an isomorphism. Since the image of (i,¢) is contained in the open substack B’ x My 1(X,e), the
image of A is contained in the the open substack Spec R Xgpec r (B x Mo 1(X,e). Putting the
pieces together, m : B — Spec R is a smoothing of B, and A induces a 1-morphism of R-stacks,
(r: B — Mop1(X,e) such that the closed fiber is (.

By Lemma , (R is positive. Since the locus of very stable maps in Mo,l(X, e) is open, the
image of (r is contained in this locus. 0

Remark 4.15. The use of the Abramovich-Vistoli stack above is a bit contrived. The most natural
stack to use is the Hom stack parametrizing 1-morphisms between two flat, proper, tame Deligne-
Mumford stacks. Martin Olsson has proved existence and some foundational properties of the Hom
stack in the generality needed above, but the details have not yet been published.

Following is the main definition of this section.

Definition 4.16. Let 7w : B — T be a family of prestable curves of arithmetic genus 0. An inducting
pair of degree e is a pair of 1-morphisms
(Cl :B— MO,I(X7 1)725 B — MO,I(X7 6)) 5
such that
(i) ¢ is very twisting, B
(ii) ¢, is very positive and the image of ¢, is contained in the locus of very stable maps, and
(ili) the morphisms h¢, : B — X and hz : B — X are equal.

Lemma 4.17. Let w: B — T be a family of prestable curves of arithmetic genus 0, and let

(¢1:B— Mo1(X,1),(,: B— Mo1(X,e)),
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be a pair of 1-morphisms such that he, = hE . Then there is an open subscheme Ujpquet C T with the

following property: for every morphism of schemes f : T' — T, the pullback of ((1,(,) is inducting
if f(T") CU.

Proof. Define Uinauet to be the intersection of the open subset Uytwist C 7 from Lemma [4:6) for ¢4
and the open subset Uy._pos C 71" from Lemma for (,. O

The final definition of this section is the following.

Definition 4.18. Let (7 : B — T,(, : B — My 1(X,e)) be a very positive family whose image
is contained in the locus of very stable maps. The 1-morphism (, is inductable if there exists a
surjective étale morphism u : 7" — T and a morphism (; : u*B — Mo 1(X, 1) such that

(i) h¢, =u"hg , and

(ii) (¢1,¢,) is an inducting pair.

Lemma 4.19. Let (7 : B — T,(, : B — My1(X,e)) be a very free family. There is an open
subscheme U;_apie C 1" with the following property: for every morphism of schemes f : T — T, the
pullback (f*m: f*B —T', f*C. : f*B — Mo1(X,e)) is inductable iff f(T") C U;_apie-

Proof. Apply Proposition [£.8]to
§i=(m:B—T,hz : B— X).

5. THE INDUCTION ARGUMENT

In this section it is proved that if X satisfies Hypotheses [I.5 [I.6] [I.7] and [£.10} and if there
exists an inductable 1-morphism ¢, : B — My 1(X, e), then there exists an inductable 1-morphism
Cep1 : B = Mo1(X,e+1). The basic idea is, given an inducting pair (¢i,(,,), to form the
family of “connected sums”, i.e., the family of reducible curves obtained by gluing the families (;
and C, 41 along the two sections. However, this is a family of unpointed curves, and an inducting
family is a family of pointed curves. By hypothesis, the section of (., @ : B — ¥, is such that the
Cartier divisor (B) C ¥ moves. A general member of the linear system |o(B)| is the image of a
section, o’ : B — X. Except at finitely many points of B, the sections & and ¢’ are disjoint. Away
from these points, the section of the family of reducible curves is taken to be ¢’. The stable limit
over the finitely many points of B is obtained by blowing up 3 along the zero-dimensional scheme
o(B) N o'(B). Unfortunately, the resulting family of pointed, reducible curves is no longer very
positive.

To make the resulting family very positive, the family is altered by a modification.
5.1. Modification.

Definition 5.1. An input triple is a triple I = (¢, L, 0;) where
(i) ¢=((%2,01,...,0.),9: X — X) is an r-pointed stable map to X of arithmetic genus g,
(ii) L C ¥ is an irreducible component that is smooth, and
(iii) o; € L is a marked point.

Let I = (¢, L,0;) be an input triple. Denote by M C ¥ the union of all irreducible components
other than L. Denote by R = (p1,...,p.) the intersection L N M, denote by S = (0j,,...,0j,) the
marked points that are contained in L other than o;, and denote by S" = (oy,, ..., 0, ) the marked
points that are contained in M.
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Denote by A : L — L x L the diagonal, and denote by u : A — L x L the blowing up of L x L
along A(RU S). For each closed point A € RU S, denote by F) C A the proper transform of
L x {\} C L x L. Denote by Fa C A the proper transform of A(L) C L x L. For each A € RU S,
there exists a unique section of pr; ou : A — L, o7 » : L — A, such that F) = o7 x(L). Also there
is a section of pry o u, o7 A, such that o7 A(L) = Fa.

Consider the projection pr; : L x M — L. For each closed point A € RU S’ there is a unique
section of pry, 07y, such that o7 (L) = L x {A}. Let ¥ be the simple normal crossing surface
containing A and Lx M that is obtained by identifying the divisor o7, x(L) C A with o7 (L) C LxM
for each A € R. The divisors are identified by o7 \(t) <> 07 ,(t) for each t € L. There is a unique
morphism p; : ¥; — L whose restriction to A is pr; o u and whose restriction to L x M is pr;.
There is a unique morphism gy : 37 — X whose restriction to A is g|r, opryou and whose restriction
to L x M is g|p o pry. For each integer j = 1,...,r such that j # i, there exists a section of py,
or,j: L — X5 given by

- __{ O\ /\ZO’jES,
Ly = OJI,)\’ )\:(ijS/
And there exists a section o7 ; : L — ¥ given by or; = o7 a. By construction, the sections oy ;
are pairwise disjoint. Hence the datum

Ccr=(pr:Xr—L,ora,...,01,),91: 21 — X)
is a family of r-pointed stable maps to X of arithmetic genus g. And the fiber over o; € L is
canonically isomorphic to (.

Definition 5.2. The family of stable maps, (;, is the modification associated to I.

The relevance of this construction is the following. Let B be a prestable curve and let
CZ ((p:z_>Bao'1a-~'a0-r)7g:2—)X)

be a family of r-pointed stable maps to X of arithmetic genus ¢g. Let b € B be a smooth point, let
L C ¥, be an irreducible component that is smooth, and let ¢;(b) € L be a marked point. Then
I = (G, L,04(b)) is an input triple. Let {; be the modification associated to I. The fiber (7 4, () is

canonically isomorphic to the fiber (. Let B be the prestable curve containing B and L obtained
by identifying b € B with o;(b) € L. There is a unique family of r-pointed stable maps to X of
arithmetic genus g,

¢=((p: i%é,&l,...,g,«),g: by — X),
whose restriction to B is ¢ and whose restriction to L is (;.

Definition 5.3. The family of stable maps, Z, is the modification of ¢ associated to (b, L, c;(b)).

Let I = (¢, L,0;) be an input triple. Denote by (s the (r — 1)-pointed stable map obtained by
forgetting the marked point o;.

Lemma 5.4. Let I = ((,L,0;) be an input triple.

(i) The dimension of the obstruction space of (s, is 0 and for each closed point A\ € R, there
exists a first-order deformation of (s, that smoothes the node X iff the same is true for .

(ii) For every closed point A € L, the dimension of the obstruction space of (r x is O iff both the
dimension of the obstruction space of (s, is 0 and for each closed point A € R there exists
a first-order deformation of (5, that smoothes the node .
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(iii) If the equivalent conditions of (ii) are satisfied then there is an exact sequence,

0o - T, - GTRA, (X0 —

- Ty, . 1(X,e) Crs ®cOr — DierTixr®@oy T — 0.

(iv) If the equivalent conditions of (iii) are satisfied, if L has genus 0, and if the map,

ng,r—l(X,e%Cﬂ — OrerTL A ® T,

is surjective, then h'(L, G Tx, ,(x.e) =0
Proof. The item (i) follows by Lemma(3.22] The items (ii) and (iii) follow by Lemmas

and If L has genus 0, then T}, is generated by global sections. So (iv) follows from the long
exact sequences in cohomology associated to the exact sequence in (ii) and by Lemma (i). O

Let ¢ be a stable map of arithmetic genus 0 and let I = (¢, L, 0;) be an input pair.

Lemma 5.5. If the dimension of the obstruction group of gl : L — X is 0, and if the pullback
of Tx by glpr + M — X is generated by global sections, then for every closed point A € L, the
dimension of the obstruction space of (r x is 0, and hl(L’GTﬂo_,.(x e)) =0.

Proof. By Lemma [3.17] Lemma and Lemma [3.22] the family of pointed stable curves,
((pryou:A— Lyox,0n),g|lLoprgou: A — X)),

is such that for each point of L the dimension of the obstruction space is 0. Consider the families
obtained by successively gluing on the connected components of L x M. Applying Lemma [3.29] to
each of these families, the hypotheses of Lemma (iv) are satisfied for ;. O

Let B be a prestable curve of arithmetic genus 0, and let
C: ((p:EHB,Ula"'agr)vg:ZHX),
be a family of r-pointed stable maps of arithmetic genus 0. Let b € B be a smooth point, let L C ¥

be an irreducible component that is not contracted by g, and let o;(b) € L be a marked point. Let
M be the union of all irreducible components of 3, other than L.

Lemma 5.6. If for every point b/ € B the dimension of the obstruction group of Cp is 0, if
C*Tﬂo,p(x,e) is generated by global sections, if the dimension of the obstruction group of g|r, : L — X
s 0, and if the pullback of Tx by gl : M — X is genemted by global sections, then for every point
Y € B the dimension of the obstruction group of Cb' 15 0 and hl(B ( Mo, (X, e)) 0.

Therefore the dimension of the obstruction group ofC :B — Mo (X, e) is 0. In particular there
is a discrete valuation ring, R, a family of prestable curves, m : B — Spec R, and a I-morphism
Cr: B — My, (X,e) such that the geometric closed fiber is E and such that the geometric generic
fiber By, is smooth.

Proof. The hypotheses of Lemmal[5.5|are satisfied for the modification associated to I = (¢, L, 0;(b)),
C L:L— My r(X e). Hence the dimension of the obstruction group of C at each closed pomt of L
is 0 and h!(L, C 1T, (x e)) = 0. There is a short exact sequence of coherent sheaves on B,

0 C*jjmgvr()(,e) (_b) C*TIHOYT(X,e) CZTHOVT(X,S) 0.
By Lemma (i), h' (B, Tz, r(x,e)(*b)) = (0. Hence by the long exact sequence of cohomology

associated to the short exact sequence above, hl(g, Z*Tﬂo (X e)) =0.

The second part of the lemma follows by the same proof as in Lemma (ii). O
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5.2. The induction argument.

Notation 5.7. The notation for the generators of the group of Q-Cartier divisor classes on Mg 1 (P", €)
is taken from [19].

(i) For each integer 0 < ¢ < |e| denote by A;, or sometimes A, ._;, the class of the Q-
Cartier divisor that is the closure of the locus parametrizing embedded curves that have
one irreducible component of degree i, one irreducible component of degree e — ¢ and where
the marked point is on the irreducible component of degree i.

(ii) Denote by £ the first Chern class of ev*Opn (1).

(iii) Denote by H the class of the Q-Cartier divisor parametrizing stable maps ¢ : ¥ — P™ such
that g(X) N A # 0, where A C P" is a fixed linear P"~2.

Let B be a prestable curve of genus 0. Let ( = ((p: X — B,0),g9: X — X) be a family of stable
maps of genus 0 and degree e > 1. Denote by h : B — X the composition g o o.

Definition 5.8. The 1-morphism ¢ : B — Mo 1(X,e) is typical if,
(i) the curve B is smooth,
) for every closed point b € B, the obstruction group of (; has dimension 0,
ii) for every point b € B, the stable map (; has only the trivial automorphism,
) for every integer j = 1,...,e — 1, the preimage (~'(A;) consists of finitely many points,
and for each b € (71(A}), the curve X has only two irreducible components,
(v) for every point b € (T1(A;), ¥ is a union of 2 irreducible components LU M with o(b) € L
such that g|;, : L — X is an isomorphism to a twistable line.

Lemma 5.9. Let m : B — T be a family of prestable curves of arithmetic genus O and let C :
B — Moi(X,e) be a 1-morphism. There is an open subscheme Uy, C T with the following
property: for every morphism of schemes f : T' — T, the pullback family f*m : f*B — T’ and
[*C: f*B — Mo (X, e) is typical iff f(T') C Upyp.

Proof. Each of the conditions in Definition [5.8]is clearly an open condition. O

Lemma 5.10. If X satisfies Hypotheses [1.5, [I77 and [[10, if for every closed point b € B
the obstruction group of ¢, has dimension 0, and if C*Tﬂo,l(X,e) is generated by global sections,
then there exists a discrete valuation ring, R, a family of prestable curves, w : B — Spec R, and a
L-morphism (g : B — Mo 1(X,e€) such that the geometric closed fiber is ¢, such that the geometric
generic fiber B, is smooth, and such that (Cr)y is typical.

Proof. By the same argument as in the proof of Lemma there exists a family (g : B —
Moy 1(X,e) such that B, is smooth. The condition that for every point the obstruction group has
dimension 0 is stable under generization, so it also holds for (). Similarly, (CR);TWM( X,e) I8
generated by global sections. By [16, Prop. 3.7], the family (z may be chosen so that (Cr)(B,) is
disjoint from any given finite collection of closed substacks of codimension at least 2. By Hypothe-
sis the locus of stable maps such that the domain curve has 3 or more irreducible components
has codimension at least 2. Let Z C A; be a closed substack whose image in the coarse moduli
space of A; is an ample divisor. Again by Hypothesis Z has codimension 2 in Mg 1(X,e).
So (Cr)(By) does not intersect Z, and therefore it is not contained in A;. By Hypothesis the
locus of stable maps that have a nontrivial automorphism has codimension at least 2. Finally, by
Hypothesis and Hypothesis the locus in A; parametrizing stable maps g : LU M — X
such that g|;, : L — X is an isomorphism to a twistable line is a dense open in A;. In particular
the complement in A; is a closed substack that has codimension 2 in Mg 1(X,e). Therefore (Cr),
is typical. O
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By Hypothesis [{.10] a general line L C X is twistable. Denote by,

Ce=((pr:2r — L,or),9. : ¥ — X),

a twisting family such that hy : L — X is the inclusion. By Remark (iv), the degree of gy, is
either 1 or 2, i.e., either g : ¥ — X is a birational map to a linear P2 in X (obtained by blowing
up a point on the P?), or gz, is an isomorphism of ¥ to a nonsingular quadric surface in X.

Definition 5.11. Let X be a variety that satisfies Hypotheses and The variety X is
planar type if for a general line L there exists a twisting family such that the degree of gy, is 1. The
variety is quadric type if it is not planar type.

Remark 5.12. Tt is not hard to prove that if X is planar type, then there exists an integer r > 2
such that for a general point x € X, the set of lines in X that contain x sweep out a linear P.
Let @ denote the irreducible component of the Hilbert scheme of P"’s in X that contains the P"’s
constructed in this way. Then X is birationally a P"-bundle over ) and, with its natural Pliicker
embedding, @ is not uniruled by lines. If X satisfies Hypothesis then @ is not uniruled by
rational curves of any degree. If also X contains a very twistable curve, then @ is a point and X is
isomorphic to P" (not merely birational to P"). Thus, in what follows, X will usually be of quadric
type.

Let (¢1,¢,) be an inducting pair denoted by,
G=(p:X—B,0),9:¥— X),

(.=((p:X— B,7),7: X — X).
Denote
6 = deg(¢i(2£ —H)),
3 = deg(C(2L— FH - A,
By [19, Lem. 2.2.2], deg(c*Ox(c(B))) = 6 and deg(c*Ox(7(B))) = 4. In particular, both § and §
are nonnegative integers, and ¢ is positive by Definition

Theorem 5.13. For each integer d = 1,...,6, there exists an inducting pair (5d71,5d7@+1) such that
gd7e+1 is typical and such that the following conditions are satisfied,

deg(€qonH) = deg(CH) + deg(GiH)

deg(&5 1 H) = deg((TH) +d, if X is planar type,

deg(ﬁilH) = deg(¢TH) + 2d, if X is quadric type,

deo(énf) = deg(GGL)+d.

deg(gd,eﬂﬁ) = deg(geﬁ) +d, 9)
deg(€en i) = deg(CAin), i=2..,e—1,
deg(€eple) = deg(CAcmr) +0+d,  ifi>1,

deg(€y o1 N1) = 3—d, ifi>1,

deg(€4,01) = 5+, ifi=1.

The families are denoted,
gd,e-i—l = (Paet1 : Zdiet1 = B,Tdet1), Jaert : Ddet1 — X),

i1 =((pa1:Xa1 — B,041),941 : Lag — X).

Also Ed,e—i—l denotes Gy .41 ©0d,e+1 and hqy denotes gg10041.
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Proof. By Lemma [£.14] (ii) and Lemma it suffices to consider the case that B is smooth.
By Lemma i) (., : B— Mo1(X,e) is very free. Hence, the same argument as in the proof of
Lemma and [16, Prop. 3.7], it suffices to consider the case that (,(B.) is in general position,
i.e., for any finite collection of codimension 2 subvarieties (Z,|a = 1,..., M) and any finite collection
of divisors (Dg|8 = 1,...,N), {.(B.) is disjoint from each Z, and has 0-dimensional intersection
with each Dg.

The family ¢(): Denote by (1) the surface containing ¥ and ¥ obtained by identifying the
divisor 0(B) C ¥ and @(B) C ¥ via o(b) «> 7(b). Denote by p*) : ©(1) — B the unique morphism
whose restriction to ¥ is p and whose restriction to ¥ is p. Denote by ¢V : (1) — X the unique
morphism whose restriction to ¥ is g and whose restriction to ¥ is g. Then ¢V = (p(l) DI E) SN
B,g™M : (M — X) is a family of stable maps in the boundary divisor A; C Mg (X, e + 1). Denote
by 7 the stable A-graph with two vertices v and T of degree 1 and e respectively, with no tails,
and with one edge connecting v and . Then ¢(!) factors through the canonical 1-morphism of
Behrend-Manin stacks M(X,7) — Mg o(X, e+ 1).

Claim 5.14. The pullback (C(l))*Tﬂoo(X,e) is ample.
By Lemma there is a short exact sequence,

0 —— T —— (") Ty — CTrg,(xe) — O (10)

Since (7 is very twisting, by Definition (i T,y is ample. Since (, is very positive, by Lemma
ZZTHO L(Xe) is ample. Hence (C(l))*Tﬂ(XJ) is ample. By Lemma there is a short exact
sequence,

0— (C(l))*Tﬂ(X,T) - (C(l))*TMU,O(X,eH) — 0"0x(0) ®7°O0x(7) — 0. (11)

By Definition |4.3|and Definition both 0*Ox(0) and *Ox(@) are ample. Therefore the tensor
product is ample, and ((m)*Tﬂo o(X,et1) 18 ample.

The family ¢: The family ¢(!) cannot be an inductable family, because it is a family of
unpointed curves rather than 1-pointed curves. The next approximation to {441 “adds” a marked
section to (). The self-intersection of 7(B) C ¥ is the degree of the invertible sheaf 7*Ox(5(B)),
which is also

§ = deg (22’;11 - Z:H) .
Let ¢ : B — X be a section such that ¢(B) C ¥ is a general member of the linear system |5(B)]|.
Because 7*Ox(7(B)) is generated by global sections, there exists ¢ such that ¢(B) has only trans-
verse intersections with 7(B). Denote the points of intersection by ¢i,...,qz € X. Denote by

w: T L ¥ the blowing up of ¥ at the points qi, ..., ¢5. Let p?) : =@
pow. Let g denote gow. Let 72 : B — E(Q) and ¢ : B — f(z) denote the proper transforms
of 7 and ¢ respectively. Notice that 7?)(B) and ¢(® (B) are disjoint by construction. So the data

= (®:3% - B,7® @) 5 . T

e

— B denote the projection

—>X)

is a family of stable 2-pointed maps, i.e., a 1-morphism E‘(j) : B — Mo2(X,e).

Claim 5.15. The pullback <<i2))*TM0 J(xX,e) 18 generated by global sections.

By Lemmas [3.16] [3:21] and [3.22] there is a short exact sequence:
0 —— (@) Og(V(B) —— &)

(&

*Tﬂo,'z(xve) CeTﬂo,l(Xve) 0.
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By construction, the self-intersection of ¢()(B) C @ is 0, ie., (§(2))*O§(2> (s (B)) is the trivial

invertible sheaf Op. By hypothesis ZZTHO L(Xoe) is generated by global sections. Therefore by
Lemma [2.3] (iii), (ZS))*TWO »(X,e) 1s generated by global sections.

Denote by () the surface containing 5(2) and ¥ obtained by identifying the divisors 5(2)(3) C

¥® and o(B) C ¥ via @ (b) « o(b). Denote by p® : ¥ — B the unique morphism whose

(2)

restriction to ¥ is 7? and whose restriction to ¥ is p. Denote by ¢® : £(2) — X the unique

morphism whose restriction to 3(2) is g® and whose restriction to ¥ is g. Denote by ¢® : B — ()
the morphism obtained by composing ¢(2) with the inclusion f(z) C ©@ . Then
¢® = ((p(Q) (2 370(2)),9(2) 1B CINEN X)

is a family of stable maps in the boundary A, C Mg 1(X, e+ 1). Denote by 7() the stable A-graph
with two vertices v and T of degree 1 and e respectively, a single tail attached to 7, and a single

edge connecting v and v. Then ¢ (2) factors through the canonical 1-morphism of Behrend-Manin
stacks M(X, 7)) — Moy 1 (X, e +1).

Claim 5.16. The pullback (C(z))*Tﬂo_l(X,e) is generated by global sections.

By Lemma [3.28] there is a short exact sequence,

7(2))

0 —— (Tew —— () Trrxrmy —— €0 Topyaixe) — 0.

Mo,2(X,e)

By Claim [5.15] the third term is generated by global sections. Since (; is very twisting, by Def-
inition (iTey is ample. In particular it is generated by global sections. By Lemma (iii),
(¢ (2))*Tﬂ( X,r@) is generated by global sections. By Lemma there is a short exact sequence,

0 — () Ty e = ) Trgy, (x,001) — 705 (0(B)) @0, (79) O (7 (B)) — 0.

By construction, O (@?(B)) is isomorphic to Op. Since (; is very twisting, by Definition
0*Ox(0o(B)) is generated by global sections. Hence the third term in the short exact sequence is
generated by global sections. Since also the first term is generated by global sections, by Lemma [2.3]
(iii), (C@))*Tﬂo,l(x,e-ﬂ) is generated by global sections.

If e > 1, the image of ((?) intersects the divisor A; transversely at the images of the points
q1,---,¢5. In particular, the degree of the Q-Cartier divisor class (C(2))*Oﬂo,1(X,e+1)(A1) is 4,
which is positive. If e = 1, then A; = A,. In this case M(X,7(?) is the normalization of A; ; in
a neighborhood of ¢(®(B). So the degree of (C(Z))*Oﬂo,l(xg)(Al) is the sum of the degree of the
pullback of the normal sheaf of M(X, 7)) — My 1(X,2) and the degree of the divisor ¢, + - - +q5,
i.e. §+ 6. So also in this case the degree of (C(Q))*Oﬂo,l(x,eﬂ)(Al) is positive.

Similar computations give that deg((¢(?)*A;) = Z:Ai,l for i =2,...,e —1. The curve (® (B
is contained in the divisor A,, which is the image of M(X, 7). As noted above, by Lemma
the morphism M(X,7®) — Mo 1(X, e+ 1) is unramified and the pullback by ¢(?) of the normal
sheaf has degree deg(c*Ox(o(B))) = 4. If e > 1, then the image of ((¥(B) is contained in the
smooth locus of A, so that the degree of (C@))*Oﬂo 1(){764_1)(Ae) is precisely 6. If e = 1, then
each point ¢qi,...,¢5 maps to a point of A; where A; intersects itself transversely. So if e = 1, the
total degree of (C(Q))*Oﬁm(x,z) (A1) is 6 + 0 (this is the same result from the last paragraph — it
is included for the sake of consistency).
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It is evident that,
deg((¢?)*H) = deg(C, H) + deg(¢iH),
and deg((¢?)*L) = deg(Z:[,). As a “consistency check” for the computations of these degrees,
observe that by [19, Lem. 2.2.2],

e

e — )2
deg((0®)* O (01 (B)) = deg <(C(2))* <e 42— il (e +1 1)2H -2 ((JerJrll)Q)A)) |
i=1

Substituting the values above, using the formulas for § and &, and using that (£ = ZZ 1L, the
degree of the right-hand-side is 0. Of course this is correct; 02 (B) € ¥(?) has self-intersection 0
by construction.

The family 507 o+1: Before proceeding to the construction of the families Ed, er1, the family ¢ )
is deformed to a typical family 5076 11, cf. Definition The families Ed@ 11 will be constructed as
suitable modifications of & ;.

Since ¢ : B — Mo 1(X,e+1) is free, ie., (C(Z))*Tﬂo,1 X,et1) 18 generated by global sections,
it follows by the same argument as in the proof of Lemma (ii) and [I6, Prop. 3.7] that there
exists a deformation ﬂo,eﬂ :B— ﬂo,l()ﬂ e+1)of Ethat is in general position. Here deformation
means that both ¢ and Eo’e 41 have a common generization. Moreover, for any finite collection
of open conditions that are satisfied by ¢, the deformation Eo,e+1 may be chosen to also satisfy
these conditions. Denote the family of stable maps by,

gO,e—l—l = ((ﬁo,eﬂ :EO,eH - Bvﬁﬂ,e+1)a?0,e+1 ¢SO,e+1 — X).

Denote by EO,eJrl : B — X the composition J0,e+1 ©00,e+1-
Claim 5.17. There ezists a deformation EO,e—&-l of ¢ such that

(i) 50764_17 18 typical,
(ii) (pro §o,e+1)*Tﬂ0,O(x,e+1) is ample,

)
iii) hoer1: B — X is very twistable,
)

iv) and (Go,e4+1)"Osy, ., (Go,e+1(B)) is isomorphic to Op.

(
(

It suffices to prove that for a general deformation EO’B 4 0of ¢ @), Eo,e 11 satisfies the properties
in Claim i.e., for every irreducible component of the Hom stack Hom(B, My 1(X,e)) that
contains ({2 each of the conditions (i)—(iv) holds on a dense open substack.

(i): By Lemmas and a general deformation of ¢(?) is typical.

(ii): The pullback by pro¢® : B — Mg o(X,e + 1) of TRy 0 (x,e+1) €duals (C(l))*Tﬂo,o(X,e)' By
Claim this is ample. The condition on deformations of ¢(?) that the pullback of Tz, o(X,e) 18
ample is an open condition by Lemma and Lemma (or more direct arguments). Therefore
the pullback (pro &y o 1) T, o (x,e) 1S ample.

(iii): The morphism ¢ 0 0(® : B — X equals §o ¢, and this is a deformation of Goa = goa.
Because (; is very twisting, g o o is very twistable. By Proposition [£.8] ¢ can be chosen so that
9® 05 is very twistable. Since hg 41 is a deformation of g®) o (?), by Proposition €041
can be chosen so that Eove_i_l is very twistable.
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(iv): Since (¢0)*Oge) (0?(B)) is isomorphic to Op, also (@0,e41)"Os, ., (To,e41(B)) is iso-

morphic to @Op. This proves Claim In particular, &, ., is positive and & ., ;(B) is contained
in the locus of very stable maps. Unfortunately it is not very positive!

To be a bit more precise in the proof of (iii), there exists a deformation of (1, &1 : B —
Mo 1(X,1) that is very twisting and such that ho 1 := go1 0001 : B — X equals hg 1.

Because Eoﬁl is a deformation of ¢(?), the intersection number of Eo,e+1(B) with any divisor of

Mo (X, e+ 1) is equal to the intersection number of ¢(2)(B) with that divisor. These intersection
numbers were computed above. Similarly, the intersection number of &y 1(B) with any divisor in
Mo 1(X,1) is equal to the intersection number of ¢;(B) with that divisor.

The families Edﬁ +1: The families Ed,e 11 and £g;1 are constructed by induction on d. The base

case d = 0 is the pair (5071,50,e+1) constructed above, and the induction step consists of performing
a single modification and then deforming.

Let d be an integer 1 < d < §. By way of induction, suppose that a pair (£4-1 1, Ed7176+1) has been
constructed such that £g_1,1 : B — Mo1(X, 1) is very twisting, £;_; .41 : B — Mo1(X,e+1) is
very positive and typical (in particular Zd—l,e +1(B) is contained in the locus of very stable maps), the
map hg—1,1 : B — X equals the map Ed—l,e+1 : B — X, and the degree conditions of Equation
hold for d — 1. In particular, because d < 6, deg(foLeHAQ > 1.

Let b € B be a closed point such that the stable map (Ed—l,e+1)b is in A;. By Definition
this stable map is of the form,

(Ed—l,eJrl)b =(LUM,54-1,c1(b),(Gg—1,e41)6: LUM — X),
where T4_1,.+1(b) € L and ¢|;, : L — X is an isomorphism to a twistable line.

Denote by B the prestable curve of genus 0 containing B and L obtained by identifying the
divisor b € B with the divisor 4_1,+1(b) € L. Denote by,

Ei-t,e41 = ((Pa-1,e41 : Ba—1,e41 — B,Gd—1,e41),§d—1,e+1 : B = X)),

the modification of ;_; .y associated to (b, L,74—1,e+1(b)), cf. Definition

By construction, for each divisor in My 1(X, e+ 1), the difference of the intersection number
with £4-1,e+1(B) and the intersection number with £; ; ., ;(B) equals the intersection number

with €4_1.041(L), i.c.,

§Z§71,6+1H = E:l—l,e+1Ha

f~;71,e+1£ = 52—1,e+1£ +1,

Grendi = Gienls i=2,...,e—1,
ézfl,eJrlAl = E:l—l,e+1A1 -1, i>1,
fi1er1Be = Cgter1Be+1, i>1,

52—1,2A1 = ngl,e+1A17 =1

Just a few remarks about this list: The second line arises because Ed_176+1 : L — X equals
glr : L — X, which is an isomorphism to a line. The fourth line arises by applying Lemma
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and using the fact that the pullback of Oz | (x .41)(A1) equals

07 AOn(o1 (L) ® (07 2) " OLxm(or A (L)),
in the notation of Subsection where A is the point in L N M. Of course the second factor in
the tensor product is isomorphic to O, and the first factor is Or (=) (because of the blowing up
of L x L at (A, A)); hence the net degree change is —1. Similarly, the fifth line arises because the
intersection of gd_176+1(L) and A, is exactly Ed_l,eH()\); hence the degree increases by 1. In case
e = 1, the last two contributions exactly cancel each other, which gives the last line.

As a “consistency check”, substituting the computations above into the formula [19, Lem 2.2.2]
for the self-intersection of oq_ 17e+1(B) C Ed l,e+1 yields a net change of +1. Of course this is
correct because the change equals the self-intersection of o7 A (L) C A, which is T, (—A) (because of
the blowing up of L x L at (A, A)), and this has degree 2 — 1 = 1.

Claim 5.18. The 1-morphism Ed_l,eﬂ . B — Mo 1(X,e+1) is very positive, the image is
contained in the locus of stable maps with only the trivial automorphism, and the hypotheses of

Lemma are satisfied.

First of all, the restriction of ﬁd,l’eﬂ B — X to B is Ed,l,eﬂ and the restriction to L is
gl : L — X. By hypothesis, hg_1 41 is stable, and g|1, is stable because it is a closed immersion.
Therefore Ed_176+1 is stable. By hypothesis, the dimension of the obstruction group of Ed_17e+1 is
0. Moreover, possibly after deforming Ed_lve 41, it may be assumed that the node of L N M maps to
a very general point of X. Therefore g|r, : L — X is free by [7, Prop. 4.14]. So the dimension of the
obstruction group of g|r, is 0. Also, by Hypothesisit may be assumed that ev : Mo 1(X,1) — X
is smooth at ((L,5q-1,+1(b)), 9]z : L — X). So by Lemma the dimension of the obstruction
group of i~zd_1,e+1 is 0. Hence (i) and (ii) of Definition are satisfied.

By hypothesis, the dimension of the obstruction group of/\/lo 0(X, e+ 1) at each point of pr(fd Let1(B)) =

pr(€y_1.011(B)) is 0. And pr(€q_1 e+1(L)) is the point pr((£a— 1,e+1)b), Which is one of the points
above. Thus (iii) of Definition is satisfied. Similarly, the restriction to B of the pullback,

(pr o fd—l,e+1)*TmO’0(X,e+1),

equals the pullback associated to pr oEd_Le 41, which is deformation ample by hypothesis. And the
restriction to L is the pullback of a vector bundle by a constant map, hence it is isomorphic to a
direct sum of copies of Op. In particular the restriction to L is generated by global sections. By
Lemma the pullback is deformation ample on all of B , hence (iv) of Deﬁnition is satisfied.

Finally, the restriction to B of the pullback,
53104105, , ., Garen(B)),

is equal to the analogous sheaf for Ed_Le 11, and this is generated by global sections by construction.
The restriction to L is the pullback by the diagonal of Ty, twisted down by G4—141(b), ie.,
Or(2—-1)=0L(1). Thus by Lemma |2 . the restriction to all of B is deformation ample. Hence
(v) of Deﬁmtlon 1is satisfied, therefore &;_1 e+1 1s very positive.

By hypothesis gd,l,eH(B) = &4 1.011(B) is contained in the locus of stable maps that have
only the trivial automorphism. In particular, (Zd,l’e +1)» has only the trivial automorphism, from

which it easily follows that Ed, 1,e+1(L) is contained in the locus of stable maps with only the trivial
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automorphism. Therefore the image of all of B is contained in the locus of stable maps with only
the trivial automorphism.

Because Ed71)6+1 : B — Moy 1(X,e+1) is positive and the image is contained in the locus of
very stable curves, the hypotheses of Lemma [3.22] are satisfied and there is a short exact sequence
of locally free Og-modules,

0~ Ti1enOs, . Turen(B) — .
fd—1,e+1Tﬂ0,1(X,e+1) — (pro fcl—l,e+1)*Tﬂo,o(X,eH) - 0
By hypothesis, the third term is deformation ample, and the first term is generated by global
sections. By Lemma (iii), the pullback of T 01 (X,et1) is generated by global sections. Because
the node of L N M is mapped to a very general pomt of X, by [, Prop. 4.14], the pullback of Tx to
L and the pullback to M are each generated by global sections; in particular the dimension of the

obstruction group of g| : L — X is 0. Hence the hypotheses of Lemma are satisfied; therefore
Claim (.18 is true.

Of course the next step will be to apply Lemma to construct Ed,e 1 1. But first the family
&a—1,1 is constructed. By hypothesis, the line L is twistable. Denote by

§ea=(pL1:¥L1 — Lyopi),gr1: Y1 — X),
a twisting family such that hy 1 = g|r. If X is of planar type, assume that the degree of gy, 1 is
1; otherwise the degree of gr, 1 is 2. By Hypotheses [I.6] and .10} Lemma [£.9] applies to ;1,1 and
&r.1, L.e., possibly after deforming the two families (without deforming hq_1 e11),

(Ca-1,1)0 = (€0,1)50 1,01 (b)-
Define gd 1,1 ‘B — ./\/lo 1(X,1) to be the umque 1-morphism whose restriction to B is fd 1,1 and
whose restriction to L is &7 ;1. By Lemma u &a—1,1 is very twisting. By construction, hd 11 =
hd—l,e—i—l- AISO,

deg(§5-11H) = deg(§;_1 1 H) + deg(gr1)-
By definition, deg(gr1) is 1 if X is planar type, and 2 if X is quadric type. Finally,

deg(&i_11£L) = deg(§5_11L) + 1,
because hy; : L — X is an isomorphism to a line.

By Lemma there exists a 1-morphism £; .., : B — Mg 1(X,e+1), ie., both gd,176+1 and
Ed,eﬂ have a common generization. Since the image of £g_1 41 is contained in the locus of stable
maps with only the trivial automorphism, Ed’e 11 can be chosen with the same property. Because the

dimension of the obstruction group at every point of the image of Ed,MH equals 0, the same is true
for ;... Hence the image of £, ., is contained in the locus of Mg 1(X, e+ 1) that is a smooth

scheme. Because §~d717e+1 can be chosen to contain a very general point of HOJ(X, e+ 1) (because
€4_1.c41 1s typical), the same is true of £, ;. By [7, Prop. 4.14], the pullback & et 1 TR 1 (X et1) 18
generated by global sections. Therefore, after deforming further, & d.e+1 can be chosen to be typical.
Because {d le+1 is very pos1t1ve by Lemmau &, et+1 can be chosen to be very positive. Also, by
the proof of Proposition §d76+1 can be chosen so that there exists a deformation &4 ; of §d_1,1
that is very twisting and such that hq1 = hget1-
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Of course for any divisor in Mo 1(X,e+1) (resp. Moy 1(X,1)), the intersection number with
€ger1 (resp. &41) equals the intersection number with Ed_l,eH (resp. Ed_m), and these are
computed above. This finishes the proof of the induction step. Hence, by induction on d, for each
d=1,...,0, there exists an inducting pair (£4,1,&4,41) as claimed. O

6. TWISTABLE LINES ON HYPERSURFACES

In this section it is proved that if n + 1 > d2, if X C P" is a general hypersurface of degree d,
and if L C X is a general line on X, then L is twistable.

Remark 6.1. There is one exceptional case, namely d = 1. For n = 1,2, there is no twistable line
on a hyperplane in P", i.e., there is no twistable line on P*~!. For n > 3 there is a twistable line on
P"~L. In this section it is proved there is a twistable line on P*~! if n > 4. Let ((7: ¥ — B,0),9)
be a twisting family in P™ such that h : B — P" is a line, and let p € P" — ¢g(X). Denote by
proj, : P --» P"~! projection from p. Then ((7: X — B, o), proj, o g) is a twisting family in pr—t
and proj,oh: B — P"~1 is a line. Therefore there is also a twistable line on P?2.

Notation 6.2. Denote Ny = ("Zd) — 1 and denote by PN¢ the projective space parametrizing
hypersurfaces X C P" of degree d. Denote by X C PM¢ x P" the universal family of degree
d hypersurfaces in P*. Denote by G(1,n) the Grassmannian variety of lines in P". Denote by
F(X) c PN¢ x G(1,n) the parameter space of pairs ([X],[L]) consisting of a hypersurface of degree
d, X C P*, and a line L C X. Denote by P(t) = (¢ + 1)? the Hilbert polynomial of a quadric
surface in P3. Denote by U C Hilbgﬂ(,t) the open subscheme of the Hilbert scheme that parametrizes
subschemes of P” projectively equivalent to a smooth quadric surface in P> C P”. Denote by
V C U x G(1,n) the parameter space of pairs ([X],[L]) consisting of a smooth quadric surface, ¥,
and a line L C ¥. Denote by V — U — U the Stein factorization of the projection pry:V —=U.
Denote by W C PN x U x G(1,n) the parameter space of triples ([X],[X],[L]) consisting of a
hypersurface of degree d, X C P", a smooth quadric surface ¥ C X, and a line L C X.

Observe that the projection F(X) — G(1,d) is a projective bundle of relative dimension Ny —

(d 4+ 1). Observe that U — U is a finite, étale morphism of degree 2. Observe that V — U is a
P!-bundle. Observe that W — V is a projective space bundle of relative dimension Ny — (d + 1)2.

Let ([X],[X],[L]) be a triple in W. There is a map (well-defined up to nonzero scalar) dx :
Ctl — HO(P",Opn(d — 1)) that evaluates the partial derivatives of a defining equation of X.
Compose this map with the restriction map H°(P", Opn(d — 1)) — HY(Z, Ox(d — 1)), and denote
the composition by,

Oxx: C" — HO(X, 0x(d - 1)).
Denote E = Ogi,("ﬂ). Denote by G the unique quotient of H(P", Opn (d — 1)) ®c Oy that is locally
free and whose fiber at each point ¥ is the quotient,
HO(P", Opn(d — 1)) — HO(S, Ox(d — 1).
Denote by F' the locally free Oy -module,
F = prpn, Opn, (1) @ pri;G.
There is a map of Oy-modules, 9 : E — F whose fiber at each point ([X], [¥], [L]) is the map Ox 5.
Denote by W° C W the open subscheme that is the complement of the support of Coker(9), i.e.,
We is the maximal open subscheme on which 0 is surjective.
Lemma 6.3. Let ([X],[X],[L]) be a point in W°. Then,
(i) X is smooth along ¥,
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) h'(3, Ny/pn) = h*(E, Ng/pr (L)) = h*(X, Ng/pn(=1)) = 0, for i >0,
) h'(2,Ns,x) = h'(E,Ns/x(=L)) = h'(E, Ny x ® Os(-1)) =0, fori>0,
) RY(L,Np/x(=1)) = h*(L,N/x) = 0,
v) the projection morphism prpn, : W — PNe is smooth at ([X],[%], [L]),
) the projection morphism prpn, : F(X) — PNe is smooth at ([X],[L]), and
) the projection morphism prpxy: W — F(X) is smooth at ([X], [Z], [L]).

Proof. (i): Since the partial derivatives of a defining equation of X generate H°(X, Ox(d — 1)),
the subscheme of X where the partial derivatives all vanish is disjoint from ¥. By the Jacobian
criterion, X is smooth at each point of X.

(ii): Denote by P3 C P" the span of X. There is a short exact sequence,
0 —— Ngps — Nygpn —— Npspn|z — 0.
Since Ny /ps = Ox(2) and since Nps /pn |5 = (’)2(1)@("_3), the short exact sequence above is,
0 —— Os(2) —— Nyg/pn —— Ox(1)%=3) ——— 0.
From this it is easy to compute that,
h'(S, Ny pr) = h' (S, N pn ® Ox(—1)) = h'(Z, N pn ® Ox(—L)) =0,
for ¢ > 0.

(iii): There is a short exact sequence,
0 —— NE/X — Nz/ﬂnn — NX/]P’”|Z — 0.

Of course Nx/pn|s = Ox(d). For the three cases L = Ox, L = Ox(-L), and £ = Ox(-1),
h'(%,0s(d) ® L) = 0 for i > 0. By (ii), h*(X, Ny /p» ® L) = 0 for i > 0. By the long exact sequence
in cohomology associated to the twist by £ of the short exact sequence above, h'(X, Ny x ® L) = 0
for i > 2. Also hl(Z,NE/X ® L) = 0 iff the map e, : HO(E,NZ/P” ®L) — HO(E,NX/]pn\g) is
surjective.

The map eo,, factors the map dx x. Since dx yx is surjective, also eo,, is surjective and h' (X, Ny /x) =
0.

For the case L = Ox(—L), observe that Ox(1) & Ox(L+ L’) where L’ C ¥ is a line of the ruling
opposite to L. There is a commutative diagram,

H°(2, Nsyypn (=1)) ®c H°(8,0s(L')) ———  H°(E, Nyypn (—L))

I‘IO(Z7 NX/IP’”|Z(_1)) Rc I‘IO(Z7 Oz(LI)) _ HO(E, NX/[pm|E(—L))
The left vertical arrow is surjective by (ii). The bottom arrow is
H(2,05((d - 1)L+ (d—1)L")® H(Z,0x(L")) — H*(%,0s((d — 1)L + dL)),

which is surjective. Therefore also the right vertical arrow is also surjective, i.e., h*(%, Ns/x(=L)) =
0. The proof that h' (X, Ny, x) = 0 is almost identical to the proof that h'(%, Ny, x(—L) = 0.

(iv) There is a short exact sequence,

0 —— NE/X(_1>  — NE/X(—LI) E— NE/X'L(_l) — 0.



RATIONAL CURVES ON HYPERSURFACES I 45
By the associated long exact sequence in cohomology and the computations above, h! (L, Ns/x|rn( 71)) =
0. There is a short exact sequence,
0 —— NL/E(_l) E— NL/X(_l) — NE/XlL(_l) — 0.
Of course N5 = Op(1), so h'(L,Np/s(—1)) = 0. As proved above, h' (L, Ns,x|r(—1)) = 0.
Therefore by the long exact sequence in cohomology, h'(L, Np/x(—1)) = 0. Since Ny, x is a locally

free Op-module and h'(L, Np,x(=1)) =0, by Grothendieck’s lemma N, x is generated by global
sections. In particular, also hl(L,NL/X) =0.

(v): By [16, Prop. 1.2.14.2], the obstruction space for the relative Hilbert scheme, Hilbi%w,

at the point ([X],[X]) is contained in H'(X, Ny, x), which has dimension 0 by (iv). Since the
obstruction space vanishes, it follows by [16, Thm. 2.10] that Hilb X(/tIg’Nd — PMe is smooth at
([X],[2]). Also W — Hlle(/H?,Nd is smooth. Therefore the composition prpn, : W — PV¢ is smooth
at ([X],[X], [L]).

(vi): The proof is almost identical to the proof of (v).

(vii): By (v), W — P4 is smooth at ([X], [X], [L]). By (vi), F(X) — P4 is smooth at ([ X], [L]).
So the Jacobian criterion for the smoothness of prp(yy at ([X], [X], [L]) is that the map of vertical
tangent bundles, dprp vy : Ty pva — T T x) pra is surjective at ([X], [X], [L]). This reduces to the
surjectivity of H° (E, Nz/x) — HY (L,NE/X|L). The cokernel is contained in H!(X, Ny/x(—=L)),
which is zero by (iii). Therefore prp(yy is smooth at ([X],[X], [L]). O

We associate to each ([X],[¥],[L]) € W° a morphism ( : L — Mgy 1(X,1) as follows. Let
o0 : L — ¥ be the inclusion and let pr; : ¥ — L be the unique projection such that o is a section
of pry. Let g : ¥ — X be the inclusion. Then,

¢C=((pry,:X—L,0),g: % — X),
is a family of stable maps, i.e., a morphism ¢ : L — My 1(X,1).
Lemma 6.4. For every point ([X],[X], [L]) € W°, the morphism  : L — Mo 1(X, 1) is twisting.

Proof. Since goo : L — X is an embedding, Axiom (i) of Definition E 4.3|is satisfied. By Lemma
(vi), the dimension of the obstruction group of Mg o(X,1) at [goo : L — X] is 0, i.e., Axiom (11)
of Definition 3] is satisfied.

Denote by A the normal bundle of the regular embedding (pr;,g) : ¥ — L x X. There is a short
exact sequence,

0 —— pr;1y N Nyg/)x — 0.
By Remark (ii), Axiom (iii) holds if R! (pr;), N(—c) = {0}. For each fiber L' of pr; : ¥ — L,
N(=0)|rr = Np//x(—1). Since ([X], [¥], [L']) is also in W°, by Lemma(iv), (L', Ny x(—1)) =
0. Therefore R!(pr;).N(—0c) = {0}, i.e., Axiom (iii) holds.

By Remark [£.4] (ii), (*T.y = (pry)«N(—0c). Part of the long exact sequence of higher direct
images associated to the twist by Os(—L) of the short exact sequence above is,
(prp)«prpTr(—o(L)) — (pry)«N (=0 (L)) = (prp)«Nsyx(—0o(L)) — R'(prp).prpTi(~o(L)) — 0.
For each fiber L' of pry, Tr(—o(L))|r = Op/(—1). Therefore (pry).priTr(—o(L)) = {0} and
R (prp).prpTr(—o(L)) = {0}, ie., (prp) N (=0 (L)) = (prp).Ns/x (—o(L)).
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Let p' € L be a closed point and denote L' = pr;' {p'}. Since R! (pry), priTr(—L — L') =
{0} and R!(pr;),N(—L — L") = {0}, by the long exact sequence of higher direct images, also
R (pry), Ns/x(—L — L') = {0}. By the Leray spectral sequence, h' (X, Ny, x(—L —L')) =
h' (L, (pry), (Ns;x(—o(L))) (=p')). By Lemma (iii), AY(Z, Nsyx(—L — L)) = 0, so also
hY(L, (pry)«(Ns/x(—o(L)))(—=p')) = 0. By Grothendieck’s lemma, (prp).Ns,x(—o(L)) is a di-
rect sum of line bundles of degree > 0, i.e., it is generated by global sections. Therefore Axiom (iv)
is satisfied. Finally, 0*Os(c(L)) = O, so Axiom (v) is satisfied. O
Proposition 6.5. If either,

(i) d=1 and n >4, or

(i) d>2 and n+1> d?,
then prpxy : W — F(X) is dominant. Therefore, for a general pair ([X],[L]) € F(X), L is a
twistable line on X.

Proof. By Lemma (v), it suffices to prove that W¢ is nonempty.

(i): If d = 1 and n > 4, then for any quadric surface ¥ C P" and any hyperplane X C P"
containing span(X), d is an isomorphism so ([X], [X], [L]) is in W° for any line L C X.

(ii): Next suppose that d > 2. Denote by I the set,
Io={(i,j) €EZXZ: 0<i,j<d—1, i+j>3},
which has d? — 4 elements. Denote by,

(Yo, Y1, Y2, Y3) U (X, ;) U(Zp:m=1,...,n+1—d?),

(i,5)€la
a basis of H°(P™, Opn (1)), i.e., a basis of homogeneous coordinates on P". Denote by ¥ C P" the
smooth quadric surface with ideal,

Iy = (YoYs = Y1Ya) + (X 5[(6,5) € La) + (Zm|m =1,...,n+1—d?).
This is the image of the closed immersion f : P! x P! — P7,
([Uo : Ul], [% : Vl]) = [Uo% : UOV1 : U1V0 : U1‘/1 0:--e 0]

For each (i,7) € I, denote k = min(i, j), denote ' = i — k, and denote j' = j — k. Denote by
X C P" the hypersurface with defining equation,

F=MY;-vYa)Yi 2+ Y vy vy vt

(,7)€la

Clearly ¥ C X. The claim is that 9F : C"*! — H (2, Ox(d — 1)) is surjective. By construction,

OF a1 OF _ _, OF —9,4-1 OF _ _

"~ Uity a7~ U v ?, 7~ UoUy v, Fa UoU{ Vo V2.
For each (i,7) € I,

OF _ o
o DU, (12)
7’7\7

Since the partial derivatives of the form % give the terms ULUZ 1~V Vld_l_j with (4,7) =

(0,0),(0,1),(1,0), and (1,1), and since these are precisely the pairs (4, j) not contained in Iy, OF
is surjective. Therefore, for every line L C ¥, ([X], [X], [L]) is in W°. O

Together with Remark Lemma [6.4] and Proposition [6.5] imply the following corollary.
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Corollary 6.6. If X C P” is a general hypersurface of degree d and either,
(i) d=1 andn >3, or
(i) d>2 and n+1 > d?,

then Hypothesis holds.

7. BASE CASE OF THE INDUCTION FOR HYPERSURFACES

In this section it is proved that if n > d?> +d + 1 and if X C P" is a general hypersurface of
degree d, then there exists a morphism (; : P* — Mg 1(X, 1) that is both very twisting and very
positive. This provides the base case for the induction argument of Section

Remark 7.1. There is one exceptional case, d = 1. It will be proved that for n > 7, there is a
morphism (; : P — Mg 1(P"~1,1) that is both very twisting and very positive. As in Remark
repeatedly projecting from a point produces a morphism (; : P! — Mg (P"~1, 1) that is very
twisting and very positive for all n > 3.

The techniques in this section are the same as those of Section [ Proposition [6.5]is proved by
finding a single degree d polynomial F' on P", vanishing on some quadric surface ¥, and such that

Ops : C"™ — HO(X,05(d — 1))

is surjective. In this section, the role of L C X is replaced by a rational normal curve Cy C X of
degree k < n (in the end, only the case k = 2d will be needed). The role of the quadric surface is
replaced by a rational normal scroll ¥ of degree 2k — 1 such that Cy € ¥ C X. The cohomology
vanishing results of the last section are replaced by the vanishing of hi(3, N, /x(=Co —2L)) for
i > 0, where L is a line of the ruling of ¥. The computation in this section will be to find a single
degree d polynomial F' on P, vanishing on ¥, and such that the image, W, of the map,

Opy : C"™ — 0%, 05(d - 1)),
has the property that the induced map,
W © HO(S, Os((k — 3)L)) — H*(S, 0x(d — 1) ® Ox((k — 3)L)),
is surjective. A similar polynomial F' to that of the last section satisfies this condition.

7.1. Generating linear systems on F;. In the last section, the relevant surface was the Hirze-
bruch surface Fg = P! x P! embedded as a quadric surface. In this section, the relevant surface is
the Hirzebruch surface F; embedded as a rational normal scroll of degree 2k — 1. The projective
model of F; used here is,

]F1 = {([TO : Tl], [ToU : TlU : V]) € Pl X ]P2|T0(T1U) = Tl(ToU)} .

In the equation above, “ToU” and “T;U” are just names of homogeneous coordinates on P? (although
the term U does have a meaning described below). Denote by prp: : F; — P! and prp. : F; — P?
the projection morphisms. Denote by Op, (F') the invertible sheaf prj, Opr and by Op, (E 4 F) the
invertible sheaf prj,Op2. The invertible sheaf O, (E) is associated to the directrizc £ C Fy. (This
explains the terminology ToU and T1U; U is a nonzero element of HY (F1, Op, (E)), and ToU and
T U are the products of U with the two global sections Ty and Ty of HY (F1, Oy, (F)).)

The invertible sheaves Op, (E + F') and Op, (F') generate the Picard group of Fy; thus motivating
the notation,
O(a,b) :== Op, (a(E+ F) +bF).
The divisors E + F' and F' are each nef, but not ample. Therefore they generate the nef cone; an
invertible sheaf O(a,b) is nef iff 0 < a,b, and it is ample iff 0 < a, b.
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Let O(a,b) be a nef invertible sheaf, and let W C H° (F1,O(a,b)) be a linear system. Let ¢ > 0
be an integer.

Definition 7.2. The linear system W is a c-generating linear system if the associated map,
pw.e: W@ HC (F,0(0,¢)) — H® (Fy,0(a,b +¢c)),
is surjective.
When is W a c-generating linear system?

Notation 7.3. For each integer i, denote r (i) = Vﬁr}l

integers such that 0 < o, 5, < c+1land b— 1= Gy(c+ 1)+ G, a+b—1=ay(c+1) + a,. Denote
by N(a,b,c) the integer,

N(asb,c) =3 _(r()+2) = 2a+2+{ gjg;ﬂ;@J callbanloa= e e d) aa = B
=0

Denote by Wy(a,b,c) C H°(Fy,O(a,b)) the linear system,

J. Denote by B4, B, ag and «, the unique

Wo(a,b,c) = span{UiV“_iTO(bH)*j(CH)Tf(CH)|i =0,...,a,7=0,...,7(i)}
+span {U'V* T i = 0,...,a}.

Lemma 7.4. The linear system Wy(a,b,c) is a c-generating linear system of dimension N(a,b,c).

Proof. For each pair of nonnegative integers a’, b’ there is a decreasing filtration on H°(Fy, O(a’, V")),
F'HY(Fy,0(d, V) = H(Fy,0(a’, V') (—iE)) = HY(Fy,O0(a’ —i,1')).

For any linear system W C H°(Fy,O(a,b)), there is an induced filtration F'W = F! N W. The
multiplication map g, respects the filtrations on W and on H®(Fy,O(a,b + ¢)). Hence .. is
surjective if every associated graded map,

griUW,C : ger ® HO(IFlz O(Oa C)) - griHO(Flv O(a7 b+ C))7
is surjective. Now dim(W) is the sum of all terms dim(gr‘W). For each i, what is the minimum
possible dimension of a vector subspace W C gr' H(Fy, O(a, b)) such that the associated map,

gt i o W@ H(F1,0(0,¢)) — gr' H°(F1,0(a, b + ¢)),

is surjective?

The associated graded pieces of O(a’, V') are,

; HY(E, Ot/ +1)), 0<i<d
3 0 i / ~ bl E ) — =
gr'H (Fl,O(a,b)){ (o, P> a

Let Wi C H° (E,Og(b+1)) be a linear system such that the multiplication map,
gt i o W@ HY(E,0g(c)) — HY(E,Op(b+ c+1)),

is surjective. Counting dimensions on the left and right side of the equation, dim(W?) - (¢ + 1) >
(b+c+i+1),ie,
b+i—-1

. i>
dlm(W)_{ o

J+2r(i)+2.
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The linear system W = griWy(a, b, c), which is generated by the set of monomials
{Urven g O — 0@y U UV,

has the property that W¢ @ H°(E,Og(c)) — HY(E,Op(b+ c +1)) is surjective. And dim(W?) =
r(i) + 2. So Wy(a,b,c) is a c-generating linear system of dimension,

a .

b+i—1
20+ 2+ {HJ = N(a,b,c).

. c+1

=0
Moreover, this is the minimum dimension among c-generating linear systems for which each map
griuwi,c is surjective. U

Notation 7.5. Denote by S the Cox homogeneous coordinate ring of Fy, i.e.,
S = 69(a,b)EZ2]{0 (Flv O(aa b)) = (C[T07 Tla U7 V]

This is a Z?-graded ring, where deg(Tp) = deg(T1) = (0,1), deg(V') = (1,0) and deg(U) = (1,—1).
For every (a,b) € Z?, Siap) = H° (F1,0(a,b)). Denote by deg : S — Z U {—o0} the total degree
defined by deg(M) = a + b for all elements M € S(,p). Denote by < the graded lexicographical
monomial order on S that refines the grading by total degree by U > V > Ty > Tj. For every linear
system W C H°(Fy, O(a,b)) denote by IN(W) the linear system generated by the initial terms of
W.

Lemma 7.6. If the linear system IN(W) contains Wy(a,b,c), then W is a c-generating linear
system.

Proof. The linear system of initial terms of Image(pw ) satisfies
IN(W) - S(0,¢) C IN (Image(pw,c)) -
Since IN(W) contains Wy(a, b, ),
Wo(a, b, c) - S(o,e) C IN (Image(pw,c)) -

By Lemma Wo(a,b,¢) - Sio,cy = Sa,p+c)- Hence IN (Image(pw,c)) = Sap+e), and therefore
Image(uW,c) = S(a,b+c)- U

Remark 7.7. The most important case isa =d —1, b= (d— 1)(k — 1) and ¢ = k — 3 for positive
integers d > 1 and k > 3 (d will be the degree of the hypersurface X C P, and k will be the degree
of the curve Cy C X). In particular, if d > 2 and k¥ > 2d, then b —1 = (d — 1)(k — 2) +d — 2,
a+b—1=(d-1)(k—2)+2d—3and 0<d—2, 2d—3 <k—3. Hencer(i) =d—1fori=0,...,a
and N(a,b,c) = d(d + 1) = d* + d. Moreover, ming>3 N(d — 1,(d — 1)(k — 1), (k — 3)) = d* + d.
This is the origin of the term “d? + d” in Theorem [1.1

7.2. Cohomology Results.

Notation 7.8. Let Ny, PV¢, and X C PV x P" be as in Notation Let k be any integer with
3 <k < 2 (only the case k = 2d will be used later). Let R¥(P") C HilbEL™ denote the open
subscheme parametrizing curves Cy C P™ that are projectively equivalent to a degree k rational
normal curve Cy C P¥ C P". Let R*¥(X) C PV¢ x R¥(P") denote the parameter space for pairs
([X],[Co]) such that Cy C X. Let Q(t) = 3(t + 1)((2k — 1)t + 2) denote the Hilbert polynomial

of a rational normal scroll of degree 2k — 1 in P?*. Let U C Hilb]?m(t) denote the open subscheme
parametrizing closed subschemes > C P" that are projectively equivalent to a rational normal scroll
of degree 2k — 1 in P2¥ C P™ and that are abstractly isomorphic to Fy. Let V C U x R¥(P™) denote
the parameter space of pairs ([X], [Co]) such that Cy C ¥ and such that, via the isomorphism of
¥ = Fy, the invertible sheaf of Cp is O(1,0). Let W C PNa x i/ x R¥(P") denote the parameter
space for triples ([X], [2], [Co]) where ([X],[Co]) is in V and where ¥ C X.
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Observe that R* (P") is a homogeneous space of PGL,, 1, and therefore is smooth and connected.
Observe that the projection R¥(X) — RF(P") is a projective bundle of relative dimension N, —
(kd+1). Observe that the projection map V — U factors as an open subset (with nonempty fibers)
of a projective bundle over U of relative dimension 2 (more precisely, every fiber is isomorphic to the
A? of irreducible curves in the linear system |O(1,0)|). Observe that the projection map W — V is
a projective bundle of relative dimension Ngq — Q(d).

For each triple ([X],[%],[Co]) € W, define dx 5 : C"™! — HO (3, Ox(d — 1)) as in Section @
More precisely, denote £ = (’)3,(7”1). Denote by G the unique quotient of H°(P", Opn (d—1)) ®c Oy
that is locally free and whose fiber at each point ¥ is the quotient,

HO(P", Opn(d — 1)) — H° (%, 0x(d - 1)).
Denote by F the locally free Oyy-modules
prin, (Opva (1)) © pry G
Then there is a map of Oyy-modules 9 : £ — F whose fiber at each point ([X], [X], [Co]) is the map
Ox x. Denote by W° C W the open subscheme parametrizing points ([X], [X], [Co]) such that,
Image(dx,z) C HO(3, Opn(d - 3)[5),

is a (k — 3)-generating linear system.

Let ¥ C P? C P" be a rational normal surface scroll of degree 2k — 1, and let f : F; — %
be an isomorphism. For each pair of nonnegative integers (a,b), denote by N(a,b) the locally free
OF,-module,

N(a,b) = f* (Ng/pn @ Opn(—1)|5) ® O(a,b),
and denote by N'(a,b) C N(a,b) the subsheaf,

N’(a,b) =f (NE/]P’Zk ® Opn(fl)b}) ® O(a,b)

Lemma 7.9. (i) N'(0,0) is generated by global sections and h*(F1, N'(0,0)) =0 fori >0,

(ii) N(0,0) is generated by global sections and hi(F1, N(0,0)) =0 fori >0,

(iil) for every pair of nonnegative integers (a,b) and for every coherent sheaf F on Fy that is
generated by global sections and such that h'(Fy,F) =0 fori >0, F(a,b) := F®O(a,b) is
generated by global sections and h*(Fy, F(a,b)) =0 for i > 0.

In particular, for every pair of nonnegative integers (a,b), N(a,b) (resp. N'(a,b)) is generated

by global sections and hi(Fi, N(a,b)) =0 fori >0 (resp. h'(F1, N'(a,b)) =0 fori>0).

Proof. (i): The morphism prp: : F; — P! is isomorphic over P! to projection from the projective
bundle,
Fi 2P (Op:(—(k—1)) ® Opi(—k)).
Under this isomorphism the invertible sheaf O(1, k—1) on X corresponds to the invertible sheaf O(1)
on P(Op1 (—(k—1)) ® Op1 (—k)) where O(1) is the universal invertible quotient of prj, (Opi(k—1) @
Op1(k)). Up to projective equivalence, the morphism f : F; — P?* is the closed immersion given
by the complete linear system of O(1); in particular, f*Opzx(1) = O(1). Using this isomorphism,
there is a short exact sequence of Op,-modules,
0 — pry: Tpr — pra (Ops (1)2PFD) @ f*Opar (1) — f* Ny por — 0.

Twisting by f*Opar(—1), N’(0,0) is a quotient of pri, (Op: (1)®*=1)). Hence N'(0,0) is generated
by global sections. Also,

(prps ) (151 Tor @ f*Opar (=1)) = {0}, R (prer ) (pria T ® f*Opae(—1)) = {0}
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Twisting the short exact sequence by f*Oper (—1) and forming the associated long exact sequence of
higher direct images, R (prp: ). (f* Nx/pa (—1)) = {0}, and (prp: ). (f* N par (—1)) 22 Opa (1)PZE=1),
Computing the cohomology of N’(0,0) via the Leray spectral sequence associated to prp: : F; — P!,
hi(F1, N’(0,0)) = 0 for i > 0.

(ii): There is a short exact sequence,
0 —— N'(0,0) —— N(0,0) —— 0(0,0)®(=2k) 0,

By (i), h*(F1,Op,) = 0 fori > 0. Therefore N (0, 0) is generated by global sections and h!(Fy, N(0,0))
0 for ¢ > 0.

(iii): Let F be a coherent sheaf on F; such that F is generated by global sections and such
that h¢(Fy,F) = 0 for i > 0. It will be proved by double induction on (a,b) that for every pair of
nonnegative integers (a,b), F(a,b) is generated by global sections and h¢(Fy, F(a,b)) = 0 for i > 0.

The base case is b = 0 and is established by induction on a. For a = 0, the result follows by
hypothesis. Let a > 0 and, by way of induction, suppose the result is proved for a — 1. Let D C Fy
be a general member of the linear system |O(1,0)|. Then D is a smooth curve isomorphic to P!.
Since D is general, there is a short exact sequence,

0 —— F(a—1,0) —— F(a,0) —— F(a,0)]p —— 0.

The sheaf F|p is generated by global sections, and Of, (a(e+ f))|p = Op:(a). Hence also F(a,0)|p
is generated by global sections. By the induction assumption, h!'(F;, F(a — 1,0)) = 0. By the
long exact sequence of cohomology associated to the short exact sequence, every global section of
F(a,0)|p is the image of a global section of F(a,0). Hence F(a,0) is generated by global sections.
A coherent sheaf on P! that is generated by global sections has no higher cohomology. Combined
with the induction assumption and the long exact sequence in cohomology associated to the short
exact sequence above, h'(Fy, F(a,0)) = 0 for i > 0. Therefore, for every a > 0, F(a,0) is generated
by global sections and h*(Fy, F(a,0)) = 0 for i > 0.

Suppose that b > 0 and suppose the result is proved for b — 1. Let L C F; be a general fiber of
pry. Then L is smooth and isomorphic to P!. Since L is general, there is a short exact sequence,

0 —— F(a,b—1) —— F(a,b) —— F(a,b)|] —— 0.

Via the isomorphism L =2 P!, Op, (a(e + f) + bf)|r = Opi(a). By almost identical arguments to
those above, F(a, b) is generated by global sections and h*(Fy, F(a,b)) = 0 for i > 0. O

Let ([X],[%],[Co]) be a point in W® and let f : F; — ¥ be an isomorphism. For each pair of
nonnegative integers (a,b), denote Nx(a,b) = f*(Nx,/x ® Opn(—1)|x) ® O(a,b).

Lemma 7.10. (i) The hypersurface X is smooth along X.
(ii) For each pair of nonnegative integers (a,b), h*(Fi, Nx(a,b+k —3)) =0 for i > 0.
For every line of ruling L C ¥ and every nonnegative integer a, hl(L,NL/X(a —-1))=0.
For every nonnegative integer a, h'(Cy, Ne¢y/x(a—2)) =0.
The projection morphism prpn, : W — PNe is smooth at ([X],[¥],[Co])-
For every line of ruling L C X, the projection morphism prp~, : F(X) — PNa is smooth at
(X, [L]).
(vii) The projection morphism prp~, : R¥(X) — PNa is smooth at ([X], [Co)).
(viii) The projection morphism 7 : W — R¥(X) is smooth at ([X],[3], [Co])-
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Proof. (i): Since the partial derivatives of a defining equation of X span a c-generating linear series,
in particular they generate the sheaf Os;(d—1). Hence, there is no point of ¥ at which all the partial
derivatives vanish. By the Jacobian criterion, X is smooth along X.

(ii): There is a short exact sequence,
0 —— Ny)x — Nyg/pn — Nxpn|ly —— 0.
Denote « = a+ (d—1) and = b+ (d — 1)(k — 1) (these are different than «g4, «;, B4 and 3,.).
There is a short exact sequence,
0 —— Nx(a,b) —— N(a,b) —— O(a, ) —— 0.

Since a, b > 0, by Lemma hi(F1, N(a,b)) = 0 for i > 0. By direct computation, h*(F1, O(a, 3)) =
0 for i > 0. Hence h?(Fy, Nx(a,b)) = 0, and h*(F1, Nx(a,b)) = 0 iff the following map is surjective,

HO(FlvN(aab)) - HO(FMO(O‘HB»'
There is a commutative diagram,
HO(Fy, N(a,b)) ® H*(Fy,0(a’,b")) ———— H°(F1,N(a+ad',b+1"))

l l

HO(Fy,0(a, B)) ® HO(Fy, O(d, V') —— HO(F;,O(a+d', 8+ b))

By direct computation the bottom horizontal arrow is surjective if o/, > 0. Hence, if the left
vertical arrow is surjective, then also the right vertical arrow is surjective; i.e., if b*(Fy, Nx (a,b)) = 0
then also h'(F1, Nx(a + a’,b+V')) = 0. Thus (ii), is reduced to the case a = 0,b = k — 3. In this
case the commutative diagram above factors the following commutative diagram,

HO(FlaTP")®HO(F170(0,]€73)) - HO(]FlaN(O?krfi))))

l |

HOF,0(d—1,(d—1)(k—1))) ® H(F1,0(0,k — 3)) ——  H°(F1,0(a, 3))
By definition, the composition,
HO(F,Tpn) @ HY(F1, 00,k — 3)) — H°(F1, O(e, B)),
is surjective iff the triple ([X], [X], [Co]) is in W°. Since ([X], [2], [Co]) is in W®, the right vertical
arrow is surjective, i.e., h'(Fy, Nx(0,k — 3)) = 0.
(iii): There is a short exact sequence,
0 —— Nys(a—1) —— Nyyx(a—1) —— Nyx|la—1) —— 0.

Since N5, = Oy, foralla > 0, h' (L, Ny, /s;(a—1)) = 0. Therefore it suffices to prove h' (L, Ny, x | (a—
1)) = 0. Since O(a — 1,b)|r = Or(a — 1), there is a short exact sequence,

0 —— Nx(a,k—3) —— Nx(a,k—-2) —— Ny/x[z(a—1) —— 0.
By (ii), for a > 0 the higher cohomology of the first two terms vanishes. By the long exact sequence
in cohomology associated to this short exact sequence, h'(L, Ns/x|o(a—1)) =0 for a > 0.

(iv): The proof is almost identical to the proof of (iii).

(v): By [16, Prop. 2.14.2], the obstruction space for the relative Hilbert scheme Hilbg(/?,]vd at the

point ([X], [¥]) is contained in H' (¥, Nx/x). If ([X], [2], [Co]) is in We, then by (ii), h' (3, Nx/x) =
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h'(Fy,Nx(1,k — 1)) = 0. By [16, Thm. 2.10], Hilb?((/t;wd — PN is smooth at ([X],[S]). The

projection W° — Hile(t)(X/IP’Nd) is an open subset of a projective bundle, and so is smooth.
Therefore the composite morphism W° — PV¢ is smooth at ([X], [Z], [Co])-

(vi): The proof is very similar to the proof of (v) and uses the vanishing, hl(L,NL/X) =0,
which was proved in (iii).

(vii): The proof is very similar to the proof of (v) and uses the vanishing, h'(Co, N¢,/x) = 0,
which was proved in (iv).

(viii): Since W° — P™d is smooth at ([X], [¥], [Co]) and since R*¥ — P4 is smooth at ([ X], [Co]),
to prove that 7 : WY — R¥(X) is smooth at ([X],[¥],[Co]), it suffices to check that the derivative
map dr : Tyyo prg — T Tk (xypra 18 surjective at ([X], [X], [Co]). This reduces to the statement
that H°(X, Ny x) — H%(Co, Nx;/x|c,) is surjective. The cokernel is contained in H*(Fy, Nx (0, k —
1)). By (iii), 2*(Co, Nx;/x|c,) = 0, therefore the derivative dr is surjective at ([X],[Z],[Co]). O

Let ([X],[X],[Co]) be a point of W. Denote by o : Cy — X the inclusion and denote by

prg, : ¥ — Cop the unique projection morphism such that o is a section of prg, (via the isomorphism
¥ = TFy, prg, corresponds to prp:). Denote by g : ¥ — X the inclusion. There is a family of stable

maps ¢ : Cop — Mo 1(X, 1),
¢ = ((prg, : £ — Co,0),9: ¥ — X).

Lemma 7.11. If ([X],[X],[Co]) is in W°, then ¢ : Co — Mo 1(X,1) is very twisting and very
positive.

Proof. Very twisting: First the axioms of Definition [4.3| are verified. Since goo : Cp — X is
an embedding, Axiom (i) of Definition is satisfied. By Lemma (vii), the dimension of the
obstruction group of Mg o(X,k) at [goo : Cy — X] is 0, i.e., Axiom (ii) is satisfied.

The proof that Axiom (iii) holds is identical to the argument for Axiom (iii) in the proof of

Lemma with Lemma (iv) replaced by Lemma (iii).

As in the proof of Lemma C*Tey = (pre, )« Nx (0, k—1). Hence ¢* Ty is ample iff h!(Co, (*Tev(—2))
0. By a Leray spectral sequence argument similar to the one in the proof of Lemma hY(Co, (*Tey(—2))

hY(F1, Nx (0, k — 3)), which, Lemma (ii), equals 0. Therefore (*Te, is an ample bundle, i.e.,
Axiom (iv) is satisfied.

Finally, observe that 0*Ox(0) & O¢,(1) is ample, i.e., Axiom (v) is satisfied. Thus ( is a very
twisting family.

Very positive: Next the axioms of Definition are verified. Axioms (i), (ii) and (iii) follow
from Axioms (i), (ii) and (iii) of Definition as proved above. There is a short exact sequence,

0 CTey CTrgy (x) — (900)" Tx —— 0.

It is proved above that (*T,, is ample. Moreover, by Lemma (iv), N¢,/x is ample. Of course
Te, is ample. Therefore Tx|¢, is ample by Lemma (ii). Since the first and last term in the
short exact sequence are ample, by Lemma (ii), C*Tﬂo,l(x,l) is ample. Since C*pr*Tﬂo.O(Xyl) is
a quotient of C*Tﬁg,l(x,l)’ by Lemma i), g*pr*Tﬂg,o(x,l) is ample; i.e., Axiom (iv) is satisfied.
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Finally, 0*Ox(0) = O¢, (1), which is ample, i.e., Axiom (v) is satisfied. Thus ( is a very positive
family. O
Proposition 7.12. (i) Ifd > 3 andn > d*+d+1, then for k = 2d, W° — R¥(X) is dominant,
and R¥(X) — PNa is dominant.
(ii) Ifd=1 or2 and if n > 7, then for k = 3, W° — R3(X) is dominant, and R3(X) — PNa

is dominant.

Proof. By item (8) of lemma it suffices to prove that W is nonempty. We have to find a pair
([X],[%]) such that for a =d —1, b= (d — 1)(k — 1) and for ¢ = k — 3, we have that the image of
the derivative map

dx,s: HO (P", Tpn (—1)) — H° (F1,O(a, b)) (13)
is a c-generating linear system.

Recall that S = C[Ty, Ty, U, V] is the Z2-graded Cox homogeneous coordinate ring of F;. Denote
by Ag the set of d? + d monomials that occur in the linear system Wy(a, b, c), i.e.,

A= {Utvant eI EE R a1 =1, () )
U {Uivd—l—ind*”““*”“ i=0,...,d—1}

where 7(i) =d — 1+ V 2+1J.
(i), d > 4: Suppose that d > 4 and n > d? + d + 1. Denote by By the set of 4d — 1 monomials,
By = { Uit (S LR VG CAY S| Y SR R
{ U2 v T(d Dk—1-(k—=2)j T(k 2)j j=0,....,d—1 }
{ Ud-3 2 T(d 1)k—2—(k—2)j T(k 2)j j=1,...,d—1 }
{ d—4 3 T(d 1)k—3—(k—2)j T(k 2)j j=1,...,d—1 }
{ }

Cc C C C

-1 T(d D (k=1)

Denote by Cy the set of d?> — 3d + 1 monomials C; = Ay — By. Denote by
Yo,.... i} U{Zo,..., Zka b U{XuIM € Cyu{Vi|i=1,....n— (d®* +d+ 1)},
a basis of HY(P", Opx (1)), i.e., a basis of homogeneous coordinates on P™.
Denote by f : F; — P?* € P" the morphism mapping ([Ty : T1], [ToU : ThU : V]) € Fy to the
point in P* with coordinates Xp; = 0, M € Cy4, with V; =0,l=1,...,n — (d*> + d + 1), and with
Yo =UTE,....Ys =UTy 'TE, ..., Y = UTY,
Zo=VTE . Z;=VTy "1 . Zpy = VTF L
This is an embedding whose image 3 = f(F;) is a rational normal scroll of degree 2k — 1.
The pullback map H® ((P?*, Opar (1)) — H (Fy, O(1, k — 1)) is surjective by construction. And
the natural map,
Sym ' HO(F,,0(1,k — 1)) — H°(Fy,O(d — 1, (d — 1)(k — 1))),
is surjective. Therefore the pullback map
H® (P?*, Opar (d — 1)) — H® (F1,0 (d — 1, (d — 1)(k — 1)))

is surjective. For each monomial M € Cy, choose a polynomial G (Yp, ..., Yar) such that f*Gy =
M.
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coordinate IN(0x s (coordinate)) lower order terms in dx x(coordinate)
Zj+1, UdflTék—l)d—(k—Q)jTl(k—Z)j _UdflTék—1)d—(k—2)(j+1)—1T1(k—2)(j+1)+1
j=0,...,d—1
Z4 Ud_1Ték’f1)d7(k72)(d71)T1(k72)(d71) —Ud_3V2Ték71)(d72)+(d73)TII€71
—om(k—1)(d—2)+d
' 4 —UVd 2T(§ )( )+ Tld '

}/jJrlv _Ud72VT0(k—1)d—1—(k—2)JTl(k—Q)J _’_Ud72VTO(k’—1)d—(k’—2)(]+1)—2T1(k—2)(ﬂ+1)+1
j=0,...,d—1

_ F—D)d—1—(F—2)(d— —2)(d— — —D(d— = -
Y, _pyd QVTO( 1)d—1—(k—2)(d 1)T1(k 2)(d—1) +Ud 4V2Ték 1)(d—2)+(d 4)T1k 1

_Vd,lTék—l)(d—l)—dTld
Zatjs U=3V2x —UT2V2%x
j=1,... d—2 Ték—1)(d—1)+(d—3)—(k—2)jT1(k—2)j Ték—l)(d—1)+(d—4)+(k—2)(j+1)Tl(k—Q)(j+1)
Zp—1 U3V x
k—1)(d—1)+(d—3) — (k—2)(d—1) pn(k—2)(d—1
TO( ) ()+( )—(k—=2)( )T1( )(d—1) ,
Yaij, —UT V3 Utvix
j=1,...,d—2 To(kf1)(d*1)+(d*4)*(k*2)jT1(k*2)j Ték*1)(d*1)+(d*5)+(k*2)(j+1)T1(k72)(j+1)
Yi_1 Ud—4y3x
k—1)(d—1)+(d—4) — (k—2)(d—1) n(k—2) (d—
Té D(d=1)+(d—4)—(k—=2)( 1)T1( 2)(d-1)

Y% Vd—lTO(kfl)(dfl)
X, M
M e Oy
Zo 7Ud71Ték—1)(d—1)+(d—2)Tl Uvd72T0(’f—1)(d—2)le
Yo Ud72VTO(k—1)(d—1)+(d—3)Tl

FIGURE 1. The map Ox x

Consider the hypersurface X C P" with defining equation

F= Y950 (YZu —YiZ) R +
Yiss YaorsiZayy —YarZaoayy) ViV 22y +
(Ya-1Za—YaZa-1) v, +

(YaZat1 — Yar1Za) Y12, Zs +

(Yi-oZy—1 = Ye-1Zk—2) Y2z, 1 Zs +

(YeZo — ZqYa) zZi=2 +

Yomec, Gu(Yo,. .., Yor) X

Observe that F is contained in the homogeneous ideal of ¥, i.e., ¥ C X. The derivative map Ox x
acts on the coordinates Y}, Z;, Xps as in Figure Each of the monomials in A4 occurs as the initial
term of Ox . acting on one coordinate. For every coordinate except Yy and Zp, the initial term of
Ox x is one of the monomials in A4. By Lemma the image of Ox x is a (k — 3)-generating linear
system.
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(i), d = 3: Suppose that d = 3 and n > 32 + 3 + 1 = 13. Denote by Bs the set of 4d — 1 = 11
monomials,

Bi=  { U? Ty 72 R i =0,1,2 )
u { U v Ttk 01,2 )
u vz 0 R I i— 01,2 )
u { U V Tt 1
u { & T 1.

Denote by C3 the singleton set consisting of the monomial M = U?T2. Denote by
{Yo,.. ., Ys}U{Zo,...,. Z5} U{Xnu|M € C3}U{Vj|l=1...,n—13},
a basis of HY(P", Opx (1)), i.e., a basis of homogeneous coordinates on P".
Denote by f : F; — P2 C P" the morphism mapping ([T : Th], [ToU : TyU : V]) € Fy to the
point in P™ with coordinates Xy = 0, M € Cy, with V; =0,l=1,...,n — 13, and with
Yo=UTS,....Y; =UTS'T},.... Y}, = UTY,
Zo=VTI5,....,2; =VIS T ... Zs = VT}.

This is an embedding whose image ¥ = f(F;) is a rational normal scroll of degree 11.

Consider the hypersurface X C P with defining equation
F= Yy iZp—YinZ) Y'Y +

=0
(YaZs — Y3Z3) Ys +
(Y5Zs — YsZa) Zs +
(Y325 — YsZo) Zy +
(YaZy — Y4 Zy) Zy +
Ve X

Observe that F' is contained in the homogeneous ideal of ¥, i.e., ¥ C X. It is straightforward to
compute the action of dx x on the coordinates Y, Z;, Xjs. Every monomial in A3 occurs as the
initial term of dx x acting on one coordinate. For every coordinate except Yy and Zp, the initial
term of Jx x is one of the monomials in Az. By Lemma the image of Ox » is a (k—3)-generating
linear system.

(ii), d = 2: Suppose that d =2 and n > 22+ 2+ 1 =7. Let k = 3. Denote by By the set of 6
monomials, _ _
By = { U ;7 1) |j=0,1,2 }
u { vV Ty T j=0,1,2 }.
Denote by Oy the singleton set consisting of the monomial M = UT}. Denote by
{Y07Y17Y271/33Z07ZI7Z23XM} U {‘/l“ = 1)"'7n_ 7}7
a basis of HY(P", Opx (1)), i.e., a basis of homogeneous coordinates on P".
Denote by f : F; — P® C P" the morphism mapping ([T : T3], [ToU : TAU : V]) € Fy to the
point in P™ with coordinates X; =0, M € Cy, with V; =0,l=1,...,n — 7, and with
Yo = UTE, Y, = UTET,, Yo = UToTE, Y3 = UTS,
Zy=VTE 7y = VTyTh, Zo = VT?.

This is an embedding whose image ¥ = f(F;) is a rational normal scroll of degree 6.
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Consider the hypersurface X C P" with defining equation
F = (Y32, = Y2Z) + (YoZ1 — Y1Zo) + Y3 X

Observe that F' is contained in the homogeneous ideal of ¥, i.e., ¥ C X. It is straightforward to
compute the action of Ox 5 on the coordinates Y;, Z;, Xjs. Every monomial in Ay occurs as the
initial term of Jx x acting on one coordinate. For every coordinate except Yj, the initial term of
Ox,s is one of the monomials in Ay. By Lemma the image of Ox 5 is a (k — 3)-generating linear
system.

(i), d = 1. Denote by
{Y07Y17Y27Y35Z07ZI7Z2aXM}U{‘/lll = 1,...,71—7}7

a basis of HY(P", Opx (1)), i.e., a basis of homogeneous coordinates on P".

Denote by f : F; — P% C P" the morphism mapping ([Ty : T3], [ToU : ToU : V]) € F; to the
point in P™ with coordinates X; =0, M € Cy, with V; =0,l=1,...,n — 7, and with
Yo =UTE, Y, = UT3Ty,Ys = UTyT?, Yy = UTY,
Zy=VT3 7, = VTyTh, Zo = VT?.

This is an embedding whose image 3 = f(F;) is a rational normal scroll of degree 6.

Consider the hypersurface X C P" with defining equation F' = Xj;. Observe that F' is contained
in the homogeneous ideal of 3, i.e., ¥ C X. The image of dx »(Xas) is a generator for Sy ; i.e.,
the image of x5 is a (k — 3)-generating linear system. O

Together with Remark Lemma and Proposition imply the following corollary.

Corollary 7.13. If X CP" is a general hypersurface of degree d and if n > d? +d+ 1, then there
exists a 1-morphism ¢ : Cy — Mo 1(X, 1) that is both very twisting and very positive.

8. PROOF OF THE MAIN THEOREM

As explained at the end of Section if d < ”7“, then for a general hypersurface X C P" of
degree d, Hypothesis Hypothesis [I.6] and Hypothesis [I.7] are satisfied. By Corollary [6.6} if
d>2andn+1>d? orifd=1andn >3, then for a general hypersurface X C P" of degree d,
Hypothesis is satisfied. Finally, if n > d? 4+ d + 1 then by Corollary there exists a very
twisting, very positive family ¢ : Cop — Mo 1(X, 1). Therefore (¢, () is an inducting pair.

By Theorem for every e > 1 there exists an inducting pair ((1,(,). In particular, there
exists a very positive l-morphism ¢, : C — Mg 1(X,e). As shown in the proof of Theorem it
may be assumed that C' is smooth and that the image of C is contained in the smooth locus of the
fine moduli locus. By Lemma (i), ¢, is a very free morphism. By [T, Prop. 7.4], Mo o(X,e)
is an irreducible variety. Therefore, by [16, Thm. IV.3.7], My o(X,e€) is rationally connected.
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