A PENCIL OF ENRIQUES SURFACES OF INDEX ONE WITH
NO SECTION

JASON MICHAEL STARR

ABSTRACT. Monodromy arguments and deformation-and-specialization are used
to prove existence of a pencil of Enriques surfaces with no section and index
1. The same technique completes the strategy from [GHMS05, §7.3] proving
the family of witness curves for dimension d depends on the integer d.

1. INTRODUCTION

This paper uses monodromy and deformation-and-specialization to answer some
questions related to [GHMS05]. Theorem [1.3] gives a new, elementary proof of
existence of a pencil of Enriques surfaces over C with no section, which moreover
has index 1. Proposition completes the strategy from [GHMSO05, §7.3] proving
the family Hy of witness curves depends on the relative dimension d.

The main theorem of [GHS03| proves a rationally connected variety defined over
the function field of a curve over a characteristic 0 algebraically closed field has a
rational point. A converse is proved in [GHMS05]; in particular [GHMS05, Cor.
1.4] proves there is an Enriques surface without a rational point that is defined
over the function field of a curve (answering a question of Serre [CS01l p. 153]).
Subsequently Lafon [Laf04] gave an explicit pencil of Enriques surfaces defined over
Z[1/2] whose base-change to any field of characteristic # 2 has no rational point.
Hélene Esnault asked about the index of Enriques surfaces without a rational point.

Definition 1.1. Let X be a finite type scheme, algebraic space, algebraic stack,
etc. over a field K. The indexr and the minimal degree are,

I(K, X) ged{[L : K]|X (L) # 0},

M(K,X) min{[L : K]|X (L) # 0}.

Hélene Esnault asked, essentially, what is the possible index of an Enriques sur-
face defined over a function field of a curve. In Lafon’s example, M (K, X ) =
I(K,Xg) = 2. In [GHMSO05] the index is not computed, but likely there also
I(K,Xg) > 1.

Question 1.2 (Esnault). If X is an Enriques surface defined over a function field
of a curve K with no K-point, is I(K,X) > 1?7

This has to do with whether there is an obstruction to K-points in Galois cohomol-
ogy. If so and if the obstruction is compatible with restriction and corestriction,
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the order of the obstruction divides I(K,X). So if there is a cohomological ob-
struction “explaining” non-existence of K-points, then I(K, Xx) > 1. The main
result proves there is an Enriques surface with no K-point whose index is 1.

Theorem 1.3. Let k be an algebraically closed field with char(k) # 2,3 that is
“sufficiently big”, e.g. wuncountable. There exists a flat, projective k-morphism
7 X — PL with the following properties,

(i) the geometric generic fiber of w is a smooth Enriques surface,

(i) the invertible sheaf m.[w®?] has degree 6,

(iii) for the function field K of P} and the generic fiber X of m, I(K, Xk) =1

and M(K,Xk) = 3.

Moreover every “very general” Enriques surface over k is a fiber of such a family.

The method is simple. Over P! a family of surfaces is given whose monodromy group
acts as the full group of symmetries of the dual graph of the geometric generic fiber
— which is the 2-skeleton of a cube. There is an action of Z/27Z acting fiberwise, and
the quotient is a pencil X /P! of “Enriques surfaces”. The 8 vertices of the cube
give a degree 4 multi-section of the pencil. The 6 faces of the cube give a degree
3 multi-section of the pencil. By monodromy considerations every multi-section of
X has degree > 3. The pencil X together with the degree 3 and degree 4 multi-
sections deforms to a pencil whose geometric generic fiber is a smooth Enriques
surface. For a general such deformation, M (K, Xk) =3 and I(K, Xg) = 1.

The same method gives pencils of degree d hypersurfaces with minimal degree d,
which is used to complete the argument from [GHMS05] Section 7.3].

Proposition 1.4. Let B be a normal, projective variety of dimension > 2 and let
M be an irreducible family of irreducible curves dominating B (i.e., the morphism
from the total space of the family of curves to B is dominant). There is an integer
d such that M is not a witness family for dimension d, i.e., there is a projective,
dominant morphism of relative dimension d, w: X — B, whose restriction to each
curve of M has a section, but whose restriction to some smooth curve in B has no
section.
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2. THE CONSTRUCTION FOR HYPERSURFACES

Let d,n > 0 be integers, let k be a field, and let V' be a k-vector space of dimension
n + 1. Degree d hypersurfaces in P(V') are parametrized by the projective space,

PSym® (V) = Proj @ Sym'(Syt(V)),

where Syt?(V) is the vector space of symmetric tensors in @*V.

Let B, C be k-curves isomorphic to Pi. There exists a degree d, separably-generated
k-morphism f : C' — B such that Gal(k(C)/k(B)) is the full symmetric group &,.
This is straightforward in every characteristic — in characteristic 0 any morphism
with simple branching will do.



Let g : C — P(VV) be a closed immersion whose image is a rational normal curve of
degree n. Consider the pullback of the tautological surjection, V ®; Oc — ¢*O(1).
By adjointness, there is a map 3 : V @, Op — f.«(¢*O(1)). For every locally free
Oc-module & there is the norm sheaf on B,

d d

Nmy(€) = Homo, (\(£:0c), \(f-

together with the norm map of Op-modules,

ag ®f* — Nmy(€), e1Q---®eqg— (1 A---Necg— (c1-e1) A+ A(ca-eq)),

fore; @ ®eq € Q@ (f.&) and ey A---Acg € A (f.Op). Only the restriction to the
subsheaf of symmetric tensors is needed, ag : Sytd( f+«€) — Nmy¢(€). In particular,
Nms(Oc) = Op and ap, (b ® --- ® b) € Op is the usual norm of b € f,O¢.

Denote by v the composition,

Syt?(3 « Qgx N
Syt(V) @x O 22 8yt(£,6"0(1)) 22 Ny (9" O(1)).

Because (3 is surjective, also v is surjective. So there is an induced morphism
h : B — PSym?(VV). For every geometric point b € B whose fiber f~1(b) is a
reduced set {c1,...,¢cq}, h(b) = [g(c1) x --- X g(cq)]. The degree of Nm(g*O(1)),
and thus the degree of h, is n

Denote by X}, C B x P(V) the preimage under (h,Id) of the universal hypersurface
in PSym?(VV) x P(V), and by 7 : &}, — B the projection. Let m = min(d, n) and
let Sq, C Z>o denote the additive semigroup generated by ( ) fori=1,...,m.
Denote K = k(B) and denote by A}, i the generic fiber of .

Proposition 2.1. FEvery irreducible multi-section of m has degree divisible by (‘f)
fori=1,...,m. The degree of every multi-section is in Sq,. In particular, if
d>n then M(K, X, k) =d and I(K, X, ) is divisible by gcd(d, (g), e (d)).

n

Proof. Denote by U C B the largest open subset over which f is étale and define
W = f~Y(U). For each i = 1,...,m, denote by W;/U the relative Hilbert scheme
Hilb%,V/U. Because W is étale over U, the fiber of f over a geometric point b of B
is a set of d distinct points, f~1(b) = {ci,...,cq}, and the fiber of Hilb@V/U is the
set of subsets of f~1(b) of size i. Every geometric fiber of &}, xp U — U is union
of d hyperplanes. Denote by,

Xy xpU=X UXZU---UAR,

the locally closed stratification where X} is the set of points x in precisely ¢ irre-
ducible components of the geometric fiber X}, ®o, R(7(x)). Because every finite
subset of distinct closed points on a rational normal curve over an algebraically
closed field is in linearly general position, X} = @ for i > m; in particular every
geometric fiber of &, xp U — U is a simple normal crossings variety. For each
i = 1,...,m the morphism X} — U factors as an A" *-bundle over W; over U.
The generic point of every 1rredu01ble multi-section is contained in X} for some
i = 1,...,m. Because Gal(k(C)/k(B)) is &4, W; is irreducible. Therefore the
degree of the multi-section is divisible by deg(k(W;)/k(U)) = (l) So the degree of
every multi-section, irreducible or not, is in Sy ,,. Moreover, the intersection of X}
with a general line in P(V ®j, K) is a degree d multi-section, so M (K, X}, k) =d. O
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Let H, C Hom(B,PSym®(V")) denote the irreducible component of morphisms
of degree n. Denote by X — H, x B the pullback by the universal morphism
of the universal hypersurface in PSym?(VV) x P(V). For every field &’ and every
[h] € H,(k"), denote by X}, the restriction of X to Spec (k') x B, by K’ the function
field £'(B), and by A}, k the generic fiber of the projection to B.

Corollary 2.2. Assume d > n. In H, there is a countable intersection of open
dense subsets such that for every [h] in this set, M(K', Xy k') = d and I(K', X, k')
is divisible by ged(d, . . . (i)) In particular this holds for the geometric generic point
of Hy,.

Proof. The subset H2°Y C H, where M(K',Xx/) > d and ged(d, ..., (Z)) \
I(K', X, k) is a countable intersection of open subsets by standard Hilbert scheme
arguments: the complement of this set is the union over the countably many Hilbert

polynomials P(t) of multi-sections of degree < d or not divisible by ged(d, .. ., (Z))

of the closed image in H,, of the relative Hilbert scheme Hilbi(/tzln. By Proposi-

tion Hg°°d is nonempty, therefore it is a countable intersection of open dense
subsets. Of course the intersection of X}, g+ with a general line in P(V ®; K') gives a
multi-section of degree d, therefore Hg°°? is actually the set where M (K', Xx/) = d
and ged(d, ..., (%) | I(K', X x). O

2.1. Proof of Proposition Let k£ be an uncountable, algebraically closed
field. The main case of Proposition is B = P}, x ]P’}c and M is the complete
linear system |O(a, b)|. Assume first that one of a,b =0, say b= 0. Let f: Y — P}
be a finite, separably-generated morphism of irreducible curves of degree > 1, and
let X =Y x P! with projection 7 = (f,Id). Every divisor in |O(a, 0)] is a union of
fibers of pr;, so the restriction of m has a section. The restriction of m over every
fiber of pry is just f, and so has no rational section. Thus assume a,b > 0.

Define n = 4ab and d = n — 1. Let V be a k-vector space of dimension n + 1.
Let C C P! x P! be a smooth curve in the linear system |O(1,2b)|. By Corol-
lary there exists a closed immersion of degree n, h : C — IP’Symd(VV),
such that M(k(C), X, kcy) = d > 1. Of course h extends to a closed immer-
sion j : P! x P! — PSym%(VV) such that j*O(1) = O(2a — 1,2b); after all,
HO(P!x P!, O(2a—1,2b)) — HY(C,Oc(n)) is surjective. Define 7 : X — P! x P! to
be the base-change by j of the universal family of degree d hypersurfaces in P(V).
By construction, the restriction over C' has no section.

Every divisor in |O(a,b)| is a curve in PSym?(VV) of degree n — b whose span is
a linear system of hypersurfaces in P(V') of (projective) dimension < n —b — (a —
1)(b —1). Since n — b < n, this linear system has basepoints giving sections of the
restriction of X' to the divisor. This proves Proposition for B = P! x P! and
M =10(a,b)|.

Let B be a normal, projective variety of dimension > 2 and let M be an irreducible
family of irreducible curves dominating B. There exists a smooth open subset
U C B whose complement has codimension > 2 and a dominant morphism ¢ : U —
P! x PL. Intersecting U with general hyperplanes, there exists an irreducible closed
subset Z C U such that g|z : Z — P! x P! is generically finite of some degree e > 0.
For the geometric generic point of M, the intersection of the corresponding curve
with U is nonempty, and the closure of the image under f is a divisor in the linear
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system |O(a’, )| for some integers a’,b’. Let a > o', and b > b’ be integers such
that 4ab > e + 1. There exists a projective, dominant morphism 7 : X — P! x P!
whose restriction over every divisor in |O(a, b)| has a section, but whose restriction
over a general divisor in |O(1, 2b)| has minimal degree 4ab — 1.

Define Xg € B x X to be the closure of U Xpiyp1 X. Then np : Xp — B
is a projective dominant morphism. For the geometric generic point of M, the
restriction of mp to the curve has a section because the restriction of 7 to the
image in P! x P! has a section. Let Cp C Z be the preimage of a general curve
C in |O(1,2b)|. The morphism Cp — C has degree e < 4ab — 1. Because every
multi-section of 7w over C' has degree > 4ab — 1, mp has no section over Cg.

3. THE CONSTRUCTION FOR ENRIQUES SURFACES

Let k be a field of characteristic # 2,3, and let V4 and V_ be 3-dimensional k-
vector spaces. Denote V =V, @ V_ and V' = Sym*(VY) @ Sym?(V.¥). Denote
G = Grass(3, V'), parametrizing 3-dimensional subspaces of V’. This is a parameter
space for Enriques surfaces. There are 2 descriptions of the universal family, each
useful. First, let 7z : Z — P(V,) x P(V_) be the projective bundle of the locally
free sheaf pr’ Opey,)(—2) © pr* Opy_)(—2). A general complete intersection of
3 divisors in |Ogz(1)| is an Enriques surface. Because H°(Z,Oz(1)) = V', the
parameter space for these complete intersections is G. Second, G parametrizes
complete intersections in P(V') of 3 quadric divisors that are invariant under the
involution ¢ of P(V) whose (—1)-eigenspace is V_ and whose (+1)-eigenspace is
V. A general such complete intersection is a K3 surface on which ¢ acts as a fixed-
point-free involution; the quotient by ¢ is an Enriques surface. The two descri;\)‘Ei/ons
are equivalent: the involution extends to an involution 7 on the blowing up P(V') of
P(V) along P(Vy) UP(V_) and the quotient is Z. Denote by X — G the universal
family of Enriques surfaces, and denote by ) — G the universal family of K3 covers.

Let B,C,D be k-curves isomorphic to P;. There exists a degree 2, separably-
generated morphism g : D — C and a degree 3, separably-generated morphism
f: C — B such that Gal(k(D)/k(B)) is the full wreath product 203 s, i.e., the
semidirect product (&2)% x &3. In characteristic 0, this holds whenever g and f
have simple branching and the branch points of g are in distinct, reduced fibers of
f- There is an involution tp of D commuting with g.

Let 7 : D — P(VV) be a closed immersion equivariant for tp and ¢ whose image is a
rational normal curve of degree 5. By the construction in Section [2] there is an as-
sociated morphism i : C' — ]P’Symz(Vv). Because j is equivariant, ¢ factors through
P(V’). By a straightforward computation, i*O(1) = Nmgy(j*O(1)) = Oc(5).
The pushforward by f, of the pullback by i* of the tautological surjection is a
surjection (V)Y @ Op — f.i*O(1). The sheaf f.i*O(1) is locally free, in fact
f+i*O(1) = £,0c(5) = Op(1)3, so there is an induced morphism h : B — G. De-
note by 7, : Xy — B and py, : YV — B the base-change by h of X and ). Denote
K = k(B) and denote by A}, i the generic fiber of mp,.

Proposition 3.1. Fvery irreducible multi-section of mp, has degree divisible by 3 or
4. In particular M (K, X k) = 3.

Proof. Denote by U C B the open set over which f o g is étale, and denote by
W C D the preimage of U. Denote by ¢ : W — U the Galois closure of W/U. Then
5



" f.Ocly = Opr{ar, az, a3} for idempotents a,, p = 1,2,3. And c*g.f.Oplv =
Ow{bl,l,bl,g,bg,l,bg,g,bg,l,bg,g} for idempotents bp,qa p = 1,2,3, q = 1,2 Of
course a, — by, 1 +bp o, p =1,2,3. The action of the Galois group 23 on a, is
by the symmetric group &3, and the action on b, 4 is the standard representation
of the wreath product.

For each p = 1,2,3 and ¢ = 1,2, denote by j, 4 : W — P(VY) the morphism
obtained by composing the idempotent b, , : W — W xy W with the basechange
of j. In particular, ¢ o jp1 = jp2. Denote by A, , C W x P(V) the pullback by

Jp.q,1d) of the universal hyperplane. Denote by V- the base-change to W of ).
P.q 1%
Then,

yw = U (Al,ql N A2,q2 N A3743)'

(q1,92,93)€{1,2}3
There is a locally closed stratification,
_ — Y3 4 5
Vi = Vi W5 U,

where yéw is the set of points lying in the intersection of precisely ! of the A, 4.
The stratum J/% is the union of 8 connected, open subsets,

A(leQ%QS) - (A11q1 n A27Q2 n A3,q3)7

for q1,q2,q3 € {1,2}. Each connected component is a dense open subset of a P2-
bundle over W. The stratum :))%7 is the union of 12 connected, open subsets,

Agorgsy © (AraNA12) N Az g, NA3 g,
Agrwgs) C Mg N(A21NA22) N A3 g,
A(QI,Q%*) - Al,fh N A27Q2 N (A3,1 N A372)

for q1,q2,q3 € {1,2}. Each connected component is a dense open subset of a P!-
bundle over W. Finally y% is the union of 6 connected sets,

ANrrgy) = (A 1NA12)N (A1 NA22) N A3 g,
(%,q2,%) = (Al,l N A1,2) N A2,qz N (As,l N As,z),
ANgrey = Mg N(A21NA22)N(Az1NA32)

for q1,q2,q3 € {1,2}. Each connected component projects isomorphically to w.

There is a bijection between multi-sections of ), over U and Galois invariant multi-
sections of Vi over W. An irreducible multi-section of V), determines a multi-
section of Vi contained in a single stratum y%. The action of the Galois group
203 5 on the connected components of y%& is the obvious one; in particular, it acts
transitively on the set of connected components. So every Galois invariant multi-
section in y% has degree divisible by 8, every Galois invariant multi-section in
y‘% has degree divisible by 12, and every Galois invariant multi-section in y‘% has
degree divisible by 6. Therefore every irreducible multi-section of )}, has degree
divisible by 8 or 6. Because ), is a double-cover of A&}, every irreducible multi-
section of &}, has degree divisible by 4 or 3. In particular, the minimal degree of a
multi-section of A}, is 3. O



Because f.i*O(1) = Op(1)3, the scheme X}, C B x Z is a complete intersection of 3
divisors in the linear system |prOp(1) @ pri;Oz(1)|. A general deformation of this
complete intersection is a pencil of Enriques surfaces satisfying Theorem (i) and
(ii) with M (K, Xk) > 3, I(K, Xk) | 4 (this is valid so long as char(k) # 2). For
(i), it is necessary to deform the pencil together with the degree 3 multi-section.
This requires a bit more work, and the hypothesis char(k) # 2, 3.

The stratum y% is Galois invariant and determines a degree 3 multi-section of
Xn. As a 203 s-equivariant morphism to W, y% is just the base-change of D, and
the morphism y% — P(V) is Galois invariant. By étale descent it is the base-

—

change of a morphism j' : D — P(V). Now j’ induces a morphism to P(V'), the
blowing up of P(V) along P(V,)UP(V_). Because j’ is equivariant for ¢ and ¢p, the
quotient morphism D — Z factors through C, i.e., there is an induced morphism
1 : C — Z. By a straightforward enumerative geometry computation, j’ has degree
5 with respect to Op(y(1). Therefore i’ has degree 5 with respect to Oz(1). The
degree 3 multi-section of X}, is the image of (f,i') : C — B x Z.

Lemma 3.2. If f, g and j are general, then (i')* : H(Z,07(1)) — H°(C,0¢(5))
18 surjective.

Proof. The condition that (i)* is surjective is an open condition in families, hence
it suffices to verify (i’)* is surjective for a single choice of f, g and j — even one for
which Gal(k(D)/k(B)) is not 203 2. Choose homogeneous coordinates [Sp, S1] on
D, [Ty, Ty] on C and [Ug, Up] on B. Define g([So, S1]) = [SZ, 5] and f([To, T1]) =
[T3,T3]. Denote by g the group scheme of 6*® roots of unity. There is an action
of pg on D by (- [So, S1] = [So,(S1]. This identifies pg with Gal(k(D)/k(B)).

Let ey g,eq1,e42and e_ g,e_ j,e_ 5 be ordered bases of V. and V_ respectively,
and let Xy o, X, 1, X, o and X_ o, X_ 1, X_ 5 be the dual ordered bases of V. and
VY respectively. There is an action of ug on V' by,
C : [X+,07 X+,17 X+,27 X*,O7 X*,lv X*,Q] =
(X0, X410, (M X2, (X0, X1, (X ]

and a dual action on VV. Define j : D — P(V) with respect to the ordered basis
€1,0,...,€_ 92, to be the pg-equivariant morphism,

j([s()vsl]) = [Sga 535%7505?7535175855’7515}'

In this case U = D4 (UplUy) C B and W =W = D, (S0S1) C C. Tt is straightfor-
ward to compute j' with respect to the dual ordered basis X o,...,X_ o,

j/([SOa Sl]) = [S?a SgSi’, Sésla SOSila SOSila SSS%» Sg]
As a double-check, observe this is pg-equivariant. The induced map (j')* is,

X+ 0X+ 0 [d T15, X+ ()X+’1
X+ 1X+1 (g 1—'()27—‘137 XJr 1X+2
X_ OX—O = T0T14, X_ OX_1
X_71X_71 (g TSTE, X_JX_Q

T0T14, Xi0Xio0 = T02T13,
— Ty,
TO2T13, X_oX_o +— TOSle7
— Tg’.

1111
2
3
=
+
<
y

This is surjective by inspection. ([



3.1. Proof of Theorem (1.3, The subvariety X}, C Bx Z is a complete intersection
of 3 divisors in the linear system |pri;Op(1)®pri Oz(1)|, each containing (f,i")(C).
Denote by Z the ideal sheaf of (f,i')(C) C B x Z, and denote I = H(B x Z,7 ®
priyOp(l) @ pryOz(1)). The projective space of I is the linear system of divisors
on B x Z in the linear system |pryOp(1l) ® pryOz(1)| that contain (f,')(C).
The Grassmannian G’ = Grass(3,I) is the parameter space for deformations of X}
that contain (f,47")(C). For the same reason as in Corollary in G’ there is a
countable intersection of dense open subsets parametrizing subvarieties X’ C Bx Z
with M (K, X}) > 3 and I(K, X)) | 4. By construction, X’ contains the degree
3 multi-section (f,i')(C). Therefore M (K, X)) = 3 and I(K, X)) = 1. It is
straightforward to compute prp * [w%; ) 5l = Op(6). So to prove the theorem, it
suffices to prove every “very general” Enriques surface occurs as a fiber of some X”,
i.e., for a general [X] € G, X occurs as pr (X’ N 75" (b)) for some choice of f,g,i
and b € B.

A general 0-dimensional, length 3 subscheme of Z occurs as i'(f~1(b)) for some
choice of f, g, i and b € B. So for a general Enriques surface [X] € G and a general
choice of 0-dimensional, length 3 subscheme of X, X is a complete intersection of 3
divisors in the linear system |Oz(1)| containing 4’(f~1(b)) for some choice of f, g, i
and b. To prove that a general [X] € G is the fiber over b of X’ for some f, g, i and
[X'] € G', it suffices to prove every divisor in the linear system |Oz(1)| containing
i'(f~1(b)) is the fiber over b of a divisor in the linear system |Z ® Op(1) ® Oz(1)].

There is a short exact sequence,
0—=Z®pry0z(1) = prz0z(1) — przO0z(1)[c — 0,
giving a short exact sequence,
0 — prp . (Z®pryzO0z(1)) — prg .pryO0z(1) — prp . (prz0z(1)|c) — 0.

Because (i')* is surjective, prp ,(Z ® pryOz(1)) is a locally free sheaf with h' = 0.
So it is = O @ Op(—1)%. Twisting by Op(1), prg . (Z ® prOp(1) @ pry0z(1))
is generated by global sections. Therefore every divisor on Z in the linear system
|Oz(1)| containing the scheme i’(f~1(b)) is the fiber over b of a divisor on B x Z
in the linear system |Z ® prOp(1) @ pryOz(1)|.
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