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Problem Set 6, Due Thurs. 10/20/2011

MAT 544 Problem Set 6 Solutions

Problems.
Problem 1| Let (W, || o [|y/) be a Banach space (the most important case is W = R"). Let I be a
bounded, open interval in R with closure I, and let
F:T—=LWW), te (F:W —W)
be a bounded, continuous function. For every ¢y € I, consider the initial value problem

dA
E(t) = F 0 A(t), Alty) = Idw

where A is a continuously differentiable function from some open neighborhood of t3 in I to
L(W,W). As proved in lecture, there is a unique solution Ay, (t). Denote this by A(t, tg) = Ay, (1),
called a Green’s function.

(a) For fixed to,t; € I, check that both of the following functions
At) = Alt,to), A(t) = A(t,11) o Aty, o).

solve the initial value problem

dA
—(t) = F o At), A(t) = A(t, to),

and thus are equal by uniqueness. In particular, conclude that A(ty,ty) and A(ty,t1) are inverse
(bounded) linear operators.

(b) Let U be an element in L(W, W) which has an inverse U~! in L(W, W). Check that B(t,ty) =
U o A(t,ty) o U™ is a solution of the initial value problem

dB

—-(t)=(UoFo U=Yo B(t), B(ty) = Idy.

(c) Now let §: I — W be a continuous function and consider the initial value problem

W~ R@EW) +g), Tt) =0
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where #(t) is a continuous map I — W which is continuously differentiable on I. This equation is
called an inhomogeneous linear ODE. Check that the following formula gives one solution (which
is unique)

() = At to) / Als,t0)" 0 §(s)ds = At to) o / Alto, s) o §(s)ds =

to to

/ t A(t, s) o §(s)ds.

to

Problem 2| Let (W, | o ||w) be a Banach space, e.g., W = R". Let f(z) = > o~ ¢,2" be an
absolutely convergent series with positive radius of convergence R, i.e.,

[e.e]

Z len| R™ < o0.

n=0

(a) For every A in the closed ball B<g(0) in L(W, W), prove that the sequence of partial sums

N

Z c, A"

n=0
converges to a limit. Call this limit fruw,w)(A).

(b) Prove further that the associated map
Jrowwy - B<r(0) = LW, W), A~ fL(W,W)(A)

is continuous. (Consider this as a uniform limit of polynomial functions.)

(c) For every U in L(W, W) with inverse U~ also in L(W, W), prove that fraww)(UAU™") equals
U frowwy (AU

Problem 3 Read about how to find the Jordan normal form, particularly for 2 x 2, 3 x 3
and 4 x 4 matrices. One short review is available from the lecture notes at the following URL:
http://ocw.mit.edu/courses/mathematics/18-034-honors-differential-equations-spring-2004/

Consider the following second order differential equation with initial values.

e d ,
@x(t) - 6%“@ +9z(t) =0, x(ty) = bo, 7'(to) = by

(a) Find a 2 x 2 matrix A such that for every choice of by,b;, the unique solution of the initial value

problem

o -0, 70 [ 240 ], =[]

2
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gives a solution of the second order differential equation by z(t) = zo(t).

(b) Find an invertible 2 x 2 matrix U such that AU = UA where A is a 2 x 2 matrix of the form
A=S5+N

where S is a diagonal matrix, N is a strictly upper triangular matrix (with zeroes on the diagonal),

and SN = NS.

(c) Compute exp(S(t — o)), exp(N(t — to)) and

exp(A(t — tg)) = exp(S(t — to))exp(N(t — to)).

The compute exp(A(t — t))U = Uexp(A(t — to)).

(d) Let cg, ¢; be real numbers such that

R

Find the solution of the initial value problem with respect to ¢y and ¢, and use this to find the
solution of the original second order differential equation with respect to ¢y and c¢;.

Problem 5| For the same differential equation as in [Problem 4] use [Problem 1(c)|to solve the

following inhomogeneous equation

d? d

@x(t) — 6Ex(t) +92(t) = e*, x(ty) = 2(ts) = 0.
There are other methods to solve this problem (such as the method of undetermined coefficients).
You may use these methods to check your work, but please write up the solution using the Green’s

function as in [Problem 1(c)|

Solutions to Problems.

Solution to There are some results about linear maps. Each one is elementary. Some have
been explicitly proved in lecture. It seems best to state them explicitly. Let (U, || o), (V.| @ ||v)
and (W, || @ ||w) be normed vector spaces.

Lemma 0.1. (i) For every bounded linear map S : U — V and for every bounded linear map
T:V — W, the composition T oS : U — W is a bounded linear map and ||T o S||,, <
1T {lop - 1[5l op-

(i1) For every bounded linear map S : U — V', the map Co s : L(V,W) — L(U,W) by Cos(T) =
ToS is a bounded linear map with ||Ce s|lop < ||S||op- Stmilarly, for every bounded linear map
T:V =W, the map Cre : L(U,V) = L(U,W) by Cre(S) =T oS is a bounded linear map
with [[Cr.ellop < 1T op-
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(111) The linear map Co . : L(U, V) — L(L(V, W), L(U,W)) by S+ C,s is a bounded linear map
with operator norm < 1. Similarly the linear map C\o : L(V,W) — L(L(U, V), L(U,W)) by
T +— Cr.e 1s a bounded linear map with operator norm < 1.

(iv) The composition morphism
C:LV,W)x LUV)— LUW), (T,S)—ToS
s continuously differentiable with total derivative
dCir,s)(AT,AS) = AT o S +T o AS.

Proof. (1) It is easy to see that a composition of linear maps is a linear map (and this is proved in
linear algebra courses). Assume that S and T" are bounded linear maps. For every @ € U, we have
|S(@)]|v < [[S|lopll@]lo. And for every v € V', also || T(0)||lw < [|T||opl|¥]]v. Setting 7 = S(@) gives
|(SoT)@)||w < ||S|lopllT(@) ||y < ||S||0p||T||Op||U||U Therefore T o S is a bounded linear map and
1T 0 Sllop < [|T]op - [[5lop-

(ii) It is straightforward to see that C, s is a linear map. This is essentially (one half of) distributiv-
ity of composition with addition and scalar multiplication. And by (i), ||Ce.s(T)|lop = |70 Sllop <
1T |lop||S]lop- Therefore Cy s is a bounded linear map with ||Ce sllop < [|S|lop. A similar argument
proves the analogous result for Cr,.

(iii) It is straightforward to see that C, . is a linear map. This is essentially the other half of distribu-
tivity. And by (ii), ||Ce.sllop < ||S|lop- Therefore C, . is a bounded linear map with ||C .||op < 1.
A similar argument proves the analogous result for C, ,.

(iv) By Theorem 3.8.2 on p. 154, for every (T',S) € L(V,W)x L(U, V), the derivative dC(r,g) exists
and varies continuously in (7, S) if and only if for every (T, S) both partial derivatives d(Cs s)r
and d(Cr,.)s exist and vary continuously in (77, .5). By (ii), both C, g and Cr, are bounded linear
operators, hence differentiable with derivatives d(Cy 5)r = Co s and d(Cr.e)s = Cr,4. By (iii), these
both vary continuously in (77, 5). Hence C' is continuously differentiable, and

dC1.5) (AT, AS) = d(Cas)p(AT) + d(Cra)s(AS) = AT 0 S + T o AS.
]

Corollary 0.2. Let (R, || ® ||r) be a normed vector space, let R be an open subset of R, let S :
R — LU, V) and T : R — L(V,W) be continuously differentiable functions. Then the function
ToS:R— LUW) by 7w T(r) o S(r) is continuously differentiable and

d(T o 8)(AF) = dTH(AF) 0 S(7) + T(7) o dSH(AF).

In particular, if R =R with its absolute value norm, then we have

d dr ds
ST(t) 0 S(1)) = S-(t) 0 5() + Ty 0 (1)
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Proof. This follows from Lemma [0.1] together with the Chain Rule, Theorem 3.6.2 on p. 143. [

Solution to @ Apply Corollary m with R=R, R=1,U =V =W, with T(t) = A(t,t;) and
with S(t) the constant function S(t) = A(t1,to), which has zero derivative. This gives

d d
(A1) 0 Altr, 1) = S A1) 0 Al to).

Since A(t, 1) is a solution of the initial value problem,

d
%A(t, tl) = Ft o A(t, tl)

Substituting this in gives

%(A(t, t1) 0 A(ty, 1)) = (F, 0 A(t,t1)) o A(t1, to).

And by associativity of composition, this gives

%(A(t, tl) O A(tl, to)) = Ft o (A(t, tl) (@) A(tl, t())),

ie.,

d ~ ~

Moreover we have

-~

A(tl) = A(tl, t1> e} A(tl, to)

Since A(t, t;) solves the initial value problem, A(ty, ) equals Idy . Therefore we have

~

A(tl) = IdW O A(tl, to) = A(tl, to)

Therefore A(t) solves the given initial value problem. On the other hand, A(t) = A(t, ) clearly
solves the initial value problem. Since the solution of the initial value problem is unique, it follows
that A(t) = A(t), i.e.,

A(t,t) o A(ty,to) = A(t, o).

In particular, since A(to,to) = Idy = A(t1, 1), we conclude that
A(to, tl) o A(tl, to) = IdW = A(tl, to) ) A(to, t1>

Therefore A(ty,ty) and A(to,t1) are inverse linear operators.
Solution to @ First of all, for any continuously differentiable function f : I — L(W,W), by
Corollary , f(t) o U™ is continuously differentiable, and

d -1 _df -1
S(f) U = () o U,

5
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And for f(t) = U o A(t, ty), again by Corollary [0.2]

d d
E<U o A(t,to)) =Uo ﬁA(t,to)

Putting this together gives,

d dA(t,t _
E(UoA(t,to) oUNH=Uo % oUL.
Since A(t, tg) solves the initial value problem,
dA(C-ltZ; tO) - Ft o A(ta tO)v

we have that p
EB(z&,to) =UoF,0A(tty)o U™ =
UoF,oU 'oUoA(t,tyoU ' = (Uo F,oU ") o B(t,t).

Finally, B(to,ty) = U o A(tg, to) o U™!. Since A(to,ty) equals Idyy, this gives
Blto,to) =UoldyoU ' =U o U™ = Idy.

Therefore B(t,tg) = U o A(t,ty) o U™! solves the initial value problem.

Solution to Denote by T': I — L(W, W) the function T'(t) = A(t,). This is continuously

differentiable with derivative T

dt
Denote by S : I — W = L(R, W) the function

(t) = F, o T(t)

S(t) = / A(s, o) o g(s)ds.

to

By the Fundamental Theorem of Calculus, S() is continuously differentiable with derivative equal
to the continuous function s
= A(t,to) " 0 g(t).

=
Therefore applying Corollary Z: 1 —- W = LR,W), Z(t) = T(t) o S(t), is continuously

differentiable with derivative equal to

%(t) = Cfl_ji;(t) oS(t)+T(t)o %(t) -

FyoT(t) o S(t) + A(t,to) o (A(t,t) " 0 g(t)) = Fy 0 &(t) + 5(1).
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Therefore Z(t) solves the ordinary differential equation. Moreover,
f(to) = T(to) o S(to) = A(to, tO) 9] OW = Idw(0W> = OW

Therefore Z(t) solves the initial value problem.

Solution to (a) and (b) Although the following is not called for in this problem, it did come
up in lecture. For a real-valued power series f(z) = > ~_ ¢,2™ with radius of convergence R, not
only is the power series fruwu)(T) == > o ocmT™ convergent and continuous for 7' € Br(0) C
L(W,W), in fact it is continuously differentiable on Bg(0). This requires more work than proving
only that fraww) is continuous. The proof uses analogues in L(W, W) of some elementary algebraic
facts about polynomials, e.g., the binomial theorem, and some elementary results about derivatives
of polynomials, and the proof uses the Taylor approximation with remainder for real-valued power
series. The basic idea is that for T, AT € L(W, W) with ¢ := ||T||op, At := ||AT||p, one can bound
the remainder term in the first-order Taylor approximation, ||fruww)(T + AT) — frovw)(T) —
d(frowwy)r(AT)|lop, by the analogous “classical” term |f(t 4+ At) — f(t) — f'(t)At|, which in turn
is bounded by the Mean Value Theorem in terms of a uniform constant times |A¢|?.

Lemma 0.3. Let (V,|| o ||y) be a Banach space. Let R > 0 be a real number. Let (¢p)m=012... be
a sequence of elements in V such that the power series . °_, cpt™ has radius of convergence R,
i.e., for every 0 <r < R, the series Y ~_ |lcm||vr™ converges. Then all of the following hold.
(i) For every real number 0 < r < R, the sequence (fn)n=01,2,.. of partial sums f, => " _;cpnt™
converges in BC([—r,r], V). In particular, the pointwise limit f, is a continuous function
fo: (=R, R) = V.

(11) For every sequence (Gm)m=o012.. of real numbers with imsup( ¥/|an|) < 1 and for every
integer k >0, also (amCmik)m=012... gives a power series of radius of convergence R.

(111) In particular, the sequences ((m + 1)cmi1)m=o012... and ((m 4+ 2)(m + 1)¢mi2)m=012,.. give
continuous functions goo(t) = Y oo meut™ 1 and hoo(t) = .00y m(m — 1)ent™ 2 defined

on (—R,R).

(iv) Denote by ||heo|v(t) the power series > o_om(m — 1)||cy |lvt™ 2 which is uniformly conver-
gent, bounded and continuous on every [—r,r] with 0 < r < R and which is continuous on
(=R, R). For every real number 0 < r < R, for everyt € (—r,r), and for every real At with
|At] <7 — |t]|, we have

[foo(t + At) = foo(t) = goo(t) - At[ly < %HhooHV(r) AL

In particular, fo(t) is differentiable at t with derivative equal to goo(t).

Proof. (1) Because V' is a Banach space, also BC([—r,7],V) is a Banach space with the uniform
norm. Thus every absolutely convergent series in BC'([—r, ], V') is convergent. And the hypotheses
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exactly insure that the series (f,,)n=0.12... is absolutely convergent,

n n
Z [[emt™ [fun < Z [[eml[vr™.
m=0 m=0

Since (—R, R) is the union of [—r,r] over all r with 0 < r < R, it follows that f. is defined and
continuous on all of (=R, R).

(ii) and (iii) This follows by the Root Test from single variable calculus.

(iv) Without loss of generality, assume that At > 0. As we have seen before, the function

t+At
It,t+At . BC([—T, T], V) — V, f(t) — /t f(S)dS

is a bounded linear functional with operator norm < |At|. In particular, since the partial sums
Gn = > _ mept™ ! converge uniformly to g, the integrals converge as well. By construction,

t+At
/t gn(8)ds = fu(t + At) — fu(t).

Similarly we have

/ T () = gult)ds = Fult + AD) — Fult) — gu(D)AL

Since (fn)n=01,2,.. converges uniformly to f, and since (g, )n=01.2,. converges uniformly to gu, it
suffices to prove that for every n =0,1,2,..., we have

t+AL 1 )
II/ 9n(8) = ga()dsllv < 5 [lhico |l ()| AL]|".
t

Of course this integral is the same as

By the Mean Value Theorem (or the Binomial Theorem, etc.), [s™1 — ™| <'|s —t|(m — 1)r™~2.
Integrating gives,

1 n
<= m(m — D)||emllwr™ 2 - |At]? <
< 3 2o mlm =Dl |1 <

oo lw () - [ A2,

N | —

t+At
[ 0u(5) — ga(t)ds
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For every integer n > 2, define a function
Cy : LW, W)H" — L(W, W)

recursively in n by Co(T1,T2) = C(Th,T3), where C is the function from Lemma and by

Copir(Th, ..., T, Toyr) = C(Co(Th, . .., Ty), Tosr).
Because composition is associative, the function C,, can be unambiguously expressed by

Co(Ty,...., T)) =Ty 00T,

Define the diagonal map by,

Op : LW, W) — LW, W), T w— (T,T,...,T).
And define the power map by P, = C, o 6,, i.e.,

P,: LW, W) —= LW,W)", T ToTo---oT (n times ).

Let n > 1 be an integer. Denote by J,, the set of all functions j : {1,...,n} — {1,2}. In particular
denote by ¢, 1, resp. ¢, 2, the constant function with value 1, resp. with value 2. For each j € J,,
define a function

2 LOW.W) x LW, W) = LOV.W)", (T, T) = (Ti), Ty - Tiw).
i.e., for every projection my : L(W,W)" — L(W,W) we have m; 0 j = Ty In particular, for

1 = 1,2 we have
/c\n,i(TluT2) - (7—%7ﬂ7 s 7,1—;> = Pn Oﬂ-i(T17Tl)-

For every j € J,, denote by j the composition C,, o},
j: LW, W) x LIW,W) = LW,W), (T1,Ty) = Tjayo -0 Tjw o0 Tjw.

For every integer k = 0, ..., n, denote by J, ; the set of functions j in J,, with 77*({2}) of cardinality
k,e.g., Jno={cn1} and J,, = {cn2}. Define a function DP, by

DP, : LW, W) x LW, W) = LW, W), (DP)r(Ts) = Y j(T1,Ty) =

jEJn,l
n
Z Cn<T1, . ,Tl,TQ,Tl, . 7jv1> (k}th variable )
k=1

Lemma 0.4. Notations are as above.
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(i) For every n > 2, the function C,(T1,...,T,) is continuously differentiable with

3

d(Cn)(Tl 7777 Tn)(ATla ceey ATn) == Cn(Th ce 7Tk717 ATk, TkJrl, e 7Tn)

k=1

The function 6,(T) is a bounded linear map with operator norm < n. And P,(T) is continu-
ously differentiable with d(P,)r(AT) = (DP,)r(AT).

(ii) For every n > 1 and for every j € J,, the function E(Tl,Tg) is a bounded linear map with
operator norm < n. In particular, it is continuously differentiable.

(iii) For every n > 1 and for every j € J,, the function j(Ty,Ts) is continuously differentiable
with .
djer, 1) (AT, ATy) = Y Col(Ti1)s - - Tty ATy, Tty - - - Timy)-

k=1
(iv) Each set J, is finite of size (Z) The set J, is finite of size 2".
(v) For every j € J, we have

15T, To) lop < (IT3112 I TS,

In particular, we have

ld(Pr)rllop < nlIT5,

(vi) For every integer n > 1 and for every (T, AT) € L(W,W) x L(W, W), we have

P,(T + AT) = (T + AT)" = Y j(T,AT) = ZZ (T, AT) =

j€Jn k=0 jeJn i

P,(T) 4 (dP,)r(AT) +Zn: > J(T.AT).

k=2 jeJn i

(vii) For every (T, AT) e L(W,W) x L(W,W), we have
n n -
IPAT 4 AT) = PAT) = @R)(AD) oy < 3 (1) I 1T, =
k=2

(1T Mlop + 1AT[lop)™ = 1715, — nlITII5, 1AL lop-

10
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Proof. (i) This is proved by induction on n. The base case n = 2 is proved in Lemma Thus
let n > 2 be an integer, assume the result is true for Cy, ..., C),, and consider the result for C,, 1.
Since Cyy1 (11, ..., Ty, Thy1) is defined to be Co(Cy(Ty, ..., T,), Ths1), and since Cy and C,, are
continuously differentiable, by the Chain Rule also C,,, is continuously differentiable and

T, Tt (ATl’ ceey ATn7 ATn-{—l) =

-----

(d(C2)e1)cn(my,..rn) © (ACw) 1y, 1) (AT, .., AT,) 4 (d(Co) (1) 0) Tos (AT 1) =

Y CulTh,. . Do, ATy, Tisr, . 1) 0 Togr + Co(Th, ... Ty) 0 ATy =
k=1

n+1

> Cosi(Tr, ... Tey, ATy, Ty, - T, Tasn).

k=1

This proves (i) by induction on n. It is obvious that d,, is a linear map. By the definition of
the product norm on L(W,W)" it is clear that the operator norm is < n. In particular, §, is
continuously differentiable with derivative equal to ¢,,. By the Chain Rule, P, = C, 0, is also
continuously differentiable with the specified derivative.

(ii) It is obvious that this is a linear map. And by the triangle inequality

17T To)loowary = D 1 T leovwy = L DN Tillzavwy + 137 2D Lovw
k=1

< n(|Tallceoww) + 1 T2llLovwy) = nll(Th, To)ll Loww) < oww) -
So j is a bounded linear map with |[7]|op < 7.

(iii) By (i), €, is continuously differentiable. And by (ii), 7 is continuously differentiable. By the
Chain Rule, the composition j = C,, o j is continuously differentiable with derivative

djer ) (ATh, ATz) = (dCy )57, 1) 0 J(ATy,ATy) =

3

Co(Ti1y, - - > Tyhony, T © J(ATL, ATY), Tiiray, - - - Tjmy) =

e
Il
—

n

Z Co(Tiays - Tite—1), ATy Tk - - 5 Timy)-
k=1

(iv) This is elementary combinatorics (and is proved in MAT 200, for instance).

(v) By (i) of Lemma [0.1] and induction,

13T T)llop = 1Tj0y © - 0 Tigmllop < [T 1 Tiwlop =

1<k<n

11
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II 1%l |- II 1%l | = 1705 - 1205

1<k<n, j(k)=1 1<k<n, j(k)=2

Combined with the triangle inequality and (iv), this gives
|d(B)r (AT [lop < |Taa 1T 1155 NIAT lop = | Tllop 1"~ AT op-

Therefore we have
1d(Po)rllop < nlIT55 "

(vi) Just as with the usual Binomial Theorem, this is proved by induction on n. For n = 1 it is
elementary; J; = {c11,c12}, ¢11(T,AT) =T and ¢, 2(T, AT) = AT. By way of induction, assume
the result is proved for the integers 1,...,n, and consider the result for n + 1. For every j € J,
and for ¢ = 1,2, define j;) € Juy1 by

. jk), ke{l,... ,n},
k) = { 7 Bt

Then Jy,41 equals {jy|j € Jo} U{j)li € Jn}. By construction of P, and by bilinearity of C' we
have

Poi(T + AT) = C(P,(T + AT), (T + AT)) = C(P,(T + AT), T) + C(P,(T + AT), AT).

By the induction hypothesis and by bilinearity of C' this is

CO) (T, AT),T) + C(Y_ J(T,AT),AT) = Y j(T,AT)oT + Y j(T,AT)o AT =

J€JIn J€JIn J€JIn J€JIn

S I AT+ Y fo(T,AT) = > J(T,AT).

J€JIn Jj€JIn j'€Jn+1

Thus the result holds for n + 1. So the result is proved by induction on n.
(vii) By (vi) and (i) we have
Po(T + AT) = Py(T) — (dP)r(AT) = > Y f(T,AT).
k=2 jEJmk
By the triangle inequality, this gives,
1Pu(T + AT) = Po(T) = (dP)r(AT)lop < D > /(T AT)op.
k=2 jEJn,k

And by (v), for j € J,x we have [[j(T, AT)||op < [|T1|%% - || T2]|%,. Thus the inequality above gives,

[

1Po(T + AT) = Po(T) = (dP)7(AT)llop < D 1 uil - 1711l " - 173115,

k=2

12
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Combined with (iv), this gives,

|PA(T + AT) - Po(T) — (dP,)2(AT)] |op<2( )m Tl

]

Let r > 0 be a real number. Let B<,.(0) denote the closed unit ball in L(W,W). And for every
integer n > 0, denote by P,, : B<,.(0) — L(W,W) the restriction of P, to B<.(0). This is
continuous by Lemma [0.4(i), and it is bounded with ||P,, [l < r™ by (v). For every integer
n > 1, denote by dP, : L(IW,W) — L(L(W,W), L(W,W)) the function T" — (dP,)r, and denote
by dP,, : B<;(0) — L(L(W,W), L(W,W)) the restriction to B<,(0). By Lemma [0.4(i), dP, is a
continuous function. And by Lemma [0.4(v), dP,, is bounded with ||dP, ,||un < nr"!

Proposition 0.5. Let R > 0 be a real number. Let (¢p)m—o012.. be a sequence of real numbers
such that the power series fo(t) = > = cnt™ has radius of convergence R. Denote by |fso|(2)
the associated power series . _ |cm|t™, which also has radius of convergence R. And denote by
Goo(t), hoo(t) and |heo|(t) the associated power series as defined in Lemma . All of the following
hold.

(1) For every real number 0 < r < R, the sequence (CpmPrr)m=012... gives an absolutely conver-
gent series Yy Cm P, in BC(B<,(0), LW, W)). Moreover, >~ ||cmPrmrllun <D oo lCm|r™ =
| fool (7).

(ii) The absolutely convergent series Y .- _o CmPn, is convergent; denote the limit by foo <, :
B<.(0) — L(W,W) and denote by fwr : Br(0) — L(W,W) the unique function whose

restriction to every B<.(0) equals fo <,. The function fe g is continuous.

(111) For every real number 0 < r < R, the sequence (¢ydPyy r)m=012... gives an absolutely conver-
gent series Y~ _ cmdP,, , in BC(B<,(0), L(L(W,W), L(W,W))) Moreover, Y °_ ||¢;dPrr|lun <
Dm0 Mfem|r™ T = goo (7).

(iv) The absolutely convergent series Y - CmdPp,, is convergent; denote the limit by
Dfw <y B<;(0) = L(L(IW,W), LW, W)), T — (Dfo<r)r,

and denote by D fo g : Br(0) — L(L(W, W), L(W,W)) the unique function whose restriction
to every B<,.(0) equals D fo <. The function D fs g is continuous.

(v) For every real number 0 < r < R, for every T € B,.(0) C L(W,W), and for every AT €
LW, W) with | AT ||, < r — ||T]|op, we have

| foor (T4 AT) = Foo o (T) ~ (D foo ) (AT [un < Lol 1) AT,

In particular, fs g is differentiable at T with derivative equal to (D fs g)r. As this is con-
tinuous, foor i continuously differentiable on Bg(0).

13
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Proof. (i) As discussed above, || P, ||un < r™. Thus we have for every integer n > 0,

n n
D llemPrslln <7 lemlr™ < 1 fool ().
m=0 m=0

So the series is absolutely convergent.

(ii) Since L(W, W) is a Banach space, BC(B<,(0), L(W,W)) is also a Banach space with respect
to the uniform norm. Every series in a Banach space which is absolutely convergent is convergent.
Finally, for every T' € Bg(0), there exists a real number r with ||T'||o, < r < R so that T' € B,.(0) C
B<,(0). The restriction of fy g to the open set B, (0) equals the restriction of f <, by definition.
And by construction, fo <, is in BC(B<,(0), L(W,W)), i.e., it is bounded and continuous. Thus
the restriction of fu g to B,(0) is continuous (and bounded), so fe g is continuous at 7'. Since this
holds for every T' € Bg(0), fx.r is continuous.

(iii) This is similar to (i) using the estimate
|DP,,..| <mr™?

from above.
(iv) This is similar to (ii).

(v) Since || ® ||un is continuous (with respect to the uniform norm), and since (f,,; )n=01
uniformly to fu, and (Df,,)n=12
integer n > 0 that

.. converges
converges uniformly to D f ., it suffices to prove for every

gooo

1
1fnr (T + AT) = fup(T) = (D fag (AT [lop < 5 leo| (I AT [,

And we have

fnm(T + AT) - fn,r(T) - (Dfn,r)T(AT) = Z Cm [Pmm(T + AT) - Pm,r(T) - (de,r)T(AT)] :

m=0

Thus we have

1 fae (T4 AT) = fo (1) = (D fr )2 (AT lop < D [emll| Ponr (T +AT) = Py (T) = (AP )1 (AT) -

m=0

By Lemma [0.4](vii), we have
| P (T + AT) — Py o (T) — (AP )7 (AT) || op < (2 + AH)™ — ™ — mt™ At
where t := ||T'||o, and At : —||AT||op. Substituting this in gives

1 far (T 4+ AT) = fop(T) = (D fur) (AT op < D leml ((E+ AH™ — ™ —mi™ ' At) =

m=0

14
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[ful(t+ AL) = [ fa] () = |gnl(£) AL
And by Lemma [0.3(iv), we have

1Fal(t + A0) = [7ul(8) — g (AM] < 3 lhcl (AP,

for every integer n > 0. Taking the limit as n — oo, this gives the bound

[ Foor(T 4 AT) = s (T) ~ (D oo ) (AT fan < lhecl (P AT,

]

Of particular importance is the case when 7" and AT commute. In this case (dP,,)7(AT) equals
mT™ ' o AT. So in this special case, (dfs r)7(AT) equals goo r(T) o AT. In particular, when
foo(t) is the power series about 0 giving e, then for T"and AT commuting, this gives dexp,(AT) =
exp(T') o AT = AT o exp(T'). This was the crucial step in proving that

t
A(t, tg) := exp (/ Fsd3>
to
d

EA@ = Fio A(t), A(ty) = Idy

solves the initial value problem,

in the special case that F; and F; commute for every s,t € I.

Solution to[(c)|By induction on n > 2, it is straightforward to compute that C,(UTYU ™Y, ..., UT,U™}) =
UC,(Ty,...,T,)U™!: the base case n = 2 is

CUNU YL ULUY)=UTWUHULU Y =UNLUT'ULU ' =UMNMT)U ' =UC(T, T,) U™
And the induction step is
Con(UTWUY, ..., UL U UT, . UY=CC(UTWU™?,..., UL U, UT, U™,
which by the induction hypothesis equals
CUCL(Ty, ..., T,) U Ul U™
which applying the base case once more gives
UC(Co(Ty, ..., T0), Tny )\ U =UC, 1 (T, ..., Ty, T, ) U

Thus also P,(UTU') = UP,(T)U~. So for each of the partial sum polynomials f,(z), f,(UTU™!)
is a finite linear combination of expressions P,,(UTU '), which by the last sentence equals U P, (T)U ™,

and hence f,(UTU™) = U f,,(T)U~'. Taking the limit as n — oo gives foo (UTU ') = U foo (T)U .

15
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Solution to @

Solution to [(a)| Define x¢(t) = x(t) and 21 (t) = #/(t). Then z”(¢) = 2 (t). Thus the second order
differential equation
d*x
dt?
becomes a first order differential equation,

dx
(t) = —9z(t) + 6%(15)

diL‘l
E(t) = —9z0(t) + 621 (t).

Altogether, the differential system reads,

{dﬁ(t) = Ozo(t) + 1z1(0)
@) = —9xy(t) + 61(t)

In other words, this is the vector-valued IVP,

‘fl_f(t) = AT(t), (ty) = { Zf ] ,

o33 e[

Solution to @ The first step in finding a Jordan normal form is to compute the characteristic
polynomial c4(z) := Det(xlays — A),

where A and Z(t) are

ca(z) = Det {g x__é} = a(z —6) — (=1)(9) = 2° — 6z + 9.

Notice that for every n x n matrix, ca(x) := Det(zl,x, — A) has the form
ca(z) = 2" — Tr(A)z" 2 + - + (—1)"Det(A)2°.

Since clearly Tr(A) = 6 and Det(A) = 0(6) — (1)(—9) = 9, this also gives ca(x) = 2* — 6z + 9.

The next step in computing the Jordan normal form is to compute the factorization of c4(x). By
the quadratic formula, the only root is 3, so ca(z) equals (z — 3)%. So there is only one eigenvalue,
A = 3. So the semisimple part of the Jordan canonical form must be

~ 3 0
SZ[O 3:|:3Id2><2-

Notice that for every invertible matrix U, U (3Idax2)U " equals 3(UU ") = 3ldsx,. So the semisim-
ple part of A, S = USU™!, is still 3Idyys. Thus A is diagonalizable if and only if A equals

16
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S = 3ldyws, which it clearly does not. Thus A is not diagonalizable, and the nilpotent part of A is

N=A-S5=A-3Idyyo,
0 1 3 0 -3 1
N‘{—9 6}_[0 3}_{—9 3]'

As a double-check, we have
-3 1 -3 1 0 0
2 _ NN — ) — —
NT=N-N {—9 3} {—9 3} {0 0} Oz
By the Gauss-Jordan row reduction algorithm, or any other means, the kernel of N and N? are
Ex = Ker(N) = span ({ :1,) D , En2 = Ker(N?) = R%

Thus the algorithm for finding U and N is to first find a primitive subspace, i.e., a 1-dimensional
subspace Gy C En2 such that En2 = G5 + En1. The span of any vector not in Ent will do, say
G2 = span(e;). This subspace has as basis just the vector ¥, := es. Then for a second basis vector,

we choose
L o301 o] |1

So the change-of-basis matrix is

- 10 _ 10
U:[v1|vg]:[3 1}, Ulz[_?) 1].

And N is determined by

- . =, e = e S 01 N 01
AU = A[U1|UQ] = [AU1|AU2] = [0|U1] = [0U1+0U2|101+0’UQ] = ['U1|U2]‘|: 0 0 :| = UN, N = |: 0 0 :| .

Solution to Since S equals 3Idsyo, we have

S(t —to) = 3(t — to)Idaxz = [ 3~ to(% 3(t — to()) } '

Since this is diagonal,

- 3(t—to)
exp(3(0 ~ 1) = A ldyy = | ¢ ]

O 63(t—t0)
Similarly, we have

N(t—to) = [8 t_tg}.
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Since (N (t — t9))? equals 0yx2, we have

| —

exp(N(t —to)) = Idgxo + N(t — to) + = (N(t —t))? + -+ = Idgua + N(t — to) =

!
1 t—t,
0 1"

exp(A(t — to)) = exp(3(t — to))exp(N(t — ty)) = {63(”‘3 e ] . {(1) ot 1 _

[\

Thus we have

e3(t—to) (t _ to)e?’(t*to)
O eS(tftO)

} _ 63(t*t0)exp(N(t —1o))-

By [Problem 2(c)| we have

exp(A(t — 1)U = Uexp(A(t — tg)) = U - (e*""exp(N(t — ty))) = €U - exp(N(t — ty)) =

S EH IE R I R FR Aol

This gives,
exp(A(t — to)) = (Uexp(A(t — 1)) U ™" = 207 [ ; 31 -(f())_ff } [ o ] =

sty | =3t —to) + 1 1(t —to)
c {—9(1&—150) 3(t—t0)+1}'

So the Green’s function is

At to) = A(t — tg) = 310 [ =3(t—ty)+1 1(t—ty) } |

—9(t — to) 3(t—to) +1
Solution to The general solution of the initial value problem

d7 o .
(1) = AF(t), #(ts) = b

is given by .
Z(t) = exp(A(t — to))0.

If we write b = U c, this becomes,

Z(t) = exp(A(t — to))UE = Uexp(A(t — t))é.
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In our case, we have

~ - ~ - _ 1 t—t c _ co+c1(t —to)
_ 3(t—to) _ 3(t—to) 0 0 3(t—to) 0 1 0
exp(A(t—tg))c=e exp(N(t—tg))c=e { 0 1 } { o } =e [ ‘o } :

Thus we have ) 3
Z(t) = Uexp(A(t — t0))& = 20 Uexp(N(t — ty))¢ =

i) [ 101 cota (t—to) | _ o3(t—to) co + 1t — to)
3 1 C1 (300 + Cl) + 301 (t — to) '

In particular, the solution of the original second order differential equation is
z(t) = zo(t) = [co + c1(t — to)]e310).
Solution to The associated inhomogeneous first order linear IVP is

dx . .
1) = AT() + 301), 7(to) =0,

where the inhomogeneous term is

The Green’s function is
_ —3(t—s)+1 1(t—2s)
o . _ 3(t—s)
A(t,s) =Alt—s)=e [ (¢ — ) 3t — :

This gives

w
—~
~
|
»
~—
+
-
—
—~
|
~—
| I
| —
(@)
| I
I
1
—~
~
|
VA
~—
9]
w
&
| I

= 3(t—s - t—s
At 5)3i(s) = ™ [ —9(t — s) 3(t—s)+1

So by [] the solution is
_ (t = s)e™ _
/ At 8 dS / |: (B(t_8)+1)63t dS_

@&Z:{zéilfl1]dsz

w2 -
(3/2)(#* —t5) + (t —to) |
So the solution of the IVP is

- [280] - [ i8]

So the solution of the original second order, inhomogeneous, linear IVP is

aw:%@:%W—ﬁwt

Direct computation confirms this is the solution.
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