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MAT 614 Notes on Infinitesimal Deformation
Theory

These are some notes accompanying the discussion in lecture on deformation theory and obstruction
theory. The canonical sources are Schlessinger’s thesis, [Sch68], and Artin’s articles on algebraiza-
tion, [Art69], [Art74]. For the obstruction theory of the Hilbert scheme, the original source is
[Art69], and an excellent treatment is also given in [Kol96, I1.2].

1 Local Artin Algebras and Complete, Noetherian, Local
Algebras.

For every local ring R in what follows, mp denotes the maximal ideal.

Let A be a complete, regular, local Noetherian ring, let £ C m be an ideal, and denote the quotient
by A. Thus, A is also a complete, local Noetherian ring. Denote the residue field A/my by k.

Denote by C = C, the category whose objects are A-algebras A such that
(i) Ais a local, Artin ring with my A C m4, and
(ii) the induced homomorphism k& — A/my A is an isomorphism.

The morphisms in Cj are homomorphisms of A-algebras; these are automatically local homomor-
phisms. Similarly, denote by C = Cy the category whose objects are A-algebras A such that

1 A iS a Ccom lete 10(3&1, Noetherian rin Wlth my - A cmy and
( ) p ) g A A

ii) the induced homomorphism k — AA m~ IS an isomor hism.
( ) p A p

The morphisms in CA are local homomorphisms of A-algebras. Of course Cy is a full subcategory of
Ch. Moreover, for every Ain CA, for every integer N > 0, the A-algebra A/mA is an object of Cy.

For every object Rin CA, denote by hg 5 the covariant functor

~

he i Ca — Sets, §»—>Hom€(§, 3).
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Also denote by h, g the restriction of hs 5 to the full subcategory C. Observe that h, z(k) is a
singleton set. A pointed functor on Cy is a covariant functor

Fe : Cpn — Sets

such that F¢(k) is a singleton set, and similarly for a pointed functor Fz on CAA. Each of the
categories Cp and (Z\ has a small, reflective subcategory, e.g., the full category of all objects that
are quotients of A [t1,ts,...] as complete, local, A-algebras. Every natural transformation between
pointed functors on Cy, resp. 5/\, is uniquely determined by its restriction to this small, reflective
subcategory. There is a set of natural transformations between these restriction functors. Therefore,
there is a set of natural transformations between two pointed functors (the “realization” of this set
depends on the small, reflective subcategory only up to unique bljectlon) Thus there is a category
Fun(Cy), resp. Fun(C,) of pointed functors on Cy, resp. on Cy. Finally, by the Yoneda Lemma
there is a fully faithful embedding

h:C — Fun(Cy), A hca,
and there is a fully faithful embedding

h:C—Fun(Cy), R hgp
Moreover, for every object A of Cy and for every pointed functor F' on Cy, there is a bifunctorial
bijection

Hompun(c)(hc,A, F) < F(A)

sending a natural transformation € to the image under 6 of Idy € he a(A). There is a similar
bifunctorial bijection for C,.

Associated to the fully faithful embedding of C, in C, A, there is a restriction functor
o|c : Fun(Cy) — Fun(Cy).

For a pointed functor Fz on CAA, denote by Fglc the restriction to Ca. Similarly, for a natural

transformation 7 of pointed functors on CA) A, denote by n|c the associated natural transformation
of restriction functors. As we will see below, there is an important right adjoint to the restriction
functor

For the pointed functor hgs z, for every object S of 5A7 since S is complete the following natural
map is a bijection

hgﬁ(s\) — @hc’ﬁ(g/mg)
N

In general, a pointed functor Gz on C, A 18 continuous if for every object S of éA the following natural
map is a bijection

Ga(S) — lim Gle(S/my).
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For every pointed functor Fi on Cy, there exists a pointed functor F\c on CAA defined by
N

Moreover, for every natural transformation of pointed functors 6 : Fz = F(, there is an associated
natural transformation

N
Together these operations define a functor,

o :Fun(Cy) — Fun(a).

For every pointed functor F¢ on Cy, there is a natural transformation of pointed functors on Cjy,

Ot Fe = Fele, Fe(A) — lim Fo(A/m}).
N

In fact this is a natural transformation from the identity functor on Fun(C,) to the composite
functor (®)|c,
O/ : IdFun(C) = (/.\)’C

Morever, because A — A/ml} is an isomorphism for N sufficiently large, each o/ is a natural
equivalence of functors, i.e., o’ is a natural equivalence of functors. For this reason we shall usually
identify Fi with F¢|ec. Moreover, we will denote by «a and ap the inverse natural equivalence,

(67 (/.\)|C = IdFun(C)-

Similarly, for every pointed functor G' on é\A, there is a natural transformation of pointed functors
on Chp,
N

This is also natural in G, hence defines a natural transformation from the identity functor on C to

—

the composite functor (e)|c,
6 : IdFun((?) = (.)|C'
By definition, G is continuous if and only if S is a natural bijection.

For every pointed functor G on C and for every pointed functor F' on C, for every natural transfor-
mation of pointed functors on C,
0:G |C = F|

there is an associated natural transformation of pointed functors on CA,
§oﬁG:F:>G|C:>J3.

3
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Similarly, for every natural transformation of pointed functors on C,
n:G= F
there is an associated natural transformation of pointed functors on C,
aponle:Gle= Flec = F.

Lemma 1.1. The functors e|c and @ together with the natural transformations « and B form an
adjoint pair, i.e., the bifunctorial set maps

Hompunc)(Gle, F) = Homy,, (G, F), 6 00 fa,

Hom (G F) — Hompune)(Gle, F), 1= aponlec,

Fun(C

are inverse bijections for every F' and G.

Proof. This will be an exercise on Problem Set 2. O

We are mainly interested in the case where G is a representable functor, hz . In this case, by
Lemma , every natural transformation 0 : h, 5 = F' is equivalent to a natural transformation

0o Bg haﬁ = F. By the Yoneda Lemma, this is equivalent to an element of ﬁ(ﬁ), i.e., a datum

(On) N0, On € F(R/mY)

that is a compatible family in the sense that for every N > 0, for the set map F' (R/mN )y —

m2 ) associated to the canonical surjection, the element 651 maps to 0.
RR ted to th 1 surjecti the el t Oy to 0

Here is the basic definition of this section.

Definition 1.2. A pointed functor F' on C, is prorepresentable if there exists an object Rin CAA
and a natural equivalence of functors on Cy, 0 : h, 5 = F.

By the discussion above, F' is prorepresentable if and only if there exists a natural equivalence of
functors there exists an object R in Cy and a compatible family (ON)n>o of elements 6,, € F (R/ mA)
such that for every object A of Cy, for every object a € F(A), and for one (hence every) mteger
N > 0 such that m!} equals {0}, there exists a unique local homomorphism of A-algebra, u,, :
ﬁ/m% — A such that F'(u,) maps 6, to a.

The thesis of Michael Schlessinger, [Sch68], and also work of Rim, characterizes prorepresentable
functors, as well as functors admitting a hull, in terms of an efficient list of axioms that can be
verified for many functors of interest.
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2 Obstruction Theory.

Let F' be a pointed functor on Cy. There are many different uses of obstruction theories, hence
there are many definitions. The following definition is essentially the definition of Artin, [Art74,
Definition (2.6) p. 169].

Definition 2.1. An infinitesimal extension in C, is a surjective homomorphism ¢ : A" — A such
that my - Ker(q) equals {0}. For infinitesimal extensions g4 : A’ — A and ¢ : B" — B, a
morphism of infinitesimal extensions is a pair (u,u') of morphisms v : A — B and v’ : A’ — B’
such that u o g4 equals gp o v'. The restriction of u' to Ker(ga) gives a morphism denoted by
)y Ker(qa) — Ker(gp).

A deformation situation is a pair (¢ : A’ — A, a) of an infinitesimal extension and an element
a € F(A). For deformation situations (g4 : A — A,a) and (¢ : B' — B,b), a morphism of
deformation situations is a morphism of infinitesimal extensions, (u,u'), such that F'(u) maps a to
b.

With these notions, there is a category InfDef, of infinitesimal extensions as well as a category
Defy p of deformation situations. There is a forgetful functor

® : Defy p — InfDefy.
For a morphism (u, ') of infinitesimal deformations, denote by u/; the restriction of v’ to Ker(qa),
uy : Ker(ga) — Ker(gp).

This is a k-linear map of finite dimensional k-vector space, and it is functorial in (u,u’). Thus
there is a functor from the category of infinitesimal extensions to the category of finite dimensional

k-vector space,
K : InfDefy — Veck, (¢: A" — A) — Ker(q), (u,u) — ul.

Also there is the composite functor,

K o @ : Defp p — Vecy.

Similarly, for every finite dimensional k-vector space O, there is a functor
O ®y K : InfDefy — Vecg, (q: A" = A) = O @ Ker(q), (u,u) — Ido @ v,

and there is also the functor
@ R (K o CI)) : DefmF — Vecy,.

A section o of the functor O ® (K o ®) over Defy r is an assignment to every deformation situation
(¢ : A = A a) of an element o,, € O ®; Ker(q) such that for every morphism of deformation
situations, (u,u’), the k-linear map

Ido @4, e : O @y, Ker(ga) — O @4, Ker(gp)

5
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maps 0g,,q t0 04,5 Equivalently, introducing the functor
1: Defy p — Veck, 1(g,a) =k, 1(u,u’) =1Idy,
a section o is a natural transformation o: 1 = O ®; (K o ®).

Definition 2.2. An obstruction theory for F is a pair (O, 0) of a finite dimensional k-vector space

O together with a section o of O ®j, (K o ®) over Defy r such that for every deformation situation
(¢ : A" = A, a), there exists o’ € F(A’) mapping to a under F(q) if and only if o4 equals 0 as

elements of O ® Ker(q). A morphism of obstruction theories, (O, 0) and (O’, ') is a k-linear map

L : O — O such that for every deformation situation (¢ : A" = A, a), L ®;, Idke(s) maps o0g4,4 to
/

Oq,a‘

Every prorepresentable functor h, 5 has a canonical associated obstruction theory that is functorial

in R. The simplest construction I know of passes through non-Noetherian rings. So the obstruction
theory that follows is not quite the canonical one, however it is (non-canonically) isomorphic to the
canonical obstruction theory. Before describing the obstruction theory, there is some setup. Denote

by A, := Afty,...,t,] the power series ring over A, considered as a complete, local, Noetherian
A-algebra. For every complete, local, Noetherian A-algebra R and for every ordered n-tuple of
elements © = (ry,...,r,) in mg, by the universal property of power series algebras there exists a

unique local homomorphism of A-algebras,
fa, ALt td = R f(t:) =rs.

In fact, the rule r — fz  gives a natural equivalence of functors " — hgs, , where m®" is the
obvious functor

m®" : Cy — Sets, R m%", (u:R— S) > (u®: m%n — m%n).

Using Nakayama’s Lemma and completeness, fﬁc,r is surjective if and only if the images 71,...,7, €
mﬁ/m?§ generate as a k-vector space. Moreover, the images form a k-basis if and only if the
induced map on m/m? is an isomorphism of k-vector spaces. In particular, for ry,...,r, € my,,
the associated homomorphism

fAn,E:A[[tla"'ytn]] —)Aﬂtl,...,tn]], f(tl) =7T;

is an isomorphism if and only if 7y,...,7, forms a basis for m/m?. Also f,,, is an isomorphism
inducing the identity map on m/m2 if and only if each 7; equals t; + s; for s; € m2. For each
ordered n-tuple s = (s1,. .., s,) of elements s; € m?, denote by fa, ¢+ the associated isomorphism
of A[ty,...,t,] inducing the identity on m/m?.

For every object R of Cy, and for every r = (r1,...,7,) in mz mapping to a basis 7y,...,7, of
mp /m%, there exists a surjection

fﬁ,K:A[[tl,...,tn]]%R

mapping the basis (Z;); of m/m? to the basis (7;); of m/m?.

6
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Definition 2.3. For every object R in CAA and for every lift r to mp of a k-basis of mp/ m%, define
the associated obstruction space to be the finite dimensional “dual” k-vector space

Og, = Homy(Ker(fz,)/m - Ker(fz,), k).

If 7" maps to the same basis, then fz , equals fz o fa,+s for some choice of s.

Lemma 2.4. For every integer e > 0, the A-algebra automorphism fa, ;+s maps my, - Ker(fﬁi,)
isomorphically onto my, - Ker(fg t). In particular, fy, 1+s induces a k-linear isomorphism

fanpise : Ker(fp,.)/ <mAn - Ker(fg,,) +my, N K@?“(J”ﬁ,ﬁ) — Ker(fz,/)/ (mAn - Ker(fg,.) +m§, N Ker(fz,,
If Ker(fg,.) is contained in Ker(fz,) +mg, , then the following ideals in A[ty, ... t,] are equal,
Ker(fg,) +my, = Ker(fz,) +mj ,

my, - Ker(fg’ﬁ,) +my =my, - Ker(fﬁi) +mg,,
and the k-linear map fa, 1+s.e above is an automorphism.

Proof. This will be an exercise on Problem Set 2. O

When e = 0, the morphism f, ¢+ induces an isomorphism of obstruction spaces, Op, — Of ./
(note that the variance is reversed).

Let ¢ : A — A be an infinitesimal extension in Cy. Let a : R — Abea morphism in Cx. Then
there is an induced morphism

a:A[[tl,...,tn]]—)A7 E:aofﬁi.

Denote by (ai,...,a,) the images of (¢1,...,t,) under a. Since ¢ is surjective, there exists an
)

ordered n-tuple of elements (a}, ..., a,) mapping to (ai,...,a,) under q. By the universal property

of power series algebras, there exists a unique local homomorphism of A-algebras,

a Aty 6] = A

mapping (t1,...,t,) to (@, ...,a,). By construction goa’ equals a. Thus @’ maps Ker(a) to Ker(q).
In particular @’ maps Ker(f5 ) to Ker(¢). Denote this induced A [t, . . ., t,,]-module homomorphism
by N

Op s - Ker(fz,) — Ker(q).

i
q9,a,r,a

Because ¢ : A" — A is an infinitesimal extension, my - Ker(q) equals {0}. Because a’ is a local
homomorphism, the image of m-Ker(fz,) is contained in m 4 - Ker(q), which is {0}. Thus the map
above factors uniquely through a k-linear map

Ogari Ker(fﬁ’z)/ml\n . Ker(f]ghz) — Ker(q).

Because the k-vector spaces involved are finite dimensional, this is equivalent to an element in
Oz, ®k Ker(q).
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Proposition 2.5. EFach element 0qq,a in Og, ®y Ker(q) is independent of the choice of lift @' of
a. Moreover, the pair (Og,,0) is an obstructzon theory for the Yoneda functor he .

Proof. Every other lift is @/ = @} + x; for elements r; € Ker(q). In particular, every quadratic
monomial is

ay -y = a; - a4 (@ - Ky + TG - R R R,
Since my/-Ker(g) equals {0}, each element in the parentheses equals 0 in A’. Therefore the restricted
map

aymy — A

is independent of the choice of the lift @’. Denote this map by a,. Since Ker(f5 ) is contained in
min, it follows that o, 4,z is independent of the choice of @'

If there exists a lift o’ : R — A’ of a, then we can define @ = d’ o [z, This maps Ker(fz,) to {0},
so that oy o, equals 0. Conversely, if 044, equals 0, then @’ maps Ker( er) to {0}, hence factors

through a morphism a’ : : R — A’ that lifts a. Therefore 0g,0r €quals 0 if and only if there exists a
lift a’ of a.

For a morphism (u,u’) of deformation situations (¢4 : A" = A,a) = (¢p : B’ — B,b), for every
lift @’ of @, the composition V= od is a lift of b. Using these two lifts, it follows directly that
Ido ® Uy maps 0g, ar t0 0gyp,. Therefore o is a section of Op , @ (K o <I>) over the category of
deformation situations. Therefore (O, 0,) is an obstruction theory for h¢ 7. O

One can eliminate the dependence of this obstruction theory on r, and also make the obstruction
theory functorial in R, but this requires a detour through non-Noetherian rings. For every R, denote
by M = Mg the free A-module on the underlying set of mz. One can begin with a canonical choice
of a free A-module M together with a surjection M — mgp, e.g., the free module on the underlying
set of mz. Then one can form the (infinitely generated) symmetric algebra A[M]. One can complete
this with respect to the maximal ideal my - A[M] + M - A[M] to obtain a complete, local A-algebra
A[M] (that is very non-Noetherian). This comes with a canonical surjection f : A[M] — R.
One can define O to be the kernel of the map Ker(f)/m - Ker(f) — m/m? For every choice

of fa, : Aft1,....t,] — }A%, there is a canonical associated local homomorphisms of A-algebras,
Afty, ..., t,] = A[M] that induces an isomorphism of k-vector spaces

ir : Ker(fz,)/m-Ker(fz,) = Og.

Then for every deformation situation (¢ : A" — A, a), this isomorphism maps the element o, ,
above to an element o,, € O @ Ker(q). It is not hard to check that og, is independent of the
choice of r, essentially because the dependence of the isomorphism 7, on the choice of r is “inverse”
to the dependence of the element o,,, on r.

The canonical obstruction theory on a representable functor is minimal in the following sense.

Proposition 2.6. For every obstruction theory (O,0) of h, 5, there exists an injective, k-linear
map L : Op . — O that is a morphism of obstruction theories.

8
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Proof. First of all, notice that Oy . equals {0} if and only if If fz  is an isomorphism. In this case
the zero map, L = 0, is the unique k-linear map, and it is trivially a map of obstruction theories.
Thus, without loss of generality, assume that O, is nonzero.

By the Artin-Rees Lemma, there exists an integer £ such that my N Ker(fz,) is contained in
my, - Ker(fz,) as ideals in A [ty,...,t,]. Consider the following natural surjection of local, Artin
A-algebras,

Q:A[tr,....t.]/ (mAn Ker(fz,) + mfn> S At ]/ (Ker(f%) + mfn> .

Denote by @, resp. &, the natural surjection from A [t1,...,¢,] to the target of @, resp. the source
of Q. Since fg . is a surjection, there exists a unique surjection

a:R— A [t1, ... ta] / (Ker(f]§£) +mfn>

such that « o fﬁi equals a. The kernel of @) equals

(Ker(f,) +mE, ) / (ma, - Ker(fz,) +mf, ) = (Ker(fz,)) / (ma, - Ker(fz,) +mf, 1 Ker(fz,)).

By construction of £, this is canonically isomorphic to Ker(fz,)/ma, - Ker(fz,). Thus the ob-
struction element og , is an element in - -

O Ry, <Ker(f§£)/m/\n : Ker(fﬁ,£)> = Homk’(oﬁﬁ’ 0).

For every nonzero element

¢ : Ker(fgz,)/ma, - Ker(fz,) =k

in O, denote by I, the unique ideal in A [ty, ..., t,] containing my, - Ker(fz,)+my , contained
in Ker(fg,) +my , and whose image in Ker(fg,)/ma, - Ker(fz,) equals Ker(¢). Denote by a; the
following natural surjection,

&;:A[[tl,...,tn]] —>A[[t1,7tn]]/l¢

Since I, is contained in Ker(fz,) +my . there exists a unique surjection

Qo ATt ta] /Ty — Atr, ... ]/ (mn Ker(f,) +mfn)

such that g, o &7, equals @. Similarly, since I, contains my,, - Ker(fg ) + my , there exists a unique
surjection

uy Aty .. ta]/ <mAn -Ker(fz,) +mfn> — Afty, ... ta] /1y,
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such that uj, o @’ equals &j. Finally, the morphism ¢ determines an isomorphism of Ker(g,) with
k such that the following diagram commutes,

0 — Ker(f)/m-Ker(f) —— Afts,... t,]/ (m-Ker(f) +mF?) e, Alty, ... t.] /) (Ker(f) +m¥)

| .| 2
0 — k — Afty, ... ta] /1 s At ta] ) (Ker(f) +mP) .

In particular, (u;ﬁ, Id) is a morphism of deformation situations. Since o is a section of O ® K, the
associated k-linear map

Ido ® ¢ : O Ry, <Ker(f§7£)/m,\n . Ker(fﬁi)) — O®y

maps 0qQq 10 04,,0. Finally, ORrasa is the element ¢ as an element in (’)Rz QR k = Oﬁ,z' By
hypothesis this is nonzero. Thus there exists no lift oz:b such that g, o 0425 equals a. Therefore, since
(0, 0) is an obstruction theory, also 04, o is nonzero. On the other hand, o, » equals L(¢) in O.
Therefore L(¢) is nonzero for every nonzero ¢ in Oﬁyz’ i.e., L is an injective k-linear map.

For every deformation situation (¢ : A" — A, a), there exists an integer e > F such that m%, equals
{0}. Then there exists a commutative diagram

0 —— Ker(f)/m-Ker(f) — Afty,....t,]/ (m-Ker(f) +m?) —2= Afty, ... t,] / (Ker(f) +mF)
0 — Ker(a) — A 1 A,

where u is the unique homomorphism such that u o o equals a, and where v’ exists for the same
reason that @ exists in the proof of Proposition 2.5] Because o is a section of O ®j, K, the k-linear
map

Id @ vy : O R (Ker(fﬁi)/m/\n . Ker(fﬁi)) — O ®y, Ker(q)

maps 0¢Q.q t0 044. Also, by the definition of L, og , equals the image under L ® Id of the identity
map

Id € Homy, (Ker( fan)/ma, - Ker(fp,), Ker(fp,)/ma, - Ker( fﬁvi)) — 0%, (Ker( fa,)/ma, - Ker( fﬁi)) .
Thus o4, equals the image of Id under the k-linear map
(Id Rk UIK) o (L Rk Id) =L (S U,K

But of course this also equals (L ®Id)o (Id®yu) ). The image of Id under Id ®j, v/ is the definition
of Ofraa: Therefore, L ® Id maps Ofr.qa O Oga for every deformation situation (gq,a). In other
words, L is a morphism of obstruction theories. O

10
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The main application is the following.

Corollary 2.7. Let (O, 0) be an obstruction theory for F' = h, 5. Then there exists an isomorphism

f@t:A[[t1,...,tn]]/<p1,...,pm) — R, g emin

where n equals dimy F'(k[e]/{(€*)) and where m equals dim,O. In particular, Krull—dim(ﬁ/mA}A%) is
>n —m. If Krull-dim(R/myR) equals n — m, then R is A-flat.

Proof. Let [z, beas above. Since there exists a k-linear injection of O . into O, it follows that m is
greater than or equal to the dimension of Ker(fz,)/ma, - Ker(fz ). Therefore there exist elements

gis- - 9m € Ker(fg,) whose images are a k-spanning set modulo m - Ker(fz,). By Nakayama’s
Lemma, the elements g1, ..., g, generate the ideal Ker(fz,). Thus fz, is the isomorphism as
above. B -

By the above, the image ideal Ker(f) in
A[[tl,...,tn]]/mA~A[[t1,...,tn]] :k'[[tl,7tn]]

is generated by the elements g,,...,7,,. By the Krull Hauptidealsatz, for every minimal prime
p C kft1,...,t,] over Ker(f), p has height < m, i.e., the quotient domain has Krull dimension
> n —m. Ker(fz,) + my. Finally, if ﬁ/m/\ﬁ has dimension equals to n — m, then g,,...,7,, is
a regular sequence in k [t1,...,t,] by [Mat89, Theorem 17.4]. Then, by [Mat89, Corollary 22.5’,
p. 177], also g1, ..., gm is a regular sequence in A [t,...,t,], and the quotient ring is A-flat. Since
this quotient ring is A-isomorphic to E, also R is A-flat. O]

3 An Obstruction Theory for the Hilbert Scheme.

Let X\ be a separated, flat, finitely presented scheme over Spec A. For every A-algebra }A%, denote
by Xz the base change Spec R Xgpee A Xa. Let Zj be a closed subscheme of Xj,. Denote by

€21/ X :IZk/Xk - OXk
the ideal sheaf of Z;, inside Oy, .

Definition 3.1. The Hilbert functor, Hilbx, /a z,, is the functor Cy — Sets sending each object A
of Cy to the set of A-flat, closed subschemes Z4 C X4 such that Spec k Xgpec 4 Z4 equals Zj, as a
closed subscheme of Spec k Xgpec 4 X4 = Xj. For every morphism ¢ : A” — A in C,, the induced
map

HﬂbXA/A,Zk (A/) — HﬂbXA/A,Zk (A)

sends each A'-flat closed subscheme Z 4 to the base change Spec A Xgpec a7 Zas as a closed subscheme
of Spec A Xgpec a7 Xar = Xa.

11
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The standard obstruction group of Hilbx, /a z, is
Exto, (Zz./x0 Ox/Zz/%,)-
The normal sheaf Zz,x, is the Oz, -module,
Nz x, = Homo,, (Zz,./x.,Ox,./L7,/x,)-
The global subgroup is

Hl(Xk‘v HOmOXk (Izk/xk, OXk/IZk/Xk)) = Hl(ZkyNZk/Xk)-

By construction Hilby, /p 7, is a pointed functor. For every closed subscheme Z, of X4 (not
necessarily flat), denote the ideal sheaf of Z4 by

eZA/XA :IZA/XA — OXA-

Lemma 3.2. The closed subscheme Z4 is A-flat if and only if both 17, ,x, is flat and the following
Ox,-module homomorphism is injective,

€74/X4 DA Id,, :IZA/XA Qs k — OXA R4 k,
i.e., the natural surjection Lz, ,x, @a k — Lz, /x, s an isomorphism.

Proof. One direction is straightforward. Assume that Z4 is flat, i.e., Ox,/Z7,/x, is A-flat. Then
from the short exact sequence,

0 —>IZA/XA — OXA — OXA/IZA/XA E— O,
for every A-module M there is a long exact sequence of Tor sheaves,
TOT?(OXA/IZA/XA7 M) BE— TO?A{IL‘(IZA/XA? M) — TOTf(OXAv M)

Since Ox,/Zz,/x, and Ox, are A-flat, the outer terms are zero, hence also the middle term
is zero. Therefore Z,, is A-flat. Similarly, since Tor{'(Ox,/Zz,/x.,k) is zero, the short exact
sequence above gives rise to a short exact sequence,

0 —— IZA/XA ®Ak' E— OXA ®AI{Z — OXA/IZA/XA ®Ak — 0.

Thus ez, /x, ® Idg is injective.

The opposite direction follows from the Local Flatness Criterion, [Mat89, Theorem 22.3]. The
details are left to the reader. O
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Let ¢ : A" — A be an infinitesimal extension and let Z4 C X4 be an element of Hilby, /s z,. Denote
by
qx : Ox,, — Ox,

the surjective map of structure sheaves associated to ¢g. There is a short exact sequence of Ox -
modules,
0 —— Ker(q) @ Ox, — ¢ (Zza/xs) — Zzayxs — O.

Multiplying by mys induces a commutative diagram,

ma ®a Ker(q) @ Ox, —— ma Qa4 gy (Zz,/x,) — ma @aTz,x, — 0

! l |

0 —— Ker(q) (24 OXk — q;(l(IZA/XA) — IZA/XA — 0.

Since my - Ker(q) equals {0}, the first vertical map is zero, hence the second vertical map factors
through the surjection to my ®4 Zz,,x,. This has two consequences. Using the commutative
diagram,

Ker(q) ®a Iz, /x, —— Ma @ Ly, x, —— Ma®aZly,/x, —— 0

l l l

0 —— Ker(q) Xk OXk —_— q;(l(IZA/XA> E— IZA/XA — 0,

and the injectivity of the last vertical map, the intersection of Ker(¢q) ®;, Ox, and mar-qx (Zz,/x,)
equals the image of the first vertical map, i.e., Ker(q) ®4Zz, /x,. Thus the quotient of Ker(q)®;Ox,
by this intersection is Ker(q) ®x (Ox,/Zz,/x,). Also, by Lemma , the quotient of ¢ (Zz,/x,)
by both Ker(q) ®), Ox, and mar-qx' (Zz,/x,), i-e., the quotient Tz, /x,/mar-Zz,/x,, equals Iy, /x, .
Thus we have a short exact sequence of Ox,-modules,

0 —— Ker(q) @ (Ox,/Izx.) — @ Tzaxa)/ma - ax Tzax,) —— Izx, — 0.

Definition 3.3. For a deformation situation (¢ : A" — A, Z4) for Hilbx, a z,, the standard ob-
struction class is the class o, 7, of the short exact sequence

0q,z4 0 —— Ker(q) ® (OXk/IZk/Xk) — q)_(l(ZZA/XA)/mA’ 'q)_(l(IZA/XA) — 1z /x, — 0.
in the Yoneda Ext group Exté)xk (Zz,/x,,Ox,. /L2, /x,) @i Ker(q).

This definition is justified by the following.

Proposition 3.4. The element o, z, equals 0 if and only if there exists an A’-flat closed subscheme
Zar of Xar such that Z 4 X spec a1 Spec A equals Z 4 as closed subschemes of X ar X spec a1 Spec A = X 4.

13
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Proof. For every Ox ,,-submodule 7, /x,, of ¢x' (Z7,/x,) that surjects onto Zz,,x,, the subsheaf
my Ly, /x, of q;(l(IZA/XA) equals my - q)_(l(IZA/XA). This implies that 7, x,, contains my -
45" (Zz,/x,). This also implies that the natural map

J2,0/x,0/mar - q)_(l(IZA/XA) —Zz,/x,, Oak
is an isomorphism. If Z4 is A’-flat, then by Lemma [3.2] the induced map

IZA//XA/ ®A/ k - IZk/Xk:

is an isomorphism. Thus the Ox,-submodule Ty ,/x,,/ma - ¢x (Zz,/x,) of ax (Zz,/x,)/mar -
45" (Zz,/x,) is a splitting of 0, z,, i.e., 04,7, equals 0 in the Yoneda Ext group.

Conversely, given a submodule of ¢x'(Zz,/x,)/mar - g5 (Zz,/x,) splitting o, 7,, define Tz,/x, to
be the inverse image of the submodule in g3 (Zz,/x,)- Then I, x,, surjects onto Iz, x,. Since
Z7,/x./ma - qx (Zz,/x,) has trivial intersection with Ker(qz), it follows that the intersection of
7z, /x, and Ker(gx) equals Ker(q) ®x Iz, /x,, which also equals Ker(¢x) - Zz,,/x,,- Thus we have
a short exact sequence

0 — Ker(q) ®x Lz, /x, —— 1z4/xy — Lzyyx, — 0.

By the previous paragraph, the natural map Zz,,/x,, ®a k — Iz, /x, is an isomorphism. Thus the
short exact sequence above proves that the map

Ker(Q) @ ar IZA//XA/ — IZA//XA/
is injective. Since Zz,,x, is A-flat, by the Local Flatness Criterion, [Mat89, Theorem 22.3], also

my ®A IZA/XA — IZA/XA

is injective. Putting these together with the short exact sequence above,
ma Qa Ly, ix,, = Lz,/x,

is injective. Thus, by the Local Flatness Criterion once more, Zz,,/x,, is A’-flat. Finally, since the
natural map

T7,/xy Qak = Lz x,
is an isomorphism, Lemma implies that Z4 is A’-flat. Therefore o, 7, equals 0 if and only if
there exists an A’-flat closed subscheme Z 4 of X4 with Z4/ Xgpec 42 Spec A equal to Z4 as closed
subschemes of X 4/ Xgpec a7 Spec A = X 4. O

Finally, it is left to the reader to verify that the elements o, 7, are functorial for morphisms of
deformation situations.

The “standard” obstruction group above is often larger than strictly necessary. Because of Corollary
it is crucial to identify the smallest possible obstruction group. One of the basic reductions has
to do with the case that Zy, /x, is everywhere locally generated by a regular sequence. Thus, for
now let X, be an affine, flat, finitely presented scheme over Spec A. Let b = (b, ..., b,) be a regular
sequence in By = H°(X,,Ox,). For every A in Cy, denote by By the A-algebra H(X 4, Ox,).

14
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Proposition 3.5. Every ideal in Hilbx, /» z, is generated by a regular sequence b, = (bat,..- bay)
in Ba that maps to b. Conversely, every sequence b, in B4 that maps to b is reqular and generates
an ideal in Hilbx, /z,z, -

Proof. For a regular sequence b, that maps to b, the corresponding ideal is in Hilbx, /5 7, by the
Local Flatness Criterion, cf. [Mat89, Corollary, Theorem 22.6, p. 177]. Conversely, for every
ideal Zz, /x, in Hilbx, /A z,, since the map to 7z, /x, is surjective on global sections, there exists a
sequence of global sections b, of 7, ,x, that maps to b. Denote by Z’ZA /X the sub-ideal sheaf of
T7,/x, generated by by. Consider the commutative diagram,

1y x, ®@ak —— Iz,/x, @ak

l |

Izyxe ——  ZIzyx,

By Lemma 3.2 both vertical arrows are isomorphisms. Hence the top horizontal arrow is surjective.
Thus, by Nakayama’s Lemma, the map I’ZA/XA — 1y,/x, s surjective, i.e., Ty, /x, is generated by
by 0

Corollary 3.6. With hypotheses as above, for every deformation situation (q: A" — A, Z4) there
exists a lift of Za to Zy in HileA/Aﬁzk(A’). In particular, every standard obstruction class og4 z,
equals 0.

Proof. Since X 4 is affine, the surjective homomorphism of sheaves of algebras ¢x : Ox,, — Ox,
induces a surjection By» — By. Thus every sequence b, in B, lifts to a sequence b, in By.
Therefore, by Proposition , every element Tz, x, in Hilbx, /s 7, (A) lifts to an element 7, /x,,
in HﬂbXA/A,Zk (A,) ]

Of course, typically we are interested in proper A-schemes X, not affine A-schemes. So now assume
that X, is a separated, flat, finitely presented scheme over Spec A that is not necessarily affine.
For every pair of coherent sheaves £, F on X}, the local-to-global spectral sequence for Ext gives
an exact sequence

0 — H'(Xy, Homoy, (€, F)) = Extgxk (£, F) — H(X}, Extgxk (£, F)) = H*(Xy,, Homo, (€, F)).
In particular, this gives an exact sequence,

0— Hl(ZkyNZk/Xk) — EXtéxk (IZIc/Xk’ (’)Xk/IZk/Xk) — H()(Xk, E.Z‘té)xk (IZk/Xk7 OXk/IZk/Xk))
The first term is the global group and the third term is the local group.

Corollary 3.7. Let Zj, be a closed subscheme of Xj. whose ideal sheaf 1z, /x, is generated by reqular
sequences on the opens in some open affine covering. Then the normal sheaf Nz, x, is a locally
free Oz, -module of finite rank, and every obstruction class o4 7, is contained in the global subgroup,

H" (Zy, Nz, x,) @1, Ker(q).

Thus the global subgroup is the obstruction group of an obstruction theory for Hilbx, a z, -
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Proof. Since Iy, /x, is locally generated by a regular sequence, say (b1, . .., b,), then the Ox, /Tz, /x,-
module 7y, /x, /I%k /x, 18 locally freely generated by the images of b, ...,b,. Thus the dual sheaf
is also locally free of finite rank.

The restriction of o, 7z, to each of the opens in this open covering equals 0 by Corollary . Thus
the image of o, 7, in the local group H°(Xj, Ext%oxk (&, F)) @ Ker(q) is a global section that is zero
when restricted to the opens of an open covering. Therefore this is the zero global section. So o, 7,
is contained in the global subgroup. O

If X}, is smooth over k, then by [Mat89, Theorem 21.2], the ideal sheaf of Z; is everywhere locally
generated by a regular sequence if and only if Zj is locally a complete intersection scheme. In
particular, if Zj is also smooth over k, then the ideal sheaf is everywhere locally generated by a
regular sequence.

When the ideal sheaf is everywhere locally generated by a regular sequence, then the Zariski tan-
gent space of the fiber of Hilbx, /o z, over Spec k is H(Zy, Ny, x,) and the global subgroup is
HY(Zy, Nz, x,). Combined with Corollary , this gives a lower bound on the dimension of any
pro-representing object. The main pro-representability result is the following.

Theorem 3.8. [Art6d, Corollary 6.2] For X, a separated, flat, finitely presented scheme over
Spec A, and for Zj, a closed subscheme of X, that is proper over Spec k, the functor Hilbx, /a, z, 15

pro-representable by an object R in é\A.

In fact [Art69, Corollary 6.2] proves much more. Although pro-representability is a straightforward
application of Schlessinger’s thesis, this application is not contained in [Sch6§].

Corollary 3.9. Assume that Zj, is proper, and assume that everwhere locally Iy, )x, is gener-

ated by a regular sequences. Then every irreducible component of ﬁ/m/\ﬁ has Krull dimension
> hW(Zk, Nz, x,) — BN (Zk, Nz x,,).  When this is equality, then R is A-flat. In particular, if
Zy is a curve (or whenever hi(Zy, Nz, /x,) equals O for all ¢ > 1), then the Krull dimension is
> X(Zk, Nz, x,.), and equality implies that R is A-flat.

Proof. This follows immediately from Corollaries 2.7 and [3.7] O

A special case is when X, is smooth and Z, is a geometrically reduced curve that is locally a
complete intersection. Then the adjunction formula gives,

det(NZk/Xk) - det(TXk/k”Zk ®Ozk ka/k‘7

where T, /i, is the tangent sheaf Homo,, (Qx, /k, Ox,) and where wy, ) is the dualizing invertible
sheaf on Z;. Denote by p,(Zy) the arithmetic genus 1 — x(Zg, Og,) of Zx. Then we can apply
Riemann-Roch to compute the Euler characteristic x(Zg, Nz, / x, ) above.
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Corollary 3.10. Assume that Xy, is smooth of pure dimension dim(Xy) over k, and assume that Zj,
s a proper, reduced curve that is locally a complete intersection. Then every irreducible component

of whR/maR has Krull dimension
> degy, del(Tx, jk|z.) + (1 = pa(Zy))(dim(X) = 3).
If this is equality, then R is A-flat.

Proof. This follows by computing x(Zx, Nz, ,x,) using Riemann-Roch and the adjunction isomor-
phism above. O

4 Variants of the Hilbert Scheme.

There are two variants of this obstruction theory for the Hilbert scheme. First, let W, C X, be a
closed subscheme that is A-flat. Let Z; be a closed subscheme of X, that contains Wy, i.e., such
that 7y, /x, is contained in Zyy, /x, .

Definition 4.1. The Hilbert functor relative to Wy, Hilbx, /a w, z,, is the subfunctor of Hilby, /a7,
whose A-points parameterize closed subschemes Z4 in Hilby, /szk(A) that contain Wy, i.e., such
that 7, /x, is contained in Zy, /x,. The standard obstruction group of Hilbx, /A w, z, 18

EXt%QXk (IZk/Xk7IWk/Xk/IZk/Xk)'
The relative normal sheaf is the Oz, -module,
NZk/Xk’Wk = Hom(’)xk (IZk/Xk7IWk/Xk/IZk/Xk)‘

The global subgroup is
HY(Z,, Nz, x.w)-

Given a deformation situation (¢ : A" — A, Z,4) for Hilbx, /A w, z,, using flatness as in the absolute
case, there is a commutative diagram of short exact sequences,

0 —— Ker(q) ® (Twyyxe/Tzex,) — [ax Tzayxa) N Iw, x o) /mu - ax' (Tzax,) —— Iz,

! ! 5

0 —— Ker(q) ® (Ox,/Zz,/x,) —— a5 (Zz,x0)/ma - a5 (Zz,)x,) — Tz,

Definition 4.2. For a deformation situation (¢ : A" — A, Z,) for Hilbx, /A w, 2., the standard
obstruction class is the class ow, 4,2, of the short exact sequence

0 — Ker(q) @k (Zw,/x/ Lz, /%) = lax Lzayxa) VIw,x,)/mar - a5 (Zz,x.) = Lz, /x, — 0

in the Yoneda Ext group Extéxk (Zz, /x> Iw x4/ L2, ) x,) @1 Ker(q).
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Proposition 4.3. The standard obstruction element ow, 42, equals 0 if and only if there exists
Z i Hilbx, jaw,,z,(A") mapping to Zu in Hilbx, jaw,,z,(A).

Proof. The proof is very similar to the proof of Proposition |3.4] O

The local-to-global spectral sequence for Ext gives an exact sequence
0 — H'Y(Zi, Nzyyxowe) = Bxto, (Zzexe Iy x,/Lzix,) = H' (X, Buto, (Zz,%, Twiyx,/ Zz/x,))
The first term is the global group and the third term is the local group.

Corollary 4.4. Let Zy. be a closed subscheme of X and containing Wy, whose ideal sheaf Lz, /x, 1s
generated by regqular sequences on the opens in some open affine covering. Then the normal sheaf
Nz, x,w, 18 the tensor product of Ty, )x, /Zz,/x, with a locally free Oz, -module of finite rank, and
every obstruction class o4 7, 1s contained in the global subgroup,

HY(Zi, Nz yx,w,) @i Ker(q).
Thus the global subgroup is the obstruction group of an obstruction theory for Hilbx, aw,,z,-

Proof. The proof is very similar to the proof of Corollary [3.7] O

A special case is when W}, is an effective Cartier divisor in Zj.

Lemma 4.5. If W}, is an effective Cartier divisor in Zy, then for every Za € Hilbx, /aw, z,(A),
the ideal sheaf Ty, x,/Zz,/x, 5 an invertible Oz, -module, denoted Oz,(—Wa). In particular,
Nz, x,.w,, s canonically isomorphic to Nz, x, (—Wy).

Proof. By definition, W}, is an effective Cartier divisor in Zj, precisely when the ideal sheaf Ty, /x, /Zz, /x,
is an invertible sheaf. In this case, the cup product map

Homo, (Zz,/x./T% %, Oz) @0, (Tw,/xi/ Tz, x,) = Homo, (Zz,x,/T5, /x Twi/x, [ Lz x,)

is an isomorphism. Thus the cup product map gives an isomorphism Nz, /x, (—Wk) = Nz, x, w,-

For any Z4, to prove that the ideal sheaf Zy, /x,/Zz,/x, is an invertible Oz,-module, it is equiv-
alent to prove that it is a flat Oz,-module. Since flatness is a local property, it suffices to prove
that the stalk at each point of Z,4 is flat over the stalk of the structure sheaf. Applying the Local
Flatness Criterion, [Mat89, Theorem 22.3], to this stalk, where the nilpotent ideal is the ideal
generated by my, it suffices to prove that Zy, /x, /Zz, /x, is an invertible Oz, -module and that the
map

My @aLw,/x, /IZA/XA = Iw,/xa /IZA/XA

is injective. The first condition is the hypothesis that W}, is an effective Cartier divisor in Zj. The
second condition is A-flatness of the ideal sheaf Ty, /x,/Zz,/x, of W4 in Z4. Since both Z, and
W4 are flat, this ideal sheaf is flat, cf. Lemma (3.2 m
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Corollary 4.6. Assume that X is smooth of pure dimension dim(X}) over k, assume that Z is
a proper, geometrically reduced curve that is locally a complete intersection, and assume that Wy, is
an effective Cartier divisor in Zy. Then Hilbx, /aw, z, 15 pro-representable by an object R in Cy.

FEvery irreducible component of th/mAﬁ has Krull dimension
> deg, det(T, ulz,) + (1 — pa(Z0)) (dim(X,) — 3) — length(W3.) (dim(X) — 2).

If this is equality, then R is A-flat.
Proof. The proof is very similar to the proof of Corollary [3.10] O

There is one more variation. Let Cy and Y, be separated, flat, finitely presented schemes over
Spec A. Denote by X, the fiber product Cx Xgpec A Ya. Let Z4 C X4 be an A-flat closed subscheme.
Denote by

Pry, ., Za— Cy

the restriction to Z4 of the projection morphism pr, : X4 — Cj4.

Proposition 4.7. If pry . is an isomorphism of k-schemes, then also pry, o, is an isomorphism
of A-schemes. In this case, there exists a unique A-morphism uy : Cqa — Y such that Z4 equals
the graph of ua. Conversely, for every A-morphism uas : Cq — Ya, the graph Z4 of ua is an A-flat
closed subscheme of Xa such that pry, o, is an isomorphism of A-schemes.

Proof. Assume that the k-morphism pr, . is an isomorphism. Then for every open affine subset
of C'4, the inverse image in Z 4 is an open subset whose intersection with Z; is affine. By Chevalley’s
theorem, cf. [Har77, Exercise I11.3.1], the open in Z4 is an affine scheme. Thus, without loss of
generality, assume that both C'y and Z, are affine schemes. Then pry, ., is an isomorphism if and

only if the associated ring homomorphism pr?A,CA is an isomorphism.

We prove that prﬁA,CA is an isomorphism by induction on the smallest integer e > 1 such that m%
equals {0}. If e equals 1, then A equals k and the result is tautological. Thus, by way of induction,
assume that e > 1, and assume that the result is proved for smaller e. For the infinitesimal extension
q: A— B= A/m! by the induction hypothesis the morphism pr?BCB is an isomorphism. Since
Oz, and O¢, are A-flat, there is a commutative diagram of short exact sequences

0 —— Ker(q) Rk C’)Z,c E— OZA B OZB > 0
IdK®pr§k’ckl prﬁAchl lprgB,cB
0 —— Ker(q) @, O, —— OCA/ — Oc, > 0

By hypothesis, the first and third vertical arrows are isomorphisms. Therefore, by the Snake
Lemma, also the middle vertical arrow, PI"?A,CA is an isomorphism. This proves that pry, ~, is an
isomorphism by induction on e.

Since pry, o, is an isomorphism, there exists a unique A-morphism us : C4 — Y4 such that
ua © pry, o, equals the projection pry, v, : Z4 — Y4. Then Z,4 equals the graph of uy for the
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unique A-morphism wu,. Finally, for every A-morphism uy : C4 — Yy, the graph morphism
[y, : Ca — Ca Xgpec 4 Ya is a closed immersion since Yy is separated over Spec A. Thus, denoting
by Z4 the closed image, the morphism I',, : C4 — Z4 is an isomorphism. Since the composition
pPry,c, ©lu, 1 Ca — Cy4 is an A-isomorphism — in fact the identity morphism — it follows that
pry, c, is also an A-isomorphism. In particular, Z, is A-flat. m

In the same way, let Wj be a A-flat closed subscheme of X, such that pry, o : Wi — Cj is a
closed immersion. Then pry, o, : Wy — Cj is a closed immersion of A-schemes. Denoting by Dy
the closed image, then there exists a unique A-morphism up, : Dy — Y such that W, equals the
graph of up,.

Because of Propositon , for a k-morphism u; with ug|p, equal to up,, for the graph Z; of wy,
the pointed functor Hilbx, /A ,w, 7, is equivalent to the following Hom functor.

Definition 4.8. The Hom functor, Homy (Ch, Ya; up,, ux) is the pointed functor Cy — Sets sending
A to the set of A-morphisms uy : C4 — Y4 such that ua|p, equals up, and such that the base
change of us to k equals uy.

The obstruction theory for Hilbx, s w, 7., and every result about this obstruction theory immedi-
ately gives an analogue for the Hom functor. Here is the application we will use most often.

Corollary 4.9. Assume that Y}, is smooth of pure dimension dim(Yy) over k, assume that Cy, is a
proper, geometrically reduced curve that is locally a complete intersection, and assume assume that
Dy, is an effective Cartier divisor in Cy. Then Homy(Cy, Ya;up,,u) is pro-representable by an
object R in CAA. FEvery irreducible component of th/mAﬁ has Krull dimension

> dege, updet(Ty, k) + (1 — pa(Zi) — length(Dy,))(dim(Xy) — 1).
If this is equality, then R is A-flat.

Proof. This follows immediately from Corollary under the identification of Ny, x, with the
pullback of Ty, /i. O
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