18.725 SOLUTIONS TO PROBLEM SET 2

Remark: Solutions are only given for some problems. For problems for which
there is no solution given, if you did not write it up this week, you may write it up
as one of the optional problems for next week.

Products: For every pair of objects X,Y in a category C, a product of (X,Y)
is a triple (U, w1, m2) of an object U, a morphism 7; : U — X and a morphism
mo : U — Y such that for every object T the following is a bijection,

(m1,m2) : Home(T,U) — Home (T, X) x Home(T,Y), f+— (w0 f,m0 f).

Required Problem 1 Problem 3 from PS# 1 proves every pair in the category of
affine algebraic sets has a product. Prove this affine algebraic set is also a product
of the pair in the category of quasi-affine algebraic sets, i.e., the universal property
holds for every quasi-affine algebraic set T. (Hint: Every quasi-affine algebraic set
is a union of open affine sets. Combine with the gluing lemma and Problem 3(c).)

Solution: There are at least 2 solutions, one hinted at above. First is the short
solution. The solution of Exercise 3 from PS 1 proves for every pair of affine
algebraic sets, (X,Y), affine algebraic sets, there exists an affine algebraic set U
and morphisms 71 : U — X, o : U — Y such that for every reduced k-algebra A,
the following set map is a bijection,

(7‘(1‘7 WS) :Homk,alg(k‘[U], A) E—— Homk,alg(k’[X], A) X Homk,alg(k[Y], A)
For every quasi-affine algebraic set T' there is a commutative diagram of set maps,

(10— m30—)
-5

HOIHQ_AH(T, U) HOHIQ_Aff(T, X) X HOmQ_Aff(T7 Y)

l l

Homy—aig (U], O2(T)) ™) Homy,_ayy (k[ X], O7(T)) x Homy_aig(K[Y], O (T))

By Prop. 4.8, the vertical arrows are bijections. Because Or(T) is a reduced k-
algebra, the bottom horizontal arrow is a bijection. Therefore the top horizontal
arrow is a bijection.

Injectivity: Here is the second solution. Let T be a quasi-affine algebraic set.
There is a collection of open subsets 17, ..., T, that are isomorphic to affine alge-
braic sets. Let F, G : T'— U be morphisms such that (m10F, me0F') = (710G, m20G).
For every i = 1,...,r, denote by F;,G; : T; — U the restriction of I, resp. G to
T;. By restriction, (m; o F;, my 0 F;) = (m 0 G4, m2 0 G;). Since T; is affine, Exercise
3 from PS 1 proves F; = G;. By the uniqueness part of Prop. 4.10 (the gluing
lemma), F = G.

Surjectivity: Let F'x : T — X, Fy : T — Y be regular morphisms. For every

1t =1,...,r, denote the restrictions to T; by Fx,; : T; — X, resp. Fy,; : T; — Y.

By Exercise 3 from PS 1, there exists a unique morphism F; : T — U such that

(m1 0 Fy,mg 0 F;) = (Fx 4, Fy;). For every 1 <14,j <r and every point p € T; N T},

there exists an open affine 7; ; , C T; N T} containing p. Again by Exercise 3 from
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PS 1, the restriction of each F; and F} to this open affine set is the unique regular
morphisms whose compositions with 7y, resp. ms, is the restriction of Fx, resp.
Fy . Therefore the restrictions to 7T} ; » of F; and F} are equal. By the gluing lemma
again, the restrictions to T; N1} of F; and F} are equal. So by the gluing lemma,
there exists a unique morphism F : T' — U whose restriction to T; is F; for every
i. Again by the gluing lemma, (7 o F,m 0 F)) = (Fx, Fy).

Problem 2 Prove every pair in the category of quasi-affine algebraic sets has a
product.

Solution: Let (X,Y) be a pair of quasi-affine algebraic sets. Denote by X and Y’
the Zariski closures of each. Let (U, 7, 7>) be a product for (X,Y’), which exists by
Exercise 3 from PS 1 and the previous exercise. Because 7, and 72 are continuous,
U :=7,"(X) N7, (Y) C U is an open subset, i.e., U is a quasi-affine algebraic
set. Define m; : U — X, my : U — Y to be the regular morphisms obtained by
restricting 71 and 73. The claim is that (U, 7y, m2) is a product of (X,Y).

Injectivity: Let T be a quasi-affine algebraic set and let F,G : T' — U be mor-
phisms such that (71 0 F,my 0 F) = (7 0 G,m2 0 G). Denote by F,G : T — U
the morphisms obtained from F', resp. G, by composing with the inclusion. Then
(F1oF,m0F) = (710G, T2 0G). By the uniqueness part of the universal property,
F = G. Therefore F = G.

Surjectivity: Let Fx : T — X, Fy : T — Y be regular morphisms. Denote by
Fx:T — X and Fy : T — Y the morphisms obtained from Fx, resp. Fy, by
composing with the inclusions. By the existence part of the universal property,
there exists a regular morphism F : T — U such that (710 F, 720 F) = (Fx, Fy).
Since the images of Fx, resp. Fy, are contained in X, resp. Y, the image of F is
contained in U. Denote by F': T — U the induced map. Because the composition
with inclusion into U is regular, also F' is a regular morphism (this is non-trivial,
but easy). And (m o F, w3 o F') equals (Fx, Fy).

Fiber products: For every pair of morphisms f : X — Z and g : Y — Z in
a category C, a fiber product of (f,g) is a triple (U,¢’, f’) of an object U and
morphisms ¢’ : U — X, f' : U — Y such that,
(i) fog'=gof, and
(i) for every triple (V,g”, f") satisfying f o g = g o f” there exists a unique
morphism u : V — U such that ¢ = ¢’ ou and f” = f' ow.

Let C be a category in which every pair (X, Y") has a product, denoted (X xY, 71, 72)
(this hypothesis holds in Problem 3), and for every pair of morphisms f: U — X,
g: U — Y, denote by f x g : U — X xY the unique morphism such that
m o (f xg)=f, mo(f xg)=g; this is not standard notation, but will be less
confusing for the following problem. For every object Z, the diagonal morphism of
Zisldg xIdz: Z — Z x Z.

Required Problem 3 (a) Let (U, ¢, f') be a fiber product of (f,g). Denote by
h:U — Z the morphism fog =go f'. Prove (U,¢g' x f',h) is a fiber product of
the pair of morphisms (fom) X (gome) : X XY - ZxZand Ay : Z — Z x Z.

Solution: First of all,

((fom)x(gom))o(d, f)=(fog) x(gof)=hxh=Azoh.
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Injectivity: Let T be an object and let F,G : T — U be morphisms such that
((g'x f')oF,hoF) = ((¢’x f")oG, hoG). Then in particular, g'oF = mjo(g’'x f')oF =
mo(g X f')oG =g oG, and similarly f’' o F' = f’ o G. By the uniqueness part of
the fiber product, F = G.

Surjectivity: Let a : T — X xY and b : T — Z be morphisms such that
((fom) X (goma))oa=Agzob. Then,
fomoa=mo((fom)Xx(gom))oca=moAzob=0.

Similarly, goms 0a = b. So, in particular, fo(m oa) = go(me 0a). Therefore there
exists a unique morphism F : T — U such that (¢’ o F, f' o F) = (71 0 a, 72 0 a).
Therefore (¢’ x f')o F = (w1 0a) x (w2 0a) = a. Also,

hoF —ma[AgohloF —ma[(fom)x (gom)e (g )]0 F =

mio((fom)x (gom))oa=m0Az0b=h.

Therefore F': T — U is a morphism such that ((¢’ x f') o F,ho F) = (a,b).
(b) Conversely, i.e., without assuming existence of a fiber product of (f,g), let
(U, e, h) be a fiber product of the pair of morphisms (fom;)x (goms) : X XY — ZxZ
and Az : Z — Z x Z. Define ¢ = m oe and f' = mp0e. Prove (U, ¢, f') is a fiber
product of (f,g).

Solution: First of all,

fog =fomoe=mo((fom)x(gom))oe=mo0Azoh=nh,
and similarly,

gof =gomoe=mo((fom)x(gom))oe=ma0Az0h=h.
Therefore, fog' =go f'.

Injectivity: Let T be an object and let F,G : T — U be morphisms such that
(f'oF,g'oF) = (f' oG, ¢ oG). By the uniqueness part of the product, eo F' = eo(G.
Thus also,

hoF = moAzohoF = mo((fom)x(goms))oeoF = mio((fom)x(goms))oeoG = - -+ = hoG.
Therefore, by the uniqueness part of the fiber product, F = G.
Surjectivity: Let Fix : T'— X and Fy : T — Y be morphisms such that fo Fx =
goFy. Denote Fy = foFx =goFy. Then Fx xFy : T —- XxY and Fy : T — Z
are morphisms satisfying,
moAgzoF;=Fy;=foFx=mo((fom)X (gom))o (Fx x Fy).

Similarly my0oAzoFz = mo((fom)x (goms))o(Fx x Fy). By the uniqueness part
of the product, Az oF; = ((fom) X (goms)) o (Fx x Fy). By the existence part of
the fiber product, there exists a morphism F': T'— U such that eo F' = (Fx X Fy)
and ho F' = Fy. Then,

goF=moeoF =mo(Fx xFy)=Fx,
and similarly f/ o F = Fy.

Coproducts: For every pair of objects X, Y of a category C, a coproduct of (X,Y)
is a triple (U, q1, ¢2) of an object U and a pair of morphisms ¢1 : X - U, ¢z : Y = U
such that for every object T the following is a bijection,
(q17 Q2) : HomC(Uv T) - HOI’HC(X, T) X HomC(Y, T)a f = (.f o {41, f © Q2)
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Required Problem 4(a) Let n > 0 be an integer, let U = V(zp41(2ny1 — 1)) C
AZ“, let ¢1 : A} — U be (a1,...,a,) — (a1,...,a,,0) and let g2 : A} — U be
(@1,...,an) > (a1,...,an,1). Prove (U, qi,q2) is a coproduct of (A}, A7) in the
category of quasi-affine algebraic sets. (Hint: For every pair of regular functions f;
and f2 on AZ) f(xla v ,.’En7.’17n+1) = xn+1f2(x17 v 737”) + (1 - $n+1)f1($1, v 737”)
is a regular function on AZH such that ¢7 f = f1 and g3 f = f2.)

Solution: To better organize the solution, the main argument is stated as a lemma.

Lemma 0.1. (1) A subsetV C U is open, resp. closed, iff the subsets q; *(V), g3 1 (V) C
A} are open, resp. closed. Therefore a subset V C U is a quasi-affine al-
gebraic subset of AP iff the subsets ¢ (V),qy ' (V) C A} is quasi-affine.
(ii) For every quasi-affine algebraic subset V.C U and every function g on V,
g is reqular iff g o q1 is regular on ¢; *(U) and g o qo is reqular on g5 *(U).
(ii) For each integer n >0, (U, q1,q2) is a coproduct of (A}, A}).

Proof. (i) Denote by A} U A} the coproduct of (A}, A?) in the category of topo-
logical spaces. Denote by g1 U gz : A} UA? — U the continuous map deter-
mined by (¢1,¢2). This is a bijection of sets. To prove it is a homeomorphism,
it suffices to prove it is open. Because the sets D(s),s € k[zi,...,z,] form
a basis for the topology of A}, it suffices to prove ¢1(D(s)) and ¢2(D(s)) are
both open for every s. Since ¢1(D(s)) = D((1 — zpy1)s(21,...,2,)) N U and
@2(D(8)) = D(xpy18(21,...,2,)) NU, ¢1 U ¢go is a homeomorphism. In particular,
a subset V' C U is an open subset of a closed subset iff ¢; ' (V),q3 (V) C A are
open subsets of closed subsets.

(ii) Tt suffices to prove for every = € ¢y *(V) and every y € g3 '(V), that g is
regular at = and at y. Because g o ¢q; is regular at x, there exist polynomials
h,s € k[x1, ..., x,] such that s(x) # 0 and the restriction of gog; to ¢; (V)N D(s)
equals h/s. Denote § = (1 — 2p41)s(z1,...,2n) and b = (1 — zny1)h(21, ..., T0).
Then D(5) NV = ¢1(D(s)) NV, so it contains ¢;(x), and the restriction of g to
D(3) NV equals l~z/ 3, i.e., g is regular at ¢ (z). A very similar argument proves g
is regular at gs(y).

(iii) Injectivity of (qi1,q2) is clear. Let T be a quasi-affine algebraic set and let
Fy, Fy : A} — T be regular morphisms. There is a unique set map F : U — T such
that Fog; = F} and F o go = F. The issue is whether F' is regular. For every
regular function g on T, go F o g = g o F} is regular because Fj is regular, and
go Fogy = go Fy is regular because Fy is regular. So by (ii), g o F' is regular.
Therefore F' is a regular morphism. (]

(b) Assuming part (a), deduce every pair (X,Y) of quasi-affine algebraic sets has
a coproduct (U, q1,¢2). (Hint: Embed in a large affine variety and use (a).)

Solution: Most of the work is already done in the lemma (which is why the
solution is organized this way). Let X C Afc and Y C A}’ be quasi-affine al-
gebraic subsets. Let n be an integer n > [,m. Define i; : AlX — A, resp.
io : A* — A7, to be the regular morphism (ai,...,a;) — (a1,...,a:,0,...,0),
resp. (a1,...,am) — (a1,...,am,0,...,0). The image of i1, resp. iz, is the affine
algebraic set V(xj41,...,2y,), resp. V(Zpma1,...,2,). And the projection mor-
phism m : A? — Al resp. m : A? — AP by (ai,...,a,) — (ai,...,a;), resp.
(a1y...,apn) — (a1,...,ay), restricts on Image(i1) to an inverse of 41, resp. restricts
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on Image(iz) to an inverse of is. The upshot is that ¢; and is are isomorphisms to
affine algebraic subsets of Aj. Therefore the restriction of i; to X, resp. of iy to
Y, are isomorphisms to quasi-affine algebraic subsets of A}. Since 41 : X — i;(X)
and ig : Y — i3(Y) are isomorphisms, every coproduct (W, ry,73) of (i1(X),i2(Y))
determines a coproduct (W, ry 0iy, 73 042) of (X,Y). Hence, after replacing X and
Y by i1(X) and i2(Y), assume X, Y are quasi-affine algebraic subsets of A}.

Let (U, ¢1, g2) be the coproduct of (A}, A}) from part (a). By part (i) of the lemma,
W = q1(X) Ug(Y) is a quasi-affine algebraic subset of A}, Define r : X — W,
resp. ro : Y — W, to be the restriction of ¢; to X, resp. of g2 to Y. These are
regular morphisms. The claim is that (W,r1,72) is a coproduct of (X,Y’). For
every quasi-affine algebraic set T, it is clear that the set map (qi1,¢2) is injective.
It remains to prove it is surjective. Let Fix : X — T and Fy : Y — T be regular
morphisms. There is a unique set map F : W — T such that Fx = F or; and
Fy = F org; the issue is whether F' is regular. For every regular function g on
T, go Fory =go Fx is regular because Fx is regular, and go Fory = go Fy
is regular because Fy is regular. Therefore, by part (ii) of the lemma, go F is a
regular function on W, i.e., F: W — T is a regular morphism.

Some problems on irreducibility:

Required Problem 5(a) Prove every nonempty open subset of an irreducible
topological space is dense.

Solution: Let U be a nonempty open subset of an irreducible topological space
X. Denote by U the closure of U in X. Then (X — U,U) is a decomposition of
X. Because X is irreducible, one of these sets equals X. Since U is nonempty,
X —U # U, therefore U = X.

(b) Let Y C X be a subset of a topological space, irreducible with the relative
topology. Prove the closure of Y is also irreducible with the relative topology.

Solution: Denote by Y the closure of Y. Let (Y1,...,Y ) be a finite decomposition
of Y. For each i = 1,...,7, denote Y; = Y; NY. Then (Y1,...,Y,) is a finite
decomposition of Y. Because Y is irreducible, there exists ¢ such that ¥ =Y.
Then Y, is a closed subset of X containing Y, soY C Y;. BecausealsoY; CY,Y
equals Y3, i.e., Y is irreducible.

(¢) Prove the image of an irreducible topological space under a continuous map is
irreducible with the relative topology from the target.

Solution: Let X be an irreducible topological space, and let f : X — Y be a
continuous map of topological spaces. Let (Z1,...,7Z,) be a finite decomposition
of f(X) with the relative topology. Because f is continuous, for each ¢ = 1,...,r,
the subset X; := f~1(Z;) C X is closed. Therefore (X1,...,X,) is a finite de-
composition of X. Because X is irreducible, there exists ¢ such that X = X, i.e.,
f(X) C Z;. Since also Z; C f(X), f(X) equals Z;, i.e., f(X) is irreducible.

Problem 6 Assuming Problem 5, prove the irreducible components of V({x; —
Toxs, 2123 — 3)) C A3 are Vi = {(0,0,a)|la € AL} and Vo = {(b%,0%,b)|b € A}}.
This is the “affine hyperplane section 24 = 1” of the example from lecture on 9/13.
Solution: Consider f,g: A} — A3 by f(a) = (0,0,a) and g(b) = (b*,b%b). These
are regular morphisms, hence continuous for the Zariski topologies. Because every

2 nonempty open subset of Aj intersect, A} is irreducible. Therefore V; = f (A,lc)
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and Vo = g(A}) are irreducible by (iii) or Problem 5. Also Vi = V(z1,z2) and
Vo = V(21 — 23,72 — 22). So to prove (V4,Vz) is an irreducible decomposition of
V, it suffices to prove V =V; U V4.

It is easy to see V4,V C V. Let (a1,aq,a3) be an element of V. Assume first
a; = 0. Then a3 = ajaz = 0 so that as = 0. Therefore (ay,as,a3) = (0,0,a3),
which is in V;. Next assume a; # 0. Because a; = asas, also ag,az # 0. Define
b= ay/ay. Then az = aj/az = b, ay = a3/as = (ajaz)/as = asz(ai/az) = b*, and
a; = az(ai/az) = b*(b) = b>. So (a1,az,a3) = (b3,b,b), which is in V,. Therefore
V=V1UVa.

Problem 7 Find the irreducible components of V((z122, 2123, T273)) C A3.

Solution: This is a special case of the next problem. The irreducible components
are V1 U V2 U Vs, where V1 = {(4,0,0)|a € k}, Vo = {(0,a,0)|a € k}, and V5 =
{(0,0,a)la € k}.

Difficult Problem 8 For every integer n > 1 and every collection S of nonempty
subsets of {1,...,n}, define m(S) C S to be the collection of subsets of {1,...,n}
minimal among those in S, and define SV to be the collection of all nonempty
subsets A C {1,...,n} such that for every B € S, AN B # ().

(a) Prove m(S)Y = SY, S c (SY)Y and m((SY)Y) = m(S).

Solution: Since every set in S contains a set in m(S), a subset A C {1,...,n}
intersects every set in S iff it intersects every set in m(S), i.e., S¥ = m(S)". Every
set in S intersects every subset A C {1,...,n} which intersects every set in S, i.e.,
S C (SY)V. In particular, m(S) C (SV)¥. Let B C {1,...,n} be a subset that
contains no set in m(S). Consider A = {1,...,n} — B. For every set C in m(S),
because C ¢ B, ANC # (). Hence A isin SV, and AN C = (). Therefore A is not
in (SV)V. So every set in (SV)Y contains a set in m(S), proving m((SV)V) = m(S).

(b) Define Is C k[z1,...,2,] to be the ideal (m4|A € S), where ma = [];c 4 s
Prove the set of irreducible components of V(Ig) is in bijection with m(SY).

Solution: For every set B in m(SY), define Iz = (x;|i € B) and Vg = V(Ip).
For every A € S, there exists i € AN B so that ma € (x;) C Ip. Therefore
Is C Ip, implying Vg C V(Ig). Of course Vg is isomorphic to an affine space A},
where m = n — card(B). So each Vg is irreducible. Also, if By, By are distinct
elements of m(SY), there exists ¢ € By — By. Let p € A} be the element whose
only nonzero coordinate is the i*® coordinate, which is 1. Then p € Vg, — Vg,
so that Vg, ¢ Vp,. By symmetry Vg, ¢ Vg,, therefore (Vg|B € m(SV)) is an
indecomposable decomposition of UgVg.

Finally, suppose that p € V(Ig). Let C be the set of elements 1 < i < n such that
the i*? coordinate of p is zero. For every A € S, because ma(p) = 0, for at least
one i € A, zi(p) =0, i.e., ANC # (). Therefore C € SV. Let B € m(SY) be a
set contained in C. Then p € Vp. Therefore (Vg|B € m(SY)) is the irreducible
decomposition of V(Ig).

Images of some morphisms:

Problem 9 For every pair of integers m,n > 0, the affine Segre mapping F :

A7 x A} — A" is as follows. Let x1,...,x,, be coordinates on A7"*, let y1,...,¥n

be coordinates on A} and let z; ;,1 < i < m,1 < j < n be coordinates on Aj'".
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Then F*z; ; = x;y;. Find an ideal I C k[ ;] such that V(I) = Image(F'). (Hint:
The generators of I are homogeneous degree 2 binomials.)

Solution: Denote by I the ideal,

I'=(2iy 51 Ziggo — ZisgaZiagal{in, iz} = {is, ia} and {j1, j2} = {Js, ja})-
It is easy to see Image(F') C V(I), i.e., the pullback by F' of each generator of I
is zero. Let p be an element in V(I). If p = 0, then p = F(0). Thus assume
p # 0, ie., there exists (ig,jo) such that z;,,,(p) # 0. For every i = 1,...,m,
define a; = z j,(P)/ 20,5, (p). For every j = 1,...,n, define b; = z;, ;(p). Define
q=(a1,...,ay,) and r = (by,...,b,). Foreveryi=1,...,mand j=1,...,n,

2i,j(D)Zig,jo (P) = Zi,jo (P)%ig.5 (D), 1., 2ij(p) = aib;.

Thus p = F(q,r), which is in ITmage(F'). So V(I) = Image(F). It is not necessary
to prove this, and it is not obvious, but I is a radical ideal.

Problem 10 For every pair of integers n,d > 0, define N = (";d), and define the

affine Veronese mapping F : A? — AN as follows. Let 21, ...,z, be coordinates on
AT and let z;, _; be coordinates on AY where (i1, ...,4,) runs through all n-tuples
11 .12

of nonnegative integers with ¢; + --- + 14, = d. Then F*z,  , = zi'z5 x;
Find an ideal I C k[z;, .. ,] such that V(I) = Image(F). (Hint: The generators

of I are homogeneous degree 2 binomials.)

Difficult Problem 11 For every integer n > 2, define N = (’27) and define F' :
A2 — AN as follows. Let 211,...,%1,n,T2,1,--.,T2, be coordinates on A2" and
let 24,1 < i < j < n be coordinates on AY. Then F*z; ; = x1,22,; — T1 jT2,-
The image of this morphism is the affine cone over the Grassmannian Grass(2,n).
Find an ideal I C k[z; ;] such that V(I) = Image(F'). (Hint: Interpret elements of
Ai” as 2 X n matrices; interpret elements of A{CV as elements of the exterior square
of the n-space, which also give anti-symmetric n X n matrices, and take Pfaffians of
appropriate 4 x 4-submatrices of this n X n-matrix. The generators are homogeneous

degree 2 trinomials.)

Problem 12 Give an example of a regular morphism of affine varieties F': V. — W
whose image is not a quasi-affine algebraic set.

Solution: There are many solutions. Let V C A3 be V({z(zz—1),y(zz—1), 2(zz—
1)), let W = A2 and let F: V. — W be F(a,b,c) = (a,b). Observe the irreducible
components of V are V4 = {(a,b,1/a)la € k — {0},b € k} and Vo = {(0,0,0)}.
Therefore F(V) = {(a,b)la € k — {0},b € k} U{(0,0)}. Of course the Zariski
closure of F(V) is all of W = A?. So if F(V) is quasi-affine, then A? — V is a
Zariski closed subset. But A7 —V = {(0,b)|b € k—{0}}. This is not Zariski closed;
the Zariski closure of V(x) = {(0,b)|b € k}. Therefore F(V) is not a quasi-affine
algebraic subset of W.

Problem 13: Proposition 4.8 can fail if W is not affine Let V = A}, let
W = AZ —V(z1,22) and let i : W — V be the inclusion. Prove that i* : Oy (V) —
Ow (W) is an isomorphism, but there is no inverse of 4, i.e., Proposition 4.8 fails
for V.and W.

Solution: It is easy to see i* is injective; the difficult part is proving ¢* is surjective.

Let ¢g be a regular function on W. Chasing through the definition of regular func-

tion, there exists a collection of pairs of polynomials in k[z,y], (h1,81),..., (hy, ;)
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such that W C D(s1)U---U D(s,) and such that the restriction of g to W N D(s;)
equals h;/s; for each i =1,... 7. Throw out all pairs such that s; = 0. Then each
of the fractions h;/s; € k(z,y) is defined, and h;/s; = h;/s; forevery 1 <i < j <r.
Write this fraction as h/s where h, s € k[z,y] have no common irreducible factors:
this makes sense because k[x,y] is a unique factorization domain. The claim is that
s is a constant. The proof is by contradiction.

By way of contradiction, assume s is not a constant. By the Nullstellensatz V(s) #
(). Because rad(s) # (x,y), also V(s) # {(0,0)}. Hence there exists p € V(s) —
{(0,0)} such that s(p) = 0. Because p € W, there exists ¢ such that s;(p) # 0.
Since s;h = sh;, s divides s;h in k[z,y]. Because no irreducible factor of s divides
any irreducible factor of h, s divides s;, i.e., s; = u;s for some u; € k[z,y]. But
then s;(p) = wi(p)s(p) = 0, which is a contradiction. Therefore s is a constant and
f/s € k[z,y], i.e., g is in the image of i*.

Very Difficult Problem 14 Prove there exists a quasi-affine algebraic set V' such
that Oy (V) is not a finitely-generated k-algebra. The examples I am aware of all
have dimension > 4. (Warning: This problem would be more appropriate at the
end of 18.726. I mention it now because you can understand it, and it is a problem
to keep in mind as the semester goes on.)

Problem 15 Prove the k-algebra Oy (V) of every quasi-affine algebraic set V is a
subalgebra of a finitely-generated k-algebra.

Solution: Let V' C A} be a quasi-affine algebraic set. Denote by V the Zariski clo-
sure. Because a basis for the topology of V consists of basic open affines, there exist

elements $1,...,s, € k[V] such that V.= D(s1)U---UD(s,). As proved in lecture,

Op(s)(D(s)) = k[V][zns1]/(xns1s — 1). Consider the k-algebra homomorphism,

¢: Ov(V) = [ FV]lzns1)/ (@nsas — 1),
i=1

that sends a regular function g on V to (g1, ..., g,), where g; is the restriction of g
to D(s;). By the gluing lemma, ¢ is an injective k-algebra homomorphism. Each
factor k[V][zn41]{zni15—1) is a finitely-generated k-algebra, and a finite product of
finitely-generated k-algebras is a finitely-generated k-algebra (essentially as proved

in Problem 4).

Problem 16, An open affine that is not a basic open affine, I Together
with the next problem, this problem gives an open subset of an affine algebraic set,
itself isomorphic to an affine algebraic set, but not a basic open affine D(s). In
both problems, assume char(k) # 2 and let i denote a solution of 2% + 1 in k. Let
C C A} be the affine nodal plane cubic, C = V(y* — 2*(x — 1)) Let (ag,by) € C
and define F' : D(z — ag) — A} by F(a,b) = (a,b, (b+bo)/(a — ap)).

(a) Prove there exists a regular morphism G : C'—{(ao, bp)} — A} whose restriction
to D(z —ag equals F'. (Hint: Expand the defining equation of C' in the coordinates
x—ap and y — bg.)

(b) Prove the image of G is an affine algebraic subset of A}.

(c) Prove the projection 7 : A} — A2 7(a,b,c) = (a,b) restricts on the image of G
to an inverse morphism to G. Therefore C' — {ag, bp} is an open subset of C, itself

isomorphic to an affine algebraic set.
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Difficult Problem 17, An open affine that is not a basic open affine, II
This problem continues Problem 16; again char(k) # 2. Consider the morphism
H:Aj — Cby H(u) = (u® + 1,u(u? + 1)). Let t be a coordinate on A}.

(a) Prove H* : k[C] — k[t] maps k[C] isomorphically to the subalgebra of functions
f(t) € k[t] such that f(i) = f(—i).

(b) For (b), (c) and (d), assume (ag,bg) € C — {(0,0)}. Prove the ideal of k[t]
generated by H*((z — ag,y — bp)) is the principal ideal {(agt — bp).

() If there is an element s € k[V] such that V(s) = {(ao,bo)}, H*(s) = c(at — b)"
for some nonzero constant ¢ € k and integer n > 1. (Hint: Consider the image of
s in k[V][1/zy] = k[t][1/(t* + 1)]. Use this to express H*s as c(t? +1)"(at — b)" for
some r > 0, and then use that s(0,0) # 0.)

(d) Deduce that (agi — bp)"™ = (—agi — bg)™, because c(at — b)™ is in the image of
H*. Therefore for every (ag,bo) € C —{(0,0)}, if (bg — iag)/(bo + iap) is not a root
of unity, then C' — {(ag,bg)} is of the form D(s) for no element s € k[V] (in fact
these are equivalent conditions).



