18.725 PROBLEM SET 8

Due date: Wednesday, November 24 in lecture. Late work will be accepted only
with a medical note or for another Institute-approved reason. You are strongly
encouraged to work with others, but the final write-up should be entirely your own
and based on your own understanding.

Read through all the problems. Write solutions to the “Required Problems”, 1, 2,
3, and 4. There will be more problems posted soon, and you will be asked to do 1
more problem to a total of 5.

Required Problem 1: Recall from Definition 14.12 that a regular morphism of
varieties F': (X,0x) — (Y, Oy) is projective if for every open affine U C Y there
exists a projective variety Z, and a closed immersion i : F~1(U) — U x Z such
that the restriction morphism F : F~1(U) — U equals pry; oi. To be precise, this is
the definition of weakly projective. A regular morphism of varieties F : (X,Ox) —
(Y, Oy) is strongly projective if there exists a projective variety Z and a closed
immersion ¢ : X — Y x Z such that F' = pry o4.

Let X be a quasi-projective variety and denote by j : X — P7 a locally closed im-
mersion. Let F': (X,0x) — (Y, Oy) be a regular morphism of algebraic varieties.
Prove the following are equivalent,
(i) F is weakly projective,
(ii) F is proper,
(ili) the graph morphism F' x j : X — Y x P} has closed image, and
(iv) F is strongly projective.

Solution:(i)=-(ii) Corollary 24.17 proves that every weakly projective morphism
is proper.

(ii)=(iii) The variety P} is separated, i.e., the constant morphism P} — P9 is
separated. By Lemma 14.5, separated morphisms satisfy base-change, so pry :
Y x P} — Y is separated. The composition of F' x j and pry is F, which is proper
by hypothesis. By Prop. 24.14, F' x j is proper, in particular it is closed. Therefore
(F' x j)(X) CY x P} is closed.

(iii)=(iv) Here is one argument (not the shortest one). By hypothesis, (F x
J)(X) C Y x P} is a closed subset. To prove that F' x j is a closed immersion,
it suffices to prove that F' x j : X — (F x j)(X) is an isomorphism. Consider
the projection Prpy (F' x j)(X) — P}. The composition of Prpy and F' x j is
J, so PT]P’;}((F x 7)(X)) € j(X). The induced set map Prpy (Fx )(X) = j(X)
is a regular morphism by the universal property of the induced SWF structure.
Because j is a locally closed immersion, j : X — j(X) is an isomorphism. Therefore
jto PIpn : (F x j)(X) — X is a regular morphism. It is straightforward that this
is an inverse of F' x j : X — (F x j)(X), proving that F x j: X — Y x P} is a
closed immersion. Because pry o (F x j) = F, this factorization of F proves F is
strongly projective.

(iv)=-(i) This is obvious.



Required Problem 2 In each of the following cases, X is an irreducible affine
variety and L/k(X) is a finite algebraic field extension. In each case compute the
associated normalization F' : Y — X, i.e., write down the equations defining F' in
some affine space and the coordinates of the morphism F. In all cases, char(k) = 0.

(a) X = V(y2 —2%) C A2, L = k(X).

Solution: Denote A = k[X] and denote by B the integral closure of A in L. Let
b=y/x € L. Then b? = y?/2? = 2®/2% = 2. So b satisfies the monic polynomial
t? — 1, ie., b € B. Moreover z = b? and y = bx = b>. So k[X] = k[z,y] C k[b] C B.
Therefore the integral closure of k[X] in L is the integral closure of k[b] in L. But
since k[b] = k[t] is a UFD, it is already integrally closed by Gauss’s Lemma. Thus
B =k[b. SoY =A} and F: Al — X by b— (b%,b%) is the normalization.

(b) X =V(y? —2%) C A2, p and q are relatively prime positive integers, L = k(X).

Solution: Denote A = k[X] and denote by B the integral closure of A in L.
Because p and ¢ are relatively prime, by the division algorithm there exist integers
r,s such that rp+ sq=1. Let b = 2"y® € L. Then ¥ = 2P yP*. Because y? = x4,
this is b? = 2P™19% = 2! = 2. Similarly, b9 = 297y9® = yP "+ = yl = y. Since b
satisfies the monic polynomial ¥ —x, b € B. And =,y € k[b], so k[X]| C k[b] C B.
Because k[b] = k[t] is a UFD, k[b] is integrally closed by Gauss’s Lemma. Thus
B =k[b]. SoY = A} and F : A}, — X by b (b7, b?) is the normalization.

(¢) X = AL, L = k(X)[]/(2 + (1/a)t + 1),

Solution: Denote A = k[X] = k[z] and denote by B C L the integral closure of
A. Let w = at € L. Then,

uw? = 2%t = 2 (—(1/2)t — 1) = —at — 2* = —u — 2.

Since u satisfies the monic polynomial f(y) = y? +y + 22, u is in B. Of course
k[X][u] C B is isomorphic to C' = k[z,y]/(y*> + y + 2?). The claim is that C
is integrally closed. To prove this, it suffices to prove that the Jacobian ideal of
y? +y+ 2?2 is the unit ideal in C, because then V(y? +y + 22) is even smooth. The
Jacobian ideal is (2y + 1, 2x). But,

1=2y+1)2y+1)+ (22)(2z) — 4(y* + y + 22),

so (2y + 1,22)C is all of C. Therefore Y = V(y? +y+2?) CA?,and F: Y — X
is F(a,b) = a.

(d) X =V(y? —2*(z — 2)) C A}, L = k(X),

Solution: Denote A = k[X] and denote by B the integral closure of A in L. Let
b = y/z. Then v* = y?/2?> = (x — 2). Since b satisfies the monic polynomial
t?2 — (x — z), b € B. Moreover, y = bx and z = z — b%, so k[X] C k[z,b] C B.
But k[z,b] = k[z,y] is a UFD, hence integrally closed by Gauss’s Lemma. Thus
the integral closure of k[X] is B = k[z,b]. Therefore Y = A? and F : Y — X is
F(a,b) = (a,ab,a — b?).

Required Problem 3 Let X be a variety. A rank r subbundle of X x A} is a pair

(E, ¢) of a rank r vector bundle F on X together with a morphism of Abelian cones

on X, ¢ : E — X x A} such that for every point p € X, the corresponding map

¢p : B, — A} is injective, where E, denotes the fiber of E over p. An equivalence

of rank r subbundles, v : (E1,¢1) — (E2, ¢2) is a morphism of Abelian cones on X,

1 1 By — Fs such that ¢o 01 = ¢1. For every regular morphism F : Y — X and
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every rank r subbundle of X x A}, (E, ¢), the pullback subbundle is defined to be
(Y xx E,F*¢) where F*¢: Y xx E — Y x Aj is pry X (prys o poprp).

(i) Prove that F*¢ is injective on fibers.

Solution: For every y € Y, the fiber of Y xx E over y is the fiber of E over
x = F(y), and the fiber of Y x A} is just A}, which is the fiber of X x A7 over z.
The fiber of F*¢ over y, i.e., F*¢ : {y} xy (Y xx E) — {y} xy (Y x A}), is the
fiber of ¢ over z, which is injective by hypothesis.

(ii) Prove that if (E1, ¢1) and (Es, ¢2) are equivalent rank r subbundles of X x A7,
then (Y xx Eq, F*¢1) and (Y xx Ea, F*¢3) are equivalent rank r subbundles of
Y x A}

Solution: Let v : F; — E5 be a morphism of Abelian cones such that ¢s 01 = ¢.
Then F*¢ : Y xx E1 — Y Xx F> is a morphism of Abelian cones. Because F*
is a functor, F*¢o o F*¢p = F*¢,. Therefore (Y xx E1, F*¢1) is equivalent to
(Y Xx EQ, F*¢2)

(iii) Let G : Z — Y be a regular morphism. For every rank r subbundle of X x A7,
(E, @), prove that (Z xx E, (FoG)*¢) is equivalent to (Z xy (Y xx E), G*(F*¢)).
Solution: The point is that the canonical isomorphism Z xx E — Z xy (Y xx E)

is an isomorphism of vector bundles over Z. This is straightforward and left to the
reader.

Together, (i)—(iii) prove the existence of a contravariant functor,
Grass(r,n) : k — Varieties — Sets,

where Grass(r, n)(X) is the set of equivalence classes of rank r subbundles of X x A},
and where Grass(r,n)(F) : Grass(r,n)(X) — Grass(r,n)(Y) is the set map that
sends the equivalence class [(F, ¢)] to the equivalence class [(Y xx E, F*¢)]. This
functor is called the Grassmann functor.

Required Problem 4: This problem proves the existence of a universal object
for the Grassmann functor, i.e., a k-variety Grass(r,n) together with a rank r
subbundle of Grass(r,n) x A}, (E, ¢), such that for every variety X and every rank
r subbundle (E’,¢'), there is a unique morphism F : X — Grass(r,n) such that
F*(E, ¢) is equivalent to (E’, ¢).

(i) For every r-tuple ¢ = (i1,...,4,) of integers satisfying 1 < i3 < -+ < i, < n,
define U; C Hom(Aj}, A}) to be the closed subvariety of n x r matrices such that

for every k,1=1,...,7,
1, k=1,
Aikvl:{o, [y

Denote by ¢; : U; x A, — U; x A} the morphism given by the matrix A. Prove
that (U; x AJ, ¢;) is a rank r subbundle.

Solution: It is clear that this morphism is linear on fibers, thus it is a morphism of
Abelian cones. Let Idy, : x; : U; x A — U; x A}, be the morphism defined below.
The composition (Idy, x x;) o ¢; is the identity morphism. Therefore ¢; is injective
on fibers.

(ii) Let ¢ be an r-tuple as above. Denote by x; : A} — A7, the projection of A}

onto the coordinates z;,, k = 1,...,r. Let X be a variety and let (E, ¢) be a rank r
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subbundle of X x A7 such that composition of ¢ with Idx x x; : X x Al — X x A},
is an isomorphism. Prove there exists a unique morphism F': X — U; such that
F*(U; x A}, ¢;) is equivalent to (E, ¢).

Solution: There is only one idea in this solution, which is to convert the morphism
¢ into an n X r matrix whose entries are elements of Ox(X), and then use this
matrix to define a morphism X — Homy (A}, A}') whose image is contained in Uj.
However, the details are a bit tedious. Lemmas are used to organize the details.

Lemma 0.1. Let X andY be abstract algebraic varieties and let (X XY, pry, pry)
be a fiber product. The induced k-algebra homomorphism, prﬁ ® prff :O0x(X) ®
Oy(Y) = Oxxy (X xY), is an isomorphism.

Proof. The first case is when X and Y are affine algebraic varieties. Then this
follows from Cor. 13.9.

The second case is where X is general and Y is affine. Let (X,)aca be an open
affine covering of X, and for every pair a,a’ € A, let (Xa,a’v)yca, ., be an open
affine covering of X, N X, . By the gluing lemma, there is an exact sequence,

0 0x(X) = ] Ox(Xa) — 11 Ox(Xaarr)-

acA (a,a’)EAXANEA

a,af

Because tensor product of k-vector spaces preserves exact sequences, there is an
exact sequence,

0= Ox(X)@r0y (V) = [] Ox(Xa)@rOy (Y) — 11 Ox(Xa,ar ~)@KOy ().

acA (v, @' )EAXANEA, o

But also (Xo X Y)aea is an open affine covering of X x Y. Using the first case,
the sequence above is the exact sequence from the gluing lemma, i.e., Ox(X) ®
Oy (Y) = Oxxy (X xY) is an isomorphism.

The final case where X is arbitrary and Y is arbitrary is proved by precisely the
same argument as above, where now the second case is used in place of the first
case. ]

Corollary 0.2. For every variety X and every finite-dimensional k-vector space
V', the natural k-algebra homomorphism Ox (X) ®p Sym™ (VV) — Oxxav (X x AV)
is an isomorphism.

For the next lemma, let V and W be finite-dimensional k-vector spaces and let
Homy, (V, W) be the associated k-vector space of linear transformations. Denote by
Ov,w : Homy(V,W) x V' — W the unique set map (T,v) — T'(v). For every linear
functional  on W, o8y, is a polynomial in linear functions on Homy (V, W) x V,
namely,

-
zobyw = ZTw,Vi © PrHom, (v,w) " ¥i © PTy,
i=1
where (y1,...,y,) is any basis for V'V with dual basis (v1,...,v,), and where T}, y, :
Homy (V,W) — k is T + y(T'(v;)). Because z o 0y, is always a polynomial func-
tion, by the universal property of affine varieties, 6y, : AHomy (V, W)x AV — AW
is a regular morphism. There is an induced map of vector bundles on AHomy (V, W),

Ov.w = Drom(v.w) X Oviw : AHomy,(V, W) x AV — Homy,(V, W) x AW.
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Lemma 0.3. For every variety X and every map of vector bundles ¢ : X x AV —
X x AW, there is a unique morphism F : X — AHomy,(V,W) such that F*0y w
equals ¢.

Proof. Consider pryyy0¢ : X x AV — AW. By the universal property of affine vari-
eties, this is equivalent to the k-algebra homomorphism k[AW] — Oxxay (X xAV).
By Lemma 0.1, Oxxay (X x AV) is canonically isomorphic to Ox(X) ®j k[AV].
Let (vy,...,v,) be a basis for V' with dual basis (y1,...,y,) and let (wy,...,wy)
be a basis for W with dual basis (x1,...,2,). Because ¢ is linear on fibers, for
every 1 = 1,...,nm, (pr,iw o ) (x;) = Z§=1 a; ;y;, for elements a; ; € Ox(X).
By the universal property of affine varieties, there is a unique morphism F' : X —
AHomy(V, W) such that for every 1 <i<nand 1 <j <r, F¥(T,,y,) = a;;. It
is straightforward to check this is the unique regular morphism such that F*gv,w
equals ¢. [

Lemma 0.3 solves the problem, after a simple reduction of the original problem
about rank r subbundles up to equivalence to a problem about morphisms X x A}, —
X x A} up to equality. Asused in (i), observe that the composition of ¢; and Idy, X x;
is the identity morphism. For every morphism F': X — U;, denote by R

ap : X x A} — X xy, (U; x A}),

the canonical isomorphism. Then for every morphism F : X — U;, (X x A}, F*¢; 0
a) is a rank 7 subbundle of X x A} with the additional property that (Idx x x;) o
(F*¢ o a) is the identity morphism.
Denote by £ : X x A}, — E the inverse of (Idx x x;)0¢. Then ¢of : X x Al — X x A}
is the unique morphism such that both

(i) (X x A}, ¢o0¢) is a rank r subbundle equivalent to (E, ¢), and

(if) (Idx x x;) o (¢ 0&) is the identity morphism X x A} — X x A].
By Lemma 0.3, there is a unique morphism F : X — Homy (A}, A7) such that
F*¢, 0 ap equals ¢ o £. Because (Id x x;) o ¢ o€ is the identity, the image of F' is
contained in U;. Therefore F' : X — U, is the unique morphism such that F*¢;cap
equals ¢ o . By the previous paragraph, F': X — U; is the unique morphism such
that (X x AJ,, F*¢; o ap) is equivalent to (E, ¢).
(iii) For every pair of r-tuples (2, j), define U, ; C U; to be the open set where
the r x r submatrix (A;, ;) is invertible, i.e., the distinguished open affine of the
determinant of this r x r matrix. Restricting (U, ¢;) to U; ;, prove the composition
of ¢; with Id x x; is an isomorphism. Deduce existence of a morphism wu; ; : U; ; —
Ui

Solution: Denote by D € k[4; ;|1 <i<n,1 < j <r]the determinant of the r x r
matrix (A4;, |1 < k,I <r). Then
Ov, (Ui ;) = k[Ai ;|1 <i<n,1 <j <n][1/D]/(Ai, 1 — k1)
By Cramer’s rule, for every 1 < k,I < r there exists By; € Oy, (U;,;) such that the
matrix (By,) is an inverse of the matrix (A4;, ;). By the universal property of affine
varieties, there exists a unique regular morphism, pryy © B : Ui % Ay — A},
such that for every 1 < k < 7, (prAz o Bé,l‘)#(yk) = >y Brayi. Denote by Bi,;
the morphism pry, , X (prA}; o B; ;) :Uij x Al — U ; x A} This is a morphism of
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Abelian cones and is the inverse of (Id x x;) o ¢; (restricted to U, ;). By (ii), there
exists a unique regular morphism w; ; : U;,; — U; such that

Aj o ((ugzopry, ) X prag) = Aly,, 0By

In other words,

Ug,l o B

qu (bl ©Qu;; = b i,

(iv) Prove the image of u; ; is contained in Uj; ; and that u;; and u;; are inverse
isomorphisms.
Solution: The open subscheme U;; C Uj; is the largest open subset over which
(Id x x;) o ¢; is an isomorphism. So to prove the image of u; ; is contained in U ;,
it suffices to prove the following is an isomorphism,

(Id x x;) o uzzqﬁl O Qlyy ;-

By (iii), this equals
(Id X Xi) e} ¢Z|U111 e} Bivl—'
By (i), (Id x x;) o ¢; is the identity morphism. Therefore the morphism above is

B, j, which is an isomorphism by construction. So the image of w; ; is contained in
Uji-

Problem 3(ii) and (iii), up juj ;i
(i), uij o uj; = Idy, ;. By symmetry, also u;; o u; ; = Idy, ,. So these are inverse
isomorphisms.

Moreover, uLl'(bj is equivalent to ¢;|u, ; and “1,i¢£ is equivalent to ¢; |Ui=i' By

v, is equivalent to ¢;|y, ;. By the uniqueness in

(v) Prove the collection ((U;), (Ui,;), (us,;)) satisfies the gluing lemma for varieties.
Denote the associated variety by ¢; : U; — Grass(r,n).

Solution: Given i,j and k, U; ;NU; . C Uy ; is the largest open subset where (Id x
Xk)©¢; is an isomorphism. By the same sort of argument as in (iii), u;}(UlQﬂUl,&)

is the largest open subset of U; ; where (Id x xj) o ¢; is an isomorphism, i.e.,
uz; (Ui NUje) = Ui N Uy

Moreover, the restriction to U; ; N Uy of both u; g o u;; and w;j are morphisms
that pullback ¢ to a rank r bundle equivalent toiqﬁl- . Therefore by the uniqueness
in (i), these morphisms are equal. So the datum satisfies the hypothesis for the
gluing lemma for morphisms.

(vi) Prove there exists a unique rank = subbundle of Grass(r,n) x A}, (E, ¢), such
that for every ¢, (1;)*(E, ¢) is equivalent to (U; x AJ, ¢;).

Solution: For every i, define E; C ¢;(U;) x A}, to be the image of ((copry, ) X pryy)o
¢;. This is the closed subvariety V(y; —> ;. _; Ai, jyj, 1 <4 < n), and the restriction
of Id x x; is an isomorphism E; — ¢;(U;) x A}. Because of (ii), the restrictions
of E; and E; to ;(U;;) = ¢;(U, ;) are equal as subvarieties of U x A}. Therefore
there is a unique closed subvariety E C Grass(r,n) x A} whose restriction to every
1i(U;) x A} is E;. Denote by ¢ : E — Grass(r,n) x A} the inclusion morphism. By
construction, this is a subbundle such that for every 4, (:;)*(E, ¢) is equivalent to
(Ui X AZ’ ¢£ )



(vii) Use (ii) to prove that Grass(r,n) and (E, ¢) have the universal property.

Solution, Uniqueness: Let X be a variety, let (Ex,¢x) be a rank r subbundle
of X x A}, and let F, F5 : X — Grass(r,n) be morphisms such that the pullbacks
by Fy and F; of (E, ¢) are both equivalent to (Ex, ¢x). By construction ¢;(U;) C
Grass(r,n) is the largest open subset over which (Id x x;) o ¢ is an isomorphism.
Therefore, both F; ' (U;) and F;'(U;) are equal to the largest open subset of X
over which (Id X x;) o ¢x is an isomorphism. Denote this open subset by X;. Then
17 oFy|x, and ¢; "o Fy|x, are both morphisms such that the pullback of (U; x A%, ¢;)
are equivalent to the restriction to X, of (Ex,¢x). By the uniqueness in (ii), these
two morphisms are equal. Therefore the restriction of F; and F; to X, are equal

for every i, i.e., F} = F5.

Existence: Suppose that there exists an open covering (X,) of X, and for every
« there exists a morphism F, : X, — Grass(r,n) with the property. By the
uniqueness above, the datum (X, F,,) satisfies the hypotheses for the gluing lemma
for morphisms, and thus there exists a morphism F' : X — Grass(r,n) such that for
every «, F|x, = Fy. Then, to construct an equivalence v : X Xgrass(rn) £ — Ex,
again by the gluing lemma it suffices to construct an equivalent v, over X, for
every «, which follows from the property of F,,. Therefore it suffices to prove there
exists an open covering (X,) of X, and for every a prove there exists a morphism
F,, : X, — Grass(r,n) with the property for the restriction to X, of (Ex, ¢x).

In particular, X is covered by open subsets over which Ex is trivial. Therefore, by
the previous paragraph, it suffices to consider the case when Ex = X x AJ.

For every i, the morphism (Id X x;) o ¢x : X x Al — X x A7 is equivalent to an
r X r matrix whose entries are elements of Ox (X). The determinant is an element
D; € Ox(X). Define X; C X to be the open subset where D; is nonzero. For
every 4, there is a morphism F] : X; — U; as in (i), and F; = ¢; 0 F} : X; —
Grass(r, n) satisfies the property for the restriction of (Ex,¢x) to X;. So, by the
same argument as in the last paragraph, it suffices to prove that the open subsets
(Xi]i) cover X.

For every p € X, the fiber ¢x : {p} xx (X x A}) — {p} xx (X x A}) is an
injective map of vector spaces. In other words, the matrix of the induced linear
transformation Aj, — A} has rank r. Thus some 7 X r minor is nonzero, i.e., there
exists ¢ such that D, is nonzero at p. Therefore p € X;, i.e., (X;|i) is an open
covering of X.

Problem 5: In this problem, do at least 2 of the parts (but you don’t have to do
all the parts). Recall for every integer r > 0, every vector space V and every vector
space W, an alternating, r-multilinear map is a map T : V" — W such that,

(i) foreveryi=1,...,r, and for every (r—1)-tuple v = (v1,...,v;_1,Vit1,V,) €
V=l themap Ty : V. — W, v = T(Vi,...,Vie1,V,Vit1,...,Vy), is a k-
linear map, and

(ii) for every 1 <i < j <r, for every r-tuple v = (vy,...,v,.) € V" T(v) =0
if V; = Vj.

A pair (A"(V),7) of a k-vector space A" (V) and an alternating, r-multilinear map

7: V" — N'(V)is an r'* exterior power of V if for every alterating, r-multilinear

map T : V" — W, there exists a unique k-linear map L : A"(V) — W such that
7



T = LoT. If the r*® exterior power of V exists (which it does!), it is unique up to
unique isomorphism.

Let V be a finite-dimensional k-vector space and let B = (vy,...,v,) be an ordered
basis for V. Define \" (V) to be the free k-vector space with finite basis denoted
B = (vili € ) where 3, . is the finite set,

Zn,r:{@-:(ilw"’h)llgil<”'<i7‘§n}'

Define 7 : V" — A"(V) to be the unique alternating, r-multilinear map such that
for every i € X, 0, T(Viy, ..., Vi) = V4.

(i) Prove that (A"(V),7) is an r*! exterior power of V.
Solution: This is a standard result of multilinear algebra.

(ii) Let L : V4 — Vs be a k-linear map of vector spaces, let (A"(V1),71) be an
r*h exterior power of V; and let (A"(V1),72) be an r*! exterior power of V5. Prove
there exists a unique k-linear map A"(L) : A" (V1) — A"(Vz) such that A" (L)or; =
90 (L7).

Solution: The map 75 0 (L") : Vi — A"(Vz) is r-multilinear and alternating. By
the universal property, there exists a unique k-linear map A" (L) : A" (V1) — A" (Va)
such that A\"(L) o7y =m0 (L").

(iii) Let A" be a rule that assigns to every k-vector space V an r*® exterior
power (A\"(V),7). Prove there exists an associated covariant functor A" : k —
Vector spaces — k — Vector spaces which associates to every vector space V the
vector space \"(V) and which associates to every k-linear map L : V; — V5 the
k-linear map A" (L), i.e., check this rule respects identity morphisms and composi-
tion of k-linear maps. Remark: The only issue in defining such a functor is that
the r*" exterior power is not unique — it is only unique up to unique isomorphism.
This is not a serious issue (there is a canonical choice which is a quotient vector
space of the free vector space with basis V).

th

(iv) In the same manner as Problem 8 from Problem Set 5, extend the notion of
exterior power to vector bundles.

Solution: There are different solutions to this problem: each produces the same
answer, but each emphasizes a different property of the answer. Here is one solution.

Let E, E' be Abelian cones over X. Denote by E(") the r-fold fiber product E(") =
EXXEXX--- XxE.

Definition 0.4. An alternating, r-multilinear morphism of Abelian cones from E
to E' is a regular morphism 7 : E(") — E’ such that,
(i) pry oT : EM — X equals pry : B — X, ie., T is compatible with
projection to X, and
(ii) for every x € X, denoting by E|, = {2} xx E and F’|, = {z} xx E’ the
induced k-vector spaces, T, : (E|;)" — E’|; is an alternating, r-multilinear
map of k-vector spaces.

Definition 0.5. Let E be a vector bundle over X. An 7" exterior power of E is
a pair (A"(E),7) of a vector bundle A\"(E) over X together with an alternating,
r-multilinear morphim of Abelian cones, 7 : E(™ — A"(E), such that for every
element z € X, the restriction 7|, is an r*h exterior power of E |-
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Lemma 0.6. Let E be a vector bundle over X, and let (\"(E),T) be an r* exterior
power of E. For every morphism F : Y — X, (Y xx N (E), F*r o ar) is an r*
exterior power of Y xx E, where ap : (Y xXx )(7") — Y xx E™ s the canonical
isomorphism.

Proof. This is straightforward. O

In particular, if V is a k-vector space and (A"(V),7) is an r I exterior power, then
for X = A and E = AV, the pair (A(A\"(V)),A7) is an 7! exterior power of E.
By the lemma, for every variety X, (X x A(A"(V)),Idx x A7) is an r'h exterior
power of X x AV over X.

Let E be an Abelian cone over X with corresponding sheaf of sections E.. In
particular, Eec(X) is an Ox(X)-module in a natural manner. For every finite-
dimensional vector space V, setting F = X x AV, the Ox (X )-module (X)) is
canonically isomorphic to Ox(X) ®; V.

Let V be a finite-dimensional k-vector space and let ' be an Abelian cone over
X. For every morphism of Abelian cones, ¢ : X x AV — FE| there is an induced
map of Ox (X)-vector spaces 1, : Ox(X) @ V — Eec(X). By adjointness, this is
equivalent to a map of k-vector spaces, . : V — Egec(X).

Lemma 0.7. For every finite-dimensional k-vector space, V', and every Abelian
cone over X, E, the following induced map is an isomorphism,

HomAb‘ cone(X X AV» E) - Homkf Vect. sp.(vvv gsec(X))'

Proof. Injectivity: Let ¢ : X x AV — E be a morphism of Abelian cones such
that v, is the zero map. For every v € V, there is a unique global section s, :
X — AV whose projection to AV is the constant morphism with image v. By
hypothesis, ¥ o s, is the zero map. Therefore, for every x € X, for every v € V|,
Y(z,v) =0, € {z} X E, i.e., ¢ is the zero morphism.

Surjectivity: Let L :V — Egc(X) be a map of k-vector spaces. Let (vi,...,vy,)
be an ordered basis of V. For every i = 1,...,n, let s; : X — E be the global
section which is L(v;). Because E is an Abelian cone, there is a multiplication
morphism m : A} x E — E. Composing this with the morphism pr,: X (s;opry) :
A} x X — A} x F, and using the canonical isomorphism A} x X = X x A} gives a
morphism X x A} — E, denoted 5;. The n-fold fiber product of X x A} over X is
canonically isomorphic to X x A}. Via the basis (v1,...,v,), X x A7 is canonically
isomorphic to X x AV. Therefore there is an induced morphism

S1 X+ X5, : XXAV - Exx--xx FE.

Composing with the addition map F xXx --- xx F — FE gives a morphism 9 :
X x AV — FE. It is straightforward to check this is a morphism of Abelian cones
and ¢, = L. O

Lemma 0.8. For every X and every finite-dimensional vector space V, the rth
exterior power of X x AV, (X x AN"(V),At), has the universal property: For
every Abelian cone E and every r-multilinear, alternating morphism of Abelian
cones T : (X x AV)") — E, there is a unique morphism of Abelian cones L :
X x AN (V) — E such that Lot =T.



Proof. Uniqueness: Let L : X x AA"(V) — E be a morphism of Abelian cones
such that L o7 = T. For every € X, conside the morphism T, : V" & (X x
AV)M|, — E|,. This is an r-multilinear, alternating map of k-vector spaces. And
the induced map of k-vector spaces L|, : A"(V) = (X x AN (v)]. — E|, is a
map of k-vector spaces such that L|, o 7|, = T|,. Because A\"(V) is an ! exterior
power of V, there is a unique such map L|,. Since this holds for every z € X,
there is at most one morphism of Abelian cones L : X x A \"(V) — E such that
LorT=T.

Existence: Let (vy,...,v,) be an ordered basis for V. For every i € %, ,, let
Tos; : X — E be the global section obtained by composing 7" with the global
section s; = sy, X X8y, X — (XX AV)("). There is a unique map of k-vector
space \" (V) — Esec(X) such that for every i € 3, -, v; — T 0 s;. By Lemma 0.7,
there is a unique morphism L : X x AA"(V) — FE such that L, is this map of
k-vector spaces. By construction, for every i € ¥,, ., LoTos; = Losy,, =T 0s;. So
for every x € X, the induced map L|, : A" (V) — E|, is the unique map of k-vector
spaces such that L|, o 7|, = T|,. Since this holds for every z € X, Lor =T. O

Lemma 0.9. (i) For every finite-dimensional vector space V and every r*
exterior power (E,T) of X x AV, there is a unique isomorphism of Abelian
cones L: X x AN (V) — E such that Lot =T.

(ii) For every vector bundle E on X, every r'* exterior power (\"(E),T) of E
satisfies the universal property from Lemma 0.8.
(iii) For every vector bundle E on X, there exists an r" exterior power (\"(E), 7).

Proof. (i): By Lemma 0.8, there is a unique morphism of Abelian cones L : X x
AN (V) — E such that Lo7 = T. At issue is whether L is an isomorphism.
This can be checked locally. For every x € X, there is an open neighborhood of
x over which E is trivial. Thus, without loss of generality, assume E = X x AY
for some integer N. Choosing an ordered basis for V, also X x A"(V) =2 X x AM
for some integer M. By Lemma 0.3, the morphism L is equivalent to a morphism
F : X — AHomy (kM kN). Using Cramer’s rule, etc., the morphism L is an
isomorphism near x iff the image F(z) is contained in the open subset (possibly
empty) of isomorphisms. Thus L is an isomorphism near z iff L|,, is an isomorphism.

By hypothesis, T|, : V" — E|, is an 7' exterior power of V, therefore L|, is an

isomorphism since exterior powers are unique up to unique isomorphism.

(ii): By the gluing lemma for morphisms, this can be proved locally on X. Locally
on X, F is isomorphic to X x AV. By Lemma 0.8 and (i), every " exterior power
of X x AV satisfies the universal property.

(iii): Because of (ii), " exterior powers are unique up to unique isomorphism.

Therefore, by the gluing lemma for varieties, it suffices to prove there exists an
r*® exterior power locally on X. Locally on X, E is isomorphic to X x AV and
(X x AN (V), A7) is an 7! exterior power of X x AV. O

Problem 6: Let n,7 > 0 be integers. Define N = (’Z) Let X be a variety.
(i) Using Problem 5(i) and (iv), give an isomorphism of the r*® exterior power of

X x A7 with X x AN.
10



(ii) Applying (i) and Problem 5(iii) to the Grassmannian Grass(r,n), define a
tautological rank 1 subbundle of Grass(r,n) x AN, A"(¢) : A"(S) — Gras(r,n) x
AN . Combined with Problem 7 from Problem Set 5, deduce existence of a regular
morphism F : Grass(r,n) — PV L. This is the Plicker embedding.

(iii) For every i € ¥, ., denote by z; the corresponding coordinate on Afy . Prove
that F~1(D4 (x;)) equals +(U;). Conclude that F is an affine morphism.

Solution: By construction, D4 (z;) C Pff ~! is the maximal open subset over which
the composition of the tautological rank 1 subbundle Ey y < Pr ' x AY with the
projection to the z; coordinate, Pgd X Afcv — ngl x A} is an isomorphism. By
construction, U; C Grass(r,n) is the maximal open subset over which the com-
position of the tautological rank r subbundle E,, — Grass(r,n) x A} with the
projection Id x yx; : Grass(r,n) x A} — Grass(r,n) X A} is an isomorphism.

For a map of k-vector spaces, L : k" — k", the composition x; o L : k" — k"
is an isomorphism iff the determinant of the matrix is nonzero, i.e., iff for the
induced map of k-vector spaces A" L : k — k%, composition with the coordinate
z; : kY — k is an isomorphism. Therefore F~1(D, (;)) = U;.

Because (D4 (z;)|i € ¥,,,) is an open affine covering of Py ', and because every
F~Y(D,(z;)) is an affine variety, F is an affine morphism.

Problem 7: This problem continues the previous problem, proving the Pliicker
embedding is a closed immersion.

(i) Assume n > r. Let 4 = (1,...,r). The variety U; is the closed subvariety of
affine space A}" of n x r matrices such that the first 7 x r rows form the identity
matrix. Identify U; with the affine space A,(Cn_r)r of (n — r) X r matrices A via the

rule,
ITXT‘

Denote the entries of A by (a; ;|1 <i<n—r1<j
on the affine space U;. For every 1 <i<n—rand 1
the r-tuple,

< r). These are coordinates

<j<r,denote by k € ¥, ,
k=(1,....5—1,j+1,....r7+1).

On the affine space D4 (z;), the rational function z/z; is a coordinate. Prove that

F#(2/2;) = ai,j.

Solution: This is actually correct only up to a minus sign. The point is that
the composition of ¢; with the morphism Id X xj is given by an r X r matrix
whose first » — 1 rows are the coordinate vectors of the standard basis elements

er,...,€j_1,€j41,...,€. and whose final row is the (r + )" row of ¢;, namely
(@i, ..,a;,). Computing the determinant of this matrix by cofactor expansion
gives *a; ;.

(ii) Deduce that F# : k[D,(x;)] — k[U;] is surjective. Therefore F : U; —
D4 (z;) is a closed immersion. Argue this is true for every ¢ € %, ,, therefore
F : Grass(r,n) — PN ! is a closed immersion.
Solution: The coordinate ring k[U,] is the polynomial ring in the variables a; ;,
1<i<n-r,1<j<r By (i), every variable is contained in the image of F'.
Therefore the image of F' is all of k[U;].

11



Clearly, using the action of the symmetric group on n letters on PV ~1 and Grass(r,n),
the same result holds for every i € ¥, .

Problem 8: Remark: The original formulation of this problem was wrong. Below
is the correct formulation.

Here is a way to find generators for the homogeneous ideal of the projective variety
F(Grass(r,n)) C PN~ Denote by V the vector space A} so that A} equals
A" (V). Let 7. : V" — A" (V) be the universal alternating r-linear map. Denote by
(AN"TH(V), 741) an (r + 1)t exterior power of V.

(i) Prove there is a unique 2-multilinear map L : A" (V) x V — A" (V) such that
Tr41 = Lo ((m.opry ) X pr. ;). Using adjointness, deduce existence of a map
L: N (V) — Homg(V, A" (V)) such that for every w € \"(V) and every v € V,
L(w)(v) = L(w, V).

(ii) Let w be an element of A\"(V) —{0}. Prove the image [w] € P(\"(V)) = Py !
is in F'(Grass(r,n)) iff L(w) has rank at most n—r, i.e., iff the (n—r—+1) x (n—r+1)
minors of the matrix are all zero.

Solution: First of all, suppose [w] € F(Grass(r,n)). Then there exist linearly
independent vectors vq,...,v, € k™ such that w = vi A --- A v,. There exists an
ordered basis for k™, (vi,...,Vy, Vri1,...,Vp), and,

7 Vi,...ris i:r+1,...,n,
L(W)(Vi):{ 0 i=1,...,r

Therefore L(w) has rank n — r.

Conversely, suppose that L(w) has rank < n—r. Let v, .., v, be linearly indepen-
dent elements in the kernel. There exists an ordered basis for k™, (v1,...,Vy, Vg1, .., Vy).
For every i € ¥, , there exists an element ¢; € k such that,

W = E CiVi.

€80, r

For every i € ¥,, ., denote by [i| the set {i1,...,%,}. Clearly,

WAV = Z +e;vi,
€Y, -, €]l
where i € %, 41 is the unique element such that the set |i'| = |i| U {j}. The
elements i’ are linearly independent. Since vy,...,v, are in the kernel, for every
i € 3, such that ¢; # 0, 1,...,7 are in |§]. Since |i| has size r, this means that
¢ =0ifi# (1,...,r). Therefore w = cvi A --- A v, for some ¢ € k.

(iii) Let n = 4 and » = 2. Let (vi,...,v4) be an ordered basis for V' and let
(V1,2,V1,3,V14,V23, Va4, Vs4) be an ordered basis for /\2(V). Denote by (z1,2,...,%24
the dual ordered basis for (/\Q(V))V. Let (v1,2,3, V1,24, V1,34, V2,3.4) be an ordered
basis for \*(V)). With respect to these ordered bases, write down the linear trans-

formation L as a 4 x 4 matrix whose entries are linear polynomials in 21 2, ..., 23 4.
12



Solution: With respect to the ordered basis B = (vq,va,v3,vy) for V and the
ordered basis for /\B(V)7 C=(v1,2,3,V1,2,4,V1,34,V234), the matrix of L is,

T23 —T1,3 T12 0
[Z]c R 0 T1,2
' 3,4 0 —T14 T13
0 T34 —T24 T23

(iv) After performing elementary row and column operations, reduce this matrix
to a skew-symmetric matrix. The rank of a skew-symmetric matrix is always even,
therefore the 3 x 3 minors vanish iff the determinant vanishes. Prove there exists
a quadratic polynomial in 1 3,...,234 such that the determinant of the skew-
symmetric matrix is the square of this polynomial. The polynomial is called the
Pfaffian, and generates the homogeneous ideal of F(Grass(2,4)) C Py.

Solution: The columns of the new matrix are related to the columns of the original
matrix by C] = —Cy, C) = C5,C4 = —C5y, C) = Cy. This gives the row equivalent,
skew-symmetric matrix,

0 T12 T13 T23
—T1,2 0 T1,4 T24
—T13 —T14 0 3,4

—T23 —T24 —I34 O

The determinant of this matrix is the square of the Pfaffian, z1 2234 — 13224 +
21,4%2,3. This is well-defined only up to £1, but this is the standard normalization.
Observe this is essentially the same as the polynomial in Problem 11 from Problem
Set 2 (= Problem 12 from Problem Set 3).

Problem 9: Serre’s criterion says that an irreducible variety X is normal if,

(i) the singular locus of X has codimension at least 2, and
(ii) for every pair of open subset U C V C X, if V — U C V has codimension
at least 2, the restriction map is an isomorphism, p}; : Ox (V) — Ox (U).

Here is an example of a non-normal variety that satisfies the first condition, but not
the second. Let A C k[x,y] be the set of polynomials f(x,y) such that f(1,0) =

f(0,1).
(i) Prove that A is a finitely generated k-subalgebra of k[z,y].

Solution: It is clear that A is a k-subalgebra. Moreover, A contains the subalgebra
E[z,y]%® of symmetric polynomials. By a standard algebra theorem, k[z,y]% =
klx + y,zy], and k[z,y] is a free module over k[z + y,zy] generated by 1 and
x. Therefore A C k[z,y] is a finitely generated module over k[x + y,zy]. So
klx + y,zy] — A is a finitely generated ring extension, proving A is a finitely
generated k-algebra. However, this does not identify generators.

Clearly z((x +y) — 1),2%y € A. Every element in k[z,y] equals f + zg for unique

f,9 € klz + y,zy]. At (1,0), f + xg has value f(1,0) + g(1,0), and at (0,1),

it has value f(0,1) = f(1,0). Therefore f 4+ xg is in A iff g(1,0) = 0, ie., iff

g€ {(x+y)— 1 zy)klx + y,zy]. So, as a module over k[z + y, zy], {xg|lxg € A} is
13



generated by x((x +y) — 1) and x?y. Therefore A is generated by,
A= k[l’ + y,l’y,l’((l’ + y) - 1),x2y] = k[zlv 22,23, 24}/17
I= (23— 21(21 — V)23 + (21 — 1)%22, 2324 — 212023 + (21 — 1)23,
23 — 212924 + 25, 2023 — 24(21 — 1)).

(ii) Let X be an affine variety with k[X] = A, and let F : AZ? — X be the unique
morphism such that F# induces the inclusion A C k[z,y]. Prove that F is a
birational, finite morphism that is not an isomorphism. Therefore X is not normal.

Solution: First of all # = (2%y)/xy is in the function field of A, and thus also
y = (x +y) — « is in the function field of A. So K(A) = k(z,y). Moreover x
satisfies the monic polynomial 2% — x(x + y) + (zy) over A. So x is in the integral
closure of A. Thus also y is in the integral closure of A. So F : A? — X is finite
and birational. But A # k[z,y], so F' is not an isomorphism.

(iii) Let U = AZ — {(1,0),(0,1)}. Prove that F(U) C X is an open set and
F :U — F(U) is an isomorphism. In particular F'(U) is smooth, and X — F(U)
is finite because the inverse image A7 — U is finite. So the singular locus of X has
codimension 2.

Let Vi = D(z+y—1) C A? and let Vo = D(xy) C AZ. Then VUV, = U. Of course
FY(D((x+y)—1)) = Vi and F~1(D(zy)) = Vo. For F : V; — D((z+y) —1), the
induced map on algebras is,

ko +y, oy, 2z +y = 1), 2% [1/(x +y = 1)] — klz,y][1/(z +y - 1)].

In particular, z(x +y—1)/(z+y—1) mapstoz, z+y—z(z+y—1)/(x +y—1)
maps to y, and 1/(z +y — 1) maps to 1/(z + y — 1). So the map of algebras is
an isomorphism, i.e., F : Vi — D((x + y) — 1) is an isomorphism. Similarly, for
F : V5 — D(zy), the induced map on algebras is,

klz +y, xy, a(z +y — 1), 2%y)[1/zy] — K[z, y][1/zy].
In particular, z%y/zy maps to z, (z + y) — 2?y/xy maps to y, and 1/zy maps
to 1/zy. So the map of algebras is an isomorphism, i.e., F' : V5 — D(xy) is an
isomorphism. Therefore F(U) = D((x +y) — 1) U D(zy) is an open subset of X
and F': U — F(U) is an isomorphism.
(iv) Prove that the restriction map Ox(X) — Ox (F(U)) is not an isomorphism.
Solution: Of course Ox(X) = A = k[z + y,zy,z((x + y) — 1),2%y]. By the
isomorphism, Ox (F(U)) = O (U). By the same argument as in Problem 13
from Problem Set 2 (or by Serre’s criterion), Oy2(U) = Oy (A?) = k[z,y]. So the
restriction map is A — k[, y], which is not an isomorphism.
Problem 10: In a commutative algebra textbook, read the proof that an integrally

closed, Noetherian local ring of dimension 1 is a DVR, and thus is regular. Sketch
a proof that every normal 1-dimensional variety is smooth.
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