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MAT 536 Problem Set 7

Homework Policy. Please read through all the problems. Please solve 5 of the problems. I will
be happy to discuss the solutions during office hours.

Problems.

Problem 0.(The Additive Category of Spectral Sequences) Let A be an Abelian category. Recall
that a spectral sequence in A is a collection

(RS, 2 BPT — EPFe=r g2, - Ker(d2) /(™07 ") 5 B2, et vz,

A

of objects EP of A, of morphisms d?¢ such that d?*™4+1=" o0 dP4 is zero, and isomorphisms ¢£7,. For

spectral sequences E = (EP?, d0% 1)), . and E = (EP?, d2? ¢P1), ., a morphism 6 : E — E
is a collection of morphisms,
P.d . Fpd P.d
(97“ : ET - Er )p,qEZ,T‘EZZo7

such that for every p, ¢ and r the following diagram commutes,

dP,q
D, LN p+r,q+1l—r
E?" E’I‘

ef'ql J/ef-’-?",q?‘l’l—r

Ept — Epa

ap,q
dy’

and the following diagram of induced morphisms also commutes,

EPf, 5 Ker(d) /lm(dg717)

effll le,’f’q

B2ty —— Ker(@)/lm(d71)
¢P,q

T

(a) Prove that component-wise composition of morphisms of spectral sequences is again a morphism
of spectral sequence. Prove that the identity morphisms Idgre define a morphism F — E that
is a left and right identity for composition. Conclude that with these definitions of morphism,
composition and identity, spectral sequences form a category, SS(.A).
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(b) Prove that the zero morphisms 0 : EPY — E}B’q define a morphism of spectral sequences,
called the zero morphism. For two morphism from E to E, ¢ and 7, prove that the difference
6 —n= (029 —nP?),,, is also a morphism of spectral sequences from E to E. Use these operations

to make Homgg(4)(F, F) into an Abelian group. Finally, prove that composition of morphisms
distributes with respect to addition. With these Abelian group structures, prove that SS(.A) is an
Ab-category.

(c) Prove that the spectral sequence with all objects EP? being zero objects is a zero object in the
category A — SS. For spectral sequences E and E, prove that the collection,

E®E = (B"® L, d2" @ &2, 2 © 2)pgen et
together with the natural morphisms
E—>FE®EE—>FOEEOE—-EEQFE —E,

is a direct sum / direct product in SS(.A). Conclude that SS(.A) is an additive category.

(d) For every p,q € Z and r € Zx, for every spectral sequence E, for every integer n, define

(I)p,q(E)n — Ep+m",q+nfnr

T T )

and define
g’;’q(E) . Eernr,qunfnr N Ef+(n+1)r,q+(n+1)f(n+1)r
to be (—1)Ptagetnratn=—nr  Prove that ®P4(F) is a cochain complex of objects in A. For every

morphism 6 : £ — E , for every integer n, define

s n . +nr,qg+n—nmr T —+nr,g+n—nr
BPA(Q)" : BTy prenratnnr

to be grmmatn=nr - Prove that ®27(6) is a morphism of cochain complexes. Prove that this defines
a functor

oL : SS(A) — Ch(A).
Moreover, prove that this is an additive functor.

(e) For every additive functor of Abelian groups, F' : A — B, for every spectral sequence E of
objects in A, prove that the collection

SS(F)(E) := (F(EP?), F(dy?), F(71))pgezrezso,

is a spectral sequence of objects in B. For every morphism 0 : £ — E of spectral sequences of
objects in A, prove that the collection

SS(F)(0) := (F(077) - F(EPT) = F(EP))pgezrezs,
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is a morphism of spectral sequences of objects in B. Prove that these rules define a functor
SS(F') : SS(A) — SS(B).

Prove that this is an additive functor. Check that SS is associative (in the appropriate sense)
for composition of additive functors of Abelian groups. Finally, for every p,q € Z and r € Z>,
construct a natural isomorphism of functors SS(.A) — Ch(B)

®P4 0 SS(F) = Ch(F) o &1

For composition of additive functors of Abelian categories, check that the associativity natural
isomorphisms are compatible with the natural isomorphisms in the previous sentence.

(f) For every po, qo € Z, for every spectral sequence F, define 7% (E) to be the collection

T'Po>q0 (E) = (E£+P0,Q+IIO7 (_1)po+QOd£+po7Q+QO’ ¢€+po7q+qo )p,qEZ,TEZZQ'

Prove that TP>%(FE) is again a spectral sequence. For every morphism of spectral sequences 6 :
E — E, define TP>%(0) to be the collection

TPo,90 (9) = (Herpo’quqO )p,qu,rezzo'

Prove that 7?0 (g) : TPo® (E) — TPo®(E) is a morphism of spectral sequences. Prove that this
defines a functor,

TP : SS(A) — SS(A).

Prove that this is an additive functor. Prove that 7% is the identity functor. Prove that TP o
TPo:%0 equals TPoTP10+0 g0 that every functor TP% is an equivalence of functors (in particular, it
is exact). For every additive functor F' : A — B, prove that T7% o SS(F') equals SS(F") o TPo-%0,
Finally, prove that ®P7 o TP0:% equals ®LTPo-a+d0,

(g) For every rq € Z, for every (p, q) € Z%?, define

tro (D @) = (Pry(P5 @), Qo (P5 0)) = ((ro + 1)p + 70g, —T0p — (10 — 1)q).

Check that ¢y is the identity, and t,, o t,, equals ¢, ., so t is a group homomorphism from the
additive group over Z to SLy over Z. Now assume that ry is nonnegative. For every spectral
sequence F, define 6,,(FE) to be the collection

. trg (pq tro »,9) tro(P:q)
@7‘0 (E) - (ErJrro r+r0 ’¢r+m+1)p qEL,TEL >0

Check that ©,,(F) is a spectral sequence. For every morphism of spectral sequences 0 : £ — E ,
define ©,,(0) to be the collection

tro (p:9)
®T0 (0) = (er—grf;q )IMIGZ,TGZzo'

3
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Prove that ©,,(6) is a morphism of spectral sequences. Prove that these rules define a functor
©,, : SS(A) — SS(A).

Prove that this is an additive functor. Prove that O is the identity functor. Prove that ©,, 0 ©,,

equals ©,,4,,. Prove that ©,, o TP>% equals T"ro 9 o ©,,. For every additive functor ' : A — B,
prove that ©,, o SS(F') equals SS(F') 0 ©,,. Finally, prove that ®?7 0 ©,, equals plro®a),

r—+ro

(h) Let 6 : E — E be a morphism of spectral sequences. Let o be a nonnegative integer. If for
every p,q € Z the morphism 627 is an isomorphism, then prove by induction on r that for every
r € Z>o, the morphism 6/, is an isomorphism.

Problem 1.(Alternative Formulation of Spectral Sequences) Let A be an Abelian category. A
spectral sequence datum G is a collection

G = (G"Npgez, (277 B, A7)y gezrezs)
of objects GP4, and for all integers r > 0, a decreasing sequence of subobjects,
GPPra =70 D ... D 7P D

an increasing sequence,
0=ByfC...CBrcC...,

of subobjects B?? C ZP4, and morphisms
D . 7Dq p+r,q+l—r ) pptrg+l-r
dnt .zt — 71 /BF ,

such that Z?, C ZP? is the kernel of d?, such that B, C ZP9 is the inverse image in Z? of the
image of d?~"4"'"" in ZP¢/BP4 and such that the induced morphisms,

D, . 7D:q | RP4 p+r,qt+l—r / pptrg+l-r
dra . zpa /B — 7P / BE ,
form a complex, i.e., dPT4T17" o @P4 equals 0.

For spectral sequence data G and C~¥, a morphism vy of spectral sequence data from G to Gis a

collection N
v = (P9 : GPPte _y Gp’erq)p,qu

such that for every p,q € Z and for every r € Zso, ¥7%(ZP?) is contained in Zf’q, P4 (BPT) is
contained in BP? and for the induced morphism,

APa ;7P | BPA 2’1%/3’10,(17
the following diagram commutes,

dp,q
D,q T p+r,g+1—r | Dp+rq+l-r
zra Sy 7 /B

rvaqJ( l,yfxq

ZP4 — Zptratlor | Briratlor
T ~ T T
dqu
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(a) Prove that component-wise composition of morphisms of spectral sequence data is again a
morphism of spectral sequence data. Prove that the identity maps GP?+4 — GPP4 give a morphism
of spectral sequence data that is a left and right identity for composition. Conclude that with these
definitions of morphism, composition and identity, spectral sequence data form a category SS'(A).

(b) Prove that the zero morphisms 0 : GPPT7 — GPP+4 define a morphism of spectral sequence data,
called the zero morphism. For two morphisms from G to é, ~v and (3, prove that the difference
v — B = (4% — P1), ez is again a morphism of spectral sequence data. Use these operations
to make Homgg/( A)(G,é) into an Abelian group. Finally, prove that composition of morphisms
distributes with respect to addition. With these Abelian group structures, prove that SS(.A) is an
Ab-category.

(c) For every spectral sequence datum G, for every p,q € Z and for every r € Zsq, define EP9 =
7P/ BP4 with the induced morphism dP? : EP¢ — EPT4H1=" and define

vl B — Ker(dP9) /Tm(dp—m47 1),
to be the natural isomorphism induced by the hypotheses on Z?, and B?/, above,

200/ By & Ker(dp) /Im(dr—7717),

Prove that (EP?, d29, ¢! )pgezrezs, 15 a spectral sequence of objects in A. Also, for every mor-

phism of spectral sequence data v : G — G, prove that the induced collection (v/9), 4ez.rez., 1 a
morphism of the associated spectral sequences. Prove that these rules define a functor

E:SS'(A) — SS(A).
Prove that this functor is additive.

(d) Next, let E be a spectral sequence of objects in A. For every p,q € Z, define GP4 = Eg@*p.
Define Z'? to be GP?*% and define BS? to be the zero subobject of ZJ*?. Thus, by definition, there
is an identity isomorphism,

B 2By

For a given integer s > 0, assume for r = 0,...,s, we constructed a descending sequence of
subobjects,
p+q _ 7Pq » )
GPPYa = zP1 D ... D ZP9 D ... D 7P,

an increasing sequence,
Q:Bqug ng:qg g357q7

of subobjects B?? C ZP9, and isomorphisms,

vaq : Epvq - Zp7Q/Bp7q’
such that for r = 0,...,s — 1, (x29)(Ker(d2?)) equals Z%, (x2)(Im(d2~"7"17")) equals B, and
x>, equals the composition,

oTe 1 B
EP{y = Ker(dp®) /lm(dy17177) X 278/ BY.

5
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Define Z2%, to be the unique subobject of ZP? containing B?? and such that
X$1(Ker(d?)) = Z2 / BYY,

as subobjects of Z4/BP4. Similarly, define BYY, to be the unique subobject of Z?? containing
BP% and such that
X (Tm(dy 1)) = B /B,

as subobjects of ZP7/BP4. Prove that x?? induces an isomorphism,

' Ker(dP9) /Im(db—>9717%) — ZP%, /B,

Defining x%; to be the composition x2? o ¢?,. Prove that this is an isomorphism.

(e) Conclude, by induction on r, that there exists for all integers > 0 a decreasing sequence of

subobjects,
GP7P+Q — Z(I;,q 2 D Z 2

an increasing sequemnce,
Q = Bg’q g e g

oy

A G
of subobjects BP? C ZP4, and isomorphisms,

X9 1 ZP9/Bra —y EP
such that for all v > 0, (x27) " (Ker(dZ?)) equals Z7,, (x24)~! (Im(d2>97'7*)) equals B{Y,, and
X2 equals the composition,

D,q P,q
228/ B2 255 Ker(@n) m(a->0-10) 5 g2,

(f) With the construction as above, for every p,q € Z and for every r € Zs, prove that there

exists a unique morphism
D9 . 7D p+r,q+l—r / pptrg+l-r
dbt . zZr1 — 71 /BF

such that x2+"4t1=" o d2? equals the composition

Z qu/qu X qu Ep+rq+1 r

Prove that Z7Y, is the kernel of d?¥. Conclude that B?? is in the kernel of d*?. Prove that B/,
is the unique subobject of ZY, containing BP9 and such that B}, /BP9 maps isomorphically to
Im(d?~"47'="). Conclude that this datum is a spectral sequence datum.

(g) For every morphism of spectral sequences 6 : £ — E, prove that the collection 054 EY? —
E{?) is a morphism of the associated spectral sequence data. Prove that these rules define a functor

G : SS(A) — SS'(A).

6
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Prove that this is an additive functor.

(h) Prove that G o £ is the identity functor Idgg (). Prove that the isomorphisms x?7 define a
natural isomorphism of functors Idss4) == £ o G. Conclude that £ and G form an equivalence of
additive categories. For this reason, we usually think of spectral sequences as equivalent information
as spectral sequence data.

(i) Give descriptions on the level of spectral sequence data of the following notions for spectral
sequences: the zero spectral sequence, the direct sum / direct product of spectral sequences, the
functor SS(F') associated to an additive functor of Abelian categories F' : A — B, the forgetful
functors ®29, the shift endofunctors 77°% and the shift endofunctors ©,,.


http://www.math.stonybrook.edu/~jstarr/M536f15/index.html
mailto:jstarr@math.stonybrook.edu

