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MAT 535 Ring and Field Extensions

1 Introduction

These are notes on ring and field extensions supplementing the material from our textbook. Some
of the notes are cut-and-pasted from previous courses I taught. Much of the notes are exercises
working through the basic results about these notions.

2 Ring extensions

Many of the basic notions for field extensions apply equally well to ring extensions, i.e., to mor-
phisms of commutative rings. The most basic ring extensions are products of copies of a ring,
the template for étale ring extensions (which in case of field extensions are finite separable field
extensions), and polynomial algebras, which together with étale ring extensions form the template
for smooth ring extensions (for field extensions, these roughly correspond to separably generated
field extensions). We begin with polynomial algebras.

Definition 2.1. For every commutative ring R, for every R-module M, the tensor R-algebra
Tn(M) on M is the Zsy-graded associative, unital R-algebra whose degree-d graded summand
T4(M) equals M®r = M ®p - ®p M for every d in Zsg, and such that, for all d and e in Zy, the
R-bilinear product from M®rd x M®re to M®r(d+e) sends each ordered pair of “pure tensors” (a,b),
for a = ¥; ® - ® V4 and for b = W0 ® - ® 10,, to the concatenation a-b:= 0, ® - ® Uy ® W1 ® - ®W,. The
symmetric R-algebra Sym% (M) on M is the quotient R-algebra of T,(M) by the commutator
ideal, i.e., by the two-sided ideal generated by all elements a-b—b-a. In particular, for every set
>, the tensor R-algebra on the set X, respectively the polynomial R-algebra on the set X, is
the tensor R-algebra, resp. the symmetric R-algebra, on the free R-module associated to .

Lemma 2.2. For every commutative ring R and for every R-module M, the Zso-graded R-module
T (M) together with the R-bilinear product above is a Zso-graded R-algebra. Also the two-sided
commutator ideal is a homogeneous ideal. Thus Symy (M) is also a quotient Zso-graded R-algebra.
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Proposition 2.3 (Universal property of the tensor algebra). For every commutative ring R, for
every R-module M, for every associative, unital R-algebra A (such that R-1 is in the center of A),
for every morphism uy of R-modules from M to A, there exists a unique R-algebra homomorphism
w from Tr(M) to A whose restriction to Th(M) = M is u;.

Proof. This is proved in the note on adjoint functors. m

Corollary 2.4 (Tensor powers are functors). For every commutative ring R, for every morphism
v of R-modules from an R-module M to an R-module N, there exists a unique morphism Tq(v) of
associative, unital Zso-graded R-algebras from T(M) to Th(N) whose restriction to T(M) = M
is the composition of v with the inclusion of the direct summand N = TH(N) into Ty (N). For every
nonnegative integer d, the rule associating T&(M) to every R-module M and associating Ta(v) to
every R-module morphism v is a (non-additive) functor from R - Mod to itself.

Corollary 2.5 (Natural action of the symmetric group). For every commutative ring R, for every
nonnegative integer d, for every element o of the symmetric group Sy, for every R-module M,
there is a unique morphism of R-modules Tg , from Ta(M) to TA(M) such that for every ordered
d-tuple (mu, ..., mq) of elements of M, we have T/ (My1) ® -+ ®@My(ay) equals my ® - @mg. This
is a natural transformation from TS to itself. Also, T} is the identity natural transformation, and
T oTY equals TR for all elements o and T of Gq.

Lemma 2.6 (Compatibility with short exact sequences). For every commutative ring R, for every
nonnegative integer d, for every short exact sequence of R-modules,

0> M > M->M"-0,

there is an associated filtration by R-submodules TA(M) = F02---2 F? and a surjective R-module
homomorphism to F/F“! from the direct sum over all subsets I ¢ {1,...,d} of cardinality ¢ of
the tensor product N1 ®p - ® g Ng where N; equals M' if 1 is in I and M" otherwise. If M" is
projective, this surjection is an isomorphism. This filtration is compatible with morphisms of short
exact sequences of R-modules.

Exercise 2.7. When R equals C[t]/(t?), when M equals R, when M’ equals (¢)/(t?), and when
M" equals C[t]/(t), for d = 2, prove that the natural map from the nonzero R-module M’ ®p M’
to F2 is not an isomorphism (rather it is the zero map).

Lemma 2.8 (Ranks of tensor powers). For every free R-module M, for every nonnegative integer
d, also TE(M) is a free R-module. If M has finite rank n, also T&(M) has finite rank n.

Proposition 2.9 (Universal property of the symmetric algebra). For every commutative ring R, for
every R-module M, for every commutative R-algebra S, for every morphism uy of R-modules from

M to A, there exists a unique R-algebra homomorphism w from Symy (M) to S whose restriction
to Symp(M) = M is u;.
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Proof. This is also proved in the note on adjoint functors. O

Corollary 2.10 (Symmetric powers are functors). For every commutative ring R, for every mor-
phism v of R-modules from an R-module M to an R-module N, there exists a unique morphism
Sym%(v) of associative, unital Zso-graded R-algebras from Symyu (M) to Symy(N) whose restriction
to Symyp(M) = M is the composition of v with the inclusion of the direct summand N = Symp(N)
into Sym’y(N). For every nonnegative integer d, the rule associating Symy(M) to every R-module
M and associating Symy(v) to every R-module morphism v is a (non-additive) functor from
R —Mod to itself. The natural quotient maps define a natural transformation from the functor
T¢ to the functor Symf.

Corollary 2.11 (Symmetric powers are quotients for the symmetric group action). For every
commutative ring R, for every integer d, for every element o of the symmetric group Sq, for
every R-module M, for the surjective R-module homomorphism qjé’M from TA(M) to Sym (M),
the composition q%M oTZ m equals q%M. For every R-module homomorphism q' from Ta(M) to
an R-module N such that q' o TF ,, for every elements o of Gq, there exists a unique R-module
homomorphism @ from Sym%(M) to N such that q' equals q' o ng. The morphisms qjl%’M form a

natural transformation ¢% from T3 to Sym%.

Lemma 2.12 (Compatibility with short exact sequences). For every commutative ring R, for every
nonnegative integer d, for every short exact sequence of R-modules,

0 M - M- M"-0,

there is an associated filtration by R-submodules Symh(M) = FO 2 --- 2 Fd qnd a surjective R-
module homomorphism to F'/F*1 from the tensor product Symiy‘(M") ®g Symy(M'). If M" is
projective, this surjection is an isomorphism. This filtration is compatible with morphisms of short
exact sequences of R-modules.

Exercise 2.13. When R equals C[t]/(t?), when M equals R, when M’ equals (t)/(t?), and when
M" equals C[t]/(t), for d = 2, prove that the natural map from the nonzero R-module Sym%(M') =
M'®p M’ to F? is not an isomorphism (rather it is the zero map).

Corollary 2.14 (Ranks of symmetric powers). For every commutative ring R, for every free R-
module M, for every nonnegative integer d, also Sym‘é(M) 18 a free R-module. If M has finite rank
n, also Symy(M) has finite rank ("*gfl).

Corollary 2.15 (Polynomial algebra on a set of variables). For every commutative ring R, for every
commutative R-algebra S, for every function f from a set ¥ to S, there exists a unique R-algebra
homomorphism fg from Sym'y(Freeg(X)) to S whose restriction to Symy(Freer(X)) = Freer(X) is
the unique morphism of R-modules to S induced by f.
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Proof. This follows from the proposition by using the universal property of Freer(X) to reformulate
uy as a function f from ¥ to S. O

Definition 2.16. For every morphism of commutative rings, u: R — 9, for every function f from
a set X to S, the set f(X) generates S as an R-algebra if (and only if) the induced R-algebra
homomorphism Symp(Freeg(X)) — S is surjective. In particular, S is finitely generated as an
R-algebra if (and only if) there exists a function from a finite set ¥ that generates S as an R-
algebra. Similarly, S is finitely presented as an R-algebra if (and only if) there exists a function
from a finite set ¥ that generates S as an R-algebra and such that the kernel of the surjection
from Sym%(Freer(X)) to S is also a finitely generated ideal. As a special case, u is a primitive
extension if S is generated by a single element, i.e., S is isomorphic to a quotient R-algebra of
the polynomial R-algebra.

Lemma 2.17 (Composition stability for finite generatedness / presentedness). For every morphism
of commutative rings, u: R — S, for every function f:3 — S that generates S as an R-algebra, for
every morphism of commutative rings v:S — T, and for every function g:© — T that generates T
as an S-algebra, also the function h:=gu(vo f) from O uUX to T generates as an R-algebra. The
kernel ofﬁR 1s generated by the images of the kernels of fR and Gs. Thus, if both the kernels ofﬁ%
and g are finitely generated, then also the kernel of hy is finitely generated.

Proof. Denote the kernel of fg by I, and denote the kernel of §g by J. Then S is isomorphic to
R[X]/I as an R-algebra, and T is isomorphic to S[O]/J as an S-algebra. Thus, as an R-algebra,
T is isomorphic to ((R[X]/I)[©])/J, which equals ((R[X]/I) ®r R[©])/J, which in turn equals
(R[X]®r R[O])/(J&® (I ®r R[O])), i.e., R[Xu®]/(J& (I ®r R[O])). O

Definition 2.18. For every associative, unital ring A, for every right A-module M, this is flat,
respectively faithfully flat, if (and only if) the functor M ®4 (=) from A - Mod to Z — Mod is
exact, resp. faithful and exact (and there is an analogous definition for left A-modules). For every
morphism of commutative rings, v : R - S, the morphism is flat, respectively faithfully flat if
(and only if) the morphism u makes S into an R-module that is flat, resp. faithfully flat. A flat
morphism of commutative rings, u: R — S, is finite faithfully flat if (and only if) the R-module
S is a finitely generated, faithfully flat R-module.

Lemma 2.19 (Flatness, projectivity, and freeness over local rings). For every commutative ring
R, every free R-module is projective, and every projective R-module is flat. For every commutative
ring R that is local with unique mazimal ideal m, for every finitely presented R-module P, the
R-module P is free if and only if it is projective if and only if it is flat if and only if Tor®(R/m, P)
1S a zero module.

Proof. Every free R-module is projective since it is a direct summand of itself (with complement a
zero submodule). As a direct summand of a free module, every projective R-module is flat.
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Now assume that R is a local ring. If P is flat, then Tori'( R/m, P) is a zero module. For every finitely
generated R-module P, lifting the elements of a finite R/m-vector space basis of P/mP to elements
in P defines a surjection, 7' : R®" - P, such that the induced homomorphism (R/m)®" - P/mP
is an isomorphism. If also Torf'(R/m, P) is a zero module, then we have a short exact sequence of
R/m-vector spaces,

0> (R/m) ®p Ker(T) > (R/m)®" > P -0

Since T is an isomorphism, also (R/m) ®x Ker(T) is a zero module. If P is finitely presented, then
Ker(T) is finitely generated. Then by Nakayama’s Lemma, the R-module Ker(7') is a zero module,
i.e., T is an isomorphism. Thus P is a free R-module. ]

Proposition 2.20 (Flat and finitely presented is projective). For every commutative ring R, for
every finitely presented R-module P, the module is projective if and only if it is flat if and only if
Tor((Frac(R/p), P) is a zero module for every prime ideal p in R.

Proof. Let P be a finitely presented R-module such that Tor(Frac(R/p), P) is a zero module for
every prime ideal p. For every maximal ideal m, by the argument above, there exists an R-module
homomorphism ¢ : R®™ - P such that the induced homomorphism RP™ — M, is an isomorphism.
Then the cokernel of ¢ and the kernel of ¢ are finitely generated R-modules that are annihilated by
m. By Nakayama’s Lemma, there exists an element r € R ~ m such that the kernel and cokernel of
R are annihilated by r.

In particular, for every R-module N, the R-module Ext}%(P,N ) is annihilated by r. Since this
holds for every maximal ideal, the ideal generated by the elements r as above equals all of R (by

the Axiom of Choice). Thus, there exist finitely many elements (rq,...,r,,) of R that annihilate
Extp(P,N) such that 1 =7 +---+7,. Thus 1 annihilates Extp(P, N), i.e., this is a zero module.
Since this holds for every R-module N, the R-module P is projective. O

Lemma 2.21 (Flat modules with nonzero residual modules are faithfully flat). For every commu-
tative ring R, for every flat R-module P, the R-module is faithfully flat if and only if P ®p R/m is
nonzero for every mazimal ideal m of R.

Proof. Since P is already flat, the module is faithfully flat if and only if P ® g M is nonzero for
every nonzero R-module M. Every R-module is an increasing union of its finitely generated R-
submodules. Thus, it suffices to prove P®p M is nonzero for nonzero finitely generated R-modules
M. Every such R-module has a filtration where the associated graded pieces are each of the form
R/I for some proper ideal I of R (that depends on the module and the term in the filtration).
Thus, P ®g M has a filtration where each associated graded piece is P ®g (R/I). By the Axiom
of Choice, for every proper ideal I in R, there exists a maximal ideal m of R containing I. Thus,
there is a surjection from R/I to R/m. So there is a surjection from P ®g (R/I) to P ® (R/m).
Thus P ®g (R/I) is nonzero if P ®g (R/m) is nonzero. O
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Definition 2.22. For every morphism of commutative rings, v : R - S, for every element s
of S, the element s is integral for u, or integral over R (when wu is understood), if (and only
if) the R-subalgebra of S generated by s is a finitely generated R-module. A morphism u of
commutative rings is integral if (and only if) every element of S is integral over R. A morphism
u of commutative rings is finite if (and only if) S is finitely generated as an R-module. A finite
morphism u of commutative rings is Artinian if (and only if) S is an Artinian R-module, i.e., S
has a (finite) composition series whose associated graded modules are simple R-modules.

Lemma 2.23 (Criteria for integrality). For every morphism of commutative rings, u: R — S, for
every element s of S, the element s is integral for u if and only if there exists an R-subalgebra
S" of S containing s that is finitely generated as an R-module if and only if s satisfies a monic
polynomial with coefficients in R.

Proof. 1If s is integral for u, then the R-subalgebra S’ := u(R)[s] of S is finitely generated as an
R-module. More generally, if there exists an R-subalgebra S’ of S containing s that is finitely
generated as an R-algebra, then the R-module endomorphism of left multiplication by s on S’
comes from an n x n matrix A with entries in R, for some choice of n generators of S’ as an
R-module. The characteristic polynomial p(t) of A is a monic polynomial with coefficients in
R. By the Cayley-Hamilton Theorem, the element p(s) of S’ equals 0. Thus s satisfies a monic
polynomial with coefficients in R. More generally, for every monic polynomial p(t) of degree n
with coefficients in R such that p(s) equals 0, the monic polynomial gives an R-linear relation

s" = —(18" 7+ -+ 18 + ¢,1), showing that the R-submodule of S generated by 1,s,...,s"!
already contains s”. By induction, it contains s"** for every nonnegative integer ¢. Thus the
R-subalgebra u(R)[s] is generated by 1,s,...,s" 1 as an R-module, i.e., s is integral for u. O

Proposition 2.24 (Finitely generated, integral extensions are finite). An integral ring extension
is finite if and only if it is finitely generated.

Proof. Every finite ring extension is clearly finitely generated: the finite set of R-module generators
are also a finite set of R-algebra generators. Conversely, for an integral morphism of commutative
rings, u : R - S, assume that S is finitely generated as an R-algebra. We will prove that S is a
finite R-module by induction on the least number of generators as an R-algebra. If the number is
0, then S is already a quotient ring of R, which is also a cyclic R-module, hence finitely generated.

By way of induction, assume that the least number of generators n is positive and the result has
been proved for fewer generators. Then there exists an R-subalgebra T of S that is finitely generated
as an R-algebra by n — 1 elements, and S is generated over T' by a single element s. Since S is
integral over R, every R-subalgebra of S is integral over R, i.e., T' is integral over R. Thus, by the
induction hypothesis, 7" is finitely generated as an R-module. Since s is integral over R, it is also
integral over T'. By the previous lemma, S is finitely generated as a T-module. Since both the ring
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extensions R — T and T' — S are finite ring extensions, also the composite ring extension R — S
is a finite ring extension. Thus, by induction on n, every integral ring extension that is finitely
generated as an algebra is also finitely generated as a module. O]

We are most interested in commutative rings that are fields, and in ring homomorphisms that are
field extensions. Fields (and integral domains, and local rings, etc.) are special in that the only
idempotents are 1 and 0.

3 Idempotents and ring decompositions

After polynomial algebras, the other example of “elementary” ring extensions are products of copies
of a ring. In order to describe decompositions of a ring as a product of factors, it is convenient to
discuss idempotents.

Definition 3.1. For every commutative ring R, an element e of R is an idempotent if (and
only if) e-e equals e. In particular, the multiplicative identity 1 is the unit idempotent and
the additive identity 0 is the zero idempotent. All other idempotents are nonzero, noninvertible
idempotents.

Lemma 3.2 (Complement, meet, and join). For every commutative ring R, for all idempotent
elements e and ¢’ of R, also 1—e and ee’ are idempotent elements. Thus e+e'—ee’ =1-(1-e)(1-¢')
is an tdempotent element. If particular, if ee’ equals 0, also e+ €’ is an idempotent element.

Lemma 3.3. For every morphism of commutative rings, u: R — S, for every idempotent element
e of R, also u(e) is an idempotent element of S. Also u maps the unit idempotent to the unit
tdempotent and the zero idempotent to the zero idempotent.

Definition 3.4. For every commutative ring R, the idempotent set, denoted ldem(R), is the
subset of R of all idempotent elements. For all elements e and e’ in [dem(R), the meet of e and
e is ene’ =e€, ie., meet is multiplication. Also the join of e and ¢’ is eve’ = e+e' —ee’. For
every morphism of commutative rings, v : R — S, the restriction of u to Idem(R) as a function to
Idem(S) is denoted Idem(w).

Lemma 3.5 (Idempotents form a Boolean algebra). For every commutative ring R, the set ldem(R)
1s a Boolean algebra whose join identity equals 0 and whose meet identity equals 1: meet and join
are both commutative and associative, meet and join distribute, and, for all idempotents e and €',
each of ene, eve, en(eve’) andev (ene’) equal e.

Lemma 3.6. For every morphism of commutative rings, v : R — S, the function Idem(u) is a
morphism of Boolean algebras.
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Proposition 3.7 (Idempotents form a functor). The rules above define a functor Idem from CRing
to the full subcategory BoolAlg whose objects are Boolean algebras, and ldem is right adjoint to
the inclusion of BoolAlg in CRing.

Definition 3.8. For every commutative ring R, for every ordered pair (¢e’,e”) of idempotents in
R, the pair is orthogonal if (and only if) e’e’” equals 0. For every commutative ring R, for every
ordered pair (e, e’) of idempotents in R, the idempotent e’ decomposes e if (and only if) ee’ equals
e’. In this case, also e” := e — ¢’ is an idempotent that decomposes e, the pair (e, e) is orthogonal,
and e equals e’ + e”. An idempotent e’ of R is primitive if (and only if), for every idempotent
e of R, either ee’ equals e’ or ee’ equals 0, i.e., either ¢’ decomposes e or e’ is orthogonal to e.
A subset ¥ of Ildem(R) is orthogonal if (and only if) every ordered pair of distinct elements of
¥ is orthogonal. A nonempty othogonal subset ¥ of ldem(R) is complete if (and only if) the
natural ring homomorphism R — [[..x R - e is an isomorphism. A complete, orthogonal subset
is redundant if (and only if) it contains 0 as an element, otherwise it is irredundant. An
irredundant, complete, orthogonal subset is a decomposition of R. A decomposition of R is a
primitive decomposition if (and only if) every idempotent in the decomposition is primitive. A
decomposition of R is trivial if (and only if) it equals {1}, otherwise it is nontrivial. A finite
decomposition of R is a decomposition that is a finite set.

Proposition 3.9 (Primitive idempotents). For every commutative ring R, for every idempotent
e in R, the idempotent 1 — e is orthogonal to e. For every idempotent ¢’ in R, the idempotent e
is orthogonal to €' if and only if €'(1 —e€) equals €', i.e., if and only if € decomposes 1 —e. A
nonzero idempotent e’ is primitive if and only if, for every idempotent e, either e’ decomposes e or
e’ decomposes 1 —e. For every finite, primitive decomposition X2 of R, every idempotent in R is of
the form Y .. e for a unique subset I of X, and the primitive idempotents correspond to singleton
subsets of X. There exists a finite, primitive decomposition ¥ if and only if the Boolean algebra
Idem(R) is a finite set, in which case this Boolean algebra is isomorphic to the Boolean algebra
P(X), the power set of ¥, with intersection as meet and union as join.

Proof. An element e is idempotent if and only if e(1 —¢) equals 0. Since 1 - (1 - e¢) equals e, this
holds if and only if 1 - e is idempotent, and then e and 1 —e are orthogonal idempotents. For every
element ¢/, the product e’e equals 0 if and only if /(1 - e) equals e’. In that case, also e’(1 - e)
equals e” and e”e’ equals 0 for e” := (1 -e) —e’. Thus, e”-e" equals e”(1 - e) —e"e’ equals e, i.e.,
e’ is an idempotent, e” is orthogonal to ¢/, and 1 — e equals e’ + €”, so that ¢’ decomposes 1 —e.

For every finite, primitive decomposition, say ¥ = {es, ..., e,}, we have that e;e; equals e; if i equals
j, and 0 otherwise. Also e; +---+ ¢, equals 1. Thus, for every idempotent e, also e equals e - 1
equals ee; +--- + ee,. Since each e; is primitive, ee; equals either e; or 0. Thus, e equals the sum
of e; over those e; in the finite set I = X, of all e; with ee; equal to e;. By convention, the empty
set corresponds to the idempotent 0. Altogether, the correspondence associating I = ¥, to e and
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associating e Y ;e to I gives inverse bijections between the Boolean algebra of idempotents in R
and the Boolean algebra P(X) of subsets of X. O

Corollary 3.10 (Noetherian rings have finite primitive decompositions). For every commutative
ring R, for every irredundant decomposition 3 of R, for each subset I of 2, the subset R-1 =Y .; R-e
is an ideal in R whose annihilator is R- (XN 1). In particular, if R is Noetherian, there exists a
finite, primitive decomposition such that every factor ring is Noetherian. Conversely, every product
of finitely many Noetherian rings is a Noetherian ring.

Definition 3.11. For every commutative ring R, for every finite, irredundant decomposition X of
R, a refinement of ¥ is a finite, irredundant decomposition ¥ of R such that every element of 3
equals Y ;e for a unique subset I of X.

Lemma 3.12 (Refinement and partitions). For every commutative ring R, refinement defines
a lattice operation on the set of finite, irredundant decompositions. If R has a finite, primitive
decomposition X, every finite, irredundant decomposition of R corresponds to a partition of X, and
refinement corresponds to refinement of partitions.

Definition 3.13. For every morphism of commutative rings, u: R - S, a u-decomposition is an
ordered pair (Z,Y) of a finite, irredundant decomposition = of R and a refinement ¥ of the finite,
irredundant decomposition u(Z)~ {0} of S. For every element e of =, the e-fiber of 3, is the subset
Y. of all elements e’ in ¥ such that u(e)e’ equals e’. A u-refinement of (Z,3) is an ordered pair
(Z,%) such that = is a refinment of =, and ¥ is a refinement both of ¥ and of u(Z) \ {0}.

Finite decompositions arise when considering “locally constant” functions in algebra, e.g., the rank
of a finitely generated, projective module.

Proposition 3.14 (Rank decomposition). For every nonzero commutative ring R, for every finitely
generated, projective R-module M, there exists a nonempty, finite set rankg(M) of nonnegative
integers and a finite, irredundant decomposition 3 = {epsq4|d € rankg(M)} of R such that, for every
element d of rankg (M), the factor ring R-enq is a nonzero ring and (R -enq) ®r M is a finitely
generated, projective R - ey q-module of constant rank d.

Proof. Since M is finitely generated, it is a quotient R-module of R®¢ for some nonnegative integer
e. Since M is projective, this quotient splits. Thus M is the image of an R-module endomorphism
U of R®¢ (even an idempotent endomorphism) whose cokernel is projective. (Conversely, for every
R-module endomorphism of R®¢, for finite integer e, if the cokernel is projective, then the image is
a finitely generated, projective module.)

For every element d of rankg(M), for every choice I of d rows and of d columns of U, i.e., of a
d x d submatrix Us of U, let R;; be the R-algebra obtained by taking the quotient of R by the
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ideal generated by the determinants of all (d+ 1) x (d+ 1) submatrices of U and then inverting the
determinant of U;. Let R; be the image of R in []; R4, where the product is over all sets I of d
rows and d columns of the e x e matrix. By construction, R;®g M is a finitely generated, projective
R -module of constant rank d.

It only remains to prove that the natural R-algebra homomorphism from R to ITeranky(ar) Ra 18
an isomorphism (this then gives the idempotents by inverting the isomorphism). Since both the
domain and target are finitely generated R-modules, by Nakayama’s Lemma, we can check this
after localization at each maximal ideal m of R. Every finitely generated, projective module over a
local ring is free of (constant) finite rank d. Thus, R, ® g R, equals a zero module unless ¢ = d, and
the natural homomorphism R, - R, ®g R4 is an isomorphism. O

Definition 3.15. For every commutative ring R, for every finite, finitely presented and flat mor-
phism of commutative rings, v : R - S, the R-algebra S is R-indecomposable if (and only if)
every idempotent in S is the u-image of an idempotent in R. A wu-decomposition (Z,%) is u-
primitive if (and only if) for every idempotent e in = and for every idempotent e’ in ¥ such that
u(e)e’ equals ¢/, the R-e-algebra S - ¢’ is R - e-indecomposable.

Exercise 3.16. For R equal to the product ring Z x Z with primitive idempotents e; = (1,0)
and ey = (0,1), for S equals the product ring R x R with the diagonal morphism v : R - S
sending each element r = (71,72) to (r,7) and with idempotents €| = (1,0) and €} = (0,1) prove
that both (Z,%) = ({1}, {e},’5}) and (E,%) = ({1}, {e?, e4}) are primitive decompositions, where
el = eje] + exel, and e = e;e}, + exe|. Thus, there is more than one w-primitive decomposition.
However, prove that

({e1, €2}, {e1€], e1€), e2€], e2€L })

is a common u-refinement of both of these u-primitive decompositions.

4 Algebras of set functions.

The main example of an R-algebra with a specified decomposition is the set of R-valued functions
on a set, i.e., an R-algebra of set functions. The basic idea of Galois theory is that every finite
separable field extension, and every finite étale morphism of commutative rings more generally,
is locally (for the faithfully flat topology, or even for the étale topology) just an R-algebra of set
functions. In particular, the Galois connection between intermediate field extensions and subgroups
of the Galois group follows from consideration of R-algebras of set functions. The main results of
this section are Corollary and Proposition that characterize the R-flat quotient R-algebra
of the algebra of set functions, and the R-subalgebras whose quotient module is R-flat. In each
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case, these are precisely what one would guess, at least after passing to the nonzero factor rings of
a finite decomposition of R.

Definition 4.1. For every commutative ring R, for every set X, the R-algebra of functions on
Y}, denoted R*, is the set of all set functions a : ¥ — R. This is an R-algebra under pointwise
addition, pointwise scaling, and pointwise multiplication; i.e., for a,b in R* and for A in R, for
every o in X we define

(a+b)(o):=a(c)+b(c), (A-b)(0):=A-b(c), (a-b)(c):=a(c) b(o).

Lemma 4.2 (Algebras of set functions). For every commutative ring R, for every set &, the R-
module R* with valuewise multiplication is a commutative R-algebra whose additive identity is the

constant function with value 0 and whose multiplicative identity is the constant function with value
1.

Definition 4.3. For every commutative ring R, for every function u : ¥ — T, the associated
morphism of R-algebras of functions is,

R*:RT - R* R“(a):=aou.

Lemma 4.4 (Functoriality). For every commutative ring R, for every function u : X — T, the
R-module homomorphism RY is a morphism of R-algebras. For every pair of set functions,

u:n->T, v:T -0,

the composition F* o FV equals F°*. Also, for every set X, also F1% is the identity morphism
of F*. Altogether, R* is a functor from the opposite category (Set)°PP of the category of sets to
R-Alg.

Definition 4.5. For every commutative ring R, for every set X, and for every R-algebra B, a
binary R-operation on Y x B a function,

B:¥xB - R,
such that for every o in X, the (curry) map,
Bs:B— R, b ((0,b),

is an R-algebra morphism. The set of all binary R-operations on ¥ x B is denoted F&(B). For
every R-algebra morphism f: A — B, the associated morphism of sets of binary R-operations is

FE(f) : FE(B) = Fi(A), B Bo(lds x f).

11
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Lemma 4.6 (Functoriality in the algebra). For every commutative ring R, for every R-algebra
morphism, f:A— B, for every set 3, for every binary R-operation 3 on X x B, also FE(f) maps
B to a binary R-operation on X x A. Thus FE(f) is well-defined. Also FE(Idg) is the identity
on FE(B), and FE is compatible with composition. Altogether, FE is a functor from the opposite
category (R — Alg)°Pr of the category of R-algebras to Set, the category of sets.

Definition 4.7. For every commutative ring R and for every set X, the evaluation binary R-
operation is
af: N x R¥ > R, (0,a)w a(0).

Lemma 4.8. For every commutative ring R and for every set 32, the evaluation binary R-operation

R . . .
ast s a binary R-operation.

Definition 4.9. For every commutative ring R, for every set X, for every R-algebra B, and for
every binary R-operation § on X x B, the associated R-algebra morphism is

B:B—R> b~ (0~ B,(D)).

Lemma 4.10 (Universal property of the algebra of set functions). For every commutative ring R,
Jor every set X, for every R-algebra B, and for every binary R-operation [5 on 3 x B, the function
Bis a morphzsm of R-algebras. In fact it 1s the unique morphism of R-algebras such that FR(B)
maps olt to B. Thus, the element aff in FE(R*) represents the functor FE. Altogether, R® is left
adjoint to the Yoneda functor hg from (R - Alg)°rP to Set.

Proposition 4.11 (Injections and surjections). For every nonzero commutative ring R and for
every set map, u: X — T, both of the following hold.

(i) The R-algebra homomorphism R* is injective if and only if u is surjective.
(i1) Also R* is surjective if and only if u is injective.
Proof. (1) First assume that w is injective, i.e., the associated surjective set map
Usyrj * 2 = u(2)

is a bijection. Denote by usurJ the inverse bijection. For every set map a: ¥ - R, define uy(a) : T - R
to be the unique set map which equals a o usulrJ on u(X) and which equals 0 on the complement
T —u(X). Then R*(w(a)) equals a, so that R* is surjective. Note that the rule a » wi(a) is a
right inverse to R* which is an R-module homomorphism. But u(1) equals 1 if and only if u is
surjective. So in general u, is not a ring homomorphism (since it does not send 1 to 1).

12
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Next assume that v is not injective. Then there exist distinct elements ¢ and ¢’ in ¥ such that
u(o) equals u(o’). For every b in R, R*(b) equals bo u, and so has equal values on o and o’
Define e, : 3 - R to be the set map which equals 1 on ¢, and which equals 0 on X - {o}. Since e,
has different values on ¢ and ¢’ (since 1 does not equal 0 in R), e, is not in the image of R*. Thus
R" is not surjective.

(ii) First assume that u is surjective. Let b and o' be elements in RT such that R*(b) equals
Ru(b'), i.e., bou equals bou'. For every 7 in T', there exists o in ¥ with 7 = u(o). Thus b(7) equals
(bou)(o), which equals (b' o u)(o) by hypothesis, and this equals &’(7). So b equals b’. Therefore
R" is injective.

Next assume that u is not surjective, i.e., there exists 7 in 7' which is not in u(X). Then R%(e,)
equals 0, which equals R*(0). But e, is not equal to 0. Thus R" is not injective. ]

Because of the proposition, injective set maps with target ¥ determine R-algebra quotients of R*.
Because quotient objects are a bit less canonical than subobjects, we will instead talk about the
kernel of the quotient homomorphims, which is an ideal in R*. Similarly, surjective set maps with
source ¥ determine R-subalgebras of R*.

Proposition 4.12 (Ideals and quotients of algebras of set functions). For every nonzero commu-
tative ring R and for every finite set 33, every ideal in R* whose quotient is a projective R-module
is of the form Ker(R") for an injective function u:T — X, at least after passing to the nonzero
factor rings of a finite decomposition of R. For every injective function u' : T" — 3 such that that
Ker(R*") equals Ker(R"), there exists a unique function v:T" — T such that u' equals uov (and
necessarily v is a bijection).

Proof. Let I be an ideal in R*, over every factor ring of R, let T} to be the subset of ¥ consisting of
all elements 7 such that ax (1) equals {0}. This defines a locally constant function on the factor
rings to the finite power set of 3. Thus, there exists a finite decomposition of R such that this is a
constant function on each factor ring. After replacing R by each factor ring, assume that this is a
constant function.

Let uy : Tt — ¥ be the inclusion map. The claim is that I equals Ker(R*). By construction, I is
contained in Ker(R"). Thus, the image R”" is a quotient R-algebra of R*/I. Both of these are
projective R-modules of finite, constant rank. Thus this splits as an R-module homomorphism,
and the kernel is also a projective R-module of finite, constant rank (the difference of the previous
ranks). The quotient R-algebra homomorphism is an isomorphism if and only if this difference rank
equals 0, i.e., if and only if the two previous ranks are equal. This can be checked after replacing
R by any residue field R/m for any maximal ideal m (since R is a nonzero ring, it has a maximal
ideal). Thus, without loss of generality, now assume that R equals F'is a field.

13
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For every element o in X, denote by e, the set function which equals 1 on ¢ and which equals 0 on
Y. —{o}. Then Ker(F) is the free F-vector space with basis {e,|o € ¥ —T;}. For every element
oin ¥ -T;, ax,(I) is an F-submodule of F' which is not equal to {0}, i.e., it is a nonzero ideal in
R. Since F'is a field, this ideal equals all of F i.e., there exists an element a in I such that a(o)
equals 1. Since [ is an ideal, e, -a is in /. But e, -a equals e,, so e, is in I. Thus I contains
span(e,|o € X2 = Ty), i.e., I contains Ker(F*), proving that I equals Ker(Fur).

Now let u : T — ¥ be the inclusion of a subset of ¥. And let u’: T - X be an injective set map
such that Ker(R*') equals Ker(R*). For every o in ¥ - T, since e, is in Ker(R*), also R (e,)
equals 0. Thus o is not in the image of u/. So Image(u’) is contained in 7T". Define v : 7" - T to be
the unique map such that u’ equals wov.

The final claim is that v is a bijection. Since u’ is an injection, also v is an injection. And for
every 7 in T, since e, is not in Ker(R*), also e, is not in Ker(R*). Thus 7 is in the image of u.
Therefore also v is surjective, i.e., v is a bijection. O]

Corollary 4.13 (Surjective morphisms between algebras of set functions). For every nonzero com-
mutative ring R, and for all finite sets 2 and T, every surjective R-algebra homomorphism R* - RT
1s of the form R* for a unique set map u: X' — X, at least after passing to the nonzero factor rings
of a finite decomposition of R. In this case, u is an injection. If R* is an isomorphism, then u is
a bijection.

Proof. The corollary is trivial if T'is empty. Thus assume that 7" is nonempty. Let ¢ : R* - R” be
a surjective R-algebra homomorphism. For every element 7 of T', let e, : {7} = T be the inclusion.
The composition R¢" o ¢ is a surjection from R* to R{™} whose kernel is an ideal with projective
quotient R-algebra. By Proposition {4.12] after passing to factor rings, this is the kernel of the
R-algebra homomorphism of a subset of R*. Since this kernel is maximal ideals with R-projective
quotient of positive rank, the subset is a minimal nonempty subset, i.e., a singleton set {o} for a
unique element o of X.

For every 7 as above, define u(7) to be this unique element 0. Then u : T - ¥ is the unique set
map such that R o R equals R¢r o ¢ for every element 7 of T'. But the product map

(R ),er: BT - [[ R

TeT

is an isomorphism. Since the composition of this isomorphism with R* equals the composition with
¢, R* equals ¢. Thus u is the unique set map such that R* equals ¢.

Also, if u(7) equals u(7"), then R o R* equals R o R*. Thus R® o ¢ equals R o ¢. Since ¢ is
surjective, this means that R equals R¢. In particular they have equal kernels. But again by
Proposition .12} this implies that 7 equals 7. Therefore w is injective.
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Finally, if R* is invertible, then the same argument proves that the inverse map is of the form
RY for a unique set map v : ¥ — T, which is an injective set map. But then R“v and R"% are
the respective identity maps on R* and RT. Since R'9= and R!7 are also the identity maps, the
uniqueness of the set maps above implies that u o v equals Idy, and v o u equals Idy. Thus u is a
bijection. O]

For the proof of the next proposition, it is useful to make two definitions. First of all, for every a in
R>, the support of a is the set of all elements ¢ in ¥ such that the induced R-module morphisms

(-)-a-es: R—>R* ¢, 2R,

is surjective, hence an isomorphism.

Next, for every subset T" of X, define er to be the set function ¥ — R which equals 1 on 7" and which
equals 0 on ¥ —T. Sometimes this is called the characteristic function or the indicator function of
T. Observe that Supp(er) equals T.

Proposition 4.14 (Subalgebras of algebras of set functions and partitions). Let R be a nonzero
commutative ring, and let X be a finite set. Every R-subalgebra in R> whose quotient is a projective
R-module is of the form Image(R?) for a surjective set map q : 3 — O, at least after passing to
the nonzero factor rings in a finite decompostion of R. If ¢’ : ¥ - ©' is a surjective set map with
Image(RY) equal to Image(R?), then there exists a unique set map w: © — O’ such that ¢’ equals
woq (and necessarily w is a bijection).

Proof. Let B be an R-subalgebra of R* (in particular B contains 1) such that R*/B is a projective
R-module. Let o be any element of 3. For every factor ring, consider the collection of all nonempty
subsets of ¥ of the form Supp(b) for all elements b of B with nonempty support. This collection
is a subset of the power set of ¥, and there are only finitely many such subsets. Moreover, this
is locally constant on factor rings of finite decompositions of R. Thus, after replacing R by each
nonzero factor ring of some finite decomposition of R, assume that this collection is unchanged
under passing to (nonzero) factor rings of finite decompositions of R. Similarly, assume that the
projective R-module R*/B has constant rank n.

There is at least one subset of ¥ in the collection, namely ¥ = Supp(1). For any two distinct
minimal subsets, T" and 7", which are the supports of elements b and b’ of B, then the support of
bb' equals the intersection of the supports of b and V', i.e., T nT". Since T" and 7" are minimal,
T nT"is empty, i.e., any two distinct minimal subsets are disjoint.

Now assume that R is a field F. Let T" be a minimal set among all such subsets. For every b in
B whose support is contained in 7" and with b(o) invertible for at least one o in T, the element
by :=b-b—0b(c)-bis in B and has strictly smaller support than 7'. Since T is minimal, the support
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is an empty set. Since F' is a field, this element is zero, i.e., b-b equals b(c) -b. Since b(0) is a
nonzero element of F, also (1/b(0))b is an element of the F-algebra B, and this is idempotent.
Thus, this idempotent element with support 7" equals er, i.e., b equals b(o)er. So the F-subalgebra
B contains the element er and B -er equals F'-ep. Also 1 —er = ex.r is an element of B, and we
may repeat this argument for the F-subalgebra B-ex. r of the F-algebra F**T. Thus, by induction
on the cardinality of 3, there exists a partition of X, say ¢ : X - O, such that the collection consists
of all g-preimages of nonempty subsets of © and B equals the image of F9.

Now consider the general case, where R is a nonzero ring that is not necessarily a field. Since R is
nonzero, there exists a maximal ideal m in R. Denote the residue field R/m by F. Then also F®r B
is a subalgebra of F'®r R* = F'* whose quotient is an F-vector space of dimension n, the rank of
R*/B. By the above, the collection of support sets for F' ® g B, which also equals the collection
of support sets for B by the local constancy hypothesis, equals the inverse image of all nonempty
subsets of © for a partition, ¢: 3 - ©. Let s: © — X be a splitting of ¢, i.e., soq equals Idg.

Consider the composition of the inclusion B < R* with the R-algebra morphism R*: R* - R°.
After base change from R to the residue field F', this is surjective. By Nakayama’s Lemma, the
cokernel R-module is annihilated by some element not in m. Since this holds for every maximal
ideal of m, the annihilator of the cokernel finitely generated R-module is contained in no maximal
ideal, i.e., it equals all of R (hence contains the element 1). So the cokernel is a zero module, i.e.,
the composition is surjective. By comparing ranks after base change to F', both the domain and
target of this surjective R-module homomorphism are projective R-modules of the same constant
rank, so this R-module homomorphism is even an isomorphism. An R-algebra homomorphism
that is an isomorphism of R-modules is an isomorphism of R-algebras. Thus the composition is an
R-algebra isomorphism.

Since B — R® is an isomorphism, the inverse images of the idempotents are idempotents in B,
hence idempotents in R*. But we know all the idempotents in R*, each is of the form es - e for
some idempotent e in R and some subset T of ¥. Thus, after further decomposition of R into
factor rings if necessary, B contains the idempotent ey for the g-fiber set T over each element of
©. In other words, the image of R? is an R-subalgebra of B. But both B and the image of RY
are R-subalgebras of R* that project isomorphically to R® under R*. Thus B equals the image of
Ra. m

Corollary 4.15 (Morphisms between algebras of set functions). For every nonzero commutative
ring, R, and for all finite sets, ¥ and ¥', every R-algebra homomorphism ¢ : R¥ — R* is of the
form R“ for a unique set map u : % — X', at least after passing to the nonzero factor rings of a
finite decomposition of R. Also ¢ is surjective, resp. injective, if and only if u is injective, resp.
surjective.
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Proof. Let ¢ : R¥ — R* be an R-algebra homomorphism. By Proposition , there exists a
surjective set map ¢ : 3 — O such that Image(¢) equals Image(R?), at least after passing to the
nonzero factor rings of a finite decomposition of R. Thus ¢ factors through a surjective R-algebra
homorphism ¢ : R= — R®, i.e., R101) equals ¢, and v is unique. By Corollary [4.13] there exists a
unique set map v : © — ¥’ such that RY equals v, and v is injective. Thus u = voq is the unique set
map such that R* equals ¢. And by Proposition ¢ is surjective, resp. injective, if and only if
1 is injective, resp. surjective. L]

Before continuing we note that both Proposition 4.12] and Proposition [4.14] fail if 3 is an infinite
set. First, consider the ideal I in R* consisting of all set functions ¥ — R which are zero on the
complement of a finite subset of X (depending on the set function). Let ¢ : T' - X be a set map such
that Ker(RY) contains I. For every o in ¥, e, is in I, thus R?(e,) equals 0. This means that o is
not in the image of ¢, i.e., Image(q) is the empty set. This forces T' to be the empty set. But then
Ker(R9) is all of R*. Since ¥ is infinite, 1 is not in I. Thus 1 is in Ker(R?), but not in /. Therefore
I is not of the form Ker(R?). In fact, the correct notion in the case of infinite sets ¥ is the notion
of an wultrapower, special case of ultraproducts built using wltrafilters. This is a crucial ingredient
in the work of James Ax and Simon Kochen on Emil Artin’s conjecture extending his notion of
quasi-algebraically closed fields to p-adic fields. (All finite fields are quasi-algebraically closed, and
Artin conjectured an extension to p-adic fields. This conjecture was “asymptotically” proved by
Ax-Kochen, but disproved in specific cases by Guy Terjanian, with later counterexamples by David
Leep.)

Next, consider the R-subspace B = R-1+ 1 of R*. It is straightforward to check that this is an
R-subalgebra of R*. The supports of elements of B are precisely the finite subsets of ¥ together
with the cofinite subsets of X, i.e., sets whose complements are finite. The minimal sets among
these sets are the singleton sets. So if B were of the form Image(R9) for a set map ¢ : 3 — O, then
the fibers of ¢ would be singleton sets, i.e., ¢ would be injective. But then by Proposition [£.11] R4
is surjective so that Image(R?) equals R*. Every infinite set ¥ contains an infinite subset T' whose
complement X — T is also infinite. So er is an element in R> which is not in B. Therefore B is not
of the form Image(RY).

5 Group actions on sets.

We need two results about groups acting on sets. Let (G,-) be a group acting transitively on a set
Y, say via p: G x X — 3. Let © be a partition of ¥ which is G-invariant, i.e., for every T in © and
for every g in GG, g-T is also in ©. Then there is an induced action of G on ©. Moreover, for every
T and T" in O, since G acts transitively on X there exists an element g in G mapping an element
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of T to an element of 7", i.e., g-T intersects T”. Since © is partition, this implies that ¢g- 7" equals
T'. Thus G acts transitively on ©.

Fix one element T in ©, and denote by H the stabilizer subgroup, i.e., the set of all h in GG such
that h-T equals T. The claim is that T" equals H -7 for one, and hence every, element 7 in T'. Let
7 be an element in 7". Since H - T is contained in T (in fact equals T"), H -7 is contained in 7. And
for every element 7/ in 7', since GG acts transitively on X, there exists g in G with ¢g-7 equal to 7'.
But then g-T intersects T'. Since © is a partition, g- 7T equals 7. Thus g is contained in H. So 7’
is contained in H - 7. Therefore T" equals H - 7 for each element 7 in 7.

Since G acts transitively on ©, every partition set is of the form g-7T. Therefore the partition sets
of © are precisely the sets of the form gH - 7, as gH varies over the left cosets of H in G, i.e., the
elements of G/H. In summary, we have proved the following.

Proposition 5.1 (Equivariant partitions of a G-set). For every group G, for every nonempty set
3 with a transitive left action of G, for every partition © of ¥ which is G-invariant, and for every
element T in X, denoting by H the stabilizer subgroup of the partition set containing T, the partition
© is precisely the collection of subsets {gH -T|gH € G/H}.

There is one final observation. Let H be a subgroup of G. Let G x (G/H) — G/H be the standard
left action of G on G/H. Let t: G/H - G/H be a set map which is G-equivariant, i.e., t(g-kH) =
g-t(kH) for every coset kH in G/H. Define koH to be t(H). Then for every coset kH in G/H,
we have

t(kH) = t(k- H) = k- t(H) = (kko)H.

So t is uniquely determined by the coset koH. However, it is not necessarily well-defined. In order
to be well-defined, we must have that t(hH) equals t(H) for every h in H, i.e., hkoH must equal
koH for every h in H. In other words HkoH must equal kgH. But this is precisely the condition
that ko is an element of the normalizer Ng(H). In summary, we have the following.

Proposition 5.2 (Equivariant self-maps of a transitive G-set). For every group G and for every
subgroup H of G, every left G-equivariant map t : G/H — G|H ‘s of the form t(kH) = kkoH for a
unique coset koH in Ng(H)/H, and every such map is well-defined and G-equivariant.

6 Field extensions

The main application of the results about algebras of set functions is to the classification of finite,
separable field extensions and their automorphism groups.
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Definition 6.1. An associative, unital ring (D, +,-) is a division algebra if (and only if) the set
of nonzero elements of the ring is a group under multiplication (in particular, this set is nonempty,
or, equivalently, the multiplicative identity 1 is nonzero). The set D* of nonzero elements of a
division algebra D with its group operation - is the multiplicative group of D. Every division
algebra that is commutative is a field.

Lemma 6.2. For every nonzero commutative ring R, for every ideal I of R, the quotient R/I is a
field iof and only if I is a maximal ideal.

Lemma 6.3. For every nonzero commutative ring R, the set > of all nonzerodivisors in R is a
saturated, multiplicatively closed subset of R whose associated fraction R-algebra, X' R, is a field if
and only if R is an integral domain. In this case, the field is denoted Frac(R), the fraction field
of R.

Lemma 6.4. For every nonzero commutative ring R, for every ideal p ¢ R, the quotient commu-
tative ring R[p is an integral domain if and only if p is a prime ideal. In this case, the R-algebra
Frac(R/[p) is denoted r(p), the residue field of the prime ideal p in R.

Lemma 6.5 (Characteristic of a field). For every field F', either the kernel of the unique ring
homomorphism from 7 to F equals pZ for some prime integer p(> 1), or the homomorphism from
Z to F factors uniquely through the fraction field Q = Frac(Z), but not both. In particular, it is
the second case for each finite field F, and then the cardinality of F equals q = p¢ for some unique
positive integer e.

Proof. Since F'is a field, the image of Z in F' is an integral domain. Thus, the kernel is a prime ideal.
The nonzero prime ideals in Z are precisely the ideals pZ for p(> 1) a prime integer, and then Z/pZ
is a subring of F', so p- F equal {0}. Otherwise, the kernel is the zero ideal, i.e., the homomorphism
from Z to F is injective. In particular, the image of Z \ {0} is contained in F'\ {0}, i.e., the image
is invertible in F'. Thus, the unique ring homomorphism from Z to F' factors uniquely through Q.
In particular, for every nonzero element x of F', for every nonzero integer m and for every integer
n, there exists a unique element y of F' such that n -z equals m -y, namely y = (n/m) - x.

Since Q is infinite, for every finite field F' the ring homomorphism from Z to F' factors through
the residue field Z/pZ for some unique prime integer p(>1). Thus, F is a vector space over Z/pZ.
Since F'is a finite set with at least two elements (namely 0 and 1), the dimension e of this vector
space is finite, equal to a positive integer. Thus, the cardinality of F' equals ¢q = p®. O

Definition 6.6. For every field F, if the unique ring homomorphism from Z to F' is injective,
then F' has characteristic zero, also written char(F') = 0, in which case the image of the unique
ring homomorphism Q < F' is the prime subfield of F. Otherwise I’ has characteristic p for
the unique prime integer p(> 1) such that the kernel equals pZ, also written char(F') = p, and the
prime subfield of F' is the image of the unique ring homomorphism Z/pZ < F.
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Proposition 6.7 (Frobenius homomorphisms). For every prime integer p(> 1), for every commu-
tative ring R such that the image of Z in R equals IF, := Z[pZ, the self-map Frobg from R to R that
sends every element x to zP is a F,-algebra endomorphism of R. In particular, for every field F' of
characteristic p, the self-map Frobg is an endomorphism of IF,-extensions.

Proof. Of course Froby is multiplicative. By the Binomial Theorem, for all elements z and y of R,
also

p-1
(z+y)P=aP+ ) (Z)a:p_”y” + P
n=1

Since p is a prime and n < p, also (Z ) equals pm for some positive integer m. Thus (Z ) equals 0
in R. So Frobp is also additive, i.e., it is a ring endomorphism. Of course every element in F,
is mapped back to itself by the self-map sending each x to aP. Thus, this is even a F,-algebra
endomorphism. O

Corollary 6.8 (Iterates of Frobenius). For every finite field F' with q = p® elements, for every
F-algebra R, the e-fold self-composition Froby is an F-algebra endomorphism of R. If R is an
integral domain, then the image of F' in R equals the fized set of Frob,.

Proof. Since the multiplicative group F* = F'\ {0} is an Abelian group with ¢ — 1 elements, every
element x of F'\ {0} has multiplicative order dividing ¢ — 1, i.e., 277! — 1 equals 0. Thus, every
nonzero element x of F is a root of both t9°! — 1 and t7 -t = t(t?~! = 1). Since also 0 is a root
of t7—t, the polynomial t? —t in F[t] factors completely into pairwise distinct, monic, irreducible

linear polynomials,
t1—t=T](t-=2).
zeF

In particular, z9 = Frob% () equals z for every x in F'. Thus, the endomorphism Frob%, of the ring
R acts as the identity on the image of F'. So Frob} is an F-algebra endomorphism of R.

If R is an integral domain, so that R is a subring of its fraction field Frac(R), then the factorization
above of t7 -t is also the (unique) factorization in Frac(R)[t]. Thus, the only roots of t4 -t in R
are the elements in the image of F), i.e., the image of F' equals the fixed set of Frob. n

Definition 6.9. A field extension is a morphism of commutative rings, v : F' — E, such that both
(F,+,-) and (E,+,-) are fields. A field extension is finite if and only if it is finite as a morphism of
commutative rings, and then the dimension of E as an F-vector space is the degree of the finite
field extension, denoted [E : F']. A finite field extension is a finite primitive extension if (and
only if) it is a primitive ring extension, i.e., E is isomorphic as an F-algebra to a quotient of F[t].
A field extension is finitely generated if and only if E is the fraction field of a finitely generated
F-subalgebra of E. For every field extension, v : F' - FE, the algebraic closure of F' in E is the
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integral closure of F' in E. In particular, a field extension is algebraic if (and only if) it is an
integral ring homomorphism.

Lemma 6.10 (Functoriality of fraction fields). For the category IntDomain whose objects are
commutative rings that are integral domains and whose morphisms are injective ring homomor-
phisms between integral domains, and for the full subcategory Field, the fraction field functor is
left adjoint to the inclusion of Field in IntDomain.

Lemma 6.11 (Integral domains whose fraction field is a finite module). For every injective ring
homomorphism u : R - E from an integral domain R to a field E, if u is an integral ring exten-
sion (i.e., every element of E satisfies a monic polynomial with coefficients in R) then u is an
isomorphism from R to a subfield of E.

Proof. For every nonzero element y of R, there exists an element z of F such that zu(y) equals 1
in E. Since u is integral, then z satisfies a monic polynomial with coefficients in R, i.e.,

2" = =(u(e)a" o+ (1) Tue)a" ™ + e+ (21)" M u(enn)), o € R
Multiply both sides of the equation by u(y™!) to obtain,
v = mufer+ s (1) e s (1) ey,

Thus z is an element of w(R). Since this holds for every nonzero element y of R, the commutative
ring u(R) is a field. O

Corollary 6.12 (Finitely generated, algebraic extensions are finite). An algebraic field extension
is finite if and only if it is finitely generated.

Proof. This follows from Proposition [2.24] O]

Proposition 6.13 (Subextensions of finite field extensions). For every finite field extension, u :
F — E, for every F-subextension L of E, also F' - L is a finite field extension, and [E : F'] equals
[E:L]-[L:F].

Proof. The F-subextension L is an F-vector subspace of the F-vector space F, and E has finite
dimension [E : F']. Thus, also L has finite dimension [L: F'] <[E : F']. Since E has finite dimension
as an F-vector space, it also has finite dimension as an L-vector space, [E : L] < [E : F]. Finally,

for every F'-vector space basis x1,...,x, for L, and for every L-vector space basis yi,...,y,, for
E, the set {z;y;|]1 <7 < ¢, 1< j<m} is an F-vector space basis for E. Hence [E : F] equals
[E:L]-[L:F]. O
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7 Finite fields

This interlude on finite fields both establishes the basic facts about finite extensions of finite fields.
This verifies the Fundamental Theorem of Galois Theory explicitly in an important case. Also it
proves both the Primitive Element Theorem and the Normal Basis Theorem for finite fields (thus
reducing the general case to the cases of each of those theorems to the case of infinite fields).

Lemma 7.1. For every field F, the group F* = F' ~ {0} under multiplication is an Abelian group,
and every finite subgroup is cyclic. In particular, if F' is a finite field with cardinality g = p¢ for a
prime integer p(> 1) and a positive integer e, then F* is a cyclic group of order p® — 1.

Proof. Since F is a commutative ring, the group F* is Abelian. For every integer ¢ > 1, the elements
of F’* of order dividing ¢ are the roots of the monic polynomial ¢t ~1. Each such root gives a unique
linear irreducible monic factor of t¢ — 1. By unique factorization of polynomials (a consequence
of the division dlgorithm for polynomials), the number of such factors is at most the degree /.
For every finite Abelian group Z/{Z x Z[¢Z, the number of elements of order dividing ¢ equals ¢2,
which is strictly larger than ¢. Thus, F* contains no subgroup isomorphic to Z/{Z x Z[¢Z. By the
Structure Theorem for Finitely Generated Abelian Groups, it follows that every finite subgroup of
F* is cyclic. In particular, if F' is a finite field of cardinality ¢ = p¢, then F* = F'\ {0} is a cyclic
group of order p¢ - 1. m

Proposition 7.2 (Existence and uniqueness of a finite field extension of specified positive degree
of a finite field). For every prime integer p(> 1), for every positive integer e, for every finite field
F of cardinality q = p¢, for every positive integer d, there exists a finite field extension, u: F — FE,
of degree d, and this is unique up to (non-unique) isomorphism of F-extensions. Moreover, the
function Frob%, from E to E that sends every element x to x4 is an F-linear field automorphism
of E of order d. The fixed field of (Froby)c is the unique F-subextension of E of degree ¢ for
each positive integer divisor ¢ of d. FEvery automorphism of E as an F-extension equals (Frobg)"
for an integer r whose class in Z[dZ is unique. Also, for every element x of E, the size ¢ of the
orbit O = {x, Froby(z),...,(Froby) ' (x)} under Froby is a positive integer divisor of d, and the
minimal polynomial m,(t) of v over F factors in E as [1,co(t -y).

Proof. First, let ' — E be a finite field extension of degree d. Since F* = F' ~ {0} is a cyclic group
of order ¢ — 1, every nonzero element of I is a root of the polynomial t9-! — 1, thus also a root of
t(t9! = 1) =t7—t. So the polynomial ¢4 —¢ in F[t], and hence also in E[t], factors uniquely as

tr—t=T](t-x).

zeF

Thus, the only roots of t9—t in E are the elements z of F, i.e., for x an element of F, the element
x? equals z if and only if x is an element of F. Since x9 equals Frob, the fixed subfield of Frobf
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in E is precisely F. So the subgroup of Autp(E) generated by Frob% is a cyclic group of order d,
and the fixed subfield of this group is F.

For every element x of E, the orbit O of x under the action of this cyclic group of order d is a set
of size ¢ dividing d, i.e., the orbit equals,

O = {z, Frob%(x),..., (Frob%)“ (x)},

where ¢ is the smallest positive integer with (Frob®)¢(x) equal to z, i.e., with  a root of ¢4° —¢.
Consider the minimal polynomial m,(¢) of z over F. Since Frob% maps every coefficient of m,(t)
back to itself, also Frob%(m.(y)) equals m,(Frob%(y)) for every y in E. In particular, since
m,(t) is zero on the element x, it is zero on the entire orbit of  under Froby. Thus, each of
the ¢ distinct elements in the orbit are roots of m(t), i.e., m(t) is divisible in E[t] by the monic
polynomial JTZg(t—(Frob®)"(z)). Since the coefficients of this polynomial are elementary symmetric
polynomials in the elements of an orbit, each coefficient is fixed by Frob%. Thus, each coefficient
is an element of F'. So the polynomial is already in F[t]. Since it is a monic polynomial in F[t] of
positive degree that divides the irreducibe monic polynomial m(t), we have equality,

mg(t) = [T(t-v).

yeO

Since E* = E ~ {0} is a cyclic group of order ¢¢ - 1, we also have that t¢° — ¢ factors in E[t] as

' —t =[] (t-=).

zel

Let € EX be a generator of the cyclic group, i.e., z?°-! equals 1, but 2™ is different from 1 for
every proper (positive) divisor m of ¢¢ - 1. For every F-algebra

Consider the minimal polynomial m,(t) of z in F[t], which factors in E[t] as,

mq(t) = [T(t-v).

yeO

Since the multiplicative order of = equals ¢% - 1, the elements x, Frob%(z) = 29,. .., (Frob% )4 (z) =

x9  are pairwise distinct, i.e., the orbit has the maximal size d,
O = {z,Frob(x),..., (Frob%)"(z),. .., (Frob%)4(z)}.

Let o be an F-algebra automorphism of E. Since m,(t) is a polynomial with coefficients in F', for
every y in E, also m,(o(y)) equals m,(y). In particular, o permutes the roots of m,(t). Thus,
there exists a unique integer r = 0,...,d—1 such that o(z) equals (Frob%)"(z). Then the F-algebra
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automorphism o~! o (Frob% )" maps x back to itself. Since it is a field automorphism, it also maps
each power ™ back to itself. But x is a generator of the cyclic group E*. Thus it maps every
element of E* back to itself. Since it also sends 0 to 0 (as an additive map), this is the identity
function on E. Therefore o equals (Frob%)".

Since m,(t) is a degree-d, monic, irreducible polynomial in F[t], the F-algebra homomorphism
from F[t]/{(m,(t)) to the F-subextension F[z] sending ¢ to x is an isomorphism. As explained
above, F[x] equals all of E. So x determines an isomorphism of F[t]/(m,(t)) with E. Since x also
is a root of the polynomial t¢" — ¢, we have a factorization in F[t],

19—t =m, (1) - g(t),
for a monic polynomial ¢g(t) in F[t].

Now let E’/F be any field extension of degree d. By the same argument as above, the polynomial
t¢" —t completely factors over E’. Thus, there exists an element z’ in E’ such that m, (') equals 0.
This defines an F-algebra homomorphism F[t]/(m.(t)) - E’ sending ¢ to z’. Combined with the
unique F-algebra isomorphism from F[t]/{(m,(t)) to E sending t to x, this determines a unique F-
algebra homomorphism u from F to E’ sending « to 2’. Since these F-extensions both have degree d,
this F-algebra homomorphism is an isomorphism. F'[t]/{(m,(t) = F[z] = E as F-extensions. Please
note, since there are d distinct roots of m,(t) in E’, the F-algebra isomorphism u is certainly not
unique. Rather it has a free action by the cyclic group Autp(E) of order d generated by Frobg.

By the same argument as above, for every F-subextension L of F that has degree ¢ over F, for
some positive divisor ¢ of d, also L* is a cyclic group of order ¢¢ - 1, hence the polynomial ¢9° — ¢
splits as [1,c.(t—x) in L[¢]. Thus the roots of t° —t in E are precisely the elements of L. Therefore
L is the fixed field of (Frob%)¢. Hence the fixed field of (Frob%)¢ is the unique F-subextension
of E that has degree c. Also, for the generator x of E*, since ™ has order ¢¢ -1 for the integer
m=(q?-1)/(¢¢-1) =1+ ¢+ ¢*+---+q%°, also L equals the subfield F[z™] of E, i.e., we have
an explicit generator of L as an F-subextension of F once we find a generator of the multiplicative
group E* (this is a computationally difficult problem).

Finally, we prove existence of a degree-d field extension of F. This is proved by induction on the
positive integer d. If d equals 1, there is nothing to prove: take E to equal F. Thus, by way of
induction, assume that d is greater than 1 and the result is proved for all smaller values of d.

Let £(> 1) be a prime divisor of d. Consider the polynomial t2° ¢ in F[t]. We have a factorization,

t' —t=g(t)- [[(t-2),

zel

for some monic polynomial g(t) of degree ¢¢ — q. Since t7 —t is relatively prime to its formal
derivative, which equals -1, this polynomial is square-free (and separable). Thus, none of the
factors t — x for x € F' is a root of g(t), i.e., g(t) has no linear factors.
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Let m(t) be a monic, irreducible factor of g(t) in F[t] of minimal degree. The degree ¢ of this
polynomial is greater than 1 and no greater than ¢ — ¢q. Let L be the F-extension F[t]/{m(t)) of
degree c. Then the multiplicative group L* is a cyclic group of order ¢¢— 1. For the root t of m(t)
in L, of course t is nonzero (or else m(t) factors already over F'), hence ¢ is an element of L*. Thus
(Frob{ )e(t) equals ¢. Thus for every integer s, also ((Frob} )¢)*(t) equals . Since m(t) is a factor
of t¢ —t, also (Frob$ )(%) equals . Thus for every integer r, also ((Frob$)9)" (%) equals . If ¢ does
not divide ¢, then there exist integers r and s such that 1 equals r¢ + sc, since ¢ is prime. But then
we have,
Froby,(£) = ((Froby)*)"(((Froby)?)* (%)) = ((Froby)*)" () =1,

i.e., tis in the fixed subfield of Frob$. As proved above, the fixed subfield equals F', which contradicts
that m(t) is a monic, irreducible polynomial of degree ¢ > 1 in F[t]. Therefore ¢ does divide c¢. So
q¢* -1 divides ¢°—1=(¢* = 1)(1+ ¢* + ¢®* +--- + ¢°*). Therefore there exists an element y in L* of
multiplicative order ¢ — 1. As above, the subfield F[y] of L is an F-subextension of degree /.

If d equals ¢, then we are done, the field E = F[y] is an F-extension of degree d = ¢. Otherwise, the
integer d/{ is an integer > 1 that is strictly less than d. By the induction hypothesis, there exists a
field extension F[y] < E that has degree d/¢. Therefore the composition F' - F[y] < E is a field
extension of degree d. By induction on d, for every positive integer d there exists a field extension
F - F that has degree e. O]

We reformulate these results in the following long-winded way because this is the formulation of
the Fundamental Theorem of Galois Theory for finite extensions of finite fields.

Corollary 7.3 (Galois theory for finite fields). For every finite field F, for every finite field ex-
tension u : F' - E such that the minimal polynomial m,(t) in F[t] of each element x of E splits
completely in E[t] as a product of distinct linear factors (every finite field extension of F satisfies
this condition), the automorphism group Autp(E) (which is a cyclic group of order d generated by
Frob% ) has cardinality equal to the degree [E : F'] (and every positive integer d is such a degree), for
every subgroup H of Autp(E) (i.e., for every cyclic subgroup of order ¢ a positive integer divisor of
d), the fized field Fix?(E) of H is an F-subextension of E, the automorphism group Autpn gy (E)
equals H, the degree [E : Fix"' (E)] equals #H, and the degree [Fix" (E): F] equals [Autp(E) : H].
Similarly, for every F-subextension L of E, the automorphism group Autp(E) is a subgroup of
Autp(E), the fized field Fix*“'"t®) equals E, the order #Aut,(E) equals the degree [E : L], and
the degree [L : F] equals [Autp(E) : Aut,(E)]. Altogether, this defines an order reversing bijection
between the subgroups of Autp(E) (i.e., positive integer divisors ¢ of d) and the F-subextensions
of E. Finally, this bijection identifies normal subgroups (in fact, every subgroup of Autg(E) is a
normal subgroup) with F-subextensions L such that the minimal polynomial m,(t) of every element
x in F splits completely in L[t] as a product of distinct linear factors (in fact, every F-subextension
of E has this property).
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Definition 7.4. For every prime integer p(> 1), for every positive integer e, for any of the degree-
e, monic, irreducible factors m(t) of the polynomial t¢ — ¢ in F,[t] (for F, := Z/pZ), the field
F,[t]/fi(t)F,[t] is a Galois field of cardinality ¢ = p¢, usually denoted F,, and sometimes denoted
GF(q).

Remark 7.5. Of course every field of cardinality p is uniquely isomorphic to its prime subfield
F,. For positive integers e > 1, finite fields of cardinality ¢ are isomorphic, yet the isomorphism is
not unique. However, we may use the Axiom of Choice (or some more algorithmic approach) to
choose one degree-e, monic, irreducible factor f;(t) of t?—¢ in [F,[t] for each positive integer e. It
is a standard convention in algebra to assume that such a degree-e extension is specified for each
positive integer e, and to denoted that specified extension by F, = ..

8 Algebraic closures

Algebraic closures of field extensions give one matroid structure on each field £. Then the general
Steinitz — MacLane Exchange Theorem for matroids gives the basic results about transcendence
bases for finitely generated field extensions.

Definition 8.1. An ordered pair (E,®) of a set E and an inclusion-preserving function ® from the

power set P(F) to itself is a matroid if (and only if), both ¥ ¢ ¥ = ¥ for every subset ¥ of E,
and for every subset ¥ of E and for all elements z and y of F \ X, if z is an element of ¥ u {y}

then also y is an element of ¥ U {z}. A subset B of E is independent if (and only if), for every
proper subset A ¢ B, also A is a proper subset of B. A subset B of E is generating if (and only
if) B equals F. Finally, a basis is a subset of E that is both independent and generating.

Lemma 8.2 (Algebraic closure defines a matroid). For every field extension, w: F — E, for every
subset 3 of E, the algebraic closure 3 in E of the F-subextension F(X) gives a matroid structure

on P(E).

Proof. Let x and y be elements of E\ F(X) such that z is in the algebraic closure of F/(Xu{y}) in
E. Then z satisfies a minimal, irreducible, monic polynomial m,(y;t) = t" + c1(y)t" ' + -+ + ¢, (y)
whose coefficients c;(y) are elements of ¥(y), i.e., fractions of polynomials in y with coefficients in
the algebraic closure 3 in E of F(X). There are finitely many coefficients, hence there is a common
denominator in X[y], say by(y). Then, denoting by(y)c,(y) by be(y) in X[y] for £ =1,...,n, we
have an identity

bo(y)x™ + by (y)z" ™t +---+b,(y) = 0.

If be(y) is a constant polynomial in y for £ =0,...,n, then x satisfies a monic polynomial over 3,
hence z is in X, contrary to hypothesis. Thus, at least one of the coefficients by(y) has strictly
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positive degree in y. Denoting by d the maximal degree, the identity above is equivalent to an
identity,
ao(2)y? + ar(z)yTt + -+ ag(x) = 0,

for elements a,,(z) in X[x]. Thus y is also an element of ¥ u {z}. O

Definition 8.3. For a field extension, u: F' - E, a subset B of E is transcendental if (and only
if) the induced F-algebra homomorphism to E from the F-polynomial ring F[B] on the set B is
injective, i.e., if and only if B is an independent set for the matroid structure of algebraic closure.
For a field extension u: F' - E, a transcendental subset B of F is a transcendence basis if (and
only if) E' is an algebraic extension of the induced morphism of F-extensions up : Frac(F[B]) - E,
i.e., if (and only if) B is a basis for the matroid structure. A field extension u : F' - E is purely
transcendental if (and only if ) there exists a transcendence basis B such that ug is an isomorphism.

Theorem 8.4 (Steinitz — MacLane Exchange). For every matroid (E,9), for every finite basis B,
for every independent set C, and for all subsets By € B and Cy € C such that By uCy is also a basis,
for every element x of C \ Cy there exists an element y of By such that also (By~ {y}) u (Cou {x})
is a basis. Thus, there exists a subset A of B such that AuC is a basis, so that the cardinality of C
is less than or equal to the cardinality of B. So if there exists a finite basis B for a matroid, then
every basis has the same (finite) cardinality as B.

Proof. Since C is independent, C \ {z} is a proper subset of C, so that z is not an element of C \ {z}.

Since also Cy is a subset of C \ {z}, also x is not an element of Co. Yet z is an element of By U Cy.
Since By is finite, among the subset A of By such that x is in AUy (e.g., A equals all of By) there
exists at least one minimal element A (for set inclusion), and each minimal element is nonempty.

For every element y of the nonempty set A, since A is minimal, z is not an element of ¥ for
Y= (AN{y})uy), yet x is an element of X U {y}. By the exchange axiom, also y is an element of
Yu{z}. Thus By is a subset of © for © = (By \ {y}) u (Co U {x}), i.e., O is a generating set. We
leave it to the reader to check that also © is independent. O

Remark 8.5. Assuming the Axiom of Choice, a variant of this argument also shows that the
cardinalities of bases are equal even when the cardinalities are infinite.

Proposition 8.6 (Transcendence degree is well-defined). For every field extension u : F - F,
for every transcendental subset, and for every generating set of E as a field extension of F, the
transcendental subset can be extended to a transcendence basis using elements of the generating set.
Any two transcendence bases for u have equal cardinality.

Proof. Apply the Steinitz-MacLane Exchange Theorem to the matroid of algebraic closures in F
of F-subextensions spanned by X. O
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Definition 8.7. For every field extension u : F' - FE, the transcendence degree of u, or of £
over F' (if u is understood) equals the cardinality of any transcendence basis for E over F.

Corollary 8.8 (Existence of a transcendence basis). Every finitely generated field extension u :
F - E has a finite transcendence basis. Every subextension of a finitely generated field extension
also has a finite transcendence basis.

Proof. By the previous proposition, there exists a finite transcendence basis for F as an F-extension
that is a subset of any specified finite generating set for E as an F-extension. For every F-
subextension L of F, every transcendental subset of L has cardinality bounded above by the
finite transcendence degree of E over F' by the Steinitz — MacLane Exchange Theorem. Thus, for
a transcendental subset of maximal cardinality, it is a transcendence basis for the subextension
(whose finite cardinality is bounded above by the finite transcendence degree of E over F). O]

Finally, we present the classic proof by Emil Artin that algebraic closures of a field exist. This is
a forerunner of the techniques of James Ax and Simon Kochen using ultraproducts of fields.

Theorem 8.9 (Existence of Algebraic Closures). For every field F', there exists a field extension
u: F — E such that every monic, irreducible polynomial in F[t] has a root in E. The algebraic
closure F of F in E is an algebraically closed field that is algebraic over F.

Proof. First of all, if there exists a field extension u : F' - E such that every monic, irreducible
polynomial over F has a root in F, then the algebraic closure F of F in F is already algebraically
closed. Indeed, every monic irreducible polynomial f(¢) in F[t] has finitely many coefficients, each
of which is an element in F, hence lies in a finite F-subextension of E. Thus, there exists a finite
subextension L/E that contains all the coefficients. Since f(t) is irreducible in the bigger ring
F[t], it is also irreducible in L[t]. Thus L[t]/{f(t)) is a finite field extension of F. The F-linear
operator of multiplication by  on this finite dimensional F-vector space has a minimal polynomial
m(t) that is a product of monic, irreducible polynomials g(t) in F[t]. Of course f(t) is one of the
irreducible factors in L[t], hence f(t) divides the image in L[t] of one of the irreducible factors
g(t) of the minimal polynomial m(¢). Since g(t) has a root x in E, the finite F-subextension L[z]
of E contains a root z of f(t). So f(t) has a root in F. Since f(t) was irreducible, and has a
linear root, it follows that f(¢) equals ¢ — x, i.e., f(¢) is linear. Since this holds for every monic,
irreducible polynomial f(t) in F[t], the field F is algebraically closed.

Now let ¥ be the subset of F[t] whose elements are all monic, irreducible polynomials. For every
g(t) in X, the quotient F-algebra F[t]/{g(t)) is nonzero. Let R be the polynomial F-algebra F[3]
with one variable z, for each element g in ¥. Let I be the ideal in R generated by all elements
g(x4) for all elements g = g(t) in X.
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If I equals the entire ring R, then there is a finite R-linear combination of elements of the form
g(z,) that sums to 1, and each of the coefficients in this R-linear combination also involves only
finitely many of the variables. Altogether, there exists a finite set of pairwise distinct elements
J1,---,0n such that already the intersection of I with the finitely generated polynomial F-algebra
Flzg,,...,x4,] contains 1. However, the finite tensor product (F'[t]/{g:1(t)))®r - ®r (F[t]/(g.(1)))
is nonzero, in fact it is an F-algebra of dimension precisely deg(g;)---deg(g,). There is an F-algebra

homomorphism from F[xz,,,...,2,, ] to this tensor product that factors through the ideal I, namely
the map that sends z,, tot®1®---®1® 1, etc., until x,, which maps to 1®1®---®1®¢. Thus,
the intersection of I with F[xz,,,...,z,,] does not contain 1.

Since [ is a proper ideal in R, by the Axiom of Choice, there exists a maximal ideal m in R
that contains I. The quotient ring R/m is a field extension E of F. By construction, for every
irreducible, monic polynomial g(¢) in F[t], there exists a root in E, namely the image of z,. [

9 Properties of ring extensions

For certain properties of ring extensions, the lemmas satisfied by those properties come up so
often that Grothendieck referred to these lemmas by the term sorites (from the same notion in
philosophy referring to the “heap paradox”). There is a sense in which each individual lemma is
trivial, at least given the preceding lemmas. However, the aggregate structure of all of the lemmas
is nontrivial, much like the grains of sand in a heap. Moreover, the structure of all the lemmas
together becomes a useful organizing principle for studying any new property of ring extensions:
study the new property by determining which of the “sorites” lemmas the new property satisfies.
Eventually, some of these lemmas evolved into the notion of a Grothendieck (pre)topology, leading
to the related notion of topos of Michael Artin and Grothendieck. Here is yet another important
property of associative, unital R-algebras where all of this applies.

Definition 9.1. For every commutative ring R, a morphism of associative, unital rings, u: R — 5,
with image in the center of S is separable if (and only if) the following surjective morphism of
S — S-bimodules admits a right inverse that is a morphism of S — S-bimodules,

Bsjr:S®RS =S, s'®s" 55"
An element € of S® S is a

Definition 9.2. separable idempotent if (and only if) both fg/r(€) equals 1 and (s®1) - € equals
e-(1®s) for every element s of S.
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Proposition 9.3 (Separability and idempotents). A morphism of associative, unital rings, u :
R — S, is separable if and only if there exists a separable idempotent. In that case, there is a
bijection between the set of right inverse S —S-bimodule morphisms of Bs/r and the set of separable
idempotents by the function that sends each right inverse S—.S-bimodule morphism o to the element
e =o(1) and that sends each separable idempotent € to the right inverse S — S-bimodule morphism
o(s)=(s®1l)-e=¢€-(1®s).

Proof. The two operations in the statement are inverse bijections by chasing through the definitions.
O

Corollary 9.4 (Quotients of separable algebras). For every morphism of associative, untial rings,
u:R— S, if S is separable over R, then for every two-sided ideal I in S, also S[I is separable over

R.

Proof. The image in (S/I) ®gr (S/I) = S®r S/(I ®r S+ S ®g I) of a separable idempotent is a
separable idempotent. O

For morphisms of commutative rings, this simplifies a bit.

Corollary 9.5 (Separable extensions of commutative rings). A morphism of commutative rings,
u: R — S, is separable if and only if there exists an element € with Bg/r(€) equal to 1 and that
is annihilated by the entire kernel ideal ({s®1-1® s|s € S}) of Bs/r. In particular, since € is
annihilated by 1 — ¢, these elements are precisely the separable idempotents.

Proof. Since the rings are commutative, €- (1 ® s) equals (1 ® s) - €. Thus, an element € satisfying
Bs/r(€) equals 1 is a separable idempotent if and only if (s® 1 -1®s)-€ equals 0 for every element
s of S, i.e., if and only if € is annihilated by the kernel of Sg/g. n

Among the lemmas that make up the sorites, several of them actually make up Grothendieck’s
notion of a (pre)topology on a category.

Definition 9.6. For every category C that has finite fiber products, a Grothendieck pretopol-
ogy on C is an obj(C)-class T such that the members 4 of the fiber class Tx over each object X
are sets of C-morphisms to X, 8= {f: U — T} sy, called T-covering families of X, that satisfy
all of the following conditions.

(i) For every C-isomorphism, f:U — X the singleton set {f} is a member of Tx.
(ii) For every T-covering family 4 of X, for every C-morphism g : X - X, also the pullback
family g*U = {U x x4, X = X} ey is a T-covering family of X.
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(iii) For every T-covering family 8 = {f : U — X}y of X, for every set U = {Uy} ey of T-

covering families Uy = {g : V — U}gey, of each domain U of a morphism f in &, the set
{fog:V = X} eugen, is a T-covering family of X.

For categories that also have arbitrary “disjoint unions” (i.e., coproducts of each set of objects
relative to an initial object), it is often convenient to reformulate each covering family 4l into a

single morphism (U eyU') Y X This gives the following notion.

Definition 9.7. For every category C with finite fiber products, for every property P of C-
morphisms, the property P is pretopological if (and only if) it satisfies all of the following.

(i) Every C-isomorphism satisfies P.

(ii) For every C-morphism f:U — X that satisfies P, for every C-morphism g : X - X, also the
pullback morphism U x¢ x , X — X satisfies P.

(iii) For every C-morphism f : U — X that satisfies P, for every C-morphism g : V — U that
satisfies P, also fog:V — X satisfies P.

(iv) For every C-morphism f : U — X that satisfies P, for every C-morphism ¢ : V' — X that
satisfies P, also UuV ETR X satisfies P.

Lemma 9.8. For every category C with finite fiber products and arbitrary disjoint unions, for every
property P of C-morphisms that is pretopological, there is an associated Grothendieck pretopology
T such that for every object X, the T -covering families of X are those sets of C-morphisms to
X, U=A{f:U - X}seu, such that (UseqU) - X satisfies P. Conversely, for every Grothendieck
pretopology T, for the property P of C-morphisms f: U — X that {f : U - X} is a singleton
T -covering family, the property P is pretopological.

This applies to commutative rings by choosing C to be the opposite category CRing’”®. Thus,
finite fiber products correspond to tensor products of rings, and disjoint union corresponds to
(direct) products of factor rings.

Definition 9.9. For every property P of morphisms of commutative rings, v : R — S, the prop-
erty P is checkable after faithfully flat base change if (and only if), for every faithfully flat
morphism of commutative rings, v: R — T, the morphism u satisfies P whenever the base change
morphism Idy @ u: T - T ®, r, S satisfies P.

Theorem 9.10 (Ring properties that give a Grothendieck pretopology). For the opposite category
CRing?? of the category of commutative rings, each of the following properties P is pretopological:
finite, fintely generated, finitely presented, flat, faithfully flat, or separable.
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Proof. (1) Every isomorphism of commutative rings is finite, finitely generated (using zero vari-
ables), finitely presented (using zero variables and zero defining relations), flat, faithfully flat, and
separable, since the multiplication map R ® g R — R is an isomorphism.

(ii) For every R-algebra S that is finite, i.e., a quotient of R®" as an R-module, respectively finitely
generated, i.e., S = R[x1,...,x,]/I, finitely presented, i.e., S = R[z1,...,2,]/{f1,---, f), flat, faith-
fully flat, separable, for every R-algebra R, also the E—algebra R®g S is the corresponding quotient
of R®n resp. the quotient R[zy,...,x,]/]- R[z1,..., 2], the quotient R[x1,...,z0]/(f1.--., [.),
flat over R, faithfully flat over R, separable over R. For the last one, if e is a separable idempotent
in S®g S, then the image of e in R® (S®p S) 2 (RerS) ®5 (R®r S) is a separable idempotent.

(iii) For every morphism of commutative rings, u : R - S, for every morphism of commutative
rings, w : S — T, if both u and w are finite, i.e., S is a quotient of R®" and T is a quotient of S®™
respectively finitely generated, i.e., S'is R[x1,...,2,]/I] and T is S[y1, ...,y ]/J, finitely presented,
ie, Sis R[xy, ...,z |[{(f1,---, fe) and T is S[y1, ..., ym|/{91,- - -, ga), flat, faithfully flat, separable,
then also v := w o is finite, i.e., T is a quotient of (R*")®™ = R®(mn) finitely generated, i.e., T is
Rlz1,...,xn, 1, Y [(L-R[Z1, .o Ty Y1y oo oy Y |+ R[T1, . 0y Y1, - - -, Ui ]), finitely presented,
ie, Tis R[z1,...,xn, Y1, Ym)[{f1, s fes 15 - - -, Ga), flat (since both S ®g (-) and T ®g (-) are
exact functors, so is the composite functor T®g(-)), faithfully flat (same as above but with “exact”
replaced by “faithful and exact”), separable. In this last case, if there exists a separable idempotent
erys in T'®g T' that splits the ring as T x 1", and if there exists a separable idempotent eg/r in
S ®g S that splits the ring as S x S’, then in the ring T@r T 2T ®5 (S ®r S) ®s T, the image of
es/r splits the ring as (T'®s S ®sT) x (T'®sS' ®sT), i.e., as (I'®sT) x (T ®s 5" ®sT). Then the
product of the image of eg/p and the idempotent er/g splits the first factor as T®@s T =T xT", i.e.,
TOrT 2T x(T"x(T'®s S"®sT)). So T is a separable R-algebra.

(iv) For every morphism of commutative rings, u; : R - S; and up : R — Ss, that are both
finite, i.e., S7 is a quotient of R®" and S5 is a quotient of R®"2, respectively finitely gener-
ated, i.e., each S; is a quotient R-algebra R[t;1,...,tin,]/1;, finitely presented, i.e., each S; is
Ritix,....tin,)/{fi1,---, fic;), flat, ie., each S; ®g (—) is exact, faithfully flat, i.e., each S;®pg (-) is
faithful and exact, separable, then so is S; x S». For finiteness, S; x Sy is a quotient of R®(m+72)  For
finite generatedness and finite presentation, Sy x Sy is a quotient of R[t11,..., 10,5821, -, 2]
by the ideal I, - R[t; ;] + Is- R[t; ;] + (t1 jt2.k)1<j<ni 1<ksn,- For flatness and faithful flatness, use that
(51 xS2) ®g (-) is the direct sum of S; ®g () and Sy ®g (), hence is exact, respectively faithful
and exact, if each direct summand is. Finally, given a separable idempotent e; in S; ®g S7 and a
separable idempotent ey in Sy ® g 5o, then the sum of the images of e; and e, for the decomposition
(Sl X Sg) ®r (Sl X SQ) = (81 ®r Sl) X (Sl ®r SQ) X (Sl ®nr 52) X (SS ®r SQ) Spht off a factor of
S1x {0} x {0} x Sy 2 Sy xSs. []
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Proposition 9.11 (Module properties checkable after faithfully flat base change). For every com-
mutative ring R, for every R-module M, each of the following properties is checkable after faithfully
flat base change: M 1is finitely generated, M is finitely presented, M s flat, M 1is faithfully flat, M
is finitely generated and projective.

Proof. Let v: R — R be a faithfully flat morphism of commutative rings. First suppose that R® g M
is finitely generated as a R-module. The R-module R ® M is generated by the image of {1} ® M.
Thus, there exists a finite subset & of M whose image in B ®p M generates as a R-module. This
finite subset defines an R-module homomorphism, ¢ : R - M. Since [d® ¢ : B> > R®x M is
surjective, and since R is faithfully flat as an R-module, also ¢ is surjective. Thus, M is a finitely
generated R-module.

Similarly, if R ®z M is finitely presented, then R ®x Ker(q) is finitely generated as a R-module
by the image of {1} ®r Ker(q). Thus, there exists a finite subset © of Ker(gq) such that the
morphism R® — Ker(¢) becomes surjective after base change by R ®p (-). Since R is a faithfully
flat R-module, this morphism is already surjective, i.e., M is already a finitely presented R-module.

Since the functor (=) ® (R ®z M) is naturally isomorphic to the functor (-) ® M, the functor
(-) ®p (R®p M) is exact, respectively faithful and exact, if and only if the functor (=) ®z M is
exact, resp. faithful and exact. Thus, the R-module R ®z M is flat, respectively faithfully flat, if
and only if the R-module M is flat, resp. faithfully flat.

Finally, the R-module R®x M is finitely presented and flat if and only if the R-module M is finitely
presented and flat. Since a module over a ring is finitely presented and flat if and only if it is finitely
finitely generated and projective, the R-module R ®g M is finitely generated and projective if and
only if the R-module M is finitely generated and projective. O

Proposition 9.12 (Algebra properties checkable after faithfully flat base change). For every mor-
phism of commutative rings, u: R - S, each of the following properties is checkable after faithfully
flat base change: u s finite, u is finitely generated, u is finitely presented, u is flat, u 1s faithfully
flat, and u s finite, finitely presented and separable.

Proof. Let u: R - S be a morphism of commutative rings, and let v : R — R be a faithfully flat
morphism of commutative rings. If R ®p S is finitely generated as a R-algebra, then since {1}® S
generates the R-algebra R ®p S, there exists a finite subset of S such that the induced R-algebra
homomorphism ¢ : R[ty,...,t,] = S gives a surjective R-algebra homomorphism,

Idg@g:ﬁ[tl,...,tn]—»ﬁ(@RS.

Since R is a faithfully flat R-module, also g is surjective, i.e., S is a finitely generated R-module.

In a similar way, if R ®g S is finitely presented as a R-algebra, then for the surjective R-algebra
homomorphism, ¢ : R[tq,...,t,] > S, we can find a finite collection fi,. .., f. in the kernel of ¢ whose
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images in R[ty,...,1,] generate the kernel of Idz®q. Thus, the induced map from R[t,,...,,]® -
Ker(q) becomes surjective after tensoring by R®r(—). Since R is a faithfully flat R-module, already
the induced map is surjective, i.e., S is finitely presented.

By the previous result, the R-module S is finitely generated, respectively finitely presented, flat,
faithfully flat, if and only if the R-module R ®g S is finitely generated, resp. finitely presented,
flat, faithfully flat.

Finally suppose that R®p S is finite, finitely presented and separable. Then this module is finitely
presented over R, hence also S is a finitely presented R-module. Moreover, over the commutative
ring (R®g 9) ®x (R®x S), the module R®g S is finitely generated and projective. Of course this
ring is naturally isomorphic to R®p (S ®r.S), and this module is the base change by the faithfully
flat ring homomorphism S ®z S -~ R ®p (S®rS) of the S ®p S-module S. Thus, also S is finitely
generated and projective as a module over S ®z S. So S is finite, finitely presented and separable
over R. 0

Corollary 9.13 (Categories of algebras). For each of the properties P in the theorem, every identity
morphism satisfies P, and the composition of any two morphisms that satisfy P satisfies P. Thus,
there is a subcategory of CRing? (or, equivalently, a subcategory of CRing ) with the same objects
as CRing whose morphism are those morphisms of commutative rings that satisfy P.

Definition 9.14. A morphism of commutative rings, u : R - S, is étale if (and only if) it is
finitely presented, flat and separable. It is faithfully étale if (and only if) it is finitely presented,
faithfully flat and separable. It is finite faithfully étale if (and only if) it is finite, faithfully flat
and separable.

Corollary 9.15. The property of being finite faithfully ‘etale is pretopological and checkable after
faithfully flat base change.

Remark 9.16. Of course there are many other properties than those above that are pretopological
and / or checkable after faithfully flat base change. These are the ones that are relevant for
this note. Three of the most important Grothendieck pretopologies on the (opposite category of)
CRing are the fppf pretopology of morphisms that are faithfully flat and finitely presented, the
étale pretopology of morphisms that are faithfull flat and étale, and the smooth pretopology
of morphisms that are faithfully flat and smooth. A morphism of commutative rings, v : R — S,
is smooth (for the usual definition) if and only if there exists a faithfully flat étale morphism
w:S — T such that the R-algebra T is étale over R[ty,...,t,] for some integer n.
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10 Splitting extensions

All finite field extensions are finite, finitely presented, faithfully flat ring homomorphisms. A field
extension is finite faithfully étale if and only if it is a finite, separable field extension. All finite flat
morphisms that are separable have a decomposition as a product after a finite faithfully étale ring
extension that is indecomposable and minimal with this property, i.e., after a splitting extension.
The first step is a decomposition of the domain ring.

Definition 10.1. For every morphism of commutative rings, v : R — S, the morphism is a to-
tally split morphism if (and only if) there exists a u-decomposition (Z,%) such that for every
R-idempotent e in = and for every S-idempotent e’ in 3 with u(e)e’ equal to €', the ring homo-
morphism R-e — S-e’ is an isomorphism.

In other words, a morphism of commutative rings, v : R — 5, is totally split if and only if there
exists a finite decomposition of R such that after base change to each nonzero factor ring, the
R-algebra S is isomorphic to a product of finitely many copies of R (the number of copies depends
on the factor ring).

Definition 10.2. For every morphism of commutative rings, u : R — S, a morphism of commutative
rings, v : R — T, splits u if (and only if) T' > T ®r S is a totally split morphism. A splitting
extension of u is an indecomposable, faithfully flat morphism of commutative rings, v : R - T,
that splits v such that, for every morphism of commutative rings, 7 : R — T, that splits u, there
exists a (typically non-unique) morphism of commutative rings, f: 7 — T, such that fov equals 7.

Exercise 10.3. For the finite morphism of commutative rings, v : R - S, with S = R x R, prove
that v = u satisfies all of the conditions for a splitting extension except indecomposability. Of
course Idg : R — R satisfies all of the conditions including indecomposability. So if we want
uniqueness (up to non-unique isomorphism), we need to impose an additional hypothesis for v such
as indecomposability.

The goal is to characterize morphisms of commutative rings, u : R — .S, that are split by a faithfully
flat morphism of commutative rings, v : R - T, and to prove that each of these has a splitting
extension v that is even finite faithfully étale, indecomposable, and splits itself. It is convenient to
do this through a series of lemmas.

Lemma 10.4 (Necessity of étaleness). For every morphism of commutative rings, u: R — S, for
every faithfully flat morphism of commutative rings, v: R = T, if v splits u, then u is finite and
étale.
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Proof. For every finite set >, the T-algebra [].. 7 is finite faithfully étale. Since this can be
checked after faithfully flat base change, if T'®g S is isomorphic to []..x 7', then also S is a finitely
faithfully étale R-algebra. O

Lemma 10.5 (The decomposition is canonical). For every morphism of commutative rings, u :
R — S, for every morphism of commutative rings, v: R - T, and for every decomposition (Z,%) of
T®rS as a T-algebra, for every idempotent e in =, the set Homp_p1(S,T - €) is naturally bijective
to the subset ¥, of idempotents €' of ¥ such that ee’ equals €'. In particular, if (T -e) ®r S is
nonzero, then there exists a morphism w, of commutative rings from S to T -e such that w, o u
equals ve, where v, is the composition of v with the projection from T to T -e.

Proof. After passing to factor rings, assume that T ®y .S is isomorphic as a T-algebra to the algebra
of set functions T for a finite set 3. By Corollary [4.13] every T-algebra homomorphism from T
to T is the T-algebra homomorphism of evaluation at a unique element of 3. This establishes the
canonical bijection. O

Lemma 10.6 (Compatibility with subalgebras and quotient algebras of S). For every morphism
of commutative rings, u : B - S, for every morphism of commutative rings, v : R - T, if v
splits u, then also v splits every R-subalgebra S of S such that S/S 1s a projective R-module,
and v splits every quotient R-algebra of S that is a projective R-module. In particular, for every
finite decomposition of S, the morphism v splits every factor ring. Conversely, for every finite
decomposition of S, S 5 [Tees S - €, if v splits the R-algebra S -e for every e in 3, then v splits u.

Proof. As in the previous proof, this follows from Corollary and Proposition 4.14 O

Lemma 10.7 (Induction Step). For every morphism of commutative rings, u: R - S, for every
decomposition S = Sy x S| such that uy : R — Sy s faithfully flat and indecomposable, for every
splitting extension w : Sy — T of the Si-algebra S1®g S, also the composition v = wouy is a splitting
extension for w. If w splits itself, then also v splits itself.

Proof. Since T'®pg S is naturally isomorphic to T'®g, (51 ®gS), if w splits the Si-algebra S; ®g S,
then v splits u. Every Composition of indecomposable, faithfully flat morphisms is indecomposable
and faithfully flat, by Theorem Thus v is indecomposable and faithfully flat.

For every morphism that splits u, say v: R - T, also ¥ splits the factor ring S;. Thus there exists
an R-algebra morphism, @ : 511 - T. Since T ®p S is naturally isomorphic to T ®s, (S1®r S5),
also W splits the Si-algebra S; ®z S. Since w is a splitting extension for this algebra, there exists
a morphism of commutative rings, f: 7T — T, such that fow equals w. Thus, also U equals @ o uy
equals (fow)ouy equals fo(wouy) equals fowv. So v is a splitting extension of .

If w splits itself, then the left T-algebra 1" ®g, 1" is isomorphic to a product of copies of T', say
[T;%, T. Since the morphism from S to T factors through the quotient S;, also this is naturally
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isomorphic to T'®g 1. Also the left T-algebra T ®g, (51 ®g S) is isomorphic to a product of copies
of T, say [1j_, T. Then the left T-algebra ((T'®s, (S1®rS)))®sT is isomorphic as a left T-algebra
to a product of n copies of T'®¢T", which is isomorphic as a left T-algebra to a product of mn copies
of T. By associativity of tensor product, the left T-algebra ((T ®s, (51 ®rS))) ®s T is naturally
isomorphic to T'®g T'. Thus the left T-algebra T'®x T is isomorphic to a product of mn copies of
T. So v splits itself. O]

Lemma 10.8 (Splittings are functorial in v). For every morphism of commutative rings, u: R - S,
for every morphism of commutative rings, v: R — T, for every ring homomorphism, w:T — U, if
v splits w, then also wov splits u.

Proof. IF T'®RS is isomorphic as a T-algebra to a product [],.s; 7', then also UQrS 2 U®r (T ®rS)
is isomorphic as a U-algebra to U @7 [Teess T 2 [Teex (U ©7 T') 2 [T, U. O

Lemma 10.9 (Compatibility with subextensions). For every morphism of commutative rings,
w: R — S, for every morphism of commutative rings, T : R — S, and for every morphism of
commutative rings, w : S > T, the composition v =woT splits u if and only if w splits the §—algebm
S®rS. If both T and v are faithfully flat, respectively faithfully flat and indecomposable, then so is
v.

Proof. Since the T-algebra T'® §(§ ®rS) is naturally isomorphic to T®g.S, one of these is isomorphic
as a T-algebra to a finite product of copies of T if and only if the other one is isomorphic as a
T-algebra to a finite product of copies of T'. Faithful flatness is compatible with composition by
Theorem [9.101 O

Corollary 10.10 (The morphism u factors v). For every faithfully flat morphism of commutative
rings, u: R — S, for every morphism of commutative rings, v: R - T, the morphism v splits u if
and only if there exists a morphism of commutative rings, w:S — T, such that wou equals v and
such that w splits the S-algebra S ®g S, at least after passing to the nonzero factor rings in a finite
decomposition of R.

Proof. Suppose first that v splits u. By Lemma [10.5] after passing to the nonzero factor rings in
a finite decomposition of R, there exists a canonical bijection of Hompg_a1g(S,7") with the set of
idempotents in a decomposition of T'®gr S as a product of copies of T'. Of course if T is the zero
ring, there is nothing to prove: take w to be the unique morphism of rings to the zero ring. Thus,
assume that 7' is nonzero. Since S is faithfully flat over R, also T'®pg S is faithfully flat over T'.
Thus, the index set for the product is nonempty, i.e., there exists an R-algebra morpism w from S
to T. By Lemma [10.9] v splits u if and only if w splits the S-algebra S ®pz S. n

Corollary 10.11 (Splitting the complement). For every finite faithfully étale morphism of com-
mutative rings, u: R — S, for every morphism of commutative rings, v: R — T, the morphism v
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splits w if and only if there exists a morphism of commutative rings, w : S — T, such that wou
equals v and such that w splits the S-algebra S’ = (S ®r S) - (1 —¢e) complementary to the factor
S=(S®grS)-e (at least after passing to the nonzero factor rings in a finite decomposition of R).

Proof. By the previous result, v splits u if and only if there exists a morphism of commutative rings,
w:S = T, such that w splits S @z S as an S-algebra. Since u is separable, the S-algebra S ®g S
splits as S x S’. Since the factor S is already split over S, the morphism w splits the S-algebra
S ®g S if and only if w splits the S-algebra 5. ]

Lemma 10.12 (Splitting subrings and quotient rings). For every morphism of commutative rings,
u: R — S, for every morphism of commutative rings, v: R — T, that splits u, also v splits every
R-subalgebra of S whose quotient R-module is projective. Also, v splits all quotient R-algebras of
S that are projective as R-modules.

Proof. For every R-subalgebra R of T such that T/ R is a projective R-module, and for every R-
subalgebra S of T such that T /§ is a projective R-module, since T'®r 1" is a product of copies of T'
as a T-algebra, also the T-subalgebras T®r R and T®x S are products of copies of T', by Corollary
and Proposition [£.14, Moreover these come from a partition of a set of primitive idempotents
of T®g T (as a T-algebra) together with a refinement of that partition.

In particular, since this can be checked after faithfully flat base change (by Proposition , R is
finite faithfully étale over R. Since R — T is faithfully flat, also the base change R - T ®p R is
faithfully flat. Of course this factors as the composition B — T followed by the T-algebra morphism
T - T ®x R. Since, as a T-algebra, T ®g R is a direct product of finitely many copies of T, also as
a T-module it is a direct sum of finitely many copies of T'. As a direct summand of the projective
R-module, T ®% R, also T is a projective R-module, i.e., R - T is finite and falthfully flat. Since
R — T is separable, also the base change R—>T®xrRis separable (by Theorem , so also the
quotient ﬁ—algebra T is separable. Altogether, R — T is finite faithfully étale. For the same reason,
also R - S and S — T are finite faithfully étale.

Since T ®y S is a T-subalgebra of the totally split T-algebra T ® p T' = T, and since the quotient
of this T-subalgebra is projective, this T-subalgebra arises from a partition Il of ¥, at least after
passing to the nonzero factor rings of a finite decomposition, by Proposition [4.14] As a quotient
T-algebra that is also a projective T-module, also the quotient T'®z Sof TerS is a totally split
T-algebra, by Corollary [4.13] Thus, the finite faithfully étale, indecomposable R-algebra T  also
splits B — S. O

Theorem 10.13 (Existence of splitting extensions). Let R be a nonzero commutative ring whose
set Idem(R) of idempotents is finite. For every morphism of commutative rings, u: R - S, the
morphism is finite étale if and only if there exists a faithfully flat morphism of rings, v: R — T, that
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splits w. In this case, there exists a splitting extension v : R - T of u. Moreover, v is itself finite
faithfully étale, and v splits itself. More generally, for every R-subalgebra R of T such that T/ﬁ 18
a projective R-module, for every R- -subalgebra S of T such that T/S 18 a projective R-module, also
R is finite faithfully étale over R, S is finite Jaithfully étale over R, T is finite faithfully étale over
S, and the R- algebra T splits the R- algebra S. Finally, there exists a u-primitive decomposition of
S, each factor is finite étale over R, and each factor is split by v.

Proof. By Lemma [10.4] if there exists a splitting extension v for u, then u is finite étale.

Next assume that w is finite étale. Up to passing to the nonzero factor rings in a finite decomposition
of R, assume that S has constant rank n, for some nonnegative integer n. If n equals 0 or 1, then
already Idgr : R - R is a splitting extension for u. By way of induction, assume that n is greater
than 1, and assume the theorem holds for smaller values of n.

First we prove that there exists a finite faithfully étale morphism that splits u. Then we construct
a wu-primitive decomposition of S. Finally we construct a splitting extension of u. Since n is
strictly positive, the morphism u is faithfully flat. Since w is separable, the S-algebra S ® S has
a decomposition into S x §’. Since the (left) S-module S ®g S is projective of constant rank n > 1,
also the factor S’ is a projective S-module of constant rank n — 1. Since S’ is a quotient of the
separable S-algebra S ®p S, also S’ is separable by Corollary 0.4, Thus, S’ is a finite faithfully
étale S-algebra. By the induction hypothesis, there exists a splitting extension w’:.S — T” for the
finite faithfully étale S-algebra S’, i.e., T" ®¢.S" is isomorphic to a product of n—1 copies of T". By
Lemma and Corollary [10.11] also the composition v’ = w’ o u from R to T" is a faithfully flat
morphism (typically not indecomposable) that splits u. By Lemma , the R-algebra T" splits
itself. By Lemma or by Theorem [9.10, also 7" is separable over R. So T" is finite faithfully
étale over R.

The issue is that T” is not necessarily indecomposable over R, since S is not necessarily indecom-
posable over R. But now we can use the splitting over 7" to bound the idempotents in S, thus
producing a u-decomposition of S that gives indecomposable factors. Let > be the set of n idempo-
tents in S®gT” that give the decomposition of S®zT" as a T’-algebra. Denote by P(X) the subset
of Idem(S®gT") of all sums of subsets of ¥ (including 0 for the empty sum). For every idempotent
e of R, consider the intersection of P(X) e with the image of S-e. This is a finite subset whose
inverse image in P(X) is a finite subset. There are only finitely many finite subsets of P(X). Since
also there are only finitely many idempotents in R, there exists a finite decomposition of R such
that this function is constant over every nonzero factor ring (e.g., the finite decomposition of all
primitive idempotents in R has this property). Up to passing to such a nonzero factor ring, assume
that this function is constant. Then the subset of P(X) is (the set of all subsets of) a partition
of ¥. The partition subsets define idempotents in S that give a u-primitive u-decomposition of S.
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Thus, also assume that there exists a decomposition of S into factor rings, each of which is finite
faithfully étale and indecomposable over R.

Denote the u-primitive factorization of S by S = 57 x---x .S,.. Up to passing to the nonzero factor
rings in a finite decomposition of R, assume that each S; is a finitely generated, projective R-
module of constant positive rank n; with ny +---+n, = n. Thus, each S; is finite and faithfully
flat over R. By Corollary [9.4] each S; is also separable over R, i.e., each S; is finite faithfully étale
over R. As earlier, after base change to S;, the complementary factor S7 of the factor S; in the
Si-algebra S7 ®g S is a finitely generated, projective S;-module of rank n — 1 strictly less than 1.
By the induction hypothesis, there exists a splitting extension w : S — T for the finite faithfully
étale Si-algebra S]. Now by Lemma , the composition v = w o u; is a splitting extension for u
that is finite faithfully étale over R and also splits itself. Thus, by induction on the rank, for every
finite étale morphism u, there exists a splitting extension v for u that is finite faithfully étale and
splits itself. The last part of the theorem follows from Lemma [10.12 ]

Remark 10.14. The hypothesis that R has only finitely many idempotents is necessary for this
proof, although there is a result for rings with infinitely many idempotents: O. E. Villamayor and
D. Zelinsky, “Galois theory with infinitely many idempotents”, Nagoya Math. J., vol. 35 (1969),
pp. 83 — 98. Here is an example inspired by that paper. Let R be the subring of [],;  C of all
countable sequences & = (2, )nez,, of complex numbers such that, for an integer ny (that depends
on z), for all integers n > ng, the values x,, are independent of n and equal an element of R. Let
S be R[t]/(t?> + 1)R[t]. This is certainly not indecomposable. For every integer n there exists a
surjective ring homomorphism R — R, = C that sends x to z,. The base change R, ®r S equals
C[t]/(t2+1)C[t], which decomposes as C-(1-it)/2xC-(1+it)/2. Yet there is no S/R-decomposition
that is R-indecomposable. Indeed, there is also the surjection R - R., = R that maps the sequence
(2 )nezop t0 limy, o T, and the base change R., ®p S equals C, which is indecomposable over R.
So there does not exist any faithfully flat extension of R that splits S and that is indecomposable
over R.

Remark 10.15. However, the hypothesis that Idem(R) is finite is satisfied in most applications,
e.g., whenever R is a Noetherian ring. Moreover, even if R is not Noetherian, for every finite,
finitely presented, flat, étale R-algebra S, by the limit theorems in EGA, there exists a finitely
generated Z-subalgebra R, of R, and a finite, finitely presented, flat, étale Ry-algebra Sy such that
S is isomorphic as an R-algebra to R ®p, Sp. Since Ry is Noetherian, the hypothesis does hold for
Ro.
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11 Galois extensions

Definition 11.1. A commutative ring R is Artinian if (and only if) every decreasing chain of
ideals in R stabilizes.

Proposition 11.2. Every commutative ring R that is Artinian is also Noetherian. Moreover, a
commutative ring R is Artinian if and only if it admits a finite decomposition such that every factor
ring is a local Artinian ring. A local ring (R, m) is Artinian if and only if both m¢ equals {0} for
all sufficient positive integers e and m/m? has finite dimension as a vector space over the residue
field R/m.

Every local Artinian ring is a local Noetherian ring (R, m) that equals its own completion: the
inverse limit of R/me*! over all nonnegative integers. The structure of complete local Noetherian
rings described by the Cohen structure theorem. However, for local Artinian rings that contain a
field, the answer is much simpler.

Corollary 11.3. For every field F', for every finite F-algebra S, there is a finite decomposi-
tion of F into a product of finite F-algebras, each of which is a local Artinian ring. These
are precisely the finite F-algebras that are indecomposable. FEach is of the form E[ty,...,t,]/I
for a finite field extension F — E, for a (finite) nonnegative integer n, and for an ideal I =
(1 (t1, - tn), -y ge(te, ... tn)) contained in (ty, ..., t,) such that (t1,...,t,)¢ is contained in I for
all sufficiently positive integers e (if n equals 0, this is just E).

Now let E be a field and consider the E-algebra E[t]/(t2). This certainly is a finite faithfully flat
E-algebra.

Lemma 11.4. For every nonzero commutative ring R, the R-algebra R[t]/(t?) is not separable.
Thus, for every finite faithfully flat R-algebra S that admits a surjective R-algebra morphism to
R[t]/(t?), also the R-algebra S is not separable.

Proof. Consider the tensor product R-algebra (R[t]/(t?))®r (R[t]/(t?)) with its product morphism
to R[t]/(t?). Denoting t® 1 by = and 1®¢ by vy, this R-algebra is also R[z,y]/{x?,y?) with the
R-algebra morphism to R[t]/(t?) that sends each of x and y to t. Thus, every element in the fiber
over 1 is of the form 1+ ax + by + cxy for unique elements a, b, c of R. The product of this element
with the element x — y in the kernel is x — y + (b — a)xy, which is not zero since the coefficients of
z and y do not equal 0. Since there is no separable idempotent, i.e., the R-algebra R[t]/(t?) is not
separable. O

Proposition 11.5. For every field F', the finite F'-algebras that are separable are precisely the finite
products of finite separable field extensions F' - E.
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Proof. As proved in the theorem, if F' — $ is finite separable, and R is an F-subalgebra of S such
that S /E is a projective F-module, then also F - R and R — S are finite separable. Of course
every F-module (i.e., F-vector space) is projective. Hence, for every F-subalgebra R of S , also
R — S is finite separable.

By the structure theorem, every finite F-algebra is a product of finite F-algebras that are local
and Artinian of the form S = E[ty,...,t,]/I, where F' - E is a finite field extension, where n is a
nonnegative integer, and where I is an ideal contained in (t1,...,¢,) that contains (t,...,t,)¢ for
some positive integer e.

Since E' is a quotient F-algebra of S, if S is a finite separable F-algebra, then F' - FE is finite and
separable. By the first paragraph, if S is a finite separable F-algebra, also S is a finite separable
F-algebra. Altogether, S is a finite separable F-algebra if and only if both F' — E is finite separable
and E — S is finite separable.

Of course E — S is an isomorphism if and only if I equals (t1,...,%,). By way of contradiction,
assume that it is not. Let d be the largest positive integer such that (ti,...,%,)¢ is not contained
in I, and let ¢t be an element of (¢y,...,t,)¢ that is not contained in I. Then the induced E-
algebra homomorphism from E[t] to S factors through an injective E-algebra homomorphism from
E[t]/{(t?) to S. The quotient is an E-vector space, hence it is projective. Thus, also E[t]/(t?) is a
separable E-algebra. But that contradicts the lemma. Therefore, by contradiction, if S is separable

over F, also I equals (ti,...,t,), i.e., the E-algebra homomorphism E — S is an isomorphism.
Altogether, a finite F-algebra is separable over F' if and only if it is a product of finitely many finite
separable field extensions of F. O

Definition 11.6. For every field F, for every (nonzero and noninvertible) irreducible monic poly-
nomial m(¢) in the polynomial F-algebra F[t], the element m(t) is a separably irreducible
monic polynomial if (and only if) the finite field extension E = F[t]/m(t)F[t] of F is separable.
More generally, a squarefree monic polynomial m(t) is separable if (and only if) the finite flat
F-algebra E = F[t]/m(t)F[t] is separable.

Lemma 11.7. For every field F', for every (nonzero and noninvertible) irreducible monic poly-
nomial m(t) in F[t], the element m(t) is separably irreducible if the formal derivative m'(t) is
nonzero. In particular, both m'(t) is nonzero and m(t) is separably irreducible unless the charac-
teristic of F' is p > 0, there ezists a positive integer r, and there exists a (nonzero and noninvertible)
irreducible monic polynomial g(t) such that m(t) equals g(t*"). Moreover, there exists a unique such
r and g(t) for which g'(t) is nonzero (hence g(t) is separably irreducible).

Proof. Since m(t) is irreducible, and since m/(t) has strictly smaller degree than f(¢), the element
m'(t) is zero if and only if m/(t) is a multiple of m(t), i.e., m’(t) is nonzero if and only if m/(t)
is relatively prime to m(t). By the Euclidean Algorithm (or the corollary that F[t] is a principal
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ideal domain), m/(t) is relatively prime to m(t) if and only if there exist elements r(t), s(t) € F[t]
such that
1=s(t)m(t) +r(t)m'(t).

Inside F[t,u], note that m(t) —m(u) equals (¢t —u)(m'(t) + (t —u)h(t,u)) for some unique h(t,u) €
F[t,u]. Also, the kernel of fg/p in the F-algebra E®p E = F[t,u]/{m(t),m(u) is a principal ideal
generated by (the image of) ¢t —u. Thus, the element €(¢,u) := Image(r(t)m/(t) + (t —u)r(t)h(t,u))
in £ ®p E maps under Bg/p to the image of r(¢)m’(t), which is congruent to 1 module m(?).
Moreover,

(t = u)-e(t,u) = Tmage (r(¢) - (¢ —u)(m'(¢) + (t = uw)h(t, u)))),

which is congruent to the image of r(t)(m(t) — m(u)). Since both m(¢) and m(u) map to 0 in
E®p E, it follows that €(¢,u) is annihilated by the kernel of Sp/g. In particular, since 1 -e(t,u) is
in the kernel of B/, notice that (¢, u)-(1-€(t,u)) equals 0, i.e., €(t,u) is an idempotent element.

Of course for every (nonzero and noninvertible) monic polynomial m(t), say m(t) = " + c;t" ! +
o+ o1l + ¢y, also the formal derivative equals nt™ !+ (n—1)cyt" 1 +---+1-¢,_1. Notice that this
is nonzero if F' has characteristic 0, since then nt™! is nonzero. If F' has characteristic p > 0, this
is nonzero unless n equals pm for some positive integer m, and ¢, equals 0 except if ¢ = pk for some
positive integer k. Then g(t) = t™ + 7! c,mt™F is the unique polynomial in F[t] such that g(t?)
equals m(t). Since m(t) is irreducible, also g(t) is irreducible. Iterating and using induction, there
exists a unique positive integer r and a unique separably irreducible monic polynomial g(¢) such

that m(t) equals g(tP"). O

Next assume that m(t) is a monic, irreducible polynomial in F[t], so that E = F[t]/m(t)F[t] is
a finite field extension of F'. If the characteristic of F' equals p > 0, then there exists a unique
nonnegative integer r (possibly r equals zero) and a unique monic polynomial m,(t) in F[t] such
that m’(r)(t) is nonzero and m(t) = m,(t?"). Since m(t) is irreducible, also m(t) is irreducible,
hence m(,)(t) is a separable irreducible polynomial.

Proposition 11.8 (Separable polynomials). For every field F, for every monic, irreducible poly-
nomial m(t) in F[t], the corresponding F-extension E = F[t][/(m(t)) is a separable field extension
of F if and only if the F-algebra E ®r E has only the zero nilpotent element if and only if the
integer v above equals zero if and only if the formal derivative m'(t) is nonzero if and only if the
formal derivative m'(t) is relatively prime to m(t).

Proof. By straightforward computation, m/(t) equals zero if and only if m(t) equals m,(t?") for
positive integer 7. Since my,y(t) is a separable irreducible polynomial in F[t], for every root x
of m(t) in E (ie., for z = ), also the element y = zP" is a root of m(t) in E. Let L be the
F-subextension F[y]. Then L is separable over F. However, the minimal polynomial over L of the
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element z = 27" is t? —y, and this is inseparable. In particular, for K = L[z] = L[t]/{t? -y, we have
K ® K is isomorphic as a K-algebra to K[t]/{t? —y) = K[t]/((t — 2)P). This contains the nonzero
nilpotent element ¢ — z. So K/L is not separable. Since this is a subextension of E/F, also E/F is
not separable. Altogether, if m/(t) equals zero, then FE/F' is not separable.

As proved earlier, if m/(t) is nonzero, then m’(t) is relatively prime to m(t), and then E/F is
separable. Therefore E/F is separable if and only if the monic, irreducible polynomial m(t) is
separable, i.e., m/(t) is relatively prime to m(t). ]

Corollary 11.9. For every field F, for every monic, squarefree polynomial m(t) in F[t], the
corresponding (finite, finitely presented, faithfully flat) F-algebra E = F[t]/(m(t)) is separable over
F if and only if the F-algebra E®pr E has only the zero nilpotent element if and only if the formal
derivative m'(t) is relatively prime to m(t). If m(t) is not squarefree, then F[t][/(m(t)) has nonzero
nilpotent elements, hence it is not separable over F.

Proof. Of course if m(t) = h(t)g(t)? for a monic, irreducible polynomial g(¢) in F'[¢], then the image
of h(t)g(t) in F[t]/(m(t)) is nonzero, but the square is zero. So F[t]/(m(t)) has nilpotent elements,
hence it is not separable over F'. Thus, F[t]/{(m(t)) can only be separable if the factorization of
m(t) into monic, irreducible factors is m(t) = g1 (t)---g,n(t) for pairwise distinct, monic, irreducible
polynomial ¢;(¢) in F[t]. In this case, the corollary follows from the previous result and the Chinese
Remainder Theorem. O

Definition 11.10. A finite separable field extension, v : F' - E, is Galois if (and only if) v is a
splitting field of itself.

Corollary 11.11 (Existence of splitting fields). For every finite separable field extension, u: F — L,
there exists a splitting field, v : F — E. For every F-subextension F of E, and for every F-
subeztension L of E, also E/ﬁ splits E/F In particular, choosing F to equal F and choosing L to
equal E, v is a splitting field for itself, i.e., E[F is a Galois extension.

Proof. This is just the reformulation of Theorem [10.13]in the case of field extensions. O

Corollary 11.12. For every finite separable field extension, u: F — L, for every field extension,
v: F — E, that splits u, the natural E-algebra homomorphism E ®p L — EHomr-ae(L.E) s qp
isomorphism. In particular, the set Homp_a1g(L, E') is a finite set of cardinality equal to [L : F].

Proof. By adjointness of tensor and Hom, the natural map from Hompg_a1(L, E) to Hompg_a1c(E®F
L,E) is a bijection. Since F ®p L is isomorphic as an E-algebra to E* for a finite set X, every
E-algebra homomorphism from E* to E is projection from E* to E*-0, = E for an element o of ¥
and the corresponding idempotent d,. This defines a natural bijection of ¥ with Homp_a1g(L, E).
In particular, the size of Homp_a1g(L, E) equals the dimension of £ ® p L as an E-vector space,
and this equals the dimension of L as an F-vector space. O
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Corollary 11.13 (Sizes of Galois groups of finite Galois extensions). For every finite Galois field
extension, v: F — E, there is a natural E-algebra isomorphism E ®p E — EAutr(E) - [n particular,
Autp(E) is a finite group whose cardinality equals [E : F].

Proof. Every F-algebra homomorphism from E to E is injective, thus also surjective by the Rank-
Nullity Theorem. Therefore Homp_aig(E, E) equals the group Autp(E) of all F-algebra automor-
phisms of E. Now the result holds by the previous corollary. O

Corollary 11.14 (Fixed fields of Galois groups). For every finite, Galois extension of fields, v :
F — E, the degree [E : F]| equals the cardinality of Autp(E), and the fized subfield of Autp(F)
equals F'. Thus, for every F-subextension L of E, also the fixed subfield of Aut,(E) equals L.

Proof. We already proved that Autp(E) is a finite group whose cardinality equals [E : F']. For
the fixed subfield L of the finite group Autgp(FE), also E/L is finite and Galois. Thus, Autp(FE)
equals Auty(FE) is a finite group with cardinality [E : L]. Since [E : F'] equals [E': L], also [L : F]
equals 1, i.e., the F-algebra homomorphism F' < L is an isomorphism. Therefore the fixed field of
Autp(F) equals F'.

Since E is also finite, Galois over every F-subextension L of E, also the fixed field of Auty(F)
equals L. O

Corollary 11.15 (Transitivity of Galois actions). For every finite Galois extension, v : F - F,
for every F subextension, F = L = E, the action of Autp(E) on the set Homp_a1e(L, E) by
postcomposition is transitive with orbit of size [L: F'|, and the stabilizer of w equals Aut,1y(E).

Proof. Since u is a subextension of v, also v splits u. Thus, the F-algebra F ®p L is isomorphic
to [Tyex £. The set ¥ is naturally bijective with Hompg_a1(E ®p L, E), by Corollary By
adjointness of tensor and Hom, this set is naturally bijective with Hompg_a1g(L, E). Since the
dimension of the E-vector space F¥ ®p L equals the cardinality of 3, and since this also equals the
dimension of the F-vector space L, the set Homp_a15(L, E) has cardinality [E: L].

By definition, the stabilizer of the action on the element w equals Aut,)(E). By the previous
result, this stabilizer subgroup of Autp(E) has cardinality [E : w(L)]. Therefore the orbit of w
under the action has size equal to the index of this subgroup, #Autz(E)/#Aut,)(E). This equals
[E: F]/[E:u(L)], i, [u(L) : F], which is the size of the entire set Homp_a1g(L, E). Therefore
the action of Autg(E) on Homp_a1g(L, E) is transitive. O

Corollary 11.16 (Galois extensions split their minimal polynomials). For every finite Galois ex-
tension, v: F — E, for every element x of E, the minimum polynomial mE (t) in F[t] of x factors
in E[t] as [1,es(t —y), i.e., it has d pairwise distinct roots in E, where d is the degree of mE(t).
The group Autp(E) acts transitively on the set of roots.
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Proof. By definition, the F-subextension L = F[x] is isomorphic to F[t]/(mf(t)). Thus, the
F-algebra homomorphisms are the same as roots of mf'(¢) in E, by the universal property of the

F-algebra F[t]/{(m£(t). By the previous result, this set has size [ L : F'] = d, and the group Autg(F)
acts transitively on this set. O]

Proposition 11.17 (Extension of field automorphisms for finite Galois extensions). For every
finite Galois field extension, v: F — E, for every F-subeztension, F — L > E, the extension u is
Galois if and only if L splits the minimum polynomial of each of its elements if and only if every
element of Autp(E) maps L to itself if and only if Autp(L) has size [L: F]. In this case, every F-
automorphism of E maps L to itself, so that there is a well-defined restriction group homomorphism,
(I = Autp(E) - Autp(L). This group homomorphism is surjective, and the kernel is Autr(FE).
Thus the subgroup Auty(E) of Autp(E) is normal.

Proof. By the previous result, if L/F is Galois, then L splits the minimum polynomial m£ (¢) of
for every element x of L. Since Autp(FE) transitive permutes the roots of mZ'(t), if L contains all
the roots of mf'(t) for every element x of L, then every element of Autp(F) maps every element
x of L to an element of L, i.e., Autp(F) maps L back to itself. Finally, if Autgz(FE) maps L back
to itself, then there is a restriction homomorphism from Autz(E) to Autz(L). The kernel of this
homomorphism is Auty (E), which has index [L: F'] in Autg(E). Thus, the image of the restriction
homomorphism has order [L : F']. So Autr(L) has order at least [L : F']. The image of the natural
L-algebra homomorphism ¢ from L ®p L to [eaup(r) L is an algebra of set functions L* for a
partition of Autg(L) by Corollary [4.13] For elements o and 7 of Autp(L) in the same partition
set, the compositions from L ® L t0 [Taue, () L followed by the projection of o, resp. 7 to L are
equal. These compositions are o, resp. 7, by the definition of ¢. So if ¢ is different from 7, they are
not in the same partition set. Thus ¢ is surjective. So the size of Autp(L), i.e., the L-dimension
of the image of ¢, is less than or equal to the L-dimension of L ® L, i.e., less than or equal to
[L: F]. Since the image of the restriction homomorphism has size equal to [L : F'], it follows that
#Autp(L) equals [L : F] and ¢ is an isomorphism. Thus, u splits itself, i.e., u is a finite Galois
extension. O]

Definition 11.18. An algebraic field extension, v : F' - FE, is Galois if and only if £ equals
the union of its finite F-subextensions that are Galois, i.e., every element z of F is contained in
a subextension L of E that is finite Galois over F'. The set of finite Galois subextensions
of E/F is the subset Gal(E/F) of the power set P(FE) whose elements are F-subextensions L
of E that are finite, Galois over F'. This set is partially ordered by set inclusion. For all F-
subextensions F' ¢ L ¢ K ¢ E of E with both L and K finite, Galois extensions of I, the restriction
homomorphism is the surjective group homomorphism res¥ from Autp(K) to Autp(L) that
restricts each F-algebra automorphism of K to the associated F-algebra automorphism of L.
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Corollary 11.19. For every algebraic field extension, v : ' — E, that is Galois, the system
((Autp(L)) Lecae/F), (rest ) (1. k)eGal(B P2, Lek ) @S a compatible family of groups and group homo-
morphisms. For every F-subextension F - L = E, also w is Galois. If F is an element of
Gal(E[F), then every element of Autp(E) maps L to itself, and the restriction homomorphism res¥
from Autp(E) to Autp(L) is surjective with kernel equal to Auty(E). For every pair FCc LS K E
of F-subextensions of E such that both L and K are finite, Galois over F, also resk o restt. equals
rest. Thus, the system of group homomorphisms (res?) ecar/r) factors uniquely through a group
homomorphism from Autp(E) to the inverse limit over elements L of Gal(E|F) of Autg(L). This

group homomorphism is an isomorphism from Autp(E) to the inverse limit.

Proof. For F-subextensions, F'c L ¢ K ¢ J ¢ F with each of L, K and J a finite, Galois extension of
F, restriction res] of an F-algebra automorphism from J to L equals the composition of restrictions,

res¥ oresty.. Thus, this is a compatible family.

For every element = of E, there exists an F-subextension K of E that is finite Galois over F' and
that contains x as an element. Thus, for every F-subextension I’ € L ¢ E such that L is finite
over F', also the image in E of the natural homomorphism L ® K - E is finite Galois over L and
contains x as an element. Thus E is also Galois over L.

Since E is the union of all of it F-subextensions L that are finite, Galois over F', every F-algebra
automorphism o of E is uniquely determined by all of its restrictions o|;. Thus, the homomorphism
from E to the inverse limit is injective. On the other hand, let (o) recai(r/F) be a compatible family
of F-algebra automorphisms o, of L for each F-subextension L of F that is finite, Galois over F'.
For every pair K and L of F-subextensions of E that are finite, Galois over F', the image J of the
natural F-algebra homomorphism K ® L. - E is also an F-subextension that is finite, Galois over
F. Thus, both o, and ok equal res{ (o) and res}.(co,). In particular, the restrictions of both o
and o7, to Ln K equal the restriction of o; to L n K. Since, for every pair (K, L) in Gal(E/F')? the
restrictions of both ok and o7, to K n L agree, there is a unique function og from E to itself such
that, for every element L of Gal(E/F), the function op maps L to itself and res? (o) equals oy,

For every pair (z,y) of elements of E, there exists a pair (K, L) of elements of Gal(E/F") such that
x is an element of K and y is an element of L. But then z +y and x -y are elements of J. Since
oy is an F-algebra automorphism of J, both o;(x +y) equals o;(z) + 0;(y) and o;(x-y) equals
os(x)-0;(y). Thus, also o(z+y) =o(x)+0(y) and o(x-y) equals o(x)-0o(y). So o is an F-algebra
automorphism of E. Altogether, it follows that the group homomorphism from Autg(F) to the
inverse limit over all element L of Gal(E/F') of Autp(L) is an isomorphism.

For every element L in Gal(E/F), for every element K in Gal( E/F’) such that L is an F-subextension
of K, also resk is surjective. Thus, by the Axiom of Choice, for every element o, in Autg(L),
there exists a system (0x)geautp(x) i the inverse limit extending oj. Therefore the restriction

homomorphism res? is surjective with kernel equal to Auty,(E). O
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12 Automorphism groups and fixed subrings

Historically, invariant theory was one of the main motivations for the development of Noetherian
rings. Both invariant theory and Galois theory have to do with the fixed subring of a collection of
automorphisms.

Definition 12.1. For every morphism of commutative rings, u: R — S, for every subset X of the
group Autg nmoa(S) € Hompg wmoa(S) of all R-algebra automorphisms of S, the fixed R-subalgebra
of ¥ is the R-subalgebra Fix™(S) of S consisting of all elements s in S such that o(s) = s for
all elements o in . Similarly, for every subset © of S, the stabilizer subgroup of 6 equals
the subgroup Autg(S) of Autg_a1g(S) fo all elements o in Autg_alg(S) such that o(s) = s for all
elements s in ©. In particular, for every R-subalgebra T" of S, this equals the subgroup Auty_aig(S)
of AUtR_Alg(S).

Proposition 12.2 (The fixed ring is an order reversing lattice map). For every morphism of
commutative rings, u: R — S, all of the following hold.

(1) For every subset ¥ of Autg_a1g(.S), the R-subalgbra Fix*(S) equals Fix(E)(S), for the subgroup
(X) of Autp_a1g(S) generated by X.

(ii) The R-subalgebra Fix''%s(S) equals S.
(iii) For all subsets ¥ € 3. ¢ Autp_a1g(S), also Fi)?i(S) is an R-subalgebra of Fix"(S).

() For every subset I of P(Autr_mg(S)), for the union subset Ul of Autp_aig(S), the R-
subalgebra FIXUI(S) equals mngi)gj(S).

(v) For every subset ¥ of Autg moa(S), for the R-subalgebra T = Fix™(S), the subset Autr_a1g(S)

contains 2.

(vi) For every subset ¥ of Autr_mod(S), for every element o of Autgr_moa(S), the R-subalgebra
o(Fix*(9)) equals Fixa'z'a_l(S).

Proof. (i) Since X is a subset of the subgroup (2), the R-subalgebra Fix™(S) is an R-subalgebra
of Fix”(S). On the other hand, since every element o of ¥ fixes the R-subalgebra T := Fix™(.S), the
subgroup Auty_aig(S) of Autg_aig(S) contains ¥. Thus, it contains the subgroup () generated

by X. Since (X) is a subgroup of Auty_aie(S), also T is an R-subalgebra of Fix™(S), i.e., Fix*(S)
equals Fix!™(9).

(ii) The identity automorphism of S fixes all of S.
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(iii) For every element s of Fixi(S ), since s is fixed by all of ¥, in particular it is fixed by the
subset . Thus, Fix*(S) is an R-subalgebra of Fix”(9).
(iv) An element s of S is fixed by every element in every subset ¥ of Autg_a1(S) that is an

element of I if and only if s is in the fixed set Fix”(S) for every element ¥ of I. Thus Fix”(S)
equals mgejFixZ(S).

(v) Since T = Fix”(S) is fixed by ¥, also X is in the subgroup Auty_a1g(S) of automorphisms of S
that fix T

(vi) For every element s of S, for every element o’ of Autg_a1g(.S), for the element s’ = 071(s), we
have o’(s'") equals s’ if and only if o -0’ - 071(s) equals s. Thus, s is an element of o(Fix>(S)) if
and only if s is an element of Fix”'z'afl(S ). O

Proposition 12.3 (The automorphism group is an order reversing lattice map). For every mor-
phism of commutative rings, u: R — S, all of the following hold.

(i) For every subset © of S, the subgroup Auto(S) equals Autr_ag(S) for the R-subalgebra
T = R[©] of S generated by O.

(it) The subgroup Autr_mg(S) equals all of Autp_a1g(S), and Auts_ag(S) equals {Ids}.
(iii) For all R-subalgebras T < T ¢ S, also Autz_ 51, (S) is a subgroup of Autr_ag(S).

(iv) For every subset J of P(S), for the union subset UJ of S, the subgroup Aut,;(S) equals
n@eJAUtG(S)'

(v) For every R-subalgebra T of S, for the subgroup ¥ = Autr_a1g(S), the R-subalgebra Fix*(S)
contains T'.

(vi) For every R-subalgebra T of S, for every element o of Autp_a1g(.S), the subgroup Aut,(ry-aig(S)
equals o - Autp_pag(S) - o7t

Proof. (i) For every element o of Autgr(S) that fixes R[], it also fixes the subset ©. Therefore,
Autr_a1g(S) is a subgroup of Autg(.S). On the other hand, if o fixes O, then since o is an R-algebra
homomorphism, the fixed locus of ¢ is an R-subalgebra of S that contains ©. Hence the fixed locus
contains R[©]. So, also Auty_a1g(S) equals Autg(5).

(ii) Of course Autp_a1g(S) equals itself by reflexivity. The only automorphism of S that fixes all
of S is the identity automorphism.

(iii) For every element o of Autz_,),(S), since o fixes T, also o fixes the R-subalgebra T of T
Thus, Autz ,,,(5) is a subgroup of Autr_aig(S).
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(iv) An element o of Aut(.S) fixes the union in S of all elements © in J if and only if, for every
element O in J, the element o fixes ©, i.e., if and only if ¢ is an element of Autg(S) for every
element © in J. Thus, Auty;(S) equals NngcsAute(S).

(v) For every element o of ¥, by definition, o fixes T'. Thus, the fixed set of o contains 7. Since
this holds for every element of ¥, the fixed set Fix”(S) contains 7.

(vi) For every element s of S, for every element o’ of Autg_a1g(S), for the element s’ = o71(s), we
have o/(s') equals s’ if and only if o -0’ -o71(s) equals s. Thus, s is an element of o(Fix(S)) if
and only if s is an element of Fix"'z'”_l(S). O

Definition 12.4. For every morphism of commutative rings, u: R — S, the R-subalgebra (thin)
category, R — Subalg(S), is the category whose objects are R-subalgebras T of S, and where
there is a morphism from T to T if and only if T is an R-subalgebra of T, in which case the
inclusion is the unique morphism. Similarly, for every group I', the subgroup (thin) category of
[, Subgroup(I'), is the category whose objects are subgroups of I', and where there is a morphism
from H to H if and only if His a subgroup of H (as subgroups of I'), in which case the inclusion
is the unique morphism.

Corollary 12.5. For every morphism of commutative rings, u: R — S, the ordered pair (Fix"(S), Aut.(S))
of the functor Fix*(S) from Subgroup(Autp-aig(S)) to R—Subalg(S) and the functor Aut,(S)

from R —Subalg(S) to Subgroup(Autg_ai(S)) is a Galois connection, i.e., it is an adjoint

pair of functors between these thin categories. Thus, both compositions are endofunctors of the re-
spective categories that are idempotent (i.e., all higher self-compositions of each endofunctor equals

that same endofunctor).

We already have the first half of the Fundamental Theorem of Galois Theory.

Corollary 12.6. For every finite, Galois field extension, v: F — E, for every F-subextension L of
E, the fixed subfield in E of the subgroup Autp(E) of Autr(E) equals L.

Proof. Denote the fixed subfield by K. By definition of Aut; (E), the F-subextension L is a subfield
of K. Thus, [E : K] is less than or equal to [F : L]. By construction, Auty (E) contains Autz,(E) as
a subgroup. Thus, the cardinality of Autg () is at least as large as Auty (F). Since the cardinality
of Auty(E) equals [F : L] and since Autg (E) equals [F : K], we conclude that also [E : L] is less
than or equal to [E : K]. Therefore [E : K] equals [E : L], so that also [L : K] equals 1, i.e., L
equals K. O

The following theorem of Emil Artin gives the second half of the Fundamental Theorem of Galois
Theory.
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Theorem 12.7 (Artin’s Linear Independence of Multiplicative Homomorphisms). For every field
E, for every group G, for every nonempty, finite sequence (p1,...,pn) of pairwise distinct group
homomorphisms from G to the multiplicative group E*, these are E-linearly independent elements
of the E-vector space EC of E-valued functions on G.

Proof. This is proved by induction on n. The base case is n = 1. In this case, for the group identity
element 1g of G, also rhoi(1g) equals the multiplicative identity 1 in E. Thus, for every element
¢ of E such that c¢; - p; is the zero function, then ¢; = ¢1-1=c¢;1- p1(1g) equals 0, i.e., there is only
the trivial E-linear relation.

By way of induction, assume that n > 1, and assume that the theorem holds for all smaller values
of n. Let (cy,...,¢,) be an ordered n-tuple of elements of E such that the E-linear combination
function f := ¢y - py + -+ ¢, - pp 1S the zero function. Since p, does not equal p;, there exists
an element h of G such that p,(h) is different from p;(h). Since f is the zero function, also the
following function f" is also the zero function,

f':G =B, f'(g):=f(hg)=(c1pi(h)) - p1(g) + -+ (cupu(h))pu(9).
Of course also p,(h)- f is the zero function. Thus the difference is the zero function,
fr=pa(h)- f:G > E, (f*=pa(h)- f)(g) = f(hg) = pu(h) f(g) =

ci(pr(h) = pu(h)) - p1(g) + -+ cuo1(pu-1(R) = pu(h)) - pu-1(g)-
By the induction hypothesis, for k=1,...,n -1, we have ¢, (pr(h) — pn(h)) equals 0. In particular,

c1 equals 0. Thus, (co,...,c,) is an ordered (n—1)-tuple of elements of E such that ¢y pa+---+¢, pn
equals the zero function. By the induction hypothesis, ¢, equals 0 for every k =2,... n. Altogether,
¢, equals 0 for every k=1,2,...,n. This proves the result by induction on n. O

Corollary 12.8. For every field E, for every nonempty, finite sequence 3 = (o1,...,sigmay) of
pairwise distinct automorphisms of the field E, for the fized subfield F' = FIXE(E), the dimension of
E as an F-vector space is > n (possibly infinite).

Proof. Consider the F-linear endomorphisms oy, ...,0, of E. Of course each sends 0 to 0. Thus,
an FE-linear combination of oy,...,0, equals the zero function if and only if its restriction to the
multiplicative group E* = E \ {0} is the zero function. By Artin’s theorem, the only such linear
combination comes from (cy,...,¢,) = (0,...,0).

Since each oy is an F-linear endomorphism of E, by adjointness, each is equivalent to an E-linear
transformation from F ®p E to E, where the E-vector space structure on £ ®r F is e- (e1 ® e3) =
(ee1) ® e5. By the Rank-Nullity Theorem, every m-tuple of E-linear functionals on the E-vector
space E®p F has a nontrivial linear relation if m is strictly greater than dimg(EF ®p F) = dimp(E).
Therefore dimp(F) is at least as positive as n. O
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Theorem 12.9 (Numerical Fundamental Theorem of Galois Theory). For every field E, for every
finite subgroup G of the (possibly infinite) group Aut(E) of field automorphisms of E, for the fired
subfield F = FixG(E), the dimension of E as an F-vector space is finite and equals the cardinality
of G.

Proof. By the earlier corollary, the dimension of E as an F-vector space is at least as large as G,
possibly infinite. Every G-orbit O = {z,...,x.} in E has finite cardinality ¢ dividing the finite
cardinality d of G. The coefficients of the minimal polynomial me(t) = [1,c0(t — ) are G-invariant
elements of F, i.e., mp(t) is a degree-c, monic, irreducible polynomial in F[t]. Thus, every element
x of E is algebraic over F of degree ¢ dividing d, and the extension E splits the minimal polynomial.
So E contains a splitting field over F' of each of its elements. Therefore E is a filtering union of its
finite F-subextensions L/F that are finite, Galois extensions of F, i.e., F is algebraic and Galois
over F'.

For every nested pair L € K of finite F-subextensions that are finite, Galois over F', by Proposition
[11.17, the restriction homomorphism Autp(K) — Autp(L) is surjective. Thus, using the Axiom
of Choice, also Autp(E) — Autp(L) is surjective. But for every finite F-subextension L/F that is
normal, the size of the automorphism group Autz(L) is finite and equals [L : F]. Thus, d = #G
is an absolute bound on the degrees of finite F-subextensions of E. Since F is the filtering union
of these finite F-subextensions, also F is a finite extension over F' that is finite, Galois over F of
degree bounded by d. Since E/F is a finite field extension that is Galois, [E : F'] equals the finite
cardinality of Autp(E). O

Corollary 12.10 (The second half of the Fundamental Theorem of Galois Theory). For every
finite, Galois extension of fields, v: F' - E, for every subgroup H of Autp(FE), the degree of E over
L = Fix"(E) equals the cardinality of H, and Aut,(F) equals H.

Proof. By Artin’s Theorem, the degree [ E' : L] equals the cardinality of H. Denote Aut,(FE) by K.
By the definition of L, the subgroup H is a subgroup of K. So the cardinality of K is at least as
positive as the cardinality of H. Again by Artin’s Theorem, the degree of [E : Fix" (F)] equals the
cardinality of K, which is at least as positive as [E : L]. But L is a subfield of Fix*(FE). Thus, L
equals FixK(E), and the cardinality of K equals the cardinality of H. Therefore K equals H, i.e.,
Auty(E) equals H. O

Theorem 12.11 (The Fundamental Theorem of Galois Theory). For every finite, Galois extension
of fields, v: F' - E, the Galois connection (Fix"(S), Aut.(S)) is an equivalence, i.e., these order
reversing functions between the partially ordered set of subgroups of Autp(E) and the partially
ordered set of F-subextensions of E are inverse bijections. Moreover, [E : Fix"(E)] equals the
cardinality of H for every subgroup H of Autp(E), and the cardinality of Autp(FE) equals [E : L]
for every F-subextension L of E. Finally, for every F-subextension L of E, the group Autp(L)
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is canonically isomorphic to the quotient group Naye,(g)(Autp(E))/Auty(E). Thus, L is itself a
Galois extension of F if and only if Autp(E) is a normal subgroup of Autp(E), in which case this
normal subgroup equals the kernel of the restriction homomorphism res? from Autp(E) to Autp(L).

Proof. That these are order reversing functions follows from Proposition and Proposition |12.3]
That these functions are inverse bijections follows from Corollary[I1.14]and Corollary[12.10] Finally,
for every F-subextension L of E, the group Autr(L) has a natural right action on Homp_a1g(L, E)
via precomposition. Since the left action of Autg(F) on this set is transitive, for every F-algebra
automorphism 7 of L, there exists an F-algebra automorphism o of E such that o restricts to 7
on L. Thus, the group of F-algebra automorphisms of L equals the quotient by Auty(FE) inside
the subgroup of all elements of Auty(E) that map L back to itself. By Proposition [12.3|(vi), an
element o of Autp(FE) has o(L) = L if and only if ¢ normalizes the subgroup Auty(FE). O

13 A second proof

In this section we give a different proof of parts of the Fundamental Theorem of Galois Theory that
more explicitly use the E-algebra isomorphism of E ® E with EAutr(E)  This is a special case of
the more general technique of descent.

Let E be a field, and let G < Aut(E) be a finite subgroup of the group of field automorphisms of
E. Denote by F the fixed set Fix?(E), i.e., F equals

Fix(E):={a € E|Vo € G,0(a) = a}.
By the Numerical Fundamental Theorem of Gaois Theory, v: F' — FE is a finite field extension that
is normal, the group G equals Autp(E), and [ E : F'] equals the cardinality of G.

Now consider the set map
B:ExE - ES pB(c,b):ow co(b).

It is straightforward to verify that g is an F-bilinear map and thus determines an F-linear map
T:EerE — E°.

In fact, if we consider E®p E as a left E-vector space via the scaling rule A- (¢®b) := (A¢) ® b, then
T is even E-linear. If we choose a basis (b;);; for £ as an F-vector space, then (1 ® b;);s is an
E-basis for E®p E (with respect to this left E-vector space structure). And if we use the standard
basis e, for E¢, then the matrix of the linear transformation 7" is [0(;)](i o)erxc, 1-€.,

T(leb) = Zéa(bi)eg.

Since we know the E-subalgebras of £, this means that we know the E-subalgebras of F ®p E.
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Corollary 13.1. For the left E-vector space structure on E ®p E, every E-subalgebra of E ®@p E
is of the form T=1(Image(E1)) for a unique partition q: G - ©.

There is a left action of G on the ring F ®p F by F-algebra isomorphisms & defined as follows,
G :FE®prE—>E®rE, 5(c®b):=0(c)®b.

Notice that 7- is not E-linear for the left E-vector space structure on F ®p E, (although it is E-
linear for the right E-vector space structure). There is also a left action of G on E¢ by F-algebra
isomorphisms - defined as follows,

G:EY > EY G-t:two(t(o7'7)).

Proposition 13.2. The F-algebra isomorphism T is left G-equivariant, i.e., T((G-f) equals 3-T( f)
for every o in G and every f in E®p E. Fvery left E-subalgebra of E®p E which is mapped to itself
by every 7 is of the form T-1(Image(E1)) for the quotient q : G — G|H associated to a unique
subgroup H of G.

Proof. 1t is straightforward to verify that T'(G(c®b)), i.e., T(c(c) ®b), is the set map sending each
element 7 to o(c)7(b). But this is the same as o(t(77'0)) where ¢ is the set map p — c® p(b), i.e.,
t equals T'(c®b). Thus T'(G(c®b)) equals 7T (c®b).

By Corollary [12.10] every left E-subalgebra of F ®r E comes from a unique partition ¢ : G — © of
G. And Image(FE17) is spanned by the elements er for elements 1" of the partition. If this algebra
is mapped to itself by @, then in particular 5(er) is contained in the algebra. But this element is
simply e,.7. So for every partition set 7' in O, ¢-T is a union of partition sets in ©. By considering
the minimal partition sets, it follows that the partition is G-invariant. And then by Proposition
there exists a unique subgroup H < G such that the partition © is simply G/H, the set of H-
cosets in GG. Conversely, it is straightforward to verify that for every subgroup H of GG, the algebra
corresponding to the partition G/H is G-invariant. Therefore the G-invariant F-subalgebras of F'¢
are precisely the subalgebras arising from the partitions G/H of subgroups H of G. m

There are also right actions of G on F ®r F and on E¢ by F-algebra isomorphisms defined as
follows,
G:E®rE—>E®rFE, (c®b)-T:=c®ac(bh).

Notice that -7 is left E-linear, but it is not right E-linear. There is also a right action of G on E¢
by E-algebra isomorphisms -G defined as follows,

F:EY > EY t.5:7et(10).
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Proposition 13.3. The E-algebra isomorphism T is right G-equivariant, i.e., T f7) equals T(f)-&
for every o in G and every f in E® E. For every left E-subalgebra B of E®p E which is mapped
to itself by every G-, there exists a unique subgroup H of G such that B equals F ®p FiXH(E).

Proof. Just as in the proof of Proposition [13.2] it is straightforward to check that T is right G-
equivariant (in fact this is even easier than checking that 7" is left G-equivariant). In Proposition
we already characterized the subalgebras B as above as T!(Image(E£?)) coming from the
quotient ¢ : G - G/H for a unique subgroup H. The last step is to observe that F9 is the E-
algebra of all set functions ¢ : G - E which are constant on every fiber of ¢. But since these fibers
are left cosets 7H = {To|o € H}, this is precisely the same as saying that (¢-7)(7) equals ¢(7) for
every ¢ in H. And this is the same as saying that ¢ -7 equals ¢ for every o in H. Using that T is
an F-algebra isomorphism which is G-equivariant, it follows that B is the set of elements,

B={feEe®rENceH, f-5=f)

Choose a basis (¢;);er for E over F. Then every f in F ®p E is of the form

f=Zci®bi

iel

for a unique I-tuple (¢;); of elements in E. And

f-?f: Zci®0(bi)~

iel

Thus f -7 equals f if and only if every o(b;) equals b;. Thus f -7 equals f for every o in H if
and only if every b; is in the fixed field Fix(E). Therefore B is precisely E ®p Fix" (E) for a
unique subgroup H of G, and for every subgroup H of B, F ®p FixH(E ) is a left G-invariant, left
FE-subalgebra of F ®p F. O

Theorem 13.4 (Fundamental Theorem of Galois Theory (redux)). For every finite, Galois exten-
sion of fields, v : F - E, the Galois connection (Fix*(S),Aut,(S)) is an equivalence, i.e., these
order reversing functions between the partially ordered set of subgroups of Autg(E) and the par-
tially ordered set of F-subextensions of E are inverse bijections. Moreover, [E : Fix"'(E)] equals the
cardinality of H for every subgroup H of Autp(FE), and the cardinality of Autp(FE) equals [E : L]
for every F-subextension L of E. Finally, for every F-subextension L of E, the group Autp(L)
is canonically isomorphic to the quotient group Naye.(p)(Autp(E))/Auty(E). Thus, L is itself a
Galois extension of F' if and only if Autp,(E) is a normal subgroup of Autp(E), in which case this
normal subgroup equals the kernel of the restriction homomorphism res? from Autp(E) to Autp(L).
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Proof. Let H be a subgroup of G, and let L be Fix”(E). Let H’ be Auty(E). By definition, H is
contained in H'. Also by definition, L is contained in L’ == Fix" (E). So #H' is > #H and [F: L']
is <[F: L]. And by Theorem [12.9) we have

#H=|E:L|,#H =[E:L'].

Thus #H equals #H', i.e., H' equals H. So Fix*(F) is injective, and Aut,(F) is a left inverse of
this injective map.

For every subextension L of E/F, consider the E-subalgebra By := E®p L of E®p E. The field L
is the set of elements b in E such that 1®b is in By, so the number of subextensions L is no greater
than the number of E-subalgebras By. But By is a left G-invariant, left F-subalgebra of £ @ F.
By Proposition [13.2] the number of such E-subalgebras equals the number of subgroups H of G.
And since Aut,(E) is injective, the number of extensions of the form L = Fix” (E) also equals the
number of subgroups of G.. Therefore every subextension L of E/F is of the form Fix" (E) for some
unique subgroup H of G. So Fix*(F) is surjective. Thus Fix*(E) is a bijection. And since Aut,(E)
is a left inverse, it is the inverse bijection.

It is straightforward to check that both bijections are order reversing. Since they are inverses, it
follows that both are strictly order reversing, i.e., one element is greater than a second element if
and only if the image of the first is less than the image of the second. Thus they strictly reverse
upper bounds and lower bounds, i.e., meets and joins.

Let L be Fix" (E). Since [E: F] equals [E: L][L: F], and since [E: F] = #G and [E: L] = #H,
it follows that [L: F] equals [G : H]. Iterating gives [Fix™ (E) : Fix (F)] equals [H : K].

Finally, let L be Fix"(E). For every o in Ng(H) and for every 7 in H, 7/ = 070! is also in H,
and every 7/ in H arises in this way. Thus for every b in L,

7'o(b) =o71(b) = o(b),

so that o(b) is fixed by every 7/ in H, i.e., o(b) is again in L. Therefore the action of Ng(H)
on F maps L back into itself. So there is a homomorphism from Ng(H) to Autg(L). By the
definition of L, the kernel of this homomorphism is H. Thus there is an injective homomorphism
Ng(H)/H - Autp(L). The claim is that every F-automorphism 6 : L — L is in the image of this
homomorphism, i.e., this homomorphism is an isomorphism.

Every F-automorphism 6 : L - L determines an F-algebra automorphism,
ldpe@l:EFeprL—>FE®prL, c®brc®0(b).

And this F-algebra automorphism commutes with the left G-action by .. Of course we can
recover 6 from Idg ® 6 by applying this to elements of the form 1 ® b. So the number of F-
algebra automorphisms of L is no greater than the number of F-algebra automorphisms of £ ®p L
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which commute with the left G-action. Using 7', every such automorphism is equivalent to an
E-algebra automorphism of the E-subalgebra EG/H of FG which commutes with the left G-action
by &-. By Corollary every automorphism of EG/H is of the form F* for a unique bijection
t: G/H - G/H. Finally, since § commutes with the left G-action on F ®p L, t commutes with
the left G-action on G/H. Thus, by Proposition [5.2] there exists a unique coset koH in Ng(H)/H
such that t(kH) = kkoH for every kH in G/H. Therefore the number of such automorphisms is
bounded by [Ng(H) : H]. But we already produced an injective homomorphism from Ng(H)/H
into the group of such automorphisms. Therefore this injective homomorphism is an isomorphism,
i.e., Aut(L/E) equals Ng(H)/H.

In particular, since [L : F'] equals [G : H], the size of Autg(L) equal [L : F'] if and only if Ng(H)
equals all of G, i.e., if and only if H is normal in G. Therefore, using Theorem [12.9] once more, F
equals Fix*" (") (L) if and only if H is normal in G, i.e., L/F is Galois if and only if H is a normal
subgroup of G. And in this case Aut(L/F") equals Ng(H)/H. O

14 Some results from commutative algebra

To prove some of the standard results about finitely generated field extensions that are not algebraic,
we need to use some results of commutative ring theory of independent importance. We review
some of these from the first semester. For the other results, we give references to the textbook
Commutative algebra by David Eisenbud.

For every infinite field F', since every nonzero polynomial of degree e has at most e roots in F', the
evaluation F-algebra homomorphism from F[t] to F'¥' is injective. The analogue for higher d also
holds.

Lemma 14.1. For every infinite field F', for every positive integer d, the evaluation homomorphism
from F[ty,...,t4] to FF* is injective.

Proof. This is proved by induction on d, with the argument above proving the result for d = 1. By
way of induction, assume d is greater than 1 and the result holds for smaller values of d. Let e be
the largest nonnegative integer such that m(t;,...,ts) has a nonzero coefficient for some monomial
that has t¢ as a factor for at least one < = 1,...,d. If e equals 0, then the polynomial is a nonzero
constant, which has nonzero evaluation for every element in F'¢. Thus, assume that e is positive.

Up to reordering the variables, assume that there is a nonzero coefficient of at least one monomial
that equals t{*---¢;* 't for nonnegative integers ey, ..., e;s 1. Then there exists a unique polynomial
Ge(t1,...,ta-1) such that m(ty,... te1,ta) equals ge(t1,...,t4-1)t5 plus terms whose t;-degree is
strictly less than e. By the induction hypothesis, there exists an element (ay,...,aq41) in F'¢ such
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that g.(a1,...,aq-1) is nonzero, say c. # 0. Then m(aq,...,a4-1,tq) equals c.t¢ plus terms of strictly
lower degree. This is a nonzero polynomial of degree e. Thus, there are at most e roots in F'. Since
F' is infinite, there exists an element a4 in F' that is not a root, i.e., m(aq,...,aq4-1,a4) is nonzero.
This proves the result for d. By induction, the result holds for every positive integer d. O]

Theorem 14.2 (Primitive Element Theorem). For every finite field extension, v : F' - E, that
is normal, for every F-subextension, F — L L E, there exists an element x in L such that F[z]
equals L.

Proof. If F is a finite field, then we even know that for every subfield L, for every generator x of
the finite cyclic group L*, then L equals {0} u{x™|m =0,...,#L-1}. So L equals F[z]. Thus,
without loss of generality, assume that I is infinite.

By the Fundamental Theorem of Galois Theory, there are only finitely many F-subextensions of
E, and these are in bijection with the finitely many subgroups of Autp(F). In particular, there
are only finitely many F-subextensions K of L that are properly contained in L. For each, let
Xk : L = F be a nonzero linear polynomial whose kernel contains K (possibly equal to K). The
product of xg over the finitely many proper F-subextensions K of L is a homogeneous, nonzero
polynomial p in n = [L : F] variables with coefficients in F. By the previous lemma, since F' is
infinite, there exists an element x of L such that p(z) is nonzero. In particular, each of the factors
Xk () is nonzero, so that x is not contained in K for any proper F-subextension K of L. Thus,
F[z] is contained in none of the proper F-subextensions K of L, i.e., F[x] equals all of L. ]

For every finite field extension, v : I’ - E, that is normal, for every field extension, u : F' - L, that
v splits, we have an isomorphism of (left) E-algebras,

T : E®p L - Efemr-aeoF) @ g (00 yo(z)),

where o varies over the finitely many F-algebra homomorphisms from L to E (each of which is an
injective field extension). In particular, since v splits itself, we have the E-algebra isomorphism,

Tow - E®FE N EHomF(E,E).
The set Homp(FE, E) is Autg(E), which is a group under composition of F-algebra automorphisms.

So there is a quite different structure of associative, unital E-algebra on EAutr(E) namely the
convolution product of the group algebra,

(xiomx(o)+ (§:7=8(1) = (o> 35 x(0)8(r)).

(077) ,0OT=p
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For the standard basis elements ¢, for the E-vector space EAUF(E) with d,(0) = 1 and otherwise
d,(7) = 0, these elements are idempotent for the usual commutative F-algebra structure. However,
for the convolution product, for all elements o and 7 of Autp(F), we have

05 * 07 = Ogor-

Of course this associative, unital E-algebra is typically not commutative, so the E-linear isomor-
phisms 77 is certainly not a ring isomorphism (thus not even a ring homomorphism) from the
commutative F-algebra F ®p E. However, there is a natural right module structure on £ ®p E by
the group algebra EAutr(E) for which this is an isomorphism of right modules,

(z®y)*d, =x®0 ' (y).

Altogether, we conclude that this right EAutr(E)_module structure on E ®p E is just a copy of the
right regular representation of EAutF(E) on itself.

This BAutr(E)_module structure on E®p E is the base change by E®r (=) of a right FAuts(E)_module
structure on £,

y* g =0 (y).

Since the £/ F-base change of this module structure is isomorphic to the right regular representation,
it is natural to ask whether E also isomorphic to the right regular representation of FAutr(E) on
itself. This is precisely the statement of the Normal Basis Theorem.

Theorem 14.3 (Normal Basis Theorem). For every finite field extension, v : F' - E, that is
normal, the natural structure of right module on E for FAur(E) by y %6, := o~ (y) is isomorphic to
the right reqular representation of FAUF(E) on itself, i.e., there exists an element y in E such that
the F-linear transformation FAr(E) » E sending each §, to o= (y) is an isomorphism.

Proof. In case there is an a priori description of the right FAutr(E)-modules, we can try to prove
this by base change. For instance, since the base change of the right FAutr(E).module F with
respect to the faithfully flat morphism FAutr(E) - pAute(E) ig a free right EAU(E)-module (of rank
one), in particular it is flat as a right module. Hence also E is flat as a right FAut#(E)-module.

Also, for all FAutr(E)_modules M, the dimensions of the F-vector space Tor groups and Ext groups
of M and E over FAutr(E) equal the dimensions of the corresponding E-vector space Tor groups
and Ext groups for the base change modules of M and E from FAutr(E) to FAutr(E)  Often
this is enough to prove that the right FAutr(®).module structure on E equals the right regular
representation of FAutr(E) on itself. Later, after studying representations of finite groups, we will
see this works whenever F' is a characteristic 0 field, or even just if the characteristic does not
divide [E : F]. Using the explicit description of irreducible representations of the symmetric and
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alternating groups via Young symmetrizers, Specht modules, etc., it works in all characteristics if
Autp(FE) is a symmetric group or alternating group (this is the “generic” situation in an appropriate
sense). Also, this method works if Autp(F) is an Abelian group.

If Autp(E) is an Abelian group, then FAutr(E) is a commutative F-algebra that has finite dimension
as an F-vector space. As proved earlier, every such algebra has a finite decomposition as a product of
finite commutative F-algebras that are local Artinian rings. To prove that a module is isomorphic
to the right regular representation for the product ring, it is equivalent to prove that for each
factor ring, the base change of the module over the factor ring is isomorphic to the right regular
representation of the factor ring. Since E is a flat FAutr(E)_module, the base change for each factor
ring is flat as a module over that factor ring. Since the dimension as an F-vector space is finite,
each of these flat modules is also finitely presented. Every finitely presented, flat module over a
local Artinian commutative ring is free of finite rank, by Nakayama’s Lemma. Of course the rank
times the F-vector space dimension of the local Artinian ring equals the F-vector space dimension
of the base change module. Since the E-vector space dimensions of the E/F-base changes of the
local Artinian ring and the module equal the F-vector space dimensions of the original modules,
the rank is invariant under F/F-base change. Since E ®r F is a free EAU(F)-module of rank 1,
also each base change of E by the factor rings of FAutr(E) are free modules of rank 1. Thus, E is a

free FAutr(E)_module of rank 1.

If F is a finite field of cardinality ¢ = p¢, then for every field extension E/F of finite degree [F : E] is
a normal extension with Abelian (even cyclic) Galois group. Thus the argument above proves that
the right FAutr(E)_module E is isomorphic to the right regular representation of FAutr(E) on itself.
Hence assume that F' is infinite. The goal is to prove that for some element x in the d-dimensional
affine space E over F', the determinant of the F-linear transformation from the d-dimensional F-
vector space FAutr(E) to the d-dimensional F-vector space E sending each element (x : o — x(0))
t0 ¥peautp(my X(0) -0 (x) is an isomorphism. Up to choosing F-vector space bases for FAuts(E) and
E, this linear transformation is a d x d matrix whose entries are F-linear functionals applied to
the element = in the F-vector space E. Thus, the determinant is a homogeneous polynomial of
degree d with coefficients in F' on the d-dimensional affine space E over F. By hypothesis, after
we base change from F' to E, there does exist an element in F ® p E making the matrix invertible.
Thus, the base change of the polynomial is not identically zero, i.e., the coefficient of at least one
monomial is nonzero. Since the homomorphism from F' to E is injective, this coefficient of the
F-coefficient polynomial on E is also nonzero. Since the field F' is infinite, by Lemma [14.1] there
exists an element x in £ on which the polynomial is nonzero. Therefore there exists x in E such
that the F-linear transformation is invertible. O

Remark 14.4. For finite fields there is a much sharper version proved by Hendrik Lenstra and
René Schoof.
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Theorem 14.5 (Hilbert Basis Theorem). For every commutative ring R that is Noetherian, for
every finitely generated ring extension, u: R — S, also S is Noetherian.

Proof. By induction, it suffices to prove that R[¢] is Noetherian. Let I be an ideal in R[¢]. If I is
the zero ideal, then it is finitely generated by 0. Hence assume that I is nonzero. Let J be the ideal
of R generated by all leading coefficients of elements of I. Since R is Noetherian, the generating
set of I consisting of leading coefficients has a finite subset that generates, i.e., there exist elements
fi,---, fn whose leading coefficients generate J.

Let d be the maximum of the finitely many nonnegative integers d; = deg,(f;). The R-submodule
R[t]<q-1 of all polynomials with degree < d is a finitely generated R-module generated by 1,¢,... ¢4
Since R is Noetherian, the R-submodule I n R[t]<41 is also finitely generated as an R-module, say

by g1,---59m-

The claim, to be proved by induction on the degree e of h, is that for every element h of I, this
element is in the subideal I’ that is the R[t]-module generated by fi,...,f, and g1,...,gm. If €
is <d-1, then h is in I N R[t]<4_1, hence it is in the R-module generated by ¢i, ..., gmn. Thus, by
way of induction, assume that e > d and the result is proved for all elements of I that have strictly
lower degree.

The leading coefficient of h is an element of J. Since J is generated by the leading coefficients of
fi,- -+, fn, then there exist elements rq,...,r, of R such that the leading coefficient of h equals the
leading coefficient of the following element of I’

Tlte_dl f1 + 0+ T’nte_d" fn

Thus the difference is an element of I that has strictly smaller degree. By the induction hypothesis,
this difference is in I’. Thus also h is in ['. O

Corollary 14.6. For every commutative ring R that is Noetherian, every finitely generated R-
algebra is also finitely presented.

Proof. Every finitely generated R-algebra S is a quotient of a polynomial R-algebra R[ti,..., ]
by an ideal I. By the Hilbert Basis Theorem, the ring R[t1,...,,] is Noetherian. Thus [ is finitely
generated. O]

The next result is most often paired with the Rabinowitsch trick to prove the Strong Hilbert
Nullstellensatz (a characterization of radical ideals in finitely generated algebras over a field).
Since our application here does not need the Strong Hilbert Nullstellensatz, we stick with the Weak
Hilbert Nullstellensatz.
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Theorem 14.7 (Weak Hilbert Nullstellensatz). For every field extension u: F - E, the field E is
finitely generated as an F-algebra if and only if w is finite.

Proof. 1f u is finite, then every finite set of generators of £ as an F-module gives a finite set of
generators of E' as an F-algebra. Next, assume that F is finitely generated as an F-field extension
(not necessarily as an F-algebra). Among every finite generating set as a field extension, there
exists a finite transcendence basis. If the transcendence basis is empty, then FE is algebraic over
F, and thus finite over F' (since the field extension is finitely generated). Thus, without loss of
generality, assume that E has a nonempty, finite transcendence basis, say {t1,...,t,}.

By hypothesis, E is finite as an extension of F'(¢y,...,t,), i.e., it is a vector space over this field that
has finite dimension d. For every basis for this vector space, each element of E has a representation
as a d x d matrix with entries in this field. In particular, for every finite generating set of F as an
algebra over F'(ti,...,t,), each of the elements of the generating set gives a d xd matrix that has d?
entries. Each entry is a fraction of elements in F[tq,...,t,]. Thus, there is a common denominator
g(t1,...,t,) for the entries of all of these finitely many matrices. So the F-subalgebra generated by
these elements is contained in the finitely generated F-subalgebra F[t1,...,t,][1/g]. However, the

nonzero element 1+t1g(ty,...,t,) is not invertible in this F-algebra. So the F-subalgebra generated
by these finitely many elements does not contain all of F'(¢1,...,t%,), hence it does not equal FE.
Therefore E is not finitely generated as an F-algebra. m

The next result is the Normalization Theorem of Emmy Noether. The formulation here is the one
from the book Commutative algebra by David Eisenbud.

Theorem 14.8 (Noether Normalization Theorem, p.287 of Commutative algebra). For every field
F and for every finitely generated F'-subalgebra R of its fraction ring E, for every chain of ide-
als A1 ¢ -+ ¢ Ay, such that the (Krull) dimensions dy of the quotient rings R, form a strictly
decreasing sequence, dy > --- > d, > 0, there exists a (finite) subset {t1,...,tq} of R such that R

is integral (hence finite) over F[ti,...,tq] (so that also this is a transcendence basis for E over
F) and such that the ideal Ay 0 F[ty,...,tq] in F[tq,... tq] equals the ideal (t1.q,,. .., ta) for every
{=1,....,n. If R is Zso-graded and each ideal A, is homogeneous, then the elements t; can be
chosen to be homogeneous. If the field E is infinite, and if s1,...,S, 1S a generating set for R as
an E-algebra, then the elements ty,...,ty, can each be chosen to be a k-linear combination of the
elements s1,...,Sm.

One of the main corollaries of the Noether Normalization Theorem is the following finiteness the-
orem whose proof uses finite Galois theory. Returning to the subject of invariant subrings, the
corollary below is one of the key ingredients in the proof of finite generatedness of the invariant
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ring for an algebraic action of a geometrically reductive group scheme on a finitely generated al-
gebra over an excellent Noetherian ring (due, altogether, to Gordan, Haboush, Hilbert, Mumford,
Nagata and Seshadri). Our application of this theorem is to a result about finitely generated field
extensions that are not finite so the logic is not circular. Our development of finite Galois theory
never uses the Noether Normalization Theorem, and we will complete the proof of the corollary
after proving the Fundamental Theorem of Galois Theory.

Corollary 14.9 (Emmy Noether, p. 297 of Commutative algebra). For every finitely generated
field extension, u: F - E, for every finitely generated F'-subalgebra R of E such that E is a finite
extension of Frac(R), the integral closure of R in E is a finite extension of R, hence a finitely
generated F'-algebra.

Proposition 14.10. For every finitely generated field extension w : F — FE, for every finitely
generated F-subalgebra R of E, the integral closure of R in E is a finite extension of R, hence a
finitely generated F-algebra.

Proof. This is the same as the previous corollary when FE is a finite extension of the fraction field
L of R. Thus, assume that F is a finitely generated extension of L that is not a finite extension,
i.e., the transcendence degree is at least one.

Since E is a finitely generated field extension of L, there exists a finitely generated R-algebra S
such that F is the fraction field of S. Since also R is a finitely generated F-algebra, also S is a
finitely generated F-algebra. By the previous corollary, the integral closure of S in £ is finite over
S, hence finitely generated over R. Replace S by this integral closure, so that now S is integrally
closed in E.

Also the finitely generated L-algebra L®g S, i.e., the localization of S at the multiplicatively closed
set R~ {0}, is integrally closed in E. Thus, L ®g S contains the algebraic closure L of L in FE.
Since E has positive transcendence degree over R, the algebra L ® g .S is not a field.

Since the integral domain L ®z .S is not a field, every maximal ideal m of L ® z .S properly contains
the zero ideal. Therefore, the residue field (L ®x S)/m is a field extension of L that is finitely
generated as an L-algebra. Thus the residue field is a finite field extension of L by the Weak
Hilbert Nullstellensatz. As a subextension of this finite field extension, also the algebraic closure
L of L in E is a finite field extension of L. Now, by the previous corollary, the integral closure of
R in this finite field extension L of its fraction field L is a finite extension of R. O

Corollary 14.11. Every subextension of a finitely generated field extension is also a finitely gen-
erated field extension.

Proof. Let uw : F - E be a finitely generated field extension. For every subextension L, there
exists a finite transcendence basis ti,...,t, for L over F' (by the Steinitz — MacLane Exchange
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Theorem). This transcendence basis gives an isomorphism of the polynomial ring F[tq,...,t,]
with an F-subalgebra R of L. By the previous proposition, the algebraic closure Frac(R) in E of
the fraction field Frac(R) is finite over Frac(R). Since t1,...,t, is a transcendence basis for L over
F, the extension L is algebraic over Frac(R), hence it is contained in Frac(R). As a subextension
of a finite field extension, L is also a finite extension of Frac(R). Thus L is a finitely generated
extension of F'. O

One of the key consequences is the following.

Corollary 14.12. For every field F, for every finitely generated F-algebra S that is a unique
factorization domain, for every subgroup G of the group Autp_aig(\S), not necessarily finite, there
exists a nonzero G-invariant element s of S and a finitely generated F-subalgebra R of Fix”(S[1/s])
whose fraction field inside Frac(S) equals Fix°(Frac(S)). Moreover, we can assume that R is
integrally closed in S[1/s].

Proof. By the previous result, Frac(.5)¢ is a finitely generated extension field of F'. Thus, there exist
finitely many nonzero elements that generate the field. Since S is a unique factorization domain,
each of these elements is of the form ¢;/s; for unique nonzero elements ¢; and s; in S that have no
common factor. Thus, for every element o in G, since t;/s; equals o(t;)/o(s;), also s; equals o(s;).
Let s be the product of the finitely many denominators s;. Let R be the F-subalgebra of S[1/s]
generated by the finitely many elements ;/s;. By construction R is contained in Fix“(S[1/s]) and
Frac(R) equals Fix“(Frac(S)). Since the integral closure of R in S[1/s] is finite over R, we may
replace R by the integral closure of R in S[1/s]. O

Hilbert asked whether it might be true that the F-algebra Fix“(S) is finitely generated, at least
when G is a linear algebraic subgroup of Autx(.S). Miyanishi Nagata gave the first counterexamples.
However, through the combined results of Paul Gordan, William Haboush, David Hilbert, David
Mumford and Miyanishi Nagata, this is true when G is a linear algebraic group that is reductive.
One of the first results along these lines is due to Emmy Noether, and was an early application of
the notion of Noetherian rings.

Proposition 14.13. For every finitely generated ring extension, u: R — S, for every R-subalgebra
T of S such that S is finite over T, there exists a finitely generated ring R-subalgebra T" of T such
that S is finite over T'. If also R is Noetherian, then T 1is finitely generated over R.

Proof. Each of the finitely many generators satisfies a monic polynomial with coefficients in 7', and
there are only finitely many such coefficients. Thus, the R-algebra T" generated by all of these
coefficients is a finitely generated R-algebra, and S is already finite over 7”. If R is Noetherian,
then 7" is also Noetherian by the Hilbert Basis Theorem. Then T is a T’-submodule of the finitely
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generated T"-module S. Thus T is also a finitely generated 7”"-module, i.e., T" is finite over 7”. In
particular T is finitely generated over 7". Since both R — T" and 1" — T are finitely generated,
also R — T is finitely generated. O

Corollary 14.14 (Emmy Noether). For every Noetherian ring R, for every finitely generated ring
extension, u : R — S, for every finite subgroup G of Autr_ag(S), also the fized R-subalgebra
Fix?(S) is a finitely generated R-algebra.

Proof. Every element s of S satisfies the monic polynomial [ ,(t - g-s) whose coefficients are
elementary symmetric polynomials in the finite set I'- s, hence I'-invariant. Thus S is integral over
ST. Now apply the previous result. O

15 Unramified extensions

Definition 15.1. A nonzero, commutative ring R is a local ring if R has a unique maximal ideal
m. A local ring R is Henselian, or a Hensel ring, if (and only if) every finite R-algebra S has
a finite decomposition, S % [T .5 Sy, where each S, is a local ring (if S is the zero ring, this is the
empty decomposition).

Lemma 15.2. For every Henselian local ring R, every local ring S that is a finite R-algebra is also
a Henselian local ring.

Lemma 15.3. For every Henselian local ring R, for every monic polynomial m(t) in R[t], and
for every root xy in k := Rj/m of the image mo(t) in k[t] such that m{(zo) is nonzero, i.e., xy is
a simple root of mo(t), there exists a root x of m(t) in R whose image in k equals xqg, and x is
unique. More generally, for all monic polynomials fo(t) and go(t) in k[t] that are relatively prime
and such that my(t) equals fo(t)go(t), there exist unique monic polynomials f(t) and g(t) in R[t]
mapping to fo(t) and go(t) such that f(t)g(t) equals m(t).

Theorem 15.4. For every local ring R, the local ring is Henselian if and only if, for every monic
polynomial m(t) in R[t] and for every simple root xq in k of the image mq(t) in k[t], there exists
a root x of m(t) that maps to xy.

Lemma 15.5 (Hensel’s Lemma). For every local ring R, for every monic polynomial m(t) in R[t],
for every root x. of m(t) in R/m'*¢ whose image xo in R/m =k has m{(zo) nonzero, there exists
a unique root Tery of m(t) in R/m2*¢ w whose image in Rjm'*¢ equals x..

Definition 15.6. For every local ring R, the m-adic completion of R is the inverse limit ring
R:= 1(£n R/m!e. For every local ring R, the ring R is m-adically complete if (and only if) the

natural ring homomorphism from R to R is an isomorphism.
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Corollary 15.7 (Hensel’'s Lemma, IT). Every complete local ring is Henselian.

Theorem 15.8 (Krull Intersection Theorem). For every Noetherian local ring R, for every finitely
generated R-module M, the common intersection in M of mi*eM over all positive integers e is the
zero submodule. In particular, the ring homomorphism from R to R is injective.

Exercise 15.9. Let R’ be C[2Y™ :m € Zy]/(zY/™ - (21 (")) 2 (r,s) € Zsy). There is a C-algebra
homomorphism from R’ to C that maps 2%/™ to 0 for every m in Zs;. Let R be the localization of
R’ at the corresponding maximal ideal. Prove that the maximal ideal m of R equals its own square
ideal, m?, hence equals m!'*¢ for every positive integer e. Thus, one cannot drop the hypothesis
that R is Noetherian in the statement of the Krull Intersection Theorem (although the theorem
does hold for a wider class than Noetherian local rings).

Exercise 15.10. Let R be the localization of the C-algebra C[s,t]/(t? - s?(1+s)) at the kernel of
the C-algebra homomorphism to C sending both s and ¢ to 0. Prove that R is a Noetherian local
ring that is an integral domain, yet the completion R is not an integral domain. However, if R is
a regular local domain, then so is R, so that both R and R are integral domains.

Definition 15.11. For every Noetherian local ring R, an element z in R is Henselizable over R if
(and only if) x is contained in an R-subalgebra S of R that is finitely presented, flat and separable
over R. The set of all such elements in R is the Henselization of R, denoted R".

Proposition 15.12. For every Noetherian local ring R, the Henselization R" inside R is a Noethe-
rian local ring with mazimal ideal equal to mR" = i 0 R" and residue field equal to R/m = R/f.
The local ring homomorphism R < R" is flat and separable (typically not finitely presented). The
Noetherian local ring R" is Henselian. Every local homomorphism from R to a Henselian local ring
factors uniquely through R = RM. If R is an integral domain, then the F-algebra F ®x R is a finite
product of field extensions (F ®g E)n of F, and the F-subalgebra F ®p R" is the corresponding finite
product of the separable closures of F' in each (F ®r E)n If R is a regular local ring, then so are
R and R".

We record here the main theorem comparing the Henselization to the completion. The original
version is due to Michael Artin. The version below uses the amazing theorem of Dorin Popescu, as
applied by Brian Conrad and Johan de Jong, to weaken the original hypotheses.

Theorem 15.13 (Artin Approximation Theorem). For every Noetherian local ring R that is ex-
cellent, for every finite collection fi,..., f. of elements in R[t,...,t,], for every ordered n-tuple
(F1,...,Tn) of elements in R such that (f1(Z1,.... %)y, fo(F1s. .. 7)) equals (0,...,0), for
every nonnegative integer e, there exists an ordered n-tuple of elements (x1,...,2,) in R" such
that (fi(x1,...,20), o, fe(x1, ... 20)) equals (0,...,0) and T; — x; is contained in m*¢ for every
1=1,...,n.
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Remark 15.14. In particular, for every Noetherian local ring R that is excellent, it follows that
R" is simply the set of all elements of R that satisfy a (not necessarily monic) polynomial in R[t].
Please note, when R is also an integral domain, this means that the image of F'®z R" in each
F-extension (F ®g E)n is the full algebraic closure of F ®p R", i.e., the separable closure of F
in (F ®g R), is already algebraically closed in (F ®g R),. This is one of the main criteria for
distinguishing excellent Noetherian rings from more general Noetherian rings.

Proposition 15.15. For every Henselian local ring R, for every finite, separable field extension k
of the residue field k, there exists a local homomorphism u: R — S that is finite faithfully étale and
a surjective isomorphism of R-algebras, ¢ : S/msS >k, and the pair (u:R—S,¢) is unique up to
unique isomorphism. In particular, if k is a finite, Galois extension of k, then the homomorphisms
Autr(S) = Auty(k) and Autr(S) — Autp(S®grF) are both isomorphisms. There exists an algebraic,
Galois field extension F™ of F' that is a filtering union of all such finite, Galois extensions S r F’

and whose Galois group is naturally isomorphic to the Galois group of k*¢P[k, the separable closure
of k.

Corollary 15.16. For every prime integer p(> 1) and for every positive integer e, for the unique
Henselian discrete valuation ring R with maximal ideal pR that is integral over Z,z and with residue
field R[pR = F,, the absolute Galois group of F surjects onto the absolute Galois group Z of F,.
This group is a topologically cyclic group, isomorphic to the profinite completion 7 of Z, with the
image of Frob® one topological generator. The corresponding algebraic, Galois field extension F™
of F' s the filtering union of fraction fields of finite faithfully étale R-algebras that are integral
domains. All of this persists upon replacing R by the completion R.

Remark 15.17. In his doctoral thesis, Serge Lang proved that Q3" is a quasi-algebraically closed
field in the sense of Emil Artin.

16 Tamely ramified extensions

Lemma 16.1. For every Henselian discrete valuation ring R, for every generator m of the unique
maximal ideal m, for every positive integer d that is not divisible by char(k), the characteristic of
the residue field, the R-algebra R[w'/¢] = R[t]/(t? - 7} is an R-algebra that is a free R-module of
rank d and that is a local ring with unique mazimal ideal 7'/ R[wY/4] and with residue field k.
The field extension F ®r R[7'/?] of F' is separable of degree d. If there exists a primitive d™-root of
unity in k, then this is a finite, Galois field extension whose Galois group is naturally isomorphic
to the group g of d*-roots of unity in R.

Definition 16.2. For every integer ¢ that is either 0 or a prime integer p(> 1), the subset Z;‘i) of
(0)

51 equals all of Z;, and Zg) equals

7 consists of all integers d that are not divisible by ¢, i.e., Z
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the subset of Z; of all integers d that are prime to p. For every Henselian discrete valuation ring R
with unique maximal ideal m = 7- R and with residue field k, for all elements d and e of Z{T**®)  the
associated R-algebra morphism from R[7!/?] to R[x!/(4¢)] is the unique R-algebra morphism
@2, that sends 71/4 to (7'/(@))e. The colimit over all d in Ziclhar(k)) of R[w'/?] is the maximal
tamely ramified extension of R, denoted Rt¥me.

Proposition 16.3. For every Henselian discrete valuation ring R with unique mazximal ideal m =
7+ R and with residue field k that contains a primitive d*-root of unity for every positive integer
d that is not divisibly by char(k), the maximal tamely ramified extension R'™¢ is a flat, integral
R-algebra that is a local ring. The field extension F'®g R of F' is an algebraic, Galois extension

with Galois group naturally isomorphic to fi(cher(k)) ' the inverse limit over all d in Z;har(k)) of lq.

Corollary 16.4. Let k be the algebraic, Galois extension Ugez,, Q(pa) of Q with Galois group 7~
acting on each subextension Q(ug) through the quotient (Z]dZ)* sending each generator ¢ of g
to [e] - :=(c Let R be the Henselization of the local k-algebra k[7]xy. Then the fraction field
F ®r R 4s an algebraic, Galois extension of F with Galois group fi. In particular, this is an
algebraic, Galois extension of the Henselization of Q[7]zy. The Galois group fits into a short exact

sequence, B
{1} > i > Aut > Z* - 0,

where the outer automorphism group action of each (Z[dZ)* on uq is as described above.

Corollary 16.5. For each prime integer p(> 1) and positive integer e, let k be the algebraic closure
Udezﬁ’{)Fq[Md] of B, with Galois group Z - Frob® acting on By 4] through the quotient (Z/rZ)- Frol®,
where r is the multiplicative order of ¢ modulo d. Let R be either the Henselization of k[7]y or the
unique algebraic, flat, separable extension of Z,z that is Henselian with residue field k. Then the
fraction field F ® g Rt is an algebraic, Galois extension of F with Galois group 1iP). In particular,
this is an algebraic, Galois extension of the Henselization of Fy[]ry, resp. of the unique, degree-e,
flat, separable extension of the Henselization of Z,z that is an integral domain. The Galois group
fits into a short exact sequence,

{1} - i) - Aut - Z- Frob® - 0,

where the outer automorphism group action of each (Z[rZ)- Frob® on g4 is as above, i.e., [m]Frob®
sends each element C of pg to (7.

The most important theorem about the maximal tamely ramified extension is the following very
important theorem, absurdly named Abhyankar’s Lemma.
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Theorem 16.6 (Abhyankar’s Lemma). For every Henselian discrete valuation ring R with unique
mazximal ideal m = 7w - R and with residue field k = R/7 - R that is separably closed, every separable
field extension of F' whose degree is not divisible by char(k) is a subextension of the fraction field
extension of R = R[n'/?] for some positive integer d that is not divisible by char(k).

In particular, this generalizes the following characterization of the algebraic closure of the charac-
teristic zero Laurent series field.

Theorem 16.7 (Newton-Puiseux Theorem). For every Henselian discrete valuation ring R with
unique maximal ideal m = 7w+ R and with residue field k = R/m - R that is an algebraically closed
field of characteristic zero, the algebraic closure of the fraction field F of R equals the fraction field
F ®g R'"¢ of the mazimal tamely ramified extension Ugez,, R[7'/4].

Proof. Let m(t) be a degree-d, monic, irreducible polynomial in F[t]. The goal is to prove that
the image of m(t) in (F ®g R[m!/™]) factors as a product of linear factors for some positive integer
m.

Since char(k) equals 0, or more generally if d is invertible in F, we can perform a linear change
of variables t = t — (¢1/d), called a Tschirnhausen transformation, such that the coefficient of ¢4-1
becomes zero. Up to clearing denominators, the monic polynomial now equals cj'(cot? + cot?2 +
o+ cq1t + ¢q) for elements ¢, in R such that ¢q = m¢ for some integer e > 0, and such that the
minimum of the m-adic valuation val;(¢,) equals 0, for those ¢ with ¢, nonzero.

If every ¢, equals 0, then this polynomial already factors into a product of linear terms in F[t],
e.g., it equals a nonzero constant time t¢. Thus, assume that ¢, is nonzero for some £=2,...,d. In
particular, assume that d > 2.

There exists some nonnegative integer r such that e+r is divisible by d, i.e., e+r equals df for some
nonnegative integer f, and such that also r > ((d — ¢)e — dval.(cy))/l for every integer £ =2, ... d
with ¢, nonzero. Setting s = 7/¢, then we can rewrite this monic polynomial in ¢ as ¢;'7" times
the monic, irreducible polynomial 7 (s) = s¢ + bys?2 + -+ + by_15 + by in R[t], where now val,(b,) is
nonnegative for all £ =2,..., d such that b, is nonzero.

Let v be the minimum of val(b,)/¢ over all £ =2, ... d such that b, is nonzero. Let m be the least
positive integer such that v equals val,(b,,)/m. Since m is not divisible by the characteristic of k,
we can extend from the Henselian discrete valuation ring R to the Henselian discrete valuation ring
R[m/m]. After the substitution s = wvu = (7!/m)val=(bm)y we can once again change coordinates
so that the monic polynomial equals a nonzero constant times a monic polynomial m(u) = u? +
apu®2 + -+ + ag_1u + ag in R[7'/™][u] where now the 7!'/™-adic valuation of a, is nonnegative for
every £ = 2,...,d such that a, is nonzero, and also the w1/m-adic valuation of a,, equals 0. Thus,
the image of this polynomial in k[u] has the form u? + @u?=2 +--- + @4 1u + a4, and a,, is nonzero.
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In particular, this polynomial is not of the form (u - A)4, i.e., a single linear polynomial repeated
d times. Therefore the reduction is of the form f(u)g(u) for monic polynomials f(u) and g(u) in
k[u] of positive degree that are relatively prime.

Since R[7w!/*] is a Henselian discrete valuation ring, there exist unique monic polynomials f(u) and
g(u) in R[xYm][u] with f(u)g(u) = ud+ad=2+---+as u+ay and with images f(u) and g(u) in k[u].
Since the image of m(t) in R[x/¢][t] factors as a product of relatively prime, monic polynomials of
positive degree strictly less than d, we can now repeat with these factors. Therefore, by induction
on the degree d, for every positive degree polynomial in R[], there exists an integer n not divisible
by char(k) such that the image of the polynomial in R[7'/][t] factors into a product of linear
polynomials. [

Corollary 16.8. For every algebraically closed field k of characteristic 0, one algebraic closure of
the field k (t) of Laurent polynomials with coefficients in k is the field Uz, k (t'/4) of Puiseuz
series with coefficients in k. This is an algebraic, Galois extension of k (t)) whose Galois group
equals i, the inverse limit over all positive integers d of the group ug of d™-roots of unity in k.

17 Wildly ramified extensions

Here we say very little. For local p-adic fields K, e.g., finite extensions K of the fraction fields
Q, of the complete discrete valuation rings Z, of p-adic integers, there is an explicit description of
the inertia group, i.e., the Galois group of an algebraic closure of (Q)")'*™¢ as an infinite iterated
extension of copies of Z/pZ. In particular, every finite Galois extension L/K with Abelian Galois
group is determined up to isomorphism by the image in K* of the norm map on L*. Once we
pass to (K™r)tame these subgroups land in the infinite p-group Udezgﬁ)(l + pYeR[p'/4]). So the
Abelianization of the Galois group is an infinite p-group, and local class field theory gives a natural
filtration on this group whose associated graded pieces are explicitly known. Similarly, for the
tamely ramified extension U dezgqﬁzo (tY/4) of the Laurent series field F, (¢)), every finite group that

is generated by its p-Sylow subgroups is a quotient of the absolute Galois group. In fact, by the
proof of Abhyankar’s Conjecture by Michel Raynaud and David Harbater, every such group is
already the Galois group of a finite faithfully étale extension of the polynomial ring F,[¢].
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