Name: Problem 1: /25

Problem 1(25 points) In each of the following cases, for the given finite extension F//E and the
given element o € F', find the degree of o over E and find the minimal polynomial of o over E.

(a)(5 points) E = Q, F = Q[v7)], a=1/(1 + V7).
(b)(10 points) E = Q, F = Q[v/3], a =1 - v/3 + (v/3)%
(c)(10 points) E = F3, F =F3[t]/{(t? + 1), a =t + 1.
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Name: Problem 2: /35

Problem 2(35 points) Let E be a field of characteristic # 2. Recall that for elements D;, D, € E*
such that D;, Dy and D;D, are all non-squares, the field extension F' = E[\/D;, /D] is called a
biquadratic extension.

(a)(10 points) Prove that there are unique automorphisms o, and o, of F fixing E and such that

A B D T
JiF = Dy

(b)(15 points) Find the fixed subfields of each of the following four groups of automorphisms of F:
{1) 01}7 {17 0-2}7 {1a 0-102} and {1) 01,03, 0102}'

(c)(10 points) Prove that F/E is a Galois extension with Galois group {1, 01,09, 0102} (you may
cite any of the theorems from lecture or the book, but please clearly state any theorem you use).
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Name: \/ Problem 2 continued
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Name: Problem 3: /40

Problem 3(40 points) You may use the previous problem to solve this problem (even if you did
not solve every part of the previous problem). Let F//E be a biquadratic extension, let a,b € E
be elements such that b is a non-square element and such that a + v/b is not a square in E[\/E]

Assume that F contains o = Va + /D, i.e., suppose that the polynomial (y®> — a)®> — b € E[y] has
a linear factor in F'

(2)(10 points) Let L be any field of characteristic # 2, let u be a non-square element in L, and let
v in L be an element which has a square root in L[ /u]. Prove that there exists an element w in L
such that the square root is either of the form w or wy/u. In particular, either v or v/u is a square
in L.

(b)(10 points) For the element vb = o — a in F, use Problem 2 to identify the possibilities for
the subfield E[v/b] of F. Using (a) if necessary, conclude that F is of the form E[v/b, /c] where ¢
is an element of E such that ¢ and bc are both non-squares.

(c)(10 points) Next set L to be E[v/b], set u to be ¢ and set v to be a + v/b. Conclude that a is of
the form s\/¢ + tv/be for s, t in E.

(d) Finally, use (c) to compute that the product aoy(a)os(a)oi02(a) is a square in E. Since also
there is a factorization, :

(212 i a)z —b=(y —a)(y — 010)(y — 020)(y — 010200),

conclude that a® — b is a square in E. Thus E[v/a+ V0] is a biquadratic extension of E only if
a®? — b is a square in FE.

Extra Credit.(5 points) Prove the converse: if b is a non-square, if a-++/b in E[v/b] is a non-square,
and if a® — b is a square in E, prove that E[v/a + v/b] is a biquadratic extension of E.
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Name: Problem 3 continued
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