
Name: _ Problem 1: /25-------

Problem 1(25 points) Let p be a prime. Consider the polynomial Jp(x) = xp-1 -1. Every integer
al relatively prime to p satisfies Jp (al) 0 (mod p) by Fermat's Little Theorem.
(a)(lO points) Show that J;(al) =f=. 0 (mod p). In fact find an integer-coefficient polynomial
g(y) such that for every prime p and for every integer al relatively prime to p,

for u = g(al).
(b)(15 points) For every integer al relatively prime to p, show that there exists an integer a2 such
that both

(i) a2 - al (mod p), and

(ii) Jp(a2) - 0 (mod p2).

In fact find an integer-coefficient polynomial hp(Y) (depending onp) such that for every integer
al relatively prime to p, a2 = hp(al) satisfies (i) and (ii).

Bonus Problem. Only attempt after solving the rest of the exam.(5 points) Find an
integer-coefficient polynomial kp(Y) (depending onn p) such that for every integer al relatively

. prime to p, a3 = kp(al) satisfies (i) and satisfies Jp(a3) _ 0 (mod p3).

ITa~Since d. *- 0 (mod p) by Fermat"s Little Theorem a;-l.:: 1 (171oJ P).
AnJ the de,.ivative f:(~l etl(ais (p-lll-2., Thr.u f:Ca,l= (p-l)a:-t= -a~z(/JIoolpl
Therefore, for ~(y) = -1\, i.e., for 1(= - aJ ,'We have. ufp'ca.);;(-W;j

P-I
fil'\1 ': + a, == + 1(1'11'" p)illBy Hens et -:s L emma the~e exists an irde,er d2 satis I} i~ Ci)f. (I'i),'

Moreover Hense,t,s Lemma :)cves a formula tor at. I
a2. = a1 -uflDca1J = a, - {-at)(a~·2-1)=a, +a.{a~"1-1J= a, + a.p- a. = a: I

So for [hp(Y>=YP}, a2=h,ca,l=ai SdtisTies (i) and. riiJ, -!

." (pe-2).
Bon£(s The. c.1aim, proveJ. ~y i"J.",hon 011 e~ (5 thaf ae = a, sat,st~s
(t) a,~a, (mol. pl. ana (iiJfllJii.O (If)oelpe.J. Tbe arJ"ttle-t ~btJve Fro~s the
c.1.aim for e A 2.. S"0 assUwe lhe reseAll holrls ftJr d F,..xtJ Ynfeyr e.) tfJ piuT;r,JA'
_ ae a-a:: u(moJ rJ. The.n HenStI'.52 Lem",a JiVt.$ a torm"J,a tor an ,-nte:Jt' ,;Jet I
wH~ lil 3e .•: ade (m.J pe.), aflJ (ii) (, (ae •.) i!0 eM-' pe.l)~ namely (e)/ 0_

I , e-. ( e-~ P S l.b C<.(J'a = a - (-a )'a'· -1)=d +at-ae-== a = (a'P J p. a P P::;. a 0 ~ t IIfet, e e. \1 e e e I ,.. I " •

is pro'led by intLu.c.tiofl. I,. particuJ.ar, "ey):::. yC ~ J d;S = @J".



(b)(10 points) Find a degree 3, monic polynomial c(x) with rational coefficients such that c(a) = O.

(c)(5 points) Explain why your polynomial c(x) is irreducible as a polynomial with rational coef-
ficients.

(d) (5 points) Determine whether or not a is an algebraic integer.

(e)(l0 points) Find a rational-coefficient, degree 2 polynomial g(y) such that l/a equals g(a). Is
a a unit, i.e., is l/a an algebraic integer?

Bonus Problem. Only attempt after solving the rest of the exam.(10 points) Let t be an
integer with It I > 1 and such that t is not divisible by p3 for every prime p, i.e., t is cube free. List
all such integers t for which a = 1 + 0 + (0)2 is an algebraic integer whose inverse 1/ a is also
an algebraic integer.

(a) For a Q-ve~for space V with orJ.ereJ. basis B=(Ibj.""'Jlbn) I fltt (oorJ.inaft vec.for
of an eRemenf ~eV w.r-t. 8 is the c,tnitf4t coRClmn 'Iec.f,,. [~JJ3::.f~·l£Q"sJ· Ib IL
For a Q-.linear OPerc1~o~ T:V-+VI fbe matrix represel1tati7e. of v=.C, .+...tenUta,

T w.r.{. 13 is A = [I]a :::[[TClb')]a '" [T(I&t1)]13]" an nJtn mbt,.;~ wil4 'tlt;ond:nf,~
Lee (''',)- L.(1) ••(1+W+(~)'H" 1-1 .•.H'Z: + l-(~) 1••lib, + 1·/~ +H):I,[I...(Ib,t::hJ.
L fIb )=1 (fl)a(l+ff+{ff))Vf:= 1-".•1(") -t 2'1 = 2lb•.• 1102 +llb.,) [L.c(lbjt:[l]'

or\' 2 Ii t 'l I .3t;l I ~ .t
L.(Ib

J
}=L.,(W1

); l1-tW +(V2J J~)~ l'(W) "2'.1 -t 2'~Z = 210. ~ 2 Jb-z .• j'bJ~[LGf(L
J
}1= [~].

A-['J21} lSo - 11 2 ,
__ 1 1 1 . 'fh rational coeffic.ients Such that clef) = 0 is tJ,e

(b)One delree .3,monic polynomial c(X) 'Ill -A :. IX-1 -2. -2 J
characteristic. poRYnomiaR of A, cA(X) = Jet (X·ld.!'3 ) ..1 )t"'1 ••2 J

-1 -1 )(-1:-1 ,,:~ X~*~~,.<! : T [(X-j)3-t (-2)'(-1) ~ (-2H-i)2] - !.l-2)(-1)ClC-J)+(-2)(-1)t-J) ,
1 ,/ -1 XX-J X1 'oj. 4 •• (X-1)3_If-Z -6(11-1) +(-2)C•.d~

-1 at' ~ ~ \t
~ .'! - t T C

A
(X) = )(3 - 3l-- 31( -!. .

Name: ---------------------------- /40Problem 2: -----------

Problem 2(40 points) The number field Q(~) has an ordered Q-basis B = (1,~, (~)2). Let a
be the (nonzero) element 1 + ~ + (~)2 in this number fiel-d.

(a)(10 points) With respect to the given ordered basis B, find the matrix representative of the
Q-linear operator



Name: Problem 2, continued
ee) There are two metho4s to prove. irretJ.c.t c, I>;lity 0' CA(X):, Xl_ Jl

"
-3Jt-1.

first method.. U) A \u.alrafit or e•..•bic potynorttir1l. ;s redu.cible iF 'nfA.on/t it if bara frIt/.
I' • t I. . It a x .t a Ii-I - 4 -, tl .i. Ie. 1-(2) An inteler coerlie.,en Po Y"O'".81. + 0 - IX -t •••.• (-I) DI._1X ••.(-fj aro;,11 ha~ r-OOl":t'

(l f a~y) whlth ire ot fhe Fort)? - ~t.t f.,. at! inttyr v J"'vitli~ Iaft f BnJ a "~l&tJ inl"t'r
:r !b 1 .!l I a +1. 8 f It d,·v.'J,'tj Ia.,J.

it bur case , e on 1 ross' e rOOl it T' C& C••C-JJ:a.-210,JDnJ '.4(1J=-(.0.
Thw.s C

A
(x) has no rat ionai roots. J hence. C,A(Xj is irreJII. t,hie.

Sec.ond. methoJ.. For fhe minimal polynomial mGf(x), there is an inte,er e~l
Sl(ch tha~ cA(x) = ("\t{)())e, If e elwals 1~~be n CAIXJ eyualr "ltIX)" hence, ,'s irreJuc.

Since. :3 = de, (CAVe)) ~ e' ole" (m••.(X)) J eifhtr e = 1 or e -3 anJ !hen cleJ(m•.I~J)=L.
Since. m.,{q): 0 ~ d.ej(mtt(x)=1 if arid on17 if me(lt) = X-Of

J
j.t~ 0( 6 (Q.

Howe.ver 0( 4 (!;2, s in'~ P J.• [o(lS is n.f .r f~ t.,,, [: 1, 5"0 J3SJ'fj ~(,f);S •
1 0 ilr~_.iJ,.

I (cl.) Since CA(X)=lnq.l~}:: x3-3xZ-3x-1 ha~ inte'er coefficients" 0( is dn aJj~.b";"
L----~I ~"te,e!:.

(e)The ett.(8tion o(l-3t;(t"3Cf-l=O 3eves Q(3-3cr"-3ct=1 or 0«(o(~3----3)-:.1.

So to.- ~(y);: y?-3y-3 ], -/;;eZusis j(Of)" O!~-~Cf-3, S;,,~ ~UIIIS, J•.~Pen"u8~'/
proJuch 01' at3eb('al~' ;"f~,tr.s are C1JBi". cl/jebral" mf~'trsJ d~J SJl1e 0( t~ an aI3"tlfry~
a fso Q(t"3ct"-3 ;s an al,e hr3i'c. inte,er• ITherefore 0( is U "lid]

B 5· 1.. L a be X!t has no rationai roofs anJ. So is jrreJfJc,'''!,:
01)('( S , ,"ce. '(; IS n01- cu ) 2 'vi h t to

mtr ex):=. i- i, Thlls a basis tor cI:I{W) is 8= (1,W. (?ill), ;f f'es{'t'

i;hiS "asis, A·[Ll.Vt+(m~ln et"als U j If. s. Ue. c~a('8der;d •.•.p.1y·"""'11 is

CA(X): ()C"1)3_fl_t-3t(x-:tj::: }(3_Jxt.-J(t_/))(-(i-j)~ ThlAs 1+Vi'+(f{JZ is an
~',ebr()ic. inteler, Moreove,. NQ(W) (I-+Yr+(Vi)') = clet(A) et"als U-j) 2.. An c:1iJs£r4Jt
lnteler ~ a unif iF ant/. 2"nL., it the nor'" e.ttfalS 1:1. He"" 1+ff+(Vl)2. is a Uf);/

iP anJ t;"J, If (t-l) e9vais- f 1. S 1L. 1 '/'l'L - rJ:::;;fl 0 (;on", 01) '/ p'Slabl "1 IS dJ .,
5



Name: ----------------------------- Problem 3: _------:- _ /25

Problem 3(25 points) Consider the following matrices and column vectors,

[

1 0 -1 0 1 1
2 4 -2 0 2

A = 0 0 0 -1 0 '
1 4 -1 0 1

X=

(a)(15 points) Find necessary and sufficient conditions on the integers bl, b2, b3, and b4 such that
there exist integers Xl, X2, X3, X4, and X5 solving the linear system AX = B. Express your
conditions as linear equations and linear congruences in the variables bl, b2, b3, b4 (and only in
these variables).

(b)(10 points) When (bl, b2, b3, b4) equals (I, -2,3, -3), find the general solution X E Z4 of the
linear system AX = B. 11 f

fa) G-ive.., a ~I~ in'tri,'ble mat"'i} U af)J a baS .;"tle,.t;ble maf,,'t V S&l(,~ "(I)(J

1/..AV is a. t/ft-k J;aJo1)al mal,.'K A·f~·:.~,J.q~--';~.]~ ther» a/l-lir f~e..,a I 0 Iritl"foflila/l.n,S B:a u.g J

,-v 'cr" - "·"1"\ crtj $"" X V IV ( h . owA X:r. ;:>, "!' x, r. ",:L X, 'C ~ ~e
systeM is J),1 -e. i...r,. •• t .J ;·t'l b

j
:: D em.,) a;) r., I ,,~••:/

~ *~ onJ r;=0 -P.r ,= r"'\r'~ Lf.

Cot\SI).TUUt I 'Nt.. Sl?'IILJ ~,~J !~t rt)afr;~t.t U,J V fif>J A 8S ab.~
af.tjmtnftJ ""ak.\~ [A IJ ..,.,] ;'So e Je~tnlar, 10 fA f U}:

&".Pef&1;,,~: 7JSd e.r01f'a/.,-.+ v
"I 0 -, tI 1 I 0 0 0 to .•, 0 r I 0 0 0 (,.1-1: "'-,0 -f 0 I toO o·
2 ..,"Z 0 a. 0 I 0 (I -2R, 0 Ii 00 0 ..t, 0 ",," Or-rat. 0 0 0 I 0 0 0 -, 0 I 0 0 0 0 ' 0 00
o 0 0 -I 0 0 0 I 0 (-I) ~ 0 0 0 tOO 0 -I 0 I/. 0 •.• 0 f') 0 ·z J 00 0 , 0 0" 0 0 -. 0
I If ••, tJ 1 0 0 () 1 - R 0 't 0 ~0 -t 0 c) I -R1 -t 0 C 6 0 0 l"') 0 I 0 0 0 If (2 -1 I 00
, 0 C> 0 ., I, 0 0 00 J 0 0 0 0 ., 0 00 00 I -I 0 ,
o I 0 0 0 0 I 0 0 0 0 , 0 0 0 , e , o-J
00100 0010& 00.00 000.0
o0C>\O 000.0 00010 00,00

~(J0 0 0 I 0 0 0 o I 0 d~ 0 I •• g 0 8 3 ~
"",0 0 0 0 , 0 0 0 r' 0 0 0] \!5J -c., td'
o l 0 0 0 0 ., -I 0 S U :a 0 - 0 -I (1, \ I [ I 0 0 , "'I
o 0 •• 00 .•z J 0 C) 0 "., "1 •.' 0 0 vSaS • ::!Y: I

•• 0 ()0 0 e 1 •.•1 0 • I , () I 0 • 00 0 I ""A [I 0 0:001
' 6 Oc) 0 J~"d. ::. 0 I c!ot"J~ g ? ~-; i.t. -! oJ t'IIk"-t~-'X;) (1 f1 1+10 tJo e 0 \ 0 I; ~ "'D3 Xa ~_ ?J·oOtO"Te • 000 ~ t. ~ ~

000 0 a ".. -?I,t~~1. ~ r." ( rJ ver .).;. t: L,.lJt .•..,., _ r~ ~ _ _ __

So {o JelerPliltt

St.\.e~ fhl~ f~t



Problem 3, continued

i7 :: r, Thvs fhe s,sfetn 11 (fJ",,:steltt
~ c ~ f ;t a"l o"l.., ,\p r::. 0 l ""J it)~?; ~ t ~ --=:;.;J _

o :::.t: a f" J. b.,:a ().

In fer~$. ct the ~1';jjnaR \fariable~~ tht !yJiein is con~(sftnt ;;
a~d. 0(111 ;I I;,rA ~ 1-2 ", + bz ;:: 0 (m,," It)1 a nJ P', -1.1. + b~=: 0f.
Whe'll I~;s htlIJ>, the. ~oJ"ft(J" .f .J..he. n~", s,.sf~fIYI ,'1 J, b, tot' arb;;""

A ~I.:l - ~3 ,.. t
~ene.ral 5 .! C"Zb, ••• ) ,ft tj~

¥., 'I of iJJ 'z. .x: ,~

Name: ---------------:::;=--

for f,) i~ar 6;1, ("f7
intejefs.
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Name: _ Problem 4: /25

Problem 4(25 points) Consider the following integer, binary quadratic form

f(x, y) = 5x2 + 14xy + lly2.

Find a 2 x 2, integer-valued matrix with determinant +1,

v = [~ ~]

such that after the linear change of variables,

.; = [a (3] [ ~ ] = [ a~+ (3~]
Y '"'I b y '"'Ix + by ,

the new binary quadratic form

g(x, y) = f(x, y) = ax2 + bxy + cfi2

is in reduced form, i.e., lal ::; [c] and either -Ial < b ::; lal if lal < [c] or 0 ::; b::; lal if lal equals [c].
Also give the binary quadratic form g(x,Y). :; 5tl+1~1,~ .•IJ1t"

'vie bejif) will, fh.. 0;1)a'1 .for", t, (X" '/,) = a, 1.,2+ b,X.1, -to c 'h2./ ah~ ~,..(eecl to ,-e.r/o,.",
ad.m(~):J,lt J.nu,. VD";i.b~ c.h'nJts unitl lite. i"nJfoft"eJ b'-"'''' I.,,,. ;s f(!Jv.leJ.

Stept.Al+hf~~ li,'$Ic,1 h"RJs.., lis,' ,). ~t'taft.,.. f"~'" la,/. So wr,·fe b,'C (2a,}t-tf,l )

:- , ••Ja,J<r(J~li.e-, lit'=' (10)" + 't. Ma~t ~Itt 'o~J,',,~ft C"3nJt (t. 'I J# (X ••ty ")~ (l - v Jt r " J 2 z, II % a J 11. .

The he W' t••.'" i~ .r1ClCt,y~)= az 'iz
l
+ La ~l Yl Hz 't12.'" 5(X&- 'I.J z." I ~ Ul--7z,) Yl-~II yt"5 x"ttY1,1,.+Ii.

S lee 2,. S)fUe. rat' ~ I 'z.l doe~ nJ hoJJ, M ••it I~t.(.",J. chan;}t., (X~ 1: ) -; (_'I 'I) ...
2 1. a 13, 3 .

The. new to.,.M is f3(X3~~3): a~x3+DJXtY34-C3Y.s IS 2X12-~XJysi'5y:J"l..
-I\'(~

S~ep3.AUh'''Jh la31~ (C.s' h.LJ~J U.JJ is :3tuft' fAa" 18s/' s••••. ;Ie bJ" (2aJ)t~< I~

i.t.) -If·(,)(-I)~O. Make ~~t,('()ord.narc cnanJt (X3,],,): (X'l-t>''t~ylr).(x't+y.,JI'-t).

t r 1. u 5 2 2 2. 'l 7. - - - r J. LThe, ht~ to~ttJ I~!> f., (x't.l'l ••)-= 2 {1",,+'1~}•.. ,{Xtt+71t)1*" t;> r., -+.J'I*. 7n.s Ie t It

So s~~ {i'/j)aUof" 'j'f 1, i.e, Iis.. J:'••. {L! I; ~~, He new /';n8'1 tV8,Jta~.t-f~"
(Xli) = u.,,"/,1:1 {X"-'hI yt;} ~ Ixl = [-1 -~1(;1 l!lX,I ~J S 2xl. .f- 3yt.7i$ ralwrd,
(-xl"'!s", X;s ) ,. (-x-1YJ X.•V). Y 1 1 1 "-7 ------



Name: ------------------------- Problem 5: /30

Problem 5(30 points) Consider the integer, binary quadratic forms

f(x, y) = ax2 + bxy + cy2

which are positive definite and which have discriminant b2 - 4ac equal to -24.

(a)(lO points) Find all such forms f(x, y) which are reduced. In particular, give the number of
such forms.

(b )(20 points) For all odd primes p different from 3, find a necessary and sufficient condition that
p is properly represented by a quadratic form f as above (with discriminant equal to -24). Write
your condition in terms of p being congruent to a list of residues modulo a fixed integer (using the
Chinese Remainder Theorem if necessary to combine congruences modulo relatively prime integers).iij F.'t-.$+ of all, $;IIIt, ~

1 a - Zit l ".J Lf.Go); we. h;.vt,. h i5. evet7 a"j
alSo b a 0 (moJ If) .f a is even. Si/Uf., f,x.J/) is pos:kr~ Je.l'ln/1t.l
a anel c ar~ pffs;l:Vt. 5 "I'll t It.l'/) ,j reJ"t~J/ b~ ~ aZ an,) lfac. >16'1.
)0 ll,al 2'+= -b'l..•&.fac. ~ ltaz.-!/,?; 3a~ ~o a'l.~~==~. ThtlJ a:=' (lr 6=2.

w • t
~. Thttl lbJ~ 8::1 attJ b is e'ltn ~ bJ:lto. $0 2f::: -j,r."'Lfat,-O"'(I)e;,

So fhaf G=6. s. wJ,~1) a::r 1" t,{X~YJ= ,xz + bt~
~Q2.•. Tht.1\ Ih}~ a.::z dt\J .6:: 0 (""J If) (~"lItl a IStV~). ~c7 a"a,'" b==-o.
Sf Z If =- - bt.,. ~ae.:: - o t•••lflZ)c. J so that c = 3. $0 WhtJf) a=Z" ~ (~))p 2x':t3J,}
Therefdtl. there, aft Rw;} Jisfiftci teJlJttJ~ pos,-h"t ',f,'!),~/t.- f,(", of JiSt{)"m,'IJ~t-'11ft, (llJY)" Xl.,. ')' 21 anJ .pI(9) ::.2xl+3y' •_... _. .... - · ~.-
fftfl- ~ ~ _ ~..- P~~t'H" •.••~ 3 2'+· f,~ f" f. ThCl$ -2'1 '$~ For a (\ oJ J. p<~~ J: rtrdlf '-0'" ~ - IS r'. 1 .f (-2'1

~ lillla/!. ~ 1', a..J htl' ce p is ftprtstllttJ b1 f, It tl-- ) ,I and 0",' p)..~I.
S;~ut -2¥~ ~2)f3)(2)~ (-~) er"a/r. (1)(=fr). BJ ttlaJrati(. ftc;,r",J7)

,t..., p. P -J
(~):: (~/)T .: li11 ra tl C....t I). Als# ~7 t08dr&-f ••. ~~c •.,'w r,

wl~ pa:t3 (1I1,J g) 10 O)(~)',(-I) :: (-n) SI f~~f
_3 ( P) S-t \ ~ r;;. -+!. C~d.3) .(f);r J ;II l-1/ r=-1("od3) (t)Vtf~)



Name:

A l' !'.-----;--::-:;~~------ Problem 5, continued
nJ. T"t Pl'ocAJrf (~){y)etva(s" I if e i}I,ef (( %)(0:;J'P ( .• ~ +,J 'r .•{-~-1}./

i.e. e,·Jl.tl" ( r.d I (III.,) 9) a,J f' l!: .• /(~:f) ) or lP;< :t"3 (,.,J JJ 8",) f"IiE -I ("..J.J~.

NDte fhat 1 =-tJ·3 -to (-O''9 so f~af 'liLX crncJf) aN i-I (iJWJ s)
if anJ f'J1t17 iP Z ~ 'fx -91 (moJ 2.,.). Thertlra r;;. ~ I cm«JtJ a,J f;-t'(~
,'f BflJ (!)AI, :P , So j. V' 7- Clftf!Jd z'J. APYJ p~ :t ~ {""d tJ ~ f~-I(MJl

i~ 8"J fJIII., IF P ~ S or /I (mJ Z'f).

1:... CI!Jf'rltJs/ot1, a (I oJJ y>r'''''t.. P JdPeftpf .pro. ~ is f'tPI"ese:ftJ bJ
a pfXihtt JtP,,,,.,·lt I ;1I~t:Jr3l, .b,·u'7 trlaJtaf.'e. /',I'M of Jtscr:tff,iJ/kJt - 2 ¥ ,I fJM ~"

;~ e.i.J.btr p £ 1 or 7- (MJ 1't) ~ in wnl'th t.all p Is ('t.fKestl't~J b, )C~'7~

or IF iO. 5 er 1/ (rr>J 21t] 1, ill wh.~h ta~ f is i"tf'"eItPftJ bt 2x~-1~

Fc¥ COW1rl(f~tS$/ al$,() 2::. tzLJ/O) 8111. 3 $0 ~(4/1j.

11



Name: _ /30Problem 6: _

Problem 6(30 points) Consider the following integer, ternary quadratic form

f(x, y, z) = 3x2 + 2y2 + 6yz + 3z2.

(a)(20 points) Find an invertible, 3 x 3 matrix with rational entries,

with column vectors uh, W2, W3, such that after the linear change of variables,

the new binary quadratic form g(x, y, i) is in "Legendre diagonal form", i.e.,

g(x, y, i) = f(x, y, z) = q(ax2 + by2 + ci2)

for a nonzero rational number q and for integers a, b, c such that abc is square free. Also give the
binary quadratic form g(x, y, i).
Note. Even after finding a linear change of variables which makes the quadratic form diagonal,
you may need to perform further (diagonal) linear changes of variables to insure that abc is square
free.

(b)(l0 points) Say whether or not g(x,y,i) has a nontrivial real solution. Finally use Legendre's
theorem to determine whether or not g(x, y, i) has a nontrivial rational solution (x, ~ i) =J=. (0,0,0).

(a)Wif~ r~~re'~~i~$~,,.J~dO~rtJ bas's fer ~', (\),-[:1,Y:"[Z],v.r-[?]),
F." 3 veeict(' V - rl-xv, ..,?tlY.J I tev) eT"ai.s V- Ov w~tft G ;l fbe- sy",mtfr.'c.
3·3 fW'afrn< 0.- ~ :~1.Oec.r f~st ~oal isb;/}nJ a "tll Das.~ (:,~u:"Uj) S&tel. Ihat

e .5 3 e ·au. et"Jis 0 tIt' ; ~j. We. f;"d -/h,l bas'l ~, fht Gf'~'~
I ~ ~~

$t&ri. «:,,7,-UI J Q~~ [11, U';'()K"}' Sf.:f2• V;'G~••o. s" ~.v:.-OV.·~~ln
"CS Qu =[°1 ti·a ~. 2 ----+ ~ l. t.' Z. "'tz.,_

~~eJ...Vl'G~" 0" Vl'a~:r 3. W,.·'t V' - - -+ -.! _:0:4 • ['11 [r 0 0][ 1J$ :-# t)...?.... [11 · - xu.., .•. Y ell .,. Z U~ J ,.("~ .,: e • -r 9'.e L(.l:to I. V ... .) U = - J i\ Zoo Z I
1 z. z' "~tjl) tCr,y/f) 12 elvll~3it.-+ 21'"...tit e ~ rr.

au;· f-gl ~ '0; ••=:(; J./""'tftli 302'(-1) is cl 'l"llftf~: 'l. IN:~ 1:" ~ n.f T,
:s -- So seo t X a?2x, -. ~6* f. £ t :3 Jiv,Jt.}. :sf", r b..A-rJ T:

Y J' '( ovtl • )



~

t(~r,rJ =
So a=2.) 6:::.3/ c::.-I w;}-h B.bc,=-i I~ ~Z\/~ k~ (a,J t=tJ.
(W-Tk -f"rl"l 6( Z;< ~rl-~') &~> 111Hz i!;,/'e.J J:J:bq, -
e~j. } ('K, ~ t)= ()~0) tt:). n.()I-r"~f)tt

8 ctJ S .'nce - a c.:: Z t.s. nor a.. S Vciz mcJ I hI::: 3.J b7 le./JM.f
tht.,"tJil +hl. ~('~ Joe,> nfJl haW'l a nontr"t,'aL ratlona

Problem 6, co[' 0 O][2X] p 2 e 0 J[X] 'W"M n,. g ~ -i 7 = e 3"3 r • •
_0 0 z r c.rl.'fI'~

3{2xJ~'" Z (31)t ...6l't;: 1 b ( 2 x.,..•.3Jt.- r'J.
~

ntinued
~fet.1 10 f/,I':$

c~aIJJ~.J Wi. J,a~

Name:

Tb~~[1]
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