Name: : Problem 1: /25

Problem 1(25 points) Let p be a prime. Consider the polynomial f,(z) = zP~! — 1. Every integer
a; relatively prime to p satisfies f,(a;) = 0 (mod p) by Fermat’s Little Theorem.

(a)(10 points) Show that f,(a;) # 0 (mod p). In fact find an integer-coefficient polynomial
9(y) such that for every prime p and for every integer a; relatively prime to p,

uf]’,(al) =1 (mod p)

for u = g(ay).
(b)(15 points) For every integer a; relatively prime to p, show that there exists an integer a, such
that both

(i) az = a; (mod p), and

(ii) fp(az) =0 (mod p?).
In fact find an integer-coefficient polynomial /,(y) (depending on p) such that for every integer
a; relatively prime to p, ay = hy(a,) satisfies (i) and (ii).

Bonus Problem. Only attempt after solving the rest of the exam.(5 points) Find an

integer-coefficient polynomial k,(y) (depending onn p) such that for every integer a; relatively
prime to p, az = k,(a;) satisfies (i) and satisfies f,(asz) = 0 (mod p?).

R P-
[@)|Since a,% O (mod P), by Fermatss Littte Theorem 8, = 1 (mod F),
And the derivative £/(x) equals (p-10x"2 Thus £.(3,)= (p-1)a"*= -3 fmed)

Therefore, for ==y}, i.e., for u=-a, ,We have uﬁ'(a,);(.a—'}?:a."')
= ¢ a:'-'E + 1 (med p)_
satis Fyinj (;’)&‘,‘Q

(b)}By Hensefs Lemma there exists an integer g,
Moreover Hensels Lemma 3Jives a formula for 3, .

3, = 8, ~ufpld)=2a,-(-a)(@"-1)=a,+a(a 1 1)= a3+ 2, = a, .
So for hp(7)=)lp ;s @2 F "i’, (a,)=af safz‘sﬁ‘es () and (i)

e-1

Bonus‘ The cfaim, Proveo[ by induction on e, (s ‘H)B{' de = El,(P ) Sc?l‘fs/}es
(i)de =4, (med p), and (5”&'&) =0 (mod P2). The argvment dbove F""V"’-‘ the
claim for £22. So assume +the result holds foc 3 Fixed infeger e, in pacticly
—~Ae=-3=u(med p). Then Hensebs; Lemma gves 3 formuls for an integer 3,
with (i) 3ew =3¢ (med %), 0nd (i) fy (3en) =0 (med p°), Pamely o b
Qey = de- ("ae)(a:""‘i)"ae "‘aep"ae= ae’= (3," 1)k a.(P )Fs a,‘ / So the claiy
ijs proved by induction. Ln pariicﬂlaf,E()""')'w; ay=@JS.




Name: Problem 2: /40

Problem 2(40 points) The number field Q(+/2) has an ordered Q-basis B = (1, ¥/2, (v/2)?). Let «
be the (nonzero) element 1+ +/2 + (¥/2)? in this number field.

(a)(10 points) With respect to the given ordered basis B, find the matrix representative of the
@-linear operator

Lo : Q(V2) = Q(V2), La(f)=a-B.
(b)(10 points) Find a degree 3, monic polynomial ¢(z) with rational coefficients such that ¢(a) = 0.

(c)(5 points) Explain why your polynomial ¢(z) is irreducible as a polynomial with rational coef-
ficients.

(d)(5 points) Determine whether or not « is an algebraic integer.

(e)(10 points) Find a rational-coefficient, degree 2 polynomial g(y) such that 1/a equals g(c). Is
o a unit, i.e., is 1/a an algebraic integer?

Bonus Problem. Only attempt after solving the rest of the exam.(10 points) Let ¢ be an
integer with |t| > 1 and such that ¢ is not divisible by p® for every prime p, i.e., t is cube free. List
all such integers t for which a = 1+ v/t + (v/t)? is an algebraic integer whose inverse 1/q is also
an algebraic integer.

(@) For a @-vector space V with ordered basis B=(lby,lbn), the coordinate vecter

of an efement VeV wrt. B is the unitue column vecter [V]B’-[s' ]6@ sl

For a @-Rinear operator T:V=V, the matrix PePresentati?e of vae bt
Twrtl B is A=[T]3 = [[T(lb,)]B [T‘"’")]a], an. nafi mabeit with raﬁ.m[:"f@
L“(lb,)-L,(J.)=(1*W*(Vi;)‘)'1 = 11 *'l"’\/z;*l‘(\'/ﬂz’l-lb, + 1'“’2*1"&,,[’,('&) -_-[%]
Lol L VT HIINE = 1FT2 L0 21 =2+ 1By 21k, [ 2]

Lu(]bs)zlw({/?;): (]_-H’/i1 +({I'2')2)€VZ-)‘¢, I-Wi)'*z'l +237" = Zﬂzl +21b, + 1,53) [ L“(!’J)IE [% ]
Se |A= [1 1 2] :

111 _
= . ‘ : icient h that cloc)= O is the
(b)One. Jearee 3, monic polynomial c(X) ""H’ rat onal COQHC " -;jufz -2

characteristic Pohnomiaﬂ of A, cA(x)=Jef(x-Iol,.3"A)= -1 x-1 -2}~

box. - -1 -1 X1
x;’- \;_21 >(:: Xf;/ ’fl A T [(X"i)}l' ("2)2("1) * ('z)('i)z] - [(—2)(.1) (x-1) *(_2)(.1)‘)!_1] 1)‘
e o s = (-2)=-4-2 - 6(a-1) + COEe)
ErIY Y

Cp(X)= X3 = 3x* - 3x -i} .




Name: Problem 2, continued

(c)There are two methods to prove i"educib.‘lf'f, o"P CalX)= X3- 3x2.3x-1.

First method (1) A 1u.ac(raf.'c or‘cubic P:lynoz:al _'5 z.e'ducible‘ i“{i&vd only if if{ha: a rod.

(2) An integer coefficient Polynomisl 8o X -3, x" 4w (-I) 8, X+(-1)"ag¥only has roots

(if any) which are of the form 34 fer an inteser v dividing 13,1 3nd @ heozend intesec
*+2 y/3 J:'W‘Jl‘g '&,’.

Tn our case, the only possible roos aee =. But ¢, (-1)=-2 0, and & (t]=-E%0.

Thus €, (x) has no rational roots, hence ¢, (X) is irreducible.

Second methoo . For fhe minimal polynomial Me(X), there is an integer €31
Such that C,(X) = ("'&(X))e. It e equals 1, then C,(x) equals m,ux), hence is irredue,
Since J=deg(catn)) =e-de3(m.w), either €=1 or e=3 and then dey(metx))=1.
Since m (@)=0, deg(me®)=1 if and only ;F mew)=x-e, ie, ot 6 Q.

J However o ¢ ®, since [;]z [N]B it nek ot kel s [é]. So again CA[X: is.l*u‘
| rreducilds

(d) Since CA(X)=m“(X) = x3_,3xz_3x-1 has integer coefficients,|et is an a%
(€)The equation &=3x"3w-1=0 gives or*-3u-Ju=] or of(>Jw-3)=1.

Proo(ucf's of alqebraic infcjcr; are ajaill afjebraic infegers, and sing of (¢ an aza.infg“
3lso ot-3w-3 s an algebraic integer. Therefore o is @ unif.

3 'l'onao roots and So i irchuc«'b/e.'
B nus. Since. t IS n,{: a cube, X2t has no‘l’a i : :
m:;v(X)=K3—1':. Thus @& basis for Q) is B= (1,V¢. ("/F)’). With respect to

¢ ¢ i e
this basis, A=[L1+’JE+WFJ‘]13 equals [1:11{ . So the characteriche polynomisl s

Cp(X)= (X'1)3~ £t-3t(e-1) = xs-:jx"...j{t_,])x_(f-jﬁ T hus [+{/{—'*(\’/£')z is an
afsebraic integer. Moreover NQ(w’/F) (1+VE+(VF)) = det (A) eguals (¢-1)2 An abebei
infeaer s a anit if anolzonl;r it the norm equals £1. Hence 1¢W+(‘3/Z)z o el
¥ and only i ¢-12) c?uals 1. S, the only possibill '3E¢

)



Name:

Problem 3: /25

Problem 3(25 points) Consider the following matrices and column vectors,

— O N
S e (S

01 = b1

0 2 i . _ | b

L () ) X = zB ) B = b3

0 1 3 by
Zs

(a)(15 points) Find necessary and sufficient conditions on the integers by, b, b3, and by such that

there exist integers xi, %3, x3, x4, and x5 solving the linear system AX =

B. Express your

conditions as linear equations and linear congruences in the variables by, b, bs, by (and only in

these variables).

(b)(10 points) When (by, b, b3, bs) equals (1,

linear system AX = B.

(3) Given a Yoy

ioverirhle matrix U and 3 5’5

uAV is 3 block JIaJonal mateix A“

—2,3,—3), find the general solution X € Z* of the

inverlibly mafrix V Such ﬁall
OS- ‘H)Cn a‘f@r 'Hf,

NP v

a,' 2
| s B,
e A';’X,E REES Ry v KRVX {egnd
em s Le. : : % = ~
o / 3o X, E F , e, b 2 0 (md ) foe P=beoy
o >
v é" and B.=0  for i= r4),. 1.
n-
Se 1o Jefcm"ae Consisteney , we S"le *P.'n) thy ma*mex u,v and A & above
Such thyt the 3ujmenfa) matox {Iduv i efe,ne,,{a,. & X U :
Rou spershion TJwI epeivaler v
"L 0= o 1|t 0 00] ' O 1o o!-m -lotjl 0 00 .
il?-vzoz.O'OO'zR\ éqg:é-ztggn' Oreration égo?o_oo*lo, fro0e0]! ooo]
20 o0-10/0 01 0l¢) ooonovolo 0y 0002 00 g5 0p0|0 OO
14-101]0 001|-R 04 000100!'-R, 5 [0 0000110 jooouofl 130
5000 ' 1 0000 1 00060 e 0000l v
B ons i £y e
00 100 00100
010 goo'9 Q0010 @000
500 01 Joooo: ] [os o 1 12683
"T10000[1 076 0] 1000] ) - |
P.ooo o 2= ¢ S u sjoo-alf, v a[o001-
004 O0|-2 1] 060 0 s [*2 ' 00 (3% °gl?0‘
+[00000| o1 1+ 0 1] ¢ 3.2 ~ |00§00
t 6o t-] 2 b -‘6 80001 th[A"’ 0l0.°g
001900 Le, | > ! SRS LA T4 9 9.4)?
o001\ o "g = ~by Le. | Xg Xx NV
oi100e@ =3 %l
0000 4 % ~2b,4by P 2 (over '1-)
o t\ é Ly‘b!‘b'ﬁ\ ¥sd | é




Name:

so that the new Sysfem s

Q Rk R

W ow £l "

FRST o

Problem 3, continued

Thoe the $7sfcm & Consislent
AS
© i} and only F b,2O (med })

Tn teeme of the oriqinad Varia bles, the Syslem Js consictent ha

and only ;)l‘ bo'“} l*Zb.-l-b =0 (""’AL')? and ]b,.-bz*b.,-‘—OZ

When +hix "wf)s, fhcAsoluJ'fvn of J”’c hew S;J')Ltm i

Jereral

o {ewms of the originall variables thi

PX.‘

Xz
X3

X

L%

X

.g i' 1 fe acbit
2[a] "P3 v~

b X ok n CJ“

Z| [see ey

% &5 ]

b 1 s 5
(b)For [%]:1‘4, *ZL,rL,s-Z—Zs«?zolmd‘f)\/) co the 375*4”) 5 Consitert.

by

bd |3

So the genetal colotion

b -b,rby= 1-(2)320 V

‘.X' -1

\

1+ £~ £,
ot
£,
-3
I £ 4

‘For {U{Z arbf{,faﬁ
;ﬂ"tJC(S.



Name: Problem 4: /25

Problem 4(25 points) Consider the following integer, binary quadratic form
f(z,y) = 52 + 14zy + 11y
Find a 2 x 2, integer-valued matrix with determinant +1,
_|a B
3 [ 0 ]

such that after the linear change of variables,

the new binary quadratic form

9(Z,7) = f(z,y) = a@® + bZ§ + cij?

is in reduced form, i.e., |a| < c| and either —|a| < b < |a| if |a| < [c| or 0 < b < |a] if |a| equals |c|.
Also give the binary quadratic form g(Z, ). T DY
: . i vt T h
We begin with the binary form £ (x y)=ax% by, 5,4, 7,2f and ;mceec} to perform
ddmissibly Jineac vaciably changes unlid the fransformed binaey dum s reduted.

Stepd . Althowsh 13,1 ¢lc) holds, Ib,) i greater then 13, So we'te b= (23)g+0,

e. IY= - . M3l sauilii : -13,) < r<igl
le} q (Io) , +‘1 e ‘“'c c"‘. ab c"aJc (XUY))', (Xz"z\/z,)'z)’ (XZ-ZDYZ).

The new form is $00,y,)= & G byt Y= 5”{7")23"9ul%)V?—*”YcL’S&Z*'f&)’;’Z)f.
Step 2 Sinee 13,1 €161 does n;@ hodd , make i‘rc tood- Chanye (1, %)= (5, X;). e
The new form is {5 (X5 )= 85 Xg + by Xy Yo+ €y = 20 -LptSy: T e
S’Ccy_j,Alfhoth 1351 € leg] hodds, Iby) J grester £han lagl. So weite b= (23;)¢+1, a'.eé
Le., "l}-('t)('l)i'g. Mal(c 'U)(: (oordinalz chanjc (X3,)5) = (X.,‘zy.,,‘/,)*(m]-

The hew foem s £y (Xa, %)= 2 (0> Vo) = BN Yo S = 20} 1355 This i ceduel

50 set (.{I“i)‘(x‘b\}")l (-e. ) So Per *l'i 7 h”& él'& new L,‘naq ZVGJ’B(“L '{‘Un
(x,7)= (X,Y,) = (Xz,"‘/zzh) 2 f M-t -2 [”1 "= i, 9 %L Eie volw
(-X3~73) x.;) = (_‘*’_27’ i’..?’), [7] [ 1 1] Y [{"IXJT’ Z X -+ 37;7:! ¥ d




Name: Problem 5: /30

Problem 5(30 points) Consider the integer, binary quadratic forms
f(z,y) = az® + bzy + ¢y

which are positive definite and which have discriminant b?> — 4ac equal to —24.

(a)(10 points) Find all such forms f(z,y) which are reduced. In particular, give the number of
such forms.

(b)(20 points) For all odd primes p different from 3, find a necessary and sufficient condition that
p is properly represented by a quadratic form f as above (with discriminant equal to —24). Write
your condition in terms of p being congruent to a list of residues modulo a fixed integer (using the
Chinese Remainder Theorem if necessary to combine congruences modulo relatively prime integers).

@F;‘/ﬁ of all, since bz -2% (wme ‘!to) we have b s even 3ad
| a[sO b g2 O (moJ "') ,‘,C a s even, mcc -P(x /) is Paso’lﬂt‘ dﬂ[)ﬂd‘d
a and ¢ 3re positive. Sinte 70[!, 5 redvead, ),7' a and Yae ch’l

So “‘)8{ 24 = -b"-"iac lfa b‘a 332 So 8 < 5? Thys 8= ,ora 2.
8=1 Then Iblgad=1 3and b v even -—-b b=0. so 245 -b¥Hac =0,
So'“’)a{’ €26, Se when 8=f l\(X)'J z

42Z . Then |bl$322 3a) b=0 tm 'f) [ciee 3 13ew) So 8327 6'02
S Z‘f—-—b-r%w"-o *%(2)c, so {hat c=3 Se when 3=2, l‘/x;)s "32

T’ncrg‘lpcrz ‘H'éf‘¢ dee @ d(s{'mc'f !‘oneJ POSo*ivc J&Pmn’c {zml 010 JlsmmmmJt '73
-F (x,y)= X "'(7'2] and (x,y) = 2x*+3y%|. s B T S S

U") For an 06{1 peime j}};‘a;;;‘ Ffoﬁ —-2“) 3 frmg fof Thu; "22: 5
3 sqvare Med p, and hence 5 f‘cpresmfea’ 57 -/: or #,/) i} and ot& (P)“

e “ZI}’ QZ)B)(Z) ( ?—? 37"315 (7)( 3) 87 zvalraf.c f‘ccoffcul,)
(B)s (7= §4, pR3L ) Al by goakati recimcrhy,

TR = (-))° (~1) 0 {hat

s 43)
(%) (;) r; ;...11(:;3)' (overd)




Name: Problem 5, continued

And the peoduct (%;)(’% equals +/ if en'“"ef((%)(‘:_})}x (xL+1) or =(-1,-1),
ie. eithec (P22l (md ) and pz+l(red3) ) o (pet3emds) and p=-ltmis)

Na"‘e -H-,af 1:’--}3-3 - (-U? S0 -H:af z;;;(maé?) an/ ?’7 (”'J S)
it 30d ealy W z= Qx -0y (md 2% Theretow psl (mdf) and pseitmly
l{: and oaly 2 ;?— ¥ ?7(!066 2. Al Pai_’g (mod §) defE-I(NJ

' p= 50c | (mad 2%).

't and 0017
[,L\ an) only

In Coﬂtlusioﬂ, an oJJ F("”é P J.‘f/‘ercpf fmpf 3 T
3 rw"‘f"t definde , integral , binsey ﬂaJrafo‘c bem of Jlsceimaz high .+
b evthe peloe 7 (med 2%)| , ip which cd.e p i represeted by x36y7

7 represested by
2% it and only

2
n whc‘ch case P 15 f‘&ff‘dtdﬂ’?J 57 2t *37?

orc r?_ﬁ or Il (med 2%)] ,

For Comrjtfa'&}s/ alse 2=4,0,0) and 3:-712/0//).

11



Name: Problem 6: /30

Problem 6(30 points) Consider the following integer, ternary quadratic form
flz,y,2) = 327 + 29° + 6yz + 32°.
(a)(20 points) Find an invertible, 3 x 3 matrix with rational entries,
€11 Ci2 C13
V = 0 Co2 C23
0 0 3,3

with column vectors ;, Ws, W3, such that after the linear change of variables,

z €Ly €1z €13 T
y | =1 0 co2 cz3 = TW + §wWy + s,
Z 0 0 3,3

the new binary quadratic form ¢(Z,7, Z) is in “Legendre diagonal form”, i.e.,

w2

g(jag>2) == f(ﬂ%y, Z) == (I(afﬁ2 = bﬂ2 + 652)

for a nonzero rational number ¢ and for integers a, b, ¢ such that abc is square free. Also give the
binary quadratic form ¢(Z, 7, 2).
Note. Even after finding a linear change of variables which makes the quadratic form diagonal,

you may need to perform further (diagonal) linear changes of variables to insure that abc is square
free.

(b)(10 points) Say whether or not g(Z, 9, Z) has a nontrivial real solution. Finally use Legendre s
theorem to determine whether or not g(%, 9, Z) has a nontrivial ratlonal solutlon (& y Z) #(0,0,0).

(H)W:‘H\ respecl’ {0 Hve standad ocdeled basy for R ( [ ] ( \& [ o])
for 3 vector ¥ "] xoygrag , Pod) epvals Vo QV wheo G? is_the symmeta
%23 materx Q= 305; . Our f'wsf q0al is o find 3 new basy (@, u,,u,) cuch that
033 a..Qu et"‘ls v} 'Por 1%y, We find thi bask )’/ “’t Gf&";aﬂ

2

3
&ﬂ.&’.a:fa[él, Oﬁ:‘[g]r ,-Gu,sg. ZLS;LZ.[ ]Gu.=O So uasv D\r.’Vz LJ,
= U= Up: C?q, 2 =

XA+ a,~5i,, ) -3
v A [][002]

2 Then ftfy;f) 192 e,al; 3-7- 2 ,,‘-t & u'

» Us'Qy o - ¢ However, 3. ‘U(-6€) s not quefefrce 2 divides ¥,3 L«’r odt X,
S, cet X*2% F=3¢ ¥» *LBJ:V.‘J»X,?MMT

1 set X X; Y’ (avu ;)

e o
Step3.. V3'Qit= 0, ;' Gid= 3. Wede 3=




Name: - 4
2 : — 1 ~7 Problem 6, continued
T hen [ 7]-., “5- -‘§ }:‘T = g So-g z W th !’CSfcb’l bo this
- 0 0 2 / 4k
¥ o o 2|l% coordinate change, we haw
Fix.5,%)= 320+ 2 (39)% 6% |€ (28435 ),
Su 352, b3, cnof with_shem=C & guwe e (o4 4d)
(b) The form € 28% 3¢ ¥°) r}o’oe; have a ceal .caZﬁa,I’ >
eq., (X.3,%= (Lo VZ). peativial
Bu,{o' Sl‘ﬂcc -a&'.': Z J?S no{‘ a- S7U&z mO(‘) lL)"SJ b7 L&Jm‘f
'H’C“U” the Foem Dw; Dot have 2 neatrinal rational Saluh‘ﬂj
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