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Abstract Given a smooth triangulation (X,h) of a 2-dimensional, closed,
smooth manifold M, we construct a smooth Morse function on M, such that
its critical points of Morse index k, k€ {0,1,2}, coincide with the images
under h of the barycenters of the k-faces of the simplices of 3. There 1s a
metric on M such that the unstable manifolds (with respect to the negative
gradient flow) of the critical points of this Morse function coincide essentially
with the images under A of the k-faces of the simplices ot X. The coincidence
may fail near the critical points of Morse index 0.

A critical point of Morse index 2 has exactly one connecting orbit to each of
its three surrounding (with respect to the triangulation) critical points p; of
Morse index 1. Each of the latter ones has exactly one connecting orbit to
each of the two critical points of Morse index 0 lying on the boundary of the
(image under h of the) 1-face containing p;.

Our result will lead to a canonical chain map between the chain complexes of
the Morse homology of M HM (M;Z,) and the simplicial homology of X
H,"P(%;Z,). This chain map is even an isomorphism, thus it yields an
isomorphism  on  the level of homology. 'The  I1somorphism
HYMP(3:7,) ~ H."8(M;Z,) is well known.

We expect the methods and arguments used in this paper to be generalizable
to the n-dimensional case.
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Morse functions associated to triangulaticns of closed 2-manifolds 1. Local constructions

1. Local constructions

Consider the 2-simplex A% in R?

2
A* = <’ 'U>:—"-{X‘A'U Y A=1,A>20,:=0,1.2}
i=0 1=0)
where v":=( =243, —3) , v':=(343, —3) and v*:=(0,1) are the vertices of AZ2 By

< -, > we denote the euclidean inner product on R*; let m € N

dzst(.r A?) = f*nf uwtﬂz: J) =nf {x—ij-—-y‘;*»l/g;
yG_"\ yGL’lz |

U im( A = A{zeR? | dist{z, A?) < 1/m}

_——,— . ——_— —_— — .- — — — — —_——_— — — — — —]

_rl"'.‘r
T/ W— T T T DS I EE SE TS I S S e mE e o

figure 1 5", 6" and b? denote the barycenters of the corresponding faces of A 2

In the first part 'THE MORSE FUNCTION d_ ON A? we are going to
construct a smooth function d,:U;, (A “)—R, such that 1ts critical points are
nondegenerate and the set of critical points of Morse index £ {denoted by Crit,d,)

coincides with the set of barycenters of the k-dimensional faces of A “.

figure 2 Connecting orbits between critical points of index ditterence 1
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The vector field —Vd, on U, /m(Az)? where the gradient is taken with respect to
< -, >, generates the negative gradient flow ¢: U, (A VU, QA “). The images
of its connecting orbits between two critical points of index difference 1 are precisely the

(open) straight line segments between the corresponding critical points. This is shown in

tigure 2, where the numbers indicate the Morse 1ndices.

1.1 THE MORSE FUNCTION d,, ON A

We start with the continuous function

d: Uz/m(Az) — R
x — dist{z, {v’,v',v*})
We observe that d(z) = man, (00, o1 2} [T y|I? 18 plecewise given by smooth functions

di(x) = |z — o szhere re A and ¢=0,1,2. The open subsets Ay, A; and A, of
Uy/m( O ?) are as indicated in figure 3. '

tigure 3

The compactness of U, /m( A #) implies

Py S 1P gy <

L 1s a Lipschitz constant with respect to d, i.e.

Va,y € Uym( A% |d(z) —d(y)|< Lz —y)

Consider now for m € N the standard convolution kernel

' m? —1 )
2

T — m”*- j(mz) := a exp ( T~

Jm 1 smooth and vanishes with all derivatives on 9B, (0). The normalizing factor I is
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given by

——— ——————— .

— 1 . — 1 17 — 1

I:= |m*e-m2e2dy = |el=¥2dy = 27 |el-"2r.dr < oo

h S

B (0) CR? B,(0) C R?

where the last equality follows by transtormation to polar coordinates.

Proposition 1 Vm € N we have

i) | J (z) dz =1

) By, (0)

2

i) DI () = (- Tou(2), 7 Jonl2)) = —

dI‘l d:cz (1

d

wi) D°J L (2) = ((J;)

_2$2$2)2 (@) (21, 25)

;s — d._.
ij,»)i,j c {1,2} where Jyj = dz; dz; I () and

77 (= 2m? + 2mix? Smﬁajlzscz — 4m4m12
11 — m(m) (1 B m2$2)3 | (1 . m2$2)4
22 1'1'1(3:) (1 o m2$2)3 (l . .m2$2)4

— 4m* + 8mPa2?
Ji9g =Jg1 = J () 21249 ( - o )

(1— m2z?)*

We detine the convolution of d by J_ to be the map

Jm*d: Ul/m(Az) — |

L >

Jm(y) d(x —y) dy

) By /1 (0)

For fixed x € Uy /,( A ) we change variables z = z — y and get

d

m(x) L (drm*d)(‘l:) — |

According to |Hi, Se. 2.2] we have

Lemma 2 Let J,, be as above and f € C°(U,,,( A*),R).

J(x-2)d(z)dz

y Bl/m(:r)

a) Joxf is C and for any k€N and z € Uy, (A ?)

DY(J 4 )(@) (Epse ) = |

" Bl/m(x)

b) If f is C*, then D*(J xf) = J_+D<f.

D*J (= 2) (€1, &) - (2) dz
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c) Suppose f € C'(Uy (A BWR), 0<r<co. Let K C Uy jn O “) be compact, then

Ve >0 dmyeN Vm > mj, HJm*f—-f||rK<e

In our case c) implies that J,*xd—d uniformly on compact subsets of U, (A*) as
m—o00. We are now going to prove a result analogous to b) in the case that d is

Lipschitz continuous.

- Lemma 3 Let J,, and d be as above and x € Uy, (A %), then

D(Jprd)(@)E= | g nE =) DAEEdz
| " F1/m\t

where € €R? and Z 1is the set of measure zero on which d 1s mot continuwously

- differentiable.

" PROOF We know by a) that Jxd is smooth and by c¢) that Jxd—d pointwise as
r—o0. Therefore D(Jxd)—Dd as r—oo pointwise almost everywhere. Clearly
Dd & Ll(Ul/m( A ?),R*Y and D(J *d) is dominated by 2L for r sufficiently large. Now we
can apply the dominated convergence theorem |[Ad, Thm. 1.45]

(%) D |J (e=2)-(Jxd)z)dz 2 [J_(z—2) D(Jxd)(z) dz

Bl/;n(:r) Bl/;:n(x)

— JJm(:c—z)-Dd(z) dz as r—oo.

Bl/m(:l?)\z
~ On the other hand
(%) D JJm(a: — 2) - (Jxd)(2) dz ) ﬂDJm(:C —2) (Jxd)(2) d=z
B /n(®) B /(@)

—> HDJm(x —2)d(z) dz as r—oo.

B1 /mn(®)

In the last step we again applied the dominated convergence theorem using J xd —d

uniformly, hence pointwise, and the compactness oi U, /m(A2) giving a constant
dominating J xd for large r.

By () and (x*) we get
D nJm(:}:—z) d(z) dz = ﬁDJm(:c—z) d(z) dz = ﬂJm(:c——z)-Dd(z) dz

B, /‘;n(m) B, /;1(:1:) B, /H:(:g)\z

Theorem 4 dmgy € N{{1} Vm > m,
1) The barycenters of the k-faces of /\* are critical points of d.,.
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i) They are nondegenerate. The Hessians of d_, at b°,b',b° are given in the coordinates

(ZlaZZ) by

2 "'2 — 3 () 2 — 23 (]
D, (%) = DRy =] T O D2y = | P ,,
0 2 0 2 0 2-3c¢,

L | - -t

where ¢ _—»00 as m—oo and 2 — 3¢, <0 for m > my,.

The Hessiwans at the other barycenters can be transformed to one of the above normal
forms by an affine change of coordinates.

PROOF 1) At any barycenter b of a k-face we can find two linearly independent

symmetry axes £,n tor d. We will see that they are also symmetry axes for d_, implying

that Dd(b)é+ =0 = Dd(b)n—, where £+ (") is one of the two vectors of norm 1
orthogonal to £ (n).

Let £ be a symmetry axis of d through b. We choose orthonormal coordinates (i, v,)

such that the y,-axis 1s parallel to £ and the y,-axis orthogonal to £. In this coordinates

we have
Ay, y2) = dl—y1,02) » (W1,02) € Ugp{ A7)
dwY1,92) = | Tl (Y1, ¥2) — (21, 29)) d(21,25) dz1d2, y L7 TR, LT 2
By jm(¥1:92) | Moy, zo)| _ 4
3(31,2:2

— Jm(yl + X1y Y2 — 332) d(xl'}:cQ) d$1d$2

Bl/m( — Yy y2)

= | J( =y = X9,¥y— x9) d(zy,2,) doydzy, , sym. of J_ in 1st comp.

By jm{ =¥ ¥)

— dm( — Y1, y2)

dm(yly 0) — dm(oa O) _I_ de(oﬁ O) (ylv 0) _|_ O(ylz)

|
dm( — Y15 O) — dm(oa 0) T de(oﬁ O)( AT O) T 0(912)

= Dd,(0,0)(1,0) = Dd,(0,0)( —1,0) = — Dd,(0,0)(1,0)
= 0= Dd_(0,0)(1,0) = Dd_(b) &£ .

Analogously we can show that Dd_(b) n— = 0. But { - and n— are linearly independent
and therefore Dd_ (b) = 0.

HQ, thus 1t 1s smooth

ii) The critical point b°: In Bl/m(bﬂ) d(z) is given by dy(z) = |z —2°
and we can apply Lemma 2 b) to get for ¢ = 1,2
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D*(J xd)(8°)(e;, &) = | J_(B° —2)- D*dy(2) (e €) dz

Bl/:n(bg)

= [ (0" = 2)- 3%2(31 —v;) dz

BY m®") T

=2 , by Prop. 11) .

DA d)(5°) (e1,60) = | Jm®® = 2)- 72z — ) dz = 0

" | U ——
Bl/m(bo) = (

The critical point b': In Bl/m(bl) d(z) is piecewise smooth and given by

2 |
z— v ze B =101

d;(2) =

By :={y € B1/m(bl) ly, <bi} , By:={ye€ B1/m(bl) | yy > b1}

e AL R ek — o — . —— e — e e M oE e e a

tfigure 4
DA(J xd)(b") (e, eq) = nDsz(bl —z)(eq,e5)-d(2) dz , Lemma 2 a)
51/;1(51)
1 .
= | 0,0,J (b' —2)-d(z) dz = Z 0,0,J (b — 2)-di(2) dz
51/;11(51) = 5
1
=3 (0402 (b = 2) - di(2)) — B (B! = 2)- 01di(2) ) d=
1=0 B.
. 1 i
= | 04(0J (0" —2)-d(2)) dz — Y |0y (b —2)-01di(2) dz
B, U B, =0 B

— () (integrate w.r.t. 31)
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pes t];_ It“t;gr' 0 ' ,__JL
= - ( T (b = 2) 2(zy — U?)],:;i_\r dzy — | Jp(b' —2)- 0,0,dy(2) dz)
~1 By
1 =~ (2, = v}) = ()
g g N—— " st N
_ ( | J (b —2) 2(2y — v1) ];;i—_\l— dzy — |J (b —2)- 0,0,d(2) dz)
0 B '

1

1 .
D(J oxd)(bY) (eg,€0) = 25 = N7 | 0y (b — 2) - Dydy(2) dz

1i=0 éj
part. integr. 0 = 2
= — ( [Jn(b" = 2) 2(31“933)]221—_\1‘(}*21 — | Jm(b" = 2) - 0,0,dy(2) dz)
C1 B,
1 = — (7 - +§) — 2
,, S . ' —
— ( (b = 2) 2(2, = vy) ];;1__( dzy — | J@(d' —2) - 050,d,(2) dz)
0 B,
) Pr:;:np.l
— J (b'—2)dz = 2| J_(b' —2) dz J o5
By U By Bl/;l(bl)
1 A
DY(Jxd)(bY) (er,e) =220 =37 | 9, (B! — 2) - 0,dy(2) dz
1=0 éi
part. integr. % i rln, = 2
(1 0 = 2 s — [0~ G0
= [ z) 2(z 'Ui)]zl: _ A U= m( z) - 04101dy(2) az
1 B,
2 m
1,1
2 T ,, = 2
- ( (b —2) 2(21—@)];1 Vodzy — [Tt —2)-0,0,d,(2) dz)
1_1 B,
9 m
1,1
2 T m
=2 = | (a0 = 0,2) (= 26§) = T8 = (0,25) - (—201) ) d,
¢4 Y
2 m — <4
1
S =32—|--1- v
= 22 — 4l| J_(0, —s)ds =: 2 — dvlc, |,
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1
i 5 —1 ﬂ. -1
Cm = J Toeelmmisf dg PET I | el —u dy — 00 as m—oo.
_1 — 1
m N—
=const € {0,00)

Recall that vy = 343, therefore Img € N Ym > m, D*(J_xd)(b") (e, e;) < 0.

The critical point b%: In B, (b*) d(z) is piecewise smooth and given by

di(z) =z~ il L 2€DB. ,1=0,12,

1 7

where B, B,, B, are the open subsets of Bl/m(bz) indicated in figure 5.

a— Ty
I Y
£ ™,
£ A
Iy \
4 A
I .
M,

— e T Te— FT A IS S S S S S S S S . . . e e

figure 5
DA(J xd)(b%) (e, e9) = PDQJm(bz — 2)(ey,eq) - d(2) dz , Lemma 2 a)
Bl/:n(bz)
A ’, -
= | 0,0,J _(b°—2)-d(z) dz = Z 0,05J _(b* — 2) - di(2) dz
B) () =B
9 A
=3 (01002 (0 = 2) - di(2)) — By (b* —2)- 0,dy(2) ) dz
1=0 éi
= () (integrate w.r.t. z4) antisym. In z,
 p——
— Jal(ang(bz—_z)-d(z)) dz — | 0,0 (b2 —2) - 0,di(z) dz
B, U B, UB, B,uB, uUB, indep. of z,

= ()

As 1ndicated 1n figure 3, by I;, ¢ € {0,1,2}, we denote the part of the straight line inside
B, /(6%). By I3,1, we denote the part of the circle arc as indicated. In what follows we

use this notation to indicate the boundary of the domain of integration.

DA(J _*d)(b%) (e, 1) = pefore. > naljm(bg —2)-0.d,(2) dz

1
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part. integr. I,? T n ,—'/:T-L
= - ( (0" —2) 2(21 — v?)]zi’: E\r dzy — | Jim(b® = 2) - 0,0,dy(2) dz)
1 B,
I | _ 9
— ( J (0° — 2) 2(2 — v%)]:; i—IOU I, dzo — | J, (b*—2)-0,0,d(2) dz)
1 B,
1 = 2
m U : -
— ( | J (b —2) 2(z, — U?‘E)]zi _ 142 U1, dzy — | J (b°—2)- 0,0,d,(2) dz)
I, Ul, B,

=2 | T8 = 2)- 2008 — o) = [ (B = 2)- 2(0d = 0) = [ (b — 2)- 20} — 0?)
I, f1 Iy

=2 — W3 | J(0°—(0,25)) dzy = 2 — 243¢,, — — 00 as m—0oQ.

r

2
DQ(Jm*d)(bQ) (623 62) "—'—_?JS P?{OI‘E___ e Z | 62Jm(b2 — Z) ¥ 62(11(2) dZ

1= ¥

B
part. integr. IO U Ig = 2
w.r.t. 2o 5 , . [2 § o et s,
- = [Jm(D° = 2) 2(2, — Uz)]zz — A dzy — | Jn(b” — 2) - 0505do(2) dz
N B,
V. =z
y 1111 ( 2
— J [Jin(D" = 2) 2(2, — "02)]32 = dzy — | Im(0° — 2) - 050,d,(2) dz
IoUly é1
Il UI4 ,. = 2
(] Um0 2=, d = [Tat =) 0000 )
I,UI, B,
= 3/2 = 3/2
e e, p PR
=2 — Jm(bQ_Z)'z(U%_Ug)“ Jm(bg-—Z)'2(’U%—’U%)
1, I,
-%—
=2 — 3 n J];n_(b?—((]jzz)) dz, = 2 — 3¢, — — 00 as m—oo.
1 u
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Lemma 5 Let my €N be as in Theorem 4 and m > mg, then the barycenters of the k-
faces (k=0,1,2) of A* are exactly the critical points of d_, in Uy jml & 4.

Corollary 6 For any m > mgy, my as wn Theorem 4, d, s a Morse function on

Ul/m( A 2)'

IT1

PROOF (of Lemma 5) Fix m € N such that m > m,. Let Ay, Ay, A, be the open subsets
of Uysm( A*) indicated in figure 3. Because of the nondegeneracy of the barycenters as
critical points of dy,: Uy ( & “)—>R, there exists § > 0, such that in the §-neighborhood

Us(b) of each barycenter b there is no other critical point of d_ . Therefore it suffices to
show that

Ve €(Uym(ADN U Us)) @ D(Jpxd)x) #0

b € {barycenters}

Because of the symmetry of the function d_, we can in addition assume without loss of

m

generality that x € A,. There are three cases to be analyzed:
Case I z€( (Uyn(AHNA)\ | Ush) and Uy (2) C A
b € {barycenters} |

Denote by ¢' (¢°) the straight line through ¢, which is parallel to the z;- (z4)

coordinate axis.

figure ©

(%) If dist(z, g*) < dist(z, g*) then 1:=1 otherwise i:=2.

Assume ¢ = 1, then

D(J xd)(z)e, = r“Jm(x —2)- Ddy(2)eq dz

B, /;1(:5)

= nJm(m —2)-2(z; —v]) dz

B, /;n(m)

10
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Assume turthermore z; > —%\B and note that (in our case ¢ = 1) there exists ¢ > 0 such
that |2, +3V3|> ¢ > 0. In the case B, /() N g* = 0 we are done, because 2(z; +33) > 0

and theretore
D(J *xd)(x)e; >0

In the case By, (z) N g” # 0 (still assuming z; + 343 > ¢ > 0) we can divide By, (z) into

3 subsets 5,,5;,5, (up to sets of measure zero) as follows

higure 7

S5p 1= B1/m($) N{(z1,22) | 21 < — 343}

Sy :={(—2-3N3 — 21,29) | (21, 29) € So} (mirror image of Sy w.r.t. ¢%)
5y = By m(@\(S5US)

D(J xd)(z) ey —..:( nS + HS + . )Jm(x—z) 2(zy +5\3) dz > 0
0 1 2

>0
by the antisym. of f(zl)

and the properties of Jm

The case 2 = 2 1s proven analogously.

Case II z € B (as in figure 6, but g° is now defined to be the z,-coordinate axis)

Assume 1 = 2, see {x).

UI /’m(X)

£ g 1= { (Zl ’ZZ) ‘Z 22 - ]. / 2 }

X g

figure 8

S,,5,9, are defined in analogy to Case 1.

11
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_ . — ———
D(J rd)(w) e, = T ) Tz —2) 2(2,+3) dz > 0
et (S © 2
p

by the antisym. of f(zz)
and the properties of Jm

The case 7 = 1 works analogous.

Case Il z € C (as in figure 6)

figure 9 a) x = b byzeC
D(J xd)(x)ey = J (T —2) -&%d(z) dz
B /(@)
— f(zZ) <0, m>2
Y i N

= Jo(x—2)2(zo+3)dz + | J(z—2) 2(25—1) dz
S, U S, S,
\———_———_\/_-—/ \—,_—/
> J (07— 2) 2(2y+3) dz > | J (0" —2) 2(25,—1) dz
LyUL, L,

> D(J*d)(b*)es =0 by Theorem 4 i). ]

Theorem 7 Fix an integer m > mgy, mg as in Theorem 4. The connecting orbits with
respect to the megative gradient flow of the Morse function d (w.r.t. the euclidean

metric on Ul/m(Az) C R?) between critical points of index difference 1 are precisely

given by the open straight line segments between the corresponding critical points (see

frigure 2, where the numbers indicate the Morse indices).

PROOF By the symmetry of d_, it sutfices to consider the connecting orbit between

1) b and b', denoted by O(b°,b"),
ii) b and %, denoted by O(b*,5?).

We denote the gradient of d_, w.r.t. the euclidean metric < -, - > by Vd,,.
ad 1) For p € O(b",6")\{b°,b'} we have to show that Vd _(p) = (a,0), where a < 0.

< Vdy(p), (0,6) > = Ddys(p)(0,0) = b 52-dyy(p)
= b Jnlp — 2) - 2(2, %) dz=0 , V(b,0),
B) /m(P)
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because p = (py, —3) implies the antisymmetry of the integrand in z,. This, together

with Vd_(p) # 0 (because the critical points are precisely the barycenters, see Lemma

5) implies Vd_(p) = (a,0). Because d_, is decreasing along trajectories of the negative
gradient flow and d,,(b°) < d,,(b") we conclude a < 0.

ad 11) analogous. ]

Corollary 8 — Vd,, (as in Theorem 7) is a Morse-Smale vector field, i.e. the stable and

unstable manifolds of any two critical points of the Morse function d_ entersect

transversally.

PROOF As we are in the case of dimension 2, the only property we have to check 1s
that there don’t exist connecting orbits between critical points of Morse index 1. This 1s
excluded by Theorem 7 (the flow is known qualitatively, because the connecting orbits
between critical points of index difference 1 are known).

Another argument 1s the tfollowing: d_ takes the same value on all three critical points
of Morse index 1. On the other hand one can show that d , i1s strictly decreasing along

trajectories of the negative gradient iflow, therefore a connecting orbit between two of

the three points can’t exist. ]

1.2 MODIFICATION OF THE TRIANGULATION

Assume we have (see figure 10}

i) a triangle A* C R* and let U be an open neighborhood of A ?

i1) a diffeomorphism n: U—V:=n(U) C M?*, M*is a 2-dimensional manifold

111) a vector field X on U with a singularity p in the barycenter of one of the 1-

faces A*, such that DX(p) has two real eigenvalues A\; >0 > \,.

figure 10

13
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By E’DEZ we denote the eigendirections associated to the eigenvalues A, A, of DX(p).
Without loss of generality let p = 0 and 21 cT, A, see figure 11,

A

tigure 11

Proposition 9 The push-forward vector field n,. X on n(U)C M has o singularity at
q:=n(0), Dn.X)q) has the same eigenvalues A >0> X, as DX(0) and the

corresponding eigenvectors are &, :=Dn| 0 fiJ r = 1,2.
PROOF By the definition of the push-tforward of a vector field we get

(7.X)(q) = Dn | n-1(q)OX | i) DnlgoX |o=Dnlo(0)=0

Now we have to calculate the linearization of n X at the singularity ¢. Consider the

functions

r: U~ UxU .U C R* as before

z — (z,z)

s: U TV , Vi=n(U) as before
(z,y) = Do X[,

(identify T .U,T,U with the ambient R* and ignore the base point n(z) € V). The

linearizations are (v,w € R*)

Dri,ov=(Idyy, Idys)v=(v,0)
Ds | () 0 (0,w) = (Dys| ), Das | (4g)) (VW) , Dy (y) derivative w.r.t. z(y)
=( Dy (Dn[xoX|[y), Dy (Dnl0X]y)) (v,w)

( )y Dnlxo DX |y (+)) (v,w)’
= D[« (X|yv) + DnlioDX |y (w)

Using

(X)) =Dl 20X
we get Vue T M
D(5.X) | g u=D(soron?)]|,

q

14
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:(DS‘( ODr|n_1qun"llq)u

n'lqm"lq)

_ 2 _ . -1 -1 £
“"(D nln—lq(X‘ﬂ—lqa ):DU‘T} ODX‘T}—-lq( )) (DU ‘qu?Dn ‘qu)ﬁ

-1
qQ
i.e.

DOX)[qu=Dn| 2y (X | 2,07 [ qw) + Dyl o 0 DX s oDy

In our special case of g being a singularity of n, X, i.e. 77'¢ = 0 being a singularity of X,

the above formula simplifies
D(n.X)|qu=Dnloo DX [ (Dn’ |, u)
Now assume DX(O)E} = Aifi, : = 1,2, then
D(W*X)’qgi:D(n*X)lqunlﬂgi
= Dloo DX | o (Dt |qo Dpl, &)
:DnlOODX\OOEi:)\i'DW‘Oéi:)\i'fi : L

Note that {£;,{,} 1s a basis of T M, therefore any u € T ,M can be written in the form
u=u'& +uy

Theorem 10 For any uw € T M with u> >0 and for any neighborhood V CV of q there
exists a diffeomorphism . U —V, such that

i) 1 andn coincide on U\npt(V),
Z?’) DQ:/) i O 52 — U,
wi)W(z) =n(z), Ve e A (= 1-face containing 0).

tigure 12

The theorem tells us that we can 1) alter our diffeomorphism 7 locally at 0 in such a

way, that i1) u 1s eigenvector of D(1),X)(q) with corresponding eigenvalue A,:

D(%b*X)iqu:D(w*XquleegzzD@blooDX‘oole‘qOleloéz

15
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=Dt | g0 DX o & =A-Dip | &= Ay u

Statement ii1) implies that ¢, is eigenvector of D(1,X) |, with corresponding eigenvalue
A\;: Define ¢(t) =t-& for t € (—e€) with € > 0 sufficiently small such that c(t) e A,
Then ¢(0) =0, ¢/(0) = ¢, and

D¢|o51:aéz(%bec(t))|t:0:ad'f(7706(t))‘t:0 ,c(t)e A

:Dﬂ‘ogﬁ:fl

The proot now continues as before.

PROOF (of Theorem 10) Our proof is based on the proof of an isotopy extension
theorem in [Hi, Thm. 8.1.4]. We identify T,U with R%. Let U CU be an open

neighborhood of 0, such that n(U) C V; let A C U be a compact neighborhood of 0. We
define @:=Dnpt o0y and denote by Py € GI(2,R), £ €]0,1}, the map determined by

21"* 21
gzi“"*' Ez+t(ﬁ_22)

Theretore Py = Id and P; maps Ez to 4 (and 21 to E’l) We are 1n the following situation

tigure 13

Denote by I the unit interval [0,1]. We now define an isotopy F of U in U, i.e. a map
F:UxI—U such that for each t € I the map

F.:U—-U , z— F(z)=F(a,t)

15 an embedding and F', 1s the inclusion; F' is required to be smooth in ¢.

The map F' detined by

F:UxI - U
(Qﬁ,t) — Pt(x)

1s 1n fact an 1sotopy: It 1s for each t€l an embedding because P, € GI(2,R).

Furthermore Fg= Py=1d|; and F is smooth in ¢, because P; is smooth in . The

16



Morse functions associated to triangulations of closed 2-manifolds I. Local constructions

e

continuity of P, together with the compactness of I imply for U sufficiently small:
P.(U)CU, Vt €I, and therefore no P, (U)C V.
Note that for any ¢t € I F, is the identity on A': Let z € Al ie. z = )\é’l with A € R

Fy(2) = P0\&) = APE =\, = o

Our goal 1s to extend the isotopy F' to all of U in such a way that its support is
compact (and is therefore contained in the open set U). Recall that the support supp F

of an 1sotopy F': UxI—U is the closure of {z € U | F(x,t) # F(z,0) for some ¢ € I}. The
track ot the 1sotopy F' i1s detined to be the map

F:UxI - UxI
(@1) > (F(z,t).1)

[ is in fact an embedding, because

DF(z) 8,F(z,t)| | P, 8,Pa)

det Dﬁ’(a:,,t) — det
01}{2 1 01}(2 1

=1-detP, #0

i.e. Df?(:rjt) has (maximal) rank 3 at any point (z,?).

.F(D'XI) 1s open 1n UxI: For any y, € F(Z?XI) we have to show that a whole
neighborhood of y, belongs to F(UxI). Let (z,, to) € UxI be such that F(:z:mtg) = 1.

Now because DF(2,,t,) has maximal rank, the inverse function theorem tells us that F
1s locally at (zg,%5) a diffeomorphism, so an open neighborhood of (zg,t,) is mapped to

an open neighborhood ot y,.

e The compactness of Ax/ and the continuity of F imply that F (AxI)CUxI
s compact |[Jd, Kap. 1 §8]: Let {U,}yca be an open cover of F(AXI), then
AxI = F‘l(U;\l)U...UFJ(U%) for some finite (compactness of AxI !) choice
{Ux,s---Uy }- Obviously F(AxI)=U, U...U Uy, so F(Ax1I) is compact. (Recall that
a topological space X 1s called compact, i1ff any open cover {U,}, . has a finite

N ‘ . ' . .
subcover {U, }i=1, and a function is continuous, iff preimages of open sets are open sets).
H

e Construction of a vector field Y on F(UxI): F being an embedding implies
that F is a diffeomorphism onto its image, 1.e. any point (y,, 1) € F(U x I) belongs to a

unique arc

v: I — F(UxI)
L (Ft(xtl)?t) ?
where xo::F%yo, e, v(0) = (zy,0) and ~(t,) = (yg,ty). Consider the vector field on
F(UxI)
(%) “é‘i’f () = ( % Fuxg, 1) = (Y(Fezo, 1), 1) € TthUthj x L' d

17
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tigure 14

e Construction of a vector field on Ux/I: Pick a cutotf ftunction

p € C*(UxI,|0,1]), such that

1, (Yo, to) € F(A}{I) ,,

p(Yo, o) -—-"—{ .
0, (?Jo;tg) % F(UXI)

Here we need the fact that F(UxI) is open in UxI and contains the compact set

M

F(AxI). The existence of p now follows by a standard ’partition of unity’ argument.
Cearly suppp C CZF((?XI) and 1s therefore compact.

Now we define the vector tield on Ux 1

( Yo, to) " Y (o, tg) » 1 ) ; (%:to) S
(Ov 1) :(yOatO)%F(f}_x'{)

This vector field generates a tlow ¢, = ¢, P ¢, on Ux I by

9 h (yosto) = Z 0 y(Worto) > o = id | 1

Fa =

FUxI) |,
Z(yoato) — (X(Z’Jo;to)a 1) :{

which 1s equivalent to
adz d’tyO — X(qbtyO?tO) y (;50 = 1d ‘ U o

(x4 d _
77 Pito =1 o =1d |1

Now we set the initial value (yg,t,) = (z,0) € UxI. The second equation can be

integrated easily: ¢,0 = ¢+ 0.
X can be regarded as a time-dependent vector field on U with compact support. The

first equation can therefore be integrated to yield the 1-parameter group ¢, ot

diffeomorphisms of U with ¢, = d | ; [Hi, Thm. 8.1.1 & 8.1.2].

¢: UxI — U
(x:t) — thx

is an isotopy of U in U (called a diffeotopy), such that

a)it coincides with F' on A,

13
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b) ¢, is the identity on U\n'(V),Vt € I,
c) ¢, is the identity on A 'Vt e I.

ad a) Let (z,0) € AxI, then p(z,0) = p(Fyz,0) = 1 because (Fyz,0) € F(AxI). Equation

(*%) now reads

% ¢t$ — Y(étxao) y (;50$ — &,

which coincides with the equation (*) for F',. The uniqueness of the solution of an initial

value problem of an ODE now tells us ¢, = F', on A.

ad b) supp p C F(UxI)=cl ( U(Ftﬁ,t))

tel

e et Fa v

—d (U@U.8))Ced (UmV,b) = (cy'V)xI

tcl tel

Note that above we assumed U to be sufficiently small for the inclusion to hold. Let
(yOa t(]) S (U\Cz 77-117)}{]7 1.e. (yO'; tO) % Suppp. We get

adg Ao = X(Yorto) =0

and therefore ¢, = id on U\cln'V.
ad c) Pick (2,0) € A'x0C UxI, then

Y(F.2,0) =+
1.e. F', solves
% Fe=0=p(F2,0)-Y(Fz,0)
which is exactly the equation (xx) for ¢, with (yq,1,) = (2,0) € A'xI. We get

(i)tlAl:FtlA?L:id‘Al

e The ditfeomorphism ¥: We define ¢p:=noo,: U - V.
1) ®=nonU\cdy'V:Byb) ¢, =1id on U\clyV.
i) Dy | EQEDU‘qﬁleODQ{)l‘OEZZDnlﬂoDPI|O 522D0‘00P152
=Dn|o@=Dnloo Dy |, u=u
Note that P,0=0. By a) we have on A: ¢, = F, = P;. Furthermore P, is the

restriction of a linear map, so DP, |, = P,.

ii1) Let z € A, then (z) = no¢,(z) =n(z) , by c). 3
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2. Global patchwork

Let us start by recalling some notions trom algebraic topology; hereby we follow

the exposition of [Th, Se. 3.2 & 3.3].

Definition 11 2) An n-simplez o® is the convezr hull of n+ 1 affinely independent points
v),..., 0" (in some affine space). The convex hull of some subset of {v°,...,v"} consisting
of k elements 1s a k-face, or k-dimensional subsimplez, of o".

1) A simplictal complez is a locally finite collection ¥ of simplices (in some affine
space), satisfying the following two conditions: Any face of a simplex wn X is also in X,
and the intersection of two simplices 1n X 18 either empty or a face of both.

111) The union of all simplices in Y. 1s called the polyhedron of 3., and denoted by |3 |.
w) A triangulation (3, h) of a topological space X s a stmplicial complex 3 together with
a homeomorphism h: | 2| — X.

v) A smooth triangulation (3, h) of a differentiable manifold N is a simplicial compler ¥
together with a homeomorphism h:|X| — N, such that h restricted to any top-
dimensional, closed simplex is a diffeomorphic embedding. (A map defined on a closed

set S 1s said to be differentiable, if it s the restriction of a differentiable map defined on
some open neighborhood of S ).

The next theorem goes back to Cairns {Ca| and may be found for example in [Th, Thm.
3.3.1].

Theorem 12 Every differentiable manifold admits a smooth triangulation.

The simplicial complex Y of a smooth triangulation (X,7) of our closed 2-
manifold M consists of finitely many, let’s say N 2-simplices 64, k € {1,...,N}. For any

52 there exists an open neighborhood Vy (in the affine space spanned by %), such that
he: Vi— Vii=h (V) C M is a diffeomorphism (by def. 11 v)). Define o2 :=hy (53).

By Axm, £ €11,...,N}, we denote the restriction to Ul/m( A *) of the affine map from

R? to the affine space spanned by &%, which is uniquely determined by

We observe that there exists myeN, my>my, such that for any m >m;,
Ak,m(Ul/m( A?Y) CV, for any k€ {1,...,N}. In what follows we assume m > m,. The
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situation so far 1s indicated in figure 15.

afﬁﬂe map

Vz Hl‘x}Jl fm(ﬁ )

B e T Oy Sy Ry SO I U S SRR R p——

~¥ "
|Z| " homeom. ’ M

tigure 15

The map
Tem - — hk = Ak,m : Ul/m( A 2) — Uk,m = T]k,m(Ul/m( A 2)) CcM

1s a diffeomorphism onto its image U, .. Note that {U k,m}]l\:_l 1s an open cover of M. By

{)‘kam}f:1 we denote a smooth partition of unity subordinate to this open cover, i.e.
1) M € CF(M,[0,1}) and supp A, CUy, VEE{L,...,N},
.. N L
i1) {supp A, m}k-l is locally finite ,
11 ) Zk Aem(z) =1V e M .

By [Hi, Ch. 2, Thm. 2.1] such a family of maps does indeed exist in our case. In what

follows we fix m € N, m > m,, and omt therefore the index mm in our notation.

Via push-forward of the vector field —Vd on U(A?* CR? by the

difteomorphism n, , we get smooth vector tields on U, C M
Yk:: (Uk)*(_Vd) ; k‘E{l,}N}

Summation over k£ and multiplication by A, yields a smooth vector field on M

depending on the partition of unity {)\k}lezl (short notation {A})

N
X{A} . — Z)\k Yk
k=1

Observe that the image p of a barycenter b of A? under 7, ie. p:=n(b), is a
hyperbolic singularity of Xy, ie. X.y(p)=0, and DX,),(p) has real nonzero

elgenvalues:

e Case b = b* If necessary, we shrink the support of A\, k€ {1,..., N}, such that
supp A, is a sufficiently small (closed) neighborhood of of in order to guarantee that

p?:=n(b*) & supp X;, i # k, i.e. p* is contained in the support of exactly one A.. Now
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apply Proposition 9 to see that the eigenvalues of DX {/\}(pg) are given by
{2N3¢,, —2,3¢c, — 2} (cf. thm. 4), therefore p* is a source.

o Case b=1>0" After shrinking (as above) the support of A\, k€ {1,..,N}, we
may assume that pli=n(b') € supp X Nsupp A, 1# 5, and p' ¢ supp A,
kedl,..,N\{s,7}. Now apply Proposition 9 to (n;).( — Vd) and modify 5; according to
Theorem 10; apply again Proposition 9. This shows that p' is a hyperbolic singularity of
Xy the eigenvalues of DX{/\}(pl) are given by —2 and 2y3c¢_ —2 (c.f. Theorem 4),

therefore p' is a saddle.

e Case b=10" In this case p”:=n(b") may be contained in the supports of
various A.’s. However, p° is a singularity of X a1, because either 1t 1s a singularity ot

(M) — Vd) or it is not contained in supp A, 1.e. in any case X{A}(pg) — (.

N
DX (p°) = Z( DA(p”) - () = VA (2°) + A(p”) - D((m).( — V) (p°) )
k=1 at least one of these two factors i1s zero
N
= kz Ad(P") - D((mo).(— V) (p°)
=1

The last expression 1s a sum of linear maps from T (M to itselt with two strictly
negative eigenvalues each. At least one of the nonnegative coetfficients is nonzero,

therefore the sum is a linear map with two strictly negative eigenvalues. We see that p°

1S a sink.

Now 1t remains to check, that our procedure of summing up the known vector
fields Y, = (n).( — Vd) via partition of unity, doesn’t create new singularities or even

limit cycles. This is not the case if supp A, is a sufficiently small neighborhood of of.

The next two lemmata state the existence of neighborhoods around saddles and sinks

(independent of the choice of partition of unity), which contain no other singularities.

Lemma 13 Let p' be one of the saddles of Xy as above (i.e. p* = n(b") for some k),
then there exists a neighborhood W(p'), such that W(p')N{qe M | Xl =0} = {p'}

for any partition of unity.

PROOF As this is a local problem, we may localize around p' using a chart of M. Until
2

the end of the proof we assume our objects to be located in R* (without changing
notation !).

We may assume as above (c.f. "Case b=0"") that p' € supp \\Nsupp A;, ¢+ 5, and
p' & supp N, ke {l,...N}\{i,j}. Let U(p') be a sufficiently small neighborhood of p'

such that U(p')CcU;NU; and U(p")NU,=0 Vke{l,..,N}\{:,7}. Recall that
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Y.:=(n,).(—Vd) is defined on U, and supp A, CU,, s € {2, 7}
Applying Taylors theorem [H6, formula (1.1.7)] to Y, we get

(*) Y(p'+v)=Y(p') + DY (p")v + Ry (v) , se{sj},
—{)
where
.1
R, (v)= | DY (p'+tv)(v,v)- (1 —1t)dt =0(lvi¥) as v—0.
)0
We observe that
.1
a0 () = [ DY 4 1) (v, ) (1—1) dt = o(1) as b0,
J 0
because
[72()] D2V (p1(0, ) (1 — #) dt| = 0 0
1 ) s(p)(ﬁ')'(_) — as v—Y .
Theretore
(% ) Ve>0 36>0 : veEBs(p') = |ryv)l<e Vse{i,j}.

Note that in the basis of eigenvectors of D:=DY(p') ( = DY(p') after a modification

according to Theorem 10) we have, by Proposition 9,

W3em—2 0
D = \rca“ ) , cf. Theorem 4 .

As DeGl2,R) and GI(2,R) 1s open in Mat(2,R) there exists e€>0 such that
C € Mat(2,R) with | D — C| < € implies C € GI(2,R). Let v € Bg(p")

N
Xy (p' +v) = ];/\k(pl +v) - Yi(p' 4 v)

= \(p' +v)-Yi(p' +v)+ A(p" +v)- Yip' +v)

) A(pt +v) - (Dyi(pl)’t’ T ?"2,i(v)v) T Ai(pl +0) - (DYj(pl)U T rz,j(’v)’u)

= Dv + M(p'+0) ro;(0)v + N(pL 4 0) - ryyv)0

p— (D _i" Ai(pl —|-' ’U) . ?"2":{('0) + )\J(pl _’_ ’U) ' T.Q,j(U)) v = C’U
then, because of

|D—Cl = H — A(pt+0) - 7(v) — A(ptHv) - rgs(v) ”

<

N(p" + ) o) 4 [ NPT+ 0) -y (v) |

= \(p' +v)- |r2s(v)] + A(p* +v) - Ira ()] < €,

e, — s, e’
< € < €

we see that C € G{(2,R). Hence X{A}(pl +v) = 0 implies v = 0 Yv € By(p'), independent
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ot the chosen partition of unity. []

Lemma 14 Let p° be one of the sinks of Xy (ue p° = p(b°) for some k), then there

extsts a neighborhood W(p®), such that for any partition of unity {\}

i) W(p°)N{ge M| X n(g) =0} ={p°}

11) the w-limit set for any ¢ € W(p°) is {p"}, i.e. Vg € W(p°) w(q) = {p°}. In other words
any q € W(p°) is taken by the flow associated to Xy in forward time to {p°}.

PROOF ad 1) In fact this proof is a generalization of the proof of Lemma 13. We are

going to use the same notation, we also assume all objects to be located in R* (without

changing the global notation !).
Let A:={se{1,...N}|p’ e U_, ie. A is the set of indices such that p° is in the domain
of Yi:=(ny).(—Vd). Now choose é5>0 sufficiently small, such that Bj (p°)C U,

Vs € A. Pick v € By (p”), then

N
X’ +v) = D A’ +v) - Yi(p° + v)

k=1
— As(po + ’U) ' Ys(po + U) ) pD é Uk = p(} % SUpPP )\k
s €A
2 SME+0)- DY) + T A +0) 1y (0) ) v
s & A s & A

—- ( L{A},v + ;\As(pa T ’U) ' TQ,S(U) ) U =. va

Observe that N :={Ly,, , | {A} is a partition of unity subordinate to {U,}} is a compact

subset of GI(2,R). This follows because N, is the set of linear combinations of a finite
number |A| of bijective linear maps (with strictly positive eigenvalues), where the

coefficients are allowed to vary in a closed, hence compact subset of [0,1]'4!. The

openess of GI(2,R) in Mat(2,R) together with the compactness of N, imply

E€V>O VCEMGt(Zjl ) VL{)L},VENV . ”L{)\},V_Cu<ev — CEGZ(Q:,I.) .

Detfine

€ := wmf €,
€ B, (pO0
v 50(10)

then € > 0 by compactness of By (p”). Now r, (v) = o(1) implies that there exists 6; > 0,
such that “7‘215(0)” <e Vs€A Vv€ Bg (p’) We may assume without loss of generality
01 < 0y. With C', as defined above and v € Bgl(po)

H L{/\},v o CV ll — | Z )\s(po ’U) ' T2,5(U)

s & A
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< ZA)\S(p”Jr'U)- || < e
a | {eastBal(pO)

implies C, € GI(2,R). Hence X ,,(p°+v) =0 implies v =0 Vv € By (p°), independent

of the chosen partition of unity.

ad 1) We continue using the same notation as above and assuming all objects to be

located in R* (working in local coordinates without changing the global notation). We

may assume p° = 0. By Theorem 4 ii) and Proposition 9 the linear map DY (0): R? — R?

has an eigenvalue — 2 of geometric multiplicity 2, Vs € A. The set of eigenvectors is an

ellipse centered at 0 (w.r.t. the euclidean metric of R*). The associated quadratic forms

Qs : R* — | , €A
v = <o, DY (0)v>

are theretore negative definite, 1.e.

e, <0 VseA VoeR? : jvi=1 = Q(v)= <v,DY (0)v> <g¢

Now define €5:= —¢€,/2 > 0 and pick 6, > 0, such that H?’Z’S(’U)“ <€ YveE B (0) VseA
(recall Taylors theorem () and 1ts consequence (xx) in the proot of Lemma 13; we use
the same notation here). We may assume without loss of generality that 6, < é,, where

6, 1s as in the proof of part i); therefore p” = 0 is the only singularity of Xy in By (0).

We claim that the smooth tunction

e B52(0) R

.
v =g v’

is a Lyapunov function for X,y | B, (0) 1.e. we have to show that f is strictly decreasing
2

in direction X,, at any point v € By, (0) which is not a singularity of X,,, i.e. v # 0.

Using Df(v)=2-(1/2) |v| - (v"/|v]) =7, we get with v € Bs(0)\ { 0 } and using

Taylors expansion of Y, as mentioned above

(X{A}f)(v) = D f(v) X{,\}('U)

. (/\s(v)' Df(v) o DY (0)v + Afv)- Df(v) OT?rs(U)U)

_'Ut _’Ut

}
AN
S
N
=
<
v’

o] - < DY (0) > + A(0) - < v,y (V) >

v ] ? |
s EA ————— et/
<€1<0

[

v+ Y A@) - v 2 ra(v)]

s € A D N

< Jv|?(—€/2) =5 |v|?¢g <0
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A standard argument in the theory of dynamical systems shows that any ¢ € B52(0) 1S
)2

)
() C {p"}). Now we define W(p"):= B;,(p" = 0). ]

taken (in forward time) to p” by the flow associated to Xy, (one shows: 1) w(q) #

So far we are in the following situation: Around our sinks, saddles and sources p* of
Xy there are neighborhoods W p*) which contain no other singularities beside p* and
are independent of the choice of the partition of unity {A}.

tigure 16

On a set F', as indicated in figure 16 (a subset of the image under h of a 1l-face
connecting W (p”) and W(p")) there will be only two summands contributing to X
(eventually only after shrinking {A}), let’s say X -Y; and A, Y, (recall
Y:=(n;).(— Vd)). Moreover Y, and Y, coincide on F', and are not zero, therefore there
exists a neighborhood B, of F', such that Y'; and Y, are not antiparallel in B,. This
implies that Xy, |p, = (MY, +AY,) | g, cannot be zero on B,. Apply this arguments
to all sets of type F', as indicated in figure 16.

Now shrink the supports of the partition of unity, until all overlapps ot supports of A,
are inside the union U of the F',’s and W(p*)’s. By construction inside U there are no

other singularities except the p*’s and outside U X () 18 given by a single summand

(m).( — Vd), so there is exactly one singularity in the interior of every 2-simplex o}°,

namely the source p*.

So tar we have proven that our procedure of patching together the vectorfields Y

on U, s€{l,...,N}, using a partition of unity subordinated to the open cover {U_}._, of
N

k=1
saddles and sinks coming trom the ones located at the barycenters of the k-taces,

ke {2,1,0}, of our model simplex A *C R~

M does not create additional singularities of X, = Z ALY, beside the sources,

It remains to be proven that the structure of the connecting orbits between any
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two singularities of X ), 1s qualitatively as indicated in figure 2, in fact we will see that

<~ g

Follow the tlow generated by X,, along the unstable manitold of a saddle p'. The orbit

heure 17

runs along the 1-face until it reaches W(p"), once in W(p") it will run into the sink p°
by Lemma 14 11). In doing so its orbit may leave the 1-face as indicated in figure 17.

Now the union of the saddles and sinks (belonging to one 2-simplex ¢,.°) and its
connecting orbits 1s a compact flow mnvariant set N. The stable manifold of any saddle

intersects NV transversally, therefore the a-limit of any point in this stable manifold has

to be inside /N, but the only possibility is the source p~.
A priori this a-limit set could also be a limit cycle S. Now S would have to lie in a

region where at least two A ’s are supported, 1.e. near N. But then S had to run through

W (p") and by Lemma 14 ii) in a sink p°, which is a contradiction.

Finally we have to integrate X ), to be the negative gradient of a Morse function
f e C®M,R). Using a smooth version of the (topological) Grobman-Hartman theorem,
we see that X,y 1s locally around a singularity p, conjugate by a diffeomorphism to

DX (\y(p), providing simple local coordinates near py.

Theorem 15 (Grobman-Hartman) /St, Thm 1] Let U(0) be a neighborhood of 0 in R™ and
X:U(0)—R" a C°-diffeomorphism onto its image. Assume the eigenvalues \,,..., A, of
DX(0) satisfy the conditions M, # Alkl-...-}\nkﬂ for all v and ky,...k, €N, with
ki+...4+k, > 2, then X 1s conjugate to DX (0) near 0, i.e. there are open neighborhoods
V(0) and U(0) C U(0) of 0 and a C*®-diffeomorphism h: V(0)—U(0), 0—0, such that

hoDX(0)=Xoh

To apply the Grobman-Hartman theorem we first choose any local coordinates (@, W)

near p, and apply Theorem 15 to X,y expressed in these coordinates. One may have to
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perturb X,y slightly in a neighborhood of p, to meet the nonresonance condition in

Theorem 15. However, atter a sufficiently small perturbation the singularity will still be

hyperbolic.
With respect to the basis of TpkM made up ot the eigenvectors §;,&, of DX (py) we
get
o
DX () = 0 b | a,b € R\{0}

In the mentioned coordinates we define F) ; TPkM SO V(0) =R, (z,y)— —22* —2y*, and

use the metric Gy on V(0) C TpkM obtained by regarding &,,&, as being orthogonal to
get

VGka(% y) = DX{A}(pk) (z,y)"

Now we are ready to apply

Theorem 16 /Sm, Thm. B/ Let X be a smooth vector field on M with

(1) For any singularity 8 of X there exists a neighborhood Ny of B, a smooth
function [z and o Riemannian metric gg, such that Vgﬁfﬁ = X on Ng. Moreover, 3 18 a
nondegenerate critical point of f4. Let 3,,..., 5, denote the singularities of X.

(2) For any z € M: a(z)Uw(x) C UH_I_ 8. (where « and w are the limit sets
generated by the flow associated to X ).

(3) WH(B;) and W*(3;) intersect transversally for any v, j € {1,...,m}.
If (1)-(3) hold, then there exists a smooth function f on M with the following properties

(a) The critical points of f coincide with the singularities of X and vice versa.
For any critical point 3 of f there exists a neighborhood Uy of B, such that f | U s

coincides with the function fg|y of (1) up to a constant ¢z € R.

o
(b) If X(p) # 0 then X intersects the level set f~'(f(p)) transversally at p.

(c) Let B € M be a critical point of f, then f(B8) = Ind ().

Note that (3) holds in our case, because we know that there are no saddle-saddle
connections, since we know qualitatively the orbit structure as is exposed in figure 17.
(2) 1s also satisfied, because we can rule out limit cycles: A limit cycle S has index +1
or —1, because a unit tangent vector to S winds once around the origin (counter- or
clockwise) when transported once around S. Now a result in differential topology tells
us that the interior ot S contains at least one singularity of the vector field; together
with the known orbit structure between saddles and sinks, a limit cycle S could exist

only around a source p°. Near p* we have a gradient vector field, therefore S had to be
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located near the 1-faces; but this is excluded as above by property ii) of W(p°) in

Lemma 14.

One can patch together the metrics Gy near the singularities of Xy, to get

Lemma 17 [We, Prop. 2.1.12] There exists a smooth Riemannian metric § on M, such
that Vi = Xy, where f is as in Theorem 16.

PROOF We use the notation of Theorem 16. Moreover, let {N;};c 1 be a set of open
subsets of M*, such that

(+) (NihieaU{Np .o u N )

m

is an open cover of M* and

(U N)N {8y Bt =10
1€ A
By compactness of M we may assume |A| < oo. Let {pi}ieAu{ﬁl .5 be a partition

of unity subordinated to the open cover (x).

It we already found Riemannian metrics ¢, on V., Vi € A, such that

(**) Vgif — X{,\} 06 V

1 )

then defining

f}'(faﬁ) = z pl(q) ' gi(ga T]) , qC€ M? 5: 1 & TqM v
ieAu{ﬁl,...,ﬁm}

we were done. Symmetry, positive definiteness and nondegeneracy of g follow by the

tact, that the summands have these properties. We have to show X = Vg f: Let
geM, el M '

fj'(X{A}af) — Z pilq) - gi(X{,x}af) , by det.

z‘eAu{Bl,...,Bm}

which is equivalent to Xy, = V. f.

It remains to construct the metrics g; on V.. Let ¢ € V;, then on the level set
1 f(q)) there exists a frame {e} in a small neighborhood W; = f*(f(¢)) NV, of g (for V;

sufficiently small). By Theorem 16 (¢) Xy 1s transversal to level sets, therefore

te(e), Xnla)y » qeW;

is a basis of T' M. We can extend this frame to a small neighborhood of W, in M using
the linearization D¢ ot the time-t-map ¢, associated to X,

{Dét‘qoe(Q)?Dét‘q(Q)} ’ Q’Ewi 3 te(“ejﬁ) , e > {) smallj
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1s a frame ot V', eventually atter shrinking V..

We define the metric g; on V; as follows: Let ¢ € V', e = e(q), Xy = X(1(9)

gi(eae) =1 ?
gi(X{,\}:*e) = df(e) ”
(X X)) =df(X o) -

In fact g; satisfies Xy, =V, f on V;: Let g € V; and € € T,M
gi(X €)= g X e+ X )
=& gi(Xppe) + & al(X Xy
=& dfle) + & df(X )
= d f({1e + X )
=df(¢) .
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3. Application to Morse homology

Let f be a smooth Morse function on the smooth, closed Riemannian manifold
(M, g) of dimension 2. We assume the Morse-Smale condition to hold, i.e. stable and
unstable manifolds of any two critical points of f (determined by the flow associated to
— V f) intersect transversally. Crit f denotes the set of critical points of f of Morse
index k (# of negative eigenvalues of the Hessian of f at a critical point). One can show
that #Cret, f 1s finite tor any k € Z.
The Morse chain complex with coetficients in Z, is detined as follows: The chain group

CM, (M, f,g;Z,) is defined to be the free, abelian module generated over Z, by Crit,f,

1.e.

S Lyz , CM(M,f,g;27,)=0if Crity f =10

,

CM$(M?fﬁg§ZZ) = @ CMk(Maf:gaZQ)

kel

For x € Crit, f, y € Crit,_1f we denote by ny(z,y) the number (mod 2) of orbits (of the
negative gradient flow of f) connecting = to y (there are finitely many such orbits if one
factors out the R-action on an orbit given by translations in time). Now we can define a

boundary operator

ak: CMk(vaag;Z2) — CMk—l(M:fag;ZZ)
z ) my(ny)y

IS C’ritk_lf

Theorem A 0, 00, =0 Vke&Z.

Definition The Morse homology groups with coefficients in Z, are defined to be
Ker 0,

HMk(Maf?g;Zz) ‘= Im 8k+1

Theorem B HM (M, f°, ¢°;Z,) ~ HM, (M, f*, ¢";7Z,) VkeZ.
By Theorem B we may denote the Morse homology groups by HM,(M;Z,).
Theorem C HM,(M;Z,) ~ Hy"8(M;Z,) VkcZ.

Theorems A,B and C are well-known, see e.g. [Po, Sa, Sch, We2]. A detailed proof of
Theorem A, using elementary differential topology, may be found in [Wel]. An

immediate consequence of our previous work combined with Theorem B 1s a simple

proot of Theorem C.

PROOF (of Theorem C) Given a triangulation (h, K) of M it is well-known that
HI8(M;7,) ~ HI( | K |;7,) ~ HI™(KZ,)
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so 1t remains to show
HM, (M;Z,)~ H™>(K;7,)

By our construction of a Morse function associated to the triangulation (h, K') we have a

1:1 correspondence between the chain groups
Xt CM(M, f,g:7,) — CP™®(K;Z,)

T — k-face whose barycenter 1s x .

0,7 = (Y1, Y2, Y3) 05™Pe? = (< 1,2>,<0,2>, <0,1>)

tigure 18

The structure of the connecting orbits (figure 18) shows that the boundary operator 0y
of the Morse complex acts on 2z € Crit, f in the same way as the boundary operator

J5™P of the simplicial complex K does on x,(z), i.e. the following diagram commutes

CM(M,f,g;Z,) —*— > Ci™(K;Z,)
Oy | L oy
CMk—l(Mv fa g, ZZ)

- > CYP(K;Z,)

Xk-1

This means that y; 1s a chain map. As it 1s an 1somorphism already on chain level, the

induced map in homology 1s an 1somorphism, too. B
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3. Application to Morse homology
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