Noncontractible periodic orbits in cotangent bundles and Floer homology

Joa Weber

ETH-Zürich

15 April 2004^∗

Abstract

Let M be a closed connected Riemannian manifold and let α be a homotopy class of free loops in M. Then, for every compactly supported time-dependent Hamiltonian on the open unit disc cotangent bundle which is sufficiently large over the zero section, we prove existence of a 1-periodic orbit whose projection to M represents α. The proof shows that the Biran-Polterovich-Salamon capacity of the open unit disk cotangent bundle relative to the zero section is finite. If M is not simply connected, this leads to an existence result for noncontractible periodic orbits on level hypersurfaces corresponding to a dense set of values of any proper, bounded from below Hamiltonian on T^∗M, whenever the levels enclose M. This implies a version of the Weinstein conjecture including multiplicities: existence of closed characteristics – one associated to each nontrivial α – on every contact type hypersurface in T^∗M enclosing M.

1 Introduction and main results

Given a closed connected smooth manifold M, let π : T^∗M → M be its cotangent bundle with canonical symplectic form Ω_{can} = −dθ, where θ is the Liouville form. Choosing in addition a Riemannian metric on M, let DT^∗M denote the open unit disc bundle. A smooth function H : S^1 × DT^∗M → R of compact support gives rise to the Hamiltonian vector field X_{Ht} on T^∗M determined by dH_t = ι(X_{Ht} )Ω_{can}. Here nondegeneracy of the symplectic form enters. Our aim is to detect 1-periodic orbits of X_{Ht} whose projection to M represents a given homotopy class α of free loops in M. We denote the set of these orbits by P(H; α) := {z ∈ C^∞(S^1, T^∗M) | ż(t) = X_{Ht} (z(t)), ∀t ∈ S^1, [π(z)] = α}. (1) ∗Last revision: 01 October 2005

Here and throughout S^1 is identified with R/Z and we think of H as a smooth, compactly supported function on R × DT^∗M, (t, z) → H(t, z) =: H_t(z), satisfying H_{t+1} = H_t. The associated symplectic action functional A_H is defined by (3). The marked length spectrum Λ_α is the set of lengths of all periodic geodesics in the Riemannian manifold M which represent α. It is closed by Lemma 3.3, hence its infimum is realized by a periodic geodesic in the class α:

ℓ_α := inf Λ_α ∈ Λ_α. (2)

Theorem A (Existence of 1-periodic orbits). Let M be a closed connected smooth Riemannian manifold and DT^∗M the associated open unit disc cotangent bundle with canonical symplectic form Ω_{can}. Then for every homotopy class α of free loops in M the following is true. Every compactly supported Hamiltonian H ∈ C^∞([0, 1] × DT^∗M) with sup [0,1]×M H =: −c ≤ −ℓ_α admits a 1-periodic orbit z whose projection to M represents α and A_H (z) ≥ c.

The existence problem for periodic orbits has a rich history (see [14], for example). One of the most prominent cornerstones was Floer’s proof [7] of the Arnold conjecture for a certain class of symplectic manifolds by introducing Floer homology theory. Whereas periodic orbits detected in the past were typically contractible, only recently first steps have been taken in finding noncontractible ones, namely by Gatien-Lalonde [10] and by Biran-Polterovich- Salamon [2]. Both approaches are based on rather strong assumptions on the Riemannian manifold. For instance, Theorem A is proved in [2] in case that M is either the euclidean torus T^n = R^n/Z^n or of negative sectional curvature. Generalizations of [10] are given in [16].

In the noncontractible case Theorem A is sharp in the sense that, firstly, the inequality cannot be improved. This follows from Remark 2.1 by perturbing and smoothing out the radial Hamiltonian on T^∗M given by (x, y) → ℓ_α(−1 + |y|) for |y| ∈ [0, 1] and equal to zero whenever |y| ≥ 1, in such a way that all slopes are strictly less then ℓ_α. Secondly, the zero section O_M = M in the inequality cannot be replaced by an arbitrary smooth section [2, Theorem C].

A main tool in [2] is existence of a natural homomorphism T from symplectic homology of DT^∗M to relative symplectic homology of (DT^∗M, M) which factors through Floer homology of H (see commuting triangle in Figure 1). The proof of Theorem A combines this and the main result of [19], namely that Floer homology of the Hamiltonian T^∗M ∋ (x, y) →^1_2 |y|^2 is represented by singular homology of the free loop space of M (see also [25]; after writing this manuscript a new proof appeared in [1]). The filtration provided by the symplectic action functional is another key ingredient.

A contribution of the present text is to compute symplectic homology SH←− of DT^∗M and relative symplectic homology SH−→ of (DT^∗M, M) in terms of singular homology of the free loop space components L_αM of M. This is the

SH−→^{(a,∞);c;α} ∗ ≃ a∈(0,c] � H_∗(L_αM)

HF^{(a,∞)}_∗ (H; α) ι_H � � � � ⟲ ⟲

SH←−^{(a,∞);α} ∗ π_H � � � � T

�

≃ a∈R^+\Λ_α � H_∗(La^2 /2_α M)

[ι^α_{a2/2}]≠0 if a ≥ ℓ_α

�

Figure 1: Idea of proof of Theorem A

content of Theorem 3.1 and it is illustrated by the rectangular block in Figure 1. Here ι^α_b is the natural inclusion L^b_αM → L_αM of a sublevel set of the classical action S_0 (see Section 2.2; observe that its value for a periodic geodesic of length ℓ is ℓ^2/2). Note that as the action window (a, ∞) in the lower row gets bigger homology (eventually) gets smaller, because the increasing of the chain complex admits more cancellations. Throughout all homologies are with coefficients in Z_2. To compute these symplectic homologies we construct families of functions f_k and h_δ as indicated in Figure 1. For appropriate k and δ they satisfy f_k ≤ H ≤ h_δ. Together with the composition rule (18) for the induced monotone homomorphisms this leads to the commutative triangle in the figure. Now the homomorphism T is nonzero iff a ∈ [ℓ_α, c]\Λ_α. If c /∈ Λ_α and c happens to be a regular value of the symplectic action, Theorem A follows: set a = c and use that nontriviality of T implies nontriviality of Floer homology.

It is worthwhile to spell out a consequence of the commutative diagram in Figure 1 (see Theorem 3.1) in the nondegenerate case. Let the class α, the Hamiltonian H and the constant c = c(H) be as in Theorem A. Then for every a ∈ (ℓ_α, c] \ Λ_α the following holds. If all 1-periodic orbits z ∈ P(H; α) with A_H (z) > a are nondegenerate, then their number is at least

rank im[ι^α_a2_{/2}] =: ρ_α(a).

The nondecreasing step function ρ_α takes values in the nonnegative integers and is continuous from above. Its points of discontinuity are elements of Λ_α. The minimum of the set on which ρ_α is nonzero equals ℓ_α.

A further consequence of Theorem 3.1 is finiteness of the Biran-Polterovich- Salamon (BPS) capacity of DT^∗M relative to M (see Theorem 4.3) c_{BP S} (DT^∗M, M; α) := inf{c > 0 | P(H; α) ≠ ∅ ∀H ∈ C^∞_0 (S^1 × DT^∗M) : sup_{S1×M} H ≤ −c} = ℓ_α.

In the terminology of [2] this means that every nontrivial α is symplectically essential (see Definition 4.4). Therefore we obtain the following two multiplicity results (both are proved in [2] for symplectically essential α).

Theorem B (Dense existence). Let M be a closed connected smooth manifold and H : T^∗M → R be a smooth Hamiltonian which is proper and bounded from below. Suppose that the sublevel set {H < c} contains M. Then for every nontrivial homotopy class α of free loops in T^∗M there exists a dense subset S_α ⊂ (c, ∞) such that the following is true. For every s ∈ S_α, the level set {H = s} contains a periodic orbit z = (x, y) of the Hamiltonian system (T^∗M, Ω_{can}, H) which represents α and satisfies

∫_1 0 ⟨y(t), ẋ(t)⟩dt > 0. Proof. Theorem 4.3 and [2, Theorem 3.4.1].

Note that the period of the orbit in the previous theorem is not specified. Moreover, the theorem is not true in case α = 0 as the example of the euclidean torus and the Hamiltonian H(x, y) =^1_2 |y|^2 shows.

Theorem C (Closed characteristics). Let M be a closed connected smooth manifold and W ⊂ T^∗M be an open set with compact closure and smooth boundary Q = ∂W which is of contact type and encloses M. Let the characteristic line bundle L_Q be equipped with its canonical orientation. Then for every nontrivial homotopy class α of free loops in M the characteristic foliation of Q has a closed leaf z ⊂ Q with j_#[z] = α. Here j : Q → T^∗M → M is the composition of inclusion and projection and j_# is the induced map on free homotopy.

Proof. Theorem 4.3 and [2, Corollary 3.4.2].

By definition, the hypersurface Q in the theorem is of contact type if there exists a smooth Liouville vector field Z (i.e. L_Z Ω_{can} = Ω_{can}) which is defined on a neighbourhood U of Q in W and points outside W along Q. In this case Z gives rise to the contact form λ_Q := (ι(Z)Ω_{can}) |_{T Q} on Q with dλ_Q = Ω_{can} |_{T Q}. The characteristic line bundle over Q is given by L_Q := ker(Ω_{can} |_{T Q}). The associated foliation of Q is called characteristic foliation and its leaves characteristics . The Reeb vector field is a nonvanishing section of L_Q inducing the canonical orientation. This orients each leaf of the characteristic foliation.

Theorem C is related to the Weinstein conjecture [27]: given a symplectic manifold N and any compact hypersurface Q ⊂ N of contact type, then the characteristic foliation of Q has a closed leaf. The conjecture was first proved by Viterbo [22] in case N = R^{2n}. Later Hofer and Viterbo [13] proved it for cotangent bundles of closed manifolds under the additional hypothesis that Q encloses the zero section. The multiplicity result Theorem C refines their theorem in case that M is not simply connected. Viterbo informed us that the techniques of [13] should also provide multiplicities. In the unpublished part II of his PhD thesis Cieliebak proved Theorem C in the special case of fibrewise starshaped Q and noncyclic α (α^k ≠ 0 whenever k ∈ Z \ {0}). In fact, in this case he proved [5, Part II Thm. 2] that the number of geometrically distinct closed characteristics on Q which represent α is at least [ cuplength_{Z2} (L_αM) + 1 2 ] . Here [r] denotes the largest integer less or equal to r. Other recent multiplicity results [10, 2, 16] assume in addition existence of certain Riemannian metrics on M. In [23] Viterbo proved the Weinstein conjecture for cotangent bundles of closed manifolds with finite fundamental group (without the assumption that Q encloses the zero section). For further references concerning Weinstein conjecture and dense existence we refer to the survey [12].

This paper is organized as follows. In Section 2 we define action filtered Floer homology for a class of Hamiltonians which are radial and linear outside a compact subset of T^∗M. We study Floer continuation and give a geometric criterion to decide whether a given 1-parameter family of Hamiltonians is action-regular (see Definition 2.6). In this case the associated continuation homomorphism is an isomorpism. Theorem 2.9 represents Floer homology of convex radial Hamiltonians in terms of singular homology of the free loop space of M. In Section 3 we recall the definition of symplectic [8, 6] and relative symplectic homology [2] and compute them in Theorem 3.1. In Section 4 we compute the capacity c_{BP S} and prove Theorem A.

Acknowledgement. I am deeply indebted to Dietmar Salamon for sharing his time and great expertise in analysis and symplectic geometry during numerous enlightening and stimulating discussions and, last not least, for pointing out their work [2]. I gratefully acknowledge financial support of ETH-Projekt 00321. I wish to thank the anonymous referee for remarks considerably improving the presentation.

2 Floer homology

In Section 2.1 we define Floer homology for a class of Hamiltonians which outside of a compact subset of T^∗M are radial and linear of nonnegative slope. In Section 2.2 we consider convex radial Hamiltonians and calculate their Floer homology in terms of singular homology of the free loop space of M.

Let ∇ be the Levi-Civita connection associated to the Riemannian metric on M. Throughout we use the isomorphism T_{(x,y)}T^∗M → T_xM ⊕ T^∗_x M which takes the derivative ż(t) of a curve R → T^∗M : t → z(t) = (x(t), y(t)), where y(t) ∈ T^∗_{x(t)}M, to the pair (ẋ(t), ∇_ty(t)). Then the almost complex structure J_g on T^∗M induced by the metric isomorphism g : T M → T^∗M is represented by

J_g = ( 0 −g^{−1} g 0 ) . It provides the Riemannian metric G_g (·, ·) := Ω_{can}(·, J_g ·) on T^∗M. Define L_αT^∗M := {z = (x, y) | x ∈ C^∞(S^1, M), [x] = α, y(t) ∈ T^∗_{x(t)}M} where α is element of π̃_1(M), the set of homotopy classes of free loops in M. Given H ∈ C^∞(S^1 × T^∗M), define the symplectic action A_H : L_αT^∗M → R by

A_H (x, y) :=

∫_1 0 (⟨y(t), ẋ(t)⟩ − H(t, x(t), y(t))) dt. (3) Its critical points are given by P(H; α) as defined in (1). The set of critical values A_H (P(H; α)) is called action spectrum of H with respect to α. It is denoted by Spec(H; α).

Remark 2.1 (Radial Hamiltonians). Let f : R → R be a smooth symmetric function and define the autonomous Hamiltonian H^f on T^∗M by (x, y) → f(|y|). Throughout we simply denote H^f by f again. Its set of 1-periodic orbits P(f; α) = { (x, y) ∈ C^∞(S^1, T^∗M) | | ẋ =^{f ′(|y|)}_{|y|} y, ∇_ty = 0, [x] = α} equals the disjoint union of the two sets

P^±(f; α) : = { z = (x, y) ∈ C^∞(S^1, T^∗M) | | x periodic geodesic, ℓ := |ẋ|,

[x] = α, y(t) = ±^{rz}_ℓ ẋ(t) where r_z > 0 satisfies f^′(r_z ) = ±ℓ } . Note that |y(t)| = r_z for all t ∈ S^1 and that ℓ ∈ Λ_α. Therefore we also call the elements of Λ_α critical slopes. For z^± ∈ P^±(f; α) with f^′(r_z± ) = ±ℓ it holds A_f (z^±) = f^′(r_z± )r_z± − f(r_z± ) = ±ℓr_z± − f(r_z± ). Given a ∈ R, there are two methods to determine if the action of z^+ ∈ P^+(f; α) is larger than a. (1) The inequality A_f (z^+) > a holds if and only if f(r_z+ ) is located strictly below the line r → −a + rℓ. (2) This actually works for z^± ∈ P^±(f; α): draw the tangent to the graph of f at the point r_z± which satisfies f^′(r_z± ) = ±ℓ. This tangent t(r) = ±ℓr + b intersects the vertical coordinate axis at b = −A_f (z^±). Both methods are illustrated in Figure 2.

Figure 2: Action of 1-periodic orbits on {|y| = r}, where f^′(r) = ±ℓ ∈ Λ_α.

2.1 Definition for a class of admissible Hamiltonians

Consider the class of smooth time-1-periodic Hamiltonians on T^∗M which are radial and linear of nonnegative slope outside some compact subset of the open radius-R-disk bundle D_RT^∗M. For R > 0 define

K_R := {H ∈ C^∞(S^1 × T^∗M) | ∃λ ≥ 0 ∃c ∈ R such that H(t, x, y) = −c + λ |y| whenever |y| ≥ R}. Let K_R be equipped with the C^∞-topology on the closure of S^1 × D_{R+1}T^∗M. Now fix a homotopy class α of free loops in M and elements a < b of R ∪ {±∞}. In order to set up Floer homology filtered by the action interval (a, b) we need to impose the condition that a and b are not in the action spectrum, since this allows for small perturbations of the Hamiltonian without changing Floer homology. Moreover, it is necessary to ensure that the set of 1-periodic orbits with action in (a, b) is compact. This is not yet satisfied for all H ∈ K_R. For instance, consider H ∈ K_R with λ ∈ Λ_α and c ∈ [a, b]. Such a Hamiltonian admits 1-periodic orbits of action c on all radius-r-sphere bundles S_rT^∗M with r ≥ R. To exclude this we define the class of admissible Hamiltonians by K^{a,b}_{R;α} := {H ∈ K_R | {a, b} ∩ Spec(H; α) = ∅ and, if H ≡ −c + λ |y| whenever |y| ≥ R, then λ /∈ Λ_α or c /∈ [a, b]}. Next we would like to achieve nondegeneracy of all elements of the set P^{(a,b)}(H; α) := {z ∈ P(H; α) | A_H (z) ∈ (a, b)}. Every 1-periodic orbit z corresponds to a fixed point z_0 := z(0) of the time-1- map φ^H of the Hamiltonian flow and vice versa. Recall that z is called nondegenerate if 1 is not in the spectrum of dφ^H (z_0) : T_{z0} T^∗M → T_{z0} T^∗M. It is well known that nondegeneracy can be achieved by perturbing H near the image of the 1-periodic orbit. A proof in a slightly different setting may be found in [26, Proof of Theorem 3.6]. This proof carries over to the situation at hand and allows for the following conclusion.

Remark 2.2. Fix H ∈ K^{a,b}_{R;α} and an open neighborhood U ⊂ S^1 × D_RT^∗M of the graphs of the elements of P^{(a,b)}(H; α). Then there exists a neighborhood U of 0 ∈ C^∞_0 (U) and a subset U_{reg} ⊂ U of the second category in the sense of Baire such that the following are true. If W ∈ U_{reg} , then all elements of P^{(a,b)}(H + W ; α) are nondegenerate, their graphs lie in U and H + W ∈ K^{a,b}_{R;α}.

Choose W ∈ U_{reg} . Then every element z of the discrete set P^{(a,b)}(H +W ; α) takes values in D_RT^∗M and this implies compactness, hence finiteness. As shown in [26] the Conley-Zehnder index μ_{CZ} (z) is well defined. Set σ(z) := 0, if x^∗T M → S^1 is trivial, and σ(z) := 1 otherwise, and define the integer

μ(z) := −μ_{CZ} (z) + σ(z). (4)

This index provides the grading for the action filtered Floer chain groups

CF^{(a,b)}_k (H + W ; α) := ⨁ z∈P^{(a,b)} (H+W ;α) μ(z)=k Z_2z, (5)

for k ∈ Z. Our convention is that a direct sum over the empty set is zero.

The following key proposition is used in its parameter and time independent form to define Floer’s boundary operator. In this case it says, roughly speaking, that Floer cylinders with asymptotic boundary conditions located inside D_rT^∗M cannot leave this set, whenever the Hamiltonian is radial outside.

Proposition 2.3 (C^0-bound for Floer cylinders). Given R, c ≥ 0, let f ∈ C^∞(R × S^1 × [R, ∞)) be a smooth function such that ∂_sf^′_{s,t} ≥ 0 and f^{′′}_{s,t} ≥ −c (or f^{′′}_{s,t} ≤ c) for every (s, t) ∈ R×S^1, where f_{s,t}(r) := f(s, t, r). Assume further that H ∈ C^∞(R × S^1 × T M) satisfies |y| ≥ R ⇒ H(s, t, x, y) = f_{s,t}(|y|), (6) that the pair (u, v) ∈ C^∞(R × S^1, T M) satisfies ( ∂_su − ∇_tv ∇_sv + ∂_tu ) − ∇H(s, t, u, v) = 0, (7) and that there exists T > 0 such that |s| ≥ T ⇒ |v(s, ·)| ≤ R. (8) Then |v| ≤ R on R × S^1.

Proof. Assume by contradiction that there exists (s_∗, t_∗) ∈ (−T, T ) × S^1 with r_∗ := |v(s_∗, t_∗)| = max_{[−T,T ]×S1} |v| > R. Let a ∈ (R, r_∗) be a regular value of |v| and define the set Ω := {(s, t) ∈ R × S^1 : |v(s, t)| ∈ [a, r_∗]} ⊂ (−T, T ) × S^1 with smooth boundary ∂Ω = |v(·, ·)|^{−1} (a). Denote the connected component of Ω containing (s_∗, t_∗) by Ω_∗. Assumptions (6) and (7) show that the pair (u, v) restricted to Ω_∗ satisfies the equations ∂_su − ∇_tv = 0, ∇_sv + ∂_tu − f^′_{s,t}(|v|) |v| v = 0. Hence, setting L := ∂^2_s + ∂^2_t − f^{′′}_{s,t}(|v|)∂_s and applying ∇_t to the first and ∇_s to the second equation, we obtain on Ω_∗ the inequality

L^1_2 |v|^2 = |∂_su|^2 + |∇_sv|^2 + ( ∂_sf^′_{s,t} ) (|v|) · |v| ≥ 0.

Now the proof, but not the statement, of the weak maximum principle [11, Theorem 3.1] carries over to our situation (we have a bound for |s| but not for |t| when viewed as a real variable): consider first the case f^{′′}_{s,t} ≥ −c and let ε ∈ (0, 1]. Then on Ω_∗ we get

L(εe^{−(c+1)s}) ≥ ε(c + 1)e^{−(c+1)s} ≥ ε(c + 1)e^{−(c+1)T} > 0.

In the first step we used f^{′′}_{s,t} ≥ −c and the second step uses s ≤ T on Ω_∗. It follows that the function γ_ε : Ω_∗ → R given by γ_ε(s, t) := |v(s, t)|^2 + εe^{−(c+1)s} satisfies Lγ_ε > 0. Hence it cannot have any interior maximum: otherwise, if (s^′, t^′) was an interior maximum, then ∂_sγ_ε(s^′, t^′) = 0 and (∂^2_s +∂^2_t )γ_ε(s^′, t^′) ≤ 0, which contradicts Lγ_ε > 0. Therefore ‖γ_ε‖_L∞_{(Ω∗ )} = ‖γ_ε‖_L∞_{(∂Ω∗ )} and this proves the third of the following equations

r^2_∗ = ‖v‖^2_L∞_{(Ω∗)} = lim_{ε→0} ‖γ_ε‖_L∞_{(Ω∗)} = lim_{ε→0} ‖γ_ε‖_L∞_{(∂Ω∗)} = ‖v‖^2_L∞_{(∂Ω∗)} = a^2.

To obtain the second equation we used s ≥ −T in Ω_∗, which implies e^{−(c+1)s} ≤ e^{(c+1)T} , and therefore

sup_{Ω∗} |v|^2 ≤ sup_{Ω∗} ( |v|^2 + εe^{−(c+1)s} ) ≤ ( sup_{Ω∗} |v|^2 ) + εe^{(c+1)T ε→0}−→ sup_{Ω∗} |v|^2 .

Equation four follows similarly with Ω_∗ replaced by ∂Ω_∗. The conclusion r_∗ = a contradicts the choice of a, hence the lemma is proved in case f^{′′}_{s,t} ≥ −c. To prove the case f^{′′}_{s,t} ≤ c replace εe^{−(c+1)s} by εe^{(c+1)s}.

Fix z^± ∈ P^{(a,b)}(H + W ; α) and consider the moduli space M(z^−, z^+; H + W, α) of connecting trajectories which consists of smooth solutions w : R×S^1 → T^∗M of Floer’s elliptic partial differential equation

∂_sw + J_g (w)∂_tw − ∇(H + W )(t, w) = 0 (9)

subject to the asymptotic boundary conditions lim s→±∞ w(s, t) = z^±(t), lim_{s→±∞} ∂_sw(s, t) = 0, (10) uniformly in t ∈ S^1. Every solution w of (9) and (10) satisfies the energy identity

E(w) := ‖∂_sw‖^2_L2_{(R×S}1_) = A_{H+W} (z^−) − A_{H+W} (z^+).

To define Floer’s boundary operator the following observations are crucial.

(B1) All relevant Floer connecting trajectories stay inside the bounded set D_RT^∗M: since all elements of P^{(a,b)}(H + W ; α) take values in D_RT^∗M, Proposition 2.3 shows that w(R × S^1) ⊂ D_RT^∗M for all connecting trajectories w ∈ M(z^−, z^+; H + W, α) and all z^± ∈ P^{(a,b)}(H + W ; α).

(B2) The moduli spaces M(z^−, z^+; H +W, α) are compact with respect to C^∞- convergence on compact sets. This is a consequence of the energy identity, exactness of the canonical symplectic form Ω_{can}, and (B1).

(B3) Let D_w be the linear operator obtained by linearizing (9) at a solution w. By [9, Theorem 5.1 (ii)] surjectivity of D_w can be achieved by a small perturbation of H^0 := H +W which vanishes up to second order along the asymptotic orbits z^±. More precisely, denote by H = H(H^0) the subset of all K ∈ C^∞_0 (S^1 × D_RT^∗M) which vanish up to second order on the elements of P^{(a,b)}(H^0; α). Then there exists a subset H_{reg} = H_{reg}(H^0) of the second category in the sense of Baire such that D_w is surjective for all w ∈ M(z^−, z^+; H^0 + K, α), all z^± ∈ P^{(a,b)}(H^0 + K; α) and all K ∈ H_{reg} . Elements of H_{reg} are called regular. Moreover, for every sufficiently small K ∈ H we have H^0 + K ∈ K^{a,b}_{R;α} and P^{(a,b)}(H^0 + K; α) = P^{(a,b)}(H^0; α).

From now on we assume that H is regular. In this case the moduli spaces M(z^−, z^+; H, α) are smooth manifolds of dimension μ_{CZ} (z^+) − μ_{CZ} (z^−) = μ(z^−) − μ(z^+); see [20] and [18]. There is a free R-action given by shifting the s-variable: w(s, t) → w(s + σ, t). For z^− ∈ P^{(a,b)}(H; α) with μ(z^−) = k, define ∂_k = ∂_k(H; α) : CF^{(a,b)}_k (H; α) → CF^{(a,b)}_{k−1} (H; α) by

∂_kz^− := ∑ z^+∈P^{(a,b)} (H;α) μ(z^+ )=k−1

#_2 ( M(z^−, z^+; H, α) R ) z^+.

Here #_2 denotes the number of elements modulo two. We define ∂_kz^− := 0, whenever the sum is over the empty set. Since the index difference is one, the coefficients in the sum are finite. This uses the compactness property (B2) of the 1-dimensional moduli spaces. The identity ∂_{∗−1}∂_∗ = 0 follows as in Floer’s original work [7] by analyzing the 2-dimensional moduli spaces. Here gluing of Floer cylinders and again (B2) enters. Action filtered Floer homology is defined by (we drop T^∗M and the almost complex structure J_g in the notation, since both are fixed throughout)

HF^{(a,b)}_k (H; α) := ker ∂_k im ∂_{k+1} , k ∈ Z. Continuation

We extend the definition of Floer homology from regular to any H ∈ K^{a,b}_{R;α} and show that Floer homology does not change on connected components.

Lemma 2.4. The subset K^{a,b}_{R;α} ⊂ K_R is open.

Proof. The second condition in the definition of K^{a,b}_{R;α}, namely λ /∈ Λ_α or c /∈ [a, b] is open, since Λ_α is closed by Lemma 3.3. The first condition a, b /∈ Spec(H; α) is open, because its negation ’a ∈ Spec(H; α) or b ∈ Spec(H; α)’ is closed: Let (H_ν ) be a sequence in K_R which C^∞-converges to H ∈ K_R and with a ∈ Spec(H_ν ; α) for every ν ∈ N. Hence there is a sequence of orbits z_ν ∈ P(H_ν ; α) of action a. This sequence admits a uniform C^2-bound, which implies existence of a C^1-convergent subsequence. It follows that the limit z is a 1-periodic orbit of H of action a and with [π(z)] = α.

Now fix H ∈ K^{a,b}_{R;α} and choose a convex neighbourhood W of H in K^{a,b}_{R;α} and regular Hamiltonians H^0, H^1 ∈ W. Outside D_RT^∗M these are of the form H^i_t (x, y) = −c^i + λ^i |y|, for i = 0, 1. We may assume λ^0 ≤ λ^1, otherwise rename H^0 and H^1. Let β : R → [0, 1] be a smooth nondecreasing cutoff function which is zero on (−∞, −1] and one on [1, ∞). Consider the smooth homotopy R → W given by s → H_s := H^0 + β(s)(H^1 − H^0). (11)

Observe that outside D_RT^∗M it is of the form

f_s(|y|) = −c^0 + λ^0 |y| + β(s) ( c^0 − c^1 + |y| (λ^1 − λ^0) ) and satisfies ∂_sf^′_s(|y|) = β̇(s)(λ^1 − λ^0) ≥ 0. For z_i ∈ P^{(a,b)}(H^i; α), define the moduli space M(z_0, z_1; H_s, α) of continuation trajectories to be the set of smooth solutions w : R × S^1 → T^∗M of Floer’s parameter-dependent equation

∂_sw + J_g (w)∂_tw − ∇H_s(t, w) = 0 (12)

which satisfy uniformly in t ∈ S^1 the asymptotic boundary conditions lim s→−∞ w(s, t) = z_0(t), lim_{s→+∞} w(s, t) = z_1(t), lim_{s→±∞} ∂_sw(s, t) = 0. (13)

Every solution w of (12) and (13) satisfies the energy identity

E(w) = A_H0 (z_0) − A_H1 (z_1) − ∫_∞ −∞ ∫_1 0 (∂_sH_s) (t, w(s, t)) dtds. (14) To define Floer’s continuation chain map the following observations are crucial.

(C1) All continuation trajectories w ∈ M(z_0, z_1; H_s, α) stay in D_RT^∗M for all z_k ∈ P^{(a,b)}(H^k; α) and k = 0, 1: as observed in (B1) this is true for the elements of P^{(a,b)}(H^k; α) with k = 0, 1. Since ∂_sf^′_s ≥ 0, it follows that H_s satisfies the assumptions of Proposition 2.3 and this proves the claim.

(C2) The moduli spaces M(z_0, z_1; H_s, α) are compact with respect to C^∞- convergence on compact sets. Again this is a consequence of the energy identity (14), exactness of the canonical symplectic form Ω_{can} and (C1).

(C3) A perturbation argument similar to (B3) shows that there is a subset of the second category in the sense of Baire of regular homotopies among all homotopies R → W. A homotopy is called regular if the linear operator associated to (12) is surjective for all continuation trajectories w.

From now on assume that H_s is a regular homotopy. Then the moduli spaces M(z_0, z_1; H_s, α) are smooth manifolds of dimension μ(z_0) − μ(z_1). For z_0 ∈ P^{(a,b)}(H^0; α) with μ(z_0) = k define Floer’s continuation map by

Φ^{10}z_0 = Φ^{10}(H_s)z_0 := ∑ z_1∈P^{(a,b)} (H^1 ;α) μ(z_1 )=k

#_2M(z_0, z_1; H_s, α) z_1. (15)

As shown in [2, Section 4.4] it is a chain map CF^{(a,b)}_∗ (H^0; α) → CF^{(a,b)}_∗ (H^1; α) whenever H^0 and H^1 are sufficiently close to H ∈ K^{a,b}_{R;α} (here the energy identity (14) enters). It descends to a homomorphism [Φ^{10}] on homology which is independent of the choice of homotopy by standard arguments. Lemma 2.5. The homomorphism [Φ^{10}] is an isomorphism whenever H^0 and H^1 are sufficiently close to H ∈ K^{a,b}_{R;α}.

Proof. A standard idea of proof is to consider the reverse homotopy H_{−s} from H^1 to H^0 and show that it induces the inverse map on homology. Unfortunately, this approach fails here, because H_{−s} leads to ∂_sf^′_{−s} ≤ 0. Hence the proof of (C1) fails. To overcome this problem we introduce an appropriate intermediate Hamiltonian H^2 (see Figure 3) and replace the homotopy H_s =: H^{01} from H^0 to H^1 by two homotopies, namely by H^{02}_s := H^0 + β(s)(H^2 − H^0) followed by H^{21}_s := H^2 + β(s)(H^1 − H^2). The associated continuation maps Φ^{10}

Figure 3: The Hamiltonians H^0, H^1, H^2 and homotopies.

and Φ^{12} ∘ Φ^{20} are chain homotopy equivalent by standard arguments (see [18, Section 3.4]), hence the induced maps on homology are equal. In other words, the following diagram commutes

HF^{(a,b)}_∗ (H^1; α)

HF^{(a,b)}_∗ (H^2; α) .

[Φ^{12}] ≃ � � � �

HF^{(a,b)}_∗ (H^0; α)

[Φ^{20}]=[id] � � � � [Φ^{10} ] ⟲

�

To conclude the proof of the lemma it suffices to show that (i) Φ^{20} = id and (ii) Φ^{12} induces an isomorphism on homology. The Hamiltonian H^2 is defined as follows. On D_RT^∗M let it coincide with H^0 and on the complement extend it radially: starting at r = R increase r and make a smooth left turn and continue, say outside D_{2R}T^∗M, with the constant slope λ^1 of H^1 (see Figure 3).

(i) If H^0 and H^1 are sufficiently close, then the chain groups associated to H^0 and H^2 are identical: since R \ Λ_α is open by Lemma 3.3, it follows (λ_0, λ_1) ∩ Λ_α = ∅. Hence the elements of P^{(a,b)}(H^0; α) and P^{(a,b)}(H^2; α) take values in D_RT^∗M, but there H^0 and H^2 coincide. Proposition 2.3, shows that also all relevant continuation trajectories (12) take values in D_RT^∗M, but here the homotopy from H^0 to H^2 is constant and so all trajectories are independent of s. This implies that the continuation map Φ^{20} is the identity.

(ii) The key fact is that outside D_{2R}T^∗M the homotopy H^{21}_s is of the form f_s(|y|) with ∂_sf^′_s ≡ 0 ≡ ∂_sf^′_{−s}. Hence by Proposition 2.3 all continuation trajectories corresponding to H^{21}_s and also those corresponding to the reverse homotopy H^{21}_{−s} remain in D_{2R}T^∗M. Therefore the standard argument of reversing the homotopy applies and shows [Φ(H^{21}_{−s})] = [Φ(H^{21}_s )]^{−1}.

Definition 2.6. (1) For H ∈ K^{a,b}_{R;α}, define HF^{(a,b)}_∗ (H; α) := HF^{(a,b)}_∗ (K; α), where K is any regular Hamiltonian sufficiently close to H. (2) A homotopy H_s taking values in a connected component of K^{a,b}_{R;α} is called action-regular.

Definition 2.6 (1) is independent of the choice of K by Lemma 2.5. Moreover, given any action-regular homotopy H_s from H^0 to H^1, there exists N ∈ N_0 sufficiently large such that with s_k :=^k_N we have the composition of isomorphisms

[Φ^{sN sN −1} ] ∘ · · · ∘ [Φ^{s1 s0} ] : HF^{(a,b)}_∗ (H^0; α) → HF^{(a,b)}_∗ (H^1; α). (16)

It is an open question, if the resulting isomorphism depends on the choice of the homotopy between H^0 and H^1; see [2, Remark 4.4.3]. If the homotopy is in addition monotone, an isomorphism can be defined directly in terms of the solutions of (12) and it is independent of the choice of the monotone actionregular homotopy. This will be discussed in the next section.

Monotone homotopies

Given H^0, H^1 ∈ K^{a,b}_{R;α} with H^0 ≤ H^1 pointwise, and a smooth homotopy H_s from H^0 to H^1 which satisfies ∂_sH_s ≥ 0 everywhere and H_s(t, x, y) = f_s(|y|) with ∂_sf^′_s(|y|) ≥ 0 whenever |y| ≥ R. We call such a homotopy monotone. Any convex combination H_s = (1 − β(s))H^0 + β(s)H^1 is a monotone homotopy. By a perturbation argument we may assume without loss of generality that the Hamiltonians H^0 and H^1 and the monotone homotopy H_s are regular. Let Floer’s continuation map Φ^{10} be given by (15). Using the energy identity (14) one can show that it is a chain map from CF^{(a,b)}_∗ (H^0; α) to CF^{(a,b)}_∗ (H^1; α). The induced map on homology, called the monotone homomorphism, is denoted by

σ^{10} := [Φ^{10}] : HF^{(a,b)}_∗ (H^0; α) → HF^{(a,b)}_∗ (H^1; α). (17)

Lemma 2.7 ([8, 6]). The monotone homomorphism does not depend on the choice of the monotone homotopy used to define it and

σ^{21} ∘ σ^{10} = σ^{20}, σ^{00} = id, (18)

whenever H^0, H^1, H^2 ∈ K^{a,b}_{R;α} satisfy H^0 ≤ H^1 ≤ H^2.

Lemma 2.8 ([24]). The monotone homomorphism associated to an actionregular monotone homotopy is an isomorphism.

Proof. The isomorphisms in (16) are induced by monotone homotopies; now apply (18).

Given a ≤ b ≤ c and Hamiltonians H^0 ≤ H^1 in K^{a,b}_{R;α} ∩ K^{a,c}_{R;α}, we obtain the following commuting diagram whose rows are the short exact sequences associated to the natural inclusion ι^F and projection π^F (we temporarily suppress α in the notation)

0 � CF^{(a,b)}_∗ (H^0)^{ιF} �

Φ^{10} � ⟲ CF^{(a,c)}_∗ (H^0)^{πF} �

Φ^{10} � ⟲ CF^{(b,c)}_∗ (H^0) �

Φ^{10} � 0

0 � CF^{(a,b)}_∗ (H^1)^{ιF} � CF^{(a,c)}_∗ (H^1)^{πF} � CF^{(b,c)}_∗ (H^1) � 0 .

The associated long exact sequences fit into the commutative diagram

.. � HF^{(a,b)}_∗ (H 0)^{[ιF ]} �

σ^{10} � ⟲ HF^{(a,c)}_∗ (H^0)^{[π}

F ] �

σ^{10} � ⟲ HF^{(b,c)}_∗ (H^0)

σ^{10} �

� ..

.. � HF^{(a,b)}_∗ (H 1)^{[ιF ]} � HF^{(a,c)}_∗ (H 1)^{[πF ]} � HF^{(b,c)}_∗ (H 1) � ..

. (19)

Moreover, given a ≤ b ≤ d and Hamiltonians H^0 ∈ K^{a,d}_{R;α} and H^1 ∈ K^{a,d}_{R;α} ∩ K^{a,b}_{R;α} with H^0 ≤ H^1, let H_s be a monotone homotopy from H^0 to H^1 such that the associated continuation map Φ^{10} maps P^{(a,d)}(H^0; α) to P^{(a,b)}(H^1; α). Then we obtain the homomorphism

σ̌^{10} = [Φ^{10}] : HF^{(a,d)}_∗ (H^0; α) → HF^{(a,b)}_∗ (H^1; α).

If in addition c ∈ [b, d], H^0 ∈ K^{a,c}_{R;α}, and Φ^{10}(P^{(a,c)}(H^0; α)) ⊂ P^{(a,b)}(H^1; α), then the following diagram commutes (even on the chain level)

HF^{(a,d)}_∗ (H^0; α)^{σ10} �

σ̌^{10} � � � � HF^{(a,d)}_∗ (H^1; α)

HF^{(a,c)}_∗ (H^0; α)

[ι^F ] � σ̌^{10} �

HF^{(a,b)}_∗ (H^1; α)

[ι^F ] � . (20)

2.2 Computation for convex radial Hamiltonians

We denote by LM = C^∞(S^1, M) the free loop space of M and by L_αM the connected component whose elements represent the free homotopy class α. For V ∈ C^∞(S^1 × M) the classical action functional S_V on LM is given by

S_V (x) :=

∫_1 0 1 2 |ẋ(t)|^2 − V (t, x(t)) dt. (21) For a ∈ R consider the sublevel set L^a_αM := {x ∈ L_αM | S_0(x) ≤ a} and denote its singular homology with Z_2-coefficients by H_∗(L^a_αM). Using simplified notation there are natural inclusions ι_a = ι^α_a : L^a_αM → L_αM and ι_{ba} = ι^α_{ba} : L^a_αM → L^b_αM whenever b ≥ a.

Theorem 2.9 (Floer homology of convex radial Hamiltonians). Fix a homotopy class α of free loops in M and a smooth symmetric function f with f^{′′} ≥ 0. If λ is a positive noncritical slope of f, i.e. λ ∈ R^+ \ Λ_α and f^′(r) = λ for some r > 0, then there is a natural isomorphism Ψ^{f,λ} : HF^{(−∞,cf,λ)} ∗ (f; α) → H_∗(L^{λ2 /2}_α M), c_{f,λ} := rf^′(r) − f(r). If g is another such function, then there exists an isomorphism [Φ^{gf,λ}] such that the following diagram commutes HF^{(−∞,cf,λ)} ∗ (f; α)_≃^{[Φ} gf,λ ] � Ψ^{f,λ} ≃ � � � � HF^{(−∞,cg,λ)} ∗ (g; α) Ψ^{g,λ} ≃ � � � �

H_∗(L^{λ2 /2}α M)

. (22)

If μ ∈ (0, λ] \ Λ_α is another noncritical slope of f, then the following diagram commutes HF^{(−∞,cf,μ)} ∗ (f; α) Ψ^{f,μ} ≃ �

[ι^F ] � HF^{(−∞,cf,λ)} ∗ (f; α) Ψ^{f,λ} ≃ � H_∗(L^{μ2 /2}_α M)

[ι_{λ2} 2 μ2 2 ] � H_∗(Lλ^2 /2_α M)

. (23)

The proof of the theorem is based on the main result in [19], namely existence of a natural isomorphism HF^{(−∞,a)}_∗ (^1_2 |y|^2; α) ≃ H_∗(L^a_αM) whenever a is a regular value of S_V .

Proof. The main part of the proof is to establish the vertical homomorphisms in diagram (24), show that they are actually isomorphisms and prove that the diagram commutes.

HF^{(−∞,cf,μ)} ∗ (f + F ; α)^{[ι}

F ] �

� HF^{(−∞,cf,λ)} ∗ (f + F ; α)

[id] � HF^{(−∞,∞)} ∗ (f^{(μ)} + ~F ; α)^{[ι} F ] [Φ] �

� HF^{(−∞,∞)} ∗ (f^{(λ)} + F ; α) [Φ] � HF^{(−∞,∞)} ∗ (f^{(μ)}_0 + ~W ; α)^{[Φ]}_{[ιF ]} � � HF^{(−∞,∞)} ∗ (f^{(λ)}_0 + W ; α)

[id] � HF^{(−∞,μ2/2)} ∗ (f_0 + W ; α)^{[ι}

F ] �

� HF^{(−∞,λ2 /2)} ∗ (f_0 + W ; α) [Φ] � HF^{(−∞,μ2 /2)} ∗ (f_0, V; α)^{[ι}

F ] �

� HF^{(−∞,λ2/2)} ∗ (f_0, V; α)

[19, Section 11] � H_∗(L^{μ2 /2}α M)^{[ι]} � H_∗(L^{λ2 /2}α M)

(24)

Here f_0(|y|) := |y|^2 /2 and F and W are regular perturbations. The abstract perturbations V were introduced in [19] and are discussed further below.

Once the above is achieved we define Ψ^{f,λ} to be the composition of the vertical maps on the right hand side of diagram (24). It follows that diagram (23) commutes. Definition of Φ^{gf,λ} is indicated in the following diagram HF^{(−∞,cf,λ)} ∗ (f + F ; α)

[id_f ] �

[Φ^{gf,λ} ]:= [id_g^{−1}∘Φ∘id_f ] � HF^{(−∞,c}g,λ^) ∗ (g + K; α) [id_g ] � HF^{(−∞,∞)} ∗ (f^{(λ)} + F ; α) [Φ] �

[Φ] � HF(−∞,∞) ∗ (g^{(λ)} + K; α) [Φ] � � � �

HF^{(−∞,∞)} ∗ (f^{(λ)}_0 + W ; α)

.

Here Φ denotes Floer’s continuation map. Since all Hamiltonians are outside a compact set radial of noncritical constant slope λ, the maps Φ induce isomorphisms on homology which do commute (e.g. see [18, Theorem 3.7]). Together with (24) this proves that diagram (22) commutes.

It remains to establish the vertical isomorphisms on the right hand side (thereby the ones on the left hand side) of diagram (24). Let f̃^{(λ)} be given by following the graph of f until slope λ turns up for the first time, say at a point R − 1, then continue linearly with slope λ. Since this function is only C^1, we approximate it by a smooth convex function f^{(λ)} such that both functions coincide outside a small neighbourhood of R − 1. Note that R = R(f, λ).

Isomorphism 1. By definition HF^{(−∞,cf,λ)} ∗ (f; α) := HF^{(−∞,cf,λ)} ∗ (f + F ; α), where F ∈ H_{reg}(f) is a small perturbation of compact support in S^1 × D_RT^∗M as in (B3). By (B1) all 1-periodic orbits of f + F of action less than c_{f,λ} and all their connecting trajectories take values in D_RT^∗M. The same is true for the Hamiltonian f^{(λ)} + F without any action restriction. But in D_RT^∗M both Hamiltonians coincide, hence both chain complexes are identical.

Isomorphism 2. The second vertical map in (24) is induced by Floer’s continuation map Φ(H_s) associated to any homotopy H_s arising from a convex combination of f^{(λ)} and f^{(λ)}_0 . Note that we are not restricted to monotone homotopies, since the action window is the whole real line. Outside a compact set both functions are of slope λ, hence in this domain we have H_s(t, x, y) = f_s(|y|) with ∂_sf^′_s = 0 and ∂_sf^′_{−s} = 0. Therefore Proposition 2.3 applies to H_s and to H_{−s} and consequently Φ(H_s) and Φ(H_{−s}) can be defined. Since any two convex combinations are homotopic through functions whose slope equals λ outside a compact set, the standard argument to prove independence of [Φ(H_s)] on H_s by studying homotopies of homotopies goes through. The composition rule for continuation maps with respect to concatenation of homotopies then implies [Φ(H_{−s})] = [Φ(H_s)]^{−1}.

Isomorphism 3. The same argument as for isomorphism 1 applies.

Isomorphism 4. The fourth vertical map is again Floer’s continuation map. However, its definition and the proof that it is an isomorphism require new arguments. Floer homology as in line five of diagram (24) has been introduced in [19]. Here f_0(|y|) =^1_2 |y|^2 and the abstract perturbation V : LM → R is required to satisfy five axioms (V0-V4) for which we refer the reader to [19, Section 2]. However, since we will use it below, let us recall the first axiom:

(V0) The perturbation V is continuous with respect to the C^0 topology on LM.

Moreover, there is a constant C > 0 such that sup x∈LM |V(x)| + sup_{x∈LM} ‖grad V(x)‖_L∞_{(S}1_) ≤ C.

This class of perturbations is rich enough such that the Morse-Smale transversality condition is satisfied generically. The special case V(x) =

∫_1 0 V (t, x(t)) dt where V ∈ C^∞(S^1 × M) reproduces standard Floer theory associated to the Hamiltonian H_V (t, x, y) = |y|^2/2 + V (t, x). The functionals S_V and A_V are obtained by replacing

∫_1 0 V (t, x(t)) dt by V(x) in S_V and A_{HV} , respectively. The critical points of S_V are given by P(V) = {x ∈ LM | −∇_t∂_tx − grad V(x) = 0}.

They are identified with the critical points of A_V by the map x → (x, g(x)∂_tx). Here grad V denotes the L^2 gradient of V which is defined by ∫_1 0 ⟨grad V(u), ∂_su⟩dt := d ds V(u) for every smooth path R → LM : s → u(s, ·). It is important to observe that on critical points both functionals coincide.

Let λ^′ > λ be sufficiently small such that (λ, λ^′) ∩ Λ_α = ∅. Given any (x, y) ∈ P^{(−∞,λ2/2)}(V; α), we claim that (x, y) takes values in D_λ′ T^∗M whenever V is sufficiently C^1-small. We recall the argument given in [26, App. A]. The first observation is that S_V (x) < λ^2/2 implies

‖ẋ‖^2 < λ^2 + 2 ‖V‖_L∞_{(LM)} . (25)

Secondly, use −∇_tẋ − grad V(x) = 0 to get the pointwise identity d dτ |ẋ(τ)|^2 = −2⟨(grad V(x))(τ), ẋ(τ)⟩. Integrate this identity from t_0 to t ∈ [t_0, t_0 + 1] to obtain

|ẋ(t_0)|^2 = |ẋ(t)|^2 + 2 ∫_t t_0 ⟨(grad V(x))(τ), ẋ(τ)⟩ dτ ≤ |ẋ(t)|^2 + 2

∫_{t0 +1}

t_0 ε^{−1} |(grad V(x))(τ)| · ε |x(τ)| dτ ≤ |ẋ(t)|^2 + ε^{−2} sup_{x∈LM} ‖grad V(x)‖^2_L∞_{(S}1_) + ε^2 ‖ẋ‖^2 .

Integrate this inequality over the interval [0, 1] and take the supremum over t_0 ∈ S^1 to obtain for every ε > 0 the estimate

‖ẋ‖^2_∞ ≤ (1 + ε^2) ‖ẋ‖^2 + ε^{−2} sup_{x∈LM} ‖grad V(x)‖^2_L∞_{(S}1_) . (26)

Combining (25) and (26) shows that we can achieve ‖y‖_∞ = ‖ẋ‖_∞ ≤ λ^′ by choosing V sufficiently C^1-small and this proves the claim.

By (B1) the elements of P^{(−∞,λ2/2)}(f_0 + W ; α) also take values in D_λ′ T^∗M whenever the regular Hamiltonian perturbation W is sufficiently close to zero. From now on assume that the abstract perturbation V is regular as well.

We aim to define the continuation homomorphism Φ by counting the solutions w = (u, v) : R × S^1 → T M of the parameter dependent Floer equation

∂_su − ∇_tv = β(s)grad V(u) + (1 − β(s))∇_1W_t(u, v) ∇_sv + ∂_tu = v + (1 − β(s))∇_2W_t(u, v)

(27)

for which the following limits exist uniformly in t ∈ S^1 lim s→±∞ w(s, t) = z^±(t), lim_{s→±∞} ∂_sw(s, t) = 0. (28)

Here z^− ∈ P^{(−∞,λ2/2)}(f_0 + W ; α) and z^+ ∈ P^{(−∞,λ2/2)}(f_0, V; α) are supposed to have equal index, the cutoff function β is as in (11) and we identified T M and T^∗M using the Riemannian metric on M. Moreover, the gradients ∇_1W_t(u, v) and ∇_2W_t(u, v) appearing in (27) are defined by the identity d dτ W_t(x, ξ) =: ⟨∇_1W_t(x, ξ), ∂_sx⟩ + ⟨∇_2W_t(x, ξ), ∇_sξ⟩, for every path R → T M : τ → (x(τ), ξ(τ)).

To define Φ we have to check if conditions (C1-C3) are satisfied. Here only the apriori bound in (C1) is nonstandard. Define A_s on LT^∗M by A_s(x, y) := ∫_1 0 ( ⟨y, ẋ⟩ − 1 2 |y|^2 − (1 − β(s))W_t(x, y) ) dt − β(s)V(x) and consider the identity d ds A_s(u, v) = − ‖∂_su‖^2_L2_{(S}1_) − ‖∇_sv‖^2_L2_{(S}1_) + β^′(s) (∫_1 0 W_t(u, v) dt − V(u) )

for solutions (u, v) of (27). It implies the energy identity

E(u, v) = A_W (z^−) − A_V (z^+) + ∫_∞ −∞ β^′(s) (∫_1 0 W_t(u, v) dt − V(u) ) ds for solutions (u, v) of (27) and (28). It is a consequence of this last two identities that Proposition 2.10 applies with c_0 = λ^{′2}/2 + 2 ‖W ‖_∞ + 2 sup_{x∈LM} |V(x)|. It provides a uniform bound R > 0 for the absolute value of the fibre component of all relevant continuation trajectories. Moreover, the argument in [2, Section 4.4]) shows that Φ is indeed a chain map with respect to the given action window whenever the perturbations V and W are sufficiently C^0-small. Here the energy identity enters again. The usual reverse homotopy argument then proves that [Φ] is an isomorphism.

Isomorphism 5. This is the main result of [19].

Commutativity. To show that diagram (24) commutes observe first that the vertical maps on the left hand side of (24) are the analogues of the ones on the right hand side. The perturbations on the left (marked by ~) are restrictions of the ones on the right hand side. The first five horizontal maps can be viewed as being induced by inclusion of subcomplexes. Here convexity of the unperturbed Hamiltonians enters. Blocks one, three and four in diagram (24) commute already on the chain level. Horizontal maps two and three can alternatively be interpreted as being induced by continuation maps associated to monotone homotopies. Note that, due to the fact that orbits could enter from infinity during the homotopy, the induced maps on homology are in general not isomorphisms. However, continuation maps satisfy the obvious composition rule for catenations of homotopies (see [18, Lemmata 3.11 and 3.12]) and this implies commutativity of block two. Block five commutes by [19]. This concludes the proof of Theorem 2.9.

Proposition 2.10 (Apriori C^0-bound). Fix a constant c_0 > 0, a perturbation V : LM → R which satisfies (V0) and [19, (V1)], and a perturbation W ∈ C^∞_0 (R × S^1 × D_λT^∗M) for some λ > 0. Then there is a constant C > 0 depending continuously on c_0, the C^2-norm of W and the constant appearing in (V0–V1) such that the following holds. If (u, v) : R × S^1 → T^∗M solves (27) and E(u, v) ≤ c_0, sup_{s∈R} A_s(u(s, ·), v(s, ·)) ≤ c_0 then ‖v‖_∞ ≤ C. The proof of the Proposition follows line by line the proof of the apriori estimate [19, Thm. 5.1] in case ε = 1.

Remark 2.11. An apriori bound for s-independent Hamiltonians was obtained by Cieliebak [4, Theorem 5.4]. A different technique based on parabolic mean value inequalities was developed by Salamon and the present author in [19]. There is yet another approach towards C^0-bounds by Oancea [17] which requires ∂_sH_s ≥ 0. Moreover, the assumptions of Proposition 2.3 fit into the framework of [17], which provides some uniform C^0-bound c. In contrast, Proposition 2.3 provides the specific value c = r, which is important for our purposes.

3 Symplectic and relative symplectic homology

3.1 Definition

To define symplectic homology [8, 6] of DT^∗M and relative symplectic homology [2] of (DT^∗M, M) we need to introduce inverse and direct limits, respectively. We shall discuss these notions only briefly and refer to [2, Section 4.6] for more details. The set H := C^∞_0 (S^1 × DT^∗M) is partially ordered by

H_0 ⪯ H_1 :⇔ H_0(t, z) ≤ H_1(t, z) ∀(t, z) ∈ S^1 × DT^∗M.

Fix α ∈ π̃_1(M), two numbers a, b ∈ R ∪ {±∞} with a < b and let H^{a,b}_α denote the set of H ∈ H such that a, b /∈ Spec(H; α). The monotone homomorphisms σ^{H1 H0} of Section 2 give rise to the partially ordered system (HF, σ) of Z_2-vector spaces over H^{a,b}_α . By definition this means that HF assigns to each H ∈ H^{a,b}_α the Z_2-vector space HF_∗^{(a,b)}(H; α) and σ assigns to any two elements H_0 ⪯ H_1 of H^{a,b}_α the monotone homomorphism σ^{H1 H0} satisfying the composition rule (18).

The partially ordered set (H^{a,b}_α , ⪯) is downward directed: for all H_1, H_2 ∈ H^{a,b}_α there exists H_0 ∈ H^{a,b}_α such that H_0 ⪯ H_1 and H_0 ⪯ H_2. The functor (HF, σ) is an inverse system of Z_2-vector spaces over H^{a,b}_α . Its inverse limit is called symplectic homology of DT^∗M with respect to α and defined by

SH←−^{(a,b)}_∗ (DT^∗M; α) := lim←− H∈H^{a,b}_α HF^{(a,b)}_∗ (H; α)

:= {a_H }_{H∈H}a,b_α ∈ ∏ H∈H^{a,b}_α HF^{(a,b)}_∗ (H; α) | | | | | H_0 ⪯ H_1 ⇒ σ^{H1 H0} (a_{H0} ) = a_{H1} .

For H ∈ H^{a,b}_α let

π_H : SH←−^{(a,b)}_∗ (DT^∗M; α) → HF^{(a,b)}_∗ (H; α) (29)

be the projection to the component corresponding to H. Then π_{H1} = σ^{H1 H0} ∘ π_{H0} , whenever H_0 ⪯ H_1.

To define relative symplectic homology fix c > 0 and consider the subset H^{a,b}_{α;c} := { H ∈ H^{a,b}_α | sup_{S1 ×M} H ≤ −c } . This set is upward directed: for all H_0, H_1 ∈ H^{a,b}_{α;c} there exists H_2 ∈ H^{a,b}_{α;c} such that H_0 ⪯ H_2 and H_1 ⪯ H_2. The functor (HF, σ) is a direct system of Z_2-vector spaces over H^{a,b}_{α;c}. Its direct limit is called relative symplectic homology of the pair (DT^∗M, M) with respect to α and the bound c. It is defined as the quotient SH−→^{(a,b);c} ∗ (DT^∗M, M; α) := lim−→ H∈H^{a,b}_{α;c} HF^{(a,b)}_∗ (H; α)

:= { (H, a_H ) | | | H ∈ H^{a,b}_{α;c} , aH ∈ HF^{(a,b)}_∗ (H; α) } / ∼ where (H_0, a_0) ∼ (H_1, a_1) iff there exists H_2 ∈ H^{a,b}_{α;c} such that H_0 ⪯ H_2, H_1 ⪯ H_2 and σ^{H2 H0} (a_0) = σ^{H2 H1} (a_1). This is an equivalence relation, since H^{a,b}_{α;c} is upward directed. The direct limit is a Z_2-vector space with the operations

k[H_0, a_0] := [H_0, ka_0], [H_0, a_0] + [H_1, a_1] := [H_2, σ^{20}(a_0) + σ^{21}(a_1)],

for all k ∈ Z_2 and H_2 ∈ H^{a,b}_{α;c} with H_0 ⪯ H_2 and H_1 ⪯ H_2. For H ∈ H^{a,b}_{α;c} define the homomorphism ι_H : HF^{(a,b)}_∗ (H; α) → SH−→^{(a,b);c}_∗ (DT^∗M, M; α), a_H → [H, a_H ]. (30) It satisfies ι_{H0} = ι_{H1} ∘ σ^{10}, whenever H_0 ⪯ H_1.

The main feature of symplectic and relative symplectic homology for our purposes is the existence of a unique homomorphism between them which factors through Floer homology (see [2, Proposition 4.8.2]). This means that

HF^{(a,b)}_∗ (H; α) ι_H � � � �

SH←−^{(a,b)}_∗ (DT^∗M; α)^T (a,b) α;c � π_H � � � � � SH−→^{(a,b);c} ∗ (DT^∗M, M; α) (31)

commutes for every H ∈ H^{a,b}_{α;c}. Here the homomorphism is given by T^{(a,b)}_{α;c} : {a_K }_{K∈H}a,b_α → [F, a_F ], (32) where F is any element of H^{a,b}_{α;c} (and T^{(a,b)}_{α;c} is independent of this choice).

3.2 Computation

Theorem 3.1. Let α be a homotopy class of free loops in M, then (i) for every a ∈ R \ Λ_α (with a > 0 if α = 0), there is a natural isomorphism

SH←−^{(a,∞)}_∗ (DT^∗M; α) ≃ H_∗(L^{a2 /2}_α M).

(ii) for all real numbers a, c > 0, there is a natural isomorphism SH−→^{(a,∞);c} ∗ (DT^∗M, M; α) ≃ { H_∗(L_αM), if a ∈ (0, c], 0, if a > c. (iii) for every a ∈ (0, c] \ Λ_α, the following diagram commutes SH−→^{(a,∞);c} ∗ (DT^∗M, M; α)^{(ii)}_≃ � H_∗(L_αM)

SH←−^{(a,∞)}_∗ (DT^∗M; α) T^{(a,∞)} α;c � (i) ≃ � H_∗(La^2 /2_α M)

[ι_a2_{/2}] � .

Remark 3.2. 1) Assumption a > 0 in Theorem 3.1 (i) case α = 0 avoids taking into account the trivial 1-periodic orbits near the boundary of DT^∗M. Their existence is caused by the compact support condition for the Hamiltonians and their symplectic action is zero.

2) Assumption a > 0 in part (ii) is to avoid the elements of P^−(f; α) (see Remark 2.1) whose symplectic action is negative.

3) The homomorphism T in (iii) is nonzero, if and only if a ∈ [ℓ_α, c] \ Λ_α. In the proof of Theorem 3.1 we use the following two lemmata.

Lemma 3.3. Let α ∈ π̃_1(M). The marked length spectrum Λ_α ⊂ R is a closed and nowhere dense subset. Equivalently, its complement is open and dense. Proof. The set Λ_α is closed: Let {λ_j }_{j∈N} ⊂ Λ_α be such that λ := lim_{j→∞} λ_j exists. For each length λ_j choose a periodic geodesic x_j in the class α of length λ_j . Since |ẋ_j (t)| = λ_j , ∀t ∈ S^1, there exists a compact subset K ⊂ T M such that (q_j , v_j ) := (x_j (0), ẋ_j (0)) ∈ K, for every j ∈ N. Passing to a subsequence, if necessary, we may assume without loss of generality that the limit

(q, v) := lim_{j→∞}(q_j , v_j )

exists. Let x : [0, 1] → M be the solution of the initial value problem ∇_tẋ ≡ 0 with x(0) = q and ẋ(0) = v. It follows that x is periodic:

(x(0), ẋ(0)) = lim_{j→∞}(x_j (0), ẋ_j (0)) = lim_{j→∞}(x_j (1), ẋ_j (1)) = (x(1), ẋ(1)).

The last step uses the fact that the solution to a second order ordinary differential equation depends continuously on the initial values. It remains to show

[x] = α: Since x_j converges to x uniformly in t ∈ S^1 and the injectivity radius of M is positive, it follows that x_j is homotopic to x, for all sufficiently large j.

The set Λ_α does not contain intervals: It suffices to prove this property for the set Σ_α of critical values of the classical action S_0 : L_αM → R, since Λ_α = { √ 2σ | σ ∈ Σ_α}. Fix a ∈ R^+ and consider the space L^a_αM of piecewise smooth maps x : S^1 → M such that [x] = α and S_0(x) ≤ a. For some sufficiently large N = N(a) ∈ N, there is a smooth finite dimensional manifold P^N_α M (the set of geodesic polygons; see [3]) such that the S_0 restricted to P^N_α M is smooth and the critical points of the three functionals obtained by restricting S_0 to each of the three domains P^N_α M ⊂ L^a_αM ⊃ L^a_αM coincide up to natural identification. Hence Σ_α ∩ {S_0(x) ≤ a} equals the set of critical values of S_0 : P^N_α M → R. The latter set is of measure zero by the Theorem of Sard [21].

The set Λ_α is nowhere dense in R: By definition of nowhere dense we have to show that every nonempty open set U ⊂ R contains a nonempty open set V such that V ∩ Λ_α = ∅. Choose any such U and an open interval I ⊂ R contained in U. Since Λ_α does not contain intervals, we can find an element s ∈ I such that s /∈ Λ_α. Because Λ_α is closed, it is possible to choose an open neighbourhood V of s in I which is disjoint from Λ_α.

Lemma 3.4. For every α ∈ π̃_1(M), there is a natural isomorphism lim−→ a∈R^+_0 H_∗(L^a_αM) → H_∗(L_αM), [a, x_a] → [ι_a](x_a).

Proof. Recall that ι_a denotes the natural inclusion L^a_αM → L_αM and the direct limit is defined by lim−→ a∈R^+_0 H_∗(L^a_αM) := {(a, x_a) | a ≥ 0, x_a ∈ H_∗(L^a_αM)}/ ∼,

where (a, x_a) ∼ (b, x_b) iff there exists c ≥ max{a, b} with [ι_{ca}](x_a) = [ι_{cb}](x_b).

(i) well defined: Assume (a, x_a) ∼ (b, x_b), i.e. [ι_{ca}](x_a) = [ι_{cb}](x_b) for some c ≥ max{a, b}. Apply [ι_c] to both sides to obtain [ι_a](x_a) = [ι_b](x_b).

(ii) surjective: Represent x ∈ H_∗(L_αM) by a cycle f(C). Here C is the total space of a closed simplicial complex and f : C → L_αM is a continuous map. Let L_αM be equipped with the W^{1,2}-metric, then S_0 given by (21) is continuous (see [15, section 5.4]). Since f(C) is compact and S_0 is continuous, we obtain the real number a := 1 + max_{f (C)} S_0. Now f(C) ⊂ L^a_αM shows x_a := [f(C)] ∈ H_∗(L^a_αM).

(iii) injective: Assume [ι_a](x_a) = 0 ∈ H_∗(L_αM). We need to show that [a, x_a] is the zero element of the direct limit, i.e. that there exists b ≥ a such that [ι_{ba}](x_a) = 0 ∈ H_∗(L^b_αM). Choose a cycle f_a : C → L^a_αM representing x_a. By assumption there is a cycle F : W → L_αM, where W is the total space of a simplicial complex with ∂W = C and F is a continuous map which coincides with f_a on ∂W = C. Define b := 1+max_{F (W )} S_0 ≥ a and F_b := F : W → L^b_αM. Then F_b(p) = F (p) = f_a(p) = (ι_{ba} ∘ f_a)(p), for every p ∈ ∂W = C. Hence [ι_{ba}](x_a) = [(ι_{ba} ∘ f_a)(C)] = [F_b(C)] = 0.

Proof of Theorem 3.1. Fix a homotopy class α of free loops in M. We prove Theorem 3.1 in five steps. Part (i) is equivalent to Step 1. (a) For every a ∈ R^+ \ Λ_α, there is a natural isomorphism

SH←−^{(a,∞)}_∗ (DT^∗M; α) ≃ H_∗(L^{a2 /2}_α M).

(b) If α ≠ 0 and a ≤ 0, then SH←−^{(a,∞)}_∗ (DT^∗M; α) = 0.

Proof. (a) Fix a ∈ R^+ \ λ_α and consider the infimum of all geodesic lengths strictly greater than a, namely

ℓ_+ := inf (Λ_α ∩ (a, ∞)) . (33)

We use the convention that inf ∅ = ∞. It follows a < ℓ_+ ∈ Λ_α ∪ {∞} by Lemma 3.3.

Consider the sequence of linear functions T_k (of increasing slopes) through the points (r_{k1}, −a) and (r_{k2}, 0), where

r_{k1} = r_{k,1;a,ℓ+} := 1 − 1 k + 3 16k ( 1 − a ℓ_+ ) , r_{k2} = r_{k,2;a,ℓ+} := 1 − 3 16k ( 1 − a ℓ_+ ) , and T_k(r) = T_{k;a,ℓ+} (r) := ak r − 1 +^3_{16k} ( 1 −^a_{ℓ+} ) 1 −^3_8 ( 1 −^a_{ℓ+} ) , k ∈ N. Note that 0 < r_{k1} < r_{k2} < 1, for all k ∈ N, and that both numbers converge to +1 as k → ∞. Moreover, the slope m_1 of T_1 satisfies

a < m_1 = a 1 −^3_8 ( 1 −^a_{ℓ+}

) < ℓ_+. (34)

Define the sequence of piecewise linear functions (see Figure 4)

f̂_k = f̂_{k;a,ℓ+} (r) :=

−A_k := T_k(r_{k1}/2), if r ∈ [0, r_{k1}/2], T_k(r), if r ∈ [r_{k1}/2, r_{k2}], 0, if r ≥ r_{k2}. (35)

We obtain a sequence of smooth functions f_k = f_{k;a,ℓ+} by smoothing out f̂_k nearby r_{k1}/2 and r_{k2} subject to the following conditions. The new functions

Figure 4: The functions f_k.

f_k coincide with the old functions f̂_k away from small neighbourhoods of r_{k1}/2 and r_{k2}. In particular, these neighbourhoods are chosen sufficiently small such that graph f_k = graph f̂_k in the region which lies below the line r → −a + ar and above the line r → −a (this region is grey shaded in Figure 4). Moreover, the derivatives are required to satisfy f^′_k ≥ 0 everywhere, f^{′′}_k ≥ 0 near r_{k1}/2, f^{′′}_k ≤ 0 near r_{k2} and f^{′′}_k = 0 elsewhere.

We will prove that every function f_k gives rise to a natural isomorphism

η^{fk ,a} : HF^{(a,∞)}_∗ (f_k; α) → H_∗(L^{a2 /2}_α M), ∀k ∈ N. (36)

First we need to check that a /∈ Spec(f_k; α): The graph of f_k admits a tangent through the point (0, −a), but the slope of this tangent lies in the interval (a, ℓ_+) (see Figure 5) and is therefore noncritical.

Figure 5: An action-regular monotone homotopy between f_k and f̃_k.

Let f̃_k be the function obtained by following the graph of f_k until it takes on slope a for the second time (near r_{k2}, say at a point p), then continue linearly with slope a. The resulting function is only of class C^1 at p. Local smoothing near p yields a smooth function f̃_k (see Figure 5). Figure 5 also indicates a monotone action-regular homotopy which induces the monotone isomorphism

σ^{f̃k fk} : HF^{(a,∞)}_∗ (f_k; α) → HF^{(a,∞)}_∗ (f̃_k; α). (37)

The homotopy is action-regular, because all points which do not remain constant during the homotopy intersect the vertical coordinate axis strictly above the point −a. Therefore all 1-periodic orbits arising (if any) are of action strictly less than a (see Remark 2.1; method 2).

Next consider the function f_k^{(a)} obtained by following the graph of f̃_k (likewise f_k) until it takes on slope a for the first time (say at a point q), then continue linearly with slope a (see Figure 6). Again smoothing near q yields f_k^{(a)}. Figure 6 shows a monotone homotopy between f_k^{(a)} and f̃_k which is also

Figure 6: An action-regular monotone homotopy between f_k^{(a)} and f̃_k.

action-regular: all tangents to members of the homotopy which pass through the point (0, −a) lie above the ray R^+ ∋ r → −a + ar and strictly below −a + ℓ_+r. Hence their slopes lie in the interval [a, ℓ_+) and so are noncritical. Consequently the homotopy induces a monotone isomorphism with inverse ( σ^{f̃k f (a)k} )_{−1} : HF^{(a,∞)}_∗ (f̃_k; α) → HF^{(a,∞)}_∗ (f_k^{(a)}; α). (38)

Since f_k^{(a)} does not admit 1-periodic orbits of action less than a, the map [π^F ] in (19) in case (a, b, c) = (−∞, a, ∞) is an isomorphism with inverse

[π^F ]^{−1} : HF^{(a,∞)}_∗ (f_k^{(a)}; α) → HF^{(−∞,∞)}_∗ (f_k^{(a)}; α). (39)

Similarly, there is the isomorphism

[ι^F ]^{−1} : HF^{(−∞,∞)}

∗ (f_k^{(a)}; α) → HF^{(−∞,C)}_∗ (f_k^{(a)}; α), (40)

where the constant C = C(f_k^{(a)}, a) is defined in Theorem 2.9. Here we use the assumption a /∈ Λ_α. Theorem 2.9 provides the isomorphism Ψ^{fk (a) ,a} : HF^{(−∞,C)} ∗ (f_k^{(a)}; α) → H_∗(L^{a2 /2}_α M). (41)

Composing (37-41) gives the desired isomorphisms (36).

To conclude the proof of part (a) of Step 1 we show that {f_k}_{k∈N} is a downward exhausting sequence (see [2, Section 4.7]) for the inverse limit defining symplectic homology. There are two properties to be checked. Firstly, given any H ∈ H^{a,∞}_α , there exists f_k such that H(t, x, y) ≥ f_k(|y|), for every (t, x, y) ∈ S^1×DT^∗M. This can be achieved by choosing k ∈ N sufficiently large. Secondly, for every k ∈ N, the map

σ^{fk fk+1} : HF^{(a,∞)}_∗ (f_{k+1}; α) → HF^{(a,∞)}_∗ (f_k; α)

induced by a monotone homotopy between f_{k+1} and f_k is an isomorphism. To see this think of k as a continuous parameter in [1, ∞) instead of a positive integer. Consider the family {f_r}_{r∈[1,∞)} defined analogous to {f_k}_{k∈N}. Then the homotopy {f_{k−s}}_{s∈[−1,0]} from f_{k+1} to f_k is clearly monotone and in addition action-regular: similar arguments as above show that all tangents to members of the homotopy which pass through the point (0, −a) are located between the lines −a + ar and −a + ℓ_+r. Hence their slope is in the interval [a, ℓ_+) which does not contain critical slopes. Consequently the boundary +a of the action window remains disjoint from the action spectrum throughout the homotopy. This proves property two and therefore that the sequence is exhausting. Hence the homomorphism (29), given in the situation at hand by

π_{fk} : SH←−^{(a,∞)}_∗ (DT^∗M; α) → HF^{(a,∞)}_∗ (f_k; α), (42)

is an isomorphism by [2, Lemma 4.7.1 (ii)]. This and (36) prove Step 1 (a).

(b) We follow the line of argument in [2, Pf. of Thm. 5.1.2 Step 1]. Fix a ≤ 0 and α ≠ 0. Then the smallest length bigger than a is given by ℓ_α > 0 ≥ a, where ℓ_α is defined by (2). Consider the new family f_k = f_{k;−a,ℓα} as defined subsequent to (35). It is easy to see that all points of slope λ ∈ Λ_α on the graph of f_k (which is nonpositive on R^+), are located strictly below the line r → −a + ℓ_αr (which is strictly positive on R^+ due to −a ≥ 0 and ℓ_α > 0). Therefore they are located strictly below the line r → −a + λr. Hence, by method 1 of Remark 2.1, all 1-periodic orbits (representing α ≠ 0) are of action strictly bigger than a. This shows that the action window (a, ∞) is admissible and Spec(f_k; α) ⊂ (a, ∞). Consider the upper horizontal row in diagram (19) in case (a, b, c) = (−∞, a, ∞) and H^0 = f_k. It follows [ι^F ] = 0 and

[π^F ] : HF^{(a,∞)}_∗ (f_k; α) → HF^{(−∞,∞)}_∗ (f_k; α)

is an isomorphism. The target is independent of the Hamiltonian, by Floer continuation, and therefore zero: every sufficiently C^2-small compactly supported Hamiltonian admits only contractible 1-periodic orbits. The same exhausting sequence argument as in part (a) proves (b) and therefore Step 1.

Fix a, c > 0. Step 2 and Step 3 of the proof rely on a family of functions h_δ ∈ H^{a,∞}_{α;c} defined as follows. By Lemma 3.3 there is a real number δ with δ ∈ ( 0, a c ) , μ_δ := a δ − (c − a) /∈ Λ_α. (43)

It follows μ_δ > 0. Using the conventions sup ∅ = 0 and inf ∅ = ∞ we define

ℓ_− := sup ((0, μ_δ) ∩ Λ_α) , ℓ_+ := inf ((μ_δ , ∞) ∩ Λ_α) , ℓ^′_− := μ_δ + ℓ_− 2 . (44)

Since μ_δ /∈ Λ_α, Lemma 3.3 shows

0 ≤ ℓ_− < ℓ^′_− < μ_δ < ℓ_+ ≤ +∞, (ℓ_−, ℓ_+) ∩ Λ_α = ∅.

The assumption δ < a/c ensures that the lines −c + (a/δ)r and −a + μ_δr intersect strictly above the r-axis. As a first approximation for h_δ consider the piecewise linear curve in R^2 obtained by starting at the point (0, −c) with slope a/δ. Upon meeting the horizontal line through (0, max{0, ℓ^′_− − a}), follow this horizontal line to the right until it intersects the vertical line through (1, 0). Now go straight down to the point (1, 0) and follow the horizontal coordinate axis to +∞. Smooth out this piecewise linear curve near its corners such that the result is the graph of a smooth function h_δ with h^′_δ (0) = 0 = h^′_δ(1).

Figure 7: The function h_δ in case c < a.

Step 2. If a > c > 0, then SH−→^{(a,∞);c}_∗ (DT^∗M, M; α) = 0.

Proof. Let δ be as in (43) and h_δ the associated function (see Figure 7), then

HF^{(a,∞)}_∗ (h_δ; α) = 0. (45)

This is because the action of all 1-periodic orbits is strictly less than a: all tangents to the graph of h_δ intersect the vertical coordinate axis strictly above −a (see Remark 2.1 method 2). By Lemma 3.3 there exists a strictly decreasing real sequence δ_k → 0 such that each δ_k satisfies (43) and we claim that {h_k := h_{δk} }_{k∈N} is an upward exhausting sequence for the direct limit: by [2, Section 4.7] there are two properties to be checked. Firstly, given any H ∈ H^{a,∞}_{α;c} , there exists h_k ≥ H. This is clearly true. Secondly, the monotone homomorphism

σ^{hk+1 ,hk} : HF^{(a,∞)}_∗ (h_k; α) → HF^{(a,∞)}_∗ (h_{k+1}; α), is an isomorphism for every k ∈ N: both Floer homologies are zero by (45). This proves the claim. Hence, by [2, Lemma 4.7.1 (i)], the homomorphism in (30) ι_{hk} : HF^{(a,∞)}_∗ (h_k; α) → SH−→^{(a,∞);c}_∗ (DT^∗M, M; α), x_{hk} → [h_k, x_{hk} ], is an isomorphism for every k ∈ N and (45) completes the proof of Step 2.

Step 3. Given 0 < a ≤ c and δ satisfying (43), there is a natural isomorphism

η^{hδ ,a} : HF^{(a,∞)}_∗ (h_δ; α) → H_∗(L^{μ2δ /2}_α M), μ_δ := a δ − (c − a). (46)

Figure 8: The function h_δ in case c ≥ a.

Proof. The idea is to deform h_δ (see Figure 8) by action-regular monotone homotopies to a convex function, so that we can apply Theorem 2.9. Let 0 ≤ ℓ_− < ℓ^′_− < μ_δ < ℓ_+ ≤ +∞ be given by (44). First we need to check that the action window (a, ∞) is indeed admissible for h_δ: it suffices to check positive critical slopes only. They appear in two clusters, one of which is located near the point (0, −c). Their tangents hit the vertical coordinate axis below −c < −a. So they correspond to action values strictly bigger than a. The other cluster is located in the region between the lines −a + ℓ_−r and −a + ℓ_+r. The slope of any such tangent passing through the point (0, −a) lies in the interval (ℓ_−, ℓ_+) and is therefore noncritical. Here we use the assumption μ_δ /∈ Λ_α, which implies ℓ_− < μ_δ < ℓ_+ and (ℓ_−, ℓ_+) ∩ Λ_α = ∅.

Next we define the graph of a new function h̃_δ by initially following the graph of h_δ. When h_δ makes its first right turn, keep going with constant slope a/δ until you are about to hit the line −a + μ_δ r. Perform a smooth right turn and follow that line closely and linearly as indicated in Figure 9. The figure also shows a monotone homotopy between h_δ and h̃_δ which is actionregular: we claim that no ’critical slope tangents’ to members of the homotopy

Figure 9: An action-regular monotone homotopy between h_δ and h̃_δ .

pass through the point (0, −a), thereby we exclude that periodic orbits enter or leave the action window (a, ∞). All points on members of the homotopy whose tangents pass through the point (0, −a) lie strictly between the lines −a + ℓ_−r and −a + ℓ_+r (see Figure 9). Hence these slopes are noncritical and this proves the claim. Therefore we obtain the monotone isomorphism

σ^{h̃δ hδ} : HF^{(a,∞)}_∗ (h_δ ; α) → HF^{(a,∞)}_∗ (h̃_δ; α). (47)

Define the function h^{(μδ )}_δ by following h̃_δ until slope μ_δ shows up for the first time. Then make a smooth turn and continue linearly with slope μ_δ as indicated in Figure 10.

The monotone homotopy shown is action-regular: all tangents to all members of the homotopy hit the vertical coordinate axis strictly below the point −a. Hence we obtain an associated monotone isomorphism with inverse ( σ^{h̃δ h(μδ )δ} )_{−1} : HF^{(a,∞)}_∗ (h̃_δ ; α) → HF^{(a,∞)}_∗ (h^{(μδ )}_δ ; α). (48)

Since h^{(μδ )}_δ does not admit 1-periodic orbits of action less than a, the map [π^F ] in (19) with (a, b, c, ) given by (−∞, a, ∞) is an isomorphism with inverse

[π^F ]^{−1} : HF^{(a,∞)}_∗ (h^{(μδ )}_δ ; α) → HF^{(−∞,∞)}_∗ (h^{(μδ )}_δ ; α). (49)

Similarly, there is the isomorphism

[ι^F ]^{−1} : HF^{(−∞,∞)}

∗ (h^{(μδ )}_δ ; α) → HF^{(−∞,C)}_∗ (h^{(μδ )}_δ ; α), (50)

where the constant C = C(h^{(μδ )}_δ , μ_δ ) is defined in Theorem 2.9. This theorem applies, since h^{(μδ )}_δ is convex and μ_δ /∈ Λ_α, and it provides the isomorphism

Ψ^{h(μδ )δ ,μδ} : HF^{(−∞,C)}_∗ (h^{(μδ )}_δ ; α) → H_∗(L^{μδ 2/2}_α M). (51)

Figure 10: An action-regular monotone homotopy between h^{(μδ )}_δ and h̃_δ.

The proof of Step 3 concludes by composing (47-51).

Step 4. If 0 < a ≤ c, then SH−→^{(a,∞);c}_∗ (DT^∗M, M; α) ≃ H_∗(L_αM) naturally. Proof. Consider the set Δ := {δ ∈ (0, a/c) | (43) holds} with partial order defined by δ_0 ≼ δ_1 iff δ_0 ≥ δ_1. Observe that (Δ, ≼) is upward directed and that δ_0 ≥ δ_1 is equivalent to μ_{δ0} ≤ μ_{δ1} and to h_{δ0} ≤ h_{δ1} . Define μ_Δ := {μ_δ | δ ∈ Δ}, H_Δ := {h_δ | δ ∈ Δ}.

Hence we can identify the upward directed sets (Δ, ≼), (μ_Δ, ≤) and (H_Δ, ≤). Take the direct limit of both sides of (46) with respect to (Δ, ≼) to obtain lim−→ h_δ ∈H_Δ HF^{(a,∞)}_∗ (h_δ ; α) ≃ lim−→ μ∈μ_Δ H_∗(L^{μ2 /2}_α M).

By Lemma 3.4 the right hand side is naturally isomorphic to H_∗(L_αM). Concerning the left hand side, there is the natural inclusion homomorphism lim−→ h_δ ∈H_Δ HF^{(a,∞)}_∗ (h_δ ; α) → lim−→ H∈H^{a,∞}_{α;c} HF^{(a,∞)}_∗ (H; α), [h_δ, x_{hδ} ] → [h_δ, x_{hδ} ]. (52)

Using (18) and the fact that (H_Δ, ≤) is upward directed, it is easy to see that this map is well defined, injective and surjective.

Steps 2 and 4 prove part (ii) of Theorem 3.1. Step 5. We prove part (iii) of Theorem 3.1.

Proof. Throughout we use the notation introduced in Steps 1-4. Fix 0 < a ≤ c and choose δ ∈ Δ sufficiently small such that (a) μ_δ > a. Then choose k ∈ N sufficiently large such that (b) f_k ∈ H^{a,∞}_{α;c} (c) f_k ≤ h_δ .

Let η^{fk} and η^{hδ} be given by (36) and (46), respectively, and assume that the diagram

HF^{(a,∞)}_∗ (f_k; α)^{σhδ fk} � η^{fk} ≃ � HF^{(a,∞)}_∗ (h_δ ; α) ≃ η^hδ � H_∗(L^{a2 /2}_α M) [ι_{μ2δ} 2 a2 2 ] � H_∗(Lμ^2_δ /2_α M)

(53)

commutes. We claim that in this case the following diagram, whose existence uses (b), commutes too SH←−^{(a,∞)}_∗ (DT^∗M; α) T^{(a,∞)} α;c � � � � π_{fk} ≃ � HF^{(a,∞)}_∗ (f_k; α)^{ιfk} � η^{fk} ≃ �

SH−→^{(a,∞);c} ∗ (DT^∗M, M; α) ≃ η � H_∗(L^{a2 /2}α M)

I_{a22}

� lim−→ μ∈μ_Δ H_∗(L^{μ2 /2}α M) ≃ H_∗(L_αM)

. (54)

This implies Step 5. To prove the claim observe that the upper triangle commutes by (31). The map I_a2_{/2} is the inclusion homomorphism of direct limits defined analogous to (30) and

η([h_δ , x_{hδ} ]) := [ μ^2_δ 2 , η^{hδ ,a}(x_{hδ} ) ] . Here we use (52). Commutativity of the lower rectangular block follows from the identity I_a2_2 (η^{fk} x_{fk} ) = [ μ^2_δ 2 , [ι_μ2_{δ2 a22} ](η^{fk} x_{fk} ) ] , which uses (a), the identity

η ∘ ι_{fk} (x_{fk} ) = η([f_k, x_{fk} ]) = η([h_δ , σ^{hδ fk} x_{fk} ]) = [ μ^2_δ 2 , η^{hδ} (σ^{hδ fk} x_{fk} ) ] , which uses (c), and the commutative diagram (53). This proves the claim.

It remains to show that diagram (53) commutes. Simplifying notation let us rewrite (53) as follows

HF^{(a,∞)}_∗ (f_k)^σ �

σ (37) � HF^{(a,∞)}_∗ (h_δ ) σ (47) � HF^{(a,∞)}_∗ (f̃_k)^σ � HF^{(a,∞)}_∗ (h̃_δ )

HF^{(a,∞)}_∗ (f^{(a)}_k )

σ (38) �

σ � HF(a,∞)_∗ (h^{(μ}δ^)_δ ) σ (48) �

HF^{(−∞,∞)} ∗ (f^{(a)}_k )

[π^F ] (39) �

σ � σ̌ � � � � HF^{(−∞,∞)} ∗ (h^{(μδ )}_δ )

[π^F ]

(49) �

HF^{(−∞,cf,a)} ∗ (f^{(a)}_k )

[ι^F ] (40) � σ̌=[Φ^{hf,a} ] ≃ � Ψ^{f,a},(41) � � � � HF^{(−∞,ch,a)} ∗ (h^{(μδ )}_δ )

[ι^F ] � [ι^F ] �

Ψ^{h,a} ≃ � HF^{(−∞,ch,μ)} ∗ (h^{(μδ )}_δ )

[ι^F ],(50) � � � �

Ψ^{h,μδ} (51) � H_∗(L^{a2 /2}_α M)^{[ι]} � H_∗(L^{μ2δ /2}_α M)

.

The first two rectangular blocks of the diagram commute due to property (18) of the monotone homomorphisms. The third block commutes by (19). The fourth block, which consists of two triangles, commutes by (20) with (a, b_1, b_2, c) = (−∞, c_{h,a}, c_{f,a}, ∞). The triangle to its right commutes already on the chain level. The lowest rectangular block commutes by (23) in Theorem 2.9 and the triangle to its left by (22). This concludes the proof of Step 5 and Theorem 3.1.

4 Relative BPS-capacity

We compute the BPS-capacity of DT^∗M relative to M and show that every nontrivial element α of π̃_1(M), the set of homotopy classes of free loops in M, is symplectically essential. Note that π̃_1(DT^∗M) ≃ π̃_1(M). For c > 0, set H_c := {H ∈ C^∞_0 (S^1 × DT^∗M) | sup_S1_{×M} H ≤ −c}. In the following definition we use the conventions inf ∅ = ∞ and sup ∅ = −∞.

Definition 4.1 ([2, Sections 3.2 and 4.9]). Let α ∈ π̃_1(M) and a ∈ R. The Biran-Polterovich-Salamon capacities of DT^∗M relative M are defined by c_{BP S} (DT^∗M, M; α, a) := inf{c > 0 | ∀H ∈ H_c ∃z ∈ P(H; α): A_H (z) ≥ a} c_{BP S} (DT^∗M, M; α) := inf{c > 0 | every H ∈ H_c admits z ∈ P(H; α)}.

For c > 0, set A_c(DT^∗M, M; α) := {a ∈ R (a > 0 if α = 0) | T^{(a,∞)}_{α;c} ≠ 0}, then the homological relative BPS-capacity is defined by ĉ_{BP S} (DT^∗M, M; α, a) := inf{c > 0 | sup A_c(DT^∗M, M; α) > a}. The significance of the homological capacity ĉ_{BP S} lies in the fact that it is accessible to computation and bounds c_{BP S} from above [2, Prop. 4.9.1].

Proposition 4.2. ĉ_{BP S} (DT^∗M, M; α, a) = max{ℓ_α, a}, ∀α ∈ π̃_1(M), ∀a ∈ R.

Proof. Theorem 3.1 shows that

sup A_c(DT^∗M, M; α) = sup[ℓ_α, c] = { c, if c ≥ ℓ_α, −∞, else. Hence ĉ_{BP S} (DT^∗M, M; α, a) = inf{c > 0 | c > a and c ≥ ℓ_α} = max{a, ℓ_α}. Theorem 4.3 (BPS-capacity of DT^∗M relative M). Let M be a closed connected smooth Riemannian manifold. Then for every homotopy class α of free loops in M and every a ∈ R the relative BPS-capacity is finite and given by c_{BP S} (DT^∗M, M; α, a) = max{ℓ_α, a}, c_{BP S} (DT^∗M, M; α) = ℓ_α. Proof. The proof of [2, Proof of Theorem 3.2.1] carries over almost literally. In case α = 0 every H ∈ H admits constant 1-periodic orbits of action zero, because it is zero near the boundary of DT^∗M. Therefore c_{BP S} (DT^∗M, M; 0, a) = 0 whenever a ≤ 0. The remaining part of proof proceeds like [2, Proof of Theorem 3.2.1 in case α ≠ 0]. Just replace ℓ by ℓ_α, Theorem 5.1.1 and Theorem 5.1.2 by Proposition 4.2, and let

m := { max{ℓ_α, a}, in case α ≠ 0 and a ∈ R, a, in case α = 0 and a > 0.

Definition 4.4 ([2, Section 3.4]). Let M be a closed connected smooth manifold. A nontrivial homotopy class α of free loops in M is called symplectically essential if there exists an open set W ⊂ T^∗M containing the zero section such that c_{BP S} (W, M; ι_#α) is finite. Here ι_# : π̃_1(M) → π̃_1(W ) is the map induced by the inclusion ι : M → W .

Corollary 4.5. Every nontrivial homotopy class α of free loops in a closed connected smooth Riemannian manifold M is symplectically essential.

Proof. Let W := DT^∗M, then ι_# is an isomorphism. Apply Theorem 4.3.

Proof of Theorem A. By [2, Proof of Theorem B], we may assume without loss of generality that H is periodic, i.e. H ∈ C^∞_0 (S^1 × DT^∗M). By Theorem 4.3 we have c_{BP S} (DT^∗M, M; α, c) = max{ℓ_α, c} = c and this implies that the set {C > 0 | ∀H ∈ H_C ∃z ∈ P(H; α) : A_H (z) ≥ c} is nonempty. On the other hand, by [2, Proposition 3.3.4] this set is either empty or has a minimum. This proves Theorem A.

References

[1] A. Abbondandolo and M. Schwarz, On the Floer homology of cotangent bundles, Preprint, August 2004. math.SG/0408280, to appear in Comm. Pure Appl. Math.

[2] P. Biran, L. Polterovich and D.A. Salamon, Propagation in Hamiltonian dynamics and relative symplectic homology, Duke Math. Journal 119 (2003), 65–118.

[3] R. Bott, Lectures on Morse theory, old and new, Bull. (New series) Amer. Math.

Soc. 7 (1982), 331–58.

[4] K. Cieliebak, Pseudo-holomorphic curves and periodic orbits on cotangent bundles, J. Math. Pures Appl. 73 (1994), 251–78.

[5] K. Cieliebak, Symplectic boundaries: Closed characteristics and action spectra, PhD thesis, Diss. ETH No. 11610, ETH Zürich, 1996.

[6] K. Cieliebak, A. Floer and H. Hofer, Symplectic homology, II. A general construction, Math. Z. 218 (1995), 103–22.

[7] A. Floer, Symplectic fixed points and holomorphic spheres, Comm. Math. Phys.

120 (1989), 575–611.

[8] A. Floer and H. Hofer, Symplectic homology, I. Open sets in C^n, Math. Z. 215 (1994), 37–88.

[9] A. Floer, H. Hofer and D.A. Salamon, Transversality in elliptic Morse theory for the symplectic action, Duke Math. Journal 80 (1995), 251–92.

[10] D. Gatien and F. Lalonde, Holomorphic cylinders with Lagrangian boundaries and Hamiltonian dynamics, Duke Math. Journal 102 (2000), 485–511.

[11] D. Gilbarg and N.S. Trudinger, Elliptic partial differential equations of second order, Grundlehren der mathematischen Wissenschaften 224, Springer-Verlag 1977, third printing 1998.

[12] V.L. Ginzburg, The Weinstein conjecture and theorems of nearby and almost existence, In The breadth of symplectic and Poisson geometry, Birkhäuser Boston, Progr. Math., Vol 232, 2005, 139–72.

[13] H. Hofer and C. Viterbo, The Weinstein conjecture in cotangent bundles and related results, Ann. Scuola Norm. Sup. Pisa Cl. Sci., (4) 15 (1988), 411–45.

[14] H. Hofer and E. Zehnder, Symplectic invariants and Hamiltonian dynamics, Birkhäuser Advanced Texts, Basel, 1994.

[15] J. Jost, Riemannian geometry and geometric analysis, Universitext, Springer Verlag, Berlin Heidelberg, 1995.

[16] Y.-J. Lee, Non-contractible periodic orbits, Gromov invariants, and Floertheoretic torsions, Preprint 2003, math.SG/0308185.

[17] A. Oancea, PhD thesis, Universite Paris XI, UFR Scientifique d’Orsay, 2003.

[18] D.A. Salamon, Lectures on Floer Homology, In Symplectic Geometry and Topology, edited by Y. Eliashberg and L. Traynor, IAS/Park City Mathematics Series, Vol 7, 1999, pp 143–230.

[19] D.A. Salamon and J. Weber, Floer homology and the heat flow, Preprint, ETH- Zürich, April 2003, revised September 2004. math.SG/0304383, to appear in Geom. Funct. Anal.

[20] D.A. Salamon and E. Zehnder, Morse theory for periodic solutions of Hamiltonian systems and the Maslov index, Comm. Pure Appl. Math. 45 (1992), 1303–60.

[21] A. Sard, The measure of the critical points of differentiable maps, Bull. Amer.

Math. Soc. 48 (1942), 883–90.

[22] C. Viterbo, A proof of Weinstein’s conjecture in R^{2n}, Ann. Inst. Poincaré, Anal.

Non Linéaire, 4 (1987), 337–56.

[23] C. Viterbo, Exact Lagrange submanifolds, periodic orbits and the cohomology of free loop spaces, J. Differential Geom. 47 (1997), 420–68.

[24] C. Viterbo, Functors and computations in Floer homology with applications, I, Geom. Funct. Anal. 9 (1999), 985–1033.

[25] C. Viterbo, Functors and computations in Floer homology with applications, Part II, Preprint 1996, revised 2003.

[26] J. Weber, Perturbed closed geodesics are periodic orbits: Index and transversality, Math. Z. 241 (2002), 45–81.

[27] A. Weinstein, On the hypothesis of Rabinowitz’ periodic orbit theorems, J. Differential Equations 33 (1979), 353–58.