MAT 127 MIDTERM II

PRACTICE PROBLEMS

Reference page.
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1. (a) (10 pts) Calculate the degree 4 Taylor polynomial Ty(x) of f(z) = cos(2x) centered around

r=T.

Solution. By the definition we have
" " (4)
f2('71') 2 f (ﬂ-)(xiﬂ_)3+f (F)(x—ﬂ)4.

Ti(x) = f(m) + f'(m)(x = m) + (@ = m) + 4!

We the compute the derivatives at 0:

f(@) = cos(2z), f(m) =1

f'(z) = —2sin(2z), f'(r)=0
f'(z) = —4cos(2z), f'(r)=—-4
f"(x) = 8sin(2x), f"(7x)=0
f(4) (z) = 16cos(2z), fW(r) =16,
which gives Ty(z) =1 — gz —m)? + L@@ -m)i=1-20z—7)?2+2(x-m* O

(b) (10 pts) Find a power series representation of the integral

/eﬂc2 dzx.

Solution. Using the Maclaurin series for e* we get
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2. (a) (10 pts) Verify that y = Ce™* + 22 — 2z for any value of the constant C' is a solution to
the second order ODE ¢ + ¢/ = 2x.

Solution. We differentiate and find
Y =—Ce®+2r—2, ¢'=Ce®+2.
Then v +y' = (Ce ™ +2) + (—Ce™® + 2z — 2) = 2z. O

(b) (10 pts) Find a solution to the initial-value problem
y'+y =2z, y(0)=1

(You may use the result from part (a), even if you did not solve part (a).)

Solution. From part (a) we know that y = Ce~% + 2% — 2z is a solution to the ODE
y" 4+ y' = 2z. The specific solution that is sought satisfies y(0) = 1, which means

y(0)=Ce® +0-0=C=1.

so a specific solution to the initial-value problem is y = e ® + 22 — 2. [l
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3. (a) (10 pts) Sketch the slope field for the first order ODE 3y’ = zy — 1.
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(b) (10 pts) Use Euler’s method with step size 1 to estimate y(3) where y(z) is the solution
to the initial-value problem

y=z+y+1,

y(0) = 0.

(0,0). The function for the slope is given
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0+1-(0+0+1)=1.

Y1 = yo + hF (0, y0)

Then we have z9 = 2 and

=4.

1+1-(14+1+1)

Yo = y1 + hF(z1,1)

3 and
ys = y2 + hF(x2,y2) =4+1-(2+4+1)

For the last step we have x3

11,

so y(3) =~ 11.
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4. Find the general solution to the following separable first order ODEs
(a) (10 pts) 3y*y' = 3

Solution. Write y' = d—g. Then we get

d 1 1
3y2—y25<:>3y2dy:;d:x<:>/

dx
&y = {/log|z| + C.

32 1 5
— dy:/fd:n@y =logl|z|+ C
Yy T

(b) (10 pts) ¥ = —ze~¥

Solution. We separate the variables and integrate.

dy _ g;z
I = e y@eydy:—xdw@/eydy:/—xdaﬂ@ey:—?—FC

2
@y—log—2+C‘.
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5. After drinking a cup of coffee containing 100 mg of caffeine, the amount of caffeine in a
person’s body t hours after drinking the cup is described by the differential equation

ac 7
o= —%C (t).
(a) (10 pts) Solve the initial-value problem
ac 7

Solution. The ODE is separable, so we first find a general solution of it.

1 7 Tt

F4C =~z dit & log|C| = — 5 + D & O(t) = e 5010 = Fe~%.
Since we are given C(0) = 100 we can find the constant E. Namely C(0) = Ee’ =
E = 100. Therefore our solution is C'(t) = 100e™56. O

(b) (10 pts) Solve the equation C(t) = 50. (Leave the answer in its exact form.) This is
approximately the half-life of caffeine.

Solution. The equation is equivalent to 100e~5 = 50 < 5 = % Then we take
logarithms on both sides:

Tt 1
—— =1 — | =—log2 &t =
%0 og<2) 0g2 &

pilong ~ 4.95 hours.
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