INTRODUCTION TO FLOER HOMOTOPY THEORY

JOHAN ASPLUND

ABSTRACT. These are (vastly expanded) notes for a series of expository talks given at Stony Brook
University in Oct—Nov 2024. These notes are sketchy and may contain errors.

1. OVERVIEW

1.1. Goals. The three main goals of these talks are as follows:

e Give an introduction to Floer homotopy theory

e Define the wrapped Donaldson—Fukaya category of a stably polarized Liouville manifold
with coefficients in a commutative ring spectrum R, denoted W(X; R).

e Discuss an outline of the proof of the following theorem.

Theorem 1.1 (A.—Deshmukh-Pieloch [ADP24]). Let R be a commutative ring spectrum.
Let Q be a closed manifold and L C T*Q a nearby Lagrangian. Then L is isomorphic to an
R-brane structure supported on @ in W(T*Q; R).

1.2. Idea of Floer homotopy theory. It was already known to Floer [Flo89, pp. 212-213] that
Floer homology in favorable circumstances could be lifted to take values in appropriate generalized
cohomology theories. Cohen—Jones—Segal [CJS95] formalized this vision and answered the following
question in the affirmative.

Question 1.2. Is there a space (or spectrum) whose homology is equal to Floer homology?

In “good” situations Cohen—Jones—Segal showed that the Pontryagin—Thom construction can be
used to build a spectrum whose homology is Floer homology. In these notes we are mainly interested
in the situations of Morse theory or Floer theory of exact Lagrangians in Liouville manifolds, both
of which are “good” situations.

The following philosophy summarizes the idea behind the construction of Floer homotopy theory.

Philosophy 1.3. Encapsulate all geometry of holomorphic curves in algebra.

Example 1.4. Suppose that M is a closed smooth manifold and f: M — R is a smooth Morse—
Smale function. To define Morse homology we consider the free module (over some commutative
ring k) on the critical point set of f. Then we consider moduli spaces M(z,y) of unparametrized
gradient flow lines from x € crit f to y € crit f. Here are two facts:

e For a generically chosen metric M(x,y) is a smooth manifold with corners of dimension
|| — |yl — 1.

e The moduli spaces M(z,y) can be “coherently framed”: for every z,y € crit f there are
canonical isomorphisms

TW"(z) — TM(z,y) & R & TW(y),

of vector bundles over M(z, y).

To define Morse homology, throw away all M(x,y) of dimension > 1 and define a differential via
835 = Z|m|—|y‘:1 ‘M(Sﬂ,yﬂy



2 JOHAN ASPLUND

Instead, we can in fact recover a space whose homology is Morse homology (of course, this is
just a space homotopic to M itself) by not throwing away the high dimensional moduli spaces of
gradient flow lines. Recording the information of the high dimensional moduli spaces of gradient
flow lines and “orientation data” leads us to the notion of a “flow category.”

2. UNORIENTED FLOW CATEGORIES, BIMODULES AND BORDISMS

We present a definition of flow categories that is in the flavor found in [AB21, Abo22, AB24] in
a simplified setting that suffices for our main goals of discussing Floer homotopy theory in (stably
polarized) Liouville manifolds. The simplified setting also helps us to not stray too far away from
the original definition of Cohen—Jones—Segal [CJS95].

Definitions that are more closely related to the original definitions of Cohen—Jones—Segal may
be found in [ADP24, Section 2].

2.1. Manifolds with corners. A smooth manifold with corners X determines a category Sx
defined by
ob(8x) = {components of corner strata 9° X }

and
8x(07X,0"X) := {components of int(0°X)NN(I"X)} if 07X DI X,
where N denotes a tubular neighborhood of the corner stratum 07X C X. Assuming that X is

connected, X is the initial object in §x. We furthermore have that Sx comes equipped with a
functor codim: §x — N given by the codimension of a corner stratum.

Example 2.1. (1) For any closed manifold M we have that ob(8ys) = {M} and Sx(M, M) =
(2) For X = [0,1] we have ob(8p,1)) = {[0,1],{0},{1}} and morphisms {0} < [0,1] — {1}.
(3) If X = teardrop

~
then we have ob(S8x) = {X, 3,7} and morphisms generated by the arrows

—
Xﬂﬁ\_ﬂfy.

Definition 2.2. A category P equipped with a functor codim: P — N is a model for manifolds
with corners if for each p € ob(P), there is an isomorphism of categories P /p = 2{L,....codimp}

In the above definition P, denotes the overcategory of P over p. Furthermore o{1-...codimp}

denotes the power set of {1,...,codimp} equipped with the partial order given by inclusion.

Definition 2.3. A stratification of a smooth manifold with corners X is a functor s: Sx — P where
P is a model for manifolds with corners, such that
(1) codimgpos = codimg, , and
(2) the induced functor s,,: (8x),
pE Ob(Sx).

Example 2.4. (1) Let M be a closed manifold. Then we have 8y; = 29 = {&}, and so
the functor 8); — 29 defined on objects by int M +— & is a stratification, and is also an
isomorphism of categories.

p = Prsp) = o{L,-codimy s(p)} g an isomorphism for any
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(2) For X = [0,1] let P = {0 — 1}. We may define a stratification by Sx — P defined on
objects by [0,1] — 0 and {0},{1} — 1, and on morphisms by

([0,1] = {0}), ([0, 1] = {1}) =—= (0 = 1).

It is clear that this functor preserves codimension. The induced functors on overcategories
are

(810,11) /10,1 — S0
([0,1] = [0,1]) — (0 — 0)

and e.g.

(S0,17) /10y — 811
([0,1] = {0}) — (0 — 1)
({0} = {0}) — (1 = 1),

and correspondingly for the overcategory (8)g1])j0,1]- It is clear that these are isomorphisms
of categories.

(3) Let X = teardrop. The existence of a stratification of X implies that the overcategory
(8x)/y is isomorphic to a power set, which is impossible because [(§x),,| = 5 is not a
power of 2.

Definition 2.5. Denote by Mangy the category of smooth manifolds with corners X that admit a
stratification 8 x — P where P is a model for manifolds with corners.

Remark 2.6. The teardrop is not an object in Many by Definition 2.5 as observed in Example 2.4(3).

Example 2.7. The notion of a (k)-manifold introduced by Jénich [J468] (also see [Lau00]) is used
in the original definition of a flow category due to Cohen—Jones—Segal. It is a fact that a (k)-
manifold X is equivalent to a smooth manifolds with corners such that Sx is isomorphic to the
product poset {0 — 1}* (it is related to the cube category, see e.g. [Jar06]).

A very useful point of view is to view {0 — 1}k as a poset of rooted linear trees on k+ 1 vertices
and k labeled internal edges, and with partial order generated by the opposite of edge contraction,
see Figure 1.
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FIGURE 1. Interpreting {0 — 1}2 as a poset of rooted linear edge labeled trees.

Remark 2.8. An important fact that we will gloss over is that any object in Many admits a “coherent
system of collars” of its corner strata. This will become important later, when we consider vector
bundles over objects in Mang that need to be suitably compatible with vector bundles over their
corner strata.

A category C enriched in Many determines a 2-category S¢ with the same objects as C', mor-
phism categories 8¢ (z,y) := S¢(s,) and horizontal composition

Sc(x,y) x 8c(y,z) — 8c(x, 2)
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defined on objects by the composition in C' using the fact that the product of corner strata of
manifolds is a corner stratum of the product 97C(z,y) x9"C(y, z) =: 07*7(C(x,y) x C(y, z)), while
respecting the codimension functors. We also equip 8¢ with a dimension 2-functor dim: S¢ — N,
where N is regarded as a 2-category with a single object.

Definition 2.9. Suppose that C is a category enriched in Many equipped with a dimension
2-functor dimg,: 8¢ — N, and that P is a 2-category equipped with a dimension 2-functor
dimp: P — N. A stratification of C' in P is a 2-functor s: 8¢ — P such that
(1) The stratification preserves the dimension 2-functors: dimp os = dimg,,.
(2) Each induced functor 8¢(z,y) — P(s(x), s(y)) is a stratification.
(3) For every z,y,z € ob(C), the following diagram commutes as a diagram of stratifications
of smooth manifolds with corners

So(@,y) x Scy, 2) ") p(s(a), s(y)) x P(s(y), s(2))

l !

s(x,z)

Scl(x, z) » P(s(2),5(2))

2.2. Flow categories. Recall the definition of the poset {0 — 1}* from Example 2.7, and its
interpretation as a poset of rooted linear trees. A rooted linear tree has one half-edge called a leaf,
and one half-edge called the root; it will be useful to think about such a linear tree as an operation
with “input” at the leaf and “output” at the root.

Let S be a Z-graded set. For any p,r € S denote by Og(p, ) the poset with objects being rooted
linear trees with leaf labeled by p, root labeled by r and internal edges labeled by qi, ..., g (in this
order, according to the orientation from the leaf to the root) such that |p| > [q1| > -+ > |qx| > |r|-
The morphisms are induced by edge contraction, see Figure 2.

- o N
par \ /p q r
P q g T
FIGURE 2. Four objects in the poset Og(p,r) with four morphisms.

Given elements p,q,r € S with |p| > |¢| > |r| there is a natural functor defined on objects as
follows:

(2.1) Os(p,q) x Os(g,r) — Os(p,7)
(p q qr ) p qr

Le. it is defined as grafting of trees along the leaf of one tree to the root of the other, creating a new
internal edge with label ¢g. It is clear that grafting is associative and is compatible with morphisms
in the poset Og(p, ). We equip Og(p, ) with a codimension functor codim: Og(p, ) — N defined
as the number of internal edges.

If S is a Z-graded set, denote by (g the 2-category with ob(dg) = S and morphism posets
Os(p,r) for every p,r € S with |p| > |r|. Vertical composition is induced by the composition in
Os(p,r) and horizontal composition is induced by grafting (2.1). We equip Og with a dimension
2-functor dim: Og — N that is defined as follows: For any p,r € S, an object T € ob(Og(p,r)) is
defined to have dimension

dim7 := |p| — |r| =1 — codimT = |p| — |r| — 1 — #internal edges.
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Note that by definition there is an isomorphism of categories (g (p,r) = {0 — 1}M ") where

M(p,r) :=max{k | Iq1,...,qx |p| > |a1| > - > |a| > ||}

Definition 2.10. A flow category is a non-unital category M with a Z-graded object set ob(M)
enriched in Many that is equipped with a stratification sy¢: Syt — Ugpr) that is an isomorphism
of 2-categories.

Remark 2.11. Let us unpack Definition 2.10. Firstly, a flow category consists of a Z-graded set
of objects ob(M) = J;cz 0b(M);. Next, for every pair of objects x,z € ob(M), there is a smooth
manifold with corners M(z, z) that is stratified by Uopony(z,2) = {757 " “gp 2 J» compati-
ble with grafting (2.1) (which is the horizontal composition in [gpy)). In particular there is a
canonical identification between the codimension 0 stratum M(z, z) and the initial element 7%~
in Oy (@, 2), and grafting (2.1) yields an identification of the disjoint union of the codimension
1 objects with the image of |_||p‘>|q‘>|r‘ Do g X ¢ r under (2.1). By the assumption that the

stratification sy; preserves dimension 2-functors implies that dim M(z, z) = |z| — |z| — 1 for every
x,z € ob(M).

Therefore, the data of such stratifications (that also are isomorphisms) gives a bijection between
codimension k strata 0 M(x, z) C M(z, z) and linear trees with exactly k internal edges. Moreover,
the following diagram needs to commute

Sni(x,y) X 8y, 2) — Sy(x, 2)

Dob(M) (%,y) X Dob(M) (yv Z) E— Dob(M) (.%', Z)
and satisfies a suitable associativity diagram. This discussion implies that the union of the codi-

mension 1 boundary strata of M(z, 2) is identified with [ ;5,5 M(z, y) x M(y, z). This coincides
with the definition of an (unoriented) flow category as originally given by [CJS95].

We summarize the preceding remark as follows.

Proposition 2.12. A flow category is equivalent to the following data:

e A Z-graded object set ob(M).

o A (|z| —|y| — 1)-dimensional smooth manifold with corners M(z,y) for every pair of objects
x,y € ob(M) with |x| > |y|, such that each M(z,y) is equipped with a (k)-manifold structure
for some k.

o Composition maps

Hayz - M(w,y) X M(?/? Z) — M(xv 2)7
for all x,y,z € ob(M) with |z| > |y| > |z| that are diffeomorphisms onto codimension 1
corner strata of M(x, z) and required to be associative.

O

Example 2.13. Let M be a closed manifold, and let f: M — R be a Morse-Smale function.
We obtain a flow category M; with object set crit(f) which is Z-graded by the Morse index.
The morphism spaces My (z,y) are defined to be the (compactification) of the moduli space of
(unparametrized) gradient trajectories from x to y. By the compactification, the once broken flow
lines provides us with the composition

Mf(l', y) X Mf(y7 Z) — Mf(.’B, Z)a
and the codimension 1 boundary of My(z, z) is identified with | |, My (2, y) x My(y, 2). This yields

the stratification Sy, = Dob(Mf).
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Example 2.14. Let X be a Liouville manifold and L, K C X two transversely intersecting closed
exact Lagrangians in X. Then we obtain a flow category M x with object set L N K which is
Z-graded by (the negative of) the Maslov index. The morphism spaces My, i (x,y) are defined by
the (Gromov compactification) of the moduli space of (unparametrized) pseudoholomorphic strips
from z to y with boundary conditions on L and K. It is a non-trivial fact that My g (z,y) is a
smooth manifold with corners; it follows from work by Large [Lar21] using work by Fukaya—Oh—
Ohta—Ono [FOOO024]. By the Gromov compactification, the once broken pseudoholomorphic strips
provides us with the composition

My i (z,y) x Mk (y, 2) — My k(,2),

and the codimension 1 boundary of My, i (z, z) is identified with | |, My k (2, y) x M,k (y, 2). This
yields the stratification Sy, =Y Hobvy x)-
2.3. Flow bimodules. The correct notion of a “morphism between flow categories” is that of a
flow bimodule.

Let S; and Sy be two Z-graded sets. For any (p,r) € S x S2, denote by Og, s,(p,r) the poset
with objects being rooted linear trees with leaf labeled by p, root labeled by r and one distinguished
vertex v. The distinguished vertex v determines a splitting of the internal edges (those on the “leaf

side” of v and those on the “root side” of v). The internal edges are labeled by qi, ... ,q,ﬁ, a,... ,qf,
where ¢! € Sy are on the leaf side of v and g7 € S5 are on the root side of v, such that

pli > lail > - > lath > |6l > - > |gla > |7]2

The morphisms are induced by (the opposite of) edge contraction, see Figure 3.

v
—e—90 - 0—o¢—0 0—o—
A @ ¢ q "
[

pr
_._’9_/ \_9_._
pq%r\ /qur

v

Pglgg 7

FIGURE 3. Top: An object in Og, g, (p,r). Bottom: Morphisms in Og, g, (p, 7).

We equip each poset Og, s, (p, ) with a dimension functor defined on an object T' € ob(Os, s, (p, 7))

as
dim T := |p|; — |r|2 — codim T := |p|; — |r|2 — #internal edges.

Given triples (p,q',7) € S x Sy and (p, >, ) € Sy x S3, respectively, we have grafting maps

(2:2) Os,.5,(p, ¢°) x Os, (g%, 1) — Os, s, (p,7)
v v
( p 2’ 27T ) — p 2T

qa q q

(23) DS1 (p7q1) X DSl,SQ (ql,r) — DSl,SQ (p,’r)
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which are both associative and compatible with morphisms in Og, s,(—, —) and Og,(—, —). More-
over the two grafting operations commute with each other. For technical reasons, adjoin identity
morphisms to g, and Og, by setting Og, (p,p) = Os,(p,p) := {pt}. Then define Og, s, to be a
2-functor

s, .8, Dg}; x g, — Cat,

i.e. a Cat-enriched (Og,, g, )-bimodule (or “profunctor”), which on morphisms yields a map

(D%Il) X Dgz)((qup% (q2,r)) — Cat(DS1,52 (q17q2)7 DSLSz(p’T)):

which is equivalent to

Dsl (pv ql) X Dsl,SQ(qlqu) X DSQ(QZ,T) — Dsl,SQ (pvr))

which we define to be equal to the composition of (2.2) and (2.3). By setting ¢* = p and ¢* = r we
recover the maps (2.2) and (2.3), respectively. These are colloquially called the “bimodule structure
maps.”

A Mang-enriched functor ¢: C°P? x D — Mangy determines a 2-functor

S¢: Scop X 8p — Cat
(C, d) — 8¢(07d).
It is defined on morphism categories by specifying bimodule structure maps (as explained above)

Scee) X Sg(crd) — So(e.d)
So(e.d) X Sp@a) — So(ca)s
in such a way that they are induced from the bimodule structure maps on ¢, similar to the defi-
nition of 8¢, namely the product of corner strata is a corner stratum of the product: 97C(¢, ') x
IP(c,d) = 07%7(Cle,d) x ¢(c,d)), and now the bimodule structure maps on ¢ determine the
bimodule structure maps above.
Assume that C' and D are two Mang-enriched categories stratified by P, and Ps, respectively,
in the sense of Definition 2.9, with stratifications s¢: 8¢ — P and sp: Sp — P», respectively. Let
¢: C°? x D — Many be a Mangy-enriched functor, and let P: P;¥ x P, — Cat be a 2-functor. We

say that ¢ is stratified by P if there is a 2-natural isomorphism F': 84 = 9o (s& X sp).

For a similar reason to the above we now assume tacitly that flow categories are equipped with
units, i.e requiring that M(x, z) is a point, this (without worrying about what possible unintended
consequences this may have).

Definition 2.15 (Flow bimodule). Let M; and My be two flow categories. A flow bimodule,
denoted by N: M; — My is a functor

N: MJP x My — Many,
that is stratified by Ugpn,),0b(0M2)-
Remark 2.16. Again, we need to unpack Definition 2.15. The Mang-enriched functor N: M{P x

My — Many specifies for each pair of objects (z,y) € ob(M;) x ob(Mz) a smooth manifold with
corners N(z,y). As described previously, by the definition of N specifies bimodule structure maps

My (z,2") x N(2',y) — N(z,y)
N(z,y") x Ma(y',y) — N(z,y),

that are associative and also commute with each other.
By Proposition 2.12, recall that the fact that M; and My admit stratifications by Ugp(y,) and
Oob(e)» Tespectively, equips My with the structure of a (k;)-manifold and Mz with the structure
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of a (kz)-manifold. That N is furthermore is stratified by Oy, )ob(v,) means that N(x,y) is
stratified by

v
Dob(Ml),ob(MQ)(x,y) = { ——e e },

compatible with the bimodule structure maps of Ugpav,),0b(Mo) (z,y). Theqlge is a canonical identifica-

tion between the codimension 0 stratum N(x, y) and the initial element 7777~ in Uy, 0b () (25 Y)
and dim N(z,y) = dim Oy, ),0b(Mo) (75 Y) = |7[1—|y[2. Via the grafting operations (2.2) and (2.3),
we obtain an identification of the disjoint union of the codimension 1 strata of N(x,y) with the
strata corresponding to image of

v v

—— —— ——
X U X
|_| T o Y | | Ty y Y
|z|>|z'[>y| [z >y’ >yl

under (2.2) and (2.3).

Proposition 2.17. A flow bimodule between two flow categories My and My is equivalent to the
following data:

o An assignment of a (|z|1 — |y|2)-dimensional smooth manifold with corners N(z,y) €
ob(Many) for every pair of objects (x,y) € ob(M;) x ob(Ma) with |x| > |y|, such that
each N(z,y) is equipped with a (k)-manifold structure for some k.

e Bimodule structure maps

Ml(xa .%'/) X N(l’l,y) — N(.CE, y)
N(z,y") x Ma(y',y) — N(z,y)

for all triples (z,2',y) € ob(My)? x ob(My) with |x| > |2'| > |y|, and triples (z,3,y) €
ob(My) x ob(Mz)? with |z| > |y'| > |y|, respectively, that furthermore are diffeomorphisms
onto codimension 1 corner strata of N(x,y). The bimodule structure maps are required to
be associative and are required to commute with each other.

0

Example 2.18. Suppose that f: M — R and g: N — R are two Morse-Smale functions on two
closed smooth manifolds, and ¢: M — N is a smooth function such that 90|W3vf(fv) h Weg,(y) for

every x € crit f and y € crit g. Then we may define a flow bimodule by the assignment
(z,y) — N(z,y) := Wig(z) X W2, (y).

Example 2.19. Let X be a Liouville manifold and {Lt}te[o,l] , K C X closed exact Lagrangians
in X such that L; M K for every t € [0,1]. Then we may define a flow bimodule by defining
Nr..k(z,y) denote the Gromov compactification of the moduli space of pseudoholomorphic strips
from z € LN K to y € L1 N K, with boundary conditions on K and moving boundary conditions
on L;.

2.4. Composition of flow bimodules. Suppose that N7: M; — My and No: My — M3 are two
flow bimodules. There is a natural way of defining their composition, and we discuss stratifying
categories first.

Let S1, S2 and S3 be three Z-graded sets. Given elements (p,r) € S1x.Ss3, denote by g, s, 55 (P, 7)
the poset with objects being rooted linear trees with leaf labeled by p, root labeled by r and two
distinguished vertices v; and vs. The two distinguished vertices determines a splitting of the
internal edges as before, and they are labeled by ¢i, ..., qli near the leaf, by q%, cee ql? between the
two distinguished vertices, and by ¢3, ..., ¢}, near the root, see Figure 4.
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FIGURE 4. An object in Og, g, s,(p, 7).

The degrees of the labels need to satisfy
Pl > lgili > - > lail > [gile > -+ > [aZl2 > |gils > -+ > [apls > [rls.

As before the morphisms are given by edge contraction with the exception that we do not allow
edge contraction of an internal edge if both of its vertices are distinguished. Note that we now have
a natural grafting operation:

(24) D517S2 (p7 q) X DSZ,S3 (Q>r) — Dsl,SQ,S:s (p,T)
U1 (%) V2 V2

; —
p q qr p qr
The 2-category (g, 5,5, also has a natural description in terms of the (Og, , Og, )-bimodule Og, s,
and the (Og,,s,)-bimodule U, g,. Namely, we have Us, 5, s, = Us, 5, X0g, Usy,85, where the
2-category Ug, s, XOg, Us,,s, is defined to have object set equal to S x S3 and the morphisms are
given by posets (s, s, X0g, Us,,55) (2, 2) that is defined as the colimit of the following diagram

|_| DSLSQ (pa q) X DSz (q7q/) X D52753 (qlvr) j |_| DSLSQ (p7 q) X D5275'3 (q’,r) )
4,9'€S2 qE€S2

where the two arrows are given by the bimodule grafting operations (2.2) and (2.3), respectively.
There is furthermore a natural 2-functor og, g, 5,: Us;.5,.9; — Ug,,5, defined on 1-morphisms by
collapsing all internal edges between the two distinguished vertices.

Lemma 2.20. The following diagram is commutative.

id XDSZUS2’S3’S4
%
Usy,se XOs, Us,,55 XOg, xUs;,54 Usy,ss XOs, Us,,54

o .
Sla527S3XDS31dl 1551752,54
051,53,54

Usy,s5 XOgy xUss,s, » Usy,s,
(Il

Definition 2.21 (Composition of flow bimodules). Let N1: M; — Mg and No: Mo — M3 be two
flow bimodules. The composition No o N1: My — Mg is defined as the Mang-enriched functor

NQ ONll Mfl)p X Mg — Mana,

that is defined on objects by letting (N2 o Na)(x, z) be the colimit of the following diagram

|_| Nl(l',y) X MQ(Z/, y/) X N2(y,7'z) :; |_| Nl(ZE,y) X NQ(ZJ,Z) :
y,y’EOb(Mz) yEOb(Mg)

Lemma 2.22. The stratifications of N1 by Ughy),ob(Mz) @nd Na by Uopaey),ob(vs), TeSPECtively,
induces a stratification of Na o N1 by Uop(aty),0b(M2),0b(Ms) - O
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2.5. Flow bordisms. Let M; and My be two flow categories, and N,N': M; — My two flow
bimodules. The flow categorical analog of a homotopy is that of a “flow bordism.”

Let S; and S be two Z-graded sets, and let M € ob(Many) be a smooth manifold with corners.
Given elements (p,r,0°M) € S1 x Sa x ob(8yr), define the poset DSl s, (P,7) to be an element of
Os, s, (p, ) such that the distinguished vertex carries the label 97 M, and

pli > lath > > gl lgila > > 1gile > |2, labli + dim 97 M > |qs.

The partial order on DaaM ,(p,7) is the same as the one on Ug, s,(p, ), and its dimension function
is defined as dim Dsl Sy (p, r) = |p|l1 — |r|r + dim 97 M. Similar to Section 2.3 we therefore obtain a
2-functor

Dsl SQ DOp X |:|S2 — Cat.
Define a functor on objects as follows

08! s, 837 — 2-Fun(O x Og,, Cat)
80’

3UM — Dshng,
i.e. a 2-Fun(0Jg x Ug,, Cat)-presheaf on 8)s. The grafting operations (2.2) and (2.3) are defined
on DBUM for any 0°M € ob(S M) The functor Dg”l s, 1s defined on morphisms 97M — 0" M as

the 2- natural transformation (2 S 52 = Dg:f\é that changes the label of the distinguished vertex.

It is clear that the label change commutes with both edge contraction and grafting, see Figure 5

for the case M = [0, 1].

{0} [0 H {1}

pr pr

| l |

{0} {1}

Pg p Pgt "

3

L
[y

FI1cURrE 5. Label change and edge contraction commutes.

Assume C and D are two Mang-enriched categories equipped with stratifications s¢: 8¢ —
P, and sp: 8p — Py, respectively. Assume gbl,qbg C°? x D — Mang are two Mang-enriched

functors stratified by the 2-functors Py, Po: PP x Py — Cat (recall that this means that there
D

are 2-natural isomorphisms 84, = P10 (st >< sp) and 84, = P2 o (s7 X sp)). Suppose that
(¥ 801] — Fun(C° x D,Many) is a functor such that ({0}) = ¢1 and ¥({1}) = ¢2. This
determines a functor

Sq/, [0 1] — 2—Flll’l(SCop X 8p, Cat)
that satisfies 8,,({0}) = 8¢, and 8, ({1}) = 84,. We say that 1 is stratified by a functor Q: S[o 1
2- Fun(POp X Py, Cat) satisfying Q({0}) = P; and Q({1}) = P, if there is a natural isomorphism
Sy = Qc,p, where Q¢ p is the induced functor

QCD 8[0 1] — 2—Flln(800p X SD, Cat),
that satisfies Q¢ p({0}) = P10 (s& X sp) and Qe p({1}) = P o (sF X sp).

Definition 2.23 (Flow bordism). Let N1, No: My — My be two flow bimodules. A flow bordism
from N1 to No, denoted by B: N1 = No, is a functor

B: 8%?1} — Fun(M3{® x Mz, Many),
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such that B({0}) = Ny and B({1}) = Ny and that is stratified by the functor Cip) ) o .
Remark 2.24. Note that B is simply a Dg{)’gv[l)’ob(MQ)—stratiﬁed Fun(M7® x My, Many)-presheaf on
8[071} .

Remark 2.25. Let us unpack Definition 2.23. Since ob(S([g?l]) = {{0},{1},[0,1]}, and since B is
already determined on objects {0} and {1}, we have one additional functor
B([0,1]): MJP x M2 — Many,
which by Remark 2.16 means an assignment of a smooth manifold with corners
B(x,y) := B([0,1]) (2, ),
for each pair of objects (z,y) € ob(Mj) x ob(Mz). This smooth manifold with corners comes with
bimodule structure maps

My(z,2") x B(2',y) — B(x,y)
B(x,y") x Ma(y',y) — B(z,y),

that are associative and also commute with each other.
The functor B furthermore comes equipped with natural transformations

N1 = B([0,1]) < Ny,
which in particular yield maps

Ny (

Ny (

for all pairs of objects (z,y) € ob(M;)xob(Mz). Similar to Remark 2.16, we obtain an identification
of the disjoint union of the codimension 1 strata of B(x,y) with the strata corresponding to the

z,y) — B(z,y)
z,y) — B(z,y)

image of
[0,1] [0,1] {0} {1}
U =777y U xyfxy/yUI_l Y Ty
|z[>]2'| |z[-+1>y/| ][>yl >y
2’| +1>y| [y [>1y]
= |_| Ml(x,l‘,)X‘B(iﬁ/,y)U |_| B(xvy/)xMQ(ylay)U |_| Nl(xay)u |_| NQ(xvy)
| >z [z[+1>[y/| z[>]y |z >]y]
|z’ | +1>y| [y >yl

in the image of the grafting and label change operations, see e.g. Figure 5.

Proposition 2.26. A flow bordism between two flow bimodules N1, No: My — My is equivalent to
the following data:
o An assignment of a (|z|1 — |y|2 + 1)-dimensional smooth manifold with corners B(x,y) €
ob(Many) for every pair of objects (x,y) € ob(M;) x ob(Ma) with |x| +1 > |y|, such that
each B(x,y) is equipped with a (k)-manifold structure for some k.
e Bimodule structure maps

for all triples (z,2',y) € ob(My)? x ob(My) with |x| > |2'| and |2'| + 1 > |y|, triples
(z,y,y) € ob(My) x ob(M2)? with |z| +1 > || > |y| and tuples (z,y) € ob(M1) x ob(My)
with |x| > |y|, respectively. These maps are furthermore required to be diffeomorphisms
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onto codimension 1 corner strata of B(x,y), and they are required to be associative and
commutative with each other.

Remark 2.27. (1) By recent major technical advancements made by Abouzaid-Blumberg [AB24],
there is a construction of a stable co-category of (framed) flow categories, that is equivalent
to the stable co-category of spectra.

(2) The definitions of flow categories, flow bimodules and flow bordisms in these notes indicates
a technically different but equivalent route to defining such an co-category (in our simplified
setting, which would suffice for Floer theory in the exact setting for instance). Namely, we
consider an object set consisting of flow categories. Letting A* denote the standard k-
simplex. For any pair of flow categories (Mj, Ms) we define a simplicial set

[k] — Fun_ (8%, Fun(M(” x My, Many)),

where Fun_,x denotes functors that are stratified by Dﬁak(Ml),ob(sz similar to Defini-
tion 2.23. In other words, the k-simplices in the simplicial set that we call Flow (M, My)

Ak
are LIS, vy ob

this simplicial set is in fact an co-groupoid, and this data (objects the set of flow categories
and morphism oo-groupoids Flow(M;,Mz)) is equivalent to the data of an oco-category
with O-cells being flow categories.

(3) It is possible to define a “flow multimodule” which would be interpreted as a flow bimodule
with several inputs. This is necessary to consider naturally occurring operations in Floer
theory such as the triangle product and higher A..-operations appearing in the Fukaya
category. This naturally leads to a “multicategory of flow categories,” or more precisely its
oo-categorical analog: an oo-operad of flow categories.

(nip)-Stratified Fun(M7” x Mz, Many)-presheaves on S ox. It turns out that

2.6. Forgetful functor. In order to make the notion of “throwing away” the high dimensional
moduli spaces as described in Example 1.4 more precise, there is in fact a forgetful functor, which
takes as input a flow category and has as output a chain complex. Given a flow category M, define
a chain complex over Z/2 CMy, defined by

CMy, ==Z/2{u (k) ,
where p: ob(M) — Z denotes the grading function. We may define a differential 9: CM, — CM,_4
by
Or = Y (#2M(z,9))y,
|lz|=ly|+1
where #oM(x,y) denotes the mod 2 count of the elements in M(z,y). The proof that 9% = 0
follows from the fact that contributions to %z counts elements in |_|y M(z,y) x M(y, z) of dimen-

sion 0, which are precisely all the boundary strata of the 1-dimensional moduli space M(z, z) by
construction.

Given a flow bimodule N: M — M', we may define a chain map CN: CM, — CM/, by
ON(w) = > (#N(w,9))y.
|z|=[yl’

The proof that 0 o CN(z) = CN(x) o 9 is similar to the above; it follows from the fact that
contributions to 9’ o CN(z) + CN(z) o  counts elements in

L] Ot(z2) xN@ o || N y) x Ma(y,y).
z'€ob(My) y'€ob(M2)

of dimension 0, which are precisely all the boundary strata of the 1-dimensional moduli space
N(z,y) by construction.
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Given another flow bimodule N': M — M’ and a flow bordism B: N = N’, we may define a
chain homotopy CB: CM, — CM,,_ | by

CB(z):= Y (#2B(z,9))y.

|z|+1=]y|"
The proof that &' o CB(x) + CB(z) 0 = CN(x) + CN'(z) is proved in a similar fashion as above.

3. SPECTRA AND ORIENTATIONS ON FLOW CATEGORIES

In Floer homology, when working with integer coefficients we must orient moduli spaces of
pseudoholomorphic curves in a coherent fashion. Part of the idea of Floer homotopy theory is to
make sense of using “coefficients in a ring spectrum.” To make this precise we give a brief account
for what notions from stable homotopy theory we require.

3.1. Spectra.
Definition 3.1. A spectrum is a sequence {Zy } o—, of pointed topological spaces with pointed maps
EZk — Zk:-i—l-

Example 3.2. Given a pointed topological space we can consider its suspension spectrum X>°X
which is defined as
(X)), = XFX,

and structure maps Y XK X S ThHLX

Example 3.3. The sphere spectrum S is defined as Sy, := S* with structure maps ¥'S* = Sk+1.

Example 3.4. If A is an Abelian group, the Filenberg—MacLane spectrum HA is defined as
(HA)y := K(A, k) which is the k-th Eilenberg—MacLane space of A. The structure maps YK (a, k) —
K(A, k+1) are obtained from the homotopy equivalences K (A, k) = 2K (A, k+1) via the adjunc-
tion [X'X,Y] ~ [X, 2Y].

Remark 3.5. We work in a certain (non-trivial to construct) category of spectra called “EKMM
spectra” or “S-modules.” It is defined in [EKMMO97]. The category of EKMM spectra is equipped
with a symmetric monoidal smash product, and we are not going to discuss the details of this
construction.

Definition 3.6. If Z is a spectrum, we define its homotopy groups by
T2 = colim 74 1 2.
k—00

Definition 3.7. A ring spectrum R is a spectrum R equipped with maps y: RA R — R and
1n: S — R such that the following diagram commutes

SARTY RARY Ras

R
b
R
Remark 3.8. For every ring spectrum R there is a unique ring map S — R. This makes S the initial
object in the category of ring spectra.
Remark 3.9. If E is a spectrum, and X is a space, then
Xr—m(EANX) = H (X E),
is a generalized homology theory, and
X+— [YT"X E] = H"(X;E)

is a generalized cohomology theory. (If F is a ring spectrum it follows that the cohomology theory
H"(—; F) is multiplicative.)
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3.2. Orientations.

Definition 3.10. Let R be a spectrum. The space of units of R is defined as the following homotopy
limit
N*R
GL1(R) := holim l ,

(WoR)X — 7TOR

where the vertical map is the composition 2%°R — mo2%°R = moR. It is always true that GLi(R)
is an infinite loop space, so that we can always deloop (as many times as we wish.

Example 3.11. The space of units of the Eilenberg—-MacLane spectrum Hk for some discrete ring
is kX, i.e., GL1(Hk) ~ k*.

We denote by G := GL;(S), and this space is a classical object in homotopy theory. If G(n)
denotes the set of homotopy equivalences S™ — S™ that fix the point oo, then we have G =
colim,, G(n), and for any n € Z>¢ there is a map

where O(n) denotes the orthogonal group. It is defined by extending an orthogonal linear trans-
formation of R™ to a homeomorphism of its one-point compactification, fixing co. By passing to
the colimit as n — oo we obtain the so-called J-homomorphism J: O — G, and it induces a map
between the deloopings: BJ: BO — BG. Recall that a (stable) vector bundle on a space X is
classified by a map

X — BO.

Now, maps X — BG turn out to classify “stable spherical fibrations” over X. Associated to any
rank n vector bundle £: X — BO there is an associated stable spherical fibration

¢&s=BJo&: X — BO — BG,
which is the principal S™-fibration obtained from & via fiberwise one-point compactification.

Definition 3.12. A vector bundle X — BO is said to be S-orientable if and only if X — BO — BG
is null-homotopic (i.e., homotopic to the constant map at the basepoints).

Remark 3.13. The definition of R-orientability of a vector bundle is similar: Since S is the initial ring
spectrum, the unit map S — R induces a map BG — BGLi(R), and a vector being R-orientable
is equivalent (by definition) to the following composition being null-homotopic:

X — BO — BG — BGL1(R).
Definition 3.14 (R-line bundle). An R-line bundle is a homotopy class of a map X — BGL1(R).

Definition 3.15. Given two R-line bundles f: X — BGLi(R) and ¢g: Y — BGL;(R), we define
their tensor product f ®g g as the product map

Forg: X AY I BGLI(R) A BGL\(R) —s BGL1(R)
where the second map is the ring structure on BGL1(R).

Example 3.16. Classical orientability of vector bundles is equivalent to HZ-orientability. Namely,
by our definition above, HZ-orientability of a vector bundle is equivalent to the following map being
null-homotopic:

X - BO — BG — BGLy(HZ) = K(Z/2,1) = RP*.
Now, it turns out that the latter part of this composition BO — RP is representing the (universal)

first Stiefel-Whitney class w1, so that the composition X — RP* represents wi (), the vanishing
of which is equivalent to classical orientability.
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Example 3.17. If : X — BO is an S-orientable vector bundle, then it is equivalent (by definition)
to its associated stable spherical fibration being trivial. If o* is the trivial principal S*-bundle over
X, which means that there exists some N > 0 such that

N ~ _k+N
58/\0' =0 )

as principal S¥*N-bundles, where A denotes fiberwise smash product. The stable vector bundle &
is S-orientable if and only if £ has stably trivial fiber homotopy type, see [Hus94, Theorem 16.7.7].

Definition 3.18. A free rank one S-module is defined as a map S° — BG.

Remark 3.19. (1) A free rank one R-module is defined as a map S° — BGL1(R).
(2) A free rank one S-module is by definition equivalently an S-line bundle over a point.

3.3. Oriented flow categories and flow bimodules. For this section fix a commutative ring
spectrum R. We are now going to incorporate orientations in our definitions of flow categories.
Recall from Example 1.4 that in Morse theory, we have a vector bundle TW*"(x) associated to
each critical point, which is trivial because the unstable manifold is contractible, and we also have
canonical isomorphisms of vector bundles

TW(z) —s TM(z,y) DR & TW(y).

We will require a flow category to carry this extra coherent orientation structure. Before getting
too abstract it is useful to give the concrete definitions first.

Definition 3.20 (R-oriented flow category). An R-orientation on a flow category M is a choice of
a free rank one R-module o(x) for every object € ob(M) together with isomorphisms of R-line
bundles over M(x, y)

o(z,y): o(z) —+ (TM(z,y) ®R)r @ 0(y),

for every z,y € ob(M), that are compatible with the composition maps in M, in the sense that the
following diagram commutes:

o(z) (TM(z,y) ©R)r ®r 0(y)

l l

(TM(z,2) ©R)r ®r 0(2) — (TM(x,y) ©R)r @r (TM(y,2) ©R)r ®R 0(2)

Example 3.21. If f: M — R is a Morse—Smale function on a closed smooth manifold, recall from
Example 2.13 that we obtain a flow category M. This flow category admits an R-orientation for
any commutative ring spectrum R. Namely, let o(z) := (TW*"(x))g for every x € ob(My) = crit f.
Next, we have the following exact sequences in Morse theory

0 — T,Ms(x,y) — T,Wh(x) — N,W5(y) — 0
and
0 — R — T,M;(a,b) — T,Ms(a,b) — 0

for any p € M(x,y), where J\~/[(x, y) is the moduli space of parametrized gradient flow lines (i.e. M is

the quotient of M with the R-action given by translation). These exact sequences of vector spaces
gives canonical isomorphisms

(TW"(x))r — (TMs(z,y) ® R)g @ (TW"(y))r,

which is precisely the data of an R-orientation on the flow category My.
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Example 3.22. Let L, K C X be two transversely intersecting exact Lagrangians in a (stably
polarized) Liouville manifold X. Under certain assumptions (a sufficient assumption is that the
“stable Lagrangian Gauss maps” L — U/O and K — U/O are null-homotopic; see Theorem 4.5
for a weaker sufficient condition), the flow category My g defined in Example 2.14 admits an
R-orientation.

For any object € ob(My ), define V(z) to be the index bundle of the linearized Cauchy—
Riemann operator on a space of disks D(z) with a negative boundary puncture asymptotic to .
So the associated R-line bundle of V(z) is viewed as a map V(z)r: D(x) — BGLi(R). A technical
point here is that V(x)g is R-orientable under the above technical assumptions on L, K and X,
which means that the map V(x) factors as D(z) — S® — BGL1(R). The latter map is by definition
a free rank one R-module, which we also denote by V(x)gr. We define

(3.1) o(z) = (—V(z))r

(The reason we invert this vector bundle before taking its associated R-line bundle is technical.)
Next it is a classical theorem going back to at least Floer—Hofer [FH93] that the index bundles
respect gluing in the sense that there are canonical isomorphisms of R-line bundles over My, g (x,y)

V(y)r — (TMpk(z,y) ®R)g @ V(2)g-

that are associative. Therefore, since we tacitly assume that My, g (x,y) are transversely cut out,
definition (3.1), we have

o(z) = (TMr x(2,y) ®R)r @R 0(y),

which means that My, g is R-oriented. (In fact, by our assumptions, the above discussion goes
through for any R and in particular the sphere spectrum S; the assumption that the stable La-
grangian Gauss maps of L and K are null-homotopic is quite restrictive.)

Definition 3.23 (R-oriented flow bimodule). If (Mj,01) and (Ms, 02) are two R-oriented flow
categories, and N: My — My is a flow bimodule, then we say that N is R-oriented if there are
canonical isomorphisms of R-line bundles over N(z,y) for every (z,y) € ob(My) x ob(My)

01(x) = (TN(z,))r ®r 02(y).

Definition 3.24 (R-oriented flow bordism). Let (M, 01) and (Mz,02) be two R-oriented flow
categories and let N1, No: My — Mo be two R-oriented flow bimodules. If B: N7 = Ny is a flow
bordism, we say that B is R-oriented if there are canonical isomorphisms of R-line bundles over
B(z,y) for every (z,y) € ob(M;) x ob(Mz)

01(z) — (TB(z,y) © R)r ®r 02().

3.3.1. Alternative definition. With the concrete definition, and examples out of the way, we will
give a more abstract definition that is more closely related to the definition given in [AB24].

Recall the definition of the category Mang from Definition 2.5. We upgrade this to a bicategory
as follows. Recall that R still denotes a commutative ring spectrum.

Definition 3.25. Define Mang to be the bicategory given by the following data:

e The set of objects consists of free rank one R-modules o.
e 1-morphisms from 07 to 05 consists of an object X € Many together with an isomorphism
of R-line bundles

0x: 01 = (TX)R QR 092.

e 2-morphisms from X to X’ consists of a morphism ¢: X — X’ in Many together with an
isomorphism (TX)g = (TX')g of associated R-line bundles of their tangent bundles, such
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that the following diagram commutes

01 0*X> (TX)R X R 09
0y Z\L(T@)R@)Rid :
(TX')rR ®r 02

e The horizontal composition is defined on objects (meaning on 1-morphisms) as follows:

Mang(ol, 02) X Mang(OQ, 03) — Mang(ol, 03)
((X12,012), (X23,023)) — (X172 X Xa3, (id ®go23) © 012),

Remark 3.26. The reason Mang is only a bicategory as opposed to a strict 2-category is simple.
Namely, the associativity of the horizontal composition is only up to natural isomorphism. Even
when ignoring the isomorphisms of R-line bundles, the smooth manifolds with corners (X9 x Xa3) X
X34 and Xj9 X (Xa3 X X34) are not equal (indeed, their underlying sets are not equall), but only
naturally isomorphic.

Now, we may upgrade the definitions of R-oriented flow category, R-oriented flow bimodule and
R-oriented flow bordism by using Mang‘ instead of Mang; we omit the details in these notes.

3.4. Cohen—Jones—Segal geometric realization. Given an R-oriented flow category, there is
a procedure known as Cohen—Jones—Segal (CJS) geometric realization, which gives an R-module
spectrum. We will not discuss this process in detail, but will give an overview sketch of the idea of
the construction. More can be found in the original work of Cohen—Jones—Segal [CJS95], see also
[ADP24, Section 3].

An R-orientation on a flow category M consists of associative maps

(3.2) o(z) — Ig(z,y) ®r o(y),

where I(z,y) == TM(z,y) ® R and Ig(z,y) := I(x,y)g. Recall that o(z),0(y): S° - BGL1(R)
are R-line bundles. As such we may consider the Thom spectra (5°)°(*) and (5°)°®), that we by
abuse of notation still denote by o(z) and o(y), respectively. From (3.2) we get isomorphisms of
R-modules

(3.3) o(z) AM ™ (z,y) = o(y),

where M~ (z, ) denotes the suspension spectrum of the Thom space (M(z,y))~/®¥). The rough
idea is to construct a CW spectrum by considering cells (of dimension m)

Vo),
IEC‘)b(M)
|z|=m

and use (3.3) as “gluing maps,” via the Pontryagin—Thom construction.

4. THE SPECTRAL WRAPPED DONALDSON—FUKAYA CATEGORY

Recall from Example 2.14 that we already defined an unoriented flow category associated to two
transversely intersecting closed exact Lagrangian submanifolds in a Liouville manifold. We now
discuss details on how to orient this flow category, expanding the discussion from Example 3.22.
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4.1. Stable polarizations and the Lagrangian (Gauss map. First recall that the tangent
bundle of any symplectic manifold X is canonically almost complex, and we may therefore represent
it by a map X — BU. There is a map ¢: BO — BU called complexification that is understood as
follows: If £: X — BO is a vector bundle, then co &: X — BU is the vector bundle £ ®g C.

Definition 4.1 (Stable polarization). A stable polarization of a symplectic manifold X is a lift of
its tangent bundle X — BU through the complexification map ¢: BO — BU.

Remark 4.2. (1) In more concrete terms, the existence of a stable polarization on X is the
requirement that 7X @ CV is the complexification of a real vector bundle on X for some
N > 0.

(2) Since we have a fiber sequence BO % BU — B(U/O), a lift of X — BO through c is
equivalent to the composition X — BU — B(U/O) being null-homotopic. This assertion
is equivalent to the existence of a Lagrangian subbundle of the vector bundle TX & CY for
some N > 0, i.e., a global Lagrangian distribution of TX @ CV.

From now on we assume that any symplectic manifold that appears is equipped with a choice of
stable polarization, namely let TX ® CN = (TX)g ®g C.

Given a Lagrangian submanifold L C X in a symplectic manifold, the “Lagrangian Gauss map”
is a measure of the “difference” between the subbundle TL & RY ¢ TX @ CV and the global
Lagrangian distribution of 7X @ CY determined by the stable polarization. We then have the two
maps T'L: L — BO and (TX)g|r: L — BO that satisfies

(4.1) coTL=co(TX)g|p=TX|y: L — BU

which determines a map
Sp: L — U/ O,
since we have the fiber sequence

U/O — BO - BU.

This lift is called the stable Lagrangian Gauss map. More precisely, it is constructed as follows:
The two equal (and thus homotopic) maps in (4.1) are used to produce a null-homotopic map
co(TL — (TX)r|1): L — BU where TL — (T'X)gr|r: L — BO is the map classifying the virtual
vector bundle TL — (T'X)r|z. Since co (TL — (T X)r|z) is null-homotopic, the map TL — (T X)r|z
admits a lift to the homotopy fiber of ¢: BO — BU, which is U/O.

Bott periodicity gives a homotopy equivalence 2(U/O) ~ Z x BO which yields a map 2(U/O) —
BO via the projection. This map admits a delooping U/O — B2O.

Definition 4.3. Define (U/O)# to be the homotopy fiber of the following composition
U/0 —s B20 B4 B2G — B2GLI(R).

Definition 4.4 (Lagrangian R-brane). Let L C X be a Lagrangian submanifold. A Lagrangian
R-brane structure is a lift of the stable Lagrangian Gauss map L — U/O to a map L — (U/O)¥.
In other words, a choice of null-homotopy of the following composition

2
L3 U0 — B20 24 B2G — B*GLi(R).
Theorem 4.5. Let X be a stably polarized Liouville manifold, and let L, K C X two exact
Lagrangian R-brane. The flow category My, i is R-orientable.

Proof. Briefly, the idea is the same as the classical proof involving classical orientation. The key is
that the assumption L and K carry R-brane structures yields that the index bundle of the linearized
Cauchy—Riemann operator on a space of caps (disks with one negative boundary puncture) is R-
orientable. O
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Proposition 4.6 ([ADP24, Lemma 5.17]). A choice of HZ-brane structure on L C X is equivalent
to a relative pin structure on L, relative to the background class wa((TX)Rr) € H*(X;Z/2). O

Definition 4.7. Let L, K C X be two Lagrangian R-branes in a stably polarized Liouville manifold.
Define
HW(L,K;R) := Mk, o/,

where o is the R-orientation defined in Example 3.22.

Proposition 4.8. Given two Lagrangian R-branes L, K C X in a stably polarized Liouville man-
ifold, the homotopy groups of HW (L, K; HZ) are given by the wrapped Floer cohomology (with
integer coefficients) with reversed grading:

. (HW(L,K; HZ)) = HW*(L, K 7).

Remark 4.9. The above also holds true for Hk, where k is any commutative ring.

4.2. Flow multimodules. Before defining the wrapped Donaldson—Fukaya category, we digress
and give a sketch of the definition of flow multimodules. Given flow categories Mo, My, ..., My a
flow multimodule

N: My, ..., Mz — My
is an assignment (ay,...,ax;a9) — N(ai,...,ax;a0) of an object in Many that enjoys a similar
decomposition of the union of its codimension 1 corner strata to that of a flow bimodule Defini-
tion 2.15. Namely, there are structure maps

M;(az;a;) x N(ay,...,al, ... ax;a0) — N(aq, ..., ax;a0), i € {1,..., k}
N(ay, - ..,ar;ay) x Mo(ag, ag) — N(ay,. .., ax;ao)
that are suitably associative and commutative. An R-orientation on a flow multimodule consists
of isomorphisms of R-line bundles over N(ay, ..., ax;ag)
01(a1) ®r -+ ®g og(ar) — (TN(a1,. .., ax;a0))r @ o(ao)

for all tuples of objects (ao, . ..,ax) € Hf:o ob(M;), that satisfy suitable compatibilities with respect
to the bimodule structure on N. The CJS realization is furthermore functorial with respect to flow
multimodules in the sense that it yields a map of R-modules

IN;m[: [My, 01| Ag - -+ AR [My;, 0| — [Mo, 0o
4.3. The wrapped Donaldson—Fukaya category. Given three Lagrangian R-branes Lg, L1, Ly C
X in a stably polarized Liouville sector, we define a flow multimodule
NH: MLO,LUMLLLQ — MLO,Lz

that is defined by letting N, (a1, az;ap) be the moduli space of pseudoholomorphic triangles, re-
sponsible for defining the product in wrapped Floer cohomology. By the general gluing results in
Floer theory, we equip N, with an R-orientation. Its CJS realization yields a map

p?: HW (Lo, L1; R) Ag HW (L1, Ly; R) — HW (Lo, Lo; R),

Proposition 4.10. The map p? of R-modules is homotopy associative. ILe., the following diagram
is commutative up to homotopy:

2ARi
HW(L(), Ly; R) AR HW(Ll, Lo; R) AR HW(LQ, Ls; R)”&dHW(Lo, Lo; R) AR HW(LQ, Ls; R)

lid ARrp? l/ﬁ

HW (Lo, L1; R) Ag HW (L1, Ls; R) & » HW (Lo, L3; R)
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Proof. The homotopy between the two compositions is defined by a flow bordism between two flow
multimodules My, r,, Mz, 1,,Mr, 1, — Mg, 1, which is defined by moduli spaces of pseudo-
holomorphic pairs of pants with three inputs. (These moduli spaces define a flow bordism and not
a flow multimodule as there are boundary strata of this moduli space that looks like two pairs of
pants composed in two different ways, which is precisely the two compositions in the diagram.) O

Remark 4.11. The unit in the wrapped Fukaya category obtained by counting pseudoholomorphic
disks with one negative boundary puncture may be used to define the unit in HW (L, L; R), too.

Definition 4.12. The wrapped Donaldson—Fukaya category with coefficients in R of X is the
category W(X; R) enriched over the homotopy category of R-modules whose objects are given by
the set of Lagrangian R-branes in X, the morphisms from Lg to L; are given by

W(X7 R)(L()v Ll) = HW(L(): Ll; R)7
and the composition maps are given by 2.

Remark 4.13. This category is enriched in the homotopy category of R-modules, since the product
is only homotopy associative.

The wrapped Donaldson—Fukaya category enjoys the following properties. A similar version was
also recently proved by Porcelli-Smith [PS24a, PS24b).

Theorem 4.14 (A.-Deshmukh-Pieloch). Let L = K in W(X; R).
(1) There is an isomorphism of R-modules L~T* N R~ K~TK A R.
(2) If L is R-oriented, then K is R-orientable, and there exists an R-orientation on K such
that [Llr = [K|r € Hpo(X; R).

5. SPECTRAL EQUIVALENCE OF NEARBY LAGRANGIANS

5.1. Floer homotopy type of the cotangent fiber. In this section we focus on X = T*Q for
a closed manifold Q. By classical work of Milnor [Mil63], we use a Morse theoretic description of
the based loop space £2Q) to define a flow category whose CJS realization is X3°2Q A R.

Namely, there is a homotopy equivalent space 2Q ~ B(Q consisting of piecewise geodesic loops
in Q. This space admits an increasing filtration

BQ(1) Cc BQ(2)Cc---C BQ(n) C -,
such that BQ) = colim,, BQ(n), and each inclusion BQ(n) C BQ(n+1) is an inclusion as a subman-
ifold with boundary. Moreover, each BQ(n) is a finite dimensional smooth manifold with corners
and for a generic choice of Riemannian metric on @, the energy functional E(y) := fol |5(t)|?dt

is a Morse-Smale function. For each n € Z>; we therefore obtain a Morse-Smale flow category

MpQn).El5 o)’ and this produces a sequence of flow categories

MBo(1),Elpony € MBQE@).Elpge € € MBQm),Elpom € >
where each inclusion is an inclusion as a full subcategory. We define Mg to be the flow category
with

ob(Maq) = UnZ1 0bMpgm),Blpom)

The grading is given by the Morse index.

Mag(x,y) is defined as MBQ(”):ElBQ(n) (z,y) for some large enough n.
The R-orientation

o(a) — (TMaq ® R)gr ®p o(b),

is given by the R-orientation on Mpg( for some large enough n.

n)vE‘BQ(n)
Proposition 5.1. The CJS realization of (Mgg,0) is equal to X°02Q N R. O
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The Pontryagin product P: £2Q x 2 — (2Q) given by concatenation of loops, induces a flow
multimodule

P: MQQ,MQQ — M_QQ
by
P(v1,72:7) = (WVE(VI) X WVE(W)) Xp WiVE(7)7

there is a natural “intersection orientation” that we equip this flow multimodule with; the CJS
realization of P coincides with the Pontryagin product on X°2Q) A R up to homotopy.

Next, we consider a cotangent fiber F' = TgQ C T*(@Q at the basepoint £ € ) that we implicitly
used for our based loop space above. Let a € ob(Mpgr) be a Hamiltonian chord. We pick some
Hamiltonian that vanishes near the zero section @ C T*Q. Since F'NQ = {{}, there is a constant
Hamiltonian chord at &, which we also denote by £. Considering the moduli space N (a, &; §) defined
in Section 4.3, we have an evaluation map

ev: Nu(a>§;‘£) — QQ?

by restricting a map u to the boundary component along which © maps to (. We then define a
flow bimodule

N: MF,F — MQQ,

via the assignment
N(a;y) = Nou(a, & €) Xew Wigp(7).
This flow bimodule is equipped with the “intersection R-orientation.”

Lemma 5.2. The following diagram is homotopy commutative

HW (F, F; R) A HW (F, F; R) "5 (52000 A R) AR (5°02Q A R)

% kg

HW(F,F;R) al S®0QAR

Proof. This proof is the flow categorical upgrade of the classical proof that the triangle product
(and indeed the entire Aoo-structure if it had been defined) in HW (F, F') is transferred to the
Pontryagin product on the based loop space, see [Abol12]. O

Remark 5.3. We now comment on a technical point regarding the homotopy commutativity which
now becomes important. The suspension spectrum Y 2Q AR is an R-module and a ring spectrum,
so it is an R-algebra. A ring spectrum in our sense is the same as an “As-ring spectrum” in the
classical sense. This means that the ring structure is associative up to coherent homotopy. This is
stronger than the ring structure being associative up to homotopy. (This is the distinction between
an Ag-algebra and an A-algebra in algebra or between an H-space and an A,-space in topology.)

Next, we have that HW (F, F'; R) is a homotopy R-algebra, because we have only proved that 1
defines a homotopy ring structure. Moreover Lemma 5.2 shows that |N| defines a map of homotopy
R-algebras.

We now assume that R is connective, meaning mp R = 0 for k£ < 0. For connective spectra there
is a version of Whitehead’s theorem that holds true: If M and N are connective R-modules, and

¢: M — N is a map of R-modules that induces and equivalence ¢, : m.(M A Hk) 5 7« (N Ar Hk)
where k := mgR, then ¢ is an equivalence of R-modules.

Lemma 5.4. The CJS realization
IN|: HW(F,F;R) — Y°RQ AR

defines an equivalence of homotopy R-algebras.
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Proof. Firstly, X°£2Q A R is connective. Moreover, there is a grading preserving bijection
ob(HW (F, F; R)) = ob(Mgq)

which implies that HW (F, F’; R) must be connective by the definition of the CJS construction. It
follows from Proposition 4.8 that

T (HW(F,F;R) A\gp Hk) = HW *(F, F; k),
and we know from [Abol2, Theorem 1.1] that this is equivalent to 7, ((X°02Q A R) Ar Hk) =
H,(2Q; k). This equivalence is recovered from |N|, which by Whitehead means that |N| is an

equivalence of R-modules. Since Lemma 5.2 shows that p? and the Pontryagin product are inter-
twined up to homotopy, |N| is an equivalence of homotopy R-algebras. O

Now, we equip HW (F, F; R) with the ring structure pulled back from X°£2Q A R via the
equivalence of R-modules |N|, which automatically upgrades |N| to an equivalence of R-algebras,
with respect to this ring structure.

5.2. Spectral equivalence of nearby Lagrangians. Let us first show that an R-brane structure
on a Lagrangian is equivalent to a “rank 1 local system.” First recall that given a null-homotopy H
of a (homotopy class of a) map f: X — Y between two spaces, any other null-homotopy g: X — Y
is equivalent to a homotopy class of a map X — 2Y.

Lemma 5.5. An R-brane structure on Q is equivalent to a (X2°f2L A\ R)-module structure on R.

Proof sketch. By definition an R-brane structure on L is equivalent to a null-homotopic map L —
B2?GL1(R). Given such, any other R-brane structure is equivalent to a map L — BGLq(R) which
in turn is equivalent to a ring map 2L — GLi(R). Such a map defines a (X°f2L A R)-module
structure on R by the following composition

(EPQLAR) AR R~ SFQLAR— Y°GLi(R)AR — SP0°RAR — RAR — R,
0

Remark 5.6. For R = HZ this lemma says that a relative pin structure on L (relative to the
background class that is the second Stiefel-Whitney class of the stable polarization of the Liouville
manifold) corresponds to a ring map 2L — GL{(Z) = Z* = 7Z/2, which might be thought of as a
rank 1 derived local system on L.

We now restate our main theorem.

Theorem 5.7 (A.—Deshmukh—Pieloch [ADP24]). Let R be a commutative ring spectrum. Let @ be
a closed manifold and L C T*Q a nearby Lagrangian R-brane. There exists an R-brane structure
on @ such that L = Q in W(X; R).

Outline of proof. (1) Let F(X; R) C W(X; R) denote the full subcategory consisting of closed

Lagrangian R-branes. Let k := myR. Using Whiteheads theorem one can show that we
have a commutative diagram

F(T*Q; R) —— (¥°0Q A R)-mod

l l ’

F(1*Q; HE) 2 (3% 0Q A Hk)-mod

with the property that if Y Agr Hk is fully faithful, so is Y.

(2) The functor YAr Hk is fully faithful, by the classical result that the cotangent fiber generates
the wrapped Fukaya category of T*@Q [Aboll]. Therefore Y is fully faithful. Fully faithful
functors reflect isomorphisms, and therefore to prove L 2 @ (for some R-brane structure
on Q) in F(T*Q; R) it suffices to prove Y(L) ~ Y(Q) in (XL2Q A R)-mod. (Of course,
L =@ in F(T*Q; R) implies L = Q in W(T*Q; R).)
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[AB21]
[AB24]
[Abol1]
[Abo12]

[Abo22]
[ADP24]

[CJS95]
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In reality there is a commutative diagram

(X°NQ N R)-mod

1é/" lforget ’

F(T*Q; R) w— (¥0Q A R)-homod
F

where Y is defined on objects by Y (L) := HW (F, L; R) and induced by the Hurewicz map
on morphisms. This Yoneda functor Y a priori lands in the category of homotopy modules
over Y020 N R, since HW (F, F) only has been equipped with a homotopy ring structure
12 (as opposed to a highly structured (meaning A..) one). The functor Y is roughly defined
on the object L by considering (the CJS realization of) Mg 1, equipped with a “local system”
that for each element in Mg r(z,y) records the boundary component of the holomorphic
strip that is mapped to @), as an element of the path space of @) from x to y.

For the rest of the proof we assume for simplicity that Y = Y and that every homotopy
module is a highly structured one. This is in order to focus on the high level idea of the
proof.

By Whitehead’s theorem we obtain HW (F, L; R) ~ X‘R for some ¢ € Z. This is because
from classical Floer theory we have m.(HW (F,L; R) A Hk) = HW~*(F, L; k) = k[{] for
some ¢ € Z.
Since FNQ = {{} it follows from the definition of the CJS construction that HW (F, Q; R) ~
2R for some m € Z; by choosing appropriate grading data we may assume m = £.
Now, HW(F,L; R) ~ X'R is equipped with the HW (F,F;R) ~ (XNQ N R)-module
structure obtained from the composition x? in the wrapped Donaldson-Fukaya category.
Finally one can show that we can pick some R-brane structure on @) such that the (X3 02QA
R)-module structure on HW(Q, L; R) becomes equivalent to the given (X$°2Q A R)-module
structure on HW (F, L; R) ~ Y'R. (Recall that an R-brane structure on @ corresponds by
Lemma 5.5 to a rank one (X°£2Q A R)-module.)

O
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