
§13. Expanding Maps.

Interesting examples of smooth dynamical systems often display a combination of expan-
sion of distances in some directions, together with contraction of distances in complementary
directions. Some expansion is a necessary prerequisite for chaotic behavior, and the interplay
between expansion and contraction is a difficult and important topic. As an introduction
to such studies, this section will concentrate on the much more restricted class of mappings
which display only expansion. (We will also look at the somewhat more general class of
covering maps, particularly in dimension one.) We first study “balanced” measures. These
describe the distribution of random backward orbits. (See 13.5.) We then study absolutely
continuous invariant measures, which describe the distribution of random forward orbits.
(See 13.7.) Note that forward and backward orbits behave quite differently. For example,
in a dynamical system with both attractors and repellors, forward orbits tend to converge
towards the attractors while backward orbits tend to converge towards the repellors.

Suppose that f : M → M is a C1 -smooth map from a C1 -smooth manifold to itself.
Choosing some Riemannian metric, we will denote the length of a tangent vector v ∈ TM
by ‖v‖ , and the derivative of the smooth map f , mapping each vector space TxM linearly
into Tf(x)M , by Df : TM → TM .

Definition. The C1 -map f : M → M is called expanding if there exist constants
c > 0 and k > 1 so that

‖Df◦n(v)‖ ≥ ckn‖v‖
for all tangent vectors v and for all n > 0 . An equivalent condition would be that for any
smooth path p : [0, 1]→M the length len(p) =

∫ 1
0 ‖p′(t)‖ dt satisfies

len(f◦n ◦ p) ≥ ckn len(p) .

(Compare §4E.) For other equivalent forms of the definition, see Problem 13-a.

Here the constant c depends on the particular choice of Riemannian metric. However
the expansion constant k is independent of the metric. For if ‖v‖′ is a different metric,
then by compactness we can choose a constant a > 1 so that ‖v‖/a ≤ ‖v‖′ ≤ a‖v‖ for all
tangent vectors v . If ‖Df ◦n(v)‖ ≥ ckn‖v‖ , then it follows that ‖Df ◦n(v)‖′ ≥ c′ kn‖v‖′
where c′ = (c/a2) . (To obtain a differentiable conjugacy invariant, we could take the
supremum of all such expansion constants.)

If f is an expanding map, then Df maps each tangent vector space TxM bijectively
onto the vector space Tf(x)M . Therefore f is locally a diffeomorphism. Since M is
compact, it follows that f is a covering map. That is, each point of M has a connected
neighborhood U so that each connected component of the preimage f−1(U) maps home-
omorphically onto U . If M is connected, then denoting the number of such connected
components by q , it follows easily that the number q is constant and finite, so that f
is exactly q -to-one. Note that f ◦n is locally distance increasing, and hence locally vol-
ume increasing, for n sufficiently large. Integrating over M , it follows that f cannot be
one-to-one, hence q ≥ 2 .

§13A. Balanced Measures. First consider an arbitrary q -fold covering map
f : X → Y with q ≥ 2 , where X and Y are locally connected compact metric spaces.
As in §10, let M(X) be the convex set consisting of all Borel probability measures on X .
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13. EXPANDING MAPS

Then any measure ν ∈ M(Y ) gives rise to a “pull-back” measure µ = f ∗ν ∈ M(X) . To
illustrate the idea, if ν = δy is the Dirac measure conventrated at a point of Y , then f ∗δy
will be the average of the Dirac measures concentrated at the q points of f−1(y) . The
definition can be given as follows.

Lemma 13.1. Given a q -fold covering f : X → Y , and given a probability

measure ν ∈ M(Y ) , there is one and only one probability measure µ ∈ M(X)
which satisfies any one of the following three equivalent conditions. Furthermore,

the push forward f∗(µ) of this measure µ is equal to ν .

• If the connected measurable set U ⊂ Y is evenly covered, then the components

Ui of f−1(U) satisfy

µ(U1) = · · · = µ(Uq) = ν(U)/q . (13 : 1)

• If S is any measurable subset of X such that f restricted to S is one-to-one,

then

µ(S) = ν(f(S))/q . (13 : 2)

• For any continuous ϕ : X → � we have
∫

X
ϕ dµ =

∫

Y
(f∗ϕ) dν , (13 : 3)

where the function f∗ϕ : Y → � is defined as the average

f∗ϕ(y) =
1

q

∑

f(x)=y

ϕ(x) (13 : 4)

of the values of ϕ at the pre-images of y .

Thus we have linear maps M(Y )
f∗−→ M(X)

f∗−→ M(Y ) with composition equal to the
identity map of M(Y ) .

Definition. In the special case of a self-covering map f : X → X , a probability
measure β on X is said to be balanced if f ∗β = β . Note that a balanced measure is
necessarily f -invariant, since f∗β = f∗(f

∗β) = β .

Proof of Lemma 13.1. Using the Riesz Representation Theorem 10.8, we can take
(13 : 3) as the definition of µ . Existence and uniqueness are then clear. Thus it only
remains to show that the first two characterizations of µ are equivalent to (13 : 3).

Starting with (13 : 3), we can verify (13 : 2) as follows. Approximating the characteristic
function 1S by continuous maps as in the proof of 10.4, it follows easily that

µ(S) =
∫

X
1S dµ =

∫

Y
(f∗1S) dν =

∫

Y
1f(S) dν/q = ν(f(S))/q ,

which proves (13 : 2). Conversely, given (13 : 2) we can partition X into small sets on
which ϕ is nearly constant, and approximate the continuous function ϕ by the associated
step function, to prove (13 : 3).

The formula (13 : 2) clearly implies (13 : 1). Conversely, given (13 : 1), after partitioning
S into small sets, we can approximate each one by a neighborhood N , and then apply
(13 : 1) to each connected component of f(N) to verify (13 : 2). ¤
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13A. BALANCED MEASURES

Theorem 13.2. An expanding map from a compact connected manifold M to

itself has a unique balanced probability measure β . This measure is ergodic and

mixing, and satisfies β(U) > 0 for every non-empty open set U .

The proof will be based on the following statement. Given a continuous function ϕ : M → �

let us iterate the averaging operator ϕ 7→ f∗ϕ of (13 : 4).

Theorem 13.3. If f : M →M is an expanding map on a connected manifold,

then for any continuous ϕ : M → � the averaged functions

(f∗)
◦nϕ(x) = (f◦n)∗ϕ

converge uniformly to a constant function as n→∞ . Hence, starting with any

probability measure µ ∈ M(M) , the pulled back measures (f ∗)◦nµ = (f◦n)∗µ
converge in the weak∗ topology to a measure β which is independent of the choice

of µ .

This in turn will be proved using the following geometric construction.

Theorem 13.4. If f : M → M is an expanding map of a connected manifold,

then there exists a sequence of partitions P0 , P1 , P2 , . . . with the following

properties. Each Pn is a collection of qn disjoint measurable sets with union

M . Furthermore, for n > 0 , f maps each P ∈ Pn bijectively onto a set

f(P ) ∈ Pn−1 . In particular, f maps each P ∈ P1 bijectively onto the entire

manifold M , which is the unique element of the partition P0 . Finally, the mesh

of Pn , that is the maximum of the diameters of its elements, tends to zero as

n→∞ .

Figure 42. Voronŏı cells in the 2-sphere

Proof of 13.4. We will work with some subdivision of M into closed topological cells.
For example a smooth triangulation would certainly suffice. (Compare [Munkres 1966].)
However, a subdivision into “Voronŏı cells” (also called “Dirichlet cells”) is much easier to
construct and will suffice for our purpose. Let us assume that M is a C3 -differentiable
manifold which has been provided with a C2 -differentiable Riemannian metric. Then there
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13. EXPANDING MAPS

exists an ε > 0 so that any two points with Riemannian distance dist(x, y) < ε are joined
by a unique minimal geodesic which depends smoothly on these endpoints. (See for example
[Milnor 1963].) Choose finitely many points x1 , x2 , . . . , xn ∈ M so that the open balls
of radius ε/2 centered at these points cover the manifold. By definition, the j -th associated
Voronŏı cell is the set V j consisting of all x ∈M which satisfy

dist(x , xj) ≤ dist(x , xh) for all h ,

so that no other xh is closer to x than xj . Then it is easy to check that the V j are
non-overlapping closed topological cells, and that the union of the V j is equal to M .

We will also construct a tree T0 ⊂ M with the points xh as vertices. It will be
convenient to inductively renumber the points xh , as follows. For each j > 1 , assuming
inductively that the set {x1 , . . . , xj−1} has already been renumbered, choose xj so as to
minimize the distance between xj and {x1 , . . . , xj−1} . Furthermore, choosing i(j) < j
so as to minimize the distance between xi(j) and xj , let Ej be the minimal geodesic
line segment from xi(j) to xj . This exists and is unique, since it is easy to check that

dist(xi(j) , xj) < ε . It then follows easily that the midpoint of Ej belongs to both V i(j)

and V j . The union E2 ∪ · · · ∪ EN is the required tree T0 .

x1

x2

x3

x4

x5

E2

E3

E4

E5

Figure 43. Contruction of the tree T0 .

In order to obtain a partition of M into disjoint sets we will remove some duplicated
boundary points from the V j . To do this, set V1 = V 1 , and set

Vj = (V 1 ∪ V 2 ∪ · · ·V j) r (V 1 ∪ V 2 ∪ · · ·V j−1) for j > 1 .

Evidently the Vj are disjoint sets with union M .

Since T0 is simply connected, each of the qn connected components of f−n(T0) is
again a tree which maps homeomorphically onto T0 . Number these connected components
as Tα

n , where 1 ≤ α ≤ qn . Siimilarly, each Vj is simply connected, so f−1(Vj) is the
union of 2q disjoints sets, each of which maps homeomorphically onto Vj . Let V α

n,j be the

unique component of f−n(Vj) which intersects Tα
n , and let Pα

n be the union

Pα
n = V α

n,1 ∪ V α
n,2 ∪ · · · ∪ V α

n,N .

Thus Pα
n is a neighborhood of Tα

n . For each fixed n , it is not difficult to check that these
sets Pα

n constitute a partition Pn of M into qn disjoint connected measurable sets.

Since f◦n : V α
j

∼=−→Vj , and since any two points of Vj are connected by a geodesic of
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13A. BALANCED MEASURES

length less than ε , it follows that any two points of V α
n are joined by a path of length at

most ε/ckn . Hence any two points of Pα
n are joined by a path of length at most Nε/ckn .

This tends to zero as n→∞ , which completes the proof of Theorem 13.4. ¤

Proof of 13.3. We will need two basic properties of the transformation ϕ 7→ f∗ϕ .
First, for a composition f ◦ g of covering maps, note that

(f ◦ g)∗ = f∗ ◦ g∗ . (13 : 5)

Second, note that any upper and lower bounds for ϕ yield the same upper and lower bounds
for f∗ϕ ,

c1 ≤ ϕ(x) ≤ c2 for all x =⇒ c1 ≤ f∗ϕ(y) ≤ c2 for all y . (13 : 6)

This is clear, since f∗ is an averaging operator.

Let ϕ : M → � be a continuous function, and let y be an arbitrary point of M .
Evidently the set of x ∈ M with f ◦n(x) = y contains exactly one point in each partition
element P ∈ Pn . Since the mesh of Pn tends to zero, it follows by uniform continuity that
the difference

max
x∈P

ϕ(x) − min
x∈P

ϕ(x) , where P ∈ Pn ,

tends uniformly to zero as n→∞ . Hence the difference between the numbers

1

qn
∑

P∈Pn

min
x∈P

ϕ(x) ≤ 1

qn
∑

f◦n(x)=y

ϕ(x) ≤ 1

qn
∑

P∈Pn

min
x∈P

ϕ(x)

tends uniformly to zero as n→∞ . Since the middle expression equals f ◦n∗ ϕ , this together
with (13 : 6) proves that the f ◦n∗ ϕ converge uniformly to some constant function x 7→ c(ϕ) .

For any µ ∈M(M) , it follows that the integrals
∫

ϕ d(f∗◦nµ) =
∫

(f◦n∗ ϕ) dµ ≈
∫

c(ϕ) dµ = c(ϕ)

converge to c(ϕ) as n→∞ . If we define a measure β ∈M(M) by the equation
∫

ϕ dβ = c(ϕ)

for every continuous ϕ , then this argument proves that the sequence of measures f ∗◦nµ
converges weakly to β ; which completes the proof of 13.3. ¤

Proof of Theorem 13.2. Clearly this measure β = limn→∞(f∗)◦nµ satisfies
f∗β = β , and hence is balanced. Now take µ to be an arbitrary balanced measure. Then
f∗µ = µ so µ = lim(f∗)◦nµ , which proves that µ = β .

Ergodicity follows from uniqueness. For if T ⊂M were a fully invariant Borel set with
0 < β(T ) < 1 , then the measure

µ(S) = β(S ∩ T )/β(T )

would be balanced and different from β .

Every non-vacuous open set has measure β(U) > 0 , since every such set contains some
partition element P ∈ Pn with measure β(P ) = 1/qn > 0 .
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13. EXPANDING MAPS

Recall from Problem 8-d that the transformation f is called mixing with respect to a
probability measure β , if we have

lim
n→∞

β
(

S ∩ f−n(T )
)

= β(S) β(T ) (13 : 7)

for every pair of measurable sets S and T . Using the partitions of 13.4, for any ε > 0 we
can choose a compact set K = Kε ⊂ S and an open set U = Uε ⊃ S so that β(UrK) < ε .
Let K ′ = M r U . If n is large enough so that the mesh of Pn is less than the distance
between K and K ′ , then no P ∈ Pn can intersect both K and K ′ . Let N(n) ≤ qn be
the number of sets P ∈ Pn which intersect K . Then

β(K) ≤ N(n)/qn ≤ β(K) + ε .

Thus, as ε→ 0 and n→∞ , the ratio N(n)/qn must tend to β(S) . Now note that f ◦n

carries each P ∈ Pn bijectively onto M , carrying P ∩ f−n(T ) onto T , and multiplying
measures by qn , so that

β(P ∩ f−n(T )) = β(T )/qn .

Summing over the N(n) sets P which intersect K , it follows that

β
(

K ∩ f−n(T )
)

≤ N(n) β(T )/qn ≤ β
(

K ∩ f−n(T )
)

+ ε ,

where the expression in the middle converges towards β(T ) β(S) . Passing to the limit as
ε→ 0 , since

β
(

K ∩ f−n(T )
)

≤ β
(

S ∩ f−n(T )
)

≤ β
(

K ∩ f−n(T )
)

+ ε ,

it follows that
lim
n→∞

β
(

S ∩ f−n(T )
)

= β(T ) β(S) ,

as required. This completes the proof of 13.2. ¤

Random Backward Orbits. We will next describe a computationally effective pro-
cedure for approximating the balanced measure β . (Compare [Elton].) I am indebted to
Jane Hawkins for suggesting this algorithm in the closely related case of rational maps of
the Riemann sphere.) Starting with some arbitrary point x0 ∈ M , construct a “random
backward orbit”

x0 x1 x2 · · ·
inductively, so that for each n any one of the q preimages of xn will be chosen as xn+1

with probability 1/q . These choices should be independent, so that each of the qn possi-
bilities for xn occurs with probability 1/qn . Let δxn be the Dirac measure concentrated
at the point xn .

Lemma 13.5. If f is an expanding map, and if the xn are chosen as above,

then with probability one the sequence x1 , x2 , . . . is evenly distributed with re-

spect to the unique balanced probability measure β . In other words, with proba-

bility one, the sequence of averaged measures

µk = (δx1
+ δx2

+ · · · + δxk
)/k

converges weakly to the measure β as k →∞ .

Proof. Choose the sequence of partitions P1 , P2 , . . . as in 13.4. First choose some set
P ∈ P1 . Then each randomly chosen xk with k > 0 has probability 1/q of belonging to
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13B. CIRCLE COVERING MAPS

P , and these events are independent. Hence with probability one, by Borel’s law of large
numbers, the measure

µk(P ) =
(

δx1
(P ) + · · ·+ δxk

(P )
)

/k

converges to β(P ) = 1/q as k → ∞ . Applying this same argument to the map f ◦n and
a partition element P ∈ Pn we see for 1 ≤ j ≤ n that each of the orbit elements

xj
f◦n

xj+n
f◦n

xj+2n

f◦n

· · ·
independently has probability 1/qn of being in P . Arguing as above and then averaging
over j , it follows easily that with probability one

lim
k→∞

µk(P ) = β(P ) = 1/qn for P ∈ Pn .

Finally, approximating an arbitrary continuous ϕ : M → � by a step function which is
constant on each P ∈ Pn , and then letting n→∞ , we see that

lim
k→∞

∫

ϕ(x) dµk(x) =
∫

ϕ(x) dβ(x)

with probability one, as required. ¤

§13B. Circle Covering Maps. In the 1-dimensional case, most of these results are true
without assuming that f is expanding or differentiable. (Compare §4E.) If f : � /� → � /�

is any continuous map of the circle, then there exists an essentially unique lift F : � → �

so that the following diagram is commutative

�

F−→ �

↓ p ↓ p
� /�

f−→ � /� ,

where p denotes the natural projection map from � onto � /� . More precisely, F is
unique up to the addition of an integer constant. Since we must have

F (x+ 1) ≡ F (x) (mod � )

in order to make this diagram commutative, it follows that

F (x+ 1) = F (x) + d

where d is an integer constant called the degree of f . As an example, the map x 7→ xd has
degree d . If F is a homeomorphism of � , or equivalently if f is locally a homeomorphism,
then evidently f is a q -fold covering map, where q = |d| > 0 . Note that F is either
monotone increasing or monotone decreasing according as d > 0 or d < 0 .

Theorem 13.6. If f : � /� → � / � is a q -fold covering map with q ≥ 2 , then
f has a unique balanced probability measure β , which is necessarily ergodic

and mixing. Furthermore, as in 13.5, a random backward orbit is β -evenly
distributed.

Note however that we do not claim that every non-empty interval I ⊂ � /� has measure
β(I) > 0 . For example the map f may well have an attracting fixed point, and hence a
non-trivial interval I with I ⊃ f(I) . Then β(I) ≥ β(f(I)) = q β(I) by (13 : 2), which
implies that any such interval must have measure β(I) = 0 .
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13. EXPANDING MAPS

Proof of 13.6. These assertions can all be proved by slight modifications of the argu-
ments given above. Choosing some base point x0 ∈ � / � , we can form the partitions Pn of
� /� where each J ∈ Pn is a half-open interval bounded by two of the points of f−n(x0) ,
and where f◦n maps the interior of each each J ∈ Pn homeomorphically onto � / � r{x0} .
Clearly most of these qn intervals J ∈ Pn must be reasonably short. (The key difference
which makes the one dimensional case easier is that every connected set with small Lebesgue
measure must also have small diameter.)

As in 13.3, we will show, for any continuous ϕ : � / � → � , that the sequence of averaged
functions

f◦n∗ (y) =
1

qn
∑

f◦n(x)=y

ϕ(x)

converges uniformly to a constant function. Clearly the set f−n(y) ⊂ � / � contains exactly
one point xJ from each half-open interval J ∈ Pn . Let us call such an interval J either
long or short according as its length satisfies len(J) ≥ 1/

√
qn or len(J) < 1/

√
qn . Clearly

there are at most
√
qn long intervals. Hence the sum of ϕ(xJ) over the long intervals J is

bounded by C
√
qn/qn = C/

√
qn , where C is an upper bound for |ϕ(x)| . Since C/

√
qn

tends to zero as n → ∞ , we can ignore all of these terms. On the other hand for short
intervals, by uniform continuity, the difference

max
x∈J

ϕ(x) − min
x∈J

ϕ(x)

tends uniformly to zero as n → ∞ . It follows that the difference between the upper and
lower Riemann sums

S+
n =

1

qn
∑

J∈Pn

max
x∈J

ϕ(x) and S−n =
1

qn
∑

J∈Pn

min
x∈J

ϕ(x)

tends to zero as n → ∞ . Since the values of f ◦n∗ ϕ(y) are bounded between these two
Riemann sums, it follows using (13 : 6) that f ◦n∗ ϕ converges uniformly to a constant
function y 7→ c(ϕ) . As in the proof of 13.2, it then follows that f has a unique balanced
measure β , where

∫

ϕdβ = c(ϕ) ; and it also follows that this measure is ergodic.

The proof that β is mixing goes through much as before. More precisely, the short
intervals J ∈ Pn behave just as before, and we can simply ignore the long intervals. Sim-
ilarly, the proof that a random backwards orbit is evenly distributed with probability one
goes through much as before. ¤

Alternatively, once β has been constructed, we can construct a monotone semiconjugacy
from f to the linear map t 7→ t d as follows. (Compare 4.12.) First note that we can
choose a fixed point x0 = f(x0) . In fact any circle map of degree d 6= 1 must have at least
|d− 1| > 0 fixed points, since the map x 7→ F (x)− x increases by d− 1 over the interval
0 ≤ x ≤ 1 , and hence must take an integer value at least |d− 1| times.

Now define a monotone function m : � / � → � /� by setting

m(x) =
∫ x

x0

dβ for x0 ≤ x ≤ x0 + 1 .

This yields a well defined degree one map from � / � to itself since
∫ x0+1
x0

dβ = 1 . Since
f carries each short interval of measure β(I) to an interval of length q β(I) = |d| β(I) , it
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13C. ABSOLUTELY CONTINUOUS MEASURES

follows easily that m(f(x)) = m(y) d . In other words, the following diagram is commutative:

� /�

f−→ � / �

↓ m ↓ m
� /�

d·−→ � / � .

(13 : 8)

We say briefly that m semiconjugates f to multiplication by d . Now, for any interval
I ⊂ � /� , it follows easily that β(I) is just the length ( = Lebesgue measure) of the image
m(I) ⊂ � / � . In particular, the push forward m∗β is equal to Lebesgue measure.

Since m is monotone of degree one, the preimage m−1(t) of any point is either a point
or a closed interval I of measure β(I) = 0 . There can be at most countably many such
I . Thus the measure preserving map m from ( � /� , β) to (� /� , Lebesgue) is one-to-one
except on a fully invariant set of measure zero. Now since ergodicity, mixing, and the even
distribution of random backward orbits are verified for the expanding map t 7→ t d by 13.2
and 13.5, it follows easily that they are true for the map f also.

Remark. In the differentiable case, if f : � / � → � /� is an expanding map (for
example if |f ′(x)| > 1 everywhere), then every non-trivial interval has measure β(I) > 0 ,
and it follows that m is a homeomorphism from the circle to itself. In this case we say that
m is a topological conjusugacy or that the map f is topologically conjugate to multiplication
by the degree d . However, even if f is an infinitely differentiable expanding map, we
should not expect m to be a diffeomorphism from the circle to itself. (Compare Problem
13-b below.)

§13C. Absolutely Continuous Invariant Measures. Any C1 -smooth manifold
has a preferred measure class [λ] which reduces to the Lebesgue measure class under any
C1 -coordinate chart. To find a global measure in this class, it is convenient to choose
a Riemannian metric, which in classical notation is written in terms of local coordinates
x1 , . . . , xr as ds2 =

∑

gi j(x
1 , . . . , xr) dxi dxj . If M is compact, using a partition of

unity, the Riemann integrals
∫· · ·∫ ϕ

√

| det(gi j)| dx1 · · · dxr in local coordinates then piece

together to yield an order preserving linear map C(M, � ) → � , and hence a finite measure
λ on (M,BM ) . We will always assume that λ has been normalized so that λ(M) = 1 .

A finite measure µ on (M,BM ) is said to be absolutely continuous with respect to the
Lebesgue measure class [λ] if

λ(S) = 0 =⇒ µ(S) = 0

for all S ∈ BM . (Equivalently, by the Radon-Nikodým Theorem, µ is absolutely continuous
with respect to [λ] if and only if there exists a density function ρ ≥ 0 in L1

λ(M, � ) so that

µ(S) =
∫

S
ρ(x) dλ(x) for every S ∈ BM .)

Theorem 13.7. If f is a C2 -smooth expanding map of the compact connected

Riemannian manifold M , then the Lebesgue measure class [λ] is ergodic, and

contains a unique f -invariant probability measure µ .

Evidently µ can also be described as the unique invariant probability measure which is
absolutely continuous with respect to [λ] . Combining this result with the Birkhoff Ergodic
Theorem, we obtain the following.
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13. EXPANDING MAPS

Corollary 13.8. With f : M → M as in 13.7, Lebesgue almost every orbit of
f is evenly distributed with respect to the invariant measure µ .

The proof of 13.7 will show also that there exists a constant K > 1 so that

λ(S)/K ≤ µ(S) ≤ λ(S)K (13 : 9)

for every Borel set S . It will be convenient to use the abbreviated notation

λ(S) ³ µ(S) ,

meaning that there exists some uniform constant K so that the ratio λ(S)/µ(S) is bounded
between 1/K and K . (It is worth noting that one single constant K will be valid for all
of the inequalities of this form which we consider.) The proof will depend on two lemmas.

If we choose an orthonormal basis for the tangent spaces TxM and Tf(x)M , then the
absolute value of the Jacobian determinant of Dfx : TxM → Tf(x)M is a well defined real
number, independent of the choice of bases. Denoting this number by Jf(x) > 0 , note the
identity

λ
(

f(S)
)

=
∫

S
Jf(x) dλ(x) , (13 : 10)

which holds for any Borel set S which maps injectively under f .

Lemma 13.9. Bounded Distortion Lemma. Choosing partitions Pn as in

13.4, there exists a constant K > 1 which is independent of n , so that the ratio
of Jf◦n(x) to Jf◦n(y) satisfies

1

K
≤ Jf◦n(x)

Jf◦n(y)
≤ K (13 : 11)

whenever x and y belong to the same set P ∈ Pn . We will write briefly

Jf◦n(x) ³ Jf◦n(y) for x, y ∈ P ∈ Pn .

It follows that

Jf◦n(x) ³ 1

λ(P )
³ λ(S)

λ
(

P ∩ f−n(S)
) (13 : 12)

for any set S of positive measure and any x ∈ P ∈ Pn .
Proof. We will work with the quantity log Jf(x) which satisfies the chain rule

log Jf◦n(x0) =
n−1
∑

i=0

log Jf(xi) for any orbit x0 7→ x1 7→ · · · 7→ xn .

Since f is assumed to be C2 -differentiable, and since the Riemannian metric can be chosen
to be C1 -smooth, it follows that the function x 7→ log Jf(x) is C1 -smooth. Since M is
compact, we can choose some constant κ > 0 so that

|log Jf(x) − log Jf(y)| ≤ κ dist(x, y) ,

where dist(x, y) is the Riemannian distance. Recall from the proof of 13.4 that there are
constants c′ = εN/c > 0 and k > 1 so that each set P ∈ Pn has diameter at most c′/kn .
Thus if x0 and y0 belong to the same set of the partition Pn , then xi and yi belong to
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13C. ABSOLUTELY CONTINUOUS MEASURES

the same set of Pn−i , and it follows that

∣

∣

∣ log Jf◦n(x) − log Jf◦n(y)
∣

∣

∣ ≤
n−1
∑

i=0

∣

∣

∣ log Jf(xi)− log Jf(yi)
∣

∣

∣ ≤
n−1
∑

i=0

κ c′

kn−i
<

∞
∑

j=1

κ c′

kj
,

where j = n − i . Setting the right side equal to logK , the inequality (13 : 11) follows.
Now choosing any base point x0 ∈ P , and integrating the inequality Jf ◦n(x0) ³ Jf◦n(x)
over P , it follows from (6) that

Jf◦n(x0)λ(P ) ³
∫

P
Jf◦n(x) dλ(x) = λ(M) = 1 ,

since f◦n maps P bijectively onto M . In other words,

Jf◦n(x) ³ 1/λ(P ) for x ∈ P .

More generally, given any Borel set S , if we integrate over the set P ∩ f−n(S) which maps
bijectively onto S , then the same argument will yield the identity

Jf◦n(x0) λ(P ∩ f−n(S)) ³ λ(S) .

The required inequality (13 : 12) now follows. ¤

Proof of 13.7: Existence. Let λn = f◦n∗ (λ) be the n-th push-forward of the Rie-
mannian measure λ = λ0 . We will first prove that λn(S) ³ λ(S) or more precisely

λ(S)/K ≤ λn(S) ≤ λ(S)K (13 : 13)

for any Borel set S , where the constant K , as in (13 : 11), is independent of n . For each
Pα ∈ Pn , it will be convenient to set Sα = Pα ∩ f−n(S) , so that f−n(S) is the disjoint
union of the Sα . Then

λ(Sα) ³ λ(Pα) λ(S)

by (13 : 12). Summing over the elements P α ∈ Pn , it follows that

λn(S) = λ
(

f−n(S)
)

=
∑

λ(Sα) ³ λ(S) ,

as asserted. Now set µn =
(

λ1 + · · ·+ λn
)

/n , and choose a subsequence {nj} so that the

sequence of measures {µnj
} converges weakly to some limit µ , Then it follows as in 13.2

that µ is an invariant measure, f∗(µ) = µ . The inequality λ(S)/K ≤ µn(S) ≤ λ(S)K
follows from (13 : 13), and it is not difficult to pass to the weak limit, so as to obtain the
corresponding inequality (13 : 9). ¤

It will be convenient to use the notation Pn(x) ∈ Pn for the unique set in the partition
Pn which contains some given point x . We will say that x is a point of density for the
Borel set S , the measure λ , and the sequence {Pn(x)} if the limit

lim
n→∞

λ
(

S ∩ Pn(x)
)

λ
(

Pn(x)
)

exists and is equal to one. We will need the following version of the Lebesgue Density
Theorem.

13.10. Density Lemma. Given a finite measure ν on (X,BX) , a sequence of
partitions Pn with mesh tending to zero, and a Borel set S of positive measure,
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there exists a subsequence {nj} so that [ν]-almost every point x ∈ S is a point

of density for the sequence of neighborhoods {Pnj
(x)} .

Proof. Fixing some number 0 < ξ < 1 and some n > 0 , let us define a partition
element P ∈ Pn to be “good” if ν(P ∩S) ≥ ξ ν(P ) , but “bad” if 0 < ν(P ∩S) < ξ ν(P ) .
For any ε > 0 , we can choose K ⊂ S ⊂ U with ν(U r K) < ε as in the proof of 3.2, and
choose n large enough so that any P ∈ Pn which intersects K is contained in U . Let
Bn be the sum of the measures ν(P ) of those bad P which intersect K , and let Gn be
the sum of the measures of the good P which intersect K . It then follows that

ν(K) ≤ ξ Bn + Gn ≤ Bn + Gn ≤ ν(K) + ε ,

hence Bn +Gn ≤ ξ Bn +Gn + ε , which implies that

Bn ≤ ε

1− ξ
.

For fixed ξ , this tends to zero as ε → 0 and hence n → ∞ . Similarly, if B ′n is the
measure of the set of points x ∈ S such that the set Pn(x) ∈ Pn which contains it is bad,
then B′n ≤ Bn+ε also tends to zero as n→∞ . Thus we can choose a sequence of numbers
n(k) so that the series

∑

k B
′
n(k) is convergent. It then follows easily that, for [ν]-almost

every point x ∈ S , we have

ν
(

Pn(k)(x) ∩ S
)

ν
(

Pn(k)(x)
) ≥ ξ

for all sufficiently large k . Choosing a sequence of ξi converging to one, and choosing
corresponding subsequences of {n(k)} . and finally using a diagonal construction, we can
find a sequence of n so that the ratios ν(Pn(x) ∩ S)/ν(Pn(x)) will converge to one for
almost every x ∈ S . ¤

Proof of 13.7: Ergodicity. Suppose that S is a fully invariant set with λ(S) < 1 .
Applying 13.10 to the complement M r S , we can find a point x 6∈ S and a sequence of
sets Pnj

(x) ∈ Pnj
so that the ratio

λ
(

S ∩ Pnj
(x)

)

λ
(

Pnj
(x)

)

tends to zero as j → ∞ . Since f ◦n maps S ∩ Pn(x) bijectively onto S , it follows from
(13 : 12) that

λ(S) ≤ K
λ
(

S ∩ Pnj
(x)

)

λ
(

Pnj
(x)

) .

Here K is fixed, so the right hand side can be made arbitrarily small, which proves that
λ(S) = 0 . Thus the measure class [λ] is ergodic. Since there can be at most one invariant
probability measure in a given ergodic measure class, this also proves that the measure µ
is unique. ¤

————————————-

Problem 13-a. If M is compact and f : M → M is C1 -smooth, show that the
following three conditions are equivalent:
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• The map f is expanding.

• For any Riemannian metric ‖v‖ , there exist an integer n > 0 so that

‖Df◦n(v)‖ > ‖v‖
for all non-zero tangent vectors v .

• There exists a Riemannian metric, which we can take to be of the form

‖v‖20 = ‖v‖2 + ‖Df(v)‖2 + . . . + ‖Df◦n−1(v)‖2 ,

so that ‖Df(v)‖0 > ‖v‖0 for all non-zero tangent vectors v . (These are called “adapted
metrics”.)

Problem 13-b. Consider the family of circle maps

fc(x) ≡ xd + c sin(2πx)/2π (mod � ) ,

with derivative f ′c(x) = d+c cos(2πx) . Show that fc is an |d|-fold covering map whenever
|c| ≤ |d| , and is expanding whenever |c| < |d| − 1 . Note that 0 = fc(0) is a fixed point
with multiplier f ′(0) = d+ c . If c 6= 0 , show that fc cannot be differentiably conjugate to
a linear map. If |d+ c| < 1 , show that fc has an attracting fixed point. Thus, if |c| ≤ |d|
so that the monotone semconjugacy m exists, show that it is is no longer a homeomorphism
but rather has an interval of constancy around x = 0 .

Problem 13-c. Show that a diffeomorphism F (x) = y from � to � is the lift of a
degree two expanding map having Lebesgue measure as its absolutely continuous invariant
measure if and only if the inverse map can be written as

2F−1(y) = y + ϕ(y) + c ,

where ϕ(y + 1) = −ϕ(y) , and where |ϕ′(y)| < 1 . (The case ϕ(y) = cos(3πy)/10 is
illustrated in Figure 44.)

Figure 44. Graph of a degree two expanding map having Lebesgue measure as its

absolutely continuous invariant measure. Here the opposite sides of the unit square

are to be identified with each other. The reciprocals of the slopes, at two points on

the same horizontal line y = constant , always add up to +1 .
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