Math 532 - Fall 2019
Solutions to Second Examination

Instructor: Dror Varolin

1. Letp > 0 and let f € LP(R™).

(a) Prove thatif ||f||, < 1,e > 0and E.(f) = {x € R™; |f(z)| > ¢} then m(E.(f)) <
P,

(b) Suppose now that and {f,} € LP(R") and f,, — f in LP(R™). Show that f,, — f in
measure.

Solution:

(a) Forany g € LP(R") we have

1
m(Es(g)):/ dm < —p/ lg|Pdm < —=
B-(g) = JE-(9)

Since || f||, = 1, taking g = f yields the desired estimate.
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(b) According to the proof of part (a), for any N > 0 one has m({|f, — f| > ¢}) <
e P||fn — fI[b. Thus

Tim m({|f, — J] > }) = 0

for every € > 0, as desired.
2. Let p and v be positive measures on (X, .# ) such that v << p, and write A = p + v.

d
(a) Show that 0 < d—i <1 p-ae.

dv

d
(b) Show that —* = —L__
dp o

Solution:

(@ IfA(E) =0then 0 < u(E) +v(E) = ME) =0,s0rv << Aand ;1 << A. By the
Lebesgue-Radon-Nikodym Theorem there are non-negative functions Z‘/\‘ and d" such

that o p
1L

dv =4 =—d

N A and dp = N A

Moreover, any two such functions agree on the complement of a A\-null set. Hence

dv  du
d\ =dp+dv = (ﬁﬂu) dx,



and % + j—‘; = 1 A-almost everywhere. This shows (0 < % < 1 A-almost everywhere,
and since ;1 << A, p-almost everywhere. It remains to show that the set F' = Z—K =1}
is p-null. But we know that % = 0 A-almost everywhere on F', so

du /
0:/_@: dp = pu(F).
i : (£)

(b) By part (a) and Lebesque-Radon-Nikodym we know that dy = ‘;—‘A‘d)\, dv = g—/’:du and

dvdp _ dv

Z—f\L + j—; = 1. By uniqueness of Lebesque-Radon-Nikodym we must have didy = dx

and therefore

dv dv
v _n_ @

du _
d’u d\ d\

as required.

3. Show thatif f € L}, .(R™) and f is continuous at z € R" then z is in the Lebesgue set of f,

1.e.,
1

i ) o, )~ Sl =0

Solution: Let ¢ > 0. We are asked to show that there exists § > 0 such that

1

0<r i s /B ) = F@ldm) < =

To establish the latter statement, note that since f is continuous at x, for every € > 0 there
exists 0 > 0 such thaty € Bs(z) = |f(z) — f(y)| < . We choose this 0. If 0 < r < 0 then
B,.(z) C Bs(x), and hence

1 9
B o 0 = St < s [ i) =

which is what we wanted to show.

4. Let K, : R" x R" — R be defined by K, (z,y) = m for all z,y € R", where a > 0
is a real number. For which values of « is the operator T}, : L'(R") — L'(R"™) defined by

Tof(z) = | Kolz,y)f(y)dm(y)

]Rn
well-defined and bounded? Justify your answer.

Solution: First observe that

1t = ([ | e amto)| dm(o))
(] o))
~ ([l [ gp = peant) anw).




where the last equality is by Fubini-Tonelli. Moreover, if f is a non-negative function then
the inequality is an equality.

By translation-invariance of Lebesgue measure

Coi= | rm—eim

o (Lt [z =yl

is independent of x, and by using polar coordinates centered at x € R" one has

o pn=ldy
C,=o, —_ 0, .
o /0 TESE € (0, +o0]

/"O r"tdr /1 r"tdr N /°° r"tdr <14 /Oo n—a-1
S - — < r r
o (L+7) o (L+mr) 1 (L4r)e 1

oo pn=ldy o =gy oo pn—l-aqy I
_ > — = —_— > — r dr,
o (147) o (T+r)e o (Irh)e = 20 )

we see that C,, is finite if and only if o > n. Therefore if & > n then

Since

and

TSl < Call ]l

On the other hand, if 0 < o < n then ||T,,f||; = +oc for any nonegative f € L'(R"). (For
example, if f is the characteristic function of a set of finite Lebesgue measure.)



