Math 203 - Fall 2018

Solutions to Second Examination

1. Consider the function z = f(x,y) is defined implicitly by the equation

22(1 + sin(zy)) + *7Y = 2

and the condition f(0,2) = 1. Compute %(O, 2).

Solution: Differentiating the equation with respect to x yields
222, (1 + sin(zy)) + 2%y cos(zy) + 22,7V =

Plugging in (z,y,2) = (0,2, 1) yields 2z, + 2 4 2z, = 0, or
1
T 072 = 5
2(0,2) = —

Second, almost equivalent solution: One could use the formula

2y = o

where F(x,y,2) = 2*(1 + sin(xy)) + €2*7¥. Then

F, =yz*cos(zy) and F, = 2z(1+ sin(zy)) + 2*77.

Plugging in (z,y,2) = (0,2,1) yields F,(0,2,1) = 2 and F,(0,2,1) = 4, so again

1
Zx(o, 2) = —5

2. Consider the function
flz,y) = e @)

_ /=1 1
u, = <—2, 7§> .

and the unit vector

(a) Calculate the directional derivative Dy, f(x,y) of f at the point (z,y) along the direc-

tion u,.

(b) Find the maximum value of D, f(x,y) among all points (z,y) in the plane, and the

point where this maximum occurs.



Solution: (a)
2.,,2 2.y —1 1 (2.2
Duof(‘rvy> = Vf(x,y)-uo = <_2x67(:v v )7 _2y67(w v )><_7 _> = ﬂ(x_y>€ (@t )

(b) We compute that
V(Do f(2,y)) = V2~ (1 — 20(2 — y), =1 = 2y(x — y)) -
Therefore the critical points are simultaneous solutions of the two equations
2r(r —y)=1 and 2y(xr—y)=—1.

These two equations imply that for any critical point (z,y), z—y # 0. By taking the quotient
of the two equations, we find that if (z,y) is a critical point then y = —z. Substituting this
relation into the first equation yields 422 = 1, so x = i%, and together with the relation
y = —x we see that the critical points are (3, —3) and (—3, 3). Since

Do f(3, =1y =v2e™? and D, f(-31,1) = —v2e 12
we see that the maximum value of 1/2/e occurs at the point (1, —1).

3. Find the point (x,,y,) whose y-coordinate has the largest possible value among all points

on (z,y) lying on the curve
(22 —y)* +2(z + 3y)* = 3.

Solution: We are trying to maximize the function f(x,y) = y subject to the constraint
g(z,y) = 22 —y)? + 2(z + 3y)? = 3. The Lagrange method says that the critical points of
this constrained problem occur at the points where the gradient of f is proportional to the
gradient of g, i.e., we have the equations

(0,1) = M4(2x —y) + 4(z + 3y),2(y — 27) + 12(xz + 3y)) and (2x—y)*+2(z+3y)* = 3.
Since the vector (0, 1) is non-zero, A cannot equal 0, and therefore
0=4(2z —y) +4(z + 3y) = 122+ 8y = (y + ).
Plugging this equation into the constraint yields
3=z -y’ +2x+3y)?’= (%:I;)Q +2 (—%x)2 =3 (%x)2 :

so that x = j:%, and therefore y = IF% Since we are trying to maximize the y value, the

point with highest y coordinate is

o
~lw

Y



4. Compute the iterated integral

2 \/Sfy2 \/879027742 2i 2 2 2
/ / / SNV ) ey,
0o Jy 0 a2+ y?+ 22

Solution: The smart move here is to change to spherical coordinates. The region of inte-

gration
{(x7y7z); OSySQ,nyS \/S—yQ’OSzS m}

is the portion of the ball of radius 2v/2 defined by the spherical coordinates

{<p,¢,e>; 0§p§2\/§,0§¢§§,0§9§§}.

Therefore

2 p/B-y2 /B2y o (02 2 2
// / sin(z* 4y +Z>dzdxdy
0 Jy 0 Va2 +y? + 22

/4 pm/2 242 9 qi 2
_ / / / 2500) 2 in ddpdesdo
0 0 0 P
4

_ < /0 " d@) ( /0 v singbdgb) ( /0 msm(p?)Q,odp>

= %(cos(O) — cos(m/2))(cos(0) — cos(8))

= g(l — cos 8).



