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1. (Folland, Exercise 8.8) Let f ∈ Lp(R). A function h ∈ Lp(R) is called the Lp-derivative of f
if

lim
y→0

∣∣∣∣∣∣∣∣τ−yf − fy
− h
∣∣∣∣∣∣∣∣
p

= 0.

For f in Lp(Rn) the Lp-partial derivatives are similarly defined.
Fix p ∈ [1,∞] and let q = p

p−1 denote its conjugate exponent. Show that if f ∈ Lp(Rn),
g ∈ Lq(Rn) and the Lp partial derivative ∂jf exists then ∂j(f ∗ g) exists in the ordinary sense,
and equals (∂jf) ∗ g.

2. (Folland, Exercise 8.15) Let sinc(x) := sin(πx)
πx

for x 6= 0 and sinc(0) := 1.
a. For a > 0 show that χ̂[−a,a](x) = χ̌[−a,a](x) = 2asinc(2ax).
b. Show that

Ha :=
{
f ∈ L2(R) ; f̂(ξ) = 0 for almost every ξ ∈ [−a, a]c

}
is a Hilbert subspace of L2(R) and that {

√
2asinc(2ax−k) ; k ∈ Z} is an orthonormal basis

for Ha.
c. Show that if f ∈Ha then there exists fo ∈ C0(R) such that f = fo a.e., and

fo(x) =
∑
k∈Z

fo(k/(2a))sinc(2ax),

with the latter series convergent both in L2(R) and uniformly on R.

3. (Folland, Exercise 8.18) Let f ∈ L2(R).
a. Show that the L2 derivative f ′ (in the sense of Exercise 1) exists if and only if ξ 7→ ξf̂(ξ) is

in L2, and in this case (̂f ′)(ξ)− 2π
√

-1ξf̂(ξ).
b. Show that if the L2 derivative f ′ exists then

1

2

∫
|f(x)|2dx ≤

(∫
|xf(x)|2dx

)1/2(∫
|f ′(x)|2dx

)1/2

.

(Hint: Note that
∫
|f |2 =

∫ (
d
dx

(x)
)
|f |2, and if the integrals on the right hand side are finite

then one can integrate by parts.)
c. (Heisenberg’s Inequality) For any xo, ξo ∈ R∫

(x− xo)2|f(x)|2dx
∫

(ξ − ξo)2|f̂(ξ)|2dξ ≥ ||f ||
2
2

16π2
.

(Hint: Use the function g(x) = e−2π
√

-1ξoxf(x+ xo) to reduce to the case xo = ξo = 0.)

4. (Folland, Exercise 8.30) Suppose that f ∈ L1(Rn), that f is continuous at 0, and that f̂ ≥ 0.
Show that f̂ ∈ L1(Rn)
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