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ON THE DYNAMICAL STRUCTURE NEAR AN IS0LATED

*
COMPLETELY UNSTABLE ELLIPTIC FIXED POTNT ( )

by

Dennis Sullivan

(CUNY~IHES)

We study here the following problem:

Consider the map F s €+ ¢ r (2) = wz+22, jw| = 1.

Suppose F, and F_, are [orientably) topologically conjugate

on some neighborhood of zerc. We ask if w = w'. This is egui-~

“valent to say that the derivative at the isolated fixed point is

a Lopological invariant.

We will prove the following more gemeral result: Let 7©

be the germ of a local diffeomorphism of (RZ,O). Furthermore

let £ Tbe completely unstable at 0, amn isolated fixed point.

Then the irrational argument of the derivative at © i1ig determin-

ed by the topological dynamics in any mneighborhood of zero.

1. Consider first an irrational rotation of the circle by an

angle 2Ma, o € [0,1]\qQ.

( Notes of Lecture at Pogos de Caldas by Dennis Sullivan taken
by Sergio Roberto Fenley.
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rotation, {and this defines the rotation number).

Proof: i) Suppose this is false. There are two points with dif
ferent order siructures. Let n be the first time their orbit
‘order structure differs. By continuity there is a point between

_these two where ﬁhere is a4 transition between the two siructures

+ This generates a periodic point, contradiction.

ii) The order type is determined hy the nearest neighborhoods

We iterate the initial point.

1
crosses to the other side of 1. Then o = 1% °

approximation is de
equivalently,
way a seguence of integers nl,nz,...
determined by the successive point

structrre. We see clearly that

which is the continued fraction expansion of Q.

2. ABSTRACT SITUATION

Let

points. Then

i) (Poincaré).

any other:

ii) The order type is the sam

onn the fourth iteration it

termined by how many &s are there in &, or
when the crossing of 1 will change sides. In thii
is constructed, completely

s of the orbit and their orbit

£ be a homeomorphism of the circle without period
The ordser type of each orbit is the same as

e as that of an unique irratic

:at each step.

n J k n+1 Jj+1 k+1
o —— f ; f

The sebond

~This changes when there is another point between w+l, k+l.
The first point which makes this happens has to be 1 Thecause

one can always ifterate back, Therefore there are 2 cholces

n+l J+I 1 k+1 n+t 1 J+i k+1

PR 1] ]
t t } | | { 4 1

Re-right L-left
A string of left-righlt cholces is then created:
LLL  RERR L.L RR LL RRRRR

these are exactly the n._,n

11 o e from hefore and the order type

is.that of an irrational rotation of » whers
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3. Remarks.

a) These arguments bhreak down for maps of higher degree.

.,

Consider 2z - 22 on the unit circleé. There is a point whose

orbit has the order t¥pe of any given irrational rotation, or
I

{1~ {na} mod 1;

blocks having the same order structure of an irrational rotati

b) Taci Halta (rUC-RJ) showed Poincaréts discussion work

for any continuous map of S1

numerical rather than the order approach to the rotation number.

4. We will define now the derivative at O of a germ of a

diffeomorphism using the order geometry of the dynamics near Bero. i

Let I be a local diffeomorphism near O satisfying:
i} 0 is an isolated fixed point

ii) the derivative at 0O dis an irrational rotation

iii) f is completely unstable (c.u.)

- g 4is stable at 0 4iff 9 U1, ¥V mneighborhoods of O such
that g(U)c Vv ¥nz 0. f is completely unstable if both £
and f_l are not stable at 0.

=1

5. Let g=7° and D a disk containing O. Set
Cl(g,D) =D
Cz(g,D) = compoient containing 0 of (Dn n fCl(g,D))~

.
-

Cn+l{g,d) = component containing O of {on n f(Cn(S,

which means the orbit has arbitrarily long

without periodic points using the
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and

C(g‘,D)

n

noe (e,0),

a0 c*(g,p) = c(g,D)\{0}

01}_;” ‘

g

G ,

Co

. Notice that f(Cn(g,D))grf D ¥ n because I

'cn(gsD)

is c.u. Also

is homeomorphic to a disk ¥ n.

6, Lemma. If g and

C(g,D)' are like described above -then’

c{g,D) satisfies

i) connectivity

ii) c{g.P) N aD # ¢

df )}
iii) dinvariant by g
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iv) x € c(g,D) iff % K connected; O,x € K and g (k) D connected the statements in vi) follow easily from iv),

¥ns oo

v) c¢(g,D) does not separate fhe plane 6a, The following result show%s, among other facts, the pair

vi) C(g D) ¢ c.(gn,D) vneN - f,g& 1is not completely symmetric,
. c
C(g,Dl) c C(g,DZ) if Py« Dy i Lemmz. Let f 1like above. Then Zc , 0 < %Rz-{ 0} connected
S i— + -

satisfying x+,g(x+) € C.s x_,i‘(x._) € ¢_ and gn(c_,_) < D,

L

Proof: Wotatiom .C, = Cn(g,D) ¢ = c(e,D) C* = c*{(g,d), iw,

i‘n(C_)c D ¥ n= 0.
Cl " consists of the points =x € D for which 4 X connect- -1

r (obs. only f and ¥ unstable at O is needed.)
ed 0,x € K and g (K) <D ©0< rs 1. Similarly C, satisfies

the same properties, but now gr(]() D for 0 r< n. Then o proof: By contradiction. Consider I sets C+, C_ and points

is clearly the set described in iv}. It is obvious mow that 111) X with the given properties.

is true. i) also follews because if K comnected O,x € K and ir ¢, winds around O g has an_invariant open set and

g,n(K) cD=KcD. is therefore stable. So there is an extgnsion of the argument

To prove ii) we note that since g(Cn) always leaves the - function to all of € _. Let B _=20C U g(c+) tyees « There is

aisk, B = g(cn) Nl b £ ¢ is a disjoint union of closed intervals alse an argument function defined on B, because cotherwise B+.

Since B decreases it follows {) B_ # 0 which proves ii). separates zero from infinity and zere becomes stable,
n ! n 7
n»0

Suppose d closed arc A< C3 0 ¢ int A (the limited Y:

ponent of IR2—A) because T 1is ceu. . Therefore the interior of

X erO-S 'él l:)le_

A @oes by g in the interior of g{a) c D and similarly for -

higher powers of g. For x € imt & HY comnecting A Ho x and by _
: We can suppose D dis so small that g is very close to a
iv) x € C. Therefore int A< C which proves V). ¢ is ls’:.mp'l_y . :

i
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rigid rotation of angle ¢. Then the angle between x and E‘(X)

is close to @ Tor an? x € D. Therefore as we iterate g, i,

argument function for the images ofgkp+
1r g (c,)
shows, there would he an invariant open set { just consider W(C+)

and then its interior).

Then. gn(c+) goes nearer the oyigin. If

is also an invariant open set.

invafian F ‘W‘}-

So d c_ € E+ , ¢~ 0., Now arbitrarily near o]
1

the fol
n

lowing situation cannot occur:

increases and goes tg jm -
.

goes away from the eorigin, as the next picture

Since g

~537 -

Az

4, and 4, are circles having

such that g (abe) N abe £ 0

_g"a)

This means that arbitrarily near

hen, near the origin, B+
(although microscopically B+

ecause we are near 0O

is close to the rigid rotation of a

all points in B+

centers att 0 and

abc <B .
+

there would be

as show below, creating an

Similarly the case below cannot happen either

.a«/—'—_\r_’*‘&

g"(aJ

0 parts of B+

can be highly non circular).

converge to

are
lose to circular arcs belonging to circles centered at the origin.

"looks" like a very neat spiral

Again

when
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Ea

The same discussion applies to f creating an invariant

set B which looks like a spiral .near 0 mnotice the reversed

¥ is, near =zero, close to a

direction, which occurs because

rotation of -~Q.

The sets B, B have non empty intersection, Choose =a

in this intersection, a very mear O, Iteration by g sends a

. . . w1l
nearer and nearer the origin and iteration by f (=g) sends

a away from the origin. O

Therefore at least one of f and g satisfy: Z x€ D

such that o %k connected x,f(x) € k¥ (or =x,g(x) € k) and

(k) e D (or g (k) = D) ¥ n = 0.

is a preferéd direction in the pair f,g.

Next we check if our original g from the first lemma

satisfy this property. If mot we only exchange f and g betf

This seems to imply there
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ween themselves. Now g has the property that for any x & c(g D)
¥

X,g(x) belong to different components of C*(g,D),

C*(g,D) has infinitely many components which

T« Corollary.

are permuted by the action generated by g.

Proof: If C*

had only finitely many components, at least one
component would be periodic which contradicts the revious lemma

for a power of g. Notice we are using vi) of the 1St lemma,

8. Remarks

a) Possibly c{g,D) is not locally connected.

. ———

}j —

b) The situation below cannot occur because iv) in the

lemma. All components of €*¥ have O in its closure
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c) The order structure of a component can be defined using

betweeness of components.

=5, - :

d)} This oxder strucutre is completely determined by the de-
termined by the derivative at O Thecause arbitrarily near 0
g is arbitrarily close to a rigid irratiomal rotation. @eeds

an argumnent.,)

g, The feollowing result is therefore clear:
Theorem. The ivrational argument of the derivative at an isolat-

ed elliptic fixed point of a completely unstableé local diffeomor-.

phism of (ﬂz,o) is determined by the topological dymamics.

10. The complete unstahilitylis essential for the result above,

That doesn't happen in the case of an analytic germ where classical

results apply, as the faollowing corollary shows.

Corollary. For an analytic germ of a diffeomorphism

T

Z ——> WZ + azz +anw

i@
w = e

g/zn € [0,11\8,
w is a topolegical conjugacy invariant.

Proof: if £ 1is completely snstable the result follows from the

theorem.

Juppose fn is stable at O and 4, B arve rieighborhoods

n

of 0 such that g(aYcB ¥mn»>0 where £= £,

wSh1-

Now £ is analytic and g{0) = O.

Set U = a U £{4) U-fz(A) vae s

Clearly U is open and £(U) c .

ed consider the universal covering surface W of U which is

a Riemann surface, and the projection map 4L: W -+ U. Lift g

¥ in a way that O goes to a fixed point of the 1lift g. By

the uniformization thecrem W 4is conformally diffeomorpﬁic to

either the sphere, the plane or the unit disk D_: The only"
o

possible choice here is the disk. We have an analytic map

] o~
#z D -+ D _, £(0) =0,

o o which commuites the upper part of - the .

"llll'ro

diagram

Do

O
3 £ U

If ®© is not simply connect-

to




is conformal |§(0); = |g(0)|
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Because 4{ is locally a conformal diffeomorphism and h

where cC

1.

1

ib

BY Schwarz Lemma E{z)

¢, a/z2m € [0,1]\8. Restgicting to a smaller

borhood of O we see that g is €-analytically conjugate

rigid irrational rotation and the result follows.

11.

Remark. Siegel has shown that

£

is stable if n,n

= C%
neigh-

to a

l,'-t

doesn't grow too fast. There are unstablg examples when the

n
Q

g I1

e

grow very fast.
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Genericity and Full Measure

by

Florig Takens

Mathematisch Instituut
Rijksuniversiteit
Groningen

1. Introduction

There are two ways in which one ususlly formalizes the
notion of "almost all elements": ome, which can be used in case
we have a measure M on a set ¥, defines 2 subset X' © X to
contain zlmost all elements of X ‘if' u(X;-X') = 0. According
to the second definition, which can be used in case we have a
topological space X satisfying the Baire property, a subset
X' < X contains almost all elgments of X if X contains a
countable intersection of dense open subsets of ¥. In the first
case, X' is called a subset of full measure, in the second case
X' is called a residusl subset. Also, the property of belonging
to X1 is called in the firast case a property with full measure,

in the second case a generic property.

It should be noted that these twc interpretations of

talmost all elements" can bhecome quite contradictory in cases where

we have both a topology and a measure. For example in the unit
interval [0,1], with the usual topology and the Lebesgue measure,

there is a decomposition [0,1] = AUB, AN B=¢, such that A

b




