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TRIANGULATING HOMOTOPY BQUIVALBICES

Dennis Sullivan

INTRODUCTION
Let ©:(M,0M)--»(L,0L) be & homotopy equivalence
of compact pieccewise linear (PL) menifold pairs. When is

£ homotopic to za PL-homeomorphism ?

In general, homotopically eguivalent N and L
need not be PL-homeomorphic. For example, there is a
fibre homotopically trivial Su bundle over _SLL with
a non-zero Tirst Pontryagin class; and there is a fibre
homotopically trivial (PL) Sio bundle over 810 whose total

space is not smoothable. Thus we obtain homotony equivalences

f:Eo——vwbsthu

gitol g1 0,610

which are not homotopic to PL-homeomorphisms.

These examples {(and two others) are in some sense
generic in the simply connected, high dimensicnal case.

Suppose dim #i6 and Tal= W Oi= 0. Let

F:{i, i) —= (L, dL)

be a nomctopy eguivaleace. Let Pi be the sequence of




Lbelien groups,
P, = [ O i¥ 1 is odéd
Zo if iz 2(mod I)

"z if i= O(mod L) .

THE MAIN TH_OREM

THEOREM 1: There is an obstruction theory for the
problem of deforming a homotopy ecuivalence f:(L,0L)->(i,0H)
to a FPLehomeomorphism over the sikeletons of H. f 1is
hombtopic to a PL-homeonmorphism ifT a sequence of obstructioas
in

Hi(M,Pi) , O<icdim M
vaiish .
The precise skeletal nature of the

Remari:

oostructica theory is described in (10).

THRE C38T20CTIO B

L

The obstructions in dimensions H”i(m,z) can
be computed modulo torsion and we obtain
THEOREH 2: Tet F:(M,0H) —(L,0L) be as above
and suppose that
| 1) BET0m,7.) = 0
2) Hui(ﬁ,Z) is free

%) £ correspoads rational Pontryagin

f-Li+2 < dim M

classes, f$pi(L) = pi(M).

Then f is homotopic to a PL-homeomorphism.
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Corollary: Suppose M satisfies 1) @ad 2)

of Theorem 2). Then tihe Hauptvermutung is true for M.

Proof: If f is a homeomorphism, 3) is satisfied by

dovikov (6).

The obstructiocas in Hui+2(M;ZQ) are uniquely
determined 2nd can be comouted ia terms of geometric
proverties of the homtopy ecguivaleiice (¥, 08) —>(L,0L)
(Theorem 2/;3). These properties can be snalyzed when T

is & homeomorphism. This leads to stronger theorems

about the Hauptverutung: Condition 1) may be dropped and
Condition 2) may be weakened. Compare (11).

The Corollary implies the Hurewicz Conjecture

(that homotopically eguivalent closed manifolds are
homeomorphic) is true if Eul+2(E,Z2) = th(ﬁ,Z) =0
for O0O<li+2, Li< dim H. Examples such as those above

show that from the point of view of cohomology hypotheses,

th

O]

corollary is essentially a best possible result.

THE PROOP:

o/l

&=

Theorem 1 may be developed from two points of view,
one geometric and one homotopy theoretical.
These discussions are given in (9) aad will

be published elsewhere.
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The geometric proocf arises from a procedure for
supplying the hypothesis of the uniqueness Theorem in
the Browder—ﬂovikov.Theory. (1) and (7).

The homotopy theoretic proof combines a general
construction with PL-surgery on maps (1).

In the geometric situation the coefficient
BICUDS Pi appear as the cobordism groups of [ramed
l-manifolds {(with boundary PL-homeomorphie to the

(i-1)-gphere) in Buclidean shace. See (3).

HOHOTODY INTERPRETATICH

In the second point of view the Pi appear as the
homotopy groups of a universal H-space F/2L. F/PL is

the fibre of the homomorphism

which maps eguivalence classes of PL-bundles into fibre
homotopy equivalence classes of spherical fibre spaces (3).
To state Theorem 41 in this Fframework we make two
definitions.
Definition 1: A PL-structure on M is a pair

(L,g) where g:(L,0L)->(M,0%) is a homotopy eguivaleacec.

Definition 2: Two PL-structures on M, (L,g)

and (L7,g'), ars eguivalent {or concordant) if there
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is a PL-homecmorphism c:L-—L' so that g'c is
nomotopic to g (as maps of pairs). Let PL(i) denote

the set of equivalence classes.

.gggggg:" The set PL{#) depends only on the
homotopy type of the pzir (%,0M). It may be viewed as
the set of homotopy equivalence classes of manifold

structures on an underlying CW complex pair for (M,dH).

Remark: Hote that (L,g) is equivaleat to

(¥, identity) iff g is homotopic to a PL-homeomorphism.

Let Ho=H if OMAO and My=M-pt if oM=f.

Assume TqM=my =0 and dim M¥>26.

THECREL 3: There is 2 bijective correspoandence

PL(#) By (1o ,F/PL]
between PL{M) aad the set of homotopy classes of maps,
Mo =?F/Pl. ¥ couvrespoads the eguivalence class of

(¥, id) to the class of the point map in [¥ ,F/PL] .

Resark:s It g;{(L,0L)—> (M,0M) is a homotopy

Pt

eguivaleace, denote ;(L,g) by Zgiilo—> F/PL . Since
¥ is injective Zg = pt. map iff g is homotoplc to

=

a PL-homrecomorphism.
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Corollary: Every homotopy ecuivalence
g:{L,0L)~>(#,d1i) is homotopic to PL-homeomorphism iff

[Mo ,F/PL] contsins only one clement .

ERUPERTIES OF % .

I. We give further properties of the_correspondence
Ze t is possible to define a group operation in PL(HM)
geometrically and to ‘restrict”’ PL-structures on M o
PL-structures on M', where dim M= dim ' asd M is

embedded in the interior of M with simply connected

complement. Thus the assigument
M ey P1(M)

extends to a contravariant functor on = category of simply
connected n-manifolds and "nice" ewbeddings to the

category of Abelian groups. The correspondence

PL(%) %y [1,,F/PL]

is _a natural equivalence of fupctors on this category.

The group structure on PL{}) and the restriction
hemomorphisn

PL{#) -—— PL(H")

are described in (10).




-7 -

The obstruction theory of Theoren 1 follows from
the naturality of ¢ aad the computation
ﬂi(F/PL): Py -

1I. Consider the diagran

Top/?L 13 ¥/0
. z /
~\\\i 4 M//
Mg ——————— i / PL
44 |
I D
BPL

7(L,g)=¢g has the following propefties:

1) If g/Lo is a PL-tangentlal eguivalence,
then &g lifts to F. (In general b+Zg measures the
precise deviation of g _from a tengential equivalence. )

2) If J and L are smooth, then Z£g 1ifts

to ¥/0. A certain (caenenically defined) lifting is
homotopic to zero iff g is homotopic to a diffeomorphism

where © is in en(aﬁ). Compare (10).
3) If g

between L#O and M

is a homeomorphism, then &g 1ifts
to Top/PL. {(Ia fact, this is true if g

is topologically
h-cobordant to a nomeomorphism. )
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From these properties of 'g we obtain

THREOREM L:  Let =@y M=myd0M=0 and suppose

dim M>6. Recall Mo=M if oOMZ O and Meo=M-pt if OM=0:

Then

a) Every tangential equivaleace f£:(L,0L)—>(M, oM)

is homotopic to a PL-homeomorphnism iff

[#o ,F] — [ ,F/PL] is zmero.

b) Every homotopy equivalence fL:(L,;dL)~> (M,0M)

with M and I smooth is homotopic tc a PlL-homcomorphism
if

[¥o ,F/0]—> [Mo ,B/PL] is zero.

The converse holds if 8MZ O and M is smoothable.
c) Every homeomorphism f:{(L,d0L)—> (1f,0M)

is homotopic to a PL~homeomorphism if

[y, Top/PL] —> [0 ,F/FL] is zero.

Theorem 3% can be used to construct examples of

various kinds by constructing appropriate maps into T/PL.

Bxemple: 1) Using the composition
oet = optopt 2 0PF s 80— 5 B/Er
deg 1 gen =g




-9 -
we construct a smooth Owemanifold which is tangentially
eguivalent to CPu'but which is not (topologically)

homeomocrphiec to cpt. Compare (4).

2) Using

cPoxs® s8> /L

D2 gen 7[8

we construct a PL 12-manifold M12 which is homotopically

equivaleat to CP2x88 but which is not cobordant {(mod 2)
to  CP xSv.
Remserk: Theorem 3 may be stated in a relative form

that is useful for studying weak-isotopy classes of PL-homeo-
morphisms c:M¥ —2M. The problem of deforming a homotopy between
two PL-homeomorphisms into a weak-isotopy between them is classi-
fied by a map of the suspension of HMe into ¥/PL. Compare (9).
There is an analogous theory for constructing
diffeomorphisms from homotopy eguivalenccs. Compare (10).
The eclassifying space is ¥/0. These two theories and the
smoothing theory of (5) and (2) are coﬁpatibly related by the
fibration

PL/O —3F/0 —->F/PL .

i
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