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near-Parabolic Dynamics:

Douady, Lavaurs, Shishikura,
Epstein, Petersen, Inou,
Buff, Cheritat, Hubbard,

x4 Cheraghi, ...
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Shooting Argument:

by shooting O at -,
It becomes visible in the parameter plane:

Vn > 13 e(n) s.t. fli,(0) = zom)
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Shishikura: 3X. c J, with dimp(X:) ~2 -0
(1991) (double parabolic implosion) Shooting O at X_ we obtain

non-recurrent — XY C M with dimg(X) ~2 —0

similarly, the landing of parameters

parameter rays can be justified i.e., dlmH(a./\/l) — 9
-- useful for non-polynomial



Rf := qli_%lo ff/q(z) -- Lavaurs map, fl/q is the fat 1/q Rabbit

Inou-Shishikura (2006):
near-Parabolic Renormalization
Is hyperbolic; roughly the lim

f>|< — lim [Rn f]linear rescaling

n—aoo

exists (sort of)

and extra properties hold;
the theory is applicable to
nearby maps (high type
combinatorics)

proven in

the context of
Cylinder
Renormalization:




In particular, there is a
renormalization fixed point

with the pattern:

Applications of the IS-theory:

Area Problem,
Cremer/Siegel dynamics,

faiture of local connectivity,
MLC, ...

Shishikura, Inou, Buff,
Cheritat, Cheraghi, Avila,
Lyubich, Yang, ..

antirenormalization change
: -1, :
of variables ¢  is contracting



Universality
of the Siegel map

Siegel Renormalization:
Siegel map

Douady, Ghys, McMullen, Peterson,
Yampolsky, Zakery, Avila, Lyubich, 0 = [05 1,1,1,1,.. ]

Gaidashey, ... /, is a qc disk

Lyubich, Selinger, DD (2017):
it is similar to the renormalization Siegel renormalization
theory of critical circle maps (bounded type) is hyperbolic



Parabolic degenerations of
(bounded type) Siegel disks:

antirenormalization

0=1[0;N,1,1,1,...]

still a qc disk but its rotational
center is on the boundary not a uniform qc disk
M>N>1



to construct uniform qc disks
let's add parabolic fjords:

following:
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to construct uniform qc disks
let's add parabolic fjords:

pseudo-Siegel disks:

level-n
gn._ 7 U parabolic
nzm fjords

f@' | 7M is injective
. (and almost rotation)
1 < dm+1

Lyubich, DD, uniform bounds:

7 = 771 is a uniformly qc disk

flZ isinjective

AN

Z O PostCrit

for all neutral quadratics

in the IS class:

antirenormalization

contracting

outcome: a uniform qc
disk in the IS class



0 =10;a1,a2,...,an,1,1,1,...]

RLLER . /
n, dn are aly : B zoom

Thm: 7-1 is uniformly qc disk

where, by induction on mec {n+1,n,...,0}

if T <1then Zm7li= 2"
(bounded type)
G level m — 1)
if I >1lthen 7m-1_ pm | parabolic }
(high type) fords /

(27”:7 for m>n)

level > m

assume all 7", n
are constructed

let's construct

level m-1
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0 =[0;a1,a2,...,an,1,1,1,...]
n, a, are any

Thm: 7—1 is uniformly qc disk

where, by induction on mc {n+1,n,...,0}

AN

zm—t._ pm

if "g“xl then

(bounded type)

dm+1

AN

> 1 then Em_lzzmu<

if

parabolic
tfjords

(high type) \

(level m — 1\

level m-1

) N\
Y, Y, Y, Y,

Ny Ny Ny
in level m-1 parabolic fjords consider

rectangles on depth between N; and N,

/

No
have width = In % N1 > N, > 1
and hence are ! are fixed

almost invariant

(critical points of "
are on top of peninsulas)

assume all 2”, n>m
are constructed

2171—1

let's construct



0 =10;a1,a2,...,an,1,1,1,...]

n,a, are any

P

Thm: Z~1 is uniformly qc disk

where, by induction on mc {n+1,n,...,0}

27”_1 .

AN

ZM"

if QZH =1 then

(bounded type)

level m — 1 \

° Qm 1 A~ A~
if q+ >1 then Zm-1_ 2m ) parabolic
fijord
(high type) JOREE

(27”:7 for m>n)

level m-1

) N\
Y, Y, Y, Y,

in level m-1 parabolic fjords consider
rectangles on depth between N; and N

/

No
have width = In N2 N1 > N, > 1
and hence are ! are fixed

almost invariant

dams are mid-curves of the rectangles



0 =10;a1,a2,...,an,1,1,1,...]

level m-1
n,a, are any R / Zo0m - fn
I N
| Y, y, Y, Y,
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Thm: 77" is uniformly qc disk TN
where, by induction on mec {n+1,n,...,0} dams are mid-curves of the rectangles
Qm+1 AN AN
i = —1 . fy .
if =1 then Z7m™%.= 7" annuli around dams have positive moduli
(bounded type) and control almost invariance of fl | Al
) .
level m — 1 1 < Qqm
if QZ“ >1 then 71 _ 7m ] parabolic
: fjords
(high type) \

(2’”:7 for m>n)



0 =10;a1,a2,...,an,1,1,1,...]

n, a, are any o / zoom\ qq’" /lfq ’{evel m-/l1
L PP o D D D D

O

annuli around dams have positive moduli

Thm: 71 . : . N
Z " s uniformly qc disk and control almost invariance of f* | Zm=1

where, by induction on mc {n+1,n,...,0}

beau bounds: 1 < Qm
if QZH =1 then 2m—1 - 2m on level m-1, 2’” is much more
" invariant than on level m (because gmy1 > qm)
(bounded type) i.e., the errors do not accumulate
I (level m — 1 all is justified in the near-degenerate regime
if " >1 then  Zm-1_ 7m { parabolic (B. Thurston, Kahn, Lyubich,...)
: fjords
(high type) ‘ roughly: the Covering Lemma [KL] controls the outside

geometry of the pseudo-Siegel disks while

(Zm =2 for m> n) the Shift Argument control the geometry inside



0 =10;a1,a2,...,an,1,1,1,...]

n, dn are aly °°°° / Zzo0m \ /{qm /{Qm

a priori, no control of the geometry inside 71
but one can define the sector renormalization:

frn = Reector
Z7[fu) = Riseror (2" 11])

>5—1 are uniformly
Then all Z~ | f] qc disks

hopefully, the results from the IS-class on
neutral dynamics (Shishikura-Yang, Cheraghi,...)
can be applicable with these bounds

level m-1

) N\
Y, Y, Y, Y,

e

work in progress:

checking if uniform hyperbolicity
of Reector can be established
following [DLS]

a key step:

dim(unstable manifold) < 1
because it is formed by a
Transcendental (o-proper)
Family of maps

with a single critical orbit



Happy Birthday, Mitsu!!




