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Problem 1. Let f(z)

2

(a) Find the average value of f on the interval [—1, 1].

Answer:

The average value of f on [a,b] is
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(b) Find the length of y = f(x) from z = —1 to z = 1.

Answer:
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Problem 2. Solve the differential equation

,  ycoszT
Y o1

subject to the initial condition y(0) = 1.

Answer:

d 1+ 92
_y_ycos(:n)j Yy dy = cos(

1 1, .
dr 1+ 42 y x)dxj/§+ydy—/COS($)dﬂf:‘ln(y)+§y = sin(x) + C

The condition that y(0) = 1 means that C satisfies

In(1) + %12 =sin(0) + C = % =C.

So, we have y satisfies the equation

1 1
In(y) + 5@/2 = sin(z) + 3
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Problem 4. True or False?

(a)

If y is any solution to 3 = z* + y* + y?(1 — =), then y is increasing when = < 1.

Answer:

True, since 3’ > 0 when z < 1.

aw 3
If W is the solution to the differential equation o WW satisfying the initial condition

1
W(0) = 100, then T (? ln(5)> — 500.

Answer:
dw 3 -
True. You can see that from i mW and W (0) = 100 = W (t) = 100e 000",
dw 3 W
If is the soluti he diff ial ion — = —— 1—— isfyi h
W is the solution to the differential equation i 1000W< 400> satisfying the

initial condition W (0) = 100, then tlim W (t) = 400.
— 00
Answer:
True. Here W satisfies the logistic equation with a max population of 400.

23+ 2x —e”

14 e*
other solution curves can be obtained by shifting C' to the right or left.

If C' is onc solution curve for the differential equation y’ = , then infinitely many

Answer:

False. Here, y' depends on z so the solution curves through (x1,y) and (x2,y) for different
x1 and xo will definitely have a different shape. Note, however, that y’ doesn’t depend on x
here, so the solutions will have the form y = f(z) + K and all solutions will be obtained by
vertical translation of any one particular solution curve.

yP 42y — €Y

1+ e¥
other solution curves can be obtained by shifting C' to the right or left.

If C is onc solution curve for the differential equation y’ = , then infinitely many

Answer:

True. This is because ¢’ does not depend on x.
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Problem 5. Consider the system of differential equations governing the population of aphids and

ladybugs:
dA 1 1
@A (1 B 10000‘4) ~ 100t
db _ 1, 1 4p

dt — 277 10000
(a) Describe what will happen to the population of aphids in the absence of ladybugs.

Answer:
(Note that this prob

Here, in the absence of ladybugs, A satisfies the logistic equation % =2A (1 — m/l) and
one can see that lim;_, ., A(t) = 10000.

(b) Find the equilibrium solution of the system.

Answer:

There are three solutions to the equations

0=2A111- ;A — LAL
10000 100
1 1

= —-L+-— AL
0="=3L To000

We have (A, L) = (0,0), (A, L) = (1000,0), and (A, L) = 5000, 100).

dL

Fi ion for —.
(¢) Find an expression for TA

Answer:

dL
From the chain rule: A= j:’; So,

dt

dL — %L + 10(1)00 AL

dA 24 (1 — g A) — g AL




Practice Midterm 2 : March 27, 2004 6

Problem 6. Use Euler’s method with step size 0.2 to approximate y(0.4) where y(x) is the solution
to the differential equation y’ = 2zy? with the initial value y(0) = 1.

Answer:

Here, we have
(z0,50) = (0,1) = yp =2xoy5 =0 = y1 =yo + (02)yp = 1+0=1
(z1,91) = (0.2,1) = gy = 2219 = 04 = yo = y1 + (0.2)y] = 1+ (0.2)(0.4) = 1.08
(1‘2, yg) = (0.4, 1.08).
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Problem 7. Find a formula for the general term a, of the sequence assuming that the general
pattern of the first few terms continues:

(a) {1,6,11,16,...}

Answer:

a, =5n—4

39 27
(b) {_Z,E7_a7-..}

Answer:

an (=1)"
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n
2n+1

o0
Problem 8. Does the series Z converge or diverge? Explain.
n=1

Answer:

) 1 2 3 4
This series;2n+1:§+—+——l———l—--- diverges. Note that

5 79

Lt

li -
neeo 2n +1 2

Therefore, by the n-th term test, the series diverges.
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Problem 9. Find the constant A so that
[ee) 2 k
k=2

Answer:
This is a geometric series with ratio 7 = 2. Thus, the series converges (since |3| < 1) and has the

sum . i )02 ,
>a(5) - T - -
k=2 9 9
So, if . .
(3
k=2
then we have 4 315
—A=5=>A=—.

63 4



