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HIGHER MULTIPLIER IDEALS

CHRISTIAN SCHNELL AND RUIJIE YANG

Dedicated to Rob Lazarsfeld on the occasion of his 70th birthday

ABSTRACT. We associate a family of ideal sheaves to any Q-effective divisor on a com-
plex manifold, called the higher multiplier ideals, using the theory of mixed Hodge
modules and V-filtrations. This family is indexed by two parameters, an integer indi-
cating the Hodge level and a rational number, and these ideals admit a weight filtration.
When the Hodge level is zero, they recover the usual multiplier ideals.

We study the local and global properties of higher multiplier ideals systematically. In
particular, we prove vanishing theorems and restriction theorems, and provide criteria
for the nontriviality of the new ideals. The main idea is to exploit the global structure
of the V-filtration along an effective divisor using the notion of twisted Hodge modules.
In the local theory, we introduce the notion of the center of minimal exponent, which
generalizes the notion of minimal log canonical center. As applications, we prove some
cases of conjectures by Debarre, Casalaina-Martin and Grushevsky on singularities of
theta divisors on principally polarized abelian varieties and the geometric Riemann-
Schottky problem.

CONTENTS

1.5

1.6.  Statement in terms of left %miu]fﬂ
i - e V-filtrationgd

2.1

Nearby and vanishine cvcles, and V-filtrationd

3.3. Twisted 9-

3.4.  Twisted currentd

3.5, Flat hermitian pairines on twisted Z-moduled
3.6

Good filtrations

Date: October 2, 2023.
2020 Mathematics Subject Classification. Primary: 14J17, 14D07, 14F10, Secondary: 14F18.
Key words and phrases. Higher multiplier ideals, nearyby and vanishing cycles, V-filtrations, twisted

differential operators, complex Hodge modules, the center of minimal exponent, vanishing theorems.

1

o ~J O W I

11
12
14
17
21
21
22
23
24
25
25
26
26
27
29


http://arxiv.org/abs/2309.16763v1

HIGHER MULTIPLIER IDEALS 2

3.11. Nearby and vanishing cycle for divisors 29
3.12, Untwists 31
— - 39

35

i \ls: d wnd 38

5.1. Definitio 39
5.2. _First propertied 41
Hicher multiplier ideals of (Q-divisors 43

4 omparison with the microlocal V-filtration 44
omparison with (weighted) Hodge ideals 46

5.6, Minimal exponents as jumping numbers 48
6. _Examples 49

6.1.  Ordinary singula_u’_‘md% 49
6.2.  Normal crossing divisors 56
3. S T ons: Thom-Sehastiani- : 3 58
7. Local propertied 60
- L. Birational ; on T B 60

. - — 63
66
70

7.5.  Rationalitv and normality criterions 72
8. Global properties 74

8.1 Vaﬂ““ﬂ%&@%r-maﬂ 74
R.2.  Vanishing on abelian varieties 77

8.3. Vanishing on projective spaces 78

8.4. Apnplication to hvpe 3 ) projective spaced 79
9. __Application: singularities of theta divisord 79
9 Minimal exponents of theta divisors 81
9 Properties of the center of minimal exponent 84
9.3. The case of one dimensional center 87
9.4, General case 90
9.5. _Theta divisors with isolated singularitied 91
10.Questions and open problem: 92

[Referenced 92

1. INTRODUCTION

Let X be a complex manifold of dimension n, and let D be an effective divisor on X.
We construct a family of ideal sheaves 7y ,(D) from (X, D), using the Hodge theory of
the Kashiwara-Malgrange filtration along D; these are indexed by £ € N and oo € Q. We
defer the somewhat technical construction to the end of the introduction. One purpose of
this work is to show that these ideal sheaves can serve as a new measure of singularities
of D and lead to a number of applications for singularities of divisors. The theory is
most interesting in those cases where there is no useful information left in the usual
multiplier ideals; this happens for example for theta divisors on principally polarized
abelian varieties (more generally when (X, D) is log canonical).

We call the new ideals higher multiplier ideals, because Iy ._,(D) = J(X,aD) is
the usual multiplier ideal of the effective Q-divisor aD. (Here the subscript < « is an
abbreviation for ov — e, where € > 0 is a small positive real number.) When D is reduced,
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Ty.o(D) recover Saito’s “microlocal multiplier ideal sheaves” [65]; in this work we study
them from a more global point of view and prove many new results about them. In
the introduction, we outline the most important result: a version of the Nadel vanishing
theorem; restriction and semicontinuity theorems; a numerical jumping criterion; and a
host of smaller results. This makes the theory almost as good as that of usual multiplier
ideals.

1.1. Basic properties of higher multiplier ideals. To begin with, our higher multi-
plier ideals Zj (D) have similar formal properties as usual multiplier ideals. One has the
increasing property

Zia(D) C Iy 5(D), whenever a < f3,
and as with usual multiplier ideals, we call & € Q a jumping number if I, (D) #
Zi.o(D). The graded pieces

(1'1) gk,a<D) :Ik,a<D)/Ik,<a<D)

are supported inside the singular locus of D if & € (—1,0]. They have an additional
“weight filtration”, indexed by Z, whose subquotients we denote by the symbol gr} Gy, (D).
This induces a weight filtration W,Z, (D) via (LI]). Here are some basic properties of
these ideals.

(I) One has Z (D) = Oy, ie. all jumping numbers of Z; ,(D) are less than k
(Proposition [(.10).

(IT) The sequence of ideal sheaves {Zj (D) }acq is discrete and right continuous. For
any a € Q, there exist isomorphisms

Ik,a,1<D) = I&a(D) (059 Ox(—D), for a < 0,

Tii1.011(D) = T o(D), for a > —1.

Therefore all Z (D) are controlled by those with a € [—1,0]; see Proposition
L.I0

(IIT) If D is smooth, then Z o(D) = Ox for all @ € [—1,0] and all k; Theorem
provides an effective converse statement.

(IV) One has Zy 11 (D) C Iy o(D) for o € Q,k € N (Corollary 5.17).

(V) The minimal exponent &p of any effective divisor D, defined in [63], can be
characterized using the first jumping number of {Zj (D) }renac(-1,0):

: Ap = i - C
(1.2) ap keNglel?fl,O]{k o | Iy<o(D) S Ox}
- i k— o(D) # 01,
keN,roI}el?—l,O]{ a | Gra(D) # 0}

see Lemma [5.26] This generalizes the fact that the log canonical threshold of D
is the first jumping number of the multiplier ideals {J(5D)}s>0. It also means
that the minimal exponent is completely determined by the vanishing cycle mixed
Hodge modules along D; see (5.6) and §2.11 Moreover, this provides a close con-
nection between the notion of k-du Bois and k-rational singularities, introduced
recently in [2I] and [26], and higher multiplier ideals. Because these notions for
hypersurfaces can be completely controlled by minimal exponents.

(VI) The minimal exponent &p is a root of the Bernstein-Sato polynomial of D. Gen-
eralizing the relation between minimal exponent and jumping numbers in the
previous statement, locally for any = € X, choose f, to be the local defining
equation of D near x. Then the set of roots of the Bernstein-Sato polynomial of
fz is the set of all jumping numbers of {Zy (D).} for all k, modulo Z. This is
essentially due to Malgrange [39], see Proposition .10l
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(VII) The definition of higher multiplier ideals naturally extends to effective Q-divisors
for a < 0. In §5.3] we show that for an effective divisor D, one has

Tma(D) @ Ox (kD) =2 I, (D) @ Ox(kmD).

Then if F is an effective Q-divisor, we choose m > 1 such that mFE has integer
coefficients, and set

Sk704(E) = Zk,a/m(mE) ® OX(]CTI’LE)

This is a well-defined rank-one torsion-free sheaf, due to the isomorphism above.
Therefore the reflexive hall of Si ,(E) is a line bundle and we can extract an ideal
sheaf 7, ,(E) out of Si.(FE); for details, see §5.31 Consequently, we will focus
on the case of effective divisors in the introduction; many local properties easily
carry over to Q-divisors.

Let us discuss some local properties of higher multiplier ideals. First, they behave well
under restriction; for more details, see Theorem

Theorem 1.1. Let i : H — X be the closed embedding of a smooth hypersurface that
1s not entirely contained in the support of D so that the pullback Dy = 1*D 1is defined.
Then one has an inclusion

Ti.o(Du) C I o(D) - Oy,

where the latter is defined as the image of {i*Zy (D) — *Ox = Og}. If H is sufficiently
general, then

Tia(Dyr) = Tja(D) - Oy

There are variants of the restriction theorem for the weight filtrations W,Z;, (D) and
WGk o (D), see Theorem By a standard argument, the restriction theorem implies
the semicontinuity of higher multiplier ideals in families (Theorem [[.12)). With the help of
these theorems, we can show that the presence of very singular points forces certain higher
multiplier ideals to jump. Using multiplicity as a coarse measure for the singularities, we
define

Sing,, (D) :=={z € X | mult, D > m}.

Theorem 1.2. Let D be an effective divisor on a complex manifold X of dimension
n. Suppose that Z C Sing, (D) is an irreducible component of dimension d. Write
n—d=km+rwithkeNand0<r<m-—1. Then

Ty <o(D) # Ox, for some a > —r/m.

For the more precise statement about the containment of 7 ,(D) in certain symbolic
powers of Zz, see Theorem [[. 17 The proof works by using the restriction and semiconti-
nuity theorems to reduce the problem to the case of an isolated singularity of multiplicity
m and codimension n — d whose projectivized tangent cone X,, C P"~%~! is smooth. In
this case, the sheaf Gy (D) is then computed in Proposition and Theorem using
the primitive cohomology of the cyclic covering of P"~4~! branched along X,,; this is one
of the most difficult computations in this paper and uses the work of Qianyu Chen [13]
and Saito’s bistrict direct images. The numbers above can be remembered using Griffiths
formulas for the Hodge numbers of hypersurfaces (because the cyclic covering mentioned
above is a hypersurface in P"~%).

We close the discussion of local properties with the generalization of minimal log canon-
ical centers. Let D be an effective divisor on a complex manifold X. In birational geome-
try, the log canonical center is another basic invariant of the pair (X, D). For example, it
is a foundational result of Kawamata [28] that any minimal log canonical center is normal
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and has at worst rational singularities. By the work of Lichtin [38] and Kollar [31], one

has
(1.3) let(D) = min{1, ap},

where ap is again the so-called minimal exponent of the divisor D. In particular, ap is a
more refined invariant than let(D). By (L2]), we see that the minimal exponent ap can
be characterized using the higher multiplier ideals. Therefore it is natural to study the
notion of “the center of minimal exponent”, which is defined as the subscheme Y C X
such that

(14) gl"gv gl@a(D) - OY)

where ap = k —a for k € N, a@ € (—1,0] and ¢ is the largest integer such that
gr) Gr.o(D) # 0; for more details, see §7.41 In Theorem [7.36, we prove

Theorem 1.3. Every connected component of the center of minimal exponent of (X, D)
15 1rreducible, reduced, normal and has at worst rational singularities.

This theorem relies on a Hodge module theoretic statement (Proposition [Z.37]). Using
the same statement, we can recover the criterion due to Ein-Lazarsfeld [19] (for detecting
normality and rational singularities of a hypersurface D in terms of the adjoint ideal
adj(D)) as well as the aforementioned result by Kawamata under additional assumptions,
see Corollary [7.41] and Corollary The key idea is that the adjoint ideal and minimal
log canonical centers can be related to weight filtrations on higher multiplier ideals. We
also compute the center of minimal exponent for theta divisors of hyperelliptic curves
and Brill-Noether general curves, see Example

Regarding the global properties of higher multiplier ideals, we prove several vanishing
theorems, similar in spirit to Nadel’s vanishing theorem for usual multiplier ideals, but
involving the de Rham-type complex (n = dim X)

gr) Kiro(D) =[5 " @ gr)¥ Goo(D) — -+
s R LM @) Ge1.0(D) — Q% @ LF @ gr)’ Gr.o(D)][K].

Recall that once we go beyond the first step in the Hodge filtration, vanishing theorems
for mixed Hodge modules always involve complexes of sheaves (see [68], for example).
The following result is proved in Theorem [l

Theorem 1.4. Let D be an effective divisor on a projective complex manifold X. Let
ke Nl eZ and o € [—1,0]. Furthermore, let B be an effective divisor such that the
Q-dwisor B + aD is ample. Then

H' (X, g} Kio(D)® Ox(B)) =0, for every i > 0.

This is proved by relating higher multiplier ideals with the notion of twisted polar-
1zable Hodge modules, which give us a handle on their global properties. They will be
discussed later in the introduction. Assuming the triviality of higher multiplier ideals of
lower orders, one can obtain a more precise vanishing theorem for 7 , (D), Gi o(D) and
WeZy (D), see Corollary B2 Corollary and Corollary R.5 The vanishing theorem
improves dramatically when X is an abelian variety or a projective space and D is itself

an ample divisor, see §8.2 and §8.3

Theorem 1.5. Let D be an effective divisor on an abelian variety A such that the line
bundle L = O (D) is ample. For any line bundle p € Pic’(A) and i > 1, we have

(1) H' (A, L"' @ WyGro(D) @ p) =0 for k €N, L € Z and « € (—1,0].

(2) H(A, LF @ T;, o(D) @ p) = 0 for k > 1.
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(3) H(A, LM @ T, (D) ® p) = 0 for k € N and a € [-1,0).

Theorem 1.6. Let D be a reduced hypersurface of degree d in P™. Fork € N andi > 1,
we have

(1) H (P™, Opn(m) @ WiGr (D)) =0 fora € (=1,0], £ € Z andm > d(k—a)—n—1.
(2) H (P",Opn(m) @ Ly o(D)) = 0 for k > 1 and m > kd — n — 1.
(3) H (P",Opn(m) @ Iy o(D)) = 0 for a € [—-1,0) and m > (k+1)d —n — 1.

1.2. Twisted Hodge modules. An important feature of the present work is that we
can relate higher multiplier ideals to twisted Z-modules, which give us a handle on
their global properties. More precisely, we introduce a notion of twisted polarizable Hodge
modules, which provides a convenient framework for discussing global structures of nearby
and vanishing cycles along effective divisors.

First, let us recall the notion of twisted Z-modules, developed by Bernstein and Beilin-
son in [5 §2]. Roughly speaking, these are objects that are locally Z-modules, but with
a different transition rule from one coordinate chart to another. The twisting depends
on two parameters: a holomorphic line bundle L on the complex manifold X and a
complex number o € C. Like the sheaf of differential operators Zx itself, the sheaf of
aL-twisted differential operators Px o1, is a noncommutative Ox-algebra; it still has an
order filtration F, such that

ngF Dxar, = Sym* Fx,

where Jx is the tangent bundle of X. In particular, we have grl’ Zx . = grl’ Zx. But
unlike in the case of Zx where F1%Zx = Ox ® Jx, the sequence

O—>Ox—>F1.@X,aL—> gx—)O

Y

does not split; instead, its extension class is equal to « - ¢;(L) in Extl(Fx,Ox) =
HY(X,Q%). We give a construction of Zx .z, using differential operators on the total
space of the line bundle L in §3.21 An aL-twisted Z-module is a right module over
Dx or- One crucial difference with usual Z-modules is that there is no de Rham complex
for twisted Z-modules, because there is no longer an action by Jy. But we do have
g1t Dx a1 = Jx, and so the “graded pieces of the de Rham complex”, by which we mean
the complex

gr;)P DR(M) = [gri_n/\/l ® /\fx —

2
...—>gr§72./\/l®/\<7x —>gr§71/\/l®<7x —>gr§/\/l [n]

still make sense for a twisted Z-module M with a good filtration F, M.

Together with Claude Sabbah, the first author is developing a theory of complexr mixed
Hodge modules, where one removes perverse sheaves from the picture and describes po-
larizations as certain distribution-valued pairings on the underlying Z-modules. In §3.§
below, this formalism is extended to aL-twisted polarizable Hodge modules: for a € R,
these are filtered Zx ,r-modules with a pairing valued in the sheaf of aL-twisted currents
(that transform by |g|=2* under a change in trivialization of L); see also [66].

We prove a general vanishing theorem of twisted polarizable Hodge modules; for more
details, see Theorem .7 A version of this theorem has been independently proved by
Dougal Davis and Kari Vilonen [14, Theorem 1.4].

Theorem 1.7. Let D be an effective divisor on a projective compler manifold X and
denote L = Ox (D). For any o € Q, let M be an aL-twisted Hodge module with strict
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support X and let B be an effective divisor on X such that the Q-divisor B + aD s
ample. Then for any k € Z, we have

H' (X, gry DR(M)® Ox(B)) =0, for everyi >0,
where (M, FoM) is the filtered twisted Z-module underlying M.

The vanishing Theorem [L.4] will be reduced to this theorem. As another application,
in §4.1] we give a quick proof of a log Kawamata-Viehweg type Akizuki-Nakano vanishing
theorem in [1].

1.3. Higher multiplier ideals and twisted Hodge modules. We now give the con-
struction of higher multiplier ideals and discuss how they are related to twisted Hodge
modules.

Let D be an effective divisor on a complex manifold X. Let L = Ox(D) be the
corresponding holomorphic line bundle and let s € H°(X, L) be a section with div(s) = D.
We view s as a closed embedding s : X — L into the (n + 1)-dimensional total space of
the line bundle, which is also denoted by L. Let

M = 5,Q%[n] € MHM(L)

be the direct image of the constant Hodge module on X, where MHM(L) is the category
of graded-polarizable mixed Hodge modules on L. There are several interesting filtrations
on the underlying Z-module of M. First, the filtered right Z-module underlying M is

(1.5) (M, FIM) = s (wx, Fawx),

where wy is viewed as a right Z-module with F_,wxy = wx, F_,,_1jwx = 0 and sy is the
direct image functor for filtered Z-modules. One can show that

gr€n+k M = s (wx @ L)

for k € N. On the other hand, let V,, M be the V-filtration relative to the zero section of
L: locally it is the V-filtration of Kashiwara and Malgrange relative to any local equation
for D (see §2). For every a € Q, the sheaf gr” ., V,M is a coherent sub-O-module of
grf’ +& M. Then the higher multiplier ideal Z;, (D) is defined as a unique coherent ideal
sheaf satisfying

(1.6) gt VaM = s, (wx ® LF ® T;, o (D)) .

Similarly, we define Zj, -, (D) using V_.,M. The discreteness of V-filtration implies that
Ty <oa(D) =Ty a-e(D) for 0 < e < 1.
Now we relate the higher multiplier ideals with twisted Hodge modules. Let

gy M =V, M)V M

be the associated graded of the V-filtration. There is a weight filtration W,(N) gr¥ M on
gr’ M induced by the nilpotent monodromy operator N, see §3.111 By (LI)) and (L8],
one has an isomorphism wx ® L* ® Gy (D) = grf’ Tk gr¥ M, which induces a weight
filtration WeGy, (D) on Gy (D), and we denote by

81} Gr.a(D) := WiGp.a(D)/Wi1Gka(D)
the graded pieces. The following result is proved in Proposition [3.12]
Proposition 1.8. For { € Z and « € [—1,0], the pair

W(N
(gry ™ gl M, Foy o) gt grtl M)
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15 a filtered aL-twisted Z-module that underlies an aL-twisted polarizable Hodge module
on X. Moreover, for any k € N, we have an isomorphism of coherent Ox-modules

wy ® LF @ g1 Gua(D) = g, ary Y grl M.

Theorem [L.4] then follows from the combination of Proposition [L.§ and the general
vanishing theorem [[L7l Note that locally the direct sum @_j<,<o gry, M is a mixed Hodge
module in Saito’s sense, but the individual summands gr’ M are (locally) complex mixed
Hodge modules without any rational structure. This is one of the reason why we need
the theory of complex mixed Hodge modules.

1.4. Comparison with other ideals. The higher multiplier ideals are closely related
to other generalization of multiplier ideals. Let D be an effective divisor on a complex
manifold X. B
First, the higher multiplier ideals Zj ,,(D) can recover the microlocal V-filtration V*Oy,
which is an decreasing filtration induced on Ox by D, and vice versa. It is first defined
in the case of global hypersurfaces by Saito [64, [65] and later generalized to arbitrary
effective divisors in [41]. The minimal exponent &p can be characterized as the first
jumping number of microlocal V-filtration. The following result is proved in Corollary

b.16l
Proposition 1.9. Let D be an effective divisor on X. Then

- Tig—py (D) if B €N,
720 — 1 D18
X {151,1(1)) if B € Ny,

where | 5] and {B} are the integer and fractional parts of 5. Conversely,

VkeOx, if a > —1,
Vit Oy @ Ox(—tD), ifa < —1 and =1 <t+a <0 for a unique t € N.

Zk,a(D) = {

This proposition is very useful for computational purposes. For example, it induces
a Thom-Sebastiani formula for higher multiplier ideals and one can use it to compute
Ty.o(D) for hypersurfaces with weighted homogeneous isolated singularities, see §6.3] and
Remark 6.10.

There is another well-known generalization of multiplier ideals of Q-divisors, called
Hodge ideals, proposed by the first author [67] and then developed by Mustata and Popa
in a series of work [45] 46, [47]. Later, Olano further studied the weight filtration on
Hodge ideals, called weighted Hodge ideals, for reduced divisors in [51], [62]. We show the
following comparison result; for details, see §5.5l

Proposition 1.10. Let D be a reduced effective divisor on a smooth algebraic variety.
For any a € [-1,0) and k € N, we have

(1.7) Tio(D) = Iy(—aD)  mod Ip,

where I,(—aD) is the k*" Hodge ideal of the Q-divisor —aD. Furthermore, for any { € 7,
one has

I, (D), if k=0,

1.8 W, I (D) =
(1.8) T, 1(D) {I,ZV‘“(D) mod Ip, if k> 1,

where W Iy, _1(D) is induced by the weight filtration WGy _1(D) (see Definition[5.8) and
IV*(D) is the weight filtration on the Hodge ideal Iy(D).
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The first equality (IL7) follows from Proposition and a result of Mustata and Popa
[47]; for the weighted version (L8) we follow a different path: the idea is that Hodge ideals
depend on the Z-module Ox (xD), which is determined by X \ D, and higher multiplier
ideals are controlled by Z-modules gr! M related to the embedding D < X. These Z-
modules are related by the two distinguished triangles associated to a closed embedding.
The additional shift by 1 for the weighted case comes from the weight convention on
gr¥, M, see (23). Tt happens already for ordinary singularities that the equality (7))
can hold without Zp and can also fail, see Example and Example [6.20.

1.5. Applications. The first sets of application of higher multiplier ideals is a better
understanding of minimal exponents. Using fundamental theorems of higher multiplier
ideals and the characterization (I.2]), we deduce some properties of minimal exponents of
hypersurfaces, see Corollary [Z.21]

Proposition 1.11. Let D be an effective divisor on a complex manifold X .
(1) Let m > 2 and suppose that Z C Sing, (D) = {x € D | mult,(D) > m} is an
irreducible component of dimension d. Then
codimy (Z7)
—

(2) Let H C X be a smooth hypersurface that is not entirely contained in the support
of D. Denote by Dy :== D|g. Then

ap, < dp.

(1.9) ap <

Equality holds if H is sufficiently general.

(3) Consider a smooth morphism 7 : X — T, together with a section s : T — X such
that s(T') C D. If D does not contain any fiber of 7, so that for every t € T the
divisor Dy = D| -1y is defined, then the function

T — Q, t— &Dt,s(t)
18 lower semicontinuous.

The second and the third statement have been proved in [47, Theorem E] using Hodge
ideals. Combining (L9) with a lower bound from [47, Corollary D] in terms of log
resolutions of (X, D), we can compute the minimal exponent in certain circumstances as
follows (see Proposition [[.24]).

Proposition 1.12. Let D be an effective divisor on a complex manifold X . Assume there
exists a log resolution m: X — X of (X, D) satisfying the following conditions:

e the proper transform D is smooth and 7D has simple normal crossing support,

e the morphism 7 is the iterated blow up of X along (the proper transform of) all
irreducible components of Sing,,, (D) for allm > 2, and all the blow-up centers are
smooth.

Then
. . codimy(Z)
ap = min ———————=,
m
where the minimum runs through allm > 2 and all irreducible components Z of Sing,,, (D).

We use this to compute several geometrically interesting examples, including the theta
divisor on the Jacobian of a smooth hyperelliptic curve (see Theorem [0.6]) and the secant
hypersurface of a curve embedded by a positive enough line bundle (see Example [7.27]),
which seem quite hard to compute directly.

Higher multiplier ideals also give new applications to singularities of divisors on pro-
jective spaces and theta divisors.



HIGHER MULTIPLIER IDEALS 10

Proposition 1.13. Let D be a reduced hypersurface of degree d in P™ withn > 3. The the
set of isolated singular points on D of multiplicity m > 2 imposes independent conditions
on hypersurfaces of degree at least

[n+1—fn/mw d—n—1.

m—1

If n = 3 and D has only nodal singularities, then the bound above is 2d — 4, which is
still one worse than Severi’s 2d — 5 bound. In general, our bound is better than the ones
obtained by [45, Corollary H| using Hodge ideals, and thus is better than what is known
for most other n and m in the literature, see the further discussion in §8.41

For abelian varieties, we have the following application to theta divisors and the geo-
metric Riemann-Schottky problem. Let us recall the following conjecture from [I1]; for
more detailed discussion, see §9l Let (A, ©) be an indecomposable principally polarized
abelian variety, i.e. © is irreducible.

Conjecture 1.14. If (A, ©) is not a hyperelliptic Jacobian or the intermediate Jacobian
of a smooth cubic threefold, then

dim Sing,,(©) < g — 2m
for every m > 2.

When m = 2, the conjecture is due to Debarre [15], which says that an irreducible
ppav is the Jacobian of a hyperelliptic curve if and only if the singular locus of © has
codimension 3 in A. Our first application is a partial solution of this conjecture.

Theorem 1.15. Assume the center of minimal exponentY of (A, ©), defined using (I.4),
1s a one dimensional scheme, then

dim Sing,,(©) < g —2m + 1, for all m > 2,
and Y must be a smooth hyperelliptic curve. Moreover, if there exists m > 2 such that
dim Sing,,(©) = g —2m + 1,
then one of the following holds
(1) either (A,0) = (Jac(Y), Oyacv)), -

(2) or g(Y) =2m, dim A = 2m — 1, the minimal exponent of © is =— and © has a
singular point of multiplicity m.

We also have the following general statement, due to Popa [55].

Proposition 1.16. A modified Conjecture A of Pareschi and Popa [53] implies Congec-
ture [1.14)

Here we need to modify this conjecture slightly, see §9.4l The idea is that, assume
dim Sing,,(©) > g — 2m + 1, then we can show that the center of minimal exponent Y
of (A, ©) generates A and the twisted ideal sheaf Zy (20) has the ITj property. Then a
modified version of [53, Conjecture A] perdicts that (A,©) must be a Jacobian or the
intermediate Jacobian of a smooth cubic threefold. By a result of Martens, if (A, ©) is a
Jacobian and dim Sing,,(©) > g —2m + 1, it must be hyperelliptic. Therefore Conjecture
[LI4] holds.

To have a better understanding of the picture, we also compute certain higher multiplier
ideals for theta divisors in the boundary case of Conjecture [[L14] see Theorem and
Theorem 0.8

Finally, assuming © has only isolated singularities, it is proved by Mustata and Popa
[45, Theorem I] that mult,(©) < (g+1)/2 for every x € ©. We give an alternative proof
of their result using higher multiplier ideals in §9.5l
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1.6. Statement in terms of left Z-modules. In this work, we work exclusively with
right Z-modules (because this is more natural where spaces with singularities are in-
volved), but one can also use left Z-modules to define higher multiplier ideals, where the
notation is more aligned with the classical theory. To illustrate this, let us state some
results.

Let us repeat the set-up in the beginning of introduction: assume D is an effective
divisor on X. Let L = Ox(D) be the corresponding holomorphic line bundle, and let
s € H°(X, L) be a section with div(s) = D, which is also viewed as a closed embedding
s: X — L, where L is the total space of line bundle on L. Set

M = 5,Q%[n] € MHM(L)

be the direct image of the constant Hodge module on X. Consider the underlying left
filtered Zx-module
(M, F,M) = 8+<Ox, F,Ox),
with FyOx = Ox and F_1Ox = 0. Let V°*M be the V-filtration of M relative to the
zero section of L.
For each £ € N and § € Q, we define J,(SD) to be the unique ideal sheaf on X
satisfying
s:(Je(BD) ® Ox (kD)) = gry V=P M.
Using the translation rule between left and right Z-modules, we have
Te(BD) = T <-5(D), Zrp(D) = Te((=F —€)D).
On the associated graded level we have
Ji((B —€)D)
gip) )
Using this, all results discussed in the earlier part of Introduction can be translated. For
example, the Budur-Saito result translates into

Jo(aD) = J(aD), Va>0.
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2. KASHIWARA-MALGRANGE V-FILTRATIONS

The work of Budur and Saito [9] reinterprets multiplier ideals using the V-filtration
(or Kashiwara-Malgrange filtration). The theory of higher multiplier ideals is a further
development of this circle of ideas. As a preparation, in this section we recall the defini-
tion of the rational Kashiwara-Malgrange filtration and how it interacts with the Hodge
filtration in the theory of mixed Hodge modules. For normal crossing divisors, there are
explicit formulas for V-filtrations by Saito [61] and Qianyu Chen [13]. Together with
bifiltered direct images, these results enable the computation of higher multiplier ideals
in terms of log resolutions. Towards the end of this section, we prove some new technical
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results about V-filtrations, which are essential for the theory of higher multiplier ideals
of Q-divisors.

2.1. Nearby and vanishing cycles, and V-filtrations. The most important opera-
tions in Saito’s theory are the nearby and vanishing cycle functors. Let M be a mixed
Hodge module on X, with underlying perverse sheaf K and filtered Z-module (M, F,M).
Suppose that f : X — C is a nonconstant holomorphic function. The nearby cycles re-
spectively unipotent vanishing cycles

UM =P vpaM and ¢p M

IA|=1

are again mixed Hodge modules on X; they are supported on the hypersurface X, =
f710), and contain information about the behaviour of M near X,. The underlying
perverse sheaf 1)y K was constructed by Deligne: he sets ¢y K = i 'Rk, (k1 K)[-1],
where k and ¢ are as follows:

k
»y X +—— X,

L

eQTfiZ} (C . {O}

Roughly speaking, Deligne’s definition pulls K back to the “generic fiber” of f, and then
retracts onto the “special fiber”, with a shift to keep the complex perverse. Accordingly,
1K contains more information about the behaviour of K near the hypersurface X, than
the naive restriction i /K. The deck transformation z + 2z + 1 induces a monodromy
transformation 7' € Aut(¢;K), and

UK = P K

IA|=1

is the decomposition into generalized eigenspaces; the eigenvalues are actually roots of
unity. Somewhat indirectly, ¢ ;K is then constructed as a part of the following distin-
guished triangle

i K[-1] = Y K = ¢ (K) — i 'K,
The analogous construction for Z-modules needs the V-filtration of Kashiwara and
Malgrange. Let M be a right Z-module on X and let f : X — C be a non-constant

holomorphic function. The V-filtration only makes sense for smooth hypersurfaces and
so we use the graph embedding

ir: X = X xC, ip(x)=(z, f(x))
and work with the filtered right Z-module
(2.1) My, FEM) = (i) + (M, FoM)

on X x C. Let t be the coordinate on C, and d; = 0/0, the corresponding vector field.
Inside Zx ¢, we have the subsheaf VyZx ¢ of those differential operators that preserve
the ideal sheaf of X x {0}; it is generated by Zx and the additional two operators ¢ and

0.

Definition 2.1. The Kashiwara-Malgrange V -filtration on My is an increasing filtration
VoM, indexed by Q, with the following properties:

(1) Each V, M/ is coherent over Vo Zxc.
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(2) VoM is indexed right-continuously and discretely, i.e.
VaMy = () VaMy,
B>a
so that
V<aMf = U5<QV5Mf = Vafe./\/lf
for some 0 < € < 1. Moreover, the set of a € Q such that
gro My 1= VoM /Veoa My # 0

is discrete.
(3) One has VoM -t C V, 1M/, with equality for ae < 0.
(4) One has VoM -0, C Vo1 My,
(5) The operator td, — a acts nilpotently on gr} M.

Remark 2.2. If M is holonomic, Kashiwara [27] proved that the V-filtration exists and
is unique.

Remark 2.3. The notion of V-filtration can be easily extended to any effective divisor
in X. This is because V,M only depends on the ideal sheaf generated by f, see [T,
Proposition 1.5], hence only on the ideal sheaf of the divisor.

Remark 2.4. If f71(0) is smooth, then there exists a unique filtration V, M with the
same properties, where one sets t = f and replaces VyZxxc by Vo Px.

If M is regular holonomic, Kashiwara [27] showed that each gr? M is again a regular
holonomic Zx-module, with a nilpotent endomorphism N = t0; — a. Furthermore, let
K = DR(M), he proved that for —1 < a < 0, one has

(2.2) DR(grl My) 2 ¢ 2mia K, and  DR(gry My) = ¢, K;

under these isomorphisms, the monodromy operator 7' becomes equal to e?™@ . 2™V To
summarize, the Z-module theoretic nearby and vanishing cycles can be described in the
following way. Let Fy, M be a good filtration on M. For —1 < a < 0, the nearby cycles
for the eigenvalue \ = e*™@ are described by the following data:

(2.3)  wpaM = (gry My, Fo_qgry My, pnK), Wegrh My = Wern1(N)gry My,
where W, (N) means the weight filtration of N and

FiMeN VoM

FiMyN Vo My

For the unipotent vanishing cycles, this changes to

(2.4) GpaM = (gry My, Fygry My, ¢1K), Wegry My =Wein(N) gry My.

These shifts are needed to make the definition work out properly in all cases.
In the definition of mixed Hodge modules, Saito imposes the following two additional
conditions on how the rational V-filtration interacts with the Hodge filtration FeM;.

F, grg My =

Definition 2.5. We say that the filtered Z-module (M, F, M) is quasi-unipotent along
f = 0 if all eigenvalues of the monodromy operator on 1K are roots of unity, and if the
V-filtration V, M satisfies the following two additional conditions:

(1) t: F,VoMy — F,V,_ 1M/ is an isomorphism for o < 0 and p € Z.

(2) Oy : F,gry My — F,y1gry,. 1 My is an isomorphism for o > —1 and p € Z.
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Remark 2.6. If (M, F,M) is the filtered Z-module underlying a mixed Hodge mod-
ule on X, then (M, F, M) is quasi-unipotent along any local holomorphic function. If
(M, FoM) has strict support X, then &, : F, grh My — F,qgry,; My is surjective for
a=—1and p e Z.

Let us end this section with a result about how the V-filtration behaves under non-
characteristic restriction to a hypersurface. This is proved in [16, Thm. 1.1].

Lemma 2.7. Let t be a smooth function on X, let 1 : H — X be a hypersurface that
is not contained in Xo = t~(0), and set My = i*M = wy/x ®o, M. Suppose that
H is non-characteristic with respect to both M and M(xX,), then there is a natural
1somorphism induced by i:

VaMpu) = wi/x @0y VoM, for all a,
where V,(My) is the V -filtration with respect to t|g.

2.2. Birational formula for V-filtrations. We use the work of Qianyu Chen [13] and
Saito’s bifiltered direct images to give a formula for the associated graded of the V-
filtration in terms of log resolutions, using sheaves of log forms. It is a crucial tool for
the computation of higher multiplier ideals of ordinary singularities in 6l

The set up of this section is the same as the one in §1.3 of the Introduction. Let D
be an effective divisor on a complex manifold X of dimension n and set L = Ox(D).
Let s : X — L be the graph embedding associated to a section s € H°(X, L) so that
D = div(s). Denote by

My = 5.Q¥[n] € MHM(L),

the direct image of the constant Hodge module on X. Denote by V, M x the V-filtration
of M x with respect to the zero section of L. Let 7 : Y — X be a log resolution of (X, D)
and write

(25) D = ZeiYi, e; € N,
icl
which is a normal crossing divisor on Y. Analogous to the construction of M, we define
My = sy, Qf[n] € MHM(Ly),
where sy : Y — Ly is the graph embedding of the divisor 7*D and Ly is the total space
of Oy (7*D).

Notation 2.8. Here we use Mx and My to stress the dependence on spaces. In the
below, we follow the notation in [I3] closely with minor differences: Chen’s Y is our
divisor 7*D, and Chen’s X is our ambient space Y.

For any o € [—1,0), define the index set
I,={iel|e- -aclZj.
For any subset J C I,,, we define a pair (Y7, E) as follows. First set
Y/ = ﬂ Y;,
jeJ

with the following commutative diagram

yvi .y

NS
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Then consider a normal crossing divisor on Y,
E:= |J (vinY’),
ie\Ia
the union of divisors in the set I\ I, restricting to Y7. Tt is direct to check that
(2.6) E = supp{ar*D}|y,

where {>_a;E;} = > {a;}F; and supp(d>_b;E;) = > E;. For a normal crossing divisor
E C X, denote by Q% (log E') the sheaves of log forms on X with poles along F.

Proposition 2.9. Fiz « € [-1,0), k € N and r,p € Z, then the following results hold.
(1) One has
(2.7) (gry Mx, Fv) = Romy (gry, My, F.).
Moreover, (gr)V er¥ M, F,) is the cohomology of
R™'my (g, g My, Fy) = Romy (gr)¥ gry My, F.) = R'm, (gr)", gry, My, F,).

(2) There is a nilpotent operator N on gr’ My so that NUel =0, where |I,| is the
cardinality of I,. For any r > 0, there is a filtered isomorphism

(2.8) e gl My F) 2PN | P Vo, Four)(—codimy (Y)) |,
£>0 JCI,,
|J|=r+1+2¢

where (Vo 7, Fu) is a filtered 2-module on'Y” and the Tate twist is (N, FN)(—r) =
(N, Fo o N'). Moreover, if a € (—1,0), then

(2.9) gt sy s in DRyt (Vas) 2 QU "R (log B) @0, Oy (|ar*D))|k].
For o = —1, one has
(2.10) V-1, Fo) = (wys, Fo).
(8) We have
(2.11) gr¥ Mx =0, whenever I, = @.

Remark 2.10. When apply the proposition in practice, one needs to compute gr’ gr’ My
using (28). There one needs to be careful to note that gr)’ gr’ My is the direct sum of
direct images of Z-modules on Y. For the direct image induced by 77 : Y/ — Y, one
has

grg(Tjr]N) + T, grf,m N!
See Lemma [6.4. See Proposition for how to apply this birational formula in practice.

Proof. Since 7 is proper and a € [—1,0), the bistrictness property in Saito’s bifiltered
direct images for Hodge and V-filtrations [61], (3.3.3)-(3.3.5)] (see also [9] (3.2.2)]) implies
that

(2.12) (gry Mx, Fy) = my(gry, My, Fy),

thus (Z7) holds. Moreover, by [61, Proposition 5.3.5], there is a weight spectral sequence
By = Rmy (o' (gl My, Fu) = R'*m (grl My, Fl),

which degenerates at Ey-page.
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>~

Concerning the Lefschetz decomposition, we can assume D = div(f). Then Oy (7*D)
Oy and by shrinking the target slightly there is a proper holomorphic morphism

fom:Y - X = A

such that f is smooth away from the origin and the central fiber Yy = (fon)™'(0) = 7*D
is a normal crossing divisor. Therefore we are in the setting of Chen [I3] and we can
use his work to compute the primitive pieces of (gr’V gr¥ My, F,) with respect to the
nilpotent operator N. But this needs a bit translation as follows. In [I3, Theorem
C], Chen constructed a filtered right Zy-module (M, F, M) equipped with an operator
R: (M,FM) — (M, Fy 4 M) with eigenvalues in [0,1) N Q so that there is a filtered
quasi-isomorphism
(DRY M7 Fo) l> (Q;/J/rziloog }/E])‘Yoa F0)7

where n = dim Y and the right hand side is Steenbrink’s relative log de Rham complex
with the “stupid” Hodge filtration, see [13, Page 2]. Moreover, the operator DRy (R)
can be identified with Steenbrink’s operator [V] € EndDg(y@)(Q;,J/rg_l(log Yo)ly,), where

D%(Y, C) stands for the derived category of C-constructible sheaves on Y. On the other
hand, Steenbrink [71] proved that there is a quasi-isomorphism

OV A (log Yo) Iy, = ¥sor(Cy[n]),

where the latter is the nearby cycle complex. Moreover, he proved that the operator
[V] corresponds to the monodromy operator on the nearby cycle (because [V] is the
Gauss-Manin connection). For § € [0,1), denote by M the [-generalized eigenspace
of M with respect to R, i.e. Rg := R — (3 is nilpotent on Mpg. Combining these two
quasi-isomophisms, one concludes that

DRY (Mﬁ) :> wfoﬂ-7627ri,8 (Cy) [n] .

For a € [—1,0), using (Z.2)) one can show that there is a nilpotent operator N on gr} My
(locally induced by t0; — «) and

DRY (gl"(‘; My) = @Z)fcmezwia (Cy) [n]

For a more detailed discussion, see §2.11 This leads to the following translation rule
between grg My in our paper and Mg in [13].
Lemma 2.11. One has
o Fy o ) —1,0),
(ngMY’F.) — (M sy +1M ) Zfa e ( O)
(MQ, F.+1M0) ZfOz = —1.

The monodromy operator N on grY My corresponds to the operator Rg on Mg, where
f=—-aifae(—1,0) and =0 if a = —1.

With the translation above, Chen’s result can be stated as follows. For the ease of
notation, we only deal with the case a € (—1,0); the case @« = —1 is similar. Set
|Io| = ¢+ 1 for £ € N, then N*! =0 on gr My with the weight filtration

0C W,ggr(‘l/./\/ly c..-C ngI'XMY = gI'XMy.
In [13, Theorem 7.5], it is shown that N induces a filtered morphism
N : (grV gry My, F)) — (grV, gty My, F,.1), Vr€Z,

so that N" is an isomorphism if » > 0. Then for » € N, the primitive part P,, with
respect to N is defined by

Pori=ker{ N"" : gtV ar¥ My — gtV _,or¥ My},
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and there is a Hodge filtration F,P, . induced by F, grl gr’¥ My such that
(2.13) Fogr) gry My = @ N'Fe_yPayiar.

>0

Furthermore, [13, Theorem 7.13] shows that there is an isomorphism of filtered Z-
modules:

(2.14) (PornF) = @ 7l (Vaur, F) (1),

JCIa,|J|=r+1

where 77 : Y7 — Y is the closed embedding, (V,.s, F.) is a filtered Z-module on Y7,
r = codimy (Y/) — 1, and the Tate twist is (N, FLN)(—r) = (N, Fo ., N).

The filtered Z-module (V, s, F,) is induced by an integrable log connection on the
line bundle Oy (—[—an*D]) = Oy(lan*D]) (see [13, §7.4]). In a short word, this log
connection is defined by

V: Oy(lan*D]) = Q. (log Y i) ® Oy(|an*D])

i€l\I,

dZZ‘
(2.15) Vs = Z {aei}z—i ® s,

i€\l

where z; is the local equation of Y;. This connection has poles along Y; for i € I\ I,,
with eigenvalues {ae;}. The filtered Z-module (V, s, F,) is defined by

(2.16) Va,s = (wys(log E) ®o,,, (r7)*(Oy(lar*D]),V)) ®g Dy s,

Y J (log E)
where

® Dyvitogr) © Py is the subsheaf of differential operators preserving the ideal Zg,

e wys(log E) is the sheaf of top holomorphic forms on Y7 with log poles along E,
which is a right Py, py-module,

e the Hodge filtration F,V, ; is induced by the order filtration on %y (see [13]
Page 51 before Lemma 7.9]).

By [13, Lemma 7.9], there is a filtered quasi-isomorphim in D%, (Y7):
(2.17) (DRys(Va,s), Fa) = (Y '+ (log E) @0, Oy(lar*D]), F.),

where dimY”’ = n —r — 1 and the filtration on the right hand side is induced by the
“stupid” filtration. In particular, we have a quasi-isomorphism:

gt iy s in DRys (Vo) = QImY" R (log B) @0, Oy(lan*D])[K].

Therefor, (2.8) and (2.9) hold using Lemma 2111 (note that the Hodge filtration is shifted
by 1). The case of & = —1 proceeds in the same fashion: the only difference is that the
corresponding log connection comes from the line bundle Oy. Hence we need to replace
all the terms O(|an*D]) above by O.

The statement (2.17]) is a direct corollary of the previous statements. 0

2.3. V-filtrations for powers of functions. In this section, we prove a technical result
about V-filtrations that is needed to define a version of higher multiplier ideals for Q-
divisors (see §5.3)). It includes a formula for the nearby cycles of a Z-module with respect
to a power of a function; in the case of twistor Z-modules, this is due to Sabbah [59,
3.3.13]. Let f : X — C be a nonconstant holomorphic function on a complex manifold X.
We want to relate the nearby cycles and the V-filtration with respect to the two functions
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fand f™. Let M € MHM(X), and denote by (M, Fy M) the underlying filtered right
Z-module. For m > 1, consider the graph embedding

im: X = X xC, ip(x)=(z, fx)").
In order to keep the notation consistent, we set
M., = (i)« M € MHM(X x C),

and denote the underlying filtered Z-module by (M,,,, FeM ) = (i) + (M, FoM). Let
VoM., denote the V-filtration with respect to the function ¢ : X x C — C.

Proposition 2.12 (V-filtrations for f™). For any real number o < 0, there is a natural
1somorphism of filtered O'x-modules

(ba: (VmaMh FovmaMl) — (VaMrm FoVaMm)

such that ¢a(v - t™) = ¢o(v) - t and ¢o(v - St0) = ¢a(v) - 0, for all local sections
v € VipaMy. If multiplication by f is injective on M, then the same is true for a = 0.

Corollary 2.13. On the level of mixed Hodge modules, this gives
lpfm)\M %J'l/}f)\mM CL77/d (bfm,lM & (beM,
under the assumption that multiplication by f is injective on M.

The proof takes up the remainder of this section. We observe that the graph embed-
dings fit into a commutative diagram

X%Xx@t%)(x@tx@s

\XX(C q

in which j(z,t) = (z,t,t"),p(x,t) = (x,t™), and q(z,t,s) = (z,s). To distinguish the
two copies of X x C, let us denote the two coordinate functions by ¢ and s, as indicated
in the diagram above; then s o p = t™. Since the diagram is commutative, we have

Our strategy is to compute these direct images, and then use the bistrictness of direct
images with respect to the Hodge and V-filtration.

We begin by describing the Z-modules involved in the computation. Since 7, is a closed
embedding, the Z-module underlying the direct image M; = (i1).M is

M = M ®¢ Cloy],
with the right Zx «c,-module structure determined by the following formulas:
(u@d) t=uf®@ +kuxd !
(U@ -0 =u® o
(u® ) x;=ur;®0r

0

ax]
Here x4, ..., x, are local coordinates on X, and 0; = 0/0x; are the corresponding vector
fields. The Hodge filtration F, M, is given by

F,My =) F, yM @0

keZ
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Similarly, the Z-module underlying the direct image M, = Jx My is
M = M, &¢ Cl0s],
with the right Zx«c,xc,-module structure determined by the formulas
(V@) -s=vt"®@0 +lvxd !
(v d)- 0, —ve ot
(v@d) -P=vP®0d. forany Pe Px
(v®d) -0, =v0, ® 0 —mut™ @ 9L
and the Hodge filtration
F,My =Y F, pMy @0

el

Lastly, the filtered Z-module underlying M, = q*Ml can be computed by the relative
de Rham complex, and this gives us a short exact sequence

(219) 0 —— (le,F._lel) L (le,F.le) L) (Mm,F.Mm) — 0.

The next step is to compute the V-filtrations. Since M is a mixed Hodge module,
the V-filtration V,M; with respect to the function t exists, and with the convenient
shorthand F,V,M; = F, M; NV, M, the two morphisms

t: BVaMy — F)Vo oy and 0 F,gry My — F,grl , M,

are isomorphisms for o < 0 respectively o > 0 (see Definition [2Z5]). The V-filtration
VoM, with respect to the function s also exists and has the same properties. The

following lemma describes the V-filtration of Ml with respect to the function s: X x
C; x C4 — C,, which is inspired by [62], Theorem 3.4].

Lemma 2.14. The V-filtration on My = M, ®c C[04] is given by the formula
Vanl = Z (Vm(a_g)Ml ® 8§> Qﬁ“

ke 0EN

Proof. 1t is easy to see that Vaﬂ/lvl is preserved by the action of Zx.c,, and that one
has V,M; - 0; C Vo1 My and V,My - s C V, 1M, for every a € R, with the second
inclusion being an equality for @ < 0. It remains to show that each V,M; is coherent

over VoPxxc,xc., and that the operator s, — a acts nilpotently on the quotient gr? le.
Both of these facts rely on the following important identity, which is readily proved using

the formulas for the Z-module structure on M;:
1
(2.20) (v ) (0, =) = — (v(t@t —mla—0))2d - (1) t8t>

Let us first prove the coherence. Set a = max(0, [a]). If a ¢ N, then a —a < 0, and
so for every integer £ > a + 1, we have

Vm(aff)Ml X aﬁ = Vm(afa)Ml : tm(ﬁ—a) ® aﬁ = <Vm(a7a)M1 ® 1) : Sf—aaf

by the properties of the V-filtration on M;. Together with the relation in (220), this

allows us to eliminate all the terms with ¢ > a + 1 from the formula for V,M;. If a € N,
then a = a, and for every integer ¢ > a + 1, we still have

Vinta—pyMi ®@ 0L = VM - gm=HmiEe g gt = (V,lM1 Al 1) stma1at,
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With the help of the identity
1
utm @ gt = — (v@t 09— (ved)- at)
m

we can then again eliminate all terms with ¢ > a4+ 1 from the formula for Van 1. In both
cases, the conclusion is that

max(0,|a])
(2.21) Mi=Y Y (ViaoMi2dL) - 0f.
keN £=0

Since each V;,(q—¢) M is finitely generated over Vo Zx ¢, , this shows that VQMV 1 is finitely
generated over Vo Zxxc,xc.-

Finally, we argue that sd, — « acts nilpotently on grY M 1. For this, it suffices to show
that if v € Vi, (a—e) M is any local section, then

(v @) (505 — )N € Vea My
1%

for N > 0. But since t0; — m(« — £) acts nilpotently on 8 (a—r M, this is an easy
consequence of the identity in (2.20). O

The next task is to compute the intersection
FVaM,y = F,My N VoM.
This is the content of the following lemma.

Lemma 2.15. For every a < 0 and every p € Z, one has
FVai = Y (B iVia My ©1) - 0.

keN
This also holds for a = 0, provided that multiplication by f is injective on M.

Proof. Since the right-hand side is obviously contained in the left-hand side, it suffices

to prove the reverse inclusion. According to (2.21]), any local section w € V,M; can be
written, for some d € N, in the form

d
w:Z(vk@)l)-@f,

k=0
with local sections vy, ...,vq € V;naM1. Using the formulas for the Z-module structure
on My, this expression for w can of course be rewritten as
d
S
Uy & S
=0

which is a local section of Fval exactly when u, € F,_4M; for every 0 < ¢ < d. We
now analyze these expressions from the top down. A short computation shows that

Ug = (_l)dmd ’ vdtd(m_l) € Fp—dvma—d(m—l)Ml-

Now there are two cases. One case is a < 0. Here multiplication by 4™~ is a filtered
isomorphism, and therefore vy € F,_4V,ho. This means that vy ® 68d is contained in
the right-hand side, and so we can subtract it from the expression for w, and finish the
proof by induction on d > 0. The other case is a = 0. Here we can only conclude
that vgt € F,_4V_1M;. But since M is a mixed Hodge module, the variation morphism
t: gry My — gr¥, My is strict with respect to the Hodge filtration. It follows that there
is some v}, € F,_;VoM; such that vt = v4t. Because multiplication by f is injective on
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M, multiplication by ¢ is injective on M, and therefore vy € F,_4VyM;. We can then
finish the proof exactly as in the case oo < 0. U

Now let us go back to the short exact sequence in (219). Since M is a mixed Hodge
module, the relative de Rham complex computing the direct image M,,, = q. M is bistrict
with respect to the Hodge filtration and the V-filtration [61], (3.3.3)-(3.3.5)]. For a <0
and p € Z, we therefore get an induced short exact sequence

(2.22) 0 —— F,  VaMy —2 FVaMy —= F,VaM,, —— 0.

For the remainder of the argument, we shall assume that either « < 0, or @ = 0 and
multiplication by f is injective on M. Under this assumption, we have

FpVa-;\—/lvl = Z(prkvmaMl & 1) . af: = vamaMl ®1+ prlva-//{/lvl . 825-
keN

We can now conclude from the exactness of (222]) that the morphism
ba: FpViaMi = E VoM, ¢o(v) =m(v® 1),

is an isomorphism of @x-modules. From the formulas for the Z-module structure on
M, we obtain the identities

¢o¢(v) T8 = gba(v ’ tm) and gba(v) ’ Sas = ¢o¢ (U : %tat) .

This proves Proposition 212 up to the change in notation caused by using s for the
coordinate function on the graph embedding i,,: X — X x C, by the function f™. The
asserted identities for the nearby and vanishing cycles of the mixed Hodge module M
follow by passing to the graded quotients gr! for a € [—1,0].

3. TWISTED 2-MODULES

In this section, we give a brief summary of the theory of twisted Z-modules by Beilin-
son and Bernstein [5], both from a local and global point of view. We then introduce
twisted Hodge modules, by generalizing the theory of polarizable complex Hodge modules
developed by Sabbah and the first author [60] to the setting of twisted Z-modules. We
show that twisted Hodge modules appear naturally as nearby and vanishing cycles with
respect to divisors. In §4l we prove a general vanishing theorem for twisted Hodge mod-
ules, extending Saito’s vanishing theorem for Hodge modules. These global results are
crucial for the properties of higher multiplier ideals in later chapters.

3.1. Local trivializations. We first explain a convenient way to deal with local trivial-
izations. Let X be a complex manifold, and L a holomorphic line bundle on X. A local
trivialization of L is a pair (U, ¢), where U C X is an open subset and

¢ZL|U—)U><(C

is an isomorphism of holomorphic line bundles. We can restrict a local trivialization to any
open subset of U in the obvious way. In order to compare different local trivializations, it
is therefore enough to consider local trivializations over the same open subset. Suppose
now that we have two local trivializations (U, ¢) and (U, ¢’). The composition

¢ o ':UxC— Ly —UxC
then has the form (z,t) — (z, g(z)t) for a unique holomorphic function g € (U, &}5) that

is nonzero everywhere on U. This way of thinking about local trivializations eliminates
all the unnecessary subscripts.
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We can also describe the change of trivialization in terms of sections. Let s € T'(U, L)
be the nowhere vanishing section of L determined by (U, ¢): the composition

pos:U— Ly -UxC

satisfies (¢ o s)(z) = (x,1). Similarly, define s’ € I'(U, L) using the local trivialization
(U,¢'). Then (¢' o s)(x) = (x,g(x)) and (¢’ o §')(x) = (2, 1), and therefore s =g - 5.

3.2. The sheaf of twisted differential operators. Let X be a complex manifold of
dimension n, and let L be a holomorphic line bundle on X. We view L as a complex
manifold of dimension n + 1, and denote the bundle projection by p: L — X. On L, we
have the usual sheaf of differential operators Z;. Let Zx C O, be the ideal sheaf of the
zero section. This gives us an increasing filtration

Vi, ={Pe2,|P I\ CITy’ foralli>0}.

We are only going to use V5%, which consists of those differential operators that preserve
the ideal of the zero section, and the quotient

gro D1, = %@L/V 191, = ‘/OQL/IX‘/O@L

This quotient is naturally a sheaf of &x-bimodules. A local trivialization (U, ¢) for L
determines an isomorphism of sheaves of algebras (and &p-bimodules)

(¢~ ")u: Qultds] — gry Zilu.

We denote by 6 € F(U gry 91) the image of t9; = t-9/0t. This is actually a well-defined
global section of gry Z;; the invariant description is as the Vector field tangent to the
natural C*-action on the line bundle L. This tells us what gr}’ Zr, looks like locally.

Let us now try to understand what happens when we change the trivialization. Suppose
that (U, ¢) and (U, ¢’) are two local trivializations of L, and that we have local holomor-
phic coordinates 1, ...,x, on the open set U. Set 0; = 0/dz;. A short computation
using the chain rule shows that the composition

¢ o (¢71)e: Dultd] — gry Dilv — Zultd)]
acts on the vector fields 0y, ..., 0,,t0; in the following way:

t0, — t0,, 0;— 0; + gfl@ - t0,
al‘j

We use this to define the sheaf of twisted differential operators.

Definition 3.1. Let X be a complex manifold, L a holomorphic line bundle on X, a € R
a real number. The sheaf of aL-twisted differential operators on X is the quotient

Dxar =gry P10 — ) gry Dy
In a local trivialization (U, ¢), the sheaf of aL-twisted differential operators is just
@X,aL|U = -@U[tat]/(tat - a)@U[tat] & -@U-

We only see the difference with usual differential operators when we change the trivial-
ization: if (U, ¢) and (U, ¢') are two local trivializations, then

¢ o (¢t Du = Dxarly = Yo
acts on the coordinate vector fields 04,...,0d, as

199
al‘j.

This formula is the reason for the name “twisted” differential operators.

(3.1) 0;—0;+a-g°
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3.3. Twisted Z-modules. We keep the notation from above. An aL-twisted Z-module
on X is simply a module over the sheaf Zx 1, of aL-twisted differential operators. We
generally work with right modules (because this is more appropriate when dealing with
singularities). Suppose that M is a sheaf of right Zx . -modules. If we have a local
trivialization (U, ¢) for L, then the isomorphism

(3.2) ((bil)*i Dy — .@X,QL‘U

gives M|y the structure of a usual Zy-module. A twisted Z-module therefore looks like
a usual Z-module in any local trivialization of L, but the action by vector fields changes
according to the formula in (8.1)) from one local trivialization to another. Since it is easy
to get confused about the signs, we give the local formulas. Let M be a right module
over Px 1. For every local trivialization (U, ¢), we get a right Zy-module My 4), whose
Z2-module structure is defined by the rule

(m-P)gy =m- (¢ ")(P), forevery PeT(U,%y).

If (U,¢') is a second local trivialization, then we obtain

(m. <8j " aglg—ﬂi))(w’) - me (‘b/il)*(‘b; °© <¢71)*(8J)) - (m ' 8J')(U«z&)'

The Z-module structure therefore changes from one local trivialization to another in
accordance with the identity in (B.1]).

Let us also convince ourselves that tensoring by the line bundle L changes the twisting
parameter in the expected way. Suppose that M is a right gr’ Zr-module. The tensor
product M ® L is naturally a sheaf of right modules over L™' ® gry’ 2, ® L. If we view 0
as a morphism 0: Ox — gry 9, we see that L™! @ gry 2;, ® L also has a global section
that we denote by the same letter 6.

Lemma 3.2. There is a canonical isomorphism
gy I 2L @ery 20 @ L
that takes the global section 6 on the left-hand side to 6 + 1.

Proof. We give a local proof to show how the formulas work. Let us first work out the
local description of L™ @ gry 2 @ L. Let (U, ¢) be a local trivialization of L, and let
s € T'(U, L) be the resulting nowhere vanishing section. Denote by s=! € T'(U, L™!) the
induced section of the dual line bundle. We get an isomorphism

Dyt = L @gry 20 @ Ly, Prs'® (¢ H).(P)®s.

Let s’ € I'(U, L) be the section determined by a second local trivialization (U, ¢'). This
gives us a second isomorphism

Dyltdy] = L' @gry 2@ Ly, Qs '@ (¢ H).(Q) @5,

If we compose the first isomorphism with the inverse of the second one, and remember
that s = ¢gs’, we find that the change of trivialization is

Dyt — Dyltd)], Prsgt-¢.o(¢p ). (P)-g.

In local coordinates 1, ..., z, as above, this acts on the vector fields 0, ..., 0,,t0; by

t@t — t@t, 8j — 8j + gil@ . (t@t + 1)
8.’,13']‘

This shows that the collection of isomorphisms
@U [t@t] — -@U [t@t], t@t — t@t +1, 8j — 8]‘,
give us the desired isomorphism between gry 2, and L™! ® gr} 2, @ L. O
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Remark 3.3. In particular, Lemma says that if M is an aL-twisted right Z-module,
then the tensor product M ® L is an (a + 1) L-twisted right Z-module. More generally,
if M is a right gr§’ Z;-module on which the operator § — « acts nilpotently, then M ® L
is again a right gry’ Zr-module on which 6 — (o + 1) acts nilpotently. Note that this only
works nicely for right modules: if M is an aL-twisted left Z-module, then L ® M is
(av—1)L-twisted. This is one of many reasons why it is better to use right Zx ,-modules.

3.4. Twisted currents. We also need a notion of twisted currents, in order to define
hermitian pairings on twisted Z-modules. We first introduce the space of twisted test
functions. These are compactly supported sections of a certain smooth line bundle that
we now describe. Fix a real number @ € R. The principal C*-bundle corresponding to
the holomorphic line bundle L is obtained by removing the zero section from L. Let L,
be the smooth line bundle associated to the representation

C* — GL(C), 2z |2]*

We can also describe L, in terms of local trivializations. A local trivialization (U, ¢) of
L determines an isomorphism

(ba: La|U_>UX C.

Let (U, ¢') be a second local trivialization, and let ¢ € I'(U, &};) be the unique nowhere
vanishing holomorphic function such that (¢/ o ¢71)(z) = (, g(x)t). Then we have

¢ ot UxC = Loy = UxC, (2,t)— (:c Ig(x)|2°‘t>-

An aL-twisted test function is a compactly supported smooth section of the smooth line
bundle L,. We give this space the topology that agrees with the usual topology on the
space of compactly supported smooth functions in any local trivialization of L.

Definition 3.4. An aL-twisted current is a continuous linear functional on the space of
(—aL)-twisted test functions. We denote by €x ./, the sheaf of aL-twisted currents.

Here is a more concrete description. An al-twisted test function ¢ € I'. (X, L,) is
the same thing as a collection of smooth functions oy, : U — C, one for each local
trivialization (U, ¢) of the line bundle L, that are compatible with restriction to open
subsets, and are related to each other by the formula

Pe) = g2 PW,e)

where (¢’ o 1) (z,t) = (z,g(x)t) is the transition from one local trivialization to the
other. Of course, the union of the supports of all the functions ¢(y,4) must be a compact
subset of X. Dually, an alL-twisted current C' € I'(X,€x ) is the same thing as a
collection of currents Cyg) € I'(U,Cx) that are compatible with restriction, and are
related to each other by the formula

Cwey = Cw - g1

Let us return to the general properties of twisted currents. We denote the natural
pairing between twisted currents and twisted test functions by the symbol

(C,p) €C,

for C' € I'(U,Cx o) a twisted current and ¢ € I'.(U, L_,) a twisted test function. As
usual, operations on twisted currents are defined in terms of the corresponding operations
on twisted test functions. For example, the complex conjugate of a twisted current is
defined by the formula

(C,¢)=(C,9).
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The sheaf of aL-twisted currents has the structure of a right Zx or-module. This can be
seen as follows. Each local trivialization (U, ¢) for L determines an isomorphism

¢y = Cxarlu,
where € is the sheaf of currents on U and is of course a right Zy-module. Moreover,
the transition from one local trivialization to another works correctly. Indeed, if we have
a twisted current C', represented by a collection of currents Cy4) € I'(U, €x) such that
2
Cwey = Cwalgl™,
then a brief computation shows that

a & - ag B ag
(Cwe9)191** = Cwplgl” <aj s 1%) =G (aj e 18—:@) '

j
This proves that €x .z, is an aL-twisted right Z-module.

3.5. Flat hermitian pairings on twisted Z-modules. Fix a real number o € R. A
flat hermitian pairing on an aL-twisted right Z-module M is a morphism of sheaves
S M@cM = Cxar

with the following properties. First, S is hermitian symmetric, in the sense that for any
two local sections m/, m” € I'(U, M), one has

S(m”,m’) = S(m',m")
as twisted currents on U. Second, S is Zx or-linear in its first argument, meaning that
S(m'P,m") = S(m',m")P

for every twisted differential operator P € I'(U, Zx ). It follows that S is conjugate
Dx or-linear in its second argument. In any local trivialization of L, the twisted Z-module
M becomes a usual Z-module, and the flat hermitian pairing S becomes a sesquilinear
pairing as in [60, Ch. 12].

3.6. Good filtrations. The sheaf gr} &y, inherits an increasing filtration F, gry 2, from
the order filtration on Z;. Locally, this is just the usual order filtration on differential
operators. Indeed, if (U, ¢) is a local trivialization for L, then under the isomorphism

(gb_l)*i _@U[tﬁt] — grg -@L|U7

the filtration F, grg D1 |v is just the order filtration on Py [td;], with t0; being considered
as a differential operator of order 1. Globally, the first nonzero piece of our filtration is
Fygry 91 = Ox; the next graded piece gri’ gr) 2, sits in a short exact sequence

0—>6’Xi>grfgr(‘)/.@L—>9X—>0,

whose extension class in Ext,, (Jx, Ox) = H'(X, Q) is the first Chern class ¢;(L). The
order filtration on grg 2y, induces a filtration on Zx o1, = grg 21/(0 — oz)grg 2;, and
from the above, we get a short exact sequence

(3.3) 0 — Ox — F1Dxar — Ix — 0,
whose extension class is now « - ¢1(L). Note that
el Dxar = ot Py =2 Sym® Ty

is isomorphic to the symmetric algebra on the tangent sheaf Z, just as in the untwisted
case. This is a consequence of (3.1)).
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Good filtrations on twisted Z-modules are defined just as in the untwisted case. Let M
be a right Zx or-module, and let F, M be an exhaustive increasing filtration by coherent
O 'x-submodules such that, locally on X, one has FyM = 0 for £ < 0. We say that such
a filtration F, M is a good filtration if

F M- FyDx o1, C FrypoM,
with equality for £ > 0. As usual, this is equivalent to the condition that

gl"f./\/l = @FkM/Fk_lM

kEZ

is coherent over grl’ Dx a1, = Sym® Ty.

3.7. Graded pieces of the de Rham complex. One important difference between
twisted Z-modules and usual Z-modules is that there is no de Rham complex for twisted
Z-modules (unless av = 0), because there is no longer an action by Zx. This is due to the
fact that the short exact sequence in ([B.3]) does not split (unless a = 0). But we do have
grf Dx .o = Tx, so the notion of “graded pieces of the de Rham complex” still makes
sense for a twisted Z-module M with a good filtration F, M.

Definition 3.5. Let (M, Fy M) be a twisted Z-module on X with a good filtration. For
every k € 7Z, the graded piece of the de Rham complez is defined by

(34)  grf DR(M) == |grf . M@ N\ Tx =+ = grf , M® Ty — grf M| [n],

where n = dim X and where the differential is induced by the multiplication morphism
grf M @ gri Dx o1 — grf 4 M and the isomorphism gr!’ Zx o1, = Jx.

3.8. Twisted Hodge modules. Before we can define twisted Hodge modules, which are
the main objects in this chapter, we briefly review the theory of complex Hodge modules
from [60, §14]. We will give a simplified version of the definition (without weights) that
is sufficient for our purposes.

Let X be a complex manifold of dimension n. A complex Hodge module on X consists
of the following three pieces of data:

(1) A regular holonomic right Zx-module M.

(2) An increasing filtration FyM by coherent &x-submodules. This filtration needs
to be good, which means that it is exhaustive; that Fy M = 0 for £ < 0 locally
on X; and that one has FxM - F;9Px C Fj. oM, with equality for k£ > 0.

(3) A flat hermitian pairing S: M ®c M — €y, valued in the sheaf of currents of
bidegree (n,n) on X. Again, S needs to be hermitian symmetric and Zx-linear
in its first argument (and therefore conjugate linear in its second argument).

The object M = (M, F, M, S) is a polarized Hodge module if it satisfies several additional
conditions that are imposed on the nearby and vanishing cycle functors with respect to
holomorphic functions on open subsets of X. An important point is that the definition
is local: if the restriction of M to every subset in an open covering of X is a polarized
Hodge module on that open subset, then M is a polarized Hodge module on X.

Remark 3.6. Note that there are no weights in the simplified definition above. In order
to have an intrinsic notion of weights, one needs to work with triples of the form

((M/,F,MI), (M//, F.M//), S),
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where M’ and M” are regular holonomic right Zx-modules with good filtrations F, M’
and Fo M) and where S: M’ @c M"” — €x is a flat sesquilinear pairing. In this formu-
lation, a polarization is then a certain kind of isomorphism between M’ and M” that is
compatible with the filtrations and the pairing [60, Ch. 14].

We now come to the main definition of this chapter. It is modelled on the definition
of polarized complex Hodge modules [60, §14.2], but with twisted Z-modules in place
of usual ones. This works because being a polarized complex Hodge module is a local
condition.

Let X be a complex manifold, L a holomorphic line bundle on X, and a € R a real
number. We again consider objects of the type (M, Fy M, S), where M is a right Dx -
module with a good filtration Fy M, and where

S M@cM = Cxar

is a flat hermitian pairing on M. If (U, ¢) is a local trivialization of the line bundle L, the
restriction (M, Fy M, S)|y to the open subset U becomes, via the isomorphism in (B.2)),
a usual filtered Zy-module with a flat hermitian pairing.

Definition 3.7 (Twisted polarized Hodge modules). We say that an object (M, Fo M, S)
is an aL-twisted polarized Hodge module if, for any local trivialization (U, ¢), the restric-
tion (M, FuM, S)|y is a polarized complex Hodge module in the usual sense.

Because of the local nature of the definition, all local properties of polarized complex
Hodge modules (such as existence of a decomposition by strict support or the strictness
of morphisms) immediately carry over to the twisted setting [60], §14.2].

3.9. Direct images and the decomposition theorem. Another important difference
between twisted Z-modules and usual Z-modules is that one cannot take the direct image
of a twisted Z-module (or twisted Hodge module) along a proper morphism f: X — Y
unless the line bundle L is pulled back from Y.

Let us start with a few remarks about the direct image functor for twisted Z-modules.
Let f: X — Y be a proper holomorphic mapping between complex manifolds, and let L
be a holomorphic line bundle on Y, viewed as a complex manifold of dimension dimY +1
via the bundle projection p: L — Y. Let Lx = X Xy L be the pullback of the line bundle
to X, as in the commutative diagram below.

Ly —— L
l p
x Ly
Let a € R. As in the untwisted case [60, 8.6.4], we introduce the transfer module
Dxsyvar = Ox Qf-10, [ Dyar.

This is an (Px.ary, [ Py.ar)-bimodule: the right f~'%y . -module structure is the
obvious one, and the left Zx ., -module structure is induced by the morphism

FiDxarx = "FiDyvar = Ox @514, [ FiDyar,

which is part of the following commutative diagram:

0— ﬁx — Fl‘@X,aLX — ﬁx — 0

I

0— ﬁX — f*Fl.@y@L — f*yy — 0
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We can then define the direct image functor

fr: Dl(Pxary) = Do (Dyar)

from the derived category of right Zx 1 ,-modules to that of right %y ,;-modules as
f+(_) - Rf* (_ ®;X’QLX ‘@X—)Y704L)7

which is essentially the same formula as in the untwisted case [60} §8.7]. If ¢: L|y — UxC
is a local trivialization of L, then we get an induced trivialization of Lx over the open
subset f~1(U), and so twisted Z-modules on U and f~1(U) are the same thing as usual
Z-modules. It is then easy to see that the diagram

Dgoh('@XﬂLX) B— Dgoh(‘@ffl(U))

lf+ lf+
Dgoh(‘@Y#lL) N DSOh(-@U)

is commutative, where the horizontal arrows are restriction to the open subsets U and
f7YU) and fi: DY, (Zs-1@)) — DL, (Zu) is the usual direct image functor for right

coh coh

Z-modules. By the same method as in [60, §8.7], the definition of the direct image
functor can be extended to filtered Z-modules (using the natural filtration on the transfer
module), and as in [60, §12], a flat hermitian pairing S: M ®c M — €x o1, on an aLx-
twisted Z-module induces flat sesquilinear pairings

S;: %ZerM Rc %71']';./\/{ — Q:y@L.
We can now state the decomposition theorem for twisted Hodge modules.

Theorem 3.8. Let f: X — Y be a projective morphism between complex manifolds,
let L be a holomorphic line bundle on Y, and set Lx = f*L. If (M, F.M,S) is an
aLx-twisted polarized Hodge module on X, then each

K f+(M, FLM)

with the induced polarization, is an aL-twisted polarized Hodge module on Y. Moreover,
the decomposition theorem

fr(M,FoM) = P A [ (M, FM)
1€Z
holds in the derived category of filtered twisted Py -modules.

Proof. Locally on Y, the direct image functor for twisted Z-modules agrees with the usual
direct image functor for Z-modules. All the local assertions in the theorem therefore
follow from [60] §14.3], and in particular, each J#"f, (M, F, M) is strict. Let w be the
first Chern class of a relatively ample line bundle. From the relative Hard Lefschetz
theorem for complex Hodge modules, applied locally, it follows that

wi: %_if_F(M,F.M) — %if_F(M,F._Z‘M)

is an isomorphism for every i > 0. Just as in the untwisted case, this implies the decom-
position theorem. The relative Hard Lefschetz theorem also gives us a representation of
the Lie algebra sly(C) on the direct sum of all the 5" f, M, and we again let w denote
the corresponding Weil element. Then [60, §14.3], applied locally, shows that the flat
hermitian pairing

(—1)D2S 0 (id@w): H'fL M ®c HTfo M — Cyor
polarizes " f, (M, F, M), which is therefore a twisted polarized Hodge module. O
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3.10. Kashiwara’s equivalence. Let i: Y < X be the inclusion of a closed submani-
fold. Let L be a holomorphic line bundle on X and set Ly = ¢*L. For any o € R, there
is a direct image functor [5], §2.2]

iy : {aLy-twisted Z-modules} — {aL-twisted Z-modules},

which gives a twisted version of Kashiwara’s equivalence [, §2.5.5(iv)].

Theorem 3.9 (Beilinson-Bernstein). The functor i, induces an equivalence between the
category of coherent aLy -twisted right Z-modules and the category of coherent aL-twisted
right &-modules whose support is contained in the submanifold Y .

Since the definition of twisted Hodge modules is local, the functor i, extends to
iy : {aLy-twisted Hodge modules on Y} — {a/L-twisted Hodge modules on X},
using the direct image functor for polarized complex Hodge modules.

Theorem 3.10. The functor iy induces an equivalence between the category of oLy -
twisted polarized Hodge modules on Y and the category of aL-twisted polarized Hodge
modules on X whose support is contained in the submanifold Y .

Proof. This follows from the twisted Kashiwara’s equivalence (Theorem[3.9) and the strict
Kashiwara’s equivalence for complex polarized Hodge modules [60, Proposition 9.6.2]. [

3.11. Nearby and vanishing cycle for divisors. Now let us explain why the nearby
and vanishing cycles of a complex Hodge module with respect to a divisor are naturally
twisted Hodge modules.

Let X be a complex manifold and let M be a regular holonomic right Zx-module. Let
D be an effective divisor on X, set L = Ox (D), and let s € H°(X, L) be a global section
such that div(s) = D. We view L as a complex manifold of dimension dim X + 1, and
the section s as a closed embedding s: X — L. Let

ML = S+M

be the direct image Z-module on L.

The zero section of L induces a filtration V, M ; this is defined locally as the V-filtration
in Definition 2.1 but the resulting filtration on M is actually globally well-defined [7,
Proposition 1.5]. Each V, M is a sheaf of V;Z-modules and each grx M is therefore
a well-defined grj Z;-module, but unlike in the local setting, it is not a Zx-module. We
get closer to Z-modules once we take the associate graded of the weight filtration. Recall
from §3.2 that the operator 6 € F gry 9y, is globally well-defined and central, then the
properties of V-filtration implies that the operator

(3.5) N:=0-«

acts nilpotently on gr¥ My. Let W,(N) denote the weight filtration of this nilpotent
operator. Since Zx 1 = gry I1/(0 — a) gry Z1, it follows that each subquotient

ar) Ml My,

has the structure of an aL-twisted right Z-module.
Now let us suppose that M comes with a flat hermitian pairing

SIM@CH%Q}(

into the sheaf of currents of bidegree (n,n). In that case, we get an induced flat hermitian
pairing on gr/ M, but now valued in the sheaf of twisted currents.



HIGHER MULTIPLIER IDEALS 30

Lemma 3.11. For each o € [—1,0], we have an induced flat hermitian pairing
So: grl My ®c gr¥ My — Exar.
The operator 6 € End(grl My) is self-adjoint with respect to S,.

Proof. The point is that the construction of the induced pairing on nearby and vanishing
cycles in [60] transforms correctly from one local trivialization of L to another. We will
give the proof for —1 < a < 0, the case a« = 0 being similar.

Let ¢: L|y — U x C be a local trivialization of the line bundle L, and denote by ¢ the
coordinate function on C. The restriction of V, M to the open subset U x C is a module
over Vo 2y, and the restriction of gr” My to the open set U is a right Zy-module. Let
us quickly review the construction of the induced pairing S, using the Mellin transform.
Let ¢ € A.(U) be a test function with compact support in U, and let n: C — [0, 1] be
a compactly support smooth function that is identically equal to 1 near the origin. Let
my,me € I'(U x C,V,Mp) The expression

(Stm1,ma), [P n(t)p)

is a holomorphic function of s € C as long as Res > 0, and extends to a meromorphic
function on all of C (using the properties of the V-filtration). One can show that the
residue at s = a depends continuously on the test function ¢, and that the formula

(Sallml, Imal). ) = Res.—a (S, ma). |t7n(t)e)

defines a flat hermitian pairing on the right Zy-module gr” Mp|y. Moreover, the endo-
morphism 6 = t0; is self-adjoint with respect to this pairing.

To prove the lemma, it is enough to check that these pairings transform correctly from
one local trivialization to another. Let us denote by C(4) = Sa([mu], [mo]) the current
constructed above. Let (U, ¢') be a second trivialization such that

(¢ o gb_l)(x,t) = (x,g(x)t) and g € ['(U, 0%).

If we let ¢’ be the resulting holomorphic coordinate on C, we have ¢ = gt. The same
formula as above then defines a second current

<C(U,¢'), <P> = ReSs=a<S(m1, m2)7 |t/‘287l<t/)<ﬁ>

Since ¢ is holomorphic, the right-hand side evaluates to

Ressza( S(mu,ma), lg/ [H*n(gt)e ) = Resea{ S(ma, ma), |9/t n(gt)e )
= <C(U,¢>)7 |g‘2a90>,

and so we arrive at the identity C(y,4) = C(u,) - |g|**. This is enough to conclude that the
currents on each local trivialization glue together into an aL-twisted current on X. [J

As long as a € R, the nilpotent endomorphism N = 6 — « is self-adjoint with respect
to the pairing S,, and so the pairing descends to the graded quotients of the weight
filtration. This gives us flat sesquilinear pairings

Sa: ngV(N) gry M, ®c gl"Wg(N) gri M — Cxar.

We need one extra piece of data to describe the induced polarization. The direct sum

Per, ™ erk M,

LeZ
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carries a representation of the Lie algebra sly(C). If we denote the three generators by

1 0 01 00
=00 5) x=(00) v=00)
then H acts as multiplication by ¢ on ngV(N), and Y acts as N = 6 —a. The Weil element

W= (_01 é) € SLy(C)

has the property that wHw=! = —H, wXw™! = —Y, and wYw™! = —X, and therefore
determines an isomorphism between ng(N) and ngV(N). It follows that

(N)

Se 0 (id ®@w): gTXV(N) ng M ®c gTXV gri My — Cxar,

is a flat hermitian pairing on the indicated aL-twisted Z-module. We can use this to
show that the nearby and vanishing cycles of a complex Hodge module are naturally
twisted Hodge modules.

Proposition 3.12. Let (M, F,M,S) be a polarized complex Hodge module on X. For
any real number a € [—1,0) and any integer ¢ € Z, the object

(grgV ) gry My, Fuy ngV(N) gr’ My, S, o (id ®w)>
15 a polarized aL-twisted Hodge module on X. The object
(grgv(N) grg ML, F, gI'ZV(N) grg ML, SO o (1d ®W)>

is a polarized complex Hodge module (without any twisting).

Proof. The claim is that both objects are polarized complex Hodge modules in any local
trivialization of L. This follows from the definition of polarized complex Hodge modules,
because in any local trivialization, the two objects are exactly the nearby cycles and
unipotent vanishing cycles of (M, FoM, S). O

Remark 3.13. From (29) and Lemma (ETIT]), we also see that grl¥ gr¥ M, is naturally
twisted by oL for o € (—1,0).

3.12. Untwists. The following lemma provides a procedure to “untwist” a twisted Hodge
module when the twisting is an integer.

Lemma 3.14. If M = (M, F,M,S) is an aL-twisted Hodge module, then
M®L=M®®LFM®®L,S®L)

is an (a + 1) L-twisted Hodge module. Here S ® L is a current defined by multiplication
of S by |g|* when one changes the trivialization of L by g.

In particular, if o« € Z and (M, FZM) underlies an aL-twisted Hodge module, then
(M, FoM) @ L™ underlies a polarized complex Hodge module.

Proof. 1t suffices to check that if M is a right aL-twisted Z-module, then M ® L is a
right (o + 1) L-twisted Z-module, which follows from Remark 33l U



HIGHER MULTIPLIER IDEALS 32

4. VANISHING THEOREMS FOR TWISTED HODGE MODULES

In this section, we prove a general vanishing theorem for twisted Hodge modules,
extending Saito’s vanishing theorem [62, §2.g] (see also [68]). We work with algebraic
setting in this section. Before the proof, we need the notion of non-characteristic for
twisted Z-modules and twisted Hodge modules. First, let us recall the situation of
filtered Z-modules.

Definition 4.1. [61], §3.5.1] Let f : Y — X be a morphism of smooth algebraic varieties.
We say that f is non-characteristic for a filtered Z-module (M, F, M) if the following
conditions are satisfied:

(1) H(ftarE M géf*l(’)x Oy) =0 for all i # 0, where
grf./\/l = @FkM/kalM
k

(2) The morphism df : (pro)~'Char(M) — T*Y is finite, where
Y xx "X 45 1y

|

T X,
and pr, is the natural projection and df (y, &) := (df)*¢ for y € Y, £ € Ty X

Remark 4.2. To check condition (1), it suffices to prove that Oy is a flat module over
/7'Ox. The condition (2) means that f is non-characteristic for the Z-module M,
and can be checked as follows (see [61, 3.5.1.3] and discussion after [68, Definition 9.1]).
Consider a Whitney stratification {Sg} of X such that Char(M) C [J; T3, X, then the

condition (2) is satisfied if the fiber product Sz xx Y is smooth for every /.

Let L be a line bundle on X, a € Q and let (M, F,M) be a filtered aL-twisted
Z2-module with a good filtration.

Definition 4.3. We say that f is non-characteristic for the filtered twisted Z-module
(M, F,M) if for every open subset U C X trivializing L, the induced morphism f~*(U) —
U is non-characteristic for the filtered Z-module (M, FoM)|y.

Lemma 4.4. Let M be a aL-twisted polarized Hodge module on X with strict support

Z. If f: Y — X is non-characteristic for the underlying twisted 2-module (M, FeM).
Then we have isomorphisms

fM =S My, ffFLM = FuMy,
where (My, Fe My) underlies an oLy -twisted polarized Hodge module with strict support
f~YZ) and Ly = f*L.

Proof. This can be argued in the same way as in [68, Theorem 9.3] by using the equivalence
between a polarized complex Hodge module of weight w with strict support Z and a
polarized complex variation of Hodge structures of weight w — dim Z on a Zariski-open
subset of the smooth locus of Z. O

Now we extend Saito’s vanishing theorem to complex Hodge modules.

Theorem 4.5. Let X be a smooth projective variety and let M be a polarized complex
Hodge module on X with strict support Z, where Z s reduced and irreducible. Let L be
an ample line bundle on Z, then one has

H'(Z, gt DRIM)® L) =0, fori>0, andp € Z.
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If Q% is trivial, then
Hi(Z,gr5M®L):O, fori>0, andp € Z,
where L is any ample line bundle on Z.

Proof. We sketch a proof following the method of [68], which is based on the Esnault-
Viehweg method. In this proof, we use left Z-modules and explain how ingredients for
complex Hodge modules from [60] fit together to give such a statement.

First we need to show that each

grﬁDR(M) = [grﬁ/\/l —>Q§<®gr§+1./\/l — ---—>Q’}(®gr§+n./\/ﬂ [n]

is a well-defined complex of coherent Oz-modules, where n = dim X. One needs to show
that if f is an arbitrary local section of the ideal sheaf Z;, then f - grll)m M = 0, which
is the consequence of (M, F, M) being strictly R-specializable along f = 0. In fact one
only needs the condition (for right Hodge modules)

(Fpgry M) -0y = Fpigri M,  forallp€Zand a > —1,

see [69, Exercise 11.3]. This is satisfied by [60} Definition 10.6.1, Condition (b)].

Then one needs to show the compatibility of the de Rham complex with the duality
functor, i.e. if M is a polarizable complex Hodge module on an n-dimensional complex
manifold X of weight w, then any polarization on M induces an isomorphism

RHome, (grg DR(M),wx[n]) = grfp_w DR(M).

This is proved in [60, Corollary 8.8.22 (6)] (the underlying filtered Z-module (M, F, M)
of a complex Hodge module is a holonomic Rr%Zx-module and Extﬂ%F@X (ReM, RpDx)
is a strict RpZx-module for every i). It can be compared with [61, Lemme 5.1.13]. This
compatibility is needed because then the desired vanishing statement is equivalent to

H'(Z,gry DRIM)® L™") =0, Vi<0, and p € Z.

Lastly, we need the non-characteristic pull back of complex Hodge modules (c.f. Lemma
44 and the Ej-degeneration of Hodge-de Rham spectral sequence

EP = HPH(X, gr” DR(M)) = H"*Y(X,DR(M))
for a complex Hodge module M on a smooth projective variety X. This is proved in [60,

Theorem 14.3.1]. O

Remark 4.6. There are two more strategies for the proof of Theorem 4.5l either one
follows Saito’s original proof [62, §2.g] and uses necessary ingredients from [60], or one
generalizes Hyunsuk Kim’s analytic proof for [29, Theorem 1.4] to complex Hodge mod-
ules.

Now we can prove the vanishing theorem for twisted Hodge modules. If o = 0, this
recovers Theorem

Theorem 4.7. Let D be an effective divisor on a projective compler manifold X and
denote L = Ox (D). For any o € Q, let M be an aL-twisted Hodge module with strict
support Z and let B be an effective divisor on Z such that the Q-divisor B + aD|y is
ample. Then we have

H' (Z,grf DR(M) ® Oz(B)) =0, for every i >0 and k € Z.
If QY is trivial, then
H' (Z,gry M®Oz(B)) =0, wheni>0 andk € Z.
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Proof. The general idea is to go to a finite branched covering on which oD becomes
integral, and then to apply the untwisting Lemma [3.14] as well as the vanishing theorem
for complex Hodge modules.

Write a = p/m with ged(p,m) = 1. By a result of Bloch and Gieseker (see [6] and [33]
Proposition 2.67]), there is

(%) a finite flat morphism f :Y — X, with Y smooth projective, f*L = mLy

for a line bundle Ly on Y.

We claim that one can choose f to be non-characteristic for the filtered twisted -
module (M, Fy M) in the sense of Definition To prove this, let us recall the con-
struction of Bloch-Gieseker covering following [35, Theorem 4.1.10]. By writing L as the
difference of two very ample divisors and applying the following construction to each
of them, we can assume that there is a finite-to-one mapping ¢ : X — P" such that
L = ¢*Opr(1). Fix a branched covering p : P* — P such that p*Opr(1) = Opr(m).
Given g € G := GL(r + 1) acting on P” in the natural way, denote by p, : P* — P”
the composition p, = g o . Define Y, := X Xp P", with a map f, as in the following
Cartesian square

Y, —— P’

el
X 2. pr

It is shown in [35, Theorem 4.1.10] that if g € G is sufficiently general, then f, : Y, = X
satisfies the condition in (). We will show further that one can choose g such that
fy + Y, — X is non-characteristic for (M, F,M). Let us choose an open cover {U;}
of X trivializing L so that M|y, is a Hodge module. By Definition 3] it suffices to
check conditions (1),(2) in Definition E1] for the morphism f~'(U;) — U;. Consider the
mapping

m:GxP" =P (g,2)— g-pu(z),

and form the fiber product W = X xpr (G x P") with the following commutative diagram

b

W — GxPr 23 @

X —2 5P
The fiber of b over g € G is just Y. The Generic Flatness Theorem implies that for a
generic g € G, we have Oy, is a flat f ~1Ox-module, which verifies the condition (1) by

Remark For the condition (2), choose a Whitney stratification {Sz} of X such that

Char(M|y,) € | T4, Ui, for all 4, 3.
B

By the proof of [24] TT1.10.8], we see that m is a smooth morphism, hence the base change n
and Sgx x W — Sg are smooth, therefore the fiber product S x x W is smooth. Applying
the Generic Smooth Theorem applied to the map Sz xx W — G, we see that Sz xx Y,
is smooth, then the condition (2) is satisfied by Remark

With such a choice of f, by Lemma [£.4] and note that af*Y = mLy, one knows that
the pullback

(My, FEMy) i=wy/x @ (M, FoM)
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still underlies a pLy-twisted polarized Hodge module with strict support f~(Z) and
gty DR(My) ® f*Oz(B) = wy;x ® f* (g, DR(M) ® Oz(B)).
Then by Lemma [4.8] it is enough to prove the vanishing of
H' (Y, grf DR(My) ® f*Oz(B)) = H' (Y, grj, DR(My @ Ly")) ® f*Oz(B) ® L}.) .

Since p is an integer, Lemma 3.4 implies that (My, FeMy) ® Ly underlies a polarized
complex Hodge module with strict support f~(Z). Note that the line bundle

[ Oz(B) @ LY |12y = [*Oz(B + aD|z)

is ample by assumption and finiteness of f, therefore the desired vanishing follows from
Theorem [Z.5]
If QL is trivial, one can argue as in the proof of [56, Lemma 2.5]. u

Lemma 4.8. Let f : Y — X be a finite surjective morphism of smooth complex projective
varieties and let E® be a bounded complex of coherent sheaves on X. Then the natural
homomorphism

Hj<X7 E.) - Hj<Y7 wY/X ® f*E.)
induced by f is injective. In particular, if H(Y,wy;x ® f*E*) =0 for some j >0, then
H/(X,E*) = 0.

Proof. The proof is similar to [35, Lemma 4.1.14]. By the projection formula and the
finiteness of f, we have

HI(Y,wy)x ® [E*) = H'(X,Rf.(wy/x @ [*E))
:Hj<X7 Rf*WY/X ® E.) = Hj<X7 f*wY/X ® E.)

Since the natural inclusion Ox — f.wy/x is splitted via the trace map f.wy,;x — Ox,
we conclude that E* — f.wy,/x ® E* also splits. The stated injectivity follows. g

4.1. A Kawamata-Viehweg type log Akizuki-Nakano vanishing theorem. We
discuss some consequences of the vanishing Theorem (.7 for twisted Hodge modules. As
an illustration, we give a quick proof of a Kawamata-Viehweg type log Akizuki-Nakano
vanishing, which is a special case of [I, Theorem 2.1.1]. The key idea is to construct an
al-twisted Hodge module associated to Ox(|aD|) where D is a normal crossing divisor
and L = Ox (D). We would like to thank Jakub Witaszek for pointing this out.

Let A=), e;A; be a Q-divisor. There are several related divisors

[Al,  |A], and {A}
defined by applying the same operation to coefficients e;. For example,
[A]:=) TeilAi, {A}:=) {e}A

We also denote the support of A to be
suppA = Z A;.

It is immediate to see that
supp{A} + |A] = [A].
We prove the following Kawamata-Viehweg type log Akizuki-Nakano vanishing theorem.
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Theorem 4.9. Let X be a smooth projective variety of dimension n and let A be an
ample Q-divisor on X with normal crossing support. Then

H'(X,Kx +[A]) =0, Vi>D0.
More generally, we have
HP(X, Q% (logsupp{A4}) ® Ox(|A])), whenever p+ q > n.
Here Q% (logsupp{ A}) is the sheaf of log forms along the normal crossing divisor supp{ A}.
Remark 4.10. This recovers [I, Theorem 2.1.1] for the case of
A=A, D=G=supp{A}, F=[A]-A

The idea of the proof is to produce a (positively) twisted polarized Hodge module M
such that the underlying filtered twisted Z-module satisfies

g’y DRx (M) = Q% "(logsupp{A}) @ Ox (| A])[p).

Then the desired vanishing statement will follow from Theorem .71 To do this, we need
twisted version of some constructions in §2.2] and so we use similar notations. Let X be
a complex manifold of dimension n and let

D=)eY;, e€N
el
be a normal crossing divisor on X. For a € (0, 1], let
(41)  IL.={i€l|e-acZ}, E= > Yi=supp{aD}, L=0Ox(D)
i€\ Ia
We consider a log version of twisted differential operators in §3.21 Let
Dx Loz E) © Dx,aL

be the sub-algebra of Zx o1, locally generated by elements preserving the ideal sheaf of
E. Over an open subset U trivializing L, one has Zx a0z £)|lv = Zu(log E|v) € Py, the
differential operators over U preserving the ideal sheaf of F|y.

Lemma 4.11. The line bundle Ox(|aD]) is equipped with a left Dx ar(0g £)-module
structure.

Proof. The construction is similar to the one in [13] §7.4]. To make ideas more clear, let
us first give a less rigorous discussion. If we allow the expression Ox(aD), we can write

Ox(laD]) = Ox(aD - {aD})

=O0x(aD)® Ox [ > —{ae;}V;

Z’GI\I&

Thus on any open subset U trivializing Ox (D), one has

Ox(laD]) = 0x | Y  —{ae}y;

i€\ I

Then one can define a %y (log E|y)-action as in ([2Z.15) and would expect globally this
gives a left Dx ar(og p)-module in the presence of Ox(aD).
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To make it more rigorously, let N be the greatest common divisor of {e;};cr, and

consider the line bundle
€;
La = OY <— E N}/Z) .

i€la
Note that aN is an integer. Then we have

Ox(laD]) = (L)Y @ Ox | 3 ae,)Y,

TNA

On the other hand, one has

(L) N =0xD)®0Ox [ - > &Y

i€\l

Let ¢ : Ly — U x C be the local trivialization of the line bundle L = Ox (D). Let
¢ € T9U, Ly) be a local section. Then ¢,({~V) = [Ticn, 2", where z; is the local

equation of Y;. Let
s=0N H zi_LaeiJ

i€\l
be a local frame in T%(U, Ox(|aD])) , then
duls) = [T = lod = T =,
i€\l i€l\la
Now we define a left Py (log E|y)-action by
lacit g (s), itiel\I,
0 du(s) = 4 ™ o yy '
0, ifi € 1,.

It is immediate to verify that this gives a left Px 110z p)-module.
O

Now we define a right filtered Zx ,r-module similar to (2.16). Since the sheaf wx (log £)
is a natural right Zx (log E)-module, thus wx (log E)®o, Ox (|aD]) has a right Zx ar10g £)-
module structure and

M = (wX(log E) ®@X Ox( LozDJ )) ®@X’QL(log B) -@X,aL

is a right Px or-module. There is a good filtration Fe M on M induced by the order
filtration on Zx o1, similar to F,V, ; in (2.16). Similar to (2.I7), one can show that

(4.2) g, , DRx (M) = Q% P (log E) ® Ox(laD])[p], Vp.

We claim that the filtered twisted Z-module (M, F, M) underlies an «L-twisted po-
larized Hodge module. Since locally (M, F, M) is the filtered Z-module underlying the
constant Hodge module, it suffices to write down a flat Hermitian pairing

S M®cM— CxaL-

The construction is similar to [I3] (8.46)]. As before, on an open subset U trivializing

Ox (D), we have
M|y = (wy @ Op(|laD| + E)) @ Dy

wo @ Ou( ) (—{ae} +1)Y;) | @ 2o,

i€l\I,

1%
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where E' =), N Y;. The Hermitian pairing S|y is induced by

n(n+1)
(=1) = - _
S([s1 @ P, [s2® Py)) = ——=— [ (PLPa—)(51 A 52)n,
(27‘(’\/ —1)" X
where P; € T%(U, Zy) and s; € TO(U, wu @ Ov (D e p 1, (—{aei} +1)Y;)). Here (s1AS3)y is
the top form induced by the canonical singular Hermitian metric | — |, on the line bundle
Ou( ) (~{ae} +1)Y))
i€\ Ia
with weight function Hie N zi{aei}fl. One can check that it glues to a pairing into €x 1,
and is Zx qr-linear. Then Theorem .7 together with (4.2]) imply the following

Lemma 4.12. If X is smooth projective, D is an ample normal crossing divisor on X
and o € (0, 1], then

(4.3) H™(X, 0% P(log E) ® Ox(laD])) =0, Vi> 0.

Proof of Theorem[4.9 Let us choose the smallest integer NV such that N - A has integer
coefficients. Then D := N - A is an ample normal crossing divisor on X and we choose
o= + € (0,1]. In the notation of (£I) one has

E =supp{aD} = supp{A}, |aD]=[A].
Now (4.3]) gives the desired vanishing
H™P(X, Q% P(log E) ® Ox(|A])) =0, Vi>D0.
For p = 0, we have Q% (log F) = Ox(Kx + E), hence
H'(X,Kx + [A]) = H'(X, Kx +supp{A} + |A]) =0, Vi>0.

This proves the Kawamata-Viehweg vanishing. U

5. HIGHER MULTIPLIER IDEALS: DEFINITION AND FIRST PROPERTIES

In this section, we define higher multiplier ideals for effective Q-divisors and establish
some first properties. The more detailed local and global studies are carried out in the
later sections. Here is the main set-up of the following sections.

Set-up 5.1. Let X be a complex manifold of dimension n and denote by Q¥[n] the
constant Hodge module on X, with the underlying filtered Z-module (wx, Fewy) where

wx 1fk20,

Py =
+hWX {0 if k < 0.

Let D be an effective divisor on X. Let L = Ox (D) be the associated holomorphic line
bundle and also denote by L the total space of the line bundle, with the natural projection
p: L — X. Let s € H'(X, L) be a section with div(s) = D, which is viewed as a closed
embedding

s: X — L,
such that p o s =idx. Consider the direct image Hodge module
M = 5,Q%[n],
with the underlying filtered Z-module
(M, F.M) = s, (wy, Fowy).
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5.1. Definition. First we need a lemma on the associated graded of the Hodge filtration

on M.
Lemma 5.2. With Set-up [2.1], we have

F I siwx ® LY, difk>o0.
M =
Bl {0, if k < 0.

Proof. For any open subset U such that L|y = Oy, let f : U — C be a local function
such that D|y = div(f). Then the map s is given by the graph embedding of f:

sly=i;:U—=UxC, zw(z,f(x)).

The underlying filtered Z-module of s,(Q¥[n]|y) = 5.Q¥[n] can be computed as follows.
Let ¢t be the holomorphic coordinate on the second component of U x C. Using the
formula for the direct image by a closed embedding and a change of coordinates t
t — f(x),z — x, one has

E E ¢
3+(WX|U wU®8t, Fk8+ wX|U wU®8
LeN 0<e<k

Thus for &£ > 0, we have
(5.1) gtk 51 (wWxlv) 2wy © 9F,

and grf . si(wx|y) = 01if k < 0. Let us examine how the isomorphism (5.1) depends
on the choice of trivialization. Note that we can identify ¢ : U x C — C as the local
Oy-generator e of ['(U, L) so that the trivialization is given by

(5.2) Ox(U) S T(U,L), f+s f-e.
Now we change the trivialization (5.2) by g € O%(U) so that
Ox(U) = T(U, L) = Ox(U), fryg-[.

Since the local generator e changes to ¢g~' - e, the local coordinate t also changes to
t' = g~! - t. By the chain rule, we have 9y = g - 8,. This gives the following commutative
diagram

grl i s (wxlo) —— wx @ OF
I L+
gt s (wxlo) —— wx ® 94
Therefore, we conclude that there is a global isomorphism

gr€n+k sy M = gr€n+k si(wx) = si(wx @ LF).

4

Let V,, M be the V-filtration relative to the zero section of L; locally it is the Kashiwara-
Malgrange V-filtration relative to the local defining equation defined in §2 (see Remark
2.3). By property (1) in Definition 21} each V,M is a coherent sheaf of Op-modules.
Therefore there is an inclusion of coherent sheaves

FpixM N VoM
For aMOViM

by Lemma It naturally leads to the following.

gr’, VoM = gt M2 s, (wy ® L),
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Definition 5.3. Let D be an effective divisor on X. For any £ € N and a € Q, the
higher multiplier ideal Zj, (D) is defined to be the unique coherent ideal sheaf on X such
that

(5.3) grf VoM 2 s, (wx ® LF @ T, (D).
Similarly, we define 7, (D) to be the unique ideal sheaf such that
grin VeaM = s, (wx ® LF® Ty <a(D)).

Remark 5.4. The sheaf Z; (D) can be locally described as follows. Assume D = div(f)
for some holomorphic function f : X — C. Let iy : X — X x C be the graph embedding
and t be the coordinate on C. Under the isomorphism grf , isi(wx) = wx @ 0F (see

(1)), we have
(5.4) (wx ® Tpa(D) @ OF = g’ 4 Vg4 (wx).

Remark 5.5. If £ = 0, Budur and Saito’s result [9 Theorem 0.1] can be restated as: for
any a € Q one has

(5.5) Tyo(D) =T (X, (—a—¢€)D), for some 0 < e < 1,
the right hand side is the usual multiplier ideal. Equivalently, for any a € Q one has
Ly.<a(D) = T (X, —aD).

By the properties of V-filtrations in Definition 2.1l one has Zy (D) C Zj, 5(D) whenever
a < . Therefore one can talk about the associated graded pieces.

Definition 5.6. The graded pieces are defined by
gk,a(D> = Ik,a(D>/Ik,<a<D)-

We call a € Q a jumping number it Tj, .(D) # Iy o(D), or equivalently Gi (D) # 0.
There is an induced isomorphism

(5.6) grf o egrn M 2wy @ LF @ Gio(D).

In §3T11 we construct a nilpotent operator N (see ([3.5)) on gr’¥ M and let W, (V)
denote the weight filtration of this nilpotent operator.

Definition 5.7. The weight filtration W G o(D) is induced by the weight filtration
Wo(N) gr¥ M and the isomorphism (5.6). For each ¢ € Z, the graded piece is denoted by

a1} Gra(D) := WiGh.o(D) /Wi 1Gr.a(D).

One has
(5.7) Wi(N)grt ety M =2 wy @ LF @ WGy o(D),
(5.8) grljnJrk ngV(N) grg M2y LF® ngV Gr.a(D).

Definition 5.8. The weight filtration W,Zy (D) is defined as the preimage of W,Gy, (D)
under the quotient map Zj, (D) — Gk o (D). In particular, there is a short exact sequence
for any ¢ € Z

(5.9) 0 = Tjpca(D) = WiTjo(D) = WiGra(D) — 0.
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5.2. First properties. Using the properties of V-filtrations and Hodge filtrations in the
theory of Hodge modules, we establish some first properties of higher multiplier ideals.
Before doing so, we need a global version of action by ¢ and 9.

Lemma 5.9. For any o and p € Z, there exist morphisms

(5.10) FEVuM = FVa s M 0, L,
(5.11) FV M — Fy Vo M @0, L7
(5.12) F, grg M= Fy ngJrl M R0y L

where (B.I0Q) is locally induced by t and is an isomorphism for o < 0; (B11)), (512) are
both locally induced by 0, and (B.I2)) is an isomorphism for a > —1 and is surjective for
a=—1.

Proof. The proof is similar to the proof of Lemma Let U C X be an open such that
Ly = Op. If the trivialization of L is changed by g € O%(U), then the coordinate ¢ on
C is changed to g - t. Therefore the multiplication by ¢ globalizes to

gV M — gr’ M ®p, L.

Similarly, one can prove the action of 9; globalizes to (5.11]) and (5.12). Since wy underlies
the Hodge module Q¥ [n], the desired properties for (5.I0) and (5.12)) follows from the
properties in Definition and Remark (Q%[n] has strict support X). O

Proposition 5.10. Let D be an effective divisor on a complex manifold X. Fix k € N.
(1) If o < B, then Ty, (D) C Iy s(D). The sequence of ideal sheaves {Iy (D) }acq s
discrete and right continuous, the set of jumping numbers is discrete.
(II) One has Iy (D) = Ox.
(III) For any «, there exist morphisms

(5.13) Zya(D) = Iy a1(D) ® Ox (D),
(5.14) Tia(D) = Tit1,041(D),
(5.15) Gra(D) = Gry1,a11(D),

so that (513) is an isomorphism for o < 0, (B.14)) is an isomorphism for a > —1
and (B.I3) is isomorphic for a > —1, surjective for a = —1.
(IV) For k > 1, there are two short exact sequences:

(5.16) 0= L"®Z0(D)@wx » LM @ T, (D) @wx — g, wx(xD) — 0,

(517) 0= gt Lwx(ID)®L = LF @Gyt _1(D) ® wx = LF & Gy 0(D) ® wx — 0,

where (wx(xD), F) and (wx (D), F') are filtered Z-modules underlying the mized
Hodge modules j.Q¥, p[n] and jQ¥, p[n], and j : X \ D < X is the open embed-
ding.

(V) Let x € D and f, be the local function so that f,(x) =0 and div(f,) = D locally.
Then the set of roots of the Bernstein-Sato polynomial of f, is the set of jumping
numbers of {Iy (D).} for all k, modulo 7Z.

Remark 5.11. For k£ = 0, we have Z; .o(D) = Ox, which agrees with the fact that one
only consider J(8D) for 8 > 0, using Zy <o(D) = J(—aD). But for k > 1, we can have
a > 0, which provides new information and will be useful in applications. For k£ = 0, the
isomorphism (5.13]) for a < 0 recovers the well-known periodicity of jumping numbers for
multiplier ideals [36, Example 9.3.24]. One can compare (V) with 47, Proposition 6.14]
for Hodge ideals.
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Proof. The statement (I) follows from properties of V-filtration in Definition 2.11
For (II), if o > k, the surjectivity of (5.12) for @ > —1 induces a surjection

Foqgl , M—F ey Mo L

Since ', 1M = 0 by Lemma 5.2, we have F_,, . gr¥ M = 0 for a > k. This means
that F_, .M C VM and therefore

gerk VoM = grf,Hk M,
i.e. Iy «x(D) = Ox. This proves (II).

For (III), the existence and properties of (5.13), (5:14) and (5.15) follow from Lemma
and Definition [5.3] except for the property of (514). To prove the property of (5.14)),
ie.

Tio(D) = Tri1.041(D),  whenever o > —1,

let us consider the following commutative diagram

0 — Ik@(D) _— IkJC(D) e Ik:,k(D)/Ik:,a(D) — 0

| | |

0 — Zpy1001(D) — Lpy1p41(D) —— Drp1p11(D)/Trt1,041(D) —— 0,

where vertical arrows come from (5.I4]). It is clear by (II) that the second vertical
map is an isomorphism. The third vertical map is also an isomorphism by (5.13), since
Ty (D) /Iy o(D) is a finite extension of Gy z(D) for § € (a, k] and 8 > a > —1. We
conclude by snake lemma that the first vertical map is an isomorphism as well.

To prove (IV), let j : X\ D — X and i : D < X be the open and closed embeddings.
We use the functorial triangles from [62, (4.4.1)]. Since i, (H°(i'Q¥[n])) = 0, we have a
short exact sequence of mixed Hodge modules

(5.18) 0 — Q¥[n] = j.Q¥\pln] — i.(H'I'Q¥[n])(—1) — 0,
with the underlying filtered Z-modules
(5.19) 0= (wx, F) = (wx(*D), F) — i, (H'%'(wx, F)) = 0.

Since Q% [n] has strict support X, the underlying filtered Z-module of i, (H''Q%[n]) can
be computed as the cokernel of the injective morphism

var : (gr(‘)//\/l, F, gré/./\/l) — (g, M® L, Fogrt¥, M® L),

where locally var = ¢t by Lemma 5.9 Since gr, wx = wx and grf, , wx =0 for k > 1,
combined with (5.6) and (5.19), one has a short exact sequence for k£ > 1:
(5.20) 0= wy ®L*®Gyo(D) = wx @ " @ Gy _1(D) — grf,  wx(*D) — 0.
By (III), one has Zy «o(D) = L ® Iy, «—1(D) and thus it gives (5.16). In addition, we also
obtain
rf wx (xD
(5.21) wx ® L® Gy (D) = Enx(:D),
wx

which will be used in later sections.

Now, let us consider the exact sequence dual to (B.18):

0 — i (H Q¥ [n]) — 71Q¥\ p[n] = QX [n] — 0.

Dually, because Q% [n] has strict support X, the underlying filtered Z-module of i, (H ~*i*Qf [g])
is computed by the kernel of the surjective morphism

can : (gry1 M, F,_ gV, ./\/l) — (gr(‘)/./\/l ® L F, gré/j\/l ® Lil) ,
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where locally can = 9; by Lemma [5.9 This leads to (5.17]).

The statement (V) follows from a result of Malgrange [39]: every root of the Bernstein-
Sato polynomial of a function f must be the eigenvalue of the monodromy operator on
the nearby cycle ¢;C, modulo Z, and vice versa. On the other hand, by (III) we know
that modulo Z every jumping number is equal to a jumping number in [—1,0), which is
the range of « in nearby cycles, see (Z.2). O

Remark 5.12. The property F_, . egr¥ M = 0 for a > k is the global version of [,
2.1.4].

Remark 5.13. It is impossible to upgrade (5.17) to a short exact sequence
0— gt L wx(ID)®L— LF@T 1 1(D)@wx = LF @ T;,o(D) ® wx — 0.

Because in general it is not true that the morphism Zj_; o _1(D) — Zj <o(D) locally
induced by 0, is an isomorphism. For example, by (5.5]) and Lemma we will see that
Zo.<-1(0) = O4(—0) and Z; .((O) = Oy, where (A, O) is an indecomposable principally
polarized abelian variety.

5.3. Higher multiplier ideals of Q-divisors. The definition of higher multiplier ideals
can be extended to Q-divisors, although the twisting causes some complications. Suppose
that D is an effective divisor on X, defined by a global section s € H°(X, L). For any
integer m > 1, we denote by M,, the Hodge module on the total space of the line bundle
L™, obtained by the graph embedding along the section s™ defining the divisor mD.
Let (M, FeM,,) be the underlying filtered Z-module. It follows from Proposition
(applied locally) that we have an isomorphism of &'x-modules

anJrkaaMl = anJrkVaMrm
for a < 0 and k € Z. In light of Definition [5.3] this is saying that
(5.22) Tima(D) ® Ox (kD) = I, o(mD) ® Ox(kmD).

Both sides are torsion-free coherent &'x-modules of rank 1. We can use this formula in
order to extend the definition of higher multiplier ideals to effective Q-divisors.

Let E be an effective Q-divisor on a complex manifold X. Let m > 1 be a positive
integer with the property that mFE has integer coefficients. For a < 0 and k£ € N, we
then define the torsion-free coherent &'x-module

Sk,a(E) = Ik@(E) (059 ﬁx<l€E) d: Ik@/m(mE) X ﬁx(/{?mE)

ef

Of course, the notation on the left-hand side is purely symbolic, since Ox(kE) does
not make sense as a line bundle. As a consequence of Proposition 2.12] the resulting
O x-module is (up to isomorphism) independent of the choice of m.

For k = 0, we get a well-defined ideal sheaf 7 ,(F) in this way. As expected, it agrees
with the usual multiplier ideal sheaf of the Q-divisor —(a + €)E for small € > 0.

Lemma 5.14. Let E be an effective Q-divisor on a complex manifold. Then
Iy <a(E) = J(X, —ak)
for every a < 0.
Proof. Let m > 1 be such that mFE has integer coefficients. Then by definition and (&.5]),

To<a(D) = Tocam(mE) = J (X, == -mE) = J(X, ~aE),

the last equality being of course a basic property of multiplier ideals. U
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For k > 1, it is only the rank-one torsion-free sheaf Sy o(E) = Zj, o(E) ® Ox(kE) that
is globally well-defined. In order to get an actual sheaf of ideals, we observe that the
reflexive hull of Sy o(E) is a line bundle. Consequently, we have

SkalE) = Ti o(E) © Spo(E)™

for a unique coherent sheaf of ideals in x. By construction, the cosupport of this ideal
sheaf has codimension > 2 in X. In the case of a Z-divisor D, this ideal Z; (D) is the
result of removing from 7 ,(D) its divisorial part. All the local properties of higher
multiplier ideals therefore carry over to the setting of Q-divisors. We leave the details to
the interested readers.

5.4. Comparison with the microlocal V-filtration. We compare the higher multi-
plier ideals with Saito’s microlocal V-filtration [64, 65]. To recall the definition from [65],
we need to temporarily work with left Z-modules and decreasing V-filtrations. First let
us consider the local situation: let X be a complex manifold of dimension n and let f be
a holomorphic function on X. Consider the graph embedding

ir: X = XxC, zm(z,f(x)),
where t is the coordinate on C and the following two filtered left Z-modules
(5.23) (Bf, F) :== (if)+(Ox, F), ([S’f,F) = Ox ®c (C[0y,0; '], F).
Here (if);+ is the direct image functor for filtered Z-modules and By = Ox ®c C[04]. The
Hodge filtration on By and B are defined by

FBp:= ) Ox®0, FBy:=> 0x®0d,

0<t<k <k

so that
gl By =0x®dF, VkeN, and gif Bj=0x®0df, Vkel
Therefore, there is a natural isomorphism:
(5.24) Ox ® 1= grl By.
The microlocal V-filtration on B + along t = 0 is defined by
VOB, { VAB; & (go)g[atv;]_a;é) ifg<1, |
A s ifB8>1,8—7€(0,1].

Here 0;t —a acts nilpotently on gr{; B;. The microlocal V-filtration on Ox is then induced

by (.24)

(5.25)

VBOX ®1:= gr5 VBBf.
Then we have the following statement.
Lemma 5.15. With the notation above. If0 < <1 and k € N, then
VO @ 0F = grf VPB;.
under the identification Ox ® OF = grl’ B;.

Proof. Let u € V¥POy. Since k € N and 8 € (0,1], by (5.25) there exist an integer
¢ >0 and elements u_gs,u_gi1,...uy € Oy, such that

® U = U, B ~
® Z—égigo U; & Qf S VkJrﬁBf N FyBs, where

oF - VMPB, = VPB; @ Ox[0; 10, 1.



HIGHER MULTIPLIER IDEALS 45

Therefore
Y weot =0 () w®d) e VB o0k 0"
—£<i<0 —£<i<0

Since k > 0 and u ® 9F = uy ® 9F, we know that

Z U; & 8tk+l € VﬁBf N Fka

k+i>0
Hence the class of u®9} is an element in grf’ V#B; via the isomorphism grf’ By &~ Ox ®0F.
This induces a map
(5.26) VO @ 0F — et VB,

u® O = [u® of].

Now, let us show (5.26]) is an isomorphism. First, suppose that [u®0F] = 0 € grf VA8,
then u ® OF € Fj,_1VPB;. We must have u = 0 and hence (5.26) is injective. For the
surjectivity, assume [v®@0F] € grf’ VB, for some v € Oy, then there exist vy, ..., vx € Ox
such that '

v =, and Z v, ®0; € VﬁBf.
0<i<k
Then A . . -
Y vwed e VB nFB; C VBN FyBy.
0<i<k
Therefore v ® 1 € VF#Ox ® 1, this means that v € VF80Ox. Therefore (5.26) is also

surjective.

n

Let D be an effective divisor on a complex manifold X. There is a microlocal V-
filtration V*Ox along D, see [41, §1]. The point is that the filtration V*Ox does not
depend on the choice of a local defining equation, see [41, Remark 1.3].

Corollary 5.16. With the notation above. For any k € N, one has

T,.(D) = VE=eQy, ifa>—1,
b B Vk’(aH)OX ® Ox(—tD), ifa<—1andt €N so that —1 < a+t<0.
Conversely, for any rational number § > 0, we have

Lig)—~sy(D) if BEN,
Proof. We can check the statements locally and assume D = div(f) for some f : X — C.

Then M in Set-up B becomes wy := (if);wx. We have the following transition rules
between left and right Z-modules:

(5.27) VPOx =Tjs-o),1p-c)-p(D) =

wx oy VPBr =V gy, wx ®oy grf Br = grl i xir @x-
Then for any k € N and o € [—1,0), by Lemma and (5.4) we have
VEOx @ 0F = gerf V7oB; = gr” i xin Valx @0y Wy = Zia(D) @ OF,
which gives
Tio(D) = VF(D), when —1 < a <0,

The case a > 0 follows from (5.14) being an isomorphism for & > —1. If o < —1, we use
that (5.13) is an isomorphism when « < 0. O
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Corollary 5.17. One has
Tit1a(D) C Ty o(D), foralla € Q,k € N.
More generally, if aq, a0 > —1, then
Tiy.0r (D) C Ty o (D),  whenever ky — aq > ko — .

Proof. Tt follows from Corollary and that V*Oy is an decreasing filtration. O

5.5. Comparison with (weighted) Hodge ideals. We compare higher multiplier
ideals with the (weighted) Hodge ideals from the work of Mustata-Popa and Olano
[45), 46, 2.

Let D be a reduced effective divisor on a smooth algebraic variety X. Denote by
I(8D) the k-th Hodge ideal associated to the Q-divisor SD. By [45, Proposition 10.1]
and (5.3), one has

Iy(D)=J(X,(1—¢)D) =TIy (D).

for some 0 < € < 1. For general k, we have the following comparison.
Lemma 5.18. For any rational number —1 < a < 0, we have

Zio(D) = Iy(—aD)  mod Ip.
Proof. By [47, Theorem A’], for any § > 0, one has
(5.28) I;(BD) = V¥P0x  mod Ip,
where V*Oy is the microlocal V-filtration along D. Since —a > 0, together with Corol-
lary this gives

Tio(D) =V 2Oy = I(—aD) mod Ip.
O

Example 5.19. Assume D has an ordinary singularity at = with mult,(D) =m > 2. In
Theorem [6.6] we compute Zy, (D) and it implies the following: write dim X =n = km+r
with £ € N and 0 <r < m — 1, then one has

r —

1
Ik@(D)m = [k (—OéD)x, Vmax(—l, —1- ) <a< 0,

i.e. (5:28) holds without Zp. This can be checked as follows: set & = —p/m such that
p€[l,mland p<m-+r—1. Then (k—1)m+ [—am| < n and k < n — 2, so that we
can apply (6.I7) in Theorem and [46, Example 11.7] to get

Li(—aD), =m?" = mbmtl-oml=n _ 7 (D),

T

The first interesting case is n = km, r = 0 and o« = —1. In this case, (D), is not
known; on the other hand, (6.I7) implies that Z; _1(D), = (Jp,m}"), where F' is the
equation of P(C,D) inside P(7T,X). If k > n/m, there are examples where the equality
(5.28) fails without Zp: D = div(f), f =2 +y*+ 23 withn=m =3,k =2 and a = —1.
This is a consequence of [65 §2.4, Remarks (ii)] and Corollary [5.16]

Example 5.20. Weighted homogeneous polynomials with isolated singularities provide
another example where (5.28)) holds without Z, for small k, see Example [6.201

Next, we give a comparison with weighted Hodge ideals [52], generalizing Lemma 5. 18]

To do this, let us start by giving a more precise comparison than Lemma [5.18 for « = —1.
For k = 0, we have

(5.29) 7 = G0-1(D) =

Ox(-D) Ox(-D) 0. D)
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where the second equality uses (5.2I) and gr wx(*D) = wx @ grl’ Ox(*D).

Lemma 5.21. For k > 1, we have an isomorphism

T _1(D) N I,(D)
Tio(D) ® Ox(—D)  I;_1(D) ® Ox(—D)’

Proof. By definition, one has F},Ox(xD) = Ox((k + 1)D) ® I(D). This gives a natural
inclusion Ij_1(D) ® Ox(—D) < I(D) and thus for k£ > 1 one has

_ Ix(D)
- L1(D)® Ox(=D)

On the other hand, recall from (B.16]) that there is a short exact sequence for k > 1:
(5.30) 0 — Z4o(D) ® Ox(—=D) —= T}, _1(D) — grf Ox(*D) ® Ox((—k —1)D) — 0,
where grf Ox(xD) @ wy = gr¥ . wx(xD). This finishes the proof. O

gry Ox(xD) ® Ox((—k — 1)D)

Remark 5.22. Lemma (.21l implies Lemma [B.I8 when o« = —1. It remains interesting
to see if Lemma [5.21] extends to arbitrary a.

Recall from [52] the weighted Hodge ideal is defined by
FW,1Ox (xD) = Ox((k + 1)D) ® I (D),

so that the weight starts with ¢ = 0. If £ = 0, it is studied as the weighted multiplier
ideal in [51]. Now we generalize Lemma [5.21] to the following.

Lemma 5.23. Fiz { > 0. For k > 1, there is an isomorphism

(5.31) WeZi,1(D) o L. "(D)
' Wi o(D) @ Ox(—D) [,?ffl(D) ® Ox(=D)

For k=0, we have
(5.32) WiZo_1(D) = I/ (D),  WiGo (D) = I, *(D)/Ox(~D).
Proof. For k > 1, the short exact sequence (5.20) implies that
0 = Gro(D) ® Ox(—D) — Gy, _1(D) — gry Ox(*D) @ Ox((—k — 1)D) — 0.
Since the weight filtration is strict, one has

WG —1(D) N [,Zv“l(D)

WiGro(D) ® Ox(=D) — [V4'(D) @ Ox(-D)’

where the shift by 1 comes from the weight convention on gr¥, M in (23)) and the Tate
twist in (5.18). Because the weight filtration W Z; (D) is induced by WGy o(D) and we
have an isomorphism 7y ¢(D) ® Ox(—D) = Z; ._1(D) by (5.13), then (5.31]) follows.
Similarly, (5.29) implies that W,Gy_1(D) = Igv“l(D)/OX(—D). Since WyZy _1(D) is
the preimage of WyGy _1(D) under the natural map Zy _1(D) — Go—1(D), we must have

1V(D) C WZo_1(D).

Because both ideals Igv“l(D) and W,Zy _1(D) have the same quotient after Ox(—D)
(which is W,Go —1(D)), they must equal to each other.
U
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Corollary 5.24. For any k > 1, one has
WiZy.,—1(D) = [,ZV‘“(D) mod Zp, for any L.
For k=0, then
W_\Ty_1(D) = Ox(=D), WeTy_1(D) = adj(D), Wy_1To_1(D) = To_(D),
and
Wi, (D) = {0 | so= -t
adj(D)/Ox(=D) if £ =0,
where adj(D) is the adjoint ideal of D.

Proof. Besides Lemma (.23, we also use the fact that IJ°(D) = Ox(—D), I/"(D) =
Ioy(D) and I)V*(D) = adj(D) from [51, Theorem A]. O

Remark 5.25. Using the comparison result above, many results of weighted multiplier
ideals and weighted Hodge ideals from [51], [52] can be translated to W Zy o (D). We leave
the details to interested readers.

5.6. Minimal exponents as jumping numbers. Let f be a holomorphic function on
X. The minimal exponent of f, denoted by & in [64], is defined to be the negative of the

largest root of the reduced Bernstein-Sato polynomial by(s) := bs(s)/(s -+ 1), where bs(s)
is the Bernstein-Sato polynomial of f. If D is an effective divisor, the minimal exponent

is defined by

(5.33) Gp = minay,,

where f, is the local function of D such that f.(x) = 0. We can interpret &p as the first
jumping number of higher multiplier ideals, up to a shift.

Lemma 5.26. Let D be an effective divisor on X, then
ap = min{k — o,k € Nya € (—=1,0] | Gro(D) # 0}
=min{k —a,k € Nya € (—1,0] | Zy <o(D) € Ox}.
Proof. For the first equality, because Gy (D) # 0 if and only if Gy (fz) # 0 for some

local function f, of D, we can assume D = div(f) with f : X — C. By [42], Proposition
2.14] and [65), (1.3.8)], one has

ap =min{k+ B,k €N,B € [0,1) | gry g1y By # 0},
where By is the direct image of Ox from (5.23]). Then the first equality follows from the
right-to-left Z-module transformation
wx ® LF ® Gya(D) = gl gl M = wx ® gry, gry,* By.

To prove the second equality, write &p = k — a with & € N;a € (—1,0], such that
Gr.a(D) # 0 and
(5.34) Gis(D)=0, VjeN e (-1,0], andj—pF <k —a.
Now it suffices to show

Grs(D) =0, VB E€ (ak),

since Proposition 5.10 gives 7y <x(D) = Ox. This can be proved as follows: if 5 € (a, 0],
then Gy 5(D) = 0 by (B.34); if 5 € (0,k), then (5I5) being isomorphism for a > —1
implies that

Grp(D) = Gr1p1(D) = ... =G 1p)-15-15-1(D) =0,
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because § — [5] — 1 € (—1,0]. This finishes the proof.

6. EXAMPLES

In this section, we compute higher multiplier ideals for several important classes of divi-
sors, including ordinary singularities, normal crossing divisors and diagonal hypersurfaces
(for example cusps defined by 2 + 3%). They are crucial for the further investigation of
local properties of higher multiplier ideals in §7l

6.1. Ordinary singularities. Let D be an effective divisor on a complex manifold X
of dimension n > 3. Following [45], we say a point € D is an ordinary singular point
if the projectivized tangent cone of D at z, denoted by P(C,D), is smooth. We give a
detailed analysis of Zj, ,(D), and Gy (D)., see Theorem

Since this is a local question, let us first analyze the local model, which is the cone over
a smooth hypersurface in a projective space. The set-up is as follows.

Set-up 6.1. -

e Let n >3 and let (Zy,...,Z, 1) be a homogeneous coordinate of P!, Let X,
be a smooth hypersurface in P*~! of degree m > 2, cut out by a homogeneous
polynomial F. Let D = {F = 0} C C" be the affine cone over X,,. Denote by

oF oF )

0Zy " 0Zp 4
the homogeneous coordinate ring of P"~! and the Jacobian ideal of F'.

e Let W — P"! be the degree m cyclic covering of P*~! branched along X,,,
associated to the section F € HO(P" !, Opn-1(1)®™). Let (Zy,..., Zn 1,t) be a
homogeneous coordinate on P™ so that W can be realized as a smooth hypersur-
face of degree m:

W:{F(ZO,,Zn,l)—tm:O}gP”

S:Sym'(ZO,...,Zn_l), JF:S(

e There is an e*™/™-action on P™ induced by
t— 627”'/mt, ZZ — Zi7

which induces an action on W. Denote by H”? (W,C) the primitive (p,q)-

prim

cohomology (same for H}¥ (X,,)) and HJ{ (W, C)y the A-eigenspace of the ac-
tion.

To explain the computation on Gy (D), let us first relate the (p, ¢)-cohomology of the
cyclic cover with the Jacobian ring S/ Jp.

Lemma 6.2. With Set-up [61. Fiz integers p € [1,m] and k € [0,n — 1], then
1 0 ifp=m
Hn~1 ngW(C 7'riprng ’ ’
prim ( ) )62 / (S/JF)m(k+1)_p_n7 Zf 1 S P S m — 1.
ngi_r}i_k’k_l(va C) = (S/‘]F)mk_na
where (S/Jr)* is the degree { component, with the convention that it is zero if { ¢ N.
Proof. Denote by

Ty = Syt o2 (£ O

oz, 07, .
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the Jacobian ideal of f = F' — ™, where Z,, = t. Since W = {f = 0} C P" is a smooth
hypersurface of degree m, by [73, Corollary 6.12], there is a natural isomorphism

(6.1) (Sym®(Zo, ..., Zy)/Jp)m k0=t I g A =RR ),
Recall that there is an action of €2™/™ on Sym®(Z, ..., Z,), which induces an action on

W and Sym*(Zy, ..., Z,)/Js.

Claim 6.3. The isomorphism (6.1)) induces an isomorphism of eigenspaces:
(6.2)
((Sym*(Zy, ..., Zn)/t]f)m(k‘ﬂ)fnfl)

Proof of claim. Let us recall the construction of (6.1]) using Griffiths’ residue. Let © be
a generator of H°(P™ wpx(n + 1)) given by

Q= (-1)'ZidZyN...NdZ; N... NdZ,.

i

% Hnilik,k:(W)e%'rip/m’ vp c [17 m]

eQ‘rr'L(pfl)/m prim

where Z,, = t. Denote U = P™ \ W and consider the following composition of maps

H(P", Opn(m(k +1)—n—1)) = F"*H"(U,C) = F* " H".1(W)

prim
= g T (W) = Hig, mM (W),
where the first map associates a polynomial P to the residue of the class of the mero-
morphic form ff—%. Griffiths [22] showed that this composition map is surjective and the

kernel is generated by (J;)™*+D=n=1 g0 this induces (6.1]). Observe that
<e27ri/m . Q) — e27m'/mQ’ e27ri/m . f — f,

hence ‘ ‘ ‘
o2mi/m PQ (62m/m : P)(e%z/m Q) _ p2mi/m (e%z/m - P)Q
fk+1 o (627ri/m . f)k+1 o fk+1
Therefore
4 . . Qr , QP

2mi/m | _ 27mi(p—1)/m 2mi/m | __ 2wip/m

e P =™ P—ce —ka—e P —ka,
and (6.2)) follows. O

To finish the proof, let us fix an integer £ > 0 and analyze (Sym*(Zo, . . ., Zn)/Jf) snitp-1)/m>
which is generated by the class of t~1. There are two cases.
o If p = m, then (Sym*(Zy, ..., Zy)/Jf) smip1)m = 0 for all £, because the generat-
ing class t™! is zero in Sym*(Zy, ..., Z,)/J;.
o I[f1 <p<m—1,then

(Sym*(Zo, - Zu) /T 1) omitoryym = (Sym®(Zo, -, Zna) [ Tp) ~070 427,

We then obtain the statement for W by setting ¢ = m(k + 1) —n — 1 and using (6.2)).
The statement for X,, directly follows from [73], Corollary 6.12].
O

Let us also recall a formula regarding the direct image of filtered Z-modules.

Lemma 6.4. Let X be a complex manifold and let i : X — X x C" be the closed
embedding induced by x — (,0). Let (M, F,M) be a filtered Z-module on X, then

erf (i, M) = @ (kM) ),

>0
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Proof. Let ty,...,t, be the holomorphic coordinates on C" and set 0; = 9/0t;. It follows
immediately from the formula

M=y Meor o

with filtration given by
'L+M Z (a1+~~~+an)M & 6?1 cee 62"

t

Proposition 6.5. With Set-up [6.1. Denote by x € D the unique cone point. Fix k € N
and a € (—1,0]. Then

supp Gr.o(D) C {2z} and Gy (D) = 0, whenever am ¢ Z.

Furthermore, assume am € Z, then the weight filtration on Gy (D) is trivial and the
following hold.

o [fm(k—a)—nel[0,m—1] and k € [0,n — 1], one has

(6.3) Gra(D)s = (S Jp)" )"
where S = Sym*(Zy, ..., Z,_1). More precisely,
H' P W, C) omia if @ € (—1,0)
6.4 o(D), = print c , T
( ) gk ( ) {Hprlnll k,k— 1(Xm,(:) ZfOéZO

e In general, we have

(6.5) Gra(D) = @ ((8/Tr)m ket

o< o< k=) —n
_ m
k—£e[0,n—1]

n+§71)

Proof. Denote by X = C". Since a € (—1,0], it is clear that the support of Gy o(D) is
contained in the support of the vanishing cycle of Cx along the divisor D by (2.2]), which

is Dging = {7}

To compute G (D), the plan is to use the birational formula in Proposition 2.0 in
terms of a log resolution. Let m : Y — X be the blow up of X along z, which is a log
resolution of (X, D). We have 7D = D + mE, where E is the exceptional divisor and
D is the proper transform of D. Moreover

(6.6) E=P"! END=X,, Og(E)=0p.i(-1).

The geometry is summarized in the following diagram

X, ~END X"y vy« _F

e b

{z} L X —— {x}

7

Let M x, My be the Z-module associated to the total embedding of the divisor D and
7* D, respectively, as in the set up of Proposition Then (ZI1)) implies that

gr¥ Mx = 0, whenever am ¢ Z.
From now on, we assume am € Z and write

a=—q/m, forsome0<qg<m-—1.
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There are two cases. Assume a € (—1,0), then E is the only divisor on Y whose
multiplicity multiplies « is equal to an integer, so Proposition implies that the weight
filtration on gry My is trivial (so are grl Mx and Gy o(D),). Then [27) and (2.8) gives

(grh Mx, F,) =Rt (gr), My, F.)
=R%(w 0ig)s(Va.s, Fos1)
=iy 0 ROWE,Jr(Va,Ja F-Jrl)v

where J = {E}. Denote by (N, Fv) = R°g + (Va.s, Fey1), which is a filtered Z-module
over (E) = {z}. Then by (29) and the formula for direct images of filtered Z-modules
under projection (7g is a projection), one has
gr€n+k No = ROWE,*<grljn+k+1 DRE(Va,1))

= R'7p (1 g s PRE(Va))

= H¥( B, QimE-F(og EN D) ® Og(lar*D]|x))

=~ HH P Q0 log X)) © Opei (—(m — q))).
The last equality uses (6.6]) to obtain

Op(lan"D]|) = Op((=D — 4E)|5) = Opn-1(~(m — q)).

Now let us identify the cohomology group above with (p, ¢)-cohomology of W. Denote
by i : W — P" ! the cyclic covering map. The e2>™/™-action on W induces an action on
w82, whose eigenspace decomposition is (see [68, §10] or [20) §3])

m—1
:LL*Q];V = Qz];n—l D @ sz)’nﬂ(log Xm) ® Opn-1 <_Z>
i=1

for 0 < p < dimW = n — 1; here O, (log X,;,) ® Opn-1(—{) is the e*7*/™-eigenspace.

Since p is a finite map, it follows that
HPY(W,C) = HY(W, Q%) = HI(P" ', 11,.QF,)
~H(P" b, e P H (P, 0, (log X,n) @ O(—i)) .
1<i<m—1

Moreover, we can also identify the eigenspaces:

(67) Hgl:nﬁik*:(m (C)ef%'riq/m - ngjriik7k<w7 C)e27ri(qu)/m
~ {E P Q0 (log Xon) ® O(—(m — ),

for 1 < ¢ <m — 1. Hence we conclude that for o € (—1,0)
(6.8) (gr¥ Mx, F)) =i (Na, o), and g, N, =2 HPHW, C) o,

prim
where (N, F,) is a filtered Z-module over {x}.
Assume a = 0. Since 7 : Y — X is the blow up of C" along the origin, it is a direct
computation to see that

0, ifnis odd,

wy, if n is even.

R, wyn] = wx[n] ® i, P, where P = {

Here w, is the constant Z-module on {x} and the shift of Hodge filtration depends on n
(see below). Since i, P supports on {z}, we have gr} (i, P) = i, P. Therefore

(gré/ MX7 FO) S i+<7)7 FO) = Roﬂ-+<gr(‘)/ MY7 Fo)



HIGHER MULTIPLIER IDEALS 53

We claim that
(6.9) (gry My, o) Zix,, 1 (Wx,s Forn):

This is deduced in the following way. Since the nilponent operator N on gr¥, My satisfies
N2 =0, so (2.8) in Proposition 2.9 gives

grg My =Im N(gr’, My)(1) = gry’ gr¥, My (1) ix,, - (V_1,5, Fa)(—1),

where V_LJ is a Z-module on X,, and J = {D,E}. Moreover, (2I0) implies that
(V,1 5 Fe) = (wx,, ,F.). This proves ([6.9). As a consequence, the weight filtration on
gry My (hence gry’ Mx) is also trivial and

(grg Mx, Fu) @i (P, F) = iy (NG, B, erl, Ny = HPT7HE(X,, ©),
where (N, F,) = R7x,, +(wx,,, Fet1), a filtered Z-module over {z}. There are two
subcases.

(1) If n is odd, then P = 0 and H" '"%k-1(X,, C) = ngmll PF1(X,, €) (because

H=2(Pn1) = 0).

(2) If n is even, then P = w, such that gr” . (nj2) P = H™/2=Ln/2=1(Pr=1) and

Hn—l—k,k—l(X C) — ngmll mk= 1<Xm7 (C)u if k # H/Q,
" Ho M (X, ©) @ Y275/ 22U (Pt if k= /2.
Therefore
(61()) (gro MX7 ) iJr(-/VE]u F’)7 and grfjnJrk NO ngmll ke 1(Xm7 C)

where (N, F,) is a filtered Z-module over {x}.
We claim that in both (6.8]) and (6.I0), one has

gt NG = (S)Jp)" k7 whenever a € (—1,0] and k € [0,n — 1].
Let a = —p/mforsome()<p<m—1 By Lemma 6.2 if 1 <p <m — 1, then
gr_n+k./\/ = Hn 1= kk(W C) —2mip/m

= Hzlrmll & k(W C) e2ritm—p)/m
(5 )+
= (S/Jp)mtEm,
If p=0, then
gt N 2 HI PR (X, €©) 22 (S)p) ™ = (8] Jp) ke,

Summarizing the computation above, for o € (—1,0] one has
(gry Mx, F)) = i (Na, F),
f N, (S Jp)mtk—a)=nif 0 <k <n-—1
—n+k -
0, else,

where (N, F,) is a filtered Z-module over {z}. Thus by Lemma [6.4 we have
n4+4—1
gr€n+k grg MX = @( —n+k— EN) ( )

>0

B @ ((S/JF)m(k—a—e)_n)@(wfﬂ)

£>0, 0<k—0<n—1
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Note that (S/Jp)? = 0if p < 0 and Gy (D), = grf’, ., gr¥ Mx (it supports on {z}), one
obtains (G.0).
Moreover, if m(k —a) —n <m —1 and k € [0,n — 1], then there is only term in the
formula above so that
gk,a(D)x = (S/JF)m(kia)in-
This gives (6.3) and (6.4) (via Lemma [6.2]). We finish the proof of this proposition. [

Theorem 6.6. Let D be an effective divisor on a complexr manifold X of dimensionn > 2
and let x € D be a singular point of multiplicity m > 2 such that the projectivized tangent
cone P(C,D) is smooth. Let F' be the equation of P(C,D) inside P(T,.X), (Zo, ..., Zn-1)
be the local algebraic coordinates of Ox,. Let S be the homogeneous coordinate ring of
P(T,X) and Jp = S - (g—g),...,azaf_l). Let m, C Ox, be the mazimal ideal. For
a € Q,k €N, the following hold.

(1) If « > —1, then

n+l—1

(6.11) GraD)e= @ ((8)Jpymtmony T
S
k—n—1</<k

where (S/Jp)P is the degree p component. In addition, if n > 3, then
(6.12) Gra(D)y £ 0=k —a > % and ma € Z.
(2) If « > —1, then
(6.13) Zo(D)s = > Oxo (Jr)" vy

ma+deg(vy)>m(k—a)—n

= Z OX,:): ' (JF)Z : (S/JF>2m(k—oz—£)—n

m(k—a)—n
0egmlise)n

where {v,} is a monomial basis of the ring S/Jp and (S/Jr)s, denotes the poly-
nomials generated by vy, with degvy, > p in S. In particular,
(6.14) Toa(D)s = Oxp <=k —a < —,
m
and
m(k—a)—n—| mE=0=n |
(6.15) Tya(D), Cmy ™
with equality when m(k —a) —n <m — 1.

Remark 6.7. The dimension assumption n > 3 is necessary for (6.12), otherwise it will
not hold for D = div(z? + y*) C C?, where Gy _1/2(D) = 0 for all k € N (see Example
6.19).
Proof. By shrinking X we can assume X = C" and work with Set-up [6.1t D C C”" is the
cone over a smooth hypersurface X,, C P"! of degree m, v € D is the unique singular
point.

Let us analyze Gy o(D), first. If a € (—1,0], (GII]) follows from (G.5) in Proposition
B0 If « € (0, k), by the repeated use of the property of (5.I5]), one has

gk,a<D)x = kat,aft(D)z7

where t = |a] + 1 such that o — ¢ € (—1,0]. Note that k —t — (o — t) = k — v and thus
(6.11)) also holds for a. If n > 3, then (S/Jp)? # 0 if and only if ¢ > 0. Therefore (6.12)
holds.
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For 7 (D), we use Saito’s computation of microlocal V-filtration along F. First,
Corollary [B.16] gives

Tyo(D)y = f/’“—aom, whenever a > —1.

Here V*Oy is the microlocal V-filtration along D. Let {vy} be a monomial basis of the
ring S/Jp and denote by 9;F = £ Then [67, (2.2.4)] implies that

(6.16) VEaOx, = > Oxa- [[(@F)" - v,.

my, pj+deg(vy)>m(k—a)—n J
This is because the weight for the homogeneous polynomial F' is w = 1/m, so if v, =
[L; Z™, then the requirement in [65] (2.2.4)] is

1 n
- i1 >k —a.
- ;(m +1)+ ZJ: pi > o
Since Ji is generated by [[;(0;F)* with 3 i; = a, (6.10]) implies that
f/kia(/)x@ = Z OX,;): . J?; Uy

ma+deg(vy)>m(k—a)—n
Then (6I3) and (6I4) follow immediately. For (6.I5]), one uses that polynomials in
T.a(D), of smallest degrees appear in the term

Oxa - I+ (S/J)2m(k-a—t)—n;

LWJ This is contained in

where ¢ =

- X

mlk—a)—n—| mk=—a)—n
mi(mfl)qtm(kfafé)fn —m (k—a) L ™ J
U

Remark 6.8. To see that the formula (6.13) for Z ,(D) implies the formula (6.11]) for
Gr.o(D), it suffices to note the following fact. Let {v,} be a monomial basis of S/.Jp, then

degv, < (m —1)n, for any v,.

Remark 6.9. For a € (—1,0], (partial cases of) the statement (G.I2]) can be proved in
two more ways. The first way is: since D has an ordinary singularity at z, its minimal
exponent &p . is n/m; this is well-known, for example see [65], (2.5.1)]. Thus Lemma (.26
implies that

Gro(D), =0, whenever k —a < n
m

The second method is to use the comparison with Hodge ideals (Lemma [5.I8) and a
characterization of vanishing of Hodge ideals for ordinary singularities [46, Corollary
11.8]. We leave the details for interested readers.

Remark 6.10. For weighted homogeneous polynomials with isolated singularities, Saito’s
formula (€16) works in the same way, see [65, (2.2.4)]. In particular, one can obtain
compute their higher multiplier ideals in a similar fashion.

Corollary 6.11. With the same notation in Theorem[6.0. Write n = km + r for some
keNand 0 <r <m—1, then
0 if pe[0,r—1],
Gr,—pym(D)y = { m2~" /mp=7+1 ifr <p<min(m—1,m+r —2),
m?t/(m™ Jp) ifp=m—1andr =0,
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and
OX,:B pr S [O,T],

(6.17) Ty —pym(D)g = § mE" if r <p<min(m,m+r —1),
(m, Jp) ifp=m andr =0,

Hence

Gr,r/m(D)z = Oxg/my,  and I c_yjm(D)y = my.
Proof. Note that we have m(k — (—p/m)) —n=p—r. Soif 0 <p—r < m —1, then
(6110 implies that
gk,—p/m(D>m = (S/JFVFT-
The computation for Z ,(D), is similar. O

6.2. Normal crossing divisors. Now we turn to normal crossing divisors. Let X be a
complex manifold of dimension n and let

D:ZmZEZ, m; EN,

be an effective divisor on X with normal crossing support. Denote by D,.q the reduced
part of D and (Dyed)sing the singular locus of Dieq, i.e.

Dred = Z Ei, (Dred)sing = U Ez N Ej.
i i#j
Denote by Z; the ideal sheaf of a subscheme Z.

Proposition 6.12. Assume a < 0. Then
Ik,Ol(D) = IO,CV<D) ® OX <_D + Dred>®k ® I(kD

red)sing’
= Ox (Z(f(a +e)mi| — km; + k')Ei> D LDyeoms”
Here (Dyed)sing = @ when D is smooth. In particular, if D is smooth, then
Zia(D) =Zpo(D) = Ox(laa+1|D).

Remark 6.13. The formulas above for D and mD are compatible with the isomorphism

from (5.22)):
Ty (mD) = Tp (D) @ Ox(—(m — 1)kD).

Proof. Tt suffices to prove the formula locally. Assume X is a polydisk in C" with coor-
dinates = = (z1,...,x,) and D = div(2™) for a monomial ™, where

m = (my,...,my,) € Z%,.
Consider the graph embedding
it X > XxCy x(z2™).

The change of variables ¢t — t — 2™ and x — z induces an isomorphism of Z-modules

~ e ~ l
Wx ‘=11 Wx = E wx®8t —wX[&g],
£>0



HIGHER MULTIPLIER IDEALS 57

where the action of Zxyc on wx[d] is as follows: denote by 0; = 9/0,, and e; =
(0,...,1,...,0) the i-th standard basis vector in Z%, then

(u®1) -0 =u0; ® 1 — (muz™ ) ® 0
(u®1)-0 =u® o,
(W) f(o1) = (uf(z,2™) 1.

We also have

~ ~J Y4
F_n+ka = E wx®6t.
0<<k

For any a € Q, denote by V,wx the V-filtration along t. For any a = (ay,...,a,) € Q",
denote Vywyx := ﬂ?zl Va,wx, where V, wy is the V-filtration along x;. It is direct to check

that
wx if a; > —1,
‘/;liwx = f—ai—l] .
Ox - (z; w) ifa; < -1,

(2

where w is a nowhere vanishing canonical form of X. If & < 0, by [62, Theorem 3.4] one
has

Vowx = (Vamwx ® 1) - Dx, where am = (amy,...,am,).

Moreover, if we denote by F,V,wx = Fywx N V,wx, then [62, Proposition 3.17] implies
that

(6.18) FopniitVadx = (Fopsn—iVamwx @ 1) - Fl(Zx[t})),
>0
= ) (Vamwx @ 1) - Fl(Zx[ty)).
0<t<k

Here we view t0; as an degree 1 element and F,(Zx|[td;]) is the associated order filtration.
With the formulas above, we can now compute Zj (D) for a < 0 using (5.4))

(Zr.o(D) @0y wx) @ OF = ¥ Vadx.
For k=0,
(Zo.0(D) ®o, wx) @1 =gr" Voox = F_,Vowx = Vamwx ® 1.
This gives
Toa(D) = (Vamwx) ® wy'
= OX(H xl_ami_ﬂ)
= 0x()_[(a+emi])E)

Note that [(a+e€)m;] also equals to — | (—a—e)m; |, therefore this actually gives Zy o (D) =
J((—a—€)D).

Next for £ = 1, one has
(Z14(D) ®0y wx) ® Op = grlfnJrl V,wx.
The right hand side is the image of F_,, 1V, ,wx under the projection map
F i wox — grfn+1 Wx = wx @ O.
By (6.1])), it is the image of
(Vamwx ® 1) - Ix[t0)] & (Vamwx ® 1) - Ox.
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But only the first term contributes, since the second term projects to 0. Let u be a local
section of Vymwx = Zp (D) ® wx. Then by the Py c-action above,

(u®1) -0 =ud; ®1 — (Mux™ %) ® 0y,
which projects to (m;uz™ %) ® 0 in wx ® 0;. Similarly,
(u®1) -t = ux™ @ 0.

Note that we always have

Therefore the action of t0; can be generated using the action of all 9; and

Il7a(D) = Z OX g - l‘m_ei

gGIQ’a (l))m’LZ 750

= Yo Ox-gla™ [T I =)
9€Zo,a(D),m;#0 m;#0 J#1,m;#0
Note that D = div(z™), Drea = div(][,,,, 20 i) and L(p, )., is generated by [T, . .o 2;-
Hence the calculation above can be globalized to any normal crossing divisor on a complex
manifold X so that

T1,0(D) =Zpo(D) ® Ox(—D + Dieq) ® Zip

red )sing :

For higher k£ > 2, the argument is similar, where each action of 9; contributes to a factor
of x™~¢.

0

Example 6.14. Let D be an effective divisor with a unique ordinary singularity at x
and let 7 : Y — X be the blow up of x with 7*D = D 4+ mFE. Then for ma € Z and
a € [—1,0), Proposition [.12] implies that

wy/x @ Lo(m*D) = Oy ((n —1)E) @ Oy ((am + 1 — km + k)E) @ T},
= Oy (—(m(k—a)—n+k)E)®TIf .
Therefore by (G.I3]) we have
Te(Wy/x ® Tio(r* D)), = mrE= C 7, (D),, YLeN.

However for ¢ > 0, this is usually not an equality. For example, if D has multiplicity m
at  and dim X = km, then 7, _1(D), = (Jp,m]") by (6.13), where Jr is the Jacobian
ideal of F, and F, is the local equation of D around z. Thus

W*(WY/X ®Ik7_1(7T*D))$ = m;” g_ (Jp,m;”) = Ik7_1(D)$.

6.3. Sum of functions: Thom-Sebastiani-type formula. There is a Thom-Sebastiani
formula for higher multiplier ideals, essentially due to Maxim-Saito-Schiirmann [40],
which generalizes Mustata’s summation theorem for multiplier ideals (see [48] and [36]
Theorem 9.5.26]). Let X; and X, be complex manifolds and consider the product
X = X x Xy with projections p; : X — X; with ¢ =1, 2.

Notation 6.15. The box product for coherent sheaves F; on X; are defined to be
Fi1 W Fy i= piF1 @ pyFo.
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Proposition 6.16. Let f; be nonconstant holomorphic functions on X; and denote by
D; = div(f;) € X; the corresponding effective divisor. Define

f=pifi + D5/
as the summation function and denote D = div(f). Then for any k € N and a € [-1,0),
we have

Iya(D) = > Lipr—ep1pr—e)—61(D1) B L g, e | o—e] -, (Do),
B1+P2=k—a,B1,82>0
= Z IkhOZl(Dl) &IkmO@(D?)v

k1+ke—a1—as=k—a,
k1,k2€N,a1,a2€[—1,0)

by replacing X; with an open neighborhood of D; for i = 1,2 so that Dgng = (D1)sing X
(D2)sing if necessary.
Proof. By [40, (3.2.3)] one has
ViOx = > VPOx, RV%0y,.
B1+pB2=p
The desired formula then follows from (5.27) O

Example 6.17 (Diagonal hypersurfaces). Let 21, ..., 2, be a coordinate on X = C" and

consider the divisor D defined by f = 2?21 z;nj , where m; > 2 forall 1 < j <n. In [40,

Example 3.6(ii)], the authors compute the microlocal V-filtrations V*Oy. By Corollary
(.16 it translates to

Tio(D) = ZOX -2t for ke Nya > —1,
I

where the summation is taken over u = (p,. .., 1n) € N satisfying

6.19 = — 1+ | L= ) >k—qa.

(6.19) =3 (15414 25)) 2 k-
noo1

In particular, one sees that the minimal exponent a; is > i1
J

Example 6.18. Let D = div(z™) C C and denote by m, the maximal ideal of 0 € C.
e If m > 2, then
Tho (D) = min=D=lletaml = whenever a < 0.
o If m =1, by (5.22)) and the previous case we have
T oz =0)=T; 1 (2" = 0) @ Oc(2)" V¥ =mi? whenever £ € Ns,.
Using (5.13)), it follows that Zy, _;(z = 0) = Zy —2(2 = 0) @ O¢(x) = O¢. Therefore
T o(r=0)=mi" V€N,
This matches up with Proposition [6.12]

Example 6.19 (Node). Let D = div(2? +y?) C C> = X. Assume o > —1, then one has
Tyo(D) = Z Ox - %y’ = m[F-o—1l,
a+b>k—a—1

Therefore

gk,Oz(D) =

mk—al /mk=eif o € Z and o > 0.

{0 if a &7,
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The case of @ < —1 can be easily deduced from (5.I3)). Let ¢ = —|a] — 1 so that
a+t € [—1,0). Then
Tia(D) =Ty 0t (D) @ Ox (—tD)
= OX(LQ + IJD) ® mlF—(at+i)-1]

xT

= Ox(la+1]D) @ mlF 1 = Oy (la+ 1] D) @ m*.

In particular,

IL(]<D) = Ox, Il,<0(D) = My, 9170(D) = (/)X/T’l'lm
Example 6.20 (Cusp). Let D = div(z?+1?) C C* = X be the cupsidal singularity. Set
21 =,z =y and we list p(u) from (6.19) in an increasing order:
2y Jwoyt ey oyt ot | 2ty | o
p(p) | 7/6111/6 | 13/6 | 17/6 |19/6|23/6
Then [40, Example 3.6(ii)] gives

OX lfﬁ € (O, %]
- if 8 e (2,1
VBO — (l”y) 1 6’6
) @) it 8 e (Z,4]
(@? zy, %) if B € (§, ¢
Then we have
if a € [-1,0)
Ty(D) = {Zf A R N RS (TR P
Y » (22, 2y,y*) ifae[-1,-3)

1
IQ,Q<D) = (372755197193)7 if a € [_670)
In the range above, we conclude that there is an equality
Zy.o(D) = I(—aD),

from the work of Mingyi Zhang [74, Example 3.5]. Furthermore, we can use (5.14)) to
obtain

T1o(D) = Zo1(D) = (x,y), Too(D) =TIy 1(D) = (2°,zy,5°).

More generally, for weighted homogeneous isolated singularity, there is a precise conjec-
ture when the Hodge ideal equal to Saito’s microlocal multiplier ideal, see [74, Conjecture
E]. Using Corollary[5.16] this corresponds to a conjecture when Zy, (D) = Ix(—aD) holds.

7. LOCAL PROPERTIES

In this section, we study the local properties of higher multiplier ideals and use Set-up
5.1 throughout.

7.1. Birational transformation formula. Let D be an effective divisor on a complex
manifold X of dimension n. Let m : X — X be a log resolution of (X, D). The work of
Budur-Saito provides the following birational transformation formula

(71) ZO,a(D) = W*(WX/X ®Io7a(7T*D)),
see [9, Remark 3.3]. Moreover, they also show that
(7.2) Riﬂ*(wX/X ® Zypo(m*D)) = 0, whenever i > 0.
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Using (B.5]), these statements are equivalent to the birational formula and local vanishing
for the usual multiplier ideals. We give a refinement of (Z.1]) for the weight filtration
WieZy o (D) as follows.

Proposition 7.1. With the notation above. For any o € Q¢ and ¢ € Z, one has
WiLoo(D) = m(wg x ® Wil o(n"D)).

Proof. By Definition 5.8 and ({Z.]), it suffices to prove
WeGo.o(D) = W*(WX/X ® WiGo (1" D)).

The proof is similar to the ones of [9, Proposition 3.2]. Let M and M be the Z-modules
associated to D and 7*D. Since a < 0, by (2.7)) one has

(gry M, F.) = R°7y (grl M, F.).

Furthermore, since grg/\;l underlies a mixed Hodge module, [62, Theorem 2.14] implies
that

Wy gr¥ M = Im(R°r, (W, gt M, F,) = Rz, (gt¥ M, F.,)).
Then we obtain the desired statement by taking the lowest pieces gr’’ of both sides. [

For o € [—1,0), we have an explicit formula for the term W,Z, ,(7*D) in Proposition

[C.1l Write
iel iel

Set I, ={ie€l|a e €Z}and

E=) E, E'=|]J E; and E;=()E;

icly JCla, jeJ
|J]=k

Since 7*D is normal crossing and dim X = n, we have E""! = &,
Proposition 7.2. With the notation above. For o € [—1,0) and ¢ > —1, one has
Wgz'oa(D) = W*(WX/X ®Io7a(7T*D) ®ZE£+2),

= T (OX(ZU% + [(a+e)ei]) Ei) ®IEH2> :
iel
In particular,
W—lzo,oz(D) - ZO,<a(D)7 Wn—le,a(D) = IO,a(D)a
and
(7.3) max{l: B # @} = min{l: W,Zpo(X) = Tp.o(X)}.

Proof. Since 7* D is normal crossing, the formula for multiplier ideals implies that

Zoo(m"D) = Oy <Z [(a+ €)e;] EZ> . Tp<o(m™D) =0y <Z fozeﬂEZ) .

el el

Hence Zy «o(7*D) = Zy o (7" D) ® O (—FE). By Proposition [[T] it suffices to prove that

(7.4) WiZoo(m* D) = Ly o (7" D) @ Lieso.
Note that Z o (7* D) is a line bundle, we have
Too(n*D .
(75) goﬂ(ﬂ'*D) = 0 ( ) = Ioﬂ(ﬂ' D) ®O}? OE

"~ To<a(mD)
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Since the weight filtration on Zy ,(7*D) is induced by the weight filtration on Gy ,(7*D),
we reduce the proof of (4] to showing

(76) ngo7a(7T*D) = (Io7a<7T*D) &® IE4+2) ®(95( OE
Denote by M ; the Z-module associated to the embedding of the divisor 7* D as in Set-up
Bl Then by (5.7) one has

WiGo.o(m*D) @ wg = Wygrt er¥ My =W, F_, gr¥ M.
The last equality follows from that F_, gry My is the smallest non-zero piece in the
Hodge filtration. By (Z.H) and (5.8]), we can rewrite (Z.06) as
(7.7) WeF_, gri Mg = F_, grl Mg ®o, Ipese.

It remains to prove (7). As gr¥ My underlies a mixed Hodge module and W, is the
weight filtration determined by the nilpotent operator N, one has N is strict with respect
to the Hodge filtration F,. Together with the convolution formula W, = >, Ker N“*1 N
ImN*~* and F_,, being the smallest piece, it follows that

WeF_, grl Mgz = Ker{N"™ : gr¥ M4 — gr¥ M3}

In [13, Corollary 7.7] Chen computes Ker N“*1. Using Lemma (Z.II)) (translation between
Chen’s result and gr} My), we know that W,F_, gr¥ My is generated by degree |I,| —
1 — ¢ monomials dividing Hie 1. Zis where z; is the local equation of F;. Note that these
monomials are also generators of Zget2. We conclude that (7.7) holds and therefore we

finish the proof of the Proposition. O
Remark 7.3. If D is reduced and o« = —1, the birational formula in Proposition

recovers Olano’s birational formula [51], Proposition 4.3 and Proposition 5.1] that
WiZy—1(D) = . (WX/X ® Ly —1(7" D) & Liet2).
This follows from (5.32)) and E — 7*D = [(1 — €)n* D] = Zy_1(7* D) for some 0 < € < 1.
If @« = —lct(D), where lct(D) is the log canonical threshold, then we can produce a

minimal log canonical center in the sense of Kawamata [28] and Kollar [32], §4] using
WieZy o (D) for certain ¢. Consider the following set

ki +1

(3

Let ={iel| =let(D)}, I,={i€l]|e acZ}.

It is clear that Let C I, but the latter can be strictly bigger, for example when lct(D) = 1.

Corollary 7.4. Let D be an effective divisor on a complex manifold X. Let « = —lct(D).
Assume Let = I, i.e. every exceptional divisor with e; - lct(D) € Z must compute
the log canonical threshold. Let { be the largest integer such that E‘T' # &, where

Ef = Uﬁl‘é Njes ;. Set

Y = Zero(W;—1Zy o(D)).
Then'Y is a minimal log canonical center of (X, D).
Proof. By Proposition we have
Wi1Zoo(D) = m(Ox () (ki + [(a + €)ei)) Er) @ Tper).
It is well-known that lct(D) = min;e; % Hence

a-e; > —k;—1, and [(a+e€)e] > —k; foralliel.
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Consequently, the term O (>, (ki + [(a+€)e;]) E;) does not contribute under 7, and we
have

Wg_lzb,a(D) = W*(ZE£+1),
which means that Y is the image of E‘T! under 7. Since every exceptional divisor in
I, computes the log canonical threshold and ¢ is the largest number that E‘T! # &,
it follows that Y is minimal with respect to inclusion and therefore Y is a minimal log
canonical center of (X, D). O

Remark 7.5. For k£ > 1, in general we have
Te(wWg)x @ Lia(m D)) # Lia(D),

because the right hand side may involves direct images of lower order multiplier ideals.
For a concrete case, see Example [6.14l But it seems reasonable to guess that

ﬂ*(wj(/x ® Ly o (7" D)) C I o (D).
We leave this for future investigation.

7.2. Restriction and semicontinuity theorems. We analyze the behavior of higher
multiplier ideals under restriction and deformation.

7.2.1. Restriction theorem. We first prove the following result.

Theorem 7.6. Let D be an effective divisor on X and let i : H — X be the closed
embedding of a smooth hypersurface that is not entirely contained in the support of D
so that the pullback Dy = i*D 1is defined. Then for any k € N,a € Q, there exists a
morphism

(7.8) Tio(Du) = Li*Zy o(D),
which commutes with the two natural morphisms to Og. In particular, one has an inclu-
s10n

Ik,oz(DH) g Zk,a(D) : OH7

where the latter is defined as the image of {i*Iy (D) — *Ox = Og}. Moreover, if H is
sufficiently general, then

Tio(Dy) =T o(D) - Oy = "Iy o (D).
Proof. The inclusion H < X induces a commutative diagram

Ly ——— L

ook

H— X
where Ly is the total space of the pullback line bundle ¢*L and p are projection maps.
Recall from Set-up L.l that the effective divisor D induces a closed embedding s : X — L
and a mixed Hodge module M = s,Q%[n] € MHM(L); analogously, we define My €
MHM(Ly) using the divisor Dy.

Let j: L'\ Ly — L be the open embedding. The idea is that the morphism (8] will

be induced by the distinguished triangle from [62, (4.4.1)]:

iyitM =i M — M — j.5"M — iyi' M[1].

Since Ly is a smooth hypersurface in L, one has ' M[1] = My(—1) with FoMp(—1) =
Fy 1My, where the shift comes from My being the pushforward of the constant Hodge
module on H. This gives a short exact sequence of mixed Hodge modules

(7.9) 0= M — j.j"M — i,My(—1) — 0.
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Fix k € Nand a € Q. Since both Hodge and V-filtration preserve exactness and commute
with the functor i,, (Z.9) induces a short exact sequence of coherent Ox-modules

(7.10) 0—grl, o VaM = grf  Va(5.3* M) — i (gr8, oa VaMu) — 0.
This defines an element of

The right adjoint of the functor 4, for coherent sheaves is the functor ' = w m/x @Li*[—1],
hence (CI0) also determines in a natural way a morphism

(7.11) g’ yx VaMu = i gr  VaM[1] = wyyx @ Lit g’ VoM.
Substituting in the definition of higher multiplier ideals (5.3]), we arrive at
wi ® Ly @ Tio(Dy) = wiyx @ Li*(wx @ L @ I, o(D)),
which easily gives the desired morphism
(7.12) Tio(Dy) — Li"Zy o(D).

Since grf ., M = s (wy ® L*¥) and gr” ., My = (s oi).(wg ® LY;) by Lemma 5.2
it is easy to see that the morphism (.12]) commutes with the two obvious morphisms to
Op. In particular, one has a commutative diagram

Ik,a(-DH) — i*Ik7a(D)

| |

Oy =——=1"Ox

Since the image of *Z ,(D) in i*Ox = Op is defined to be Zj (D) - Oy, we conclude
that there is an injection Zy (D) <= Zy.o(D) - Op.

Now suppose H is sufficiently transverse to D. To prove that Zy ,(Dp) = I o(D) - O,
we need to show that the morphism ([Z.I1]) is an isomorphism. This is a local problem, and
so we may assume without loss of generality that D is defined, in the graph embedding,
by a holomorphic function ¢t whose divisor is a smooth hypersurface. By passing to
subquotients, the morphism in (ZI1I) determines, for each a € R, a morphism

(7.13) grf(n,l)ﬂg grx My — wp/x ® i grljnm grg M.

Here we are allowed to replace Li* by ¢* because H, being sufficiently transverse to D, is
noncharacteristic with respect to the mixed Hodge module gr’ M for every a.

We claim that it is enough to prove that (ZI3) is an isomorphism for every a. Indeed,
this implies that the kernel and cokernel of (ZI1]) are trivial modulo V, M (respectively
VoMy) for all @ < 0. But by the definition of mixed Hodge modules, multiplication by
t induces isomorphisms

t: grfj VoM — gr;)P VoorM and  t: grfj VoMpyg — grg Vo1 My

for every a < 0. Since grll)m Vo.M is a coherent &x-module, the result that we want now
follows from Krull’s intersection theorem (with respect to the ideals generated by the
powers of ¢) and Nakayama’s lemma.

Now the right-hand side of (7.I3) is the noncharacteristic restriction of the mixed
Hodge module gr’ M to the hypersurface H. Since morphisms of mixed Hodge modules
are strict with respect to the Hodge filtration, it is therefore enough to show that

(7.14) gry My — wi/x ®i*grl M

is an isomorphism of mixed Hodge modules. But this follows from Corollary 2.7, again
due to the fact that H is sufficiently transverse to D. O
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Remark 7.7. One can use Theorem to obtain similar statement for restriction to
smooth subvarieties of higher codimension as in [36, Corollary 9.5.6].

Corollary 7.8. Let X and T be complex manifolds, and
p: X —=T

a smooth surjective morphism. Consider an effective Cartier divisor D on X whose
support does mot contain any of the fibers X, = p~i(t), so that for each t € T the
restriction Dy = D|x, is defined. Then there is a non-empty Zariski open set U C T such
that

Ik,a(Dt) = Ik,oz(D) : OXta
for every a < 0 and every t € U, where I o(D) - Ox, denotes the restriction of the
indicated ideal to the fiber X;.

Proof. We can choose hyperplanes Hy, ..., H, on T such that X; is a connected compo-
nent of f*(Hy)N...N f*(H,). By Theorem [Z.0, “generically” higher multiplier ideals
commute with restriction. Apply this several times, we obtain the desired statement. [J

Theorem 7.9 (Restriction theorem for graded pieces). With the same assumption in
Theorem 7.6 For any k € N,a € Q, ¢ € Z, we have a natural morphism

WiGr.o(Dp) — Li*W,Gy o(D).
If H s sufficiently general, then it induces an isomorphism
WiGk.o(Dr) = WiGi (D) ®0, Op.

The same statements hold for W Iy, (D).
Proof. The proof is quite close to Theorem and we just give a sketch. Using that the
weight filtration also preserves exactness, (7.9) induces a short exact sequence

0— Wegr!, pery M — Wygr™ L erh (. M) — i, (Wegr", i grh My) — 0.
As in the proof of Theorem [7.6, using Ext-group and i' = wr/x @ Li*, this sequence
induces a natural morphism

Wegr”, i gre My — wiyx @ Li'Wgrt,  erg M,

and hence the desired morphism.

If H is sufficiently general, the desired isomorphism follows from that fact that (Z.14)) is
an isomorphism of mixed Hodge modules. For W,Z (D), the desired statements follow
from (B.9) and that the construction is functorial with respect to Li*. U

Remark 7.10. After the first draft of this manuscript, Mustata suggests that the equality
case of Theorem may also be proved using a different argument similar to [16, Lemma
4.2]; see also [65, (1.3.11)].

7.2.2. Semicontinuity Theorem. As in the theory of multiplier ideals, we can use the
Restriction Theorem to study how higher multiplier ideals behave in families. One
can obtain the following semicontinuity theorems. Let p : X — T be a smooth morphism
of relative dimension n between arbitrary varieties X and 7', and let s : T" — X be a
morphism such that p o s = idy. Suppose that D is an effective Cartier divisor on X,
relative over T. For every t € T, denote by X; := p~1(t) the fiber over ¢t and D; the
restriction of D on X;. For every x € X, we denote by m, the ideal defining x in X),).

Theorem 7.11 (Weaker verision of semicontinuity). With the notation above, if
s(t) € Zeroes(Zy o (D))  forallt #0€ T,
then s(0) € Zeroes(Zy o(Dy)).
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Proof. Argue as in [36, Theorem 9.5.39] and use Theorem [7.6], Corollary [I.8 O

Theorem 7.12 (Stronger version of semicontinuity). With the notation above, for every
q > 1, the set

V, = {t €T | Lyo(Dy) € mg(t)} ’
is open in T .

Proof. Since we already have Theorem and Corollary [L.8, the same proof of [44]
Theorem E| gives the desired statement. t

Remark 7.13. It is direct to generalize Theorem [T.6] Theorem [[.11] and Theorem [7.12
to Q-divisors for o < 0.

7.3. Numerical criterion of nontriviality. We study how the presence of very singular
points contributes to the nontriviality of certain higher multiplier ideals. This recovers
and expands the corresponding phenomenon for usual multiplier ideals.

As a motivation, let us first review the related facts for multiplier ideals and later they
will be recovered using Theorem [7.17], see Remark [[I8 Let D = Y a;D; be an effective
Q-divisor on a complex manifold X of dimension n, and let z € X be a fixed point. The
multiplicity mult, D is the rational number

mult, D = Z a; - mult,D;.

More generally, given any irreducible subvariety Z C X, multzD = " a;-multz D;, where
mult;D; denotes the multiplicity of D; at a generic point of Z. The p' symbolic power

Zg ) of Ty is the ideal sheaf consisting of germs of functions that have multiplicity > p at
a general point of Z.
Proposition 7.14. [36] Proposition 9.5.13 and Example 9.3.5] The following holds.
o [fmult,D <1, then J(X,D), = Ox.
o Let Z C X be an irreducible variety. If multzD > codimx(Z), then J (D) # Ox.
Moreover, let ¢ > 1 be an integer, then
J(D) C Ié@, whenever multz D > codimx (Z) 4+ ¢ — 1.

Using the relation Zy (D) = J(X,—aD) from (5.5), Proposition [[.14] implies the
following.
Corollary 7.15. Let D be an effective divisor on X.
o If D has multiplicity m > 2 at x, then
1

(7.15) To<a(D)y = Ox ., whenver a > ——.
m

o Let Z C X be an irreducible variety such that mult; D = m > 2, then
codimx(Z) +q—1

B m

Remark 7.16. Note that Z ._1(D) = Ox(—D), so we need a > —1 in (Z.16]).

(7.16) Zp<a(D) C I<Zq>, whenever —1 < a <

for some ¢ > 1.

Now we prove the numerical criterion for higher multiplier ideals.

Theorem 7.17. Let D be an effective divisor on a complex manifold X of dimension n.
Suppose Z C Sing,. (D) is an irreducible component of dimension d. Write

n—d=km+r, withkeNand0)<r<m-—1.
Then
(7.17) Ty <a(D) # Ox, for some a > —r/m.



HIGHER MULTIPLIER IDEALS 67

r+q—1
m

Moreover, if « = — for some ¢ > 1, then

(7.18) Ty <a(D) C I<Zq>, if ¢ < max(m —r,m—1),
where I = Ox if ¢ <0. For arbitrary integer £ € N and o« > —1, we have
(7.19)

Zvo(D) C I§’>’ where p =m(l — a) — codimy (Z) — Lm(f — a) — codimy (Z)

m

|.

Proof. The problem is local, and so we may assume that X is an open subset of C",
and that D is the zero locus of a holomorphic function f with f(0) = 0. By cutting
with d generic chosen hyperplanes and using the Restriction Theorem [[.0] we can assume
dim X =n — d, where d = dim Z and 0 € D is an isolated singular point of multiplicity
m.

The idea is to deform to the case of ordinary singularities. Let A" be the affine space
parametrizing the coefficients of homogeneous polynomials of degree m, with coordinates
cy, for v = (vi,...,v5_q) € Z%%, with |v| := ", v; = m. Let us consider the effective
divisor F on X x A" defined by f + ZM:m c,x”. It is direct to see that there is an open
neighborhood U C AY of 0, consisting of those ¢t € A" such that

Dii=F (X x {t})

is a reduced divisor on X x {t} = X and D, has an isolated singularity at 0 with
nonsingular projective tangent cone for ¢t # 0.

Now we can prove the desired statement. Let a = —"F1= L for some 1 < ¢ < max(m —
r,m — 1), since n —d = km +r for k ENandO<r<m—1 then (6.17) gives

Zk,<oz(Dt)O = Zk,f(rJrq)/m(Dt)O = m0~
The first equality uses that all jumping numbers of 7, ., (D) satisfy ma € Z from (6.12]).
By the semicontinuity Theorem we must have
Tc—rm(D)o # Oxy0, ZLi<a(D)o C mg.

Thus, we have (.I7) and (ZI8]). A similar argument using (6.15]) gives

a _ m(l—a)—(n—d)
Ty0(D)o Cmo m(l—a)—(n—d)— | =———— J7

for any ¢ and o > —1. This proves (Z.19]). O

Remark 7.18. Theorem [T.I7 recovers the nontriviality statement (7.16]) for multiplier
ideals. Let D be an effective divisor on X and let Z C X be an irreducible subvariety such
that codimy(Z) = r > 1 and mult;D = m. In particular, Z is an irreducible component
of Sing,,(D). Let @ = =% > —1 and ¢ > 1. The condition & > —1 implies that
m >r+ (¢—1) >r and so we can write

r=0-m+r.
Since r > 1 and ¢ < min(m — 1, m — r), therefore Zy ., (D) C I<Zq> by (ZI8).

Remark 7.19. For £ = 0, one can also recover the triviality statement ([.15]) using the

Restriction Theorem and the fact that Zy ., (D) = mi™ ™ for D = {z™ =0} C C.
However, for k > 1, there is no such analogous statement in terms of multiplicities. Here
is the reason: from Example [6.18 one has

Ty <a(z™ =0) = (m Dtl=em] = whenever a < 0.

Butfora<0,k21andmZQ,wealwayshavek(m—l)+[ m| >k(m—1)>1, so
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Remark 7.20. For a = —1, from (7.19) one can deduce that
Zr1(D) C I<Zp>, where p = min(m — 1, m({ + 1) — codimy (2)).
This is because for any m > 2, one has
m(f + 1) — codimx (2)
m

m(l+1) —codimx(Z) — | | > min(m—1,m({+1) —codimx(Z)).

Therefore we obtain a similar numeric bound with the ones of Hodge ideals [45, Theorem
E], in view of Z, 1(D) = I,(D) modulo Zp in (7). As an application, we can give
alternative proofs of several results on theta divisors in[45], §29-§30] obtained using higher
multiplier ideals, see §9.5l

Corollary 7.21. Let D be an effective divisor on X. Then
codimy (Z)

(7.20) ap < min —————,
m

where the minimum run through all m > 2 and all irreducible components Z of Sing,,, (D).

Proof. Write codimx(Z) = mk +r for k € Nand 0 <7 <m — 1. Since Zj .o(D) # Ox
for « = —r/m € (—1,0], Lemma implies that

codimy ()

t

Corollary 7.22. Let D be an effective divisor on a complex manifold X. If Z is an
irreducible closed subset of X of codimension v such that m = multz(D) > 2, then

+1—1=
To (D) C T, foralk> St lml
m — 1
Proof. By ([Z.19)), one needs k such that
1) —
m(k+1)—r— LMJ > 1.
m
Using —|a| = [—a] for any a € Q, this is
mk+1)—r—(k+1)+ f%1 > 1,
which is equivalent to the desired bound. O
Remark 7.23. Our bound is comparable with the ones of [45, Corollary 21.3], where
1
(D) C Ty, forall k> "5 _1,
m

assuming D is a reduced effective divisor. It gives better bounds when apply to singular-
ities of hypersurfaces in projective spaces, see §8.4]

7.3.1. Minimal exponents via log resolutions. Using Corollary [[.21], one can compute the
minimal exponent of a divisor D using a log resolution in some cases.

Proposition 7.24. Let D be an effective divisor on a complex manifold X . Assume there
exists a log resolution m: X — X of (X, D) satisfying the following conditions:

e the proper transform D is smooth, 7D has simple normal crossing support,

e the morphism 7 is the iterated blow up of X along (the proper transform of) all
irreducible components of Sing,,, (D) for allm > 2, and all the blow-up centers are
smooth.
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Then

~ . codimy (%)
ap = min —————~,
m

where the minimum runs through allm > 2 and all irreducible components Z of Sing,, (D).

Proof. Let us write

i€l iel
Then we have
ki +1 . codimy (Si D
(7.21) min T < ap < min codimy (Sing,, ( ))
i€l ay m>2 m

The lower bound is a result of Mustata-Popa [47, Corollary D] (see also [18, Corollary
1.5]). The upper bound follows from (7.20)).
Now by the assumption that one only blows up the proper transforms of irreducible
components of multiplicity loci Sing,, (D), then we can rearrange the index so that
km+1  codimx(Sing,, (D))

Am m

, Vm el

Here we use the following fact: let 7 : Y — X be the blow-up of a smooth subvariety Z
inside a smooth variety X, then

Ky = 7 Kx + (codimx(Z) — 1)E.
Therefore by (T.21)) we conclude the proof. O

Example 7.25. Let D C X be the generic determinantal hypersurface in the space of
n by n matrices, it is proved in [25, Chapter 4] (see also [72]) that one can obtain a log
resolution of (X, D) by successively blowing up Sing,, (D). Therefore we conclude that

. codimy (Sing,, (D)) m?

Qp = min =min — = 2.
m>2 m m2>2 M

This can also be verified directly using the Bernstein-Sato polynomial.

On the other hand, let C' be a smooth projective curve embedded in X = PH?(C, M) =
P?"*2 by a line bundle M and let D = Sec™(C') be the n-th secant variety, which is also
a hypersurface in X. By the work of Bertram [4], one can also achieve a log resolution
by blowing up all Sing,,(D) and thus

2m—1_3

ap = min .
m2>2 m 2
This seems difficult to obtain directly using Bernstein-Sato polynomials. For the com-
putation related to theta divisors of curves of principally polarized abelian varieties, see
Theorem 0.6

7.3.2. Dimension of multiplicity loci and projectivized tangent cone. Theorem [[.17] recov-
ers the following well-known inequality.

Corollary 7.26. Let D be an effective divisor on X. For any m > 2 and x € D, we
have

dim Sing,,,(D), < dimP(CyD)ging + 1,

where Sing,,(D), = Sing,, (D). NU, U is a small open neighborhood of x in X and
P(C,D)sing is the singular locus of the tangent cone of D at x.
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Proof. By Theorem [I.17 and [47, Theorem E], one has

n—dimP(C,D)ging —1 _ _ n—dimZ
SQpg S ———,
m m
where Z is any irreducible component of Sing,, (D) containing . O

7.4. The center of minimal exponent. Let D be an effective divisor on a complex
manifold X. We use Set-up B.Il In the previous section, we see that higher multiplier
ideals lead to a better understanding of the minimal exponent ap (see Corollary [.2T]).
In this section, we push this idea a bit further and construct several subschemes of D
associated to ap, which generalize the notion of log canonical centers and minimal log
canonical centers [32), §4]. Recall from Lemma that

ap =min{k —a,k € N a € (—1,0] | Gr(D) # 0},
=min{k —a,k € Nya € (—1,0] | Zy <o(D) € Ox}.

Let us write

(7.22) ap =k —a, for a unique k € N and a unique « € (—1,0].
Then
(7.23) Ti<a(D) C Ox, Giao(D)#0, and Gy o(D) =0 whenever ¢ < k.

Therefore Zj, (D) is the first non-trivial higher multiplier ideal, whose zero locus would
carry interesting information of (X, D).

7.4.1. The zero locus of Iy, <o (D). Let us first study Zy <o (D).

Definition 7.27. With the notation above. Let Z C X be the subscheme such that
Tz =Ty <a(D), or equivalently we have Oz = Gy (D).

Remark 7.28. By definition, we have
ap = Ixréill)l ap g
Therefore Lemma implies the following set-theoretical equality
Z={zxeD|ap,=ap},
the locus where the global minimal exponent is achieved.

Remark 7.29. If ap < 1, then the scheme Z recovers the notion of locus of log canonical
singularities. By assumption, let(D) = min{1l,ap} = ap, so in (L22) one has
k=0, and a=—ap= —lct(D).
Then (B.5) gives
IZ - I0,<t:|z(l)) = j<X7 ICt(D) ’ D)7
and thus Z is the locus of log canonical singularities of D (see [36], Definition 10.4.7]). In

[36, Example 9.3.18], it is shown that J(X,lct(D) - D) is radical, so Z is reduced. The
next lemma is a generalization of this fact to ap > 1.

Lemma 7.30. We have Z C Dgin, and Z is reduced.
Proof. By (5.6]), we have
wx @ LF® 0y =wx @ LF @ Go(D) = g, erl M.

By (7.23) and (5.6) again, one has F_,,.,gr¥ M = 0 for any ¢ < k. This means that Oy
is isomorphic to F_, 1 gr¥ M ® (wx ® L~%), which is locally the first step in the Hodge
filtration of a complex mixed Hodge module. It follows that Z is reduced: let h be a
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local holomorphic function vanishing on Z, then locally supp gr’ M C h~1(0). By [61]
Lemme 3.2.6] (which also works for complex mixed Hodge modules), locally one has

Oy -h=(F_,gri M)-hC Fooie-1) gr’ M =0,

so Z is reduced.
Since we have shown that Z is reduced, then

Z = supp F_,  gry, M = supp gry, M.

Since a € (—1,0], by (22]) one knows that locally the support of the vanishing cycle
P-module gr’ M is contained in the singular locus of f, where D = div(f). Thus we
conclude that Z C Dgp,.

O

Example 7.31 (Plane curves). If D = div(xy) C C?, then ap = 1 and Gy o(D) = O,,
where z is the unique singularity of D. Therefore the corresponding Z is {z}. If D =
div(z® + y3), then a&p = 5/6 and Z is also equals to {z}, the unique singularity of D.

Example 7.32 (Generic determinantal hypersurface). Let X be the space of n by n
matrices and let D be the generic determinantal hypersurface, cut out by f = det.
Example implies that &p = 2. It is proved in [37] that Zy .o(D) = Ipy,, and so the
corresponding Z is the singular locus Dging, which consists of matrices of rank <=n — 2.

Example 7.33 (Theta divisors). Let C' be a smooth projective curve and let © be the
theta divisor on Jac(C). If C' is hyperelliptic, Theorem says that &g = 3/2 and
Theorem implies that the corresponding Z is Ogine. If C' is a Brill-Noether general
curve, then by a result of Budur and Doan [8, Theorem 1.6(iii)], one has ag = 2 and
Z = Osing.

7.4.2. The support of gr)¥ Gi o(D): the center of minimal exponent. Let D be an effective
divisor on a complex manifold X and write ap = k — « for unique £ € N and a €
(—1,0]. In the previous section, we study the subscheme Z such that Oz = G, (D) and
show it is reduced. Now we construct a subscheme of Z with better singularities. Let
WeGro(D) be the weight filtration in Definition 5.7 and let ¢ be the largest integer such
that gr) Gi (D) # 0. Then there is a surjection

(7.24) Oz = Gra(D) = g1} Gra(D).

Definition 7.34. The center of minimal exponent of (X, D) is defined to be the sub-
scheme Y C X satisfying

g1}’ Gr.a(D) = Oy,
where ¢, k, a are defined above.
We have Y C Z and the ideal sheaf of Y fits into the following short exact sequence
(725) 0— Ik7<a(D) — Iy — nglgk@(D) — 0.

Remark 7.35. If ap < 1, then in Corollary [7.42] we will show that Y is a minimal
log canonical center under additional assumptions. Therefore this notion of “center of
minimal exponent” is a generalization of minimal log canonical center.

The following result explains why Y has a better singularity compared to Z.

Theorem 7.36. Every connected component of Y is irreducible, reduced, normal and has
at worst rational singularities.
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Proof. The isomorphism (5.8) gives
wy ® LF® Oy =wx @ L* @ g1} Gra(D) = gr”, g1l grl M.
By (7.23) and (5.8)), we have
gr’ ey et M= er) Guo(D) =0, VE <k

Therefore we conclude that locally Oy = F_,,,; gr}¥ gr¥ M is the first step in the Hodge
filtration of a complex Hodge module. Then the desired properties of Y follow from
Proposition [Z.37 below. O

Proposition 7.37. Let M be a complex Hodge module on a complex manifold X . Suppose
that the underlying filtered Z-module M satisfies F, M = 0. If [, M = Oy for a
connected closed subscheme Y, then Y is irreducible, reduced, normal and has at worst
rational singularities.

Proof. Being a Hodge module, M admits a decomposition by strict support. But since Y
is connected, Oy is indecomposable, and so Y must be irreducible and there is a unique
summand of M that has strict support equal to Y such that its lowest piece is Oy.
Without loss of generality, we can assume M has strict support equal to Y. As in the
proof of Lemma [7.30, we also find that Y must be reduced, because it is the first step
in the Hodge filtration of a complex mixed Hodge module. By the structure theorem
for complex Hodge modules, M is generically a variation of complex polarized Hodge
structure V on Y. Let y: Y — Y be a resolution of singularities that makes the singular
locus of the CVHS V into a normal crossing divisor D. On Y, we then get a complex
Hodge module M by uniquely extending V from Y \ D to Y such that F, M is a line
bundle. The direct image theorem for complex Hodge modules implies that

Oy = E,M = Ry F,M.
By adjunction we get a morphism Oy — FpM. Taking direct image gives
ROy — Ru F,M = F,M = Oy,

which is a splitting of the natural morphism Oy — Ru,Oy. By a result of Kovécs [34]
Theorem 1], this implies that Y is normal with at worst rational singularities. O

Remark 7.38. The essential difference between Z and Y is that Z is the support of the
first step of Hodge filtration in a mixed Hodge module; by passing to the highest weight,
one obtains a pure Hodge module, where we have much better Hodge theory results (e.g.
decomposition Theorem).

Example 7.39. Let X be the space of n by n matrices and let D be the generic deter-
minantal hypersurface. It is proved in [37] that the center of minimal exponent of (X, D)
is Dging. Compared to Example [(.32, we do not obtain a smaller subscheme compared to
Z. By [8, Theorem 1.4 and Theorem 1.5], the same statement then holds for the theta
divisor of a generic curve C, i.e. the center of minimal exponent of (Jac(C), O) is Oging-
Note that both Dgin, and Ogiye are normal and with at worst rational singularities, due
to a result of Kempf [2].

7.5. Rationality and normality criterions. We use Proposition[7.37]to recover several
well-known results in birational geometry about rationality and normality criterion, due
to Ein-Lazarsfeld and Kawamata. Let us first deduce a useful lemma, which will be used
several times.
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Lemma 7.40. Let D be an effective divisor on a complex manifold X. Suppose there
exists { € Z,« € Q and a subscheme Z C X such that

grgv gO,Cl{(D) = OZ-

Then every connected component of Z is reduced, irreducible, normal and has at worst
rational singularities.

Proof. Let M be the Z-module associated to D in Set-up .1l By construction
anfl grgV gI‘Z M = 07

therefore by (5.8]) O is locally isomorphic to the first step of the complex Hodge module
gr)¥ gr¥ M. Then one can apply Proposition [T.37 to obtain the desired results. O

We first recover the criterion of rationality and normality via adjoint ideals, see [30],
Proposition 9.3.48] or [19 Proposition 3.1].

Corollary 7.41 (Ein-Lazarsfeld). Let D be a reduced effective divisor on a complex
manifold X . If the adjoint ideal adj(D) is trivial, i.e. adj(D) = Ox, then D is normal
and has at worst rational singularities.

Proof. By Corollary £.24] one has
W_1Go-1(D) =0, WyGo-1(D)=adj(D)/Ox(—D) = Ox/Ox(—D).
This implies that
gI'gV gov_l(D) = OD.
Since D is connected, we get the desired statement by Lemma [7.40. O

The second corollary concerns Kawamata’s subadjunction theorem [28] on the singular-
ity property of minimal log canonical centers. Let D be an effective divisor on a complex
manifold X. Let 7 : X — X be a log resolution of (X, D). Write

™D = ZeiEi, KX/X = Z szz
iel el
Let o = —lct(D) and we have
Zoo(D) =T ((—a—€)D) = Ox.

We show that one can construct a minimal log canonical center using the weight filtration
on the multiplier ideal Zy (D) and recover partially Kawamata’s theorem.

Corollary 7.42. Assume every exceptional divisor E; with e; -lct(D) € Z must compute
the log canonical threshold, i.e. (ki +1)/e; = lct(D). Let € be the smallest number such
that WeZy o (D) = Iy o (D) and set

Y = Zero(W;—1Zy o(D)).

Then Y is a minimal log canonical center of (X, D) and every connected component of
Y is irreducible, reduced, normal and has at worst rational singularities.

Proof. Let I, ={i €1 |e;-a € Z} and let

EF = N E

JCls jEJ
|J|=k
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be the union of all £-fold intersection of components of } ;. F;. By (I3)) in Proposition
7.2, we know that ¢ is also the largest number such that E*! # @. Our assumption says

that
ki +1

fiell = lct(D)} = L,

thus Corollary [[.4] implies that Y is a minimal log canonical center. On the other hand,

WiZy o (D) W
. = gr g a D 3
qul—o,a(D) gry 0, ( )

so the singularity properties of Y follow from Lemma [7.40L O

OY — Ox/zy =

8. GLOBAL PROPERTIES

In this section, we study the global perspective of higher multiplier ideals and prove
several Nadel-type vanishing theorems. Throughout this section, we use Set-up 5.1l and
notations in §ol

8.1. Vanishing for higher multiplier ideals. We deduce some vanishing results con-
cerning the sheaf Gy, (D). In this section, we let D be an effective divisor on a projective
complex manifold X of dimension n and let £ € N,/ € Z,a € Q. We use Set-up b1 M
is the Z-module associated to the total embedding of D and L = Ox (D). Recall from

(E.6) and (5.8) we have
(8.1)
wx ® LF ® Go(D) = gr¥, ett M, wx ® L* @ gr})¥ Grol(D) = gr¥, g1y gk M.

Theorem 8.1. With the notation above and assume o € [—1,0]. Let B be an effective
divisor such that the Q-diwvisor B 4+ aD is ample. Then

Hi (X, gr”, . DR(gr)” gri M) @ Ox(B)) =0, for every i > 0.
If QL is trivial, then
HY (X, gr",  per) gty M@ Ox(B)) =0, for everyi > 0.
Proof. Proposition implies that the pair
(g1 gre M, Foyja) g1y’ gry M)

is the filtered aL-twisted Z-module that underlies an «L-twisted polarizable Hodge mod-
ule. Therefore, we can apply the vanishing Theorem 7] to get the desired statement. [J

Corollary 8.2. With the same assumption of Proposition[8.1. In addition, assume that
Gio(D)=0, forall0<{<k-—1.

Then

(8.2) H(X,wx ®@ g1}l Gra(D)® LF @ Ox(B)) =0, foralli>0,/(cZ.

In particular, if we write
C~YD =k -«
for unique k € N and o € (—1,0], then (82) holds.

Proof. By (81]), the assumption implies that
grf gry M =0, foralll<k.

Then gr”, , DRx(gr)” gr¥ M) = grf . er)V gr¥ M and the desired vanishing follows
from Theorem [B.1]
If ap = k — «a, then Lemma implies that Gy (D) =0 forall 0 < ¢ <k —1. d
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Corollary 8.3. Let D be an effective divisor on a projective complexr manifold X of
dimension n. Assume o € [—1,0]. Let B be an effective divisor such that B + D is
ample for any B € (o, + 1] and B + kL is big and nef. Assume

(8.3) Zoo(D) =11a(D) = - -+ =Ty _14(D) = Ox,

then

(8.4) H (X, wx ® L* @ T;, (D) ® Ox(B)) =0, for all i > 2.
Moreover

(8.5) HY (X, wx ® L* ® T}, (D) @ Ox(B)) = 0

holds if Tx—1,—1(D) = Ox, D is reduced, B+ pD is ample for all integers —1 <p < k—1
and rational numbers p € (—1, ] and

H (X, Q" P @ [P0 Ox(B)) =0, foral0<p<k-—1.
Proof. First we claim that the assumption (83) implies that
(8.6) Zy1(D)=0, forall0</{<Fk—2.
This is because the property of (5.14) and the assumption ([83]) give
Zo1(D) =Tp410(D) D Zps14(D) = Ox, forany £ +1 < k — 1.
For the vanishing of degree i > 2, we look at the short exact sequence
0= Zypo(D) = I or1(D) = Ox = Ly 41(D) /Ly o (D) — 0,

where the property of (5.14]) implies that 7 o+1(D) = Zy—1,4(D) = Ox. Since B + kL is
big and nef, we have

H(X, wx ® L*®@ Ox(B)) =0, foralli>1,
by Kawamata-Viehweg vanishing. To prove (8.4]), it suffices to prove
(8.7) H (X, wx ® L* ® T} 011(D) /To(D) ® Ox(B)) =0, fori > 1.

Note that Zy o+1(D)/Zi o(D) is a finite extension of Gy, g(D) for 8 € (a, a+ 1]. There are
two cases.

(1) If B € («, 0], then the assumption (83]) implies that
Gip(D)=0, forall0</¢<k-—1.
Since B + D is ample, Corollary gives
H'(X,wx ® Grs(D)® L* ® Ox(B)) =0, foralli> 1.
(2) If B € (0, + 1], then
Grp—1(D) =0, whenever 0 < /¢ <k — 2,

as a consequence of ([8.6]) and f§ —1> —1. Since (B+ D)+ (8 —1)D =B+ D
is ample for all g € (0, + 1] C (o, a + 1], Corollary implies that

H'(X,wx ® Grp(D) ® L' ® Ox(B))
2HY (X, wx ®Gr151(D)® L @ Ox(B+ D)) =0, fori>1.

Here we use the property of (5.15) to obtain Gi 3(D) = G—15-1(D) ® Ox (D).
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Hence we obtain the vanishing (87]) and thus the vanishing (8.4)).
For the vanishing (8.1, the plan is to use the short exact sequence (5.16) to reduce to
the vanishing theorems of Hodge ideals. Consider the following exact sequence

0— Ik,,l(D) — I&a(D) — Ik@(D)/Ik,,l(D) — 0.

We reduce (8.H) to the vanishings involving the first term and third term. First, let us
show that

(8.8) HY (X,wx ® L* @ T}, (D) )T}, _1(D) @ Ox(B)) = 0.
By (8.6) and the extra assumption Z;_; _;(D) = Ox, one has

(8.9) Zy-1(D) = Ox, whenever 0 </{<Fk—1,
and

(8.10) Gis(D) =0, forall0<(<k—1andf>—L.

Now note that Zj (D) /Zy, —1(D) is a finite extension of Gy, 3(D) for 5 € (—1, ], thus (88)
holds by Corollary and the extra assumption that B + D is ample for § € (—1, ).
To deal with the term Zy (D), consider the short exact sequence from (5.16)):

0= wy ®LF'®T0(D) »wx ® LFRT;, (D) = grt,,,wx(xD)® L™ — 0.

The first term above has no first cohomology because Z, (D) = Z—1 _1(D) = Ox by the
property of (5.14]) and B+ (k—1)D is ample, so that one can use Kodaira vanishing. On
the other hand, note that gr¥ ,, wy(*D) ® L™ fits into another short exact sequence

0wy @ LF'®@L,_1(D) = wx®LF @ L(D) — gt wx(*D) @ L' — 0,

where Iy(D) is the ¢-th Hodge ideal of the reduced divisor D. Lemma .18 implies that
I)(D) = Ox if and only if Z, (D) = Ox. Thus (89) gives

Then [12, Theorem 1.1] (by setting £ = Ox(B)) gives
HY(X,wx ® L @ I(D) ® Ox(B)) = 0.

Finally, H*(X,wx ® L*¥' ® I _1(D) ® Ox(B)) = 0 because [,_1(D) = Ox so we can
use Kodaira vanishing. We conclude that grf ., wx(*D) ® L' ® Ox(B) has no first
cohomology and hence (835]) follows. O

Remark 8.4. The statement of Corollary is similar to the vanishing theorem of
Hodge ideals for Q-divisors, which is first proved in [46, Theorem 12.1] with a global
assumption and later removed by Bingyi Chen in [12] Theorem 1.1].

Corollary 8.5. Let D be an effective divisor on a projective compler manifold X. Let
a € [—1,0],k € N and let B be an effective divisor such that B + D is ample for any
B € (a,1) and B+ kD s big and nef. Assume that

Zoo(D) =Ty o(D) = --- =Tj_1 (D) = Ox.
Then for any v € (,0] and any ¢ € Z, we have
H'(X,wx ® L* ® W/Ij, (D) ® Ox(B)) =0, for all i > 2.
Proof. Fix v € (a,0]. Recall the short exact sequence (5.9)
0 — Zj <o (D) = W/Ii, (D) = WyGy, (D) — 0.
The vanishing assumption implies that G, (D) =0 for all 0 < ¢ < k — 1, thus
H(X,wx ® L* @ W}, ,(D) ® Ox(B)) = 0, for i > 2
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by Corollary 8.2 On the other hand, note that Z, ., (D) = Zy y—(D) for some 0 < € < 1.
As (y —€) + 1 < 1, we have B + D is ample for any (v — €, — € + 1]. Hence it follows
from Corollary that

H(X,wx @ L* @ T}, .,(D) ® Ox(B)) =0, foralli>2.
These two statements imply the desired vanishing. U

Remark 8.6. One can give a similar vanishing for H! with extra Nakano-type vanishing
assumptions as in Corollary R3] and we leave the details to interested readers. There
are vanishing theorems for weighted Hodge ideals for divisors with isolated singularities,
see [51, Theorem E| and [52, Theorem C]. It is not clear to us how to obtain a similar
statement for v = —1.

8.2. Vanishing on abelian varieties. On abelian varieties, we have a much better
vanishing theorem.

Theorem 8.7. Let D be an effective divisor on an abelian variety A such that the line
bundle L = O (D) is ample. For any line bundle p € Pic’(A) and i > 1, we have

(1) H (A, L"' @ WiGro(D) @ p) =0 for k €N, L € Z and o € (—1,0].

(2) H(A, LF @ T;, o(D) @ p) = 0 for k > 1.

(3) H(A, LM @ T, (D) ® p) = 0 for k € N and a € [-1,0).

Proof. Since wy = Oy, by (5.8), we have
L @gr) Gra(D) @ p =il or) erl M (L® p).

Since (L ® p) ® O4(aD) is ample for any a € (—1,0] and p € Pic’(A), also QY is trivial,
Theorem [8.1] implies that

HY(A, LF"' @ gr) Gro(D)®p) =0, foralli> 1.

Then the first statement follows because the weight filtration is finite. In particular, we
have

(8.11) HY(A, L' ® Go(D)®p) =0, whenever a € (—1,0], i > 0.

For the vanishing of Z (D), let us treat the cases & = —1 and a = 0 together, by
induction on £ > 0. The base case is k = 0, we have Z, (D) = J(A,(1 —€)D) by
(BE) for some 0 < € < 1. So the desired vanishing is a consequence of Nadel vanishing
theorem (see [30, Theorem 9.4.8]). There is nothing to prove for & = 0. Assume the
vanishing holds for some k — 1 with £ > 1. By (5.14]), one has

Ty o(D) = Ij—1,-1(D).

Consequently, the vanishing for L* ® Z; (D) ® p follows from the induction hypothesis.
Now consider the short exact sequence from Proposition [5.10I

0— LF®@ Ty o(D) = LF' @ T, (D) — gt wa(xD) — 0.

Since A\ D is affine and Q}, it is direct to deduce that H*(A,grt,  , wa(xD) ® p) = 0
for any 4 > 1 and any p € Pic’(A) (see [45, Theorem 28.2]). Therefore we conclude that
LM ® T, (D) ® p has no higher cohomology as well and this finish the inductive proof
for a = —1 and ae = 0.

It is then deal with the remaining case v € (—1,0). Indeed, (RI1) implies that L* @
Gr.5(D) ® p has no higher cohomology for # € (—1, a); this suffices, because we already
know the result in the case & = —1 and Z o(D)/Zy _1(D) is a finite extension of Gy, g(D)
for € (—1,a).

U
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8.3. Vanishing on projective spaces. First, we give a refinement of Theorem [.7] in
the case of projective spaces.

Theorem 8.8. Let L = Opn(d) be a line bundle on P". Let a € Q and let M be an
aL-twisted polarizable Hodge module on X. If m is an integer such that m + ad > 0,
then for any k € Z, we have

H'(P™ grf M ® Opn(m)) =0, for every i > 0.
Proof. Consider the complex gri DR(M) ® Opn(m), which is denoted by

F*=|grf M ®/\%n — = grf M ® Tpn — grf M| [n] @ Opn(m),

concentrated in degree —n up to 0. Consider the hypercohomology spectral sequence
such that

EV? = HYP" FP) = HPTI(P", F*).
Fix ¢ > 1. Since m + ad > 0, Theorem K7 implies that H'(P", F*) = 0, and hence
E%" = 0. The vanishing we want is equivalent to Ef’i = 0. Since F/ =0 for all j > 1, it
suffices to prove that E| mHTh — 0 for all r > 1, which is equivalent to

(8.12) HT Y P" grf M® /\ Tpn @ Opn(m)) =0, forall r,i > 1.

We induct on k. If k is the lowest weight in the Hodge filtration, then gri DR(M) =
gri” M, and therefore the vanishing follows from Theorem L7

For k general, assume the vanishing holds for all £ < k. From the analysis above, it
suffices to prove (8I2)) for all r,i > 1. There is a Koszul resolution

O%@Opn %@OPn(l)—>"'—>@Opn<7’)—>/r\gpn — 0.

By the inductive assumption, for r, 7,5 > 1 we have
H* (P, gry_, M ® Opa(j +m)) = 0.
Using the Koszul resolution, this implies (8.12)). O

Theorem 8.9. Let D be a reduced hypersurface of degree d in P™. Fork € N andi > 1,
we have
(1) H (P", Opn(m) @ WiGy.o(D)) =0 fora € (—1,0], £ € Z and m > d(k—a)—n—1.
(2) H (P",Opn(m) @ Ly o(D)) = 0 for k > 1 and m > kd —n — 1.
(3) H (P™,Opn(m) @ I1.o(D)) = 0 for « € [-1,0) and m > (k+1)d —n — 1.

Proof. Let L = Opn (D). The first statement follows from Theorem B8 and Proposition
that gr}” gry M is an aL-twisted Hodge module on P". In particular, we have
(8.13)

H'(P", Opn(m) @ Gro(D)) =0, fori>0,a€c (1,0 and m >d(k—a)—n— 1.

The vanishing theorem for 7 (D) is proved in a similar way as the proof of Theorem
R We first prove the cases & = —1 and o = 0 together, and then deal with a € (—1,0).
The base case is k = 0: the vanishing for &« = —1 follows from Nadel’s vanishing, since
Zo,—1(D) =J(P",(1—¢€)D) and m — (1 —€)d+n+1 > ed > 0. There is nothing to prove
for a = 0.

Assume the vanishing hold for some k£ — 1 and k£ > 1. By (5.14) and the induction
hypothesis, one has

Hi(P", Opm(m) @ Tpo(D)) = HI(P", Opn(m) ® Tj_y (D)) = 0.
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fori>landm>kd—n—-1=(k—1+4+1)d—n—1. For a = —1, set
mo=m— (dlk+1)—n—1)
and consider the short exact sequence from Proposition .10l twisted by Opn(mg):
0 = Opn(m —d) @ I o(D) — Opn(m) @ T _1(D) — gr¥, . wpn (D) ® Opn(mg) — 0.

Since m —d > dk —n — 1, Opn(m — d) ® I, o(D) has no higher cohomology by what we
just proved. On the other hand, because mg > 0, gr”, ., wpn (xD) ® Opn(my) also has no
higher cohomology. This follows from [45, Theorem 25.3] and the short exact sequence
from the proof of [45, Theorem 25.3]:

where I(D) is the k-th Hodge ideal of D and note that the last term is isomorphic to
wpn @ grt Opa (xD). This finishes the inductive proof for the case of a = —1 and a = 0.
Finally, the case « € (—1,0) follows from the case « = —1 and (8I13). O

Remark 8.10 (Toric varieties). One can obtain a simple vanishing statement of higher
multiplier ideals on smooth projective toric varieties as in [45, Corollary 25.1]. We leave
the details to interested readers.

8.4. Application to hypersurfaces in projective spaces.

Proof of Corollary[1.13. Denote by S the set of isolated singularities of D of multiplicity
m. We know from Corollary [7.22] that
n+1—[2]

Ty -1(D) CZIs, where k = [
m

1-1.
Then the result follows from Theorem [[.6, which gives a surjection
H(P™, Opn((k+1)d —n — 1)) = Oy,
where W is the 0-dimensional part of the zero locus of Zy (D). O
Remark 8.11. Our bound [%me d—n—1 is better than the bound (| 2 |+1)d—n—1

n
m

from [45, Corollary H]: write n = pm + r for p € N and 0 <r <m — 1, then we have

n—i—l—(n/mH_ p+ = ifr=0,
m—1 Cp+ if r > 0.

[

m—1
In both cases, it is smaller than || +1 = p+ 1. When m = 2, our bound coincide with
theirs and give (|5 +1)]d —n — 1, thus is still not the best bound §d —n for even n from
[17, Corollary 2.2].

9. APPLICATION: SINGULARITIES OF THETA DIVISORS

In this section, we give some applications of higher multiplier ideals to the singularities
of theta divisors on principally polarized abelian varieties. Let A be a principally polarized
abelian variety (p.p.a.v.) of dimension g > 1, and let © be a symmetric theta divisor.
We assume that © is irreducible, or equivalently, that (A, ©) is indecomposable. By the
work of Kollar [30, Theorem 17.13] and Ein-Lazarsfeld [19], it is known that © is normal
with at worst rational singularities; moreover, if we define

Sing,,(0©) = {z € © | mult,© > m},
then
(9.1) dim Sing,,(©) <g—m —1, Vm > 2,
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where for a scheme Z, we define dim Z to be the dimension of the largest component of
Z.

We are interested in the following conjecture by Casalaina-Martin [10, Question 4.7].
Conjecture 9.1. If (A4, ©) is an indecomposable p.p.a.v., then
dim Sing,,(©) < g—2m +1
for every m > 2.

This conjecture holds for theta divisors on the Jacobians of smooth projective curves
(Marten’s theorem [2]) and Prym theta divisors associated to etale double covers by the
work of Casalaina-Martin [I1]. In particular, it holds when dim A < 5. The only known
cases where equality holds in Conjecture are Jacobians of hyperelliptic curves, and
intermediate Jacobians of cubic threefolds (where g = 5 and © has a unique singular point
of multiplicity 3). This leads to the following stronger conjecture, which characterizes
the boundary cases in Conjecture and would give a solution to the Riemann-Schottky
problem.

Conjecture 9.2. If (A4,0) is an indecomposable p.p.a.v. and is not a hyperelliptic
Jacobian or the intermediate Jacobian of a smooth cubic threefold, then

dim Sing,,(©) < g — 2m
for every m > 2.

When m = 2, Conjecture is due to Debarre [I5], proposed by Grushevsky [23]
Conjecture 5.5], which says that any indecomposable p.p.a.v. (A, ©) whose theta divisor
has codimension 3 singularity in A must be a hyperelliptic Jacobian. Conjecture
implies the following conjecture by Grushevsky [23, Conjecture 5.12].

Conjecture 9.3 (Grushevsky). Let (A, ©) be an indecomposable p.p.a.v. and let z € ©
be any point, then
1
mult,© < &
2
Assuming © has only isolated singularities, Conjecture is proved by Mustata and
Popa [45, Theorem I] using the theory of Hodge ideals. We give an alternative proof
of their result using higher multiplier ideals in §9.5. Our main result provides the first
instance of Conjecture for non-isolated singularities.

Theorem 9.4. Let (A,0) be an indecomposable principally polarized abelian variety.
Assume the center of minimal exponent Y of (A, ©) in the sense of Definition[7.3]) is a
one dimension scheme, then Conjecture [9.1] holds and Y must be a smooth hyperelliptic
curve. Moreover, if there exists m > 2 such that

dim Sing,,(©) = g — 1 — 2m,
then one of the following holds

(1) either (A,0) = (Jac(Y), Oacv)),
(2) or g(Y) = 2m, dim A = 2m — 1, the minimal exzponent of © is 22=L and © has a
unique singular point of multiplicity m.

In §9.41 we also prove the following general statement, due to Popa [55].

Proposition 9.5. A modified version of the Conjecture A of Pareschi and Popa [53]
implies Conjecture [9.2.
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9.1. Minimal exponents of theta divisors. Before the proof of Theorem [0.4, let
us make some preliminary discussion on minimal exponents of theta divisors. Ein and
Lazarsfeld [19, Theorem 1] show that if (A, ©) is indecomposable, then © is rational. By
[63, Theorem 0.4], © has rational singularities is equivalent to

(9.2) do > 1.

Since the minimal exponent provide new information compared to the log canonical
threshold, it will be instructive to compute the minimal exponent of theta divisors ap-
pearing in the boundary case of Conjecture 9.2l We would like to thank Mircea Mustata
for the discussion of this point.

Theorem 9.6. Let (A, ©) be a principally polarized abelian variety.

(1) If A = Jac(C) where C is an arbitrary smooth projective curve, then 1 < g < 2.

e (Budur-Doan) If C is a Brill-Noether general curve, then ag = 2.

o [f C is a smooth hyperelliptic curve, then ag = %

(2) If A is the intermediate Jacobian of a smooth cubic threefold, then g = g

Remark 9.7. This provides some numerical evidences for Conjecture [0.2} assume there
exists a m > 2 such that dim Sing,,(©) > g — 2m + 1, then Theorem [(.I7 implies that

5 2m —1
Oz®<

<2,
m

which is indeed satisfied by all the boundary examples. This is the starting point of our
proof of Theorem

Proof of Theorem[9.4. If C' is a smooth projective curve of genus g and A = Jac(C), by
the Riemann Singularity Theorem we have

Sing,,(©) = W1'(C), Vm >2.

Since m—1 > (g—1) —g, by [2, Chapter IV, Lemma (3.3)] we know that every component
of Sing,,(©) has dimension greater or equal to the Brill-Noether number

p=g—(m-1+1)(g—(9-1)+m—-1)=g-m”
Therefore Theorem [ 17 implies that
2
s cmin™ o
o < Inrg% -~ 2
If A is the intermediate Jacobian of a smooth cubic threefold, Mumford [43], p. 348]
proved that © has a unique isolated singular point of multiplicity 3 (see also [3]), whose
projectivized tangent is smooth is the original cubic threefold. Therefore one can blow
up the unique singular point along A to obtain a log resolution of (A, ©). By Proposition

[7.24, one has
. codimy(Sing;(©)) 5
Qg — 3 = g

In fact, the same argument works for any isolated ordinary singularities of multiplicity
m in a smooth n-dimensional space so that the minimal exponent is n/m.

If A= Jac(C) for a smooth hyperelliptic curve, then by [2, Chapter IV, Theorem 5.1]
one has Sing,, (0) is an irreducible variety of dimension g — 2m + 1 for each m > 2. By
[70] there exists a log resolution of (A, ©) such that one can do an iterative blow up of
(the proper transform of) Sing,,(©) from m = || to m = 2. Then by Proposition
[7.24, one has

. codim 4 (Sing,,(©)) . 2m—1
g =— 1IN = min —
m>2 m m>2 m

3
-
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If C' is a Brill-Noether general curve, in [70, Problem 9.2] we predicted that there exists
a log resolution for (A, ©) by iteratively blowing up all Brill-Noether subvarieties of ©
starting from the deepest stratum. This is recently confirmed by Budur and Doan [8]
Theorem 1.6]. In this case, the Brill-Noether number gives

codim 4Sing,,(0) = m?, Vm > 2,

then Proposition [.24] implies that

m2

g = min — = 2.
m>2 m

O
For hyperelliptic curves, one can obtain a stronger result.
Theorem 9.8. Let C' be a smooth hyperelliptic curve and (A,0) = (Jac(C), Ojac(c)),
then 3
Qoo =5 Vz € Oging,
where & , is the minimal exponent of the local defining equation of © near x and Oging

denotes the singular locus of ©, which is also Sing,(O).
Therefore we have

(93) Il7<_1/2(@) = I@Si“g and 917_1/2<@) = O@Si“g.

Remark 9.9. In general, the minimal exponent of an effective divisor D with nonempty
singular locus on a complex manifold X satisfies
Qp :=minap, = min ap,.
xeD xeDSing

This is because if  is a smooth point of D, then ap , = +o0o. Theorem [0.§ means that in
the case of hyperelliptic theta divisors, this minimum is actually achieved at every point
in the singular locus of ©. If C' is Brill-Noether general, this is also true by [8 Theorem
1.6].

Proof. First, we claim that it suffices to prove

(9.4) Goy = ;, Vo € Sing,(©) — Sing,(0).

~

Grant (@.4) for now. Let g be the genus of C, using the isomorphism Sing, (0) =
W;’jl(@) and Wj(C) = W;7}(C) because C is hyperelliptic, we have the following
commutative diagram

Sing (6) — s W2,(C) — W,_4(C)

| [ /

Oging = Singy(0) —— W, (C) —— W,_3(C)
By [2, Chapter IV, Corollary 4.5] Sing;(0) = W} ,(C) is exactly the singular locus of

W,_3(C') = Sing,(0). Theorem 0.6l implies that ’

3 L

2~ Yo T an o
Then (@.4) implies that ag = % is achieved by a Zariski open subset of Og;,g. Therefore
the lower semicontinuity of minimal exponent ag , with respect to x [47, Theorem E(2)]

gives

3
&G,m = 57 Vr € @Sing-
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To prove (Q.3)), let Z be the subscheme such that G; _1/2(©) = Oz. Lemma implies
that Z must be reduced and Z C Og;ye. Since dg , = %, V& € Oging and Ogjpg = ng_l(C)
is reduced by [2, Chapter IV, Corollary 4.5], Lemma implies that

@Sing - supp gl,fl/2<@) =Z.

We conclude that Z = Og;,, and hence (@.3]) holds.
It remains to prove (@.4). The theta divisor of Jac(C') has the following chain of
multiplicity loci

(9.5) Jac(C) D © D BOgipg = Sing,(O) D -+ D Sing,(O) 2 Sing,,,(0) = 2,

where ¢ = [2H1]. Since C is hyperelliptic, we know Sing,,,(0©) = Wg":l(C') is irreducible,
codimy,e(cy Sing,,(©) =2m —1, m > 2,

and the singular locus of Sing,,(©) is exactly Sing,,,,(©). By Theorem [L.I7 one has

(9.6) Go,p < ;, Va € Sing,(©) — Sing4(0).

Now the plan is to apply Proposition [[.24] where we need to argue that there exists a log
resolution of

(Jac(C') — Sing5(©), © — Sing;(0))

which only blows up Sing,(©) — Sing;(0).

The log resolution of (Jac(C'),©) in [70] is achieved by the following procedure. Note
that in (@.5) the deepest strata Sing,(©) is either the hyperelliptic curve or a point, hence
is always smooth.

Step 1: Blow up Jac(C) along the deepest strata Sing,(©), then the proper transform
of Sing, ,(©) becomes smooth and is transverse to the exceptional divisor denoted by
Eg,l.

Step 2: Blow up along the proper transform of Sing, ,(©), then the proper transform
of Sing, ,(©) becomes smooth and is transverse to the exceptional divisor Ey_» and
(proper transform of) F,_;.

Step /—1: Blow up along the proper transform of Sing,(©), then the proper transform

of © becomes smooth and is transverse to the exceptional divisor Fy, ..., Ey_;.
The conclusion is the we have a proper birational map 7 : A — A = Jac(C') with
(9.7) 0 = O +2E, +3Ey+ ...+ (E,_,.

is a divisor with normal crossing support and
KA/A =2F +4Fy+ ...+ (20 — 2)E,_;.

Note that because the singular locus of Sing,,(©) is exactly Sing,,,,(0O) for any m > 2,
the procedure above actually produces a log resolution

T = A — Jac(C) — Sing,,,,,(0)
for the pair
(Jac(C) - Singm+1<@>7 O — Slngm—i—l(@))
by iterated blowing up of Sing;(©) — Sing,,,,(©) from j = m to j = 2. The data of log
resolution is
75 (0 — Sing,, 1(0)) = O + 2E, +3E, + ... + mE,,_1,
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Then we can apply Proposition [7.24] to show that
) . - 3
min o, = Qo_g; = —.
€Sing, (©)—Sing,(©) " ©-Sings(©) = 5

By (@.6) we conclude that
3
oy = 2 YV € Sing,(©) — Sing,(0),
which is what we want. 0

9.2. Properties of the center of minimal exponent. Let (A,©) be an indecom-
posable principally polarized abelian variety. In this section, we deduce some special
properties of the higher multiplier ideal sheaf for Z; ,(©) for o € [—1,0). We start
by reinterpreting the work of Kollar and Ein-Lazarsfeld discussed in §9.1] in our lan-
guage. Using the relation Zy ,(0) = J((—a — €)0©), Kollar’s result [30, Theorem 17.13]
J((1 —€)O) = O4 can be translated to

(9.8) Ty, 1(0) =04, Goa(®)=0, V-1<a<0, Gy 1(0)=0e.
Lemma 9.10. We have N acts trivally on Gy _1(0), and G1¢(©) = 0. Therefore, the
weight filtration on Gy _1(0) is trivial.
Proof. By Corollary £.24, we have
Wo(G0,-1(0)) = adj(©)/0a(=0), W_1(Go,-1(0)) =0,
where adj(©) is the adjoint ideal. By [19, Theroem 3.3] we know adj(©) = O4. Therefore
Wo(G0,-1(0)) = 04/04(=0) = Go,-1(O),

which implies that IV acts trivially on Gy 1(0).

Now let us prove G;4(©) = 0. Note that on Gy _1(0) = grl gr¥, M, where M is the
Z2-module associated to the graph embedding A < L, we have locally N = t0; + 1 = 0,t.
This gives the following diagram

go 1 )—>glo )—>g1—1

gro gr’ 1./\/l BN grl gre VM —Ls glr1 gr” 1/\/l

\ﬂ/

We represent the bottom arrows locally by 0; and ¢. Since M has strict support, 0; is
surjective and t is injective. By the discussion above, we also know that N = 0,t acts
trivially on gr{ gr¥, M. This implies that

(ery grg M) -t = (grg gr¥y M) - Ot = 0.
The injectivity of ¢ means that grf gry M = 0.
Here is another way of deducing G, ((0©) = 0. Lemma and (9.2)) give
min{k — o,k € Nya € (=1,0] | Gro(O) # 0} = G > 1.
This implies that G o(©) = 0.
U

In view of (0.8)) and Lemma [0.10], we see that there is no interesting information left in
the usual multiplier ideals of © and G; ¢(©). The idea is to use the first higher multiplier
ideal Z; ,(©) to get more information on the singularities of the theta divisor.
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Lemma 9.11. We have Z; ¢(0©) = O4 and Z; . _1(0©) = O4(—0).
Proof. By (5.13) in Proposition .10, Go,a—1(©) — G1,4(0©) is an isomorphism for o > 0.
Using (0.8) and Lemma [0.10, we have

gl,a(@) - 0, VOz € [O, 1)

Since Z; <1(0) = O4 by Proposition 5.10] this gives Z; «o(©) = O4. By (E.13) in Propo-
sition [5.10, one also has

T1e1(0) = T1.-0(0) ® O4(—60) = O4(—0).

It follows that the chain of coherent sheaves
7:.(0) ® 04(20), for a € [-1,0),
interpolates between O4(0) and O4(20). They also satisfy the following vanishing the-

orem from Theorem R.7]

Lemma 9.12. For o € [—1,0), we have
H' (A, 7,,(0) ® 04(20) ® p) =0, Vi > 0,p € Pic’(A).

Now we analyze the subscheme Z from §7.4] and the center of minimal exponent of
(A, ©) under the extra assumption that 1 < ag < 2. The left inequality automatically
holds by (@.2) and the right inequality will be satisfied if the assumption of Conjecture
does not hold.

Lemma 9.13. Assume ag < 2 and write
ae =1—a, for some a € (—1,0).

Let Z be the closed subscheme defined by the ideal I, .,(©). Then the subvariety Z is
reduced, connected and generates A as an abelian variety. The line bundle Oz(20|z) is
base-point-free and not very ample. The map induced by |20|4|

7 —PH"(Z,20)|y)
1s two to one and the image of Z is non-degenerate.
Proof. The reducedness of Z follows from Lemma [[.30l For the connectedness, let us

study the properties of 20| first. Since o € (—1,0), we can exploit the vanising theorem
from Lemma [0.12] which implies that

(9.9) H°(A,04(20)® L) - H° (Z,(04(20) ® L)| )

is surjective for every L € Pic’(A). It is known that |20] is base-point-free; moreover,
when (A, ©) is indecomposable, the resulting morphism

A—P¥ 1 =PH(A,20)

factors through the quotient of A by the involution z + —z and thus is a 2 : 1 map.
Then ([@.9) implies that the linear system |20|| is also base-point-free, and the resulting
map is two to one and the image of Z is non-degenerate.

Now suppose Z is not connected. Since we have the equality of sets

{04(20)® L | L € Pic’(A)} = {t:04(20) | a € A, t, denotes the translation by a},
we could translate Z so that one connected component contains a point xy and another
point —xg, and (Q.9]) gives

H°(A,04(20)) - H(Z,04(20)|2).
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This would then contradict the fact that |20| does not separate these two points.

Finally let us prove the generation statement. Let B be the subtorus generated by
Z. We first claim that 20|, is not very ample: the argument above shows that 20|z
cannot separate xy and —xg, thus not very ample; an alternative argument is we assume
© is symmetric in the beginning of §9] and thus Z C Og;,, must be symmetric as well.
Therefore 20|, cannot separate xy and —z, for some xy € Z. By the surjectivity in (@.9),
we conclude that 20|p is also not very ample. In [50, Theorem A}, Ohbuchi showed that
if 20|p is not very ample for some sub abelian variety B C A, then B is isomorphic to a
product of polarized abelian varieties with at least one positive dimensional principally
polarized factor. It follows that B = A because (A, ©) is indecomposable as principally
polarized abelian varieties.

For a slightly different argument of B = A, one can use [49, Theorem 1] as follows:
assume B is a proper subtorus of A. Since (A, ©) is indecomposable as p.p.a.v., then
we must have h(B,©|g) > 2 and (B, ©|p) cannot have nontrivial principally polarized
factor. Then [49, Theorem 1] implies that 20|p is very ample, which is a contradiction.
Therefore B = A and Z generates A. U

We still assume 1 < dg < 2. Let Y be the center of minimal exponent for (A, ©) in
the sense of Definition [[.34] i.e. write &g = 1 — « for some o € (—1,0). Let £ > 0 be the
maximal integer such that gr}” G ,(©) # 0, then

Oy = gr?/ G1.4(0).

Lemma 9.14. Assume 1 < ao < 2 and let Y be the center of minimal exponent for
(A,0©). Then Y is reduced, connected and generates A as an abelian variety. The line
bundle Oy (208|y) is base-point-free, but cannot separate x and —x for some © € Y,
therefore not very ample. The map induced by |20 |y |

Y — PHO(Y,20|y)

1s two to one and the image of Y is non-degenerate. Moreover, Y is irreducible and
normal with at worst rational singularities.

Proof. We use the notation above. By (Z.2H]), there is a short exact sequence
0—=Z; =11.0(0) > Iy = Wi_1G14(©) = 0.
Since a € (—1,0), Theorem R also gives
H'(A,04(20) @ W, 1G1,(©)® L) =0, Vi>0,L € Pic’(A).

Then combined with Lemma @12, we have H*(A,Zy @ O4(20)® L) = 0 for all i > 0 and
L € Pic’(A). Therefore we still have

H°(A,0,(20)® L) — H° (Y, (04(20) ® L)|y)

is surjective for any L € Pic’(A). Moreover Y must be symmetric because © is symmetric.
These properties are good enough to ensure the proof of Lemma [@.13] works and we obtain
the properties of Y except for the irreducibility, normality and rationality, which follows
from Y being the center of minimal exponent of (A, ©), connected and Theorem U

Lemma 9.15. With the same assumption as in Lemma[9.1]], then we have
HY(Y,04(20)|y ® L) =0, Vi>0,L¢€ Pic’(A).

Moreover, if Y is smooth, then 20|y is the smallest piece of the Hodge filtration in a
(1 4+ «)B|y-twisted Hodge module on'Y and

HY(Y,04(20)]y ® Ly) =0, Vi >0,
and for all line bundle Ly on'Y such that O4((1 4+ «)O)|y & Ly is ample on Y .
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Proof. By the construction of Y as Oy = gr}¥ G1 4(0), wa = O4 and (E.8), we have
04(0) ® Oy = grﬁvgJrl gry’ gr’ M.
By construction, grf gr}V er¥ M = 0 for all k£ < —g — 1. On the other hand, since
a € (—1,0), using (5.8) and (9.8)) one has
grfg gty gty M = 04(0) ® G.o(0) = 0.
Therefore O4(0©) ® Oy is the smallest piece in the Hodge filtration of the aO-twisted
Hodge module gr}’ gr¥ M (c.f. Proposition B.12). Since twisting by O4(©) changes a
pO-twisted Hodge module into a (8 + 1)O-twisted Hodge module (see Remark and
Lemma [3.14]), we have
04(20) @ Oy = g’y ((gry” gro, M) ® 04(0))

is the smallest piece in the Hodge filtration of a (14 «)©-twisted Hodge module. Because
o > —1, the Q-divisor (14 )0 + L is ample on A for all L € Pic’(A). Since 2}, is trivial,
the vanishing Theorem [4.7] implies that

H(Y,04(20)|y ® L) = H(A,04(20) ® Oy ® L) = 0,

for all i > 0 and L € Pic’(A).

Assume Y is smooth. We go further by exploiting the fact that O4(20)|y is the first
step in the Hodge filtration of an (1 + «)©-twisted Hodge module supported on Y. Since
Y is smooth, the twisted form of Kashiwara’s equivalence (Theorem B.10) shows that

O04(20)]y

is the direct image of the first step in the Hodge filtration of an (1+ «)0|y-twisted Hodge
module on Y. Therefore Theorem 4.7 implies that

H'(Y,04(20)|y ® Ly) =0
for every line bundle Ly on Y such that Ly ® O4((1 + «)O)l|y is ample on Y. O

9.3. The case of one dimensional center. Now we give the proof of Theorem 0.4 By
the way of contradiction, suppose that for some m > 2, we have

(9.10) d := dim Sing,,,(0) > g — 2m + 1.
The Ein-Lazarsfeld bound (@.1)) gives d < g —m — 1, thus we get g —d = m + r for a
unique
(9.11) 1<r<m-1.
According to Theorem [7.17, we can conclude that
T, <3(©) € O4, for some > —r/m>—1.

So one of the higher multiplier ideals Z; ., (©) in the range a € (—1, 0) must be nontrivial;
moreover, a greater defect in (O.J0]) means a smaller value of r, and hence a jump in
71 <o(0) for a larger value of a.

Let a be the maximal value for which Z; .,(0) € O4. Lemma gives Z; .¢(0) =
O4. Then we have

(9.12) —l<—r/m<a<O.
Equivalently, let &g be the minimal exponent of ©. Corollary [[.2T] implies that

< codim4(Sing,,(0)) < 2m —1 _

g < 2.

m m
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Thus Lemma [5.26] implies that &g = 1 — a, and together with (@.2]) one has
—d

(9.13) l<do<?—C <o
m

Recall that Y is the center of minimal exponent of (4,0). As 1 < de < 2, one can
apply Lemma [9.14] to conclude that Y is irreducible and normal. Since we assume that
dimY =1, hence Y must be a smooth projective curve. For the rest of the proof, set

C:=Y, e:=0-C=deg-(0|c), ¢(C):=genus of C.
Proposition 9.16. The curve C must be hyperelliptic and e = g(C).
Proof. Since 1 < ao < 2, Lemma gives H'(C,04(20)|¢) = 0. Therefore by

Riemann-Roch we have
dim HO(C, 04(20)|¢) =2e — g(C) + 1.

It follows from Lemma [0.14] that the morphism defined by |20|¢| maps C' two-to-one to
a non-degenerate curve of degree e in P?¢~9(°). By Castelnuovo’s theorem on degrees of
non-degenerate curves, this gives us the degree bound

(9.14) e > 2e—g(C), orequivalently g(C) > e.

On the other hand, for any Lo € Pic’(C), we have (1 + a)O|¢ ® L¢ is ample on C,
because « > —1 by (@.12). Hence Theorem (4.7 gives

HY(C,04(20)|¢ ® Lg) =0, VLo € Pic’(C).
By Serre duality, this is equivalent to
H(C we ® 04(=20)|c ® Le) =0, VLe € Pic?(C).
By Lemma below, we deduce that
2e = degp(20|c) > dege(we) = 29(C) — 2,

and hence that e > ¢g(C). We therefore have equality in the Castelnuovo bound (9.14)),
and so the image of C in P?*79(°) = P° must be a rational normal curve. We conclude
that C' must be hyperelliptic, as a 2:1 cover of a rational normal curve. (

Lemma 9.17. Let C' be a smooth projective curve, if P is a line bundle on C' such that
H°(C,P® L) =0 for all L € Pic’(C), then deg P < 0.

Proof. Assume deg P > g(C), one can choose a L € Pic’(C) such that P ® L is effective.
Then by geometric Riemann-Roch one has dim H*(C, P ® L) = deg P — g(C) +1 > 1,
which is a contradiction.

Assume 0 < d = deg P < g(C), then by [2, Chapter IV, Lemma (3.3)], the dimension
of the Brill-Noether variety W9(C') is at least g — (¢ — d) = d > 0. Hence there exists
at least one L € Pic’(C) so that dim H(C, P ® C') > 1, which is also a contradiction.
Therefore we finish the proof. O

The next proposition finishes the proof of Theorem [.4]

Proposition 9.18. With the notation above, the following hold.
(1) The inequality dim Sing,,(©) < g — 2m + 1 holds for every m > 2.
(2) Moreover, dim Sing,,(©) = g —2m + 1 can only happen if either A = J(C) is
the Jacobian of the hyperelliptic curve C, or if g = 2m — 1,9(C) = 2m,a =
—(m —1)/m, ag = Zm—m_l and © has a unique singular point of multiplicity m;
moreover m > 4.
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Proof. Since C' =Y is smooth, Lemma implies that O4(20)|¢ is the smallest piece
in the Hodge filtration of a (1 + «)©|c-twisted Hodge module on C. Then the twisted
version of the Arakelov inequalities for variation of Hodge structure (see Corollary [9.20)
implies that

2e = deg(04(20)|¢) > degwe + (1 + ) deg(04(O)|c) =2e — 2+ (1 + a)e.
Here we use Lemma to get degwe = 2¢(C) — 2 = 2e — 2. This implies that
(9.15) (1+a)e <2.

On the other hand, Lemma says that C' generates A (as an effective 1-cycle). Then
the Matsusaka-Ran theorem [57] gives e = © - C' > dim A = g, with equality if and only
if A = Jac(C). Recall that d = dim Sing,,(©) > 0 and r = g — d — m. Then (Q.11) and

(@.12) give
a>-r/m, 1<r<m-—1.
Combining with the inequality (@.15]), we see that

2
(9.16) m+r<m+r+d=g<e< mn

l+a = m—r
This implies that
m? — 2m < r2.
Suppose r < m — 2, then
m? —2m < m? — 4m + 4.
Therefore, we have m < 2 and r < 0, which contradicts with 1 < < m—1. In particular,
we conclude that
r=m— 1.
Plugging r = m — 1 back to (@.10), we see that
2m+d—1 < 2m.

Therefore d=0ord=1,ande=gore=g+ 1.
o If e = g, then we see that the abelian variety A contains a curve C' generating A
with
C-0=e=g=dimA.
By the Matsusaka-Ran criterion for Jacobians [57], we conclude that

A = Jac(C),

i.e. A is the Jacobian of a hyperelliptic curve.

elfe=g+1, thenal:(),ngm—l,g(C’):e:2m,a:—mT’1 and dg =
In this case, © has a singular point with multiplicity m. Finally, let us rule
out the case where m = 3. If m = 3, then by Casalaina-Martin’s result [10]
Proposition 3.5], either A is the intermediate Jacobian of a cubic threefold or A
is the Jacobian of a hyperelliptic curve. The first case is impossible because then
Oging 2 C', which contradicts with the known result that the theta divisor on the
intermediate Jacobian of a cubic threefold has only one isolated singularity. The
second case is also impossible because on the one hand dg = (2 x3—1)/3, on the
other hand &g = 3/2 by Theorem 0.6, which causes a contradiction! We conclude
that m > 4.

2m—1

t
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Lemma 9.19 ([54]). Let C' be a smooth projective curve of genus g(C') and let M be a
Z-module underlying a polarized complexr Hodge module with strict support C'. Let p be
the smallest integer such that F, M # 0. Then

deg Fy M > 2¢(C) — 2.
Proof. Let V be the polarized CVHS on some open subset Cy. Then
deg F,M > 2g(C) — 2+ deg PV > 2¢(C) — 2.
O

Corollary 9.20. Let C' be a smooth projective curve of genus g(C'). Let D be an effective
divisor on C and set L = O¢(D). Let M be a aL-twisted Hodge module with strict
support C. Let p be the smallest integer such that Fy, M # 0, where M is the underlying
twisted P-module. Then

deg F, M > 2¢g(C) — 2+ a - deg D.

Proof. It a € Z, then M ® L~ underlies a polarized complex Hodge module by Lemma
B.I4 and then apply Lemma [0.19] O

Remark 9.21. Using Reider’s theorem on Fujita conjecture for surfaces [58], one can
deduce some partial results when the center of minimal exponent is two dimensional. But
we will leave this for future investigation.

9.4. General case. In this section, we relate [53, Conjecture A] with Conjecture 0.2
We need to modify this conjecture slightly: let (A, ©) be an indecomposable p.p.a.v.
and let Y C A be a closed reduced subscheme of A of pure dimension d < g — 2 which
generates A as an abelian variety. If Zy (20) satisfies the I'Ty-property, then (A, ©) must
be a Jacobian of curve or a Jacobian of a smooth cubic threefold. The original conjecture
assumes Y is geometrically non-degenerate instead of the generation condition, the latter
condition is a priori weaker.

Proof of Proposition[9.4. We prove by contradiction. Let (A, ©) be an indecomposable
p.p.-a.v. so that it is not a hyperelliptic Jacobian or the Jacobian of a smooth cubic
threefold. Assume there exists m > 2 so that

dim Sing,,(©) > g — 2m + 1.
Then by ([©.:2) and Corollary [7.21] we must have

codim4Sing,,(O) < 2m —1 <9

I <ag < <
m m

Let Y be the center of minimal exponent of (A,0). By Lemma 014 Y is a closed,
reduced and irreducible subscheme of A and Y generates A. In particular, Y is of pure
dimension. Lemma implies that the sheaf Zy (20) has the ITy-property in the sense
of Pareschi-Popa [53]. Since dimY < dim Ogjpe < g — 2, then the modified version of [53]
Conjecture A] (see above) implies that (A, ©) must be a Jacobian of curve or a Jacobian
of a smooth cubic threefold. By a result of Martens, for any non-hyperelliptic curve, one
must have

dim Sing,(0©) < g — 2k, Vk > 2.

Therefore (A, ©) must be a hyperelliptic Jacobian or a Jacobian of a smooth cubic three-
fold. This causes a contradiction! We conclude that Conjecture holds. O
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9.5. Theta divisors with isolated singularities. In this section, we give different
proofs of some results obtained by Mustata-Popa [45], not using Hodge ideals.

Theorem 9.22. [45] Theorem I| Let (A4, ©) be an indecomposable p.p.a.v. of dimension
g such that © has isolated singularities. Then

(1) For every x € © we have mult,(0) < £ 1
Jr

(2) Moreover, there is at most one point x € © with mult,(©) = &=,

Proof. Assume m = mult,(©) > £2, then (71J) implies that

2m—g—| 204 | 2
Z;1(0) Cm; Cm.
This is because the Ein-Lazarsfeld bound (@] implies that m > g —1,802 <2m —g <
m — 1. Consider the short exact sequence
0— OA(2@) ®Il7_1(@) — OA(Q@) X mi — OA(Q@) X mi/IL_l(@) — 0.
Note that suppm?2/Z; _1(©) C {z}, so O4(20) ® m2/Z; _1(O) ® p has no higher coho-
mology for any p € Pic’(A). Combining with Lemma [I.12, one has
H'(A,04(20) @m2 ®p) =0, foralli>0.
Then one can argue as in the proof of [45, Theorem I| to obtain a contradiction with the

fact that |20] is 2 : 1 and ramified at 2-torsion points. Therefore mult,(©) < .
Assume there are two points z,y such that m = mult,(0) = mult,(6) = £, then

(CI9) gives
_’217,1(@) g m, ® my7

because 2m — g — | (2m — g)/m| = 1. Then a similar argument as above will contradict
that fact that [20] does not separate z and —z for z # 0. O

We can obtain similar bounds of multiplicities in terms of jet separation, as in [45]
Theorem 29.5]. Following [45], we denote by s(¢,x) the largest integer s such that the
linear system |(©| separates s-jets at = and we denote

s¢ =min{s({,z) | z € A}.
Let €(©) be the Seshadri constant.
Theorem 9.23. Let (A,0) be a p.p.a.v. of dimension g such that © has isolated singu-

larities. Then for every x € © and every k > 1, we have
Skt +g Tk +3+ sk +g+k+3)2—4dg(k+1)
2(k+1)

(9.17) mult, (0) <

In particular, for every x € © we have
mult,(0) < (@) +1 < /gl +1.

Proof. Assume (O.I7) does not hold, then using the elementary fact that if a > 0 and
m > =bivbi—dac V;f_‘lac, then am? + bm + ¢ > 0, we have

(k+1)m? — (k+g+ s +3)m+g>0,
which can be rearranged as
m(k+1)—g

m
Since [m(k+1) —gm| < (W + 1, according to (T.19)) it follows that
Ik,,1<@) - mi*sk“.

m(k+1)—g—( +1) > sp1 + 2.
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Using Theorem [R7 one then argue as in the proof of [45, Theorem 29.5] to derive a
contradiction. U

Remark 9.24. Our precise bound (0.1I7) is better than those of [45, Theorem 29.5], but
asymptotically is only 1 better.

Remark 9.25. One can apply similar arguments to recover results in [45] §30] for singular
points on ample divisors on abelian varieties, using Theorem [R.7. We leave the details to
interested readers.

10. QUESTIONS AND OPEN PROBLEMS

We finish this work with some questions and open problems. Let D be an effective
divisor on a complex manifold X.

Question 10.1. Let 7: X — X be a log resolution of (X, D). Is it true that
Te(Wg ) x ® Ipa(m" D)) C Lt o(D)?
See Remark and Example [6.14

Problem 10.2. Does there exist a simple formula for Zy ,(D) in terms of some log
resolution of (X, D)?

Question 10.3. Let D1, Dy are two effective divisors. Assume Dq > Dy, i.e. D1 — Dy is
effective. For k = 0, one has

Io7a(D1) Q I()@(DQ).
Is there any similar relation between Zj, ,(D;) and Zy, o(Ds) for k > 17

Problem 10.4. The equality (5.22)) expresses Zy o(mD) in terms of Zj o(D). Find a
relation between Z o(Dy + D) and Zy o(D1),Zx o(D2) in the spirit of the subaddivity
theorem for usual multiplier ideals.

For any p.p.a.v (A,0), the work of Kollar [30] implies that the minimal exponent
satisfies g > 1. Furthermore, if (A, ©) is indecomposable, one has ag > 1 by the work
of Ein-Lazarsfeld [19], see (@.2). Inspired by Conjecture 0.2l and Theorem 0.6, we ask

Question 10.5. Let (A, ©) be an indecomposable principally polarized abelian variety.
Does one always have

3
do > 27

If it is true, do hyperelliptic Jacobians characterize the equality case?
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