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Introduction

In an unpublished manuscript on Hodge theory [7], Deligne has proved
a Hodge decomposition theorem for twisted coefficient systems like those
arising in algebraic geometry. Specifically, given a non-singular projective
variety S over C (or more generally, a compact Kiahler manifold), and a
locally constant system V of complex vector spaces on S which underlies a
polarizable variation of Hodge structure of weight m, Deligne constructed
polarizable Hodge structures of weight m ++¢ on H “S, V) naturally
associated to the variation of Hodge structure. In the case V = C (with
the trivial variation of Hodge structure of weight zero), the construction
reduces to classical Hodge theory; at the other extreme where S is a point,
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416 STEVEN ZUCKER

it recovers on H(S, V) the Hodge structure on V.

In practice, V is a system R"f,C of cohomology along the fibers for
some smooth family of projective varieties (more generally, compact Kahler
manifolds) f: X — S. In this case, the Hodge structures constructed for all
i and m are compatible with the Leray spectral sequence for f, so we may
view the construction of Deligne as giving the “right” Hodge structures
for H*(S, V).

However, a family of projective varieties over a complete base generally
has some singular fibers. Assuming that the generic fiber is non-singular,
there is a Zariski-open subset S < S over which f |71, = f: X — S is smooth;
the family is said to degenerate on the complement of S in S. For most
applications, one would need a generalization of Deligne’s construction to
degenerating families. It is the purpose of this paper to provide such a
generalization when S is a curve, and to give applications of the result.
(The hope of allowing S to be higher dimensional will always be at the back
of our minds.) We prove (7.12) (also (11.6)):

THEOREM. Let S be a non-singular algebraic curve over C, S its smooth
completion, j:S=S, and V a locally constant system of complex vector
spaces on S underlying a polarizable variation of Hodge structure of weight
m. Then there is a natural polarizable Hodge structure of weight m —+ 1
on HS, 7, V) associated to the variation of Hodge structure.

When V = R*f,C, 7,V is the sheaf of local invariant “cycles”. The
Hodge structure above is then most interesting when 7 = 1. A Hodge
structure can always be placed extrinsically on HY(S, 7,.R™f,C) via the
Leray spectral sequence for f (cf. [23, §3]). We eventually show that the
Hodge structure constructed in (7.12) agrees with this other Hodge struc-
ture. It was the lack of an intrinsic definition that created most of the
technical difficulties in [23]. In fact, as a consequence of (7.12), we obtain
a direct proof of the optimal form of the theorem on normal functions (9.2)
(cf.[23, (3.7)]), which relates sections of the associated family of intermediate
Jacobians to integral cohomology classes on X of type (p, p).

The proof of the main result depends on establishing the machinery of
de Rham cohomology, in both the holomorphic and L, (replacing C*) senses,
for degenerating variations of Hodge structure. We then show that cohomo-
logy classes are uniquely representable by harmonic forms (the Hodge
theorem), and that these forms decompose according to bi-degree (Hodge
decomposition).

In Sections 1 and 2, we review Deligne’s construction for the non-
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HODGE THEORY 417

degenerate case. There are two good reasons for doing this. First, his ideas
are carried over to the degenerate case, and we introduce them without the
complication of degenerating coefficients. Secondly, his Kahler identities
are local results that we will later use. The key point in Section 1 is to use
the infinitesimal period relation (horizontality) to define the Hodge filtration
on the complex Qi(V) resolving V. This filtration induces on cohomology
the Hodge structure in question. In Section 2, the Kahler identities for the
Laplacians associated to the exterior derivative on V-valued forms are
deduced from the classical ones.

The construction of the Hodge theory for H¥(S, j.V) takes place in
Sections 3-7. The main theme is to use differential forms that are square-
summable with respect to a suitably chosen Kahler metric on S, to compute
cohomology groups on S. The metric is asymptotic to the Poincaré metric
of the punctured disc near the points of S — S. The Hodge theorem for this
setting, then, really concerns L, cohomology on the non-compact manifold
S, where standard theory does not apply. We are forced to work on S,
since we wish to use Deligne’s Kahler identities, and the “Hodge metric”
on V (from a polarization of the variation of Hodge structure) has singu-
larities where V degenerates, as described in [17]. However, we use the
presence of the compactification S to circumvent this difficulty.

Degenerating coefficients (by which we mean 7, V, with its degenerating
variation of Hodge structure) are introduced in Section 3. In Section 4, we
prove a holomorphic Poincaré Lemma, giving a resolution of 7,V which
restricts to the usual resolution V--»Q5(V) on S. The extension is describ-
able in two ways: either in terms of the weight filtrations of the local
monodromy transformations, or, more significantly, as the germs of
holomorphic V-valued forms which are square-summable near the punctures.
For the latter reason, we call this complex Q(V),. In Section 5, the L,
condition is forced through the Hodge filtration of Section 1 to filter the
above complex. Then in Section 6, the relevant L, Poincaré and Dolbeault
Lemmas for this setting are proved, to provide complexes of weakly differen-
tiable forms that compute the hypercohomology of Q'(V),,, and its successive
quotients under the Hodge filtration. In then turns out to be a relatively
simple matter to see that harmonic forms represent cohomology and
decompose according to type (§7). It should be remarked here that the
choice of metric for S (up to equivalence) is dictated by the numerous
properties we wish it to have. Statement (6.1) is very significant, asserting

that the “linear part” of the differentiation on Q'(V) is a bounded operator
in L, norm.
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418 STEVEN ZUCKER

In Section 8, we describe functorial properties of the Hodge structure
we have constructed. As a blanket statement, all of the reasonable asser-
tions that one might make are true. The simplest of these gives another
way to prove that the globally invariant part of V is a constant Hodge
sub-structure.

Section 9 is devoted to a proof of the theorem on normal functions (cf.
[28]) for general mappings, which was for me the main motivation for Hodge
theory with degenerating coefficients. Given

X=X

A7
s<’.3

there is a diagram:

Horizontal sections of the
family of p-th intermediate

Jacobians J* over S

Codimension p relative cycles Z Horizontal normal functions

on X with Z-X, homologically =horizontal sections of the

equivalent to zero on X, = f'(s) family of p-th generalized

for all seS intermediate Jacobians J» over S
Cycle class| cohomology | &
) class
ker{H*(X, C) > H'S, Iﬂzpf*c)} 41 H(S, R.»p—lf*c)
from Leray spectral
sequence |:

H'S, j.B*1.0)

On the subset of cycles for which the Abel-Jacobi mapping extends to S, so
that ¥ is defined, the square commutes. The theorem on normal functions
asserts that the image of « is the set of integral (p, p) classes. Later (15.3),
we show that @ is a morphism of Hodge structures. We are then perhaps
a step closer to the Hodge Conjecture that (im{) ® Q is the set of rational
(p, p) classes in H*(X, C).

We continue with other applications of (7.12). In Section 10, we prove
miscellaneous consequences of the Hodge theory. In Section 12, we give an
interesting application of the theory: to provide an interpretation of the
Hodge structures of Shimura [18]. If I' is a Fuchsian subgroup of the first
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HODGE THEORY 419

kind in G = SL(2, R), and V,, is the m'™ symmetric power of the standard
representation of G, then the parabolic cohomology H'T, V,) acquires a
decomposition @ @ Q, where Q is a space of V,-valued automorphic forms.
Letting S be the quotient of the upper half-plane by I', we see that S is an
algebraic curve. Building a variation of Hodge structure on S from V,,
we show that @ is the (m + 1, 0) component of the Hodge theory with
degenerating coefficients. @ is then, of course, the (0, m + 1) component,
and the intermediate terms vanish.

We move on to mixed Hodge theory in Sections 13, 14. While there is
something for every S between S and S, we will consider now only S = S.
There are functorial mixed Hodge structures on H'(S, V) (respectively
H(S, V), the cohomology with compact supports) with H(S, j,V) as the
Hodge structure for the lowest (respectively highest) non-zero weight
quotient. The most interesting case is againi =1, V = R™f,C.

In the last section of the paper, Section 15, we show, for V = R"f,C,
the compatibility of the Hodge theory of H*(S, 7, V) with that of H*(X, C).
By this, we mean that certain homomorphisms of cohomology associated to
the Leray spectral sequence for f are morphisms of Hodge structures; for
a precise statement, see (15.16). The proof begins with the compatibility of
the mixed Hodge structures for H*(S, V) and H*(X, C) (15.4), and it uses
recent results of Steenbrink [19], [20] and Clemens [4] on mixed Hodge
theory.

I am indebted to Pierre Deligne for many helpful suggestions, which
both extended the scope of this paper and simplified some of the proofs.
Specifically, the ideas for Sections 11, 12 and 14 fall into the first category,
and the abandonment of C* forms in Sections 6 and 7 the second. The idea
for this paper began with a conversation with Deligne over the content of
[7], in which he shared with me his belief that a Hodge theory with
degenerating coefficients should exist, and that it might come from some L,
cohomology on the noncompact curve. His optimism stemmed from a formal
comparison with étale cohomology. Throughout this work, I have been
guided by the desire to explain the following more earthly phenomenon.
Since the methods are blind to the actual degeneration of V, assume V = C,
but take S = S. The harmonic forms are generated by constants in degree
0, holomorphic differentials and their conjugates in degree 1, and the Kahler
class in degree 2. One checks the L, condition to see that 1 e L, (S has finite
area) and that any L, holomorphic differential on S actually has removable
singularities, i.e., extends holomorphically to S. Thus, we see the usual
Hodge decomposition of H*(S, C) arising in a different way.
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420 STEVEN ZUCKER

I would also like to thank William Sweeney for several discussions
concerning differential operators, relevant in Section 7, which also led to
an earlier proof of the Hodge theorem for j, V.

I am grateful to the referee for pointing out the need for corrections
in the original manuscript, and for suggesting simplifications, clarifications
and improvements. The results in this paper have been announced in [24].

Notations and conventions

An attempt has been made to use the same notation as appears in the
literature, especially in [8], [9], [17] and [23], whenever feasible.

Complex projective varieties are viewed solely as analytic varieties,
and thus all coherent sheaves are in the analytic sense.

A holomorphic (or anti-holomorphic, or C*) bundle will not be distin-
guished from its locally-free analytic (respectively anti-holomorphic, respec-
tively C*) sheaf of germs of sections. If Visa holomorphic (or anti-) bundle,
&(0) will denote the underlying C* bundle.

O and Q* are used to denote Oy and Q2.

The letters C and K are used in Sections 6, 11 to represent unspecified
constants which appear in the norm estimates.

The temptation to shift the weight of a Hodge structure so as to make
H?? = (0 whenever p < 0 or ¢ < 0 has been resisted, with the one exception
of Section 10a.

In defining finite filtrations (e.g., on complexes of sheaves) indexed by
Z, we will omit mentioning the infinitely many sub-complexes which are zero
or everything.

1. Gauss-Manin and the Hodge filtration

Let f: X — S be a smooth family of complex projective varieties over
the non-singular quasi-projective variety S. Let V denote a local system
R™f,C of cohomology along the fibers, and 0V = O3 Q¢ V the corresponding
cohomology bundle over S. U carries a natural flat holomorphic connection
V=0R®1 (Gauss-Manin), from which we obtain a complex Q(V)=Q;XRcV =
Qs ®o; V. On U, there is the decreasing filtration {F?} of Hodge filtration
sub-bundles. The filtration is not preserved under Gauss-Manin, but instead,
there is the so-called infinitesimal period relation

(1.1) VFr Q@ ® Fr

(where we have begun to suppress the S: Q' = Qf). Letting 7. denote the
successive quotient bundles F?/F?**, we note that the induced mapping
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HODGE THEORY 421

V&P — QR &7
is O-linear. Gauss-Manin is easily extended to an operator D on &(V) =
65XV, the C* differential forms with values in V, by taking D =d® 1,
so that for a (local) C* »-form ¢ and holomorphic section » of 0,
DeR®v) =do@v + (—1)¢ A Vo .
It follows, then, from (1.1) that
(1.2) D&r,s(g‘.‘p) C g’l‘+l,a(3"p—-l) @ gr,s+l(3‘p)

where & is the sheaf of C™ forms on S of type (7, s).
If we pass to the underlying C* bundles, which we will denote by &(°0),
ete., 6(0) splits according to the Hodge decomposition as

(1.3) §(V) = @, Hem*
with
S(F?) = Dy, I,
and hence
&§(Z ) ~ J(rmr

The C* bundles H*? satisfy H?? = J(*? and admit the useful description
(1.4) I = §(F?) N &F) ,
where 7 is the conjugate bundle to ¥, and &(?) is the underlying C
sub-bundle of &(0).

Returning to the discussion of Gauss-Manin, if we view everything

from the complex conjugate viewpoint, we obtain the analogues of (1.1)
and (1.2), namely

(1.5) VR CORF T,

1.6) D& (T c & FTN @ (T |

and combining this with (1.2), we obtain

@7 DE(F> 0 F) < & (T 0T @ 6 (5 0 F)
or

(1.8) DE(FH?) & (TP @ FHP~het) @ &t (I P F(rthey)
In other words, under the Hodge decomposition, the Gauss-Manin operator
splits into four components:
1.9) (i) 0": & (HP7) — &L (F(P)
(i) 9": & (H??) — & H(F(P)
(ili) V':&™*(HP7) — & s(J(r1ett)
(iv) V& (F(Pe) — grety(Jrita)
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422 STEVEN ZUCKER

The following is an immediate consequence of the definitions:

(1.10) LEMMA. The following diagrams commute:

gr,s(g(’p,q) a_) gr,s+l(j€'p,q)

=,
&r,s(g@p) RN g)r,s+1(?@p) s
6T’S(Tp'q) __L gr+1,s(f:}c‘p—l,q+l)

ér,a(g@p) lAV; g)r-i—l,s(gzp-l) .
(1.11) COROLLARY. V' and V' are linear over C functions (i.e., V' and
V' are 0™ order operators).

The following construction is due to Deligne. A Hodge filtration is
placed on Q' (V) by setting

(1.12) FrQ (V) = Q(F*™) .
Because of (1.1), this defines a filtration {F'*Q'(V)} of Q(V) by sub-complexes.
For C* differential forms, one defines
(1.18) (V)P = @pwng"“(ﬂf"’“) ,
a+s=
(1.14) FPeHV) = @pz, EH(V)™0
= @r—l—s:kgr,s(f}-p_r) ’

i.e., F'*& (V) consists of all forms having at least a total of » holomorphic
parts coming from both S and V. The {F*&(V)} filter the complex &(V),
and the successive quotients, denoted Grz&(V), are complexes under the
differential D" =o' + V'.

(1.15) LEMMA. GriQ'(V)— Gri&' (V) is the Dolbeault resolution.

Proof. From (1.14), Gr2&°(V) is the double complex of sheaves

K'r,s — 6r,s(i7Cp—r,m—p+'r)
with differential D”. By Lemma (1.10), this complex is isomorphic to
K’I‘,S — ér,s(g@p—r)

which is clearly giving the Dolbeault resolution (for each #) of Q"(%.7™ "),
the sheaf in degree » in Gr3Q(V).

(1.16) CoroLLARY. (i) H*(S, GriQ'(V)) = H*(I(S, Grz&'(V)))

(i) H*(S, F*Q'(V)) = H*(I(S, F*&'(V))).

Since Q5 resolves Cg, we also have

1.17) H*(S, Q'(V)) = H*(S, V) .
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HODGE THEORY 423

2. The Kahler identities

Before proceeding any further, it is useful to introduce the natural
“abstract” setting of this paper. Observe first that the entire construction
of Section 1 depends only on the existence of a local system V with an
underlying real structure (i.e., there exists a real local system Vy such that
V = Vi ®rC), and a bounded decreasing filtration {¥?} on V= 0O;RcV
satisfying (1.1), (1.8) and (1.4). This collection of data is known as a varia-
tion of Hodge structure of weight m. In addition, we require that V be
polarizable: there should exist a non-degenerate flat bilinear pairing, denoted
(,), defined over R,* with the property that for each se S,

(v, wy, = 1" (v, ),
is a positive-definite Hermitian inner product on Hf?, the subspace of V,
determined by J(?¢, and that the Hodge decomposition is orthogonal. In
the case V =R"f,C for f: X — S (the geometric case), the Kahler (hyperplane)
class 7 eI'(S, R*f,Z) splits V into its primitive decomposition (see [22]),
which is compatible with the Hodge filtration, and the primitive part of V
is polarized by the pairing induced from cup product,
(v, w), = (=)™ V[X,], v, 98" w,)

Summing over the primitive decomposition, one gets a polarization on each
R™"f,C. Note that in the geometric case, "' = 0and F° = 0, i.e., H?? =0
if p or ¢ is negative, though we need not presume this in general.

With the exception of (2.13), the methods and results in the remainder
of this section are essentially borrowed from Deligne’s manuscript [7].
Recall that we have a direct sum decomposition

V) = B,Grr&X(V) .
We aim to show that this decomposition passes to cohomology, as it does in
classical Hodge theory (V = C). &' (V) has the bigradation (1.13), under
which D splits as the direct sum D' + D”, where D’ = ¢’ + V' is an operator
of type (1, 0) and D" = 3" + V' is of type (0, 1).
We now set up norms for I'(S, &(V)). On U, there are two pairings:
the pairing ((v, w)) = (v, @) which is horizontal, i.e.,

d((v, w)) = ((Dv, w)) + ((v, Dw)) ,

! In practice, V is defined over Z and (,) over Q, so rationality is often included in the
definition of a variation of Hodge structure. For analytic questions, as Schmid remarks in
[17], the extra structure is only excess baggage, so we drop it for the purposes of this
paper. However, if V has additional structure, it will be passed along in our constructions.
Also, we have separated the notion of the polarization from the definition of a variation of
Hodge structure, in contrast to [17, p. 220].
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424 STEVEN ZUCKER

and the positive-definite Hermitian form

(2.1) w, wy = ((Cyw, w)) = (v, Crw))

where C, is the Weil operator of V, given as the direct sum of the scalar
operators +*~7 on H??. Taking the tensor product of either of these with
the usual norms on &; induced by the Kahler metric on S, we obtain
(pointwise) pairings on & (V). By integrating these against the volume
form, one obtains pairings on the global sections (we impose a square-
summability hypothesis if S is non-compact); for e, B eI(S, &(V)), these
will also be denoted ((a, B)) and {a, B), the latter being the norm form, and
the two are related by (2.1). By consideration of type alone, we have

(2.2) PROPOSITION. The (P, Q)-decomposition of I'(S, &(V)) is ortho-
gonal under {,>. In fact, the spaces I'(S, En (K1) are all mutually
orthogonal.

Let L,:T(S, §%(V))—T(S, §"*(V)) denote the operation of exterior
multiplication with the Kahler form of S. For the operators D, D', D", and
L, respectively, let b, d’,d”’, and A, denote their (formal) adjoints with
respect to the inner product (so for aeI'(S, §X(V)) and BeT(S, & (V)),
with one compactly supported, (@, DB) = {da, B), ete.), and let b, b;, bi’, A,
denote the corresponding adjoints under the indefinite pairing ((,)). For the
purpose of simplifying the notation, we identify an operator on &5 with the
induced operator on &(V) = &; X V.

(2.3) LEMMA. (i) b, = —=D=, where = 1s the Hodge star operator on
&s.

(ii) A, is the usual operator A on &g, adjoint to L.

Proof. (i) says that d, is, under a local horizontal trivialization of V,
equal to the adjoint of d on &;. This is obvious, as is statement (ii).

(2.4) PROPOSITION. Let P be an operator on &(V), and let ©w (resp. 7,)
bethe adjoint of Prelative to the positive-definite (resp. horizontal) pairing.
Then = = Cy'w,Cy.

Proof. (Pe, B) = ((Pe, C,B)) = ((e, w,CrB))
= ((a, CVC;lﬂOCVB))
= {a, C;'n,C,B) .

In particular, if the commutator [x,, C,] vanishes, # = x,. Thus,
(2.5) COROLLARY. A, = A.

One defines the Laplacian operators of D, D', and D" in the usual way:
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HODGE THEORY 425

D]) - Db + bD
o= D' + D'
Dl),' — D'lb" + b’lD" .

(2.86) PROPOSITION. [, [y and [, are formally self-adjoint elliptic
differential operators.

Proof. The formal self-adjointness is obvious from the definitions. For
the ellipticity, one argues as in [22, p. 120], observing that by (1.11), D"
and o0 have the same symbol.

The key to the Hodge decomposition is the relation among the various
Laplacians:
(2-7) THEOREM. D/)» = DD” and DD - DD’ + DD” = 2DD”'

Proof. The proof of these equations is formally identical to the proof
of the corresponding formulas in classical Hodge theory. It hinges on the
following computation:

(2.8) PROPOSITION. [A, D] = —b°, where d* = C'dC, and C = C,C, is
the total Weil operator, in which C, 1s the Weil operator of &s.

Proof. By (2.3) and (2.5) we infer from the classical case the identity
[A, D] = —bdf» = —C;*d,C, = Cd,Cy* .
Applying (2.4), we get b, = C,dC;*'. Therefore
[A, D] = CCdCyCit = CdCt = —C™C .

The remainder of the proof of (2.7) follows from (2.8) as in the classical case
(see [22, p. 186]).

At this point, when S is compact one can invoke the standard machinery
of elliptic operators on compact manifolds and conclude

(2.9) THEOREM (Deligne [7]). Let S be a non-singular projective variety
(compact Kéahler manifold), V a locally constant system of complex vector
spaces which underlies a polarizable variation of Hodge structure of weight
m over S. Then H'S, V) has a natural Hodge structure of weight i + m
associated to the variation of Hodge structure.

While it would be redundant to write out a proof of this theorem, it
will be useful to recall the main points of the proof, for this will serve as
an outline for the next five sections of the paper.

(2.10) Outline. (i) From (1.17), H*(S, V') is isomorphic to the hyper-
cohomology group H"(S, Q’(V)), and the latter group is computed as the
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426 STEVEN ZUCKER

cohomology of the complex of C* differential forms I'(S, &(V)).

(ii) As a graded sheaf, &'(V) splits as a direct sum of sub-sheaves
Gri&’(V). The latter is a complex under the differential D”, and by (1.16, i),
the cohomology groups of I'(S, Gr3&°(V)) are also hypercohomology groups,
namely H*(S, GrzQ(V)).

(iii) The cohomology groups in (i) and (ii) are isomorphic to spaces of
harmonic forms, i.e., solutions of [,6 = 0 or [],.¢ = 0 respectively. In
each cohomology class, there is exactly one harmonic representative.

(iv) From (2.7), it follows that a form is harmonic if and only if all of
its (P, @)-components are harmonic (in any of the equivalent senses). If
H¥(V') (resp. H™%V)) denotes the space of harmonic forms of degree k (resp.
of type (P, Q)) with values in V, then

bH(V) = @P+Q=m+ka’Q(V) .

This decomposition passes to H*(S, V) via (ii) and (iii) above.

(2.11) COROLLARY. (i) The spectral sequence

Pt = H(S, GriQ(V)) — H**(S, Q(V)) = H**(S, V)

degenerates at ..

(ii) The filtration on H(S, Q(V)) defined by {F*Q(V)} is the Hodge
filtration

F*HYS, V) = @;;3=i+mbP’Q(V) .

(ili) There are canonically tsomorphic short exact sequences
0 — H(S, F*Q(V)) — H*S, V) — HY(S, Q(V)/F*Q(V)) — 0
and
0— F?HYS, V)— HYS, V)— H«S, V)/F*H'S, V)—0.

In particular, the Hodge structure on H(S, V) is indepvendent of the Kahler
metric on S and the polarization of V, though the two combine to determine
a polarization of H¥(S, V).

There are several consequences of the Hodge theory that follow formally
as in the classical case (Poincaré duality, primitive decomposition, ete.), but
these corollaries will be left to the reader.

To illustrate the power of (2.9), let V underlie a variation of Hodge
structure of odd weight m = 2p — 1, which is defined over Z. One may
associate families of complex tori, whose sheaves of germs of cross-sections
J? are defined by the short exact sequences

(2.12) 0 Ve VF? gr—0.
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HODGE THEORY 427

When we take V = R"f,C for some smooth family of Kahler manifolds, the
tori above are the p™ intermediate Jacobians of the fibers. Elements of
H'(S, §*) are called normal functions; a normal function is said to be
horizontal if it is annihilated by the mapping induced from V:

V/Fr s Q' QV/Fr
|
If ve H(S, §*), then its image under the connecting homomorphism,
o(y)e HY(S, V,), is called the cohomology class of the normal function. (See
[23] for remarks concerning the significance of these concepts in the

geometric case.) This class maps into the integral lattice in HX(S, V). As
the principal corollary of Theorem (2.9), we have the following:

(2.13) THEOREM. Let V underlie a variation of Hodge structure of odd
weight m = 2p — 1 over the complete non-singular curve S, which is defined
over Z. Then the set of all cohomology classes of horizontal normal func-
tions 1s equal to the set of integral classes of type (p, D).

Proof. Incorporating horizontality into (2.12), we have a short exact
sequence of sheaves (cf. [23, p. 198]),

00—V, —> (V/F*")) —> JF —0
from which we obtain the exact sequence
HY(S, §8) — Hi—— H'(S, (0/F")) ,

where we have written H; for HY(S, V), so we are looking for the kernel
of 6. On the other hand, the set of integral elements of type (p, p) is
precisely

ker{H; — H¢/F*H{} .
From the Hodge theory (2.11, iii),
FPHE = HY(S, Q(V)/F*Q(V)),
and Q(V)/FrQ (V) is the complex
(2.14) VFr Lo @ Q (VfFY)

Since V is surjective (in fact, V:0-> Q' ® 0 is surjective), (2.14) gives a
resolution of ker V = (0/¥7?),. Thus

&FPHE = HY(S, (O/F?)) ,
and the theorem follows.
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428 STEVEN ZUCKER

(2.15) Remark. Taking V = R*7'f.C in the above, we obtain a sharp
version of the theorem on normal functions [23, (3.7)] for smooth fibrations.

Since the Leray spectral sequence for f degenerates at E, [6], there is
another Hodge structure induced on H*S, R"f,C) from H**(X). (This is
true for S of arbitrary dimension.) In the case dimS=1,7=1, m=2p—1,
it comes from the isomorphism

HY(S, RB*,C) = ker {H(X) — H*(X,)}fim{H” *(X,) 25, qo»(X))
for any se S.

(2.16) PROPOSITION. For all values of © and m, the two Hodge struc-
tures on H¥S, R™f,C) coincide.

Proof (Deligne). In addition to its Hodge filtration {F'*}, the complex

Q% has a filtration {L?} determined by the mapping f: X — S. It is given by
LrQ; = image of f*Q5® Q% ;
)
GriQy = f*Q: Q@ Qy/s[—»] .

With Rf.Q% denoting the associated object in the derived category of the
category of sheaves on S, the spectral sequence determined by L for its
cohomology sheaves (i.e., the hyperderived sheaves of Q%) is

(Pt = HOHCTIRAQY) = WORF Qs = V) (V1 = R0,

with differential d, given by V [15]. Shifting the spectral sequence via the
filtration décalée [8, p. 15], we obtain a mapping

pec(py B§! —— (EFTT? = QP Q VP,
i.e.,
(2.17) Greer) B Qx — Q(V)[p] ,

which is a quasi-isomorphism. The associated spectral sequence of hyper-
cohomology

Epe = Hr(S, Qy(V7)[p])
= H*(S, R7*f.C)

is the Leray spectral sequence for f (after a shift of indices).
Since

Gry Rf,.Qy = Q% ® Rf,Qy/s[— p]
and the spectral sequence
Epre = qu* Yrs = Rp”f*Q:r/s
degenerates at E, (by classical Hodge theory), it follows by [8, (1.3.15)] that
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HODGE THEORY 429

the morphism (2.17) is an isomorphism in the filtered derived category (with
respect to F'). In particular, the filtration induced by F on the former is
carried to the filtration induced by F on Q3(V?), which is easily seen to be
the Hodge filtration in (1.12). Because of this, it follows by (2.11) that the
cohomology spectral sequence for F' on Grd,.. ., Rf.Qx degenerates at E.: i.e.,
the differential in the complex RI Grd...,Rf.Qx is strictly compatible with
F. As d, =0 for all differentials in the Leray spectral sequence [6], we
obtain (2.16) from Deligne’s lemma on two filtrations [8, (1.8.17)] (viewing
both Hodge structures as being defined on the E, term).
Thus, Theorem (2.12) has topological and geometric significance.

3. Degenerating coeflicients: the preliminaries

It was remarked in the introduction that smooth families of projective
varieties over a complete base variety S, which would give rise to variations
of Hodge structure satisfying the hypothesis of Theorem (2.9), are rather
rare. We turn now to the problem on a quasi-projective base S, and let S
be a projective compactification of S so that & = S — S is a union of smooth
divisors with normal crossings.

The underlying theme of this paper is to use complexes of differential
forms with values in V, both L, and holomorphic, which are regular on S
and which have specified growth near X, to compute cohomology groups of
sheaves on S. This will generalize items (i) and (ii) in (2.10).

The first step is to construct a good Kahler metric on S with singularities
along X, which, though not removable, are negligible in the sense that
differential analysis on S is like that of S. Since X has normal crossings on
S, for any point t € X there is a coordinate neighborhood U of t that is
isomorphic to A®, the unit polydise, in which SN U ={z = (2, - -+, 2,):
2,#0,---,2,% 0 for some 1 <1 < n}~ (A*)'xA""!, where A* is the punc-
tured dise. Such coordinates will be called special coordinates. Recall that
the Poincaré metric of A* is given by (da® + dy?)/|z|*log®|z|’°, and has
associated 2-form (1/2) dz A dz/|z|*log?| z|>. (For notational convenience, we
identify a metric with its 2-form.) We regard the produet (A*)! X A** as
having the metric
3.1) %[Efm |zc,ff2k1é; 201%_2 3 Dl dae A dz,,] ,
which possesses the singularity of the Poincaré metric near the punctures
(and away from the outer boundaries).

(8.2) PROPOSITION. Let S be a projective variety (compact Ké&hler
manifold), X a union of smooth divisors on S with only normal crossings,
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430 STEVEN ZUCKER

S =8 — X. Then there ewists a Ké&hler metric on S which in special
coordinates is equivalent to the metric (3.1), in the sense that the two norms
are mutually uniformly bounded.

Proof. The construction is essentially the same as that appearing in [5].
Let X = UL,Z,, where each Z, is non-singular. Let [Z,] be the line bundle
on S associated to Z;, g, a holomorphic section of [Z;] which vanishes to first
orderon X, and || ||; the norm from a C* Hermitian metric on [Z;] normalized
so that ||o;]l; <1 on S. Let w be the Kihler form of S. The desired metric
is

= (ka) — Ly" 531og log* Ilmll%)
2
for k sufficiently large. In special coordinates U in which I, is defined by
z=0,
lo:lli = [2["e

for some function » that is C* on U. Then

. 1 dz dz A

3.3 — =00 log log?* = ? 0

(3.8) 5 og log®|| .||} (loglzl2+u)2< z‘+ u>/\< 2 + u)
1 o0u .

_log|z|2+u

It is now clear that 7 is positive near X, with singularities like (3.1); the
term kw is added to make 7 positive on all of S. It is also evident that the
two metrics are equivalent if & is taken sufficiently large.

The metric 7 has many excellent properties, as we shall see, but we can
at least state some of the more obvious ones.

(3.4) PROPOSITION. S, endowed with the metric 7, is a complete mani-
fold of finite volume.

Proof. Because of the compactness of S and the asymptotic properties
of 1, it suffices to verify the statment of the proposition for the subset
{2:0 < |z| < A} of A*, for any A < 1, with the Poincaré metric. Using polar
coordinates, we see that this follows from the computations

SA I _loglogrlt = oo,
orlogr

SZKSA rdrdf _ orlogirlt < oo .
o Jo 92log?r

We turn now to the degeneration of (V, {F?}) on Z. This problem was
studied in great detail by Wilfried Schmid. His best results were obtained
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in one variable (the SL,-orbit theorem and its consequences [17, §§ 5, 6]);
generalizations to several variables are anticipated, but are yet unknown.?
We must therefore restrict ourselves to the case where S is a curve, and so
X consists of a finite number of points. The points of X will be called the
singular points of V, even though the variation of Hodge structure may
extend across some of them. In fact, the discussions in this paper ignore
the removability of singularities, and therefore include the case of constant
coefficients V = C.

We localize our attention to one of the singular points, and we establish,
once and for all, a complex coordinate ¢ centered at the point; thus S = A*
for the purposes of local arguments. Choosing a base point s € S, there is a
monodromy transformation v obtained by following elements of V, horizon-
tally around the origin.® By the Monodromy Theorem [17, (6.1)], ¥ is quasi-
unipotent if V is defined over Z: (v* — 1)**' = 0 for some positive integers
vand M. (Inthe geometric case, we may take M = m.) We will also assume
for the time being that v is actually unipotent (v = 1). We are then in the
set-up of [23, §2]. © has a canonical extension O on S (= A locally),
generated at the origin by elements of I'(A*, V) which are of the form

(3.5) 7 = exp <2Lm Nlogt)v,

where v is a (multi-valued) horizontal section of V, and N =log~v =
— Yo 1 — ")k,

On V,, there is the (increasing) monodromy weight filtration {W,}
defined over R (over Q if V is defined over Z), which is 7-invariant and
which therefore determines a filtration of V by locally constant sheaves,
also denoted { W,}. For the basic properties of the weight filtration, see [17,
§ 6]; significantly, there are isomorphisms

N* Gry (V) — Gry_.(V).

According to Theorem 6.6’ of [17], the weight filtration is characterized by
the asymptotic behavior of the norm:

ve W, if and only if ||v|® = <{w, v) = O(log*™|t])
for all £ in any angular sector of A*.

Furthermore, the above estimate is sharp for ve W, — W,_,. We introduce
the notation “~” to mean “has the same order of growth as”; thus

2 Schmid has informed me that the theory goes through if ¥ is smooth.
3 We take the path to be clockwise around 0, so as to avoid the conflict of notation with
[17], which occurs in [23, §2], over the meaning of N=log7.
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432 STEVEN ZUCKER
(3.6) PROPOSITION. If we W, projects non-trivially in GriV then
[[v][* ~ [log 7[*™.

The weight filtration induces a filtration {{®,} of 0 by canonical exten-
sion, and we have, by making minor changes in the discussion in [17]:

(8.7) PROPOSITION. ve W, — W,_, (TeW, — Wiy if and only if
17]]* ~ |log r[*™.

4. The holomorphic Poincaré Lemma
We are ready to attack (2.10, i). Let j: S — S be the inclusion mapping,

(4.1) PROPOSITION. The following sequence is exact

0— j, V — [B + t@]L%®[®m_2 T —

Remark. Theaboveis a well-defined extension to S of the exact sequence
of sheaves on S,

0— V—O(V)—Q(V)—0;

though written in local notation, it makes global sense (by making the
indicated extension at each singular point).

Proof. We first note that we have an exact sequence
(4.2) 0, —— dt @ W, — 0
for all k. This is precisely the content of [23, (3.12)]. It is also true that

4.3) @c‘aln—"—»—‘ii@(%‘m + D) — 0

is exact whenever ! < m: for a holomorphic function f, and ve W,,,
f(dt/t @ Nv) = 2ri [V(f¥) — df Q 7], so that exactness of (4.3) follows from
(4.2) for k =1 + 2, and the fact that N: W,,,— W, is surjective whenever
I < m. Combining (4.2) and (4.3) with the inclusion ker N = V' c W, we
obtain (4.1).

For reasons that will be apparent in a moment, we introduce the
notation

G(V)(z) - @m + te(_‘) ’
Q(V ) = —dti® [Py + 9],

and define Q(V), to be the complex
OV)ey — Q(V) -
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(4.4) PROPOSITION. Sections of Q(V ), near t = 0 are precisely those
sections of J,Q2(V) which are square-summable near t = 0.

In the proof of the above proposition, we use an idea that recurs in
Sections 5 and 6. Let O be a trivial bundle (either analytic or C*) and
v={v, -+, v} aframing of 0. We also assume that 0 is given a Hermitian
metric. Then v is said to be L,-adapted if 3, fv, € L, implies f,v; € L, for all
4. The condition is invariant under change of scale, so we may normalize
the frame without changing the issue of whether v is L,-adapted.

(4.5) LEMMA. Let v be a frame for 0O with sup||v;|| < o for all i. A
sufficient condition that v be L,adapted is that the matrix of the inner
product B = [&;;], where &; = {v,, v;), has a bounded inverse.

Proof. If g = Y fi, € L,, then the functions ¢, = {g, v,>) € L,. We have
the identity ® = EF, where ® (resp. F') are the column vectors of ;s
(resp. fi’s). Then F' = E7*®, from which the lemma follows.

We should recall the source of the norm estimates (3.6) and (8.7). Given
ve V,, it determines a multi-valued horizontal section of ), which becomes
single-valued when it is lifted to the upper half-plane H = {z = = + ty € C:
y > 0}, covering A* by 7: H — A*, with 7(z) = e***. Writing v(z) as the sum
of its (», ¢)-components

v(2) = 3, v""(2),
lv@|F =22, nllv" @ | .
The norms as a function of z are best understood by transporting v(z) by
an isometry L, to a reference Hodge structure, and then measuring there.
For a suitable basis {v,} of V flagged according to the weight filtration (see
the proof of (5.2)), Schmid has obtained the expression [17, p. 253]

L.v(z) = h(z)[y* ™" exp(—2N)v, + (lower order terms)],

where the term in brackets is a Laurent series in ', h(z) is strongly
asymptotic to the identity, and & is some integer. From this, we obtain

(4.9) Loa) = 1@ v (S5, 0 W) + o ]

since ¥,(2) = exp (zN)v,. As {y™®”2L7(2)} is asymptotically a basis of V
as y — oo, {7,(2)} is L,adapted by the criterion (4.5). In fact, given any
basis {v;} of V flagged according to the weight filtration, the leading
(V-valued) coefficients in the expansion (4.6) are linearly independent, so
{V)} is L;-adapted. Similarly, the L.-adaptedness of any basis for ‘0 (near
the origin) is determined only by its image in 0(0) = “0/t0.
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434 STEVEN ZUCKER
Proof of (4.4). We first work with O(V). It will suffice to consider
o=t forve W, — W,_,. Then
llo|* ~ 7 [log r|*™,

so for A < 1, we must check the convergence or divergence of the integral

2T (A
S S 72| log 7 |k—m rdrdf .
o Jo r*log*r

It is finite precisely when k < m and n = 0, or k¥ > m and = > 0, i.e., when
o is a section of O(V),,. That o cannot have an essential singularity in O at
t = 0 follows from an argument estimating the Laurent series coefficients
of ¢ (very similar to the calculations to come in §6), which also gives an
alternate proof of (4.4). The conclusion for Q'(V) follows from what we
have already deduced, because

2

@ H% ~logt7 .

As a corollary of (4.4), we obtain

(4.8) THEOREM. If V is the local system of a polarized variation of
Hodge structure over an algebraic curve S, with unipotent local monodromy,
HS, 7. V) =H(S, Q(V)a) .

We will take care of the C~ end of (2.10, i) in Section 6.

5. The Hodge filtration on Q'(V),,,

We turn our attention now to item (ii) of (2.10). Having defined the
Hodge filtration on Q(V) in (1.12), we define F'?Q (V) by forcing the L,
growth condition through (1.12), to be the complex of sheaves on S,

(5.1) Fry —— (@ Q@ F"

where the sub-(2) means, as before, that we take the locally-L, germs to
define the stalks of the sheaves at the singular points. The bundle &.? =
F?/F*on S inherits a quotient norm from F? which, in fact, makes &(Z.”)
isometric to J(»™~?. We define £.%, in the obvious way. In order tocompute

readily with the Hodge filtration on Q'(V),,, it is useful to know the fol-
lowing:
(5.2) PROPOSITION. The sheaves Ty, Toly, (AR FP) and ('R Z.7)w)

are locally free, and the sequences

0 — Fo' — Ity Golo 0,
0— Q@RF"Me — (AR Fe — (VR L) — 0

This content downloaded from 129.49.5.35 on Mon, 26 Aug 2019 02:00:05 UTC
All use subject to https://about.jstor.org/terms



HODGE THEORY 435

are exact.

Remark. Before beginning the proof, I should comment that the
exactness of the above sequences is not a priori obvious; (5.2) says that the
Hodge filtration is “L,-adapted”.

Proof. The proposition at hand depends on the existence of good local
bases for °0 at the singular points, which respect both the Hodge and weight
filtrations, at least to 0'® order. As usual, we localize at a singular point.
It is necessary to do a careful reading of [17, pp. 255-263], and to make a
translation of Schmid’s results from V to O (ef. [23, §2]). The main point
is that for ve V,, ve FZ (in the notation of [17]) if and only if there exists
a holomorphic section w of “O such that ¥ + tw is a section of F.

By [17, (6.20)], F.. is the left-translate of a suitably chosen reference
Hodge structure F, by a linear mapping g¢., which preserves the weight
filtration and acts as the identity on Gr}V. By the SL,-orbit theorem, F|
has a horizontal 8[(2, C)-action, which splits it (over R) into a direct sum of
orthogonal irreducible sub-structures. The basic irreducible structures are
called S(n), the »** symmetric power of S(1); the latter is obtained by taking
C? = Ce, P Ce, with the usual 8[(2, C)-action as the underlying vector space,
so that Ne, = ¢,, Ne, = 0, and with

v, =e + e, of type (0,1),

v = e — 16, of type (1, 0) .
For the polarization, (v, v_) = 21, and therefore {e, ¢,} is orthonormal in
the associated norm (ef. (2.1)); from this it follows that {efe;~*} is an
orthogonal basis of S(n) (the one used for (4.6)). Allirreducibles are realized
by tensoring S(n) with a trivial factor, be it E(p, q) with basis e”? and its
conjugate e??, or H(l) = Ch"!, so we first examine S(n).

As a basis of S(n), we choose

@, = N* ¥ )" 0V=k=<n).

This basis has been selected so that
a.e FfN Wy,
and @, projects non-trivially in both Grj S(n) and Grj;S(n). Using this we
build a basis for V,, inducing bases for each Gr; V;, by taking
@ QA (it k=) from S(m — 20) Q® H(l) ,
and
-, Qe (if k= p)

v @ (fhzq OB Stm—P—OXQEP Q).
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For simplicity, we assume that V,= S(m). Then there exist sections g3,

of 0 so that
~
0, = gw(ap) + 8,
represents a generator for &.7. Furthermore,
o, | ~ log 7P~ ,

since one can verify from (4.6) that
(5.3) L,(ad,) = h@)[y* ™" *a, + ---],
and |[tB,|]> = O(r*log™r). By (5.3), the ¢,’s give an L,-adapted basis for the
F?’se, for L,g.(a,) and L,(«,) are asymptotically the same, and we may apply
(4.5). Then F7, is freely generated by the sections {t**g,}i-,, with ¢, = 0 if
2k < m and ¢, = 1 otherwise. Furthermore, it also follows from (5.3) that
the (p, m — p) component of L,(c,) is asymptotic to y*»"™"”a,; i.e., ¢, carries
much of its norm in this Hodge component. Therefore, a generator of £.%,
is the projection of t»0,.

It is easy to see, again using (5.3), that if there are several irreducible
factors in the decomposition of V,, all bases constructed from {o,} are
L,-adapted. The statement of (5.2) follows.

(5.4) Remark. The statement of (5.2) generalizes to the inclusion
0—F7, — Fr, forall p’ > p.

6. The Poincare and Dolbeault Lemmas

The purpose of this section is to show that the cohomology groups
HS, j,V), which are isomorphic by (4.8) to HYS, Q(V),), and
Hi(S, GrzQ'(V),) are computable from complexes of L, differential forms.
We will not insist on using C~ forms, a simplification suggested by Deligne.
This is the formal link between hypercohomology and harmonic forms, as
deseribed in (2.10).

Let £°(V), be the sheaf on S of germs of locally L, V-valued p-forms
¢ for which D¢ exists weakly as a locally-L, form. We thus obtain a complex
@'(V), of fine sheaves on S. Similarly, we have a complex [Gr;&'(V)]w
which is formed of the sheaves £"/(Z.7), and £"Y(Z.?™"),, consisting of
forms ¢ for which ¢ and d¢ are L,.* This suffices because

(6.1) LEMMA. V' (and hence also V") is a bounded operator.

Proof. As we see from the discussion in Section 5, V' acts, up to some
asymptotically negligible terms, as (1/274)dt/t @ N. N lowers weights by

¢ Observe that [Gr22'(V)]e is not the same as Gri[€(V)w], for in the latter complex,
one is insisting on control over D’.
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two, but ||d¢/t|]* ~ log®r, so || V'] ~ 1 fiberwise, hence || V|| < co.
(6.2) THEOREM (Poincaré Lemma). £(V), ts a resolution of 7, V.
(6.3) THEOREM (Dolbeault Lemma).
H'(S, Gr;Q(V),) = H(I(S, [Gr2L(V)]w)) .
On S, exactness follows from the solution of the Neumann problem, so
the trouble comes from the singular points, and we localize to A* as usual.

We first prove simple approximations to (6.2) and (6.3); we work with the
latter first.

(6.4) PROPOSITION. Let O be a holomorphic line bundle on A* with
generating section o, and with a Hermitian metric satisfying

llo|* ~ |logr[*, k1.

Then for every germ of an L, (0, 1)-form ¢ = fdt Qo at the origin, there
exists an L, section u Q) o with du = fdt.

Proof. Using polar coordinates, we write u and f as »r-dependent
Fourier series

U = E:’:_w U (1), f= Efn(T)ei"ﬂ .
As 3/0t = (1/2)e"[d/or + (i/r)3/06], the equation du = f becomes

i[u; — —"Lu,,:' = fuu forall neZ,
2 7
for C* germs u and f, or

‘Q‘Edf MU = T fan ()

We are given that for some 4 < 1,
1l =2{ " 1/ ¢ l10g 7+ (rdrde)
=12, |15 o rivrdm) < oo,
and we want to have
lwllty = 2050, s Fllog (1) < oo
We try to arrange that ||u||%, < C|| f||% for some constant C.° Take

2fr"grp‘”f,,+1(p)dp if n<0, or =0 and k>1
0
U, = 4

-zwg 0" fun@dp  if m>0, or m=0 and k<1.

° We remark that we are replacing the actual norms by their asymptotic forms. This
is permissible, for the two are equivalent.
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The estimates will be carried out for only the first formula, the other case
being similar. If n <0,

[ 1 ltr log [+
= ["1r([ oI s o) ([ do )7 ltog riar
= {"arog rie ([ oI e do) ar
= ol fan@ ([ 410 i ar)do

Cc 2 k-
= —C_[Iruu@ollog oo,

with the last inequality holding because

4
,’.27! 10 r k—Zdr ~ —1___ 271 lo k—2
| itog v —L— " log o)

uniformly in n < 0 provided A is taken to be sufficiently small. This is
much better than we need. Similarly, ifn =0,% > 1,

S filo)de,
o = 4(] 1700 Poltog o+ap)( |07 10g ol ~dp)

L (1P ollo o+ do) 1og |

where 0 <e<k — 1. So

Il

SA |ua(r) 2 | log 72 dr
= L[ n@rolog ([ ritog riar)ap
< c[' 5@ oltog o1+l 1og o= do

= c[' | og o1 (odp) -

If fis C on (0, A] and has compact support therein, the section « thus
constructed is a C* solution to d(u ® ¢) = fdt ® . This can be seen by
noticing that w is holomorphic near the origin, and has rapidly decreasing
Fourier coefficients u, as a function of »n (because f does). Since such forms
f are dense in L, and by the above inequality, Cauchy sequences are taken
to Cauchy sequences in the solution process, by passing to the limit the same
formula gives a weak solution for L, forms fdt Q o.
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The case k¥ = 1 will pose a technical problem—for it occurs in W,,,,—
that, fortunately resolves itself. In fact, n = 0 gives examples of Hardy’s
inequality with weights (see [16]): there is a necessary and sufficient con-
dition for getting ||u||% < C|| f|%, and this condition is not satisfied when
k =1. We define
(6.5)

{measurable functions f: SA | f(#)|*|log 7| (rdr) < o for some A < 1}
0

M, = .
{f:f = u' weakly with Sdlulzllogrl‘l(r‘ldr) < oo for some A < 1}
0

N, gives the L, 9-cohomology in dimension one for the case k& = 1.

We can now prove (6.3). Recall that GrzQ’(V),,, is the complex

Loty — (B R Z" Ny -
The statement would follow by elementary homological algebra, as in (1.16,
i), if
0— Z.ly — [go'o(g@p)](z) a— [go'l(g@p)](z) —0

were exact. As an L,-adapted basis decomposes the d problem into a direct
sum of 8 problems in a line bundle, (6.4) covers most of these problems.
However, it is possible that, at a singular point, £.%, has among its
generators a section o, part of an L,-adapted basis, with ||¢|]* ~ |log r|. If
so, then V(o) will be part of an L,-adapted basis for (Q' Q) Z.7 )y, with
||V(o)|[? ~ |log |. Then V establishes an isomorphism between the 6-coho-
mology groups at the singular point. This enables one to conclude that
I‘(§, Grz£'(V)s) computes the hypercohomology of GriQ' (V).

In the direction of (6.2), we first prove

(6.6) PROPOSITION. Let V be a constant one dimensional local system
over A*, with generator e, and assume that & V') has a Hermitian metric
with || e||* ~ |log r|*. Then the cohomology sheaves for £ (V). have stalks
at the origin,

. Vifk<0
H(L(V)w) = {0 if k>0
dt :
2RV bifk< -1
HHL V) =14, if bz —1, k#1
@]‘(ldr®€ ’I,fk:]-,
0 if kb~ —1
SC(Q(V)(Z)):‘ {mld,’,/\%z.@)e if k fonend '—'1 )
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with A, as in (6.5).
Proof. The statement about F(°is clear. Tocompute J(*, we use Fourier
series again. A germ of an L? 1-form at the origin,
w = fdr + gdb ,

with dw =0 is approximated by compactly supported C* germs @ = fdr +§do
on (0, A] for some A < 1, with

dd = Edr Nd0 — 0 in L,.
In terms of Fourier coefficients, with E = }_¢,e™,
g.=inf, + ¢, .
As E—0, sodoall ¢,. Letting ¢,— 0, we have g, = 0, so g, is constant (g,d¢
will be giving the J(* if &k < —1). Assume that g, = 0. Taking

%, = —

n

~7.  (m=0),
n
we obtain for & = ), %,e"’,

(d#r), = Undr + in,do

L gudr + §.do
n

=Fdr + g.d0 — ie,,dv' ;
n
i.e.,
dii — & — fodr = —iE“O—Lsﬂe""f’dr .
n

By the same estimate that we will soon use in computing (2,
148 — & — fdrllw — 0  as [|dd|[lw—0.

Calculating the norms for n == 0, we have
11t = n7* {19, llog v dr)
< O [|g.lerlog r+(rar) .

These inequalities also show that Cauchy sequences of @’s are taken into
Cauchy sequences of #%’s, so by passing to the limit, we obtain a solution to
du = @ — fi(r)dr with

[[ullty = Kl|gdf|]f < oo .

For f,dr = du,, we must solve u, = f, as in (6.4), leaving M, dr X e as the
cohomology when &k = 1.
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To compute H?, let w = fdr A df. We solve dn = w with 7 = gdr
whenever f, = 0, for it suffices to take g, = —(i¢/n)f,. Then

191t = 27 32 [l 9, log 7+ (rdr)
= 2x 0 |If, P log 7 ()

= X |I£,Flog v+ (rar)
<Kol .

Given w, = f,(r)dr A df, we must try n, = hy(r)df. Then h; = f,, with

17l = 2 (|2l Log ()
@1t = 2 |If, [ log [*(rdr) .

As before, we can solve the equation in L, provided & + 2 = 1, i.e., k = —1;
if k = —1, 9, dr A df ® e appears as the cohomology. (6.6) follows from
these results because dt/t = idf + d(log r), with logre L, if k< —1, and
dr A dt/t = idr A d6.

Proof of (6.2). Use the spectral sequence
Ept = J*(Gr, &(V)g) = H**(L(V)w) -
The differentials in the spectral sequence arise by lifting ve V to & (as

defined in (8.5), noting (8.7)), and applying D. Thend, = 0, because N lowers
weights by two, and

dy: (LG V)]w) — LG (V)]0

is induced by (1/271)dt/tQN. Recall that Gr}” corresponds to k=I[—m in (6.6).
If k< -1, N: Wpio— Wi, is surjective; hence by (6.6) d, is surjective.
Likewise, d, sets up an isomorphism between the unpleasant cohomology
groups

FO(L[GrE(V)]w) and FCH(LTGri (V)]w) -

Thus, the spectral sequence degenerates at E,, for all non-zero terms are
Ep-r. 3,V must remain as JC(L(V)y).

(6.7 Remark. In the non-degenerate case (S = S), the usual Dolbeault
Lemma and holomorphic Poincaré Lemma, i.e., the standard versions of
(6.3) and (4.1), imply the C~ Poincaré Lemma. Here (having dropped the C*
condition) we have proved (6.2) and (6.3) separately so that we could avoid
worrying about D’ when studying D”. Thus, we are using two different
complexes to compute D and D" cohomology; however, they will have the
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same harmonic forms.

Having established (4.1), (6.2), and (6.3) for unipotent monodromy, we
see that it is a relatively simple matter to generalize these results to varia-
tions of Hodge structure in which the local monodromy is only quasi-
unipotent. When V carries a geometric variation of Hodge structure,
the quasi-unipotence follows from the monodromy theorem.

Localizing as usual to S = A*, we let v be the local monodromy
transformation, with (v* — 1)¥* = 0. Then V,, and hence V, splits into
generalized eigenspaces

V=®.2V..
with
Vo ={ve Vi(y = 9" =0},
where ¢ = exp (2ri/y). Then VU = VRO has a quasi-canonical extension
0. Writing 7|y, = {*v,, with 7, unipotent, and N, = log 7,, one defines [10]
O to be generated at the origin by

6.8) () = exp (1og t[—‘:— + ﬁNa ])v ,

where v is the multi-valued flat section of "0 associated with ve V,,, and a
ranges from 0 toy — 1.

Information about “© can be obtained by pulling V back via the
y-sheeted covering

art AF —— A* (V) = u*) .
In +*(V), we have 7v* as (unipotent) monodromy transformation, hence
N = ®O§a§v—lvNa .

We may assume without loss of generality that V = V,, and inasmuch as
the previous results cover the unipotent part V,, we also assume that
a #= 0.

(6.9) PROPOSITION. If V has quasi-unipotent monodromy, with mno
unipotent part, then

OV)w =D and @(V)w=-2®7.
Furthermore, Q(V), resolves 7,V. (N.B. — 7.V has the zero stalk at
t =0.)
Proof. If ve V,,

(6.10) P (F) = u® exp (2—”m-N log u) v,
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and, of course,

(6.11) ) = u V*(ﬁiﬁ) - u‘i_’“ :

As 4 respects the Poincaré metrics, the first statement follows immediately
from (4.4). Since V patently maps O(V),, into Q'(V ), in order to prove
the second assertion, we must show that this mapping is surjective. But
this follows by (4.1) and the explicit description of the anti-differentiation
given in [23]:

v(Lriw) = v @uriw)

U
= V(u™ @(u))
for some we V,, and we may descend to A*.

(6.12) COROLLARY. If V has quasi-unipotent monodromy, Q(V), is a
resolution of j,V.

The idea of pullback and descent also works effectively in the case of
L, differential forms. Let G be the group of covering transformations for
+r, a cyclic group of order y. The following is obvious:

(6.13) LEMMA. There 1is a one-to-one correspondence between
G-invariant L, +*(V )-valued i-forms on A¥ and L, V-valued i-forms on A*.

We may place the Hodge filtration of (1.12) on Q'(V), to obtain
complexes of locally free Oz-modules, with the analogue of (5.2) holding;
that is, we can find an L,-adapted basis of O at a singular point which
respects the Hodge filtration, for the 3[, decomposition of V is compatible
with the eigenspace decomposition.

(6.14) COROLLARY. The L, Poincaré and Dolbeault Lemmas ((6.2) and
(6.3)) hold when V has quasi-unipotent monodromy.

Proof. If 7 is an L, solution to D7) = @ or D"y = @ on A}, where w is
G-invariant, then l/vf‘_,ge -9%7 solves the corresponding problem on A*.
(For D”, we need to observe that G acts as automorphisms of the variation
of Hodge structure, so (1.10) implies that g* and D" commute.)

As in (1.16) and (1.17), we have

(6.15) COROLLARY. If V underlies a variation of Hodge structure with
quasi-unipotent monodromy:

(i) HS, 4, V) =H(S, @(V)w) = H(T(S, £(V)w)) ,

(i) H(S, GriQ'(V)e) = HY(L(S, GriL(V)aw)) -
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I

7. The strong Hodge decomposition

We will show in this section that the Laplacian operators [ ,, [[],- and
o have closed range when extended to suitable L,-spaces of differential
forms. It is this fact which enables one to conclude that the spaces of
harmonic forms represent cohomology.

First, we introduce some new notation. Let

L3(S, V) = {square-summable global V-valued p-forms on S
with measurable coefficients},

A3S, V) ={pe LIS, V). ¢ is C* on S},

AxS, V) ={pe Ax(S, V): ¢ has compact support}.
Similarly, we can define L;"%(S, V), A>%S, V) and A28, V).

Beginning with A?(V), one extends the differential operator

D: Ax(S, V) — A?*(S, V) to a densely-defined closed operator on Li(S, V),
which we denote by D: LI(S, V) — L;*(S, V). The same is done for

D': ADS, V) — AP 4(S, V) and for D": AD¥S, V) — AD(S, V).

A priori, there are several possible domains for these operators.® The
smallest, obtained by taking the closure of the graph of D, is called the
strong (or minimal) closure of D; it is computed by taking limits of Cauchy
sequences {¢,} in A2(S, V') for which {Dg¢,} converges in L2*'(S, V). Thelargest,
the weak closure, is defined by the adjoint condition:
7 =Dg if forall e AI(M), {8, > =<1, ¥,

i.e., if 4» — {4, 0> is a bounded linear functional. The domain of the weak
closure may alternatively be described as the set of L, forms whose distri-

bution derivative is also in L,. We observe that this space is equal to
I‘(§, £7(V)w). There is no ambiguity in our case, for we have

(7.1) PROPOSITION. For each of the operators D, D', D", the strong and
weak closures coincide.

This is a consequence of the following two similar results:

(7.2) THEOREM. Let 0 bea flat vector bundle on a complete Riemannian
manifold M. Then the strong and weak closures of D = d Q1 coincide.

The proof of (7.2) is almost identical to that of

(7.3) THEOREM [1, p. 92]. Let 0V be a holomorphic vector bundle on a
complete complex manifold. Then the weak and strong closures of d coincide.

8 The uninitiated reader should be forewarned that the issue over the domains must be
treated with care.
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Proof of (7.1). Of course, (7.2) contains the statement for D. To prove
the same for D" (and hence for D’ by conjugation), we recall that D" =
0’ + V', where ¢’ is unitarily equivalent to the direct sum of 4 operators
(1.10), and V' is a bounded operator (6.1). The assertion follows from (7.3).

As strong and weak closures are necessarily adjoint to each other, it
follows that the strong and weak closures of the adjoints also coincide.
Having established this, one can define a closure for the Laplacians, with
domain (in the case of [],)

(7.4)

D) = {pe LS, V): g€ DD?) N D(®*), Dg € D(d**), and dp € D(D* )},
where the superscripts indicate the degree of the forms in the domain. It
is well-known that [, is self-adjoint (in the strict operator sense) [12].

We define the spaces of harmonic forms. Some care needs to be taken,
in light of the subtle issue of the domains: a priori, it is not clear that

(7.5) s = eP+Q=m+p Op:?
as operators, though, of course, one does have the identity on a dense subset
of the domains. However, because S is complete, [ ], and [ ], are essentially
self-adjoint, i.e., their strong closures are self-adjoint [3]. We then neces-
sarily have equality of the strong closure and the operator defined in (7.4).
Since strong closure commutes with orthogonal direct sums, we do have
the decomposition (7.5).

Let

57(V) = {¢ € D([5): [y = 0},
b7UV) = {¢ € N5H): o = 0} .

Using (7.5) and the Kdhler identities of Section 2, we obtain

(7.6) PROPOSITION. H°(V) = @pigemi» 87U V).

In order to conclude that the harmonic forms represent L, cohomology,
we need to know that the range of [, (hence also of [, and [y, by (7 .5))
is closed. Viewing the operator as the one defined in (7.4), we would then
have

(1.7) LS, V) = p(V)D [ Li(S, V)

by self-adjointness. If ¢ e Li(S, V') we could write

(7.8) ¢=h+[I7,

where ke §?(V), and n e Li(S, V). Rewriting (7.8), we have
(7.9) ¢ = h + Dby + dD7 ,
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with each term in LZ#(S, V). Moreover, if Dy = 0, then we must have
®D» = 0. From (7.4), we have that dy e Lz™%(S, V). This gives the isomor-
phism
(7.10)  5%(V) = H*(T(S, £(V)w))

={¢e LiS, V): Dp = 0}{Dne LS, V):ne LS, V)}.

It is a well-known fact about operators that [J* has closed range if and
only if D? and D*! have closed range. The statement for D is, however, a
simple consequence of (6.15), for the range of D” is the image of the bounded
linear mapping of Hilbert spaces

D: 9(D?) — ker D™
(using the graph norm for D on the domain), and the cokernel is finite-
dimensional.

(7.11) Remark. With (7.7) established, regularity theory for elliptic
operators gives the statement

Oee Az(S, V) implies o€ AXS, V).
Therefore, we may conclude that the intrinsic C*, L? cohomology groups of
S with values in V:
Hg (S, V) = {pe AL(S, V): Dg = 0}/{Dne Ax(S, V):ne Ay7(S, V)},
HEYUS, V) ={gec ADYS, V): D"¢ = 0}/{D'"pe AD¥(S, V):ne APY(S, V)},
are also isomorphic to the cohomology groups (6.15) and are represented by
harmonic forms.

Incorporating the analogous results for D’ to give complex conjugation
on harmonic forms, we have finished the proof of the following:

(7.12) THEOREM. Let V be a locally constant sheaf of vector spaces
underlying a polarizable variation of Hodge structure of weight m on the
algebraic curve S (with completion j: S — S), having quasi-unipotent local
monodromy transformations. Then there is a Hodge structure of weight
m + i on HiS, 7, V), with classes of type (P, Q) represented by H74V).

Letting F?H'(S, j,V) denote the subspace of H¥S, j,V) generated by
the L, harmonic forms,

o p— R oF
we have,
(7.13) COROLLARY. (i) The spectral sequences
Pt = H*(S, GriQ (V) ) =— H**(S, Q'(V),)
=~ H**(S, 7, V)
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degenerate at K.
(i) H{(S, FrQ(V)y)— H{(S, Q' (V)y) is injective for all p.
(i) HYS, F*Q(V)y) = F*H(S, j, V) under the above inclusion.

Of the above statements, only (iii) is not completely standard, because
of (6.7). However, (iii) is proved by a simple “chase”, which we omit. In
particular, the Hodge structure is independent of the choice of Kahler
metric on S and polarization of V, though these choices determine the
polarization of the Hodge structure.

(7.14) Remarks. (i) In the language of [9], the pair j,Vx and its
resolution Q'(V), with Hodge filtration F' form a cohomological Hodge
complex of weight m.

(ii) The isometries

L:po(V) S5 pree(V) (P + Q =m)

induce an isomorphism between HS, j*V) and H*S, 5,V) which is com-
patible with the Hodge decomposition.

As the hypotheses of (7.12) are automatically satisfied for geometric
variations of Hodge structure, we have as the main application of the
theorem:

(7.15) THEOREM. For the geometric situation

X=X

7
s<’.3
where f and f are projective and f is smooth over S, there are natural

polarizable Hodge structures of weight m + 1 on the cohomology groups
Hi(S, jR"f,C).

8. Functoriality of the Hodge structure

We have, via (7.12), associated to every variation of Hodge structure
of weight m over a smooth curve S, with underlying locally constant sheaf
V having quasi-unipotent monodromy, Hodge structures of weight m + <
on HYS, j,V). These structures, being defined geometrically, figure to
have functorial properties, and we will show that this is the case.

To begin with, we know that the Hodge structure is intrinsically defined,
given Sc S, and is independent of the metric (within the class of metrics
having the right asymptotic form at the singular points) used to define the
Laplacian.
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(8.1) PROPOSITION. The Hodge structure is independent of the choice
of S.

Proof. It suffices to check that if we restrict from S to a Zariski-open
subset S’, we do not change the complex Q'(V),. But this is clear, since
Q(V)y=0:(V) at any point of S where V extends as a locally constant sheaf.

We now show that the Hodge structure is compatible with morphisms:

(8.2) PROPOSITION. The Hodge structure defined in (7.12) is functorial;
i.e.,

(i) For any diagram of variations of Hodge structure of weight m over
a smooth curve S,

S ,
¢ HYS, 7. V') — H¥S, 7.V) is a morphism of Hodge structures.
(i) For any diagram
(V) =V oV
T ’ T2 S I S (v dominant) ,
¥ HYS, 7. V) — H( T, %¥*(V)) is a morphism of Hodge structures.

Proof. In either case Hodge filtrations are respected, so it suffices to
check that in the morphism (i) ¢,: Q (V') — Q(V), resp. (ii) ¥*: v ' Q(V) —
Q-(V"), the L, conditions are preserved. We retain the notation from the
end of Section 6. In case (i), we define v relative to V', then ¢(V;)C V,,
and for unipotent monodromy ¢(W;)c W, (because Nog = ¢oN’), from
which the desired conclusion is obvious using the definition of Q(V),. In
case (ii), the result follows as easily from (6.10) and the fact that if the local
monodromy in V is unipotent, N’ = N, where g is thelocal degree of + at
the singular point of V, so W, = +*(W,).

Remark. There is never any trouble from the non-unipotent part of V,
since, by (6.10), the corresponding sections of O “vanish” at the origin.
Applying this result to the geometric situation,

y -4 x
gl lf
T-. 8,
a diagram of smooth projective morphisms over smooth curves, we obtain
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(8.3) COROLLARY. The induced mapping
v*: HYS, j,.R"f.C) — HYT, j%R"9.C)

18 a morphism of Hodge structures.

There is one more obvious functorial property:

(8.4) LEMMA. If s€ S, the restriction mapping

HS, j.V)—V,

18 @ morphism of Hodge structures.

Proof. The above mapping is induced by the morphism of filtered
complexes

AV —OV)®0s, =V, .

From this, we obtain a purely Hodge-theoretic proof of the result of Deligne
[8, (4.1.3.1)] and Schmid [17, (7.22)], and all of its consequences:

(8.5) COROLLARY. IfoeI(S, V), then its Hodge components ”° (which
a priori lie in T(S, §(0))) are elements of T'(S, V). Thus, if o is of type
(p, @) at one point, it is of tyve (v, q) everywhere.

Finally, the following is true:

(8.6) PROPOSITION. If V' and V" wunderlie polarizable variations of
Hodge structure over S, then, with V=V'Q.V", the cup-product mappings
HS, §.V)QcH S, j V") — H*XS, j,V)
are morphisms of Hodge structures (using the natural tensor product struc-

ture on the left hand member).

Proof. The above cup-products will be induced by the extension to S
of the morphism of complexes Qy( V') ®o,Qs(V") — Qs(V). This mapping
preserves the L, conditions, for in the unipotent case W; ® W, < W,,, and
the L, conditions are determined by position relative to the middle weight
m =m' + m"”; and the Hodge filtration is respected since

F? Qo 1T,
Hence the mapping induces on cohomology morphisms of Hodge structures.

(8.7) COROLLARY. In the geometric situation, the cup-product map-
pings
HYS, j.B°fC) @cHXS, jR'f,C) — H*S, jR**f,C)
are morphisms of Hodge structures.

9. The theorem on normal functions

In Section 2, we showed that the theorem on normal functions for
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smooth fibrations f: X — S (2.12) follows as an immediate consequence of the
definition of the Hodge filtration. In this section, we prove the analogous
result for general fibrations. It was also shown in Section 2 how the Hodge
structure on H'(S, R*'f,C) is related to that of H**(X, C); however, for
the discussion of this matter in the degenerating case, we defer until Section
15.

Let V underlie a variation of Hodge structure of weight 2p — 1 defined
over Z. Recall that there is an exact sequence

0— 5.V, — (D)F?), —> J2 — 0.

We consider the filtered complex K~ defined by

K'=7,
K'=8=1im{V:0— Q. (log ) ® 0},
with {F'?K "} defined by restricting the Hodge filtration (1.12) of Deligne from

7.2(V) to K'. We show that K" is a replacement for Q'(V),, in the coho-
mological Hodge complex:

(9.1) PROPOSITION. The inclusion of complexes
Q(V)y— K*
18 a filtered quasi-isomorphism.
Proof. Let Q" denote the quotient complex K'/Q'(V),, with induced
filtration. Since K° and Q'(V),, differ only at the singular points in the

summand of V corresponding to eigenvalue 1, we may assume that V has
unipotent monodromy. We will show that

Gr;Q° — Gri@*

is an isomorphism of finite-dimensional vector spaces, hence GrzQ" is acyclic.
As usual, the non-trivial issue is at the singular points. We use the 3[(2)
decomposition of V, and the basis for ‘O used in the proof of (5.2). For
irreducible component S(m — p — ¢) ® E(p, q) (the case S(m — 21) ® H() is
similar), we obtain as basis elements of type (n, m — n),

Xy X €?° if psnsm—gq,

a, ,RQe? if ¢gsn<s<m-—op.
If B,_, denotes the section of Fm <0 corresponding to the former, we have
B.—, as one of the generators for GrzK’; for GrzO(V).,, we have

Ba-p if ’n—péé(m—p—q)

tBu—»p otherwise .
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HODGE THEORY 451

Similarly, for Gr3K*, we use 7,_, = VB,_, unless » = m — ¢, in which case
Y ps in GY3QY(V) 5

Vs if n—péé(m—p—q)

Yne» otherwise .
Thus, we have, in a basis for Gr2Q°, the element 3,_,(0), and for Gr;Q*, 7, _,(0)
if p=0and » —p= 1/2)(m — p — q); there is no contribution from e**?
otherwise. A similar discussion can be carried out for e¢?. Evidently, V
induces an isomorphism from GrzQ° to Gr:@: for all ».

Proposition (9.1) asserts that there is no discrepancy arising from the

use of K' versus Q'(V),. This fact will be of use in later sections of this
paper; we use it now to prove

(9.2) THEOREM ON NORMAL FUNCTIONS (optimal version). The image of
H(S, 92) (the horizontal normal functions) in Hy = HYS, 7. V,) is equal to
the set of elements which are of type (p, ») in HS, 7, V) (V = R*'f,C).

Proof. Asin (2.12), we are seeking

ker {H; — HY(S, (0/F?).)},
and the set of integral elements of type (v, p) is precisely
ker {H; — H¢/F*H} .
But by (9.1),
HYF?H = HY(S, Q(V)o/F*Q(V)w)

= HYS, K'/F?K")

= H(0/F> — S/F7S)

= HY(S, (0/F?)) .

(9.3) Remark. As in Section 2, we have the result (9.2) for arbitrary
variations of Hodge structure of odd weight defined over Z.

10. Miscellancous results

(a) Sections of Hodge bundles. For notational simplicity, we assume
that F° = “0; this can always be arranged at the cost of artificially shifting
the weight of the variation of Hodge structure (tensoring with a constant
one-dimensional Hodge structure of sufficiently high weight). In [13],
Griffiths calculates that the last Hodge bundle (£.°) of a variation of Hodge
structure is a negative (semi-definite) vector bundle. Using the Hodge
theory with degenerating coefficients, we prove an analogous result for the
canonical extensions. Let @.? = F?/F7+,
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452 STEVEN ZUCKER

(10.1) PrROPOSITION. Under the hypotheses of (7.12), every global section
of &." is induced by a flat section of F° = .

Proof. In the surjection

H'S, §,V)— (F*/FYH'S, §.V) ,
the right hand side is, by (10.1), equal to
H'S, Gr}K") = HS, Z.°) .
(10.2) COROLLARY (theorem of the fized part for Abelian varieties, cf.

(9.2) for p = 1). Let f: X — S be a family of Abelian varieties, and f: X — S
1ts Neron model. Then there is a short exact sequence

0 — Xiixea — To(S, X) — Hy'(4, V) — 0,
where V = R'f,C, Xiixeq 18 the Abelian variety
(F°/FYH'S, jV)/HS, 1. V2) ,
with S X Xiixea embedded in X over S, and TS, X) denotes the group of
sections of X passing through the identity components of the singular fibers.

Proof. Ty(S, X) is the set of sections of the sheaf @ defined by

0— 35,V Z.° @—0.
Now take cohomology.
By the same argument as was used in the proof of (10.1), but applied
to 2.2, we obtain the following more general statement (cf. [17, (7.19)]):
(10.3) PrOPOSITION. If7e HS, £.7) and V(e H(S, Qi(log Z)® Z.7™))
is zero, then there exists a flat section o of F?, which may be taken to be
everywhere of type (p, m — p), so that 7 is induced by o.

(10.4) COROLLARY. If ¢ HYS, F?) and V¢ takes its values in F?, then
there exists a flat section o of F? so that ¢ — o € HYS, F7*).

(b) Duality. The inner product <, ) (defined in §2) is non-degenerate
on cohomology, as {Cv, ) > 0 for any non-zero harmonic form v». Using
instead the natural cup-products (along with the polarization of V), we
conclude:

(10.5) PROPOSITION. The natural pairings
H'S, j,V) x HXS, j,V)— H*S,C) = C,
H'S, 7, V) x H(S, j,V)— H*S,C) = C

are dual pairings.
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11. General real variations of Hodge structure

For a general variation of Hodge structure over R, one does not have
quasi-unipotence for the local monodromy transformations, only that their
eigenvalues are all of norm one. In this section, we prove the Poincaré and
Dolbeault Lemmas for the general case. Of course, this gives an alternate
proof of (6.14). Consequently, we immediately obtain the existence of a
functorial Hodge structure on H(S, j, V).

At a singular point, we decompose V into its generalized eigenspaces

V = $0§a<1 Va
so that (T — ¢***I) is nilpotent on V,.

The quasi-canonical extension U of 7V is defined as in (6.9), with
generators

(11.1) J p(e) = exp <[“ + 2_71;7Na]1°g t)” (we V)

l = t*exp <~271r_iN“ log t>v .

The theory of [17] generalizes to arbitrary variations of Hodge structure
(unpublished correspondence between Deligne and Schmid), and we have

(11.2) LEMMA. |7 ~ *log* ™r if ve W, (V).

The statement here is the natural extension of the norm estimates that
come from [17]. Assuming (11.2) and the existence of L,-adapted bases
achieving these norms, we proceed as in Sections 6 and 7. We work with
a fixed summand V, with a = 0. If we grade V, according to N,, and write
forms in Gr%(V,) as @¥, D becomes the operator

La(w)zdw+a_"lti/\w.

Generalizing (6.6), we have

(11.8) PROPOSITION. Let @V be an L, i-form (i =1 or 2) with L.(®) = 0.
Then there exists an L, (i — 1)-form 0% with L(9) = o.

Proof. We will carry out the argument only for the case ¢ = 1, the
other case being similar. From our experience in Section 6, we work expli-
citly in polar coordinates, and we may permit ourselves to compute formally.

Writing w = f d» + g dd, and using the identity
at _dr
t r

we see that the condition L, (®) = 0 becomes
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g ea(g o)

or, expressing this in terms of Fourier coefficients, with
f=22fme",  g=73g.(r)e",
(11.4) g+ e = in + @)F, .

If w =) u,(r)e™ is to satisfy L,u = ®, then
(11.5) (Dm+%m=ﬁ

i) i(n + ®u, =g, -
Because a ¢ Z, we may use (11.5, ii) to obtain
D

Uy = — G -

n+a

Then (11.4) guarantees that (11.5, i) is simultaneously satisfied. Estimating
L, norms, we have

1,31l = (o + @)% g1 Log [~ d)

= Cn + @)*||g, 77 (12 log 7 [Frdr)

=C(n + @)™ g.do [ -
So [[u?|lf = K| @b

Likewise, extending (6.4), we have

(11.5) PROPOSITION. Let O be a holomorphic line bundle on A* with
generating section o, and with a Hermitian metric satisfying

llo]|* ~ 7*|log r[* 0<a<l).
Then for every L, (0, 1)-form ¢ = fdt X o there exists an L, section u & o
with ou = fdt.
Proof. Asin (6.4), we define u to have Fourier coefficients
2| 0 funlo)dp it m <0

u, =
—2r§ foaedo  if m=0

for some A <1, so that u = fdf. Checking L, norms in the first instance

(the other being similar), we see that
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&4

| w, Pt log o [F 2 dr
SO
= S: 4 ( S:p—zn |fn+1(.0) |2d40><S: do )’I’_”z“l log » [*~2dr
= S: 4%+ | log 7 |*7° (S:p—zn lfn+1((0) lde> dr
S: 07 | fass(O) (S; 4yt | Jog |k d’r> dp
C 4
FEoEal
=K S: | fura(0) P | log o |*dp .

So [[u ol < K| fdt Qo[-
The rest of the theory proceeds as in Section 7, so we may conclude

fl

A

| fasa(@) P07 | log o |*2dpo

0

(11.6) THEOREM. If V is the sheaf of local constants underlying a
polarizable variation of Hodge structure of weight m (defined over R) on
the smooth algebraic curve S, then there are associated fumctorial Hodge
structures of weight m + i on HYS, 7, V) =~HY(S, Q'(V)y), whose Hodge
filtration is induced by the Hodge filtration (1.12) on the complex Q' (V)y).

(11.7) Remark. As in (9.1), we may use the complex K instead to give
the Hodge filtration. (This affects only the unipotent summand.)

12. The Hodge structures of Shimura

In [18], Shimura shows the existence of what is, in effect, a Hodge
structure (defined over R) on some group cohomology of Fuchsian subgroups
of SL(2, R) in terms of vector-valued automorphic forms (see also [21, (4.2.6)]
and [11, (2.10)]). The Hodge structure appears in a somewhat ad hoc manner.’
In this section, we show that these Hodge structures are examples of the
Hodge theory associated to a variation of Hodge structure over a curve.

We follow for the most part [21]. Let G = SL(2, R) with standardized

notation
-(2a)
9= cd

for the elements of G, and let H denote the upper half-plane. Using i€ H
as the base-point, we identify H as the quotient G/K where

cosf sind
K = k) = :0eR
{() <—sin0 cos0> € }

7 If the subgroup is cocompact, the Hodge theory for vector-valued forms on Hermitian
symmetric spaces (see [25]) provides another interpretation.
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is the stabilizer of 7. If I' is a Fuchsian group of the first kind (" is a
discrete subgroup of G such that G/T' has finite invariant measure), by
putting S = H/T we obtain an algebraic curve whose smooth completion S
is obtained by adjoining a finite number of cusps to S.

Let (p,., V..) denote the m'™ standard irreducible representation of G;
namely, V, = C* with G operating in the usual way, and (0,,, V,) is the m*™
symmetric power of (0, V,). It will suffice to consider V, for most purposes.
Since K is a circle, p, necessarily diagonalizes under K, and the eigenvectors
are computed to be ¢, = u, + iu, and e_, = &, = u, — iu,, where {u,, u,} is
the standard basis of C:. It follows that V, has a basis of K-eigenvectors
{Ems Em—gy ***, E_m} Where
(12.1) Em—u = (€)"'(e_y)',
the vector ¢, corresponding to eigenvalue ¢*?” under the matrix k(6).

Let S,(I", m) denote the space of V,-valued cusp forms for I'. Explicitly,
these are holomorphic functions f: H— V,, which satisfy

(12.2) Fvz) = (cz + A)*p.(Mf(z)  forall vel,

and, in addition, a cusp condition [21, (A;)] which will not be repeated now.

If
I—<_1 0>6F
2 0—1 b

we must insist that m + k be even in order that the construction to be done
shortly make sense. (Also, if m + k is odd, ST, m) = O.) In fact, for
simplicity, we assume —I,¢I'. We expand a cusp form as

f2) =33 fo2)ci + d)?on(9)e, if z=g1i.

One easily verifies that this expression does indeed define f,(z), independent
of the choice of g.

(12.3) LEMMA. Iffe ST, m)and f,=0 forall r>p,then f, € S,_,(T, 0).

Proof. See [21], specifically (1.1.9) and (2.3).

In particular, there is an injection

Q: Sk+m(F7 O) — Sk(ry m)

given by Q(F) = F(z)(ct + d)™" 0n(9)e—m-

For any value of m one constructs a locally constant system, also denoted
V., on S by taking H x V,/T', where I acts by the product action. Let
Vp = Va®cOs. The space Sy(I', m) may be identified with a subspace of the
global sections of 0,, over S (equivalently, the I'-equivariant holomorphic
V,.-valued functions on H). Similarly, S,(I', m) is contained in the space of
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V .-valued holomorphic one-forms on S. From the short exact sequence of
I'-modules,
0— V,— HH, 0;Qc Vi) — H(H, U Qc VW) — 0,
one obtains a mapping

H(H, Qu Qc Va)' — H'I, V)

],

/]

SZ(Fy m) E— Hl(S’ Vm) .

It can be checked that 6 is injective, so we identify S,(T", m) with its image
under 4.

Let I, be a parabolic subgroup of I'. This means that T, is the stabilizer
in T of a cusp of S, and necessarily T, is cyclic with H/T, ~ A*. One defines
the parabolic (or Eichler) cohomology group

7, V,) = N;,cker{H'T, V,.) — HT,, V,)}.
Then the Hodge structure of Shimura is given by the following:
(12.4) THEOREM [18]. Q[S,sn(T; 0] D Q[S,.m(T, 0)] = H(T, V,,).
We begin to translate into the context of this paper:
(12.5) ProposITION. HYT, V,) is naturally isomorphic to HYS, 7, V).
Proof. From the Leray spectral sequence for j, we obtain the exact
sequence
0 — HS, 3. V) — HXS, V,) —— H'S, R'§. V).
Since R'j, V,, is supported on the set of cusps & c S, we may write
H'S, R'j,V,) = @..: H(A*(s), Va)
where A*(s) is a small punctured disc around the cusp s. The mapping =«
then decomposes into a direct sum of restriction mappings
(12.6) HYS, V,) — H{(A*s), V) -
But A*(s) is a deformation retract of the larger punctured disc H/T, (I,
being the parabolic subgroup for s). Thus, the mapping (12.6) is none other
than
H'T, V,)— HT,, V) .
Now, (12.5) follows immediately.

In order to apply Hodge theory with degenerating coefficients, we need
to put a polarized variation of Hodge structure on 0,,. The structure on 0,
will be of weight m, and it will be induced by symmetric product from 0,.

This content downloaded from 129.49.5.35 on Mon, 26 Aug 2019 02:00:05 UTC
All use subject to https://about.jstor.org/terms
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At the point z = g7 € H, define
Hzp,m—p( Vm) = Cpm(g)em—uﬂ .

Since K acts diagonally with respect to {¢,}, this is a well-defined subspace
of V,. It is clear that

Hr?? = W’
and

Vi = @r=c HI™? .
By construction, whatever I' is, the variation of Hodge structure descends
to S = H/T', giving a variation of Hodge structure on 0,,. To polarize this
structure, we observe that p,, is isomorphic as a representation to its con-
tragredient, so there is a G-equivariant isomorphism

¢m: Vm h— V;:

(determined uniquely up to a multiplicative constant). Since ¢, is neces-
sarily (proportional to) the m*™ symmetric power of ¢,, we need only polarize
V., and this may be checked at the one point 4, where ¢, is of type (0, 1) and
e_, is of type (1, 0). Explicitly, if {eF, e*,} is the dual basis for V¥,
¢1(el) = _2'1:621 ’

¢1(e—1) = 2ief ,
so we obtain a skew-symmetric C-linear pairing with
(12-7) (eu 9—1) = <61, ¢1(e—1)> =21 .

It is easy to see that this pairing is, in fact, defined over R. Then V, is
polarized by the Hermitian form {, ), with

(12'8) <eu e1> = (Ceu €,) = (i_leu e,) =2,
<6_1, ey =2.

(12.9) LEMMA. ®(2) = 2u, + u, ts a mowhere-vanishing holomorphic
section of the first Hodge bundle ¥} on H.

Proof. We know that at z = g7, F* is spanned by ge_,. If z = x+1y,

we may choose
Yy x
— -1/2 .
o=y 7)

ge_, = y“” v 1x> = ~iy"’2(z> .
- —1 1
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Thus, zu, + u, is a section of &1, and it is patently holomorphic and nowhere-
vanishing on H.

Now let se S be a cusp, and I, the associated parabolic subgroup. As
was remarked earlier, X/T', is a punctured disc A*, and the natural mapping
X/T',— X/T" is an embedding on a sufficiently small deleted neighborhood of
s. We may assume without loss of generality that s is the image of the
parabolic point . A generator v of I'y must then be of the form

(01)

A ,

01

where » = +1 and z € R. By the definition of V,, 7 is the local monodromy
transformation around the cusp. The associated nilpotent logarithm is

0h
V= (0 0) ’
and the covering 7: H — A* is given by
t = t(z) = /",
(12.10) LEMMA. If x =1, w(2) = zu, + u, and u, are (local) generating
sections of the canonical extension bundle “0,; if v = —1,
e w(z) =t (U, + u,) and t"*u,
are generators.
Proof. This is obvious, once one writes
(2) = (z/h)(hu,) + u,

= exp (—-—I—N log t>u2 .
271

(12.11) COROLLARY. If A =1, or if x= —1 and m 1is even, 0, =
[@@)]Pur—? generates Fi modulo Fi; if v = —1 and m is odd, 0, =
t2[w(2)[Pur* is a generator.

This takes care of the Hodge filtration. Though it is not essential for

the discussion, we briefly take note of the weight filtration. For V, (the
rest being induced by symmetric product), we have trivially:

(12.12) LEMMA. On V,, u, spans W (= W)), and u, spans Gry (V).

We can compute directly the norms of the two elements u, and u,.
Breaking each into its Hodge components, we have

u, = (20y) M w(z) — w(2)],
u, = (21y) 7 [20(2) — Zw(2)] ,
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so by (12.8), we calculate, as @w(z) = iy'*ge,, that
lu 2 = @) 2]l o] = @y) " yle, en] =¥,
w11} = @) 2]z ll@|f] = y7 2 ~ ¥ .
(12.13) Remark. It deserves to be mentioned that we are looking here
at perhaps the “purest” example of Schmid’s asymptotic description of the
degeneration of a variation of Hodge structure. In fact, the asymptotic

and the actual Jcoincide here. The structure on V, is the model S(1), with

v, = e,and v_ = e_,, and there is a correspondence of polarizations (compare
(12.7) to [17, (6.23)]).

We are ready to analyze the Hodge structure on H*(S, 5, V..).
(12.14) LEMMA. The complex Gr3K ' is acyclic except for p = 0, m + 1.
Proof. This is very simple: for 0 < p < m, GrzK" is the complex
Z» s Qi(log D) ® Zor .
Even at a cusp (which we take to be given by z = ), &,? is generated by

d,, and Vo, = pdz ® g,_, generates Q5 (log ) ® &.*}, according to (12.11).
Since V is Og-linear, it is an isomorphism, i.e., Gr} K" is acyclic.

As H'S, Gr2K ") gives the subspace H»™+~? in the Hodge decomposition
of HYS, 7.V .), most of the components are zero, and we have
HS, §.V) = H™o @ H
— Hroo @
We complete the interpretation of (12.4) by showing
(12.15) LEMMA. H™"° = Q[S,,.(T, 0)].
Proof. Hmt = FrnHJHY(S, 7, V,)
= HY(S, F""'Q'(V,)w)
= H'(S, (@ @ Fm)w)
Thus, it remains to verify that the F™-valued one-forms in Q[S, (T, 0)] are
those with the requisite growth at the cusps. Write f € Q[S,,.(T, 0)] as
f(z) = F(2)(ci + d) ™ on(g)e—n = FR)0(2)]" ,
which represents
7 = [F(2)dz] @ [@(2)]" € H'(S, Qs ® F7) .
At a cusp (taking 2 = « again), we must distinguish two cases:

Casel: » =1,0or » = —1 and m is even. Then F(z) is a cusp form if
and only if it has a power series expansion in ¢ = ¢***/*, with constant term
zero. Thus, 7 is of the form tg(t)(dt/t) Q w™, where g(t) is analytic at the
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origin, As |@w™|* ~ log™|t|, this gives (' ® Fn)e at the cusp.

Case 2: » = —1 and m is odd. Then F is a cusp form if and only if F’
has a power series expansion in (odd powers of) t“2. The leading term of 7
is then proportional to dt/t R t*2@™, which generates (Q' @ Fm),, at the cusp.
In either case, this completes the proof of (12.15).

13. Mixed Hodge theory

We return to the general set-up where V underlies a polarizable varia-
tion of Hodge structure of weight m over the smooth curve S, j:S<>S,
% =8 — S. Let S be any open subvariety of S; restricting S if necessary
(noting (8.1)), we may assume that Sc S S. In this section, we show that
there is a functorial mixed Hodge structure on HS, 7, V|3). Since we are
working over R, a mixed Hodge structure on a complex vector space E,
with real structure Ei (so E = E QrC), consists of two filtrations—an
increasing weight filtration {W,} defined over R, and a decreasing Hodge
filtration {F'?}—such that {#'?} induces on Gr}(E) a Hodge structure of
weight k. Again, if Vis defined over Z, the weight filtration will be defined
over Q.

Let 5:8§—38, j:8—5,5=8—-§,%5 =% —S3. We build a two-term
complex K(S) by setting K(S) = %0, and letting K(S)' be the extension to
S of Q4 V) given by Qi(log 2) ® 0 at points of 3, and by K* = $ (see §9)
at the points of X,. Then we have

(13.1) Lemma. HYS, K(8)) = HYS, ju V).

Proof. Theassertion follows by combination of the fact that K" resolves
74V with [10, p. 105] (that 7.7 *K(S) is quasi-isomorphie to K(§)'), since
JoxV =34 Vls.

We can use the Hodge filtration (1.12), as before, to define {F?K(S)}.
To define a weight filtration, we start by letting

W.KS) =0 if k<m,

W.KS) = K" ;
to define the higher weights, we must first introduce some notation. As
K(S)yand K ( = K(g)') agree for non-unipotent monodromy, the non-unipotent
local summands of V will not enter into the discussion, so we may assume
without loss of generality that the local monodromy transformations are
unipotent. At each se 3, V decomposes into irreducible 8l,-components (cf.
§5), each of which contains 7eal basis elements of highest weight filtration
—viz., e’ in S(m), etc.—which span the cokernel of
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v: "()——»—@90

(via the residue of V) or, equivalently, the cokernel of N. Let P denote
their span. For 0 <» < M + 1 define (at se3)

(13'2) Zm+r = NV@ (P n Wm+r—1(V))
= Wm+r—1 + -NV
and let Z,.,, be the corresponding sub-bundle of 0. In this notation, K(S)*
is equal to
ﬁlt-t— ® [Zn + 0] .
Define W,..,K(S)" to be the complex

(On S, we use K°.) As in Section 4, this gives well-defined complexes of
sheaves globally on S, such that taking F'* or Gr% gives complexes of locally-
free Og-modules (cf. (5.2)).

Let N, denote the nilpotent monodromy logarithm associated to s e 3.
Then the following is immediate:

(18.3) LEMMA. For0<r <=M + 1,
Res: Gy, K(S) =5 @.:3 P (8) —1]
where Py(s) is the primitive part of Gry (V) at s [17, (6.4)]:
P, = ker {N**: Gr}J, (V) — Gry_, (V)}.

(13.4) Remarks: (i) The isomorphism in (18.3) is non-canonical, in the
sense that the identification Z,,.,/ NV=Pn W,,,_.(V) involves a splitting;
intrinsically,

Zm+r/NV = Wm+r—1/( Wm+r—-1 n NV) .

(ii) In the case where V is non-degenerate at s, N =0and V = W, so
Z,=0, and (W,K(S)),=(Q%(V)),. Similarly, (W,.,.K(S)),=(Qs(og Z)(V)),.
In the spectral sequence

Epe = H*(S, Gr%,K(S)) = H*(S, K(S)) = H*(S, i V) ,
we see that the E, terms are zero except for
—p=m, g=m,m-+1,m+ 2
-M+m-1)=p<-m, ¢g=-p+1,

and therefore, the only possible non-zero differentials are
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(13.5) d,: H{(S, Gr¥,,K(S)) —> E;™m+ AI<rsM+1).
In particular, there is
(13.6) dy: @, Pou(s) — HXS, §. V) .

Define the coarse weight filtration {W,} on K(S)" by setting

~ /4 if k< k=M 1
(13.7) W, = e Hogsmoor ks MAmt
w.. if m<k<M+m-+1.

(18.8) PROPOSITION. The spectral sequence associated to {W,} on K(S)
is the Leray spectral sequence for j and the sheaf j,. V, shifted so that the
By, term of the former equals the E, term of the latter. Moreover, the
following diagram is commutative:

Residue
~

D..5P.(s)

H' (S, Gr¥,, K(S))
\\Wdl
\. 2/ Q4 .
f [ HES, 5.V

— _ - _ /Wdun
esez [@:LO Pm+r(s)] — Hl (S’ GrZ+M+1K(S)')

and the mapping wd. ., is equal to the composite
D, (B Prir(5)]
= @..5 V/IN,V = @..3(ker N,)* — (N..zker N,)* — (N, ker N,)*
TS (HYS, 4. V) = H¥S, 5.V) ,
with t~he ulzlabeled arrows indicating surjective mappings provided S+
(i.e., S+ S).

Proof. The first assertion follows as in [8, (3.18)], using [10, p. 85
(8.15)]. (We remark that j, V = 7,(jox V).) The second assertion is obvious,
so it remains to check the last statement. Let A*(s) be a small disc centered
at se 3. Givenwve V/N,V, let ¥ be a generating section for ‘O which projects
onto v at the origin. As the differential in the spectral sequence is equal to
the connecting homomorphism ¢ in the cohomology sequence of

0 W, K&y Gr¥,.,—0,

we use Dolbeault cohomology to compute that

where p is a C* function supported in A*(s) that is identically 1 in a
neighborhood of the origin. If we HYS, j,V), then
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464 STEVEN ZUCKER

2 (e

271 t
1 . dt
= __'l & S - \Y
p— im,_, m:s‘o . (v, w)
= (v, w) .
Summing over 3, we see that the proof is complete.

As a consequence of the preceding, we have the following results of a
topological nature, which may also be deduced directly.

(13.9) COROLLARY. If 3= @, HXS, jox V) = 0.

(18.10) COROLLARY. If V is a locally constant sheaf on A* and V, is
the unipotent summand, with associated N, then

H'(A*, V)~ % & VNV, .
2mr ¢

(The statement of (13.10) remains true even if the monodromy has arbitrary
non-zero eigenvalues, as can be seen directly using Cech cohomology.)
With the aid of Proposition (13.8), we see that the spectral sequence
associated to the weight filtration { W,} on K(S)' is a refinement of the Leray
spectral sequence for 7, and j,. V. Each of the non-zero E¢ terms possesses
a Hodge structure induced by {F »K(S)'}. For p = —m, it is Hodge theory
with degenerating coefficients. For E[™*:mt ~ @, 5 Ppir—(s) 0 <r =
M + 1), there is a Hodge structure of weight m + » + 1 which can be
described as follows. On a A*, the mapping v — ¥ sets up an isomorphism
V = “0(0), imparting a real structure to the latter vector space. The
filtration {F'2} of [17, (6.15)] on V is carried into {F?(0)} under the above
isomorphism. With the monodromy weights { W,(V)}, there is then a mixed
Hodge structure on V such thatP,,.,_, is a Hodge sub-structure of Grn.,_,(V)
[17, (6.16)]. The isomorphisms in (13.3) decrease Hodge filtration levels by
one, so we obtain a Hodge structure of weight m + » + 1 on E ™t mirt
with the isomorphisms (13.3) now appearing as morphisms of type (—1, —1).
We have a complex (defined over C) that seems ripe for mixed Hodge
theory. However, we need to know that the weight filtration is defined
over R. To do this, we will complete (K(g)', W, F) to the data of a coho-
mological mixed Hodge complex [9] by showing that we may refine the
canonical filtration {r.,} on Rj,V to obtain a weight filtration consistent
with the above. Since the singular points are isolated, there is no harm in
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assuming S = S. Furthermore, it will suffice to make the construction
locally, so we assume that S = A*, S = A. Associated to {Z,} in (13.2) are
locally constant sub-sheaves of V, which we also denote {Z,}. Define
Wa(RI V) =T RIV = 44V ;5
for 0 <»r <M + 1, define W, (Rj.V) to be the complex whose non-zero
terms are
(Rj V) in degree 0,
d(Rj, V) + (kerd) N (Rj«Z,.,)*  indegree 1;
fori>1, W, v (R V) =7 (RF.V).
Then
Gr (Rj.V)= 7.V,
Gry (Rj V) = R (Zmss/ Zmi [ 1], 0<r=M-+1
= Pm+r—1[—1] ’
and for¢ >1, Gr¥, .. (R7.V)=R'j,V =0. The weight filtration is evidently
induced by the analogous filtration on Rj, Vy. Moreover, the mappings
K(S) =— 5.9(V) & Rj,V
are easily seen to be W-filtered quasi-isomorphisms when we filter 5,Q(V)
by setting W,(5,Q'(V)) = j,Vand for 0 <» <M + 1,
Woir(3:2(V)) = 5.0(V) —[V(5.0(V)) + 5:Q(Z )]
= e —[v@.em) + Lw,,..].

As in (8.2), one easily verifies that the bi-filtered complex K(S) is
functorial in its construction, and therefore we conclude

(13.11) THEOREM. With notation as above, there is a functorial mixed
Hodge structure on H i(§, Jox V) induced by W and F.

Expressed for the geometric situation, this theorem reads
(13.12) COROLLARY. If we have the diagram
X=0X
lr b
S <=3
with f smooth projective, then there is a natural mixed Hodge structure on
HYS, j,.RB™fC), for all © and m.
Most significantly, taking S = S, we state for emphasis

(18.13) COROLLARY. Iff:X— S isa smooth projective morphism, there
18 a natural mived Hodge structure on HYS, R"f,C) for all ¢ and m.
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466 STEVEN ZUCKER

Because of (13.8) and the fact that d, is the only non-zero differential
in the spectral sequence for W, we necessarily have that d, is surjective.
Taking = to consist of a single point, we obtain the following, which is also
a consequence of (8.4):

(13.14) PROPOSITION. If veI(S, V) and v annihilates every element of
P..(s) for some s€ X, then v = 0.

(13.15) COROLLARY. IfveI(S, VYandve W,_,(V) for some s € X, then
v =0.
14. Cohomology with compact supports

There is a natural mixed Hodge structure on cohomology with compact
supports, whose existence we derive in this section (14.3).

We first do the simplest case S 3. Using standard notation, we write
4.V for the extension by zero of the sheaf V from S to S. Then

HYS, V) =H'S, V).
At a point s€ X, write V = @<ec, V.. The following is immediate:

(14.1) PROPOSITION. There is a diagram of exact sequences

0 0 0
| | l
00— jz V— tﬂo @ [@a#ocﬁa] v 2—;1/—%— (tu‘oo @ [®a¢0 OOa])
N 7
| N l
0 7V s — S 0
I :
N=ResV

0— @z (V) — Becx(Vy), —— B,cx(im N,) —

1

0 0 0

(where again we are using local notation in the first row to define global
objects).

=0

(14.2) COROLLARY. The cohomology groups of 5,V on S are given as the
hypercohomology of any of the following complexes:

(1) tGUO @ [@cwo G()a] (tao @ [@a*o 7)ot])
(li) j*V__)esGZ(j*V)s ’
PV [ONID—r

(ii) V== [@,ex(V) ] DS ———~>@D,z(imN,) .
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Define for k < m,
W3, V) = [(ker N,) N Wi (V),J[—1]  (using (14.2, ii) to resolve 5,V ;

as before, we may tacitly assume that all local monodromy is unipotent),
and let W, be the whole thing. Then for k < m,

Gri(5,V) = @.exGri, (VN ker N)[—1] ;
Grn(1,V) =3.V.
In the complex (14.2, iii) (call it K"*), we define for k < m,
Wi = @,ex ( Wi (Vo) — Wiy ( Vo)c)['—']-]
W, =K".
Then Gry’ =@, ez (Gr¥: (V0), X GrY, (V,),)[—1], which is quasi-isomorphie to
Grf(7,V); and GrY’ is (the single complex associated to)

0 > &

@.ez [ VO/ Wm( VO)]J _— ece z [im Nc/ W —2( Vo)c] )

which is a resolution of Q'(V),,, hence is quasi-isomorphic to Gr(5,V). As
in Section 13, it follows from [17, (6.16)] that F induces on HY(S, Gr¥'(4,V))
a Hodge structure of weight k + 1, whereas for H ‘(§, GrZ(5,V)) =
HYS, ,V), it induces Hodge theory with degenerating coefficients, of
weight m + 7. Thus, the data (5, Vg, W), (K", W’, F') determine a coho-
mological mixed Hodge complex over R, and we have

(14.8) THEOREM. The filtrations W[i] and F induce a functorial mized
Hodge structure on H)(S, V). Furthermore, the exact cohomology sequence

0— HS, §.V) — @,ex (V). — HXS, V) — H'S, 5, V) — 0
18 an exact sequence of mixed Hodge structures.

We can combine the content of Theorems (13.11) and (14.3) to get the
following (where we are retaining the notation from the beginning of §13):

(14.4) THEOREM. There 18 a mnatural mired Hodge structure on
HYS, 70, V) = H¥S, 7190 V), and an exact sequence of mized Hodge struc-
tures
00— HS, 5, V) — ®,e5 (34 V), — HXS, 4o V) — HX(S, §.V)— 0.

(14.5) Remark. The above exact sequence is dual (up to a shift of
weights) to

0— H'(S, 4. V) — HXS, jou V) — B,z Vo/ NV, — H'(S, 5, V) .
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15. Compatibility of the Hodge structures with the
Leray spectral sequence

We wish to demonstrate that in the geometric situation

X=X

A
S=—8
the Hodge structures on H¥(S, j,R"f.C) are induced by those of H™{(X).
As the case S = S is covered by (2.14), we assume that S=S. We
further assume initially that the singular fibers f () are unions of smooth
divisors with normal crossings, denoted Y, which we can always arrange
via a resolution of singularities from a general situation. The case 7 = 01is
well-known, and the case 7 = 2 comes rather easily by duality (15.11), so
we will concentrate on the more interesting group HS, j,R™f.C). Ascer-
taining this result will impart full significance to the theorem on normal
functions (9.2).
The proof is based on the mixed Hodge theories for H'(S, R"f,.C) given
in Section 13, and for H™"(X) [8]. The relations among the various coho-
mology groups involved are given by the diagram with exact rows:

0 L — HmH(X) - H‘O(g’ Rmﬂf—*C)
HYS, R"f.C)
(15.1) zlr
H'S, j.R"f.C)

0 — HY(S, R"f,C) —— H™(X) — H'(S, R"*f,C) — 0 .

That v is an isomorphism follows from the local invariant cycle theorem
(see [4, (8.7)]), which asserts that R"f.C— j.R"f.C is surjective (with
kernel supported on X).

(15.2) Remark. There is no need to assume that the singular fibers are
reduced, as in [4], for the proof needs only the existence of mixed Hodge
structures on the hypercohomology of certain complexes, all of which are
defined in general.

With the notation from (15.1), we are asserting

(15.3) THEOREM. The mapping Yeo& is a morphism of Hodge struc-
tures.
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We will continue and prove the following stronger result:

(15.4) THEOREM. The mapping B is a morphism of mixed Hodge struc-
tures.

While (15.4) contains (15.3), we will first prove (15.3) and then use another
argument to establish the rest.

The proof begins with a discussion of the Hodge filtrations F', proceeding
along the lines of (2.14).

(15.5) PROPOSITION. The Hodge filtration on H(S, R"f,C) 1s induced
by that of H™*(X).
Proof. The cohomology of X is computed by means of the log complex
M =Q:(logY).
Filtering this complex by
L*M" = image of f*QZ(log X) ® Qz(log 1),
so that
GriM" = f*Qz(log ) ® Qg z(log Y) ,
we get a spectral sequence abutting to the cohomology sheaves on S of
R = Rf,.M’, with
LB = Qi (log £) ® Rf,Q s (log ¥)
~Q2(logZ) ®TV* by [19, (2.20)] .
Therefore, there is a quasi-isomorphism
(15.6) Grhee o) R M — Q3 (log Z) ® 0~*[p]
(cf . (2.15)). The hypercohomology of the right-hand _side gives H*(S, R~ *f,C)
[10, II (6.10)]. Hence, the spectral sequence associated to the filtration
D = Dec(L) is, as before, the Leray spectral sequence for f. Furthermore,
we have the relative Hodge spectral sequence
Bt =R fQ (log Y) — R 7,Q% :(log Y)

degenerating at .FE,, because all sheaves above are locally free on S [20,
(2.11)], and all differentials vanish on S by classical Hodge theory. Con-
sequently, (15.6) is actually a filtered quasi-isomorphism with respect to the
filtrations induced by F’; on the latter complex therein, it is the filtration
given by (1.12).

The remainder of the argument can be simplified from (2.14). We have
both

pEpt = H"(8, B*f,0) — H"(X)
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and
rBPT = H?(S, GriQs(log I) ® T*) =— H** (S, V™),

with V™ = R"f,.C, degenerating at E,, the first by [6] (note the shift), and
the second by the mixed Hodge theory [9, (8.19)]. Necessarily the D(F")
spectral sequence degenerates at E, (as does the F' spectral sequence, which
is precisely [8, (3.2.18, ii)]), and therefore all spectral sequences associated
to D and F degenerate at E,. From this, using the natural identifications
that follows from the degeneration, we conclude that

F*H*(GryR") = H*((D* N F*)R' /(D" N F?)R)
= H"((D" N F")R')/H" ((Dqul N F?)R’)
= F*|GryHY(X)],
which is the desired result.
We turn now to the weight filtrations W. On M, W,M" = Qz, so

W.H*X) = image of H¥%X);

and the assertion contained in (15.4) that @ respects W.,,,, follows from the
fact that ain (15.1) is surjective (S is a curve). It is now a simple diagram
chase to conclude that (15.3) holds.

We will work now modulo the lowest non-zero weight. Thereis a natural
injection
(15.7) B: H‘(S, K(S)|W,K(S)) — H"(X, M'|W,M")

!
.. (VUNT)),

which we will now describe. Since both quotient complexes are supported
on or over X, we may restrict to a small disc A around a point of . As is
implicit in [19, (4.8)], there is a natural isomorphism

Vo = H*(f74(A), Q5 5(10g V) ® Oyprea) ,
and it fits into an exact sequence

(15.8) V, 2L v, LUZE, g o), MWL) ©

Each vector space in (15.8) carries a mixed Hodge structure. As is implied
in [4], this is an exact sequence of mixed Hodge structures. Taking the
cokernel by N gives (15.7).

We will be essentially finished with the proof of (15.4) once we know
that the mapping B fits into a diagram of exact sequences of mixed Hodge
structures:
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0 — W, H(S, K(S)) — H(S, K(S)) AN HY(S, K(S)'/| W.K(S))
(15.9) | s |
0 — W, H*(X, M)—H"(X, M") = H"(X, M"/W,M") ;
if £e W,HY(S, K(S")), and k > m + 1, then
olB©] = Blo@)] e WH (M |W,M") ,
so by strictness B(&) lies in
(WH"(M") + ker p) = W, H"(M") .
So we must prove
(15.10) PROPOSITION. The right-hand square in (15.9) commutes.
Proof. It suffices to work on A, as (15.7) is defined locally on X. We
consider the filtration L on M. There is an exact sequence

HY(F ), Qi (log ¥)) — B (7(a), 2 © 0 (log Y)[-1])
— H™(f(A), M) .
Since A is a disc, we may rewrite this as
HO(A, R*F, Q5 5(0g V) — H'( 4, itt. R R"F,Q;5(10g Y))
— H™"(fY(A), M) .
Taking the cokernel of the first mapping, we obtain
0 — HY(A, Q5 (log £) ® U") — H™(F-Y(A), M) .

Thus over small open subsets of S, we have an isomorphism of filtration
levels L'=D™ on H™*(Qx(log Y)). We then follow the commutative diagram

H\(4, Q5(log 2) @ T™) VJNV,
By H™(f(4), —'-155 ® Q3.5 (log Y)) = H™(F7'(8), 25 5 (log ¥) @ Oyrea) B,
1 dt
Qomi e
H™(F(A), Qi(log Y)) H1(F(a), Qx(log Y¥)/Q%

to reach the desired conclusion (15.10).
For the cohomology group with 7 = 2, there is a mapping

¢ H(S, j R"f,.C) — H™*(X)
induced by the Leray spectral sequence for f, which fits into a diagram of
pairings (for m < » = dim X,, the other cases being similar),
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H *(X) H™*(X)/ker (H™'*(X) — H""*(X,)}
v « v
H"(X) H™(X)/ker {H™(X) — H™(X.)}

H'(S, 3. B"f.C)
v

H(S, R77,0) 2w 1S, . 1%1.C)

X X X X
H*§, R*f,C) —= H*(S, j R"f,C)
/ ru a)""\
H™(X) — O ker {H™"*(X) — H**(X—-X,)}
HA(S, J, B ™7f,C)
[OT7 it (o1 kit

H (%) = H s (X) = im (Hp,o(X)) — Hpo(X)) ker (H™(X) - H* (X - X))

where w € HX(X) — H%S, R*f,C) is the hyperplane class, and cohomology is
always taken with complex coefficients. We use the facts that cup-products
are compatible with the Leray spectral sequence [2, p. 143], and that the
duality (10.5) uses the polarization of R™f,C, which involves cup-product
with @ ™. With the aid of the diagram, we conclude that the mapping ¢
is included via morphisms of type (n — m — 1, » — m — 1) in the dual of
the known morphism of Hodge structures #. Thus

(15.11) THEOREM. ¢ HXS, j,R™f.C)— H™"*(X) is a morphism of Hodge
structures.

We can now drop the hypothesis that X have only normal crossings for
singular fibers.

(15.12) PROPOSITION. In the geometric situation
X=X
g

s<’.3
with X and S non-singular projective varieties, S a curve, and f proper and
smooth,

R"f.,C — j.R"f,C

18 surjective for all m (i.e., the local invariant cycle theorem holds).

Proof. Let A be a small disc around a critical value (singular point for
the cohomology system on S), 7: X — S a resolution of singularities for the
fibers of f, X, =F"'(A), Xs = f'(A). The assertion (15.12) is that H™(X,) —
H™(X,) has as its image the cohomology classes invariant under the local
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monodromy transformation. We have a diagram (0 denotes boundary):

H" (XA) w H" (XA)

21 ) ] / 2* ~ ~
Hz,;-;.z-m(XA ’ aXA) - Hzn+2—m(XA9 aXA)
Hzn+2-m(XA} 0X,U Xo) - Hz,.“_,,.(XA, aX', U Xo)
H™(X,— X)) _— - H"(X, - X,)

H™(X,)

The vertical isomorphisms are given by Lefschetz duality, and the squares
containing these isomorphisms need not commute. By the standard local
invariant cycle theorem for X, for any invariant ne H™(X,) there exists
7e H~(X,) with 7 restricting to 7. Mapping 7 into H,,., (X, 0X.) and
returning to H™(X,) by duality, we obtain a pre-image of 7 as desired.

Using (15.12), we obtain Hodge structures on H*S, R"f,C) ~
HYS, j,R"f.C) for i=1,2. For i=0, we begin by noting that
H'S, R f,C) is a vector space extension of spaces carrying mixed Hodge
structures,

0— A— HS, R~ f,C) — H'S, j R"f.C)— 0,
where
A = ker {@®,.;H"(X,)— @®,.; H"X,)— HM(XA, Qz,,(log Y)® Oyrea)} .

However, with the aid of the basic exact sequence [4, (7.61)], we can
see that A is a pure Hodge structure. H™(X,) —» H™(X,) is injective because
of the existence of a left-inverse (with notation as in the proof of (15.12)),

H™X,) = Hy-n(Xs, 0X,) — Hyo (X4, 0X,) = H™(X,) .
Thus we may assume without loss of generality that X = X. Then
A =@, ker{H"X,) - V} = @, im{H"(X,, 6X,) > H~X,) = H™~X,)}

is of pure weight m, for the mixed Hodge structure on H™(X,, 0X,) 4, §9]
has its weights =m and H™(X,) has its weights <m.

This content downloaded from 129.49.5.35 on Mon, 26 Aug 2019 02:00:05 UTC
All use subject to https://about.jstor.org/terms



474 STEVEN ZUCKER

(15.13) PROPOSITION. A Cim{H™(X)— H*S, R f,C)}.
Proof. Use the diagram

H™X, X) =5 @,.; H"X,, 0X,)  (by excision)

H"X) ——— @,.: H™(X,)
and the definition of A.
Coupled with the well-known fact [8] that
H™(X)— H'S, j.R"f.C) = HS, R"f.C)
is surjective for all m, (15.13) yields
(15.14) COROLLARY. H™(X)— H°(S, R™f.C) is surjective for all m.

This places, albeit extrinsically, a Hodge structure of H*S, R f,C) for
any projective morphism onto a smooth algebraic curve with general fiber
non-singular. Interpreting (15.14), we obtain an interesting consequence.

(15.15) COROLLARY. Let f: X — S be a morphism of smooth projective
varieties, with dim S = 1. Then the Leray spectral sequence for f (Q-coef-
ficients) degenerates at E,.°

Proof.  Im{H™(X)— HS, B"f.C)}

= ker {d,: HS, R"f,C) — H*S, R~ f,C)},
so we have d, = 0, and all higher d, are trivially zero by reason of degree.
As the final compatibility theorem we have

(15.16) THEOREM. If f: X — S is as in (15.12), the natural mappings
of cohomology,
(i) H™X)— HS, B"fC),
(ii) ker {H™*(X) — HS, R"*'f,C)}
= ez ker{H™(X) — H™*(X,)} — H*S, B"f,C)},
dii) H*S, R f.C) — ker {H"*(X) — H"*(X)},
are all morphisms of Hodge structures.

Proof. All of these mappings factor through or compose with the
injection of Hodge structures
Hm+i(X) N Hm+i(X") ,
where X is a resolution of the singularities of the fibers of f. The theorem
follows from the statement for X.

8 It is an easy step to generalize this result to allow X and S to be singular, so long as
the general fiber is smooth.
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(15.17) Remark. There is another mapping of the form (15.16, (ii1))
obtained by extending the diagram (15.9) one step to the right. One would
expect that the two agree.

We conclude by considering the bearing of Theorem (15.16) on the
Hodge Conjecture. We have a diagram

Horizontal sections of the family
of p-th intermediate Jacobians
J? over S

Codimension p relative cycles Z Horizontal normal functions (hori-
on X with Z-X, homologically - zontal sections of the family of
equivalent to zero on X, for all p-th generalized intermediate

seS Jacobians J? over S

. cohomology
cycle class| £ K
class

ker {H”"(X, Z) —=H"(S, R*f,C))

H'(S, R»~f Z)

On the subset of cycles for which the Abel-Jacobi mapping v (see [13] for
definitions) extends to S, so that ¥ is defined, the square commutes [23].
This includes all cycles which do not intersect the singular loci of the bad
fibers (cf. [23, (4.58)]). We now know that « is surjective (9.2). Thus, if
one can invert the Abel-Jacobi mapping for a given X (a rare phenomenon),
one can obtain examples where the Hodge Conjecture is true; otherwise,
the conjecture remains consistent with the present state of knowledge.

RurGeERs UNIVERSITY, NEW BRUNSWICK, N.J.
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Added in proof:

1. (Re Section 12) For curves S=H/T, the G-invariant Poincaré metric
y*dx N\ dy on H induces on S a metric with the desired singularity at X.

2. The assertion after (12.3) that the system V, is locally constant
presumes that I" contains no non-trivial elements of finite order. In general,
one should base-change, via a normal subgroup I''cT, and take (I'/I")-
invariant elements of cohomology.

3. The author has found further applications of the results of this
paper. For applications to elliptic surfaces, see Section 3 of D. Cox and S.
Zucker, Intersection numbers of sections of elliptic surfaces, to appear in
Inv. Math.
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