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§ 1. Introduction

By a classical construction, to each polarized Abelian variety and
each compact Riemann surface, one canonically attaches a point in a
certain modular variety. Because of Torelli's theorem in the case of
Riemann surfaces, and for elementary reasons in the case of Abelian
varieties, this invariant determines the Riemann surface or Abelian
variety in question up to isomorphism. For a family of polarized Abelian
varieties or Riemann surfaces, by associating to every fibre its invariant,
one obtains a mapping of the parameter space of the family into the
modular variety. This so-called period mapping reflects various geometric
properties of the family.

In his study of the moduli of algebraic manifolds, Griffiths has
extended the construction of the period mapping. If one considers the
various ways of turning a fixed compact C® manifold into an algebraic
manifold, the Hodge decomposition of the cohomology groups becomes
an invariant of the algebraic structure. To make it depend on the iso-
morphism class of the algebraic manifold alone, one must identify any
two Hodge decompositions which are related by a diffeomorphism of
the underlying C® manifold. In this manner, Griffiths assigns to each

* Supported in part by an Alfred P.Sloan Memorial Fellowship and NSF contract
GP32843.



212 W. Schmid

polarized algebraic manifold’ a point in a “classifying space for Hodge
structures”, modulo the action of a discrete group. Just as before, a
family of polarized algebraic manifolds gives rise to a period mapping.
Although the analogue of Torelli’s theorem is known only for some very
special types of algebraic manifolds, the period mapping again reflects a
number of aspects of the geometry of the situation.

In the classical cases, the Siegel upper half plane plays the role of
the classifying space, which is therefore a bounded symmetric domain. In
general, the classifying space is not at all a bounded domain; nevertheless,
those holomorphic mappings into it which have a certain property shared
by all period mappings behave vaguely like mappings into bounded
domains. One can thus investigate the period mapping of a family of
algebraic manifolds by function-theoretic methods, and derive geometric
results by analytic arguments.

When families of algebraic manifolds come up in algebraic geometry,
they usually have some singular fibres. The period mapping is then defined
not on the entire parameter space, but only on the complement of the
subvariety corresponding to the singular fibres; along the subvariety,
the period mapping may become singular. It is the object of this paper
to study the singularities which can occur, and to discuss the geometric
consequences of the resulting description of the singularities.

For relatively simple reasons, if a period mapping is defined outside
a subvariety of codimension at least two, it can be continued across the
subvariety, so that the singularities are removable [13]. I shall therefore
consider only subvarieties of codimension one. According to Hironaka,
a suitable modification turns the ambient space into a manifold, and the
subvariety in question into a divisor with at most normal crossings. Thus,
localizing the problem, one arrives at the following situation: the period
mapping is defined on a polycylinder, from which some coordinate
hyperplanes have been removed; in other words, on a product of punc-
tured discs and discs. The mapping, by its very definition, takes values
in the quotient of a classifying space for Hodge structures modulo a
discrete group of automorphisms. However, passing to the universal
covering of the product of punctured discs and discs, one can lift the
mapping to the classifying space itself. As the first of the two main
theorems of this paper assert, the lifted mapping is asymptotic to the
orbit of a certain nilpotent Lie group in the classifying space; moreover,
the approximating orbit inherits several of the properties of the original
mapping.

There is a close relationship between this “nilpotent orbit theorem ™
and the regularity theorem for the Gauss-Manin connection [8]. The

! The polarization, i.e. the cohomology class of a projective embedding, is necessary for
technical reasons.
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regularity theorem implies the one-variable version of the nilpotent orbit
theorem fairly directly, although it does not seem to give the several
variables case. Conversely, with some effort, the regularity of the Gauss-
Manin connection can be deduced from the nilpotent orbit theorem.

The nilpotent orbit theorem reduces problems concerning the
singularities of the period mapping to questions about the nilpotent
orbit which approximates the mapping. To make the theorem useful in
various applications, one still needs detailed information on the nilpotent
orbits which may occur. This, incidentally, appears to be a deeper matter
than the nilpotent orbit theorem itself. For most applications, an
understanding of these orbits in the case of a single variable suffices
entirely. Also, the general case, of more than one variable, cannot be
treated by the same arguments and causes major additional difficulties.
I have therefore limited myself to the one-variable situation. However,
I intend to take up the general case in a future continuation of this
paper.

The nilpotent orbits which can come up in the one-variable version
of the nilpotent orbit theorem are described by the second major theorem,
the “SL,-orbit theorem”. Roughly speaking, each such orbit in turn is
asymptotic to an equivariantly embedded copy of the upper half plane,
which lies in the classifying space for Hodge structures in a special way.
The precise statement of the theorem is complicated, but it seems to be
sharp, and it works in various applications.

For both theorems, it is irrelevant whether the period mapping
actually comes from a family of polarized algebraic manifolds; the
proofs only depend on certain properties which are common to all
period mappings. Consequently, both theorems hold in a more general,
abstract setting, for which Griffiths has coined the term “variation of
Hodge structure”. Although this generalization is of little interest in
itself, some of the geometric consequences of the theorems can be derived
more easily in the wider context of a variation of Hodge structure.

According to a conjecture of Griffiths, there should be an analogue
of the Satake-Borel-Baily compactification, for any quotient of a classi-
fying space for Hodge structures by the action of an arithmetic subgroup
of its automorphism group. However, in general one ought not to
expect it to be a compact space. Such a partial compactification should
have the property that period mappings, defined on punctured discs,
can be continued across the punctures, as mappings into this larger
space; also, relative to the extension property, it should be essentially
minimal. The SL,-orbit theorem suggests how one might try to construct
a partial compactification. Once the partial compactifications are known
to exist, the two orbit theorems may well enter the proof of the extension

property.
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This is speculation, of course. Among the more immediate applica-
tions of the two main theorems are a sharpened version of Landman’s
monodromy theorem [21]; more detailed information about the mono-
dromy transformation around a singular variety; a result which relates
the action of the monodromy transformation to the growth of conomology
classes; and an affirmative answer to a conjecture of Deligne. As the
conjecture asserts, if a one-parameter family of polarized algebraic
manifolds degenerates to a singular variety, the Hodge structures of
the regular fibres approach what Deligne has called a “mixed Hodge
structure”. According to Deligne’s Hodge theory for algebraic varieties
[7], the cohomology groups of the singular fibre also carry natural
mixed Hodge structures. By relating these two types of mixed Hodge
structures, one may hope to get some information on how a nonsingular
algebraic variety can degenerate into a singular one. To me, of the
potential consequences of the two orbit theorems, this seems the most
important. A forthcoming joint paper of Clemens and myself will be
devoted to such questions.

Although the two main theorems are of a local nature, they have
also global implications. In [11], Griffiths proved certain global state-
ments about the period mapping of a family of algebraic manifolds, and
more generally, of an abstract variation of Hodge structure. His argu-
ments are differential-geometric, and they depend on the compactness of
the base space. Since then, Deligne has given algebraic-geometric proofs
of the same results, valid for any algebraic family with quasi-projective
base [6]. By using the two orbit theorems, one can make Griffiths’
original arguments go through for an arbitrary variation of Hodge
structure, provided the base is Zariski open in some compact variety.

As for the organization of this paper, the two sections following the
introduction establish notation and review the basic definitions and
constructions. The nilpotent orbit theorem is stated in section four.
In order to clarify its meaning, I have given a separate statement of the
one-variable version of the theorem. Section four also discusses the
connection between the regularity of the Gauss-Manin connection and
the nilpotent orbit theorem; some of the details, which go beyond the
framework of this paper, are omitted. Section five is devoted to the
SL,-orbit theorem and related questions, such as the rationality of the
orbits which occur, and their behavior with respect to Siegel sets. The
local and global consequences of the two main theorems are taken up
in sections six and seven. In a conversation with Griffiths, it became
apparent that the computations in [11] can be somewhat simplified.
For this reason, and also for the sake of completeness, section seven
contains complete arguments, instead of referring to [11]. Since the
proofs of the two orbit theorems are lengthy, I have separated them
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from the statements of the theorems; they can be found in the final two
sections.

The main results of this paper have been announced and discussed
in [14]. There is also a proof of the one-variable version of the nilpotent
orbit theorem, using the regularity of the Gauss-Manin connection, and
an outline of the proof of the SL,-orbit theorem.

I wish to record my indebtedness to Phillip Griffiths and Pierre Deligne. I had nu-
merous discussions with Griffiths, which have influenced this paper. In particular, he
helped me understand the relationship between the regularity of the Gauss-Manin con-
nection and the nilpotent orbit theorem. Deligne read an earlier version of the proofs of the
two main theorems, and he suggested several improvements. Lemma 8.17 in its present
form it due to him. He also extracted the statement of Lemma 9.33, which was only implicit
in the original argument, and simplified its proof. From the two theorems, he independently
deduced most of the consequences mentioned in section six, as will be pointed out in that
section.

§ 2. Hodge Structures

As is well-known, the complex cohomology groups of a nonsingular
complex projective variety V have a decomposition according to Hodge
type,

@ H'(V,€)=@ H"*(V,0), p,q20, p+q=k;
HP4(V,C) and H%?(V,C) are then complex conjugate to each other,
relative to H*(V, R). Now let e H?(V, Z) be the cohomology class of the

projective embedding, i.e. the Chern class of any hyperplane section
of V. Left multiplication by n determines a linear map

L: H(V, Q- H**(V, Q).

For 0<k=<n=dimgV¥, the (n—k)-th power of this Kdhler operator is
injective. The primitive part of H*(V, @), which will be denoted by
P*(V, @), is defined as the kernel of the next higher power of L, namely
I'=*+1 If k> n, one defines P*(V, @)=0. One then obtains the decompo-

iti . .

WO B Q=eUP-Y(XQ), jzmaxk-n0)
(cf. [25]). Tensoring with € gives the corresponding statement
22 H'(V,CQ)=@ P2 (1,€), jzmax(k—n,0).

Here L and P*(V, €) are defined in analogy to the situation before. Since
the image of # in H2(V, €) has Hodge type (1, 1), the two decompositions
(2.1) and (2.2) are compatible: let P?4(V, C) denote the intersection of
HP4(V, €C) and PP*4(V, C); then

P*(V,€)=@ P»(V, ©), p,420, p+q=k,

2.3 ; .
@) g g-e P, jzmaxp+a-n).
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The operator L is defined over @, so that P”4(V, C) and P*?(V, T) are
again complex conjugates.

The primitive cohomology groups carry a nondegenerate bilinear
form, the so-called Hodge bilinear form,

S(er, ) =(= D2 (I e ac)[V],  ciePH(V, )

([V]=fundamental cycle of V), which is evidently defined over Q.
Depending on whether k is even or odd, S is symmetric or skew. The
Hodge bilinear relations [25] assert that

S(PP(¥, ), P"*(V,C))=0 unless p=s, q=r,
i#=9S(c,c)>0 for ceP”(V,C), c+0
(barring designates complex conjugation).

This state of affairs has been codified by Deligne in the following
definitions [5]: Let Hy be a finite dimensional real vector space with a

Q-structure defined by a lattice H; = Hy, and let Hg denote the complexi-
fication of Hyp. A Hodge structure is a decomposition

(25) He=@® H™4, with H*P=HP1,

24)

It is not specifically assumed that H”?=0 unless p, q=0. The integers
h?%=dim H?? are the Hodge numbers. The Hodge structure (2.5) is said
to have weight k if the subspaces H”? are nonzero only when p+q=k.
To each Hodge structure of weight k one assigns the Hodge filtration

(2.6) HCD...DFP-IDFPDFP‘HD...DO,
where
.7 Fr=@,,  H"*".

This filtration has the property
(2.8) He=F? @ F*~?+!,  for each p.

Conversely, every decreasing filtration with the property (2.8) determines
a Hodge structure { H? 7}, namely

(29) HPI=FPAF1  (p+q=k).

In this manner, weighted Hodge structures and Hodge filtrations corre-
spond to each other bijectively.

A morphism of weighted Hodge structures is a rationally defined linear
map between two vector spaces with Hodge structures of the same
weight, which preserves the Hodge decompositions (or equivalently,
which preserves the Hodge filtrations). More generally, a linear map

A Hy ¢—H, ¢
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between two Hodge structures of weight k, and k, shall be called a
morphism of type (r,r) if it is defined over @, if k,=k,;+2r, and if
AHP 9 H3*"4+" for all p,q. This last condition is again equivalent to
AFP < FE*', for all p.

A polarization for a Hodge structure of weight k consists of the datum
ofa bilinear form S on Hg, which is defined over @, and which is symmetric
for even k, skew for odd k, such that

S(H?4 H"*)=0 unless p=s, q=r,
iP71S(v,0)>0 if ve H”9, v+0.

(2.10)

In particular, such a bilinear form must be nondegenerate. For each
Hodge structure {H?*?}, the Weil operator C: H¢— Hg is defined by

Cv=iP"%p, if veHP1.
In terms of the Hodge filtration, the relations (2.10) become equivalent to
S(FP, F*-?+)=0 forall p,

(2.11) ]
S(Cv,0)>0 if veHg, v=%0.

As the definitions have been arranged, the decomposition (2.1)
describes a Hodge structure on H*(V, C), of weight k. The sub-Hodge
structure {P??(¥, C)} on P*(V, €) is polarized with respect to the Hodge
bilinear form. In view of (2.3), this sub-Hodge structure completely
determines the full Hodge structure (2.1).

There are some obvious functorial constructions which can be
performed with Hodge structures. Let H,, H, be two finite dimensional
complex vector spaces, each equipped with a @-structure and a Hodge
structure of weight k;, i=1, 2. Then H,® H, inherits a Hodge structure
from the two factors, of weight k, +k,: the tensor product of a vector
v;e HP** % and a vector v,e H> % is assigned the Hodge type (p, +p,,
g, +q,). If each of the factors H, and H, carries a bilinear form which
polarizes the respective Hodge structure, then, as can be checked directly,
the natural bilinear form on H,® H, polarizes the product Hodge
structure. In the case of a single vector space Hg with a Hodge structure
of weight k, the n-th symmetric product of Hg carries a unique Hodge
structure of weight n k, such that the symmetrization map from the n-th
tensor product to the n-th symmetric product becomes a morphism of
Hodge structures. In case the Hodge structure of Hg is polarized by a
bilinear form S, the induced bilinear form on the symmetric product
will polarize the product Hodge structure. Similarly, the n-th tensor
product ®" Hg induces a Hodge structure of weight nk on its subspace
A" Hg. The dual space HE of Hg has a unique Hodge structure of weight
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—n, such that the natural pairing from H¢ ® H to € becomes a morphism
when C€ is given the trivial Hodge structure of weight zero. Finally,
since Hom(H,, H,)~H} ® H,, Hom(H,, H,) carries a natural Hodge
structure whenever H; and H, do. All these constructures are again
compatible with any polarizations which may be present. For future
reference

(2.12) Hodge structures and polarized Hodge structures are compatible
with the operations of tensor products, symmetric products, exterior
products, Hom, and duality.

Griffiths [10] first considered Hodge structures in order to study the
following geometric situation: Let ¥~ and M be connected complex
manifolds, .

n YV —-M

a surjective, proper, holomorphic map with connected fibres, which is
everywhere of maximal rank. For each te M, the fibre

Vi=n"'()c?

is thus a compact, complex submanifold. The fibres are assumed to have
the structure of polarized algebraic variety, i.e. each comes equipped
with the cohomology class n,e H(V,, Z) of a projective embedding; as a
final hypothesis, the polarizations #, shall fit together, to give a section
of the direct image sheaf R?x, (Z).1 shall refer to this geometric situation
asa family of polarized algebraic manifolds, parameterized by M. Typically,
it arises as follows: Let n: ¥ —M be a surjective algebraic mapping
between complex projective varieties, whose generic fibre is smooth,
let M cM be the Zariski open subset of the set of nonsingular points
of M, over which = has smooth fibres, and let ¥~ be the inverse image
of M; if each fibre is given the polarization of a particular projective
embedding of ¥, then all the hypotheses are met.

One can regard ¥ —M as a C® fibre bundle. Hence, for each k
between 0 and 2n (n=dimg V), there exists a flat complex vector bundle
Ht— M, whose sheaf of germs of flat sections is the direct image sheaf
R*m, (C). For te M, the fibre of H% over t can be naturally identified with
H*(V,, €). The flat bundle HX contains a flat real subbundle HX, whose
fibres correspond to the subspaces H*(V,, R)= H*(V,, €); and HE, in
turn, contains a flat lattice bundle HX, whose fibres are the images on
H*(V,, Z) in H*(V,, R). From harmonic theory with variable coefficients
[19] or Grauert’s coherence theorem [9], it follows that the integers
hP4=dim H?9(V,, C) depend upper semicontinuously on t. Since their
sum, extended over all p and g with p+g=k, remains constant, the
individual summands must also stay constant. Thus one can again
quote [9] or [19], to conclude: there exist C* subbundles HP?%c
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HE (p+q=k), with fibre H”4(V,,C) over teM. For 0<p<k, F’=
@5, H"**""is then also a C* subbundle of H%.
Let T*—M be the holomorphic contangent bundle, and

V: OHY—0HQT*)

the canonical flat connection (0(...)=sheaf of germs of holomorphic
section of ...). It is now possible to state Griffiths’ most basic theorem
on the variation of Hodge structures; proofs can be found in [10] or [5].

(2.13) Theorem (Griffiths). The subbundles F?cHL are holomorphic
subbundles. Furthermore, for each p, VO(FP)c O (FP~!@T*).

The first of these two statements asserts that the Hodge filtration
varies holomorphically with e M. The second becomes vacuous if k=1;
for higher k, it has turned out to be a crucial ingredient of many arguments.

Because of technical reasons, which will become apparent in the
following, it is necessary to consider the polarized Hodge structures (2.3)
on the primitive parts of the cohomology groups of the fibres V,, rather
than the Hodge structures (2.1). Since these sub-Hodge structures
completely determine the full Hodge structures (2.1), no information is
lost in doing so. According to the definition of a family of polarized
algebraic manifolds, the polarizations form a flat section of HZ. It follows
that the subspaces P*(V,, C)c H*(V,, C) constitute the fibres of a flat
complex subbundle B} HE, which is the complexification of the flat
real subbundle Pi=Pf~Hk; P¥ contains the flat bundle of lattices
Pf =Py nHk. With respect to any local flat trivialization of HX, the vector
spaces PP4(V,, C) become the intersections of a fixed vector space with
the continuously varying spaces H”4(V,, €), so that their dimensions
must depend lower semi-continuously on t. In view of (2.3), this forces
the dimensions to stay constant. Thus the vector spaces P™4(V,, C) are
the fibres of C* subbundles P7?cP¥ (p+q=k). With a change of
notation, I now set FP=@,, P"»*~! As a reformulation of Griffiths’
theorem, one finds:

izp

(2.14) the subbundles F? = P¥ are holomorphic, and
VO(FP)cOFP-'®T*), for each p.

In the case of an algebraic family n: ¥"— M, the above constructions
can be performed in the algebraic category. More concretely, let ¥~ and M
be nonsingular quasi-projective varieties over €, and n: ¥'—>M a
surjective algebraic mapping with smooth, connected fibres. Then ¥ — M
may be viewed as a family of polarized algebraic manifolds. The bundles
P%, F? all have natural algebraic structures, and the flat connection ¥
is also algebraic. In this context, Grothendieck has called V the Gauss-

15 Inventiones math., Vol. 22
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Manin connection. A more detailed discussion can be found in [8] and
[17].

It is sometimes convenient to consider collections of data with the
properties mentioned above, which may not come directly from a family
of polarized algebraic manifolds. For this purpose, one introduces the
notion of a variation of Hodge structure (cf. [11]). The ingredients are:

a) a connected complex manifold M;

b) a flat complex vector bundle H— M with a flat real structure
Hg<=Hg, and with a flat bundle of lattices H, < Hp;

c) an integer k;

d) a flat, nondegenerate bilinear form S on Hg, which is rational
with respect to the lattice bundle H,, and which is symmetric or skew,
depending on whether k is even or odd;

e) and a decreasing filtration
Heo - oFP IoFPoFPHi 5. 50

of Hg by holomorphic subbundles.
These objects are to satisfy the following two conditions:

i) For each point te M, the fibres F? of the bundles F? constitute the
Hodge filtration of a Hodge structure of weight k on the fibre of Hg at t,
and S polarizes this Hodge structure.

ii) For each p, V¥ O(F?)c O (F?~!) (V¥ =flat connection of Hy).
Now let {M, Hg, F?} be a variation of Hodge structure. In view of
(2.7) and (2.9), the fibres of the intersection F? nF*~? are isomorphic

to those of F?/FP+!, and thus have constant dimension. This makes
the intersection a C® vector bundle. For future reference,

HPk-P=FP~F*-? jsa C* subbundle of Hg, and

2.15) h
FP=@,, ,H"*~,  as C® vector bundle.

By definition, the fibres of the bundles H?4 at a point teM are the
Hodge (p, q)-spaces of the Hodge structure corresponding to ¢. A section
of H is said to have Hodge type (p, q) at ¢ if its value at ¢ lies in the fibre
of HP4,

According to the explanations above (2.14), if n: ¥"— M is a family
of polarized algebraic manifolds, the bundle of primitive k-th cohomology
groups P&— M carries a variation of Hodge structure in the sense of the
definition.

As was mentioned already, when a variation of Hodge structure
arises from algebraic geometry, the base space M will usually lie as a
Zariski open subset in some larger space M. The central technical
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problem of this paper is the question of the behavior of the bundles F?
near the subvariety M —M. The problem becomes more manageable if
one represents the bundles F? as the pullback to M of certain universal
bundles over a classifying space for Hodge structures, as Griffiths [10]
has done by means of his period mapping. The behavior of the bundles F?
near M —M can then be described in terms of the singularities of the
period mapping.

§ 3. Classifying Spaces for Hodge Structures

I shall briefly recall Griffiths' construction of the classifying spaces
for polarized Hodge structures and of his period mapping. For this
purpose, 1 consider a finite dimensional real vector space Hp with
complexification Hg, and containing a lattice Hyc Hg. Also fixed
throughout the discussion will be an integer k and a collection of non-
negative integers {h??} which satisfy h"9=h®? hP940 only if p+q=k,
Y hP9=dim Hy. The first objective is to put a natural complex structure
on the set of al] Hodge structures of weight k on Hg, having the integers
hP-4 as Hodge numbers. Let # be the set of all decreasing filtrations (2.6),
such that dim FP= Z,; » h**~% In the obvious manner, # forms a
subvariety of a product of Grassman manifolds. As such it inherits the
structure of complex projective variety. The general linear group of He
operates transitively and holomorphically on %, so that Z is in fact a
nonsingular complex projective variety. Those filtrations which satisfy
(2.8) form an open (in the Hausdorff topology) subset # = %. Via the
correspondence (2.7) between Hodge filtrations and weighted Hodge
structures, the complex manifold # parameterizes exactly the Hodge
structures of weight k on Hg, which have the h”*9 as Hodge numbers.

Now let S be a nondegenerate bilinear form on Hg, symmetric or
skew depending on whether k is even or odd, and defined over @, relative
to the lattice Hy. I shall denote by D the subset of all those filtrations
in & which satisfy the first of the two conditions in (2.11); then D<= %
is a subvariety. The orthogonal group of the bilinear form S is a linear
algebraic group, defined over Q. The group of its C-rational points

(3.1 Ge={geGI(Hy)|S(gu,gv)=S(u,v) for all u,ve Hg}

acts on # and D; this action will simply be denoted by juxtaposition.
As can be checked by elementary arguments [10],

(3.2) G operates transitively on D.

In particular, D = # must be a nonsingular subvariety. Those filtrations
in D which also obey the second condition in (2.11) (equivalently, the
second condition in (2.10)) automatically satisfy (2.8), and are therefore
15*
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Hodge filtrations. The subset D<D of points corresponding to such
filtrations is open in the Hausdorff topology of D. Thus D inherits the
structure of complex manifold. By its very definition, D parameterizes
all Hodge structures of weight k, which are polarized by S and have the
h?-9 as Hodge numbers.

The group of real points in G¢, namely
(3.3) Gr=1{geGIl(Hg)|S(gu,gv)=S(u,v) for all u, ve Hg},

acts as a group of automorphisms on D. Again one can use simple
arguments in linear algebra, to conclude:

(34) Ggacts transitively on D.

In order to exhibit D and D as quotients of G and Gg, I choose a particu-
lar Hodge structure {Hg %}, corresponding to a point oeD; this point
will be called the reference point or base point. Let {FF}, be the Hodge
filtration determined by the reference Hodge structure {HZ 4}. A linear
transformation ge G keeps the base point o fixed precisely when g Ff = Ff
for all p. This gives the identification

(3.5) D=G¢/B, where B={geGg|gFZ=F for all p};

under this identification, the identity coset and the base point correspond
to each other. As a quotient of a complex Lie group by a closed complex
Lie subgroup, G¢/B has the structure of complex manifold; evidently (3.5)
describes a complex analytic isomorphism.

In view of (3.4), one obtains an analogous identification
(3.6) D=Gg/V, with V=GznB.

The embedding D<D then corresponds to the inclusion Gg/V=
Gg/GgN B G¢/B. As follows from (2.9), each geV preserves not only
the reference filtration {F§}, but also the individual subspaces H%'9, as
well as the Weil operator C, of the Hodge structure {H2?}. Hence V
leaves invariant a positive definite Hermitian form (cf. (2.11)). Moreover,
as the intersection of closed subgroups of GI(Hg), V is also closed, so
that

(3.7) Vis compact.

The bilinear form S was assumed to take rational values on the
lattice H,. In particular, then,

(3-8) G,=1{geGrlgHz=H,}

lies in Gy as an arithmetic subgroup. Since Gy operates on D with
compact isotropy group, and since Gy is discrete in Gg, the action of G,
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on D must be properly discontinuous. Hence, for any subgroup I' = G,,
the quotient of the complex structure of D by I' turns I'\D into a
complex analytic variety. The analogous statement about classifying
spaces for weighted Hodge structures without polarization fails, and this
is a major reason for considering polarized Hodge structures.

A most important feature of the spaces D and D is the existence
of a distinguished, group invariant tangent subbundle. In order to define
it, it is necessary to mention some properties of the Lie algebras of G
and Gg; these will also be of use independently. The Lie algebra g of the
complex Lie group G can be described by the infinitesimal version
of (3.1):

(39) g={XeEnd(Hy|S(Xu,v)+S(u, Xv)=0 for all u, ve Hg}.
It is a simple complex Lie algebra, which contains
(3.10) 8o={X€eg|X Hyc Hg}

as a real form; i.e. g, is a real subalgebra such that g=g,®1ig,. Via the
containment Gg< G, g, becomes the Lie algebra of Gg. The reference
Hodge structure {H% 9} of Hg induces a Hodge structure of weight

Zero on
End(Hg)=Hom (Hg, He)

(cf. (2.12)). It can be checked that the — rationally defined — subspace
g<End(H) carries a sub-Hodge structure. Hence

g=@®,g” 7 isa Hodge structure of weight zero,

with ¢» "P={Xeg| X H"*cH"*?°~? for all r, s}.

(3.11)

As a consequence of the naturality of the definition,
(3.12) [, ] g®g—g isa morphism of Hodge structures;

ie, [g” 7P g* 1] cgrte -0+,

The Lie algebra b of B consists of all those Xeg which preserve the
reference Hodge filtration {F2}; equivalently,

(3.13) b=@,50 8" "

Let v, be the Lie algebra of V=G n B. Then

(3.14) po=go,Nb=g,nbnb=g,ng"°.

As a final observation in this context, one should notice that

(3.15) Adg(g” ?)c@®;,,8"~" for geB.
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The holomorphic tangent space of D~ G¢/B at the base point eP is
naturally isomorphic to g/b. Under this isomorphism, the action of the
isotopy group B on the tangent space corresponds to the adjoint action
of B on g/b. Consequently, the holomorphic tangent bundle T— D
coincides with the vector bundle associated to the holomorphic principal

bundle .
B—G¢— Gg/Bx=D

by the adjoint representation of B on g/b. Because of (3.15),

(b@g "")/bcg/b

defines an Ad B-invariant subspace. By left translation via Gg, it gives
rise to a Gginvariant holomorphic subbundle of the holomorphic
tangent bundle. It will be denoted by T, (D), and will be referred to as the
holomorphic horizontal tangent subbundle. One can check that this
construction does not depend on the particular choice of the base point
oeD; indeed, this is essentially the statement of Lemma 3.18 below.
A holomorphic mapping ¥: M— D of a complex manifold M into D
is said to be horizontal if at each point of M the induced map between
the holomorphic tangent spaces takes values in the appropriate fibre
of T, (D). The horizontal tangent subbundle, by restriction to D, determines
a subbundle T, (D) of the holomorphic tangent bundle T (D) of D. The
Gg-invariance of T, (D) implies the Gg-invariance of T, (D). The notion
of a horizontal mapping into D is defined just as in the case of D; in
other words, a mapping into D is horizontal precisely when it is horizontal,
considered as a mapping into D.

It should be pointed out that the definition of a horizontal mapping
which was given above is stricter than that in [13]. In fact, T,(D) is a
usually proper subbundle of the “horizontal distribution™ of [13]. In
order to see this, I define, in terms of the reference Hodge structure {H 9},

Heven = ®p even Hg,k—p, Hodd= ®p odd Hg,h—p’
so that He=H,,. @ H_ . When k is even, these two subspaces are
defined over R and orthogonal, relative to S. For oddk, they are
mutually conjugate and coincide with their own annihilators. In both
cases, the Hermitian form i S(u, 7) is positive definite on one of the two
subspaces, negative definite on the other. As can be checked directly,
and as will also be argued in some detail at the beginning of §8 below,
this makes

K={gEGR|gHeven=H

even}
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a maximal compact subgroup of Gg. Clearly K contains the isotropy
group V< Gg, and has

I, ={Xegy|XH

=goMN G-)p even gp, oF

cH

even even}

as its Lie algebra. The adjoint action of K preserves
Po=80N DPpoaa 8”5

so that g, =%, ®p, turns out to be a Cartan decomposition [16]. Let p
be the complexification of p,. Under the natural identification of g/b
with the holomorphic tangent space to D=Gg/V at the identity coset,
the fibre of the “horizontal distribution™ of [13] corresponds to b@® p/b,
whereas the fibre of the horizontal tangent subbundle corresponds to
b@®g~''!/b. Since p contains g~!'!, and because of the homogeneity of
both bundles, the horizontal tangent subbundle lies inside the “horizontal
distribution ™.

In view of this containement, Theorem 9.1 of [13] gives the following
lemma. A more self-contained argument can be found in [5].

(3.16) Lemma. There exists a Gg-invariant Hermitian metric on D
whose holomorphic sectional curvatures in the directions of T,(D) are
negative and bounded away from zero.

Since Gy operates transitively, any two Gg-invariant metrics on D
are mutually bounded. Thus the previous lemma, together with standard
arguments in hyperbolic complex analysis (see [18] or [26]), implies
a very crucial property of horizontal holomorphic mappings:

(3.17) Corollary (cf. (9.3) in [13]). For any horizontal holomorphic
mapping of the complex upper half plane into D, the induced mapping
between the holomorphic tangent spaces is uniformly bounded, relative to
the Poincaré metric on the upper half plane and any given Gg-invariant
Hermitian metric for D. The value of the bound depends only on the
normalization of the metrics.

It will be useful to have an alternate description of the horizontal
tangent subbundle and the notion of a horizontal mapping. Since G¢
operates on D, its Lie algebra g may be viewed as a Lie algebra of holo-
morphic vector fields, via infinitesimal translation. The transitivity of G
ensures that g, by evaluation, maps onto the holomorphic tangent
space at each point of D. At the base point, the evaluation mapping has
kernel b. Thus one again obtains the familiar isomorphism between g/b
and the holomorphic tangent space at the base point.
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(3.18) Lemma. At a point ceD, corresponding to the filtration {F*(c)},
a vector field X eq takes its value in the fibre of T, (D) if and only if X,
regarded as an endomorphism of Hg, maps FF(c) into FP~'(c), for each p.

Proof. At the base point, this amounts to a reformulation of the
definition of the horizontal tangent subbundle. Elsewhere it then follows,
because all of the constructions and identifications which are involved
are preserved by the action of Gg.

By construction, D carries a trivial complex vector bundle Hg(D),
with fibre H¢, and a filtered family of holomorphic subbundles

(3.19) He(D)> - > F*~1(D)>F?(D)>F?P+!(D)> - 50,

whose fibres over any point constitute the filtration of H¢ which describes
the point in question. Let T*(D) be the holomorphic cotangent bundle,

and 7: 0(He(D)— 0 (He(D)RT* (D))

the flat connection. For every integer p, there is a natural quotient

mappine ¢: He(D)— Ho(D)F* (D).

As one can check readily, the composition
g?oV: O(F?(D))— O(He(D)/F?(D)®@T* (D))

is linear over 0, the sheaf of germs of holomorphic functions. Hence
gPoV defines a bundle map

(3.20) o?: F*(D)— He(D)/F?(D)®T* (D),

the second fundamental form of F?(D) in Hg(D). If X is a holomorphic
vector field, one can compose F with the operation of contraction with X ;
notation: V(X). Similarly, I shall write o?(X) for g”- V(X). Then ¢?(X)
is a bundle map from F?(D) to H¢(D)/F?(D). An element X eg may be
regarded either as a holomorphic vector field on D, or as an endo-
morphism of Hg, and thus as a bundle map from Hg(D) to itself.

(3.21) Lemma. For every Xeg, regarded as holomorphic vector field,
6?(X) is equal to the composition qPo X ; in this latter expression, X is
considered as a bundle map.

Proof. Let f be a local holomorphic section of F?(D) over an open
set UcD. Equivalently, f can be viewed as a holomorphic Hg-valued
function on U, whose value at any point ae U lies in the fibre of
F?(D) over a. For acU, Xeg, teR, the exp(—t X)-translate of the
fibre of F?(D) over exp(t X)a coincides with the fibre over a. Hence
exp(—tX) f((exp t X) a) takes values in the fibre over g, for all sufficiently
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small teR. Differentiating with respect to t at t=0, one finds that g*
annihilates (V(X) f— X o f)(a), as the lemma asserts.

Next I shall consider a holomorphic mapping ¥: M — D of a complex
manifold M into D. The vector bundles (3.19) pull back to trivial complex
vector bundle Hg— M, with a family of holomorphic subbundles

Heo - oFP ! oFPoFP+ 5. 50.

Just as in the case of D, one can define the flat connection ¥ on Hg and
the second fundamental form ¢” of F? in Hg. This second fundamental
form then becomes the pullback via ¥ of the second fundamental form
of F?(D) in H¢(D). Hence, by combining (3.18) with (3.21), one obtains a
criterion for horizontality of maps into D:

(3.22) Corollary. A holomorphic map ¥: M — D is horizontal if and only
if VOFP)<OFP~1@T*), for all p.

I now consider a variation of Hodge structure {M, Hg¢, F?}. The
case of primary interest, of course, is that of a variation of Hodge structure
arising from the k-th primitive cohomology groups of the fibres of a
family of polarized algebraic manifolds. The universal covering of the
base space M will be denoted by M. As a flat vector bundle, Hg— M
is associated to the principal bundle

n(M)»>M—>M
by a representation

(3:23) @: 1 (M)— Gl(Hg);

here H¢ denotes the fibre of the canonically trivial bundle H¢— M, which
is obtained by pulling Hg back to M. Thus Hg can be reahzed as the
quotient of M x Hg by the product of the obvious action of m, (M) on M
and the action ¢ of 7, (M) on H¢. The objects Hy, Hy, S correspond to a
real form Hgc Hg, a lattice Hy in Hy, and a rationally defined bilinear
form S on H¢. The subbundles F? =Hg pull back to subbundles F? of
the trivial vector bundle M x Hg. At each point of M, the fibres of the F?
constitute a Hodge filtration on the fixed vector space H¢. Since the
Hodge numbers h”*~? are equal to the ranks of the vector bundles
F?/FP+! they must remain constant. Thus one is led to consider the
classifying space D for weighted Hodge structures on Hg, which are
polarized by S and have the collection of Hodge numbers {h?*~F}.
Each point of M then determines such a Hodge structure; in this way,
one obtains a mapping #: M— D. According to the definition of a
variation of Hodge structure, together with (3.22), & is holomorphic
and horizontal.
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I recall the definition of the groups G¢, Gg, Gz in (3.1), (3.3), (3.8).
Because of the flatness of H, and S, the action (3.23) preserves both S
and the lattice Hy, so that its image lies in G;. The subgroup

(3.24) I'=o(n, (M) <G,

is called the monodromy group of the variation of Hodge structure. In
the case of a variation of Hodge structure coming from a family of
polarized algebraic manifolds, I" represents the action of (M) on the
cohomology of the fibres. By construction of @, if two points of M are
related by some o e, (M), the corresponding Hodge structures are related
by ¢ (o). Explicitely,

(3.25) d(0D)=0(0)®(), for ieM, sen, (M).
Hence & drops to a mapping
(3.26) ®: M—T~D

of M into the analytic space I'\ D. This is Griffiths’ period mapping for
the variation of Hodge structure in question.

A holomorphic mapping into the quotient of a complex manifold D
by the action of a properly discountinuous group of automorphisms I"
is said to be locally liftable if its restriction to some neighborhood of
any given point in the domain can be factored through the quotient
map D—TI'\ D. If this is the case, any two local liftings, provided they
are defined on a common connected open set, are related by an element
of I'. As a direct consequence of its construction, the period mapping is
locally liftable. Thus:

(327) Theorem (Griffiths). The period mapping (3.26) is holomorphic,
locally liftable, and the local liftings are horizontal.

§ 4. The Nilpotent Orbit Theorem

Throughout this section, D will be a classifying space for Hodge
structures, G the arithmetic subgroup of the automorphism group
defined by (3.8), and I' a subgroup of G,. I shall consider a holomorphic
mapping ¢: M—I'\D of a complex manifold M into I'\ D, which is
locally liftable and has horizontal liftings. It will also be assumed that M
is given as a Zariski open subset of a (reduced) analytic space. The subject
of this section is a discussion of the possible singularities of @ along the
complement of M.

According to Hironaka, one can embed M as a Zariski open set
into a manifold, which is a modification of the original ambient space.
I shall suppose that this modification has already been made, so that M
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lies as a Zariski open subset in a complex manifold M. First, I consider
the case when M — M has codimension at least two. Every point of M — M
possesses a simply connected neighborhood # in M. For dimension
reasons, % N M will then also be simply connected. On a simply connected
manifold, a locally liftable map can be lifted globally (cf. Lemma 9.6 of
[13]; when @ arises as the period mapping of a variation of Hodge
structure, this follows directly from the construction). Hence, restricted
to 4NM, & has a lifting &: M- D. By elementary arguments
involving the Kobayashi pseudometric [18], together with (3.15), it can
then be shown that & extends continuously, and thus holomorphically,
to all of %. Since % was an arbitrary simply connected open subset of M,
this proves:

(4.1) Proposition (cf. 9.8 in [13]). If the codimension of M —M in M
is at least two, @ has a holomorphic, locally liftable continuation to M.

In the case of codimension one, the matter of the singularities of @
along M —M becomes considerably more complicated. Let 4 denote
the open unit disc in €, and 4* the punctured open disc, i.e. 4* =4 — {0}.
Again the results of Hironaka make it possible to simplify the situation:
by modifying M along M —M, it can be arranged that M —M has no
singularities worse than normal crossings. Hence, if M is replaced by
some other suitable ambient manifold, which will also be denoted by M,
every point of M lies in some polycylindrical coordinate neighborhood
U= A% such that % " M= A*'x 4*~, with 0<I<k. Since the problem
of describing the singularities is a local one, I then may as well assume
that M= A*'x 4*~!, M =4* The simplest nontrivial case occurs for
k=1=1; I shall discuss it separately, both because it suffices for most
applications, and because it makes the eventual result more transparent.

I thus let ¢: 4* —»I'\D be holomorphic, locally liftable, with hori-
zontal local liftings. Via the mapping

42)  Usd*,  1(z)=e?™s

the upper half plane U = {ze C|Im z >0} becomes the universal covering
of 4*. Viewed as a transformation group of U, the fundamental group
m,(4*) is generated by the translation z+»z+1. Since Pot is locally
liftable and U simply connected, there exists a global lifting &: U — D,
making the diagram

U—2.,p

7

A*—2 , I'<\D
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commutative. One can choose an element ye I = G,, such that
4.4) @(z+1)=yod(z), forall zeU.

I shall refer to y as the monodromy transformation of @ around the
puncture of 4*. The definite article “the ™ should not deceive: there may
be more than one yeI” with the property (4.4). If @ is the period mapping
of a variation of Hodge structure with base 4* (or more concretely, of a
family of polarized algebraic manifolds parameterized by 4*), the image
of the generator z+-z+1 of n,(4*) under the representation ¢ of (3.23)
is one possible choice for y. However, in what follows, y may be any
element of G for which (4.4) holds.

The next lemma, as well as its proof, is due to Borel:
(4.5) Lemma (Borel). All eigenvalues of y are roots of unity.

Proof. Computed in the Poincaré metric y~2(dx?+dy?) on U, the
points i-n and i-n+1, nelN, have distance 1/n. According to (3.17),
if a Gg-invariant Riemannian distance function d on D is suitably
renormalized, & will not increase distances. When the identification
D=Gyg/V is made as in (3.6), each of the image points ®(i- n), neN,
has a representation as a coset g,V, with g,eGg. Because of (4.4),
&(i-n+1)=yd(i- n) corresponds to the coset yg, V. Thus

dg,'vg,V,eV)=d(yg,V, g, V)
=d(®(i-n+1), d(i-n)<

x|~

It follows that the conjugacy class of y in Gy has a point of accumulation
in the compact subgroup V< Gg. This forces the eigenvalues of y to have
absolute value one. On the other hand, since y lies in an arithmetically
defined group of matrices, the eigenvalues are algebraic integers. Hence,
by a theorem of Kronecker, the eigenvalues must be roots of 1.

In view of the lemma, if y=7,y, is the Jordan decomposition of y
into its semisimple and unipotent parts, y, has finite order. I let m be
the least positive integer such that y"=1, and I define

N=10g7,= e (= I+ 4 0= 1)
@.6)

1 1 1
=] m_ _1k+1 m__ k;
m og Yy mZkg1( ) k o"-1)
then N is a nilpotent and rational element of the Lie algebra g, of Gg.

The complexification g of g,, it should be recalled, is the Lie algebra
of the complex Lie group Gg. Also, G¢ acts on D, which contains D
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as a Gg-orbit, as was discussed in §3. Let exp: g— G be the exponential
mapping of G¢. Then

4.7 P (z)=exp(—mzN)o $(mz)

describes a holomorphic map of U into D, which has the transformation
property

(4.8) 'f’(z+%) =exp(—mzN)y;'yod(mz)=y,0 ¥(2).

This makes ¥ invariant under the translation z+»z+ 1, so that ¥
drops to a map ¥: 4* — D, with ¥(e2"%)=¥(z).

(4.9) Nilpotent Orbit Theorem (One-Variable Version). The mapping ¥
can be continued holomorphically over the puncture of A*. The point
a=Y(0)eD is a fixed point of s For a suitable constant 20, Imz>a
implies exp(zN)oaeD. Perhaps after increasing the constant a, and for
a suitable choice of =0, Im z>a also implies the inequality

d(exp(zN)oa, &(z)) S(Imz)f e~ 27m 'Imz;

here d denotes a Gg-invariant Riemannian distance function on D. The
mapping z+— exp(z N) o a of C into D is horizontal.

In order to explain the meaning of this statement, I shall consider
the multiple valued mapping

1
——1
tH(p(Zni ogt)

of 4* into D, which is a lifting of &: A* - '\ D. According to the
theorem, near t=0, this map behaves asymptotically like the — also
multiple valued — mapping

1
4.10) tHexp(—z—n—lflogtN) oa.

. L . 1 .
Since N is nilpotent, the entries of exp (711—1 logtN) are polynomial

functions of log t. For these reasons, I shall call (4.10) the principal part
of the singularity of @. From &, the principal part inherits the property
of being horizontal.

The proof of the theorem is technical and will be postponed until §8.
As Griffiths has pointed out to me, in the case of a period mapping
coming from algebraic geometry, (4.9) can be deduced from the regularity
of the Gauss-Manin connection. However, the general version of the
theorem, for more than a single variable, does not seem to be a conse-
quence of the regularity theorem. Conversely, the general nilpotent orbit
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Theorem (4.12) implies the regularity of the Gauss-Manin connection.
These matters will be taken up below the statement of (4.12), at the
end of this section.

If the monodromy transformation y in (4.9) happens to be of finite
order, it coincides with y, so that N=0. According to the theorem, the
point a must then lie in D, ¥ takes values in D, and the mapping
t— @(t™) of 4* into I'\D can be covered by a holomorphic map from
4 to D, namely ¥. Thus ¢: 4* - I'\.D extends holomorphically to 4,
but not necessarily as a locally liftable map (unless m=1, i.e. y=1).
Griffiths proved this result in [11], using the existence of a discrete
subgroup of G with compact quotient.

(4.11) Corollary (Griffiths). If the monodromy transformation y of
®: A* > T'\D has finite order, then & continues holomorphically to A.

In order to extend (4.9) beyond the case of a single variable, 1 now
consider a holomorphic, locally liftable map with horizontal local

liftings ®: A*!x A1 D,

where /21, k=1 By going to the universal covering U*x 4*~!, one can
lift @ to a mapping & U'x A-15D.

Corresponding to each of the first [ variables, I choose a monodromy
transformation y,€T, so that

Oy zit Lo 2, W gy W) =7,0 B2y, 0 2 Wy g, e, W)

holds identically in all the variables. I shall assume that the y, commute
with each other. If ¢ arises as a period mapping, one can take as 7y,
the image of the generator of the fundamental group of the i-th copy
of A*, under the representation

@ m(A*' x4 -rT

(cf. (3.23)); since the fundamental group of 4*'x 4*~! is Abelian, the 7,
certainly do commute in this situation. Let y,=y, ;; , be the Jordan
decomposition of y;,. Applying Borel's result (4.5) to each of the first /
variables separately, one finds that each y, , has finite order m,, for
some m;eN. Let N;eg, be the logarithm of y; ,. Since the y;, commute,
the set composed of all y, ,,7; ,, N; is also commutative.

For the remainder of this section, I shall let (z) denote a typical
I-tuple (zy, ..., z)eU', and (w) a typical (k—I)-tuple (W, ,, ..., w)ed*~!;
for any (z)e U', (mz) will be shorthand for the I-tuple

(myz,myz,,...,mz).
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Because of the commutat1v1ty of the N;, and because exp(m;N)) equals
y™, the mapping ¥: U'x 4! D, which is defined by

P(z, w)=exp(=Y!_, mz;N)o B(mz,w),

remains invariant under the translation z;+> z,+1, 1<i<l It follows
that ¥ drops to a mapping

Y A¥ x AL D,

(4.12) Nilpotent Orbit Theorem. The map ¥ extends holomorphically
to 4*. For (w)e 4*~", the point

a(w)=¥(0, weD

is left fixed by y; ;, 1<i<l For any given number n with 0<n<1, there
exist constants a, f =0, such that under the restrictions

Imz;2a, 1=i<l, and |wji|<n, I+15j2k,
the point exp (Y :_, z;N;)o a(w) lies in D and satisfies the inequality

d(exp(Yi_, z;N) o a(w), B(z, w))
=( i=1Imzi) i_iexp(— 2nm; ! Im z));

here d again denotes a Gg-invariant Riemannian distance function on D.
Finally, the mapping

(z,w—exp(Yi_; z:N)oa(w)
is horizontal.

The proof of this statement, which evidently contains (4.9), will be
found in §8.

It was mentioned already that the nilpotent orbit theorem, for
period mappings arising from algebraic geometry, is closely related to
the regularity of the Gauss-Manin connection. A proof of the one-
variable version, using the regularity theorem, is given in §9a of [14].
In rough outline, the argument proceeds as follows. Let {4* Hg, F?}
be a one-parameter variation of Hodge structure, coming from algebraic
geometry, and localized near a singularity. When an algebraic section
of Hg is expressed in terms of a multiple-valued, flat frame over 4%,
the coefficient functions grow at most like a negative power of the local
parameter, on every angular sector; this is the regularity theorem. This
estimate still holds if the algebraic section is twisted by

1
exp(—mlogtN) s
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since tlogt—0 as t—0, on every angular sector. It follows that the
Pliicker coordinates of the single valued map ¥ can be made to have
only poles; for this purpose, D should be viewed as a subvariety of a
product of Grassmannians, as described in §3. Since ¥ takes values
in a projective variety, this can only happen if ¥ has a holomorphic
extension over the puncture. The remaining assertions of (4.9) can now
be deduced relatively easily.

For more than a single variable, the argument which was just
sketched breaks down: it can only prove the existence of a meromorphic
extension of the mapping ¥. On the other hand, the nilpotent orbit
theorem implies the regularity of the Gauss-Manin connection. In fact,
it implies the following theorem of Griffiths, whose original proof is
based on Nevanlinna theory and I? estimates, giving a more general
result than stated below.

(4.13) Theorem (Griffiths). Let {M,Hg¢, F?} be a variation of Hodge
structure with quasi-projective base M. Then:

a) The bundle Hg carries a unique algebraic structure such that the
flat connection V becomes algebraic, and such that V has regular singular
points of infinity, relative to any smooth compactification of M. With
respect to this structure, the subbundles F? c Hg are algebraic.

b) If the variation of Hodge structure comes from the cohomology
of the fibres of an algebraic family of polarized algebraic manifolds, these
algebraic structures on Hg and the subbundles FP coincide with the
intrinsic algebraic structures. In particular, the Gauss-Manin connection
has regular singular points.

Part a) is a straightforward consequence of (4.12) and the com-
parison theorems of GAGA [23]. The second part depends on a non-
trivial fact, concerning the relationship between algebraic and de Rham
cohomology, which occurs also in Griffiths’ proof. Without it, but
assuming the regularity of the Gauss-Manin connection, one finds
trivially that the two algebraic structures agree.

Onmitting this one major detail, I shall show how the nilpotent orbit
theorem leads to (4.13). I may assume that M lies as a Zariski open set
in a nonsingular pro;ectxve variety M, so that M —M is a divisor with
at most normal crossings. Every point at infinity then has a coordinate
neighborhood %, with

4.14) U=A*, YAM=A* x 41
Restricting the variation of Hodge structure to such a neighborhood

at infinity, I now use the notation of (4.12). As before, I identify the
universal covering of # "M with U'x 4*~'. By pulling back Hg from
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% N M to its universal covering, one obtains a canonically trivial bundle,
whose fibre shall be denoted by Hg. In a 1:1 manner, the holomorphic
sections of H¢ over % n M correspond to the holomorphic, He-valued
functions on U'x 4*~!, which have the transformation property
@.15) O(Zy, oo 2t L 2 gy e 2 Wy g e, W)

=Y;00(2y, s 2 Wiy g5 - W), ITSIZIL

For the moment, I assume that the monodromy transformations 7,
are unipotent. If one composes the functions v in (4.15) with
exp(—Y.i_,zN,), they become invariant under z;+>z,4+1, and thus
drop to holomorphic, Hg-valued functions on %~ M. This now gives
an isomorphism of ¢-modules

(4.16) Oy ) =04, yy ®¢ He,

which leads to a distinguished continuation of H¢ to a vector bundle
over all of . It can be characterized uniquely as follows: Let s be a
section of Hy on #NM, and s,,...,sy a multiple-valued, flat frame,
so that s=) f;s;, with multiple-valued coefficient functions f;. Then

(4.17) s extends holomorphically to % if and only if the f; have at
most logarithmic singularities.

A similar argument, applied to the subbundles F?, and using the fact
that the mapping ¥ of (4.12) extends holomorphically to 4* gives
continuations of these bundles as well. Again, a statement analogous
to (4.17) characterizes the continuations uniquely. If the monodromy
transformations are not unipotent, the constructions above have to be
modified slightly: the bundles no longer extend as vector bundles, but
rather as coherent sheaves.

On overlapping coordinate neighborhoods at infinity, the description
(4.17) of the extendable sections is consistent. Hence the local continu-
ations of Hg and its subbundles F? fit together, as global coherent
sheaves over all of M. According to GAGA [23], these global coherent
sheaves have unique algebraic structures, which induce algebraic struc-
tures on the bundles Hg and F?. Again I consider a coordinate neigh-
borhood at infinity, %, as in (4.14), and a multiple-valued, flat frame
$15 .-+, Sy for Hg over N M. Let s=Y f;s; be a holomorphic section
of Hg on %~ M, with multiple-valued coefficient functions f;. As
follows from (4.17),

(4.18) s is meromorphic along M — M, relative to the algebraic struc-
ture of Hg, if and only if the f; are bounded by some polynomial in
[t,I=!,...,1t,/7", on the intersection of M with any given compact
subset of %

16 Inventiones math., Vol. 22
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(t;=local parameter on the i-th copy of A*). On the one hand,
(4.18) uniquely determines the algebraic structure of Hg; on the other
hand, it is equivalent to the regularity of the flat connection along
M — M. This proves part a) of (4.13).

I now assume that the variation of Hodge structure comes from
an algebraic family of polarized algebraic manifolds. The bundles
Hg, F? thus have an intrinsic algebraic structure. In order to be able
to refer to the algebraic structure given by (4.13a), I shall call it the
extrinsic structure. It must be shown that the two coincide. For this,
it is enough that the two induced structures on F?/F?*! agree, for all p:
the extension class of the sequence

0— F"*l—»F"—-)F"/F"“—»O

is algebraic, both extrinsicly and intrinsicly; hence one can identify
the two structures on each F?, by induction on p, once the two structures
are known to coincide on each of the quotients.

Let s be a holomorphic section of F?/FP*1 over a set of the form
UM, with % as in (4.14). With respect to the extrinsic algebraic
structure

(4.19) s is meromorphic along M — M, if and only if #S(s,5) can be
bounded by a polynomial in ||, ..., |t,|", on the intersection of M
with any given compact subset of %.

Here i*S(s,5) denotes the value of s on the Hermitian form induced
by the polarization. The statement (4.19) follows from (4.18), together
with the flatness of the polarization and the definiteness of the induced
Hermitian form on F?/FP*!. In order to finish the proof of (4.13), one
only needs the “only if™ part of (4.19), but for the intrinsic algebraic
structure on F?/FP*!. An argument which establishes this fact was
shown to me by Griffiths. Its inclusion, however, would lead too far
afield.

§ 5. The SL,-Orbit Theorem

In order to make the nilpotent orbit theorem useful in applications,
it is necessary to have detailed information about the nilpotent orbits
which can occur. For most purposes, the one variable case suffices;
also, the case of several variables involves major additional difficulties.
I shall therefore limit myself to the consideration of a single variable.
I intend to take up the general situation, of more than one variable,
in a future paper. The main statement of this section is the SL,-orbit
Theorem (5.13); its proof will be given in §9.

Let then a be a point of D, « a fixed positive constant, and Ne 8o
a nonzero nilpotent element, such that
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a) zr>exp(zN)ea is a horizontal mapping;
b) exp(zN)caeD for Imz>a.

(5.1)

This is precisely the situation arising in (4.9). For z=x+i ¥
exp(z N)=exp(x N) exp(iy N); since the first factor on the right lies in
Gy, and since Gy leaves D< D invariant, (5.1b) becomes equivalent to

(5.2) exp(iyN)oaeD if yeR, y>a.

In order to motivate the statement (5.13) below, it may be helpful
to look at the simplest possible case. If D happens to be the upper half
plane U, then SL(2, R) plays the role of Gg, and the Riemann sphere
that of D. There are exactly two conjugacy classes of nonzero nilpotent
elements in the Lie algebra s1(2,IR). Only for choices of N in the
conjugacy class of

(5.3) (g (1)) sl R)

does the mapping exp(zN)oa take values in D, for all large positive
values of Imz. Thus, under the hypotheses (5.1), if the mapping
z>exp(zN)oa is composed with a suitable automorphism of the
upper half plane, it will be of the form

(5.4) za+z  (ze@).

In general, for an arbitrary classifying space for Hodge structures D
and an arbitrary mapping of the type (5.1) into D, there exists an
equivariantly and horizontally embedded copy of the upper half plane
U in D, such that the mapping z+>exp(zN)oa asymptotically ap-
proaches a mapping of the form (5.4) into this copy of U in D; moreover,
N turns out to be the image of the element (5.3) under the homomorphism
s1(2,R) — g,, which corresponds to the equivariant embeddmg

Before these statements can be made more precise, some pre-
liminary remarks are needed. In the usual manner, I shall think of the
Riemann sphere IP! as the one point compactification €U {0} of C.
The complex Lie group SL(2, C) operates transitively on IP!, with
isotropy subgroup

L={(Z Z)GSL(z’C)|a—d=i(b_c)}

at the point ielP'; this gives the identification IP'~SL(2, C)/L. The
SL(2, R)-orbit of i is then the upper half plane UcIP!. For future
reference, I shall record the identity

(5.5) z=exp(—3log(—iz)Y)oi, if zeU;

16*
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the branch of the function log(—iz) on U is to be chosen so that its
value at z=i is zero, and Y denotes the element

(5.6) Y=(—(l) (1’) esl(2, R).

I recall the definition of the subspaces g ~?<g and of the subgroups
BcGg, VeGg. A homomorphism of complex Lie groups
(5.7) Y: SL(2,C)— G¢, with Imagey ¢ B, y(L)cB,
determines a holomorphic, equivariant embedding
(58) ¥:P'>D, with J(gei)=y(g)oo, for geSL(2,T)
(o=base point in D). The condition
(59) ¥(SL(2, R) =Gy

insures that § (U)c D. The embedding (5.8) is horizontal precisely when
the infinitesimal homomorphism of Lie algebras

Uy sl2,C)—g
satisfies the condition

¥, (12, C)cb@g .

Indeed, because of the equivariance, it suffices to check the horizontality
at the single point ieIlP'; and the induced mapping between the tangent
spaces of IP! at i and of D at o corresponds to

Yy 812, €)1 - g/b
(I=Lie algebra of L).
The elements

(0 —i _l(—i 1 _l(i 1)
(510) Z_(l 0), X+—2 1 l), X——-_-Z 1 —i

span s[(2, €). The subalgebra Ics(2,T) is spanned by Z and X_. By
defining 12, ©)1=CX,
Gy 512, ©)°°=CZ

sI2, O '=CX_,

one obtains a Hodge structure on s1(2, €), relative to the real form
sl(2, R)csl(2, €), which plays the same role with respect to U and the
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reference point ieU as the Hodge structure (3.11) does with respect
to D and the base point o. If ,, is a mapping of type (0, 0) i.e. if

(5.12) V(X Eg™ M Y, (2)eg™®, Y (X )egh !,
the embedding (5.8) will certainly be horizontal. When D happens to
be Hermitian symmetric, (5.12) together with (5.9) is equivalent to
saying that J embeds the upper half plane U totally geodesicly in D.

One should keep in mind that the subspaces g “Pcg and the
isotropy subgroups B and V depend on the choice of the base point o —
or, equivalently, of the reference Hodge structure {HZ'%}. I can now
state the main technical result of this section; for this purpose, I assume
that the point aeD, the nonzero nilpotent element Ne gy, and the
positive constant « satisfy the condition (5.2).
(5.13) Theorem. It is possible to choose

i) a homomorphism of complex Lie groups y: SL(2, €C)— Gg,

ii) a holomorphic, horizontal, equivariant embedding j: PP'— D,
which is related to \ by (5.8),

ili) and a holomorphic mapping z+— g(z) of a neighborhood # <IP
of o into the complex Lie group Gg,
with all the following properties:

a) exp(zN)oa=g(—iz)J(z) for ze W —{o0};

b) ¥(SL(2, R))= Gy, and §(U)<=D;

C) ¥, is a mapping of type (0,0) (cf. (5.12));

d) g(v)eGyg for iye W' niR; i

e) Adg(o0)"!(N) is the image under v, of (0 0) esl(2, R);

f) foriyeW niR, y>0, let h(y) be defined by
h(y)=g(y) exp(—3logyy, (Y))
(cf. (5.6)); then

d
h(y)“gy—h(y)E(g" T®g ) Ng,;

8) the linear transformation ,(Y)eHom(Hg, Hg) operates semi-
simply, with integral eigenvalues; let

g@=g(o)(I+g 27 +gy 272+ gz + )

g =+ fiz7 2724+ fz 7R+ ) g (00) 7!

be the power series expansions of g(z) and g(z)~! around z= wo; then,
Jor nz1, g, and f, map the l-eigenspace of y,(Y) into the linear span
of the eigenspaces corresponding to eigenvalues less than or equal to
I+n—1.
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If the base point o€ D is suitably chosen, it can be arranged, moreover,
that

h) g(0)=1, and N is the -image of( 0) in this situation, with

the notation of g), for n21, (AdN)"*'g, =0 and (ad N)"*! f,=0.

According to a), if h) also holds, the two mappings z+>exp(zN)oa
and z+—(z) agree to first order at z=oo, and g) then gives more
specific information about the degree of proximity. Again if h) holds,
the two mappings have the same invariance property under the trans-
lation z+>z+1: J(z+1)=expN o § (2),

exp((z+1) N)oa=expN exp(zN)oa.

The conditions b) and c) assert that the embedding  is compatible
with various other structures which are present. In a number of
applications it is important to know a specific lifting of the mapping

(5.14) yr>exp(iyN)oaeD=Gg/V, y>a,

from Gg/V to Gg — primarily because the action of G on D lifts to the
family of Hodge subspaces _{H"%} corresponding to the points of D,
whereas the action of GC on D only lifts to the famlly of Hodge flags {F?}.
Since y,(Y)e %0 and since g(y) takes values in Gy for yeRR, according
to d), the mapping y+ h(y) goes into Gg; in view of a) and of (5.5), it
is indeed a lifting of the map (5.14) to Gg. The differential equation
stated in f) distinguishes this lifting, in a way which will become apparent
in the proof of (5.13). The property g) embodies the information on g(y),
and hence also on h(y), which is crucial to all applications.

The proof of Theorem (5.13) is somewhat involved and will be
postponed until §9. I shall draw several conclusions from this theorem,
together with Theorem (4.9), in §6 and §7. For the remainder of this
section, I shall look at the behavior near 1nﬁmty of the mappings
z> exp(z N) o a and of the mappings & which occur in §4; in particular,
I shall study how the behavior at infinity is related to the arithmetic
subgroup G, <Gg.

In the situation of §4, the monodromy transformation y lies in the
arithmetic group G,. It follows that N, which was defined as the loga-
rithm of the unipotent part of y, preserves the rational structure
Hy< Hy (Hy=Q ® Hy). Hence, from now on, I assume that

(5.15) Neg, is an endomorphism of Hg,.

One may be tempted to ask, if, in this situation, the homomor-
phism y: SL(2,Q)— G, becomes a homomorphism of @-groups,
relative to the standard @-structure of SL(2,C). Even the simplest



Variation of Hodge Structure 241

example — namely D=U, G¢=SL(2,C) — shows that this is asking
for too much, as long as one insists on (5.13h). However, if this require-
ment is dropped, one can, in fact, choose the homomorphism  so that
it becomes defined over @, as will be argued below. Let

(5.16) co=Im{adN: g,— go} nKer{ad N: g, —g,}.

One can verify directly that ¢, is a Lie subalgebra of g,. As will be
pointed out in the proof of (5.17), it is in fact a nilpotent subalgebra.

(5.17) Lemma. There exists a morphism of Q-groups ,: SL(2, C)— Gg,
and an element g, € Gy, such that y,=Adg, oy, and g, g(o0) 'eexpc,.

Proof. 1t is necessary to refer to some results of Kostant [20]. Let K
be a field of characteristic zero, b a semisimple Lie algebra over K,
and X eb a nonzero nilpotent element. Let ¢ be the intersection of the
kernel and the image of Ad X: b—b. Then ¢ is a nilpotent subalgebra
of b, so that one can define the exponential map from ¢ into the adjoint
group of b. Also, expc centralizes X. The set of K-homomorphisms

p: s1(2,K)—b, with p(O 1) X,

A

is nonempty, and under Ad, exp ¢ acts on this set transitively. In [20],
these results are stated for K=C; however, they remain valid for any
field of characteristic zero, and the proofs carry over without modifica-
tion. In the case at hand, I let

8= {Xego| XHy= Hy}

play the role of b, and ¢, the role of ¢. Since the nondegenerate bilinear
form S, which was used in the definition of g,, assumes integral values
on Hy, gq is a semisimple Lie algebra over @, with

80=9q ®R.

Moreover, because of (5.15), Negg. According to Kostant’s results,
there exists a homomorphism

p: s1(2, R)—g,,

which is defined over @, such that p maps

(5.18) (g (1)) esl(2, R)

onto N. It follows from standard results on algebraic groups that there
exists a morphism of Q-groups ¥,: SL(2, C)— G, lying above p. Both
Y1, and Adg () oy, map the element (5.18) to N. Hence, by Kostant’s
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conjugacy statement, they are related by Adg,, for some g, cexpc,.
Then g, =g, g(c0) has all the desired properties.

In the notation of Theorem (5.13), replacing the original base point o
by g;o0 for some g,eGg, has the effect of changing y to Adg, oy,
g(@) 1o g(2)gr’, g()™! to g, g(c0)~", and g” =7 to Adg, (g ~?). With
g, as in (5.17), since exp ¢, commutes with N, this gives
(5.19) Corollary. In the statement of Theorem (5.13), if the base point o
is suitably chosen, y will be a morphism of Q-groups, W, maps the
element (5.18) to N, and g(co)eexpc,. This choice of base point does
not destroy any of the properties listed in (5.13), except for (5.13h).

For the remainder of this section, I assume that the base point oeD
has been chosen in accordance with (5.19). Then  maps the diagonal
subgroup of SL(2, €) onto a 1-dimensional @Q-split torus in G¢. One can
thus choose a maximal Q-split subtorus T of G which contains this
1-dimensional torus. I let t denote the Lie algebra of T, and IT the set
of nonzero roots of (g, t). Via exponentiation, IT can be identified with
the set of nontrivial Q-roots of (Gg, T). It is possible to select a system
of positive roots IT, I, such that

(5.20) oell, {a,y,(Y))<0, implies cell, .

For gell, g, will designate the o-rootspace. Then

(521) r= ®aeﬂ+ L

is a nilpotent subalgebra of g. Since N lies in the (—2)-eigenspace
of Y, (Y),

(5.22) r contains N.

Let R=expr; then R is a unipotent Q-subgroup of G¢. The centralizer

of T can be expressed as TM, where M is anisotropic over @. One
knows that

(5.23) P=RTM

forms a minimal @-parabolic subgroup of G¢, with unipotent radical R.

The isotropy subgroup V of Gy at the reference point o is compact.
One can therefore choose a maximal compact subgroup K of Gy which
contains V. Let Py denote the group of real points of P; then

(5.24) Gep=PR K.

In fact, this last statement holds for any maximal compact subgroup
of Gy (cf. §11 of [1]).

The following lemma could be derived directly from Theorem (5.13).
However, it is more economical to deduce it from the proof of the theorem.
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I shall do so at the end of §9. Independently, Deligne drew a similar
conclusion from Theorem (5.13).

(5.25) Lemma. There exist functions r(y), t(y), m(y), k(y), which take
values in, respectively, R Gy, T\ Gg, M N Gg, K, and which are defined
on some ray {yeR |y > f}, with the following properties:

a) for y> P, the point exp(iy N)oa coincides with the translate of the
reference point o by r(y) t(y) m(y) k(y);

b) the functions r(y), exp(%log y Y, (V) t(y), m(y), and k(y) are real
analytic functions of the variable y=* at y=c0;

¢) r(o)eexpe,, lim,_  exp(3logyy,(Y))t(y)=1, m(o)=1, and
k(0)=1.

Now let I be a subgroup of G, and @: A* >I'\ D a locally liftable,
holomorphic mapping with horizontal local liftings. As in (4.3), I choose
a lifting &: U— D and some 7€ Gy, such that (4.4) holds. The semisimple
part y, of y has finite order m. I denote the logarithm of the unipotent
part y, by N; then N has the property (5.15). With ae D as in the statement
of the Nilpotent Orbit Theorem (4.9), the hypotheses at the beginning
of this section are met. Hence the group P, D, etc. can be defined as above.

(5.26) Theorem. It is possible to select functions r(x, y), t(x, y), m(x, y),
k(x, y), with values in, respectively, RN Gy, TnGg, M NGy, K, which

are defined and real analytic on a set of the form {(x,y)eR?|y>p},
such that:

a) for y> P, the point ®(x+iy) coincides with the translate of o by
r(x, Y t(x, y)m(x, y) k(x, y);

b) as y— oo, the limits of r(x,y), exp(3logy ¢, (Y)) t(x, y), m(x,y),
and k(x, y) exist uniformly in x;

c) in the case of r(x,y), this limit is a continuous function of x, with
values in R N Gy;

d) lim,_, exp(; logyy, (Y)) t(x,y)=1, lim,_ , m(x, y)=1, lim,_,  k(x,y)

Proof. According to Theorem (4.9), for some £>0,
d(exp((x+iy) N)oa, d(x+iy)=0(e~*’), uniformlyin x.
In the notation of (5.25),
exp((x+iy) NJoa=exp(xN) r(y) t(y) m(y) k(y)o0.

Since the distance function d is Gy-invariant, the distance, relative to d,
between o and

(5:27) k()" m) ™ t() 7 r(p) " exp(—=xN)od(x+iy)
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is bounded by a constant multiple of e~*’. Locally, any two Riemannian
metrics are mutually bounded. Also, the principal bundle V— Gg— Gg/V
=D has local sections. Using these statements, one can find a real
analytic, Gg-valued function g(x, y), defined for y> 0, such that the point
(5.27) can be represented as the g(x, y)-translate of o, and such that

lg(x,y)—1=0(e™*), uniformly in x;

the double bars denote the norm as a linear transformation. Since K
is compact, this also gives

IAd k() (g(x, y)) =1 =0(e™*),
again uniformly in x. Because
Gg=(RN Gg)(TN Gg)(M N Gp)K,
the function Ad k(y)(g(x, y)) can be expressed as a product
Ad k(y)(g(x, y))=r1(x, y) t; (x, y) my (x, p) ky (x, y);

here the factors are real analytic functions, defined for y> 0, with values
in the obvious groups, and they can be chosen so that they satisfy the
estimates

(5.28) I, (x,y)— 1| =0(e~*’), uniformly in x,

and similarly for ¢, (x, y), m,(x, y), k,(x, y).
The groups T and M commute, and they both normalize R. Hence,
if I define
r(x, y)=exp(x N) r(y) t(y) m(y) 1, (x, y) (¢ () m())~*,

t(x, y)=t( t;(x,y), mx,y)=m@y)m(x,y),
k(x, y)=k,(x, y) k(y),

these functions are real analytic, they take values in the appropriate
groups, and they satisfy the statement a). As y— oo, the matrix entries
of t(y) remain bounded by polynomials in y, and m(y)— 1, all according
to (5.25). Together with (5.28), this gives the statements about r(x, y)
which were still missing. The corresponding statement about the other
functions follow similarly.

By a Siegel set in D, I shall mean a set of the form
S={rtmkooeD|rew,, mew,, keK, te TN Gy, and €°(¢)> ¢ for all gell }

where o, is a fixed compact subset of RN Gg, w, a fixed compact subset
of M NGy, and ¢ a positive constant. Aside from w;, w,, and ¢, the
definition depends on the rational structure of Gg¢, the choice of the
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maximal Q-split torus T, of the minimal @-parabolic subgroup P< G,
and the choice of the base point o. Roughly speaking, the Siegel sets
are fundamental sets for the action of G, on D (cf. [1]; the apparent
difference in the definition is explained, of course, by the left — rather
than right — action of G in the present context). Because of the property
(5.20) of the system of positive roots IT,, and because of (5.26), for each
positive root a, e”(t(x, y)) either tends to the value one or has a positive
infinite limit as y— co, uniformly in x. Combined with the other state-
ments in (5.26), this shows: for any constant C >0, there exists a Siegel
set & and a constant a>0, such that ®(z)eS if |[Rez|<C, Imz>a.
The interiors of Siegel sets exhaust all of D; hence any compact set can
be enclosed in a Siegel set. This proves:

(5.29) Corollary. For any given constants C>0 and n>0, there exists
a Siegel set S in D, with ®(z)e S whenever |Re z|< C, Imz2>7.

§ 6. Monodromy and the Weight Filtration

In this section, I shall draw some conclusions from the nilpotent
orbit theorem and the SL,-orbit theorem, concerning the local behavior
of a variation of Hodge structure near a singularity. Since the primary
case of interest is that of a geometric variation of Hodge structure,
I shall phrase the various statements in terms of the cohomology of a
family of polarized algebraic manifolds. All of these statements have
analogues for an abstract variation of Hodge structure, which are more
or less obvious. I shall explicitely state the results for the abstract
setting only in the few cases that will be referred to later.

Let then n: ¥"— 4* be a family of polarized algebraic manifolds,
with the punctured disc 4* as parameter space. As was pointed out
already in §2, when this situation arises in practice, it is usually possible
to continue 7 to a mapping ¥ — 4, with ¥~ Zariski open in the complex
manifold ¥, by inserting a possibly singular fibre over the origin in 4.
However, for most of the arguments and statements below, the existence
of a central fibre turns out to be quite irrelevant.

Forgetting about the complex structure, one can think of ¥ — A*
as a C* fibre bundle. Thus m,(4*) acts on the cohomology groups of
a general fibre ¥,=n"!(¢). Let k be an integer between 0 and 2n
(n=dim¢¥), and ye GI(H*(V,,Q)) the action of a generator of m,(4*).
Griffiths has called y the Picard-Lefschetz or monodromy transformation
of the family. As before, I let y=y,y, be the Jordan decomposition of y
into its semisimple and its unipotent part.

(6.1) Monodromy Theorem ([21]). The eigenvalues of y are m-th roots
of unity, for a suitable positive integer m, so that y"=1. Let | be the
largest number of successive nonzero Hodge subspaces of H*(V,, C). In
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other words, | is the largest integer such that, for some p, H**~(V,, €)%0
if pSi<p+l; in particular, I<min(k,2n—k)+1. Then (y,—1)'=0, and
hence (y"—1)'=0.

The proof will actually put a slightly stronger bound on the index
of unipotency [I: the statement remains correct if [ is replaced by the
maximum of the integers Iy, [, ..., [, where now [; denotes the largest
number of successive nonzero subspaces p/~"{(V;, C) of the primitive
part of the j-th cohomology group.

The original version of the monodromy theorem is Landman’s [21].
In his survey paper [12; pp.235-236, 294], Griffiths discusses various
proofs of the theorem, and he sketches a conjectured outline of the
argument which I shall give below. Implicit in this argument — indeed,
already in Theorem (5.13) — is an affirmative answer to conjecture 8.4’
of [12]. It should perhaps be remarked that the proof does not give
any information about the integer m, as do the geometric proofs of
Landman [21] and others. This is the price one must pay for not using
the existence of a central fibre, over the puncture of A*. On the other
hand, the estimate on the index of unipotency is a little stronger than
in previous versions of the theorem.

The statement, as well as its proof, carries over immediately to an
abstract variation of Hodge structure with base 4*. Indeed, let y be the
image of a generator of m,(4*) under the representation (3.23), and [
the largest number of successive nonzero Hodge bundles H”9. The
semisimple part y, is again of finite order, and the unipotent part
satisfies (y,—1)'=0. Of course, unless H»?=0 for p<0 and g<0, the
inequality /<k+1 need not hold.

Proof of (6.1). First of all, I may replace the coefficient field @ by C.
Secondly, since the polarizing classes are assumed to be 7, (4*)-invariant,
the decompositions (2.2) are preserved by the action of =, (4*); hence
it suffices to consider, for each k, the action of a generator of m,(4%)
on P*(V,,C). If y is assigned this new meaning, I must show that
7, has finite order, and that (y,—1)*=0; the integer [, is defined
below (6.1). I shall now consider the period mapping corresponding to
the k-th primitive cohomology groups of the fibers. Let 7: U— 4* be
the universal covering (4.2), and &: U— D the lifting of the period
mapping, composed with t, to D. According to (3.25), y lies in G and
has the property (4.4). Thus (4.5), (4.9), and (5.13) all apply. In particular,
ys is of finite order, by Borel’s lemma. Let N =1logy,; because of (5.13¢),
N is conjugate to the image under y, of the element (5.18) of s [(2, R).
In s1(2, €), any two nonzero nilpotent elements are conjugate. Hence,
under the adjoint action of G¢ on g, N becomes conjugate to ¥/, (X )
(cf. (5.10)). Also, because of (5.13c), ¥,(X,)eg~"". Any element of
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g~"! maps the i-th subspace in the reference Hodge filtration into the
(i+1)-st subspace, and is therefore nilpotent of index at most I,. It
follows that N, which is known to be conjugate to an element of g1,
has also index of nilpotency at most .. Since y,=exp N, this proves
(74— 1)*=0, as desired.

Deligne has used the Picard-Lefschetz transformation to put an
additional structure on the cohomology groups of the fibres V,, te 4*.
In order to make the construction more transparent, it may be helpful
to start with a discussion of the representation theory of the Lie
algebra s1,. Let K be a field of characteristic zero, and s the three
dimensional Lie algebra over K, with generators Z, X +»X_, which
satisfy the commutation relations

62 [z, X,]=2X,, [ZX]=-2X_, [X, X ]=2Z.

A proof of the following assertion can be found in [24], for example.

(6.3) Fact. Every finite dimensional representation of s is fully reducible.
Next, let y: s—End(V) be an irreducible representation of s on an
(n+1)-dimensional vector space V. Then Y(Z) acts semisimply, with
eigenvalues n,n—2,n—4, ..., —n, each with multiplicity one. By y(X,),
the l-eigenspace of W (Z) gets mapped onto the (I+2)-eigenspace, except
when |= —n—2. Similarly, for l&n+2, y(X_) maps the l-eigenspace onto
the (I—2)-eigenspace.

I shall consider a linear transformation N: V—V on a finite
dimensional vector space over a field of characteristic zero, which
satisfies N**+'=0, for a given positive integer k.

(64) Lemma (cf. [12], pp.255-256). There exists a unique filtration
OcWocWic-cWy_ e Wy =V,
such that N(W))c W,_,, and such that
N': Gri (W) > Gr_ (W)

is an isomorphism, for each 120 (Grn(W,)=W/W,_,). If 12k, let
P, Gr(W,) be the kernel of

Ni-k+1: Gn(W,) > Gry__,(W,),
and set =0 if |<k. Then one has the decomposition
(%) Gr(W,)=@&:;N'(#,,), izmax(k—10).

If N is an infinitesimal isometry of a nondegenerate symmetric or skew-
symmetric form S on V, i.e. if S(Nu,v)+S(u, Nv)=0 for all u,veV, the
filtration becomes self-dual, in the sense that each W, is the orthogonal
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complement of W,,_,_,. In this situation, moreover, the spaces Gr(W,)
carry nondegenerate bilinear forms S;, which are uniquely determined by
the following requirements: if 12k, and if u,ve W, represent i1, 5e Gr,(W,),
S,(@,3)=S(u, N'=*v); if I<k, N*=! is to be an isometry from Gry;_,(W,)
to Gr(W,). The decomposition (x) then becomes orthogonal with respect
to S,. Whenever S is symmetric and k—1 even, or S skew and k—1 odd,
S, is symmetric; S, is skew in the remaining two cases. Finally, if y is a
representation of the three dimensional Lie algebra s on V, with y (X_)=N,
each W, coincides with the linear span of the eigenspaces of y(Z) which
belong to eigenvalues less than or equal to |—k; &, is the isomorphic
image in Gr(W,) of the kernel of y(X_)'~**! on the (I—k) eigenspace
of Y(2).

Before giving an indication of the proof, I would like to make some
observations about this statement. If i is a representation of s on V,
with Y (X_)=N, the last assertion of the lemma suggests how the
filtration {W} should be constructed. Such a representation always
exists: according to the Jacobson-Morosov theorem, in a semisimple
Lie algebra over a field of characteristic zero, every nonzero nilpotent
element can be embedded in a copy of s1,; applied to the Lie algebra
s [(V), or the Lie algebra of infinitesimal isometries of a bilinear form S,
the theorem gives the existence of a representation y with the desired
property. In order to deduce the lemma from the Jacobson-Morosov
theorem and the representation theory of s1,, one needs to know that
the resulting filtration depends only on N, not on the particular rep-
resentation . This follows from a theorem of Kostant, which was
quoted in the proof of (5.17). Thus (6.4) becomes a consequence of the
representation theory of s 1,, the Jacobson-Morosov theorem, and the
result of Kostant. However, since (6.4) is an elementary statement,
I shall give the outline of an elementary proof.

In this connection with the theorems of Jacobson-Morosov and
Kostant, a certain schematic diagram may help to clarify the statement
(6.4). For definiteness, I shall assume that k=2, and thus N3=0. Let
Y be a particular representation of s on ¥, with (X_)=N, whose
existence is guaranteed by the Jacobson-Morosov theorem. Since
N3=0, each s-irreducible subspace of V has dimension one, two, or
three (cf. (6.3)). In the diagram below,
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each row shall represent the span of all s-irreducible subspaces of
dimension, respectively, one, two, and three, reading from top to bottom.
Within a given row, a dot stands for the l-eigenspace of y/(Z). The
operation of N preserves the rows and shifts / by —2. The subspaces
corresponding to the various dots depend on the choice of ¥, of course.
Certain combinations, however, have canonical meaning: the left edge
represents the kernel of N, the right edge the cokernel, and all dots on,
or to the left of, the vertical line through I give W;.

On the cohomology groups of a compact Kihler manifold, the
Kihler operator L, is adjoint A, and their commutator B=[L, A]
satisfy the relations

[B,L1=2L, [B,A]l=-24, [L,A]=B.

As Serre has pointed out, these three operators therefore span a Lie
algebra isomorphic to s. Applied in this setting, the statement (6.3)
proves the existence of the decomposition (2.2). In particular, (2.2) can
be viewed as a special case — with reversed indices — of Lemma 64).
This explains the formal analogy between the Kihler operator L and
the logarithm of the unipotent part of the Picard-Lefschetz transforma-
tion, which was commented upon in [12].

Proof of (6.4). Proceeding inductively, I may assume that subspaces
W.cV have already been found for i<I—1 and i=2k—1, where [ is
an integer between 0 and k, starting with W,, =V and W_,=0, subject
to the following conditions:

a) N(W)=W,_, and W,c W, whenever both sides of the contain-
ment are defined, and i<j;

b) Wi_;=N'W,, forizk—I+1;

c) Wi, i={veV|N"*'veW, , ,}fori=k—I;

d) if izk—1, W, is spanned by N(W,,,_,) and the kernel of Ni+!;

e) ket N“"'AN(W,, ., )W, for izk—I+1.

At the next step, the statements of the lemma require W, and
W,k_1_1 to be consistent with b) and c), which determines these sub-
spaces completely. This description of the two subspaces, together with
the inductive assumptions, gives a), d), and e) at the next stage. At the
final step, when I=k, the containments N(W. )cWi_, and NW))c
W._, are automatic. Existence and uniqueness of the filtration now
follow. Since N'~* identifies Gr,,_,(W,) with Gr(W,), the decomposi-
tion (*) only needs to be constructed for IZk; in view of d) and e), this
can be done.

If N is skew adjoint with respect to a nondegenerate bilinear form S,
then the dual filtration {'W}, with ‘W;=Wj_,_,, also satisfies a)-c)
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whenever 0</<k. Hence {'W;} has all the properties which characterize
the filtration {W}, and therefore the two filtrations coincide. In par-
ticular, the bilinear form S, on Gr,(W,), [k, is well defined. The various
properties of S; also follow from the self-dual nature of the filtration.

According to (6.3), if  is a representation of s on V, y(Z) must be
diagonalizable, with integral eigenvalues. Also, ¥ (X_) maps the l-eigen-
space into the (/— 2)-eigenspace, and for >0, y (X _) maps the l-eigen-
space isomorphically onto the (—I)-eigenspace. Hence, if Y (X_)=N,
and if W is defined as the span of all eigenspaces of y (Z) corresponding
to eigenvalues less than or equal to [—k, the filtration {W} has all
properties which define {W}, so that W;=W,. Again because of (6.3),
the l-eigenspace of y(Z) decomposes into the kernel of y(X_)'*' and
the image under (X _) of the (I+2)-eigenspace, if 1=0. This gives the
last assertion of the lemma.

I shall return to the geometric situation of a family n: ¥ —4*
According to (6.1), the unipotent part y, of the Picard-Lefschetz trans-

fi ti
ormation yi H(V,, Q)= H (V,, @), ted*,

is unipotent of index at most k+1, so that N**!=0, where

N=logy, =Sk (= 1+ G, ~1).

The filtration
OcWycWic-cWy,_ = VV2k=Hk(V;9 Q),

constructed from N in the manner described by Lemma (6.4), is Deligne’s
monodromy weight filtration. For reasons of notational economy, I shall
refer to its complexification in H*(V,, €) by the same letters. Relative
to the flat structure on the vector bundle H — 4* (cf. §2), the Picard-
Lefschetz transformation y, and therefore also y,, y,, and N, are flat.
Hence the weight filtration is flat, and it can be transferred to a filtration

(6.5) OcWoc W, c Wy, = Wy =Hg,

where HE denotes the fibre of the pullback of Hg— 4* to the universal
covering space of 4*. On the quotients Gr,(W), the actions of y and y;
coincide and are of finite order. Also, the weight filtration is compatible
with the decomposition (2.2), because the polarization was assumed to
be 7, (4*)-invariant.

As an additional assumption on the family z: ¥— 4*, I shall require
that the total space ¥~ carries a Kihler metric, corresponding to an
integral cohomology class ne H?(¥,, €). The polarizing classes #, are
to be the restrictions of # to each V,. The Kihler metric then puts a
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distinguished inner product on H*(V,, C), for every te A*. I shall denote
the resulting norm by | |,. If toe4* is fixed and veH*(V,,, €) some
cohomology class, v determines a multiple-valued, flat section of
Hg — 4*. Thus t—||v], may be regarded as a multiple-valued function
on 4* On each radical ray t=re'’, 0<r<1, or more generally on a
proper angular sector, one can choose a single-valued, continuous
branch of this function. Deligne first conjectured the following statement,
and later independently deduced it from Theorem (4.9) and an earlier
version of Theorem (5.13).

(6.6) Theorem. Let tyeA* and veH*(V,,, ©). Then v belongs to W, if
and only if, along the radial ray through t,,

lol,=0((—log[¢)*~")  as || —0.

Moreover, this estimate holds uniformly on every angular sector.

Implicit in the theorem is the assertion that any two branches of the
function ¢ — ||v||, on a common angular sector must be mutually bounded.

If ve H*(V,,, €) happens to be an invariant cohomology class, i.e.
yv=v, t>||v||, becomes a single valued function on A4*. According to
the theorem, this function is bounded near the puncture precisely when
veW,. On the other hand, for I>k, N'~* determines an isomorphism
between Gr,(W,) and Gry,_,(W,); consequently, W, contains the kernel
of N, and thus also all invariant cohomology classes. Hence:

(6.7) Corollary. An invariant cohomology class has bounded norm near
the puncture of A*.

In Section 7, in order to prove certain global statements about the
period mapping of an algebraic family, it will be helpful to have 6.7)
not just in the geometric setting, but also for an abstract variation of
Hodge structure. Let then {Hg, F?} be a variation of Hodge structure
of weight k, with base space 4* The weight filtration, which can be
defined as before, filters Hg, by a family of flat subbundles {W,}. However,
unless H”?=0 for p<0 and g <0, the length of the weight filtration may
exceed 2k. The Weil operators of the Hodge structures corresponding
to the various points teA* fit together, to give a C* bundle map
C: H”%— H”* with C equal to multiplication by i?~4 on H”4. Since S
polarizes the Hodge structures,

S(Cu,v)

defines a positive definite Hermitian metric on the fibres of Hg. Let v
be a, possibly multiple-valued, flat section of H¢. The proof of (6.6)
below also proves the following abstract version:

17 Inventiones math., Vol. 22
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(6.6) Theorem. The (multiple-valued) flat section v lies in W, if and only
if, along a radial ray,

S(Cv,0)=0((—log|t])~*) as |t| 0.
Moreover, this estimate holds uniformly on every angular sector.
Just as (6.6) implies (6.7), (6.6') leads to

(6.7) Corollary. For any single-valued, flat section v of Hg, the func-
tion S(C v, v) is bounded near the puncture.

Proof of (6.6). As was pointed out before, the weight filtration is
compatible with the decomposition (2.2). Also, according to standard
facts in Kihler geometry [25], the decomposition (2.2) is orthogonal,
and the operators I in(2.2) are isometries. It therefore suffices to consider
primitive cohomology classes. Let P&— A* be the flat bundle whose
fibres are the k-th primitive cohomology groups of ¥}, te 4*. The universal
covering 1: U — 4*, defined in (4.2), pulls P§ back to a trivial bundle
on U, whose fibre I shall denote by B¥. Asin§3, D will refer to the clas-
sifying space for Hodge structures on R, with the appropriate Hodge
numbers. The period mapping, composed with g, lifts to a map &: U — D.
For each ze U, I choose m(z)e Gy, such that the V-coset of m(z) represents
®(2)e D= Gyg/V. As follows from the basic Kiéhler identities,

(6.8) lo)2=i#-2S(,7) forall vePP4(V;, T).

Hence, in order to compute |v||? for t=1(z) and ve P*, I may split v
into its Hodge components relative to the Hodge structure at é(2),
compute the square lengths of these Hodge components by means of
(6.8), and add them up. Since Gg preserves S and complex conjugation,
I may equivalently take the Hodge components of m(z)~! relative to
the reference Hodge structure, which corresponds to the base point oe D,
and sum up the squares of their lengths. Since T maps vertical lines to
radial rays, and vertical strips to sectors, this reduces the theorem to the
following assertion:

(6.9) veB¥ belongs to W, if and only if
[m(z)~'v]|=0(Imz)!~%?) as Imz— oo,
and the estimate holds uniformly on vertical strips;

here | || stands for an arbitrary V-invariant linear norm on B¥.

_ Because of (4.9), for some £>0, the Gg-invariant distance between
@(z) and exp(zN)o a is bounded by e~*'™% as Imz—o0. If z=x+iy,
in the notation of (5.13),

exp(zN)oa=exp(xN) g(y) exp(—3log y ¥, (Y))o 0.
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Since all of the factors on the right lie in Gg, the distance between o
and the point

(6.10) exp(3log y ¥, (Y)) g(»)~' exp(—x N)o &(z)

has order e~*"™2 as Im z— o0. One can therefore choose a Gg-valued
function s(z), defined for Im z> 0, such that the V-coset of s(z) represents
the point (6.10), and such that

6.11) Is(z)=1=0(e~*™2), as Imz— oo.
Clearly, I can now arrange that

m(z)"'=s(z)"" exp(5log y ¥, (Y)) g(»)~ ' exp(—x N).

Since exp(—x N) operates trivially on the successive quotients of the
filtration, and in view of (6.11), this makes (6.9) equivalent to

(6.12) veR! belongs to W, if and only if, as y — oo,
lexp(3log y ¥, (1)) g(3)~ o] =0 (0 -412).

In particular, the estimate in (6.9) will be uniform on vertical strips.
Asin (5.13h), I assume g(o0)=1. The elements

(o 1 (i ob o gfectem

satisfy the same commutation relations as Z, X +» X_ in (6.2); also y,,
maps the first of these to ¥, (Y) and the last to N. Hence, according to
the next to last assertion of (6.4),

(6.13) W, is the span of all eigenspaces of ¥, (Y) which correspond to
eigenvalues less than or equal to I—k.

I consider an element v of the (I—k)-eigenspace of ¥, (Y). Because of
(6.13g) and the preceeding description of the filtration {W}, gt
has a power series expansion

g()’)—IU=U+Zj;1 ij_j, with veW,; ;.

For each coefficient v;, exp(}logyy,(Y))v; has order of growth at
most y!—*+i-1/2 Hence

exp(zlog y ¥, (Y)) g ()~  v=0 =24 O (! -*-212),
which verifies (6.12) and concludes the proof.

In order to put the next result into perspective, I shall recall a defini-
tion of Deligne. Let Hg be a finite dimensional real vector space with
complexification Hg, and with a @-structure coming from a lattice
17*
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Hyc Hg. A mixed Hodge structure on this vector space consists of an
increasing filtration

OccW-lcWcW'*tlc...c Hg,

which is defined over @ (the “weight filtration™), and a decreasing
filtration Heo - D FP15FPSFrils.. 50

(the “Hodge filtration ), such that for each I, the filtration {F?(Gr(W,))},
with FP(Gr(W,)=F* A WFP Wy,

constitutes a Hodge filtration of pure weight [ on Gr(W,). The notion
of a Hodge structure of pure weight k can be viewed as a special case:
as F-filtration, one takes the Hodge filtration of the weighted Hodge
structure, W, is set equal to the full vector space, and W _, is set equal
to the zero subspace. If Hg and Hg are vector spaces with mixed Hodge
structures, a linear transformation T: Hg — Hg is said to be a morphism
of mixed Hodge structures of type (n, n), with neZ, if it preserves the
rational structure, and if

TFPcF ?*",  TW,cW,,.,

for all indices p and I. A morphism of type (0, 0) will simply be called
a morphism.

The importance of mixed Hodge structures stems from the following
theorem of Deligne:

Theorem (Deligne [7]). The complex cohomology groups of a complex
projective variety carry mixed Hodge structures which are functorial. In
the case of a nonsingular variety, these mixed Hodge structures reduce to
the ordinary Hodge structures of pure weight.

Again, I consider a family n: ¥"— A*, parameterized by the punctured
disc. Let H% — 4* be the flat bundle whose fibre over te 4* is H*(V,, C).
Via the universal covering t: U — 4%, H% pulls back to a trivial bundle
on U, with fibre H%. For each zeU, there is a natural identification
between HE and H*(V,, €), with t=1(z). By transferring the Hodge
filtration of H*(V,, C) to HX via this identification, one obtains a Hodge
filtration

(6.14) Hi=F°>E!'s...oF1s5F 50

which depends holomorphically on z. Also, if y: Ht— HE denotes the
Picard-Lefschetz transformation, F? =y FP. Let y=v,y, be the Jordan
decomposition of y, m the order of y,, and N=1log y,. As in § 4, one finds

that z>exp(—zN)E?,



Variation of Hodge Structure 255

considered as a mapping of U into an appropriate Grassmann variety,
is invariant under the translation z+sz+m. Because the decomposi-
tion (2.2) is compatible with the Hodge decomposition and with the
action of v, (4.9) guarantees the existence of

ch =limlmz—»w exp(—ZN) sz,
uniformly in Re z. The resulting filtration
(6.15) H@=F£DF£3-~3F£‘13F£DO

need not be a Hodge filtration, of course.

It should be pointed out that the filtration (6.15) depends on the
choice of the coordinate ¢t on the disc 4. To be precise, the construction
becomes canonical only after the value of the differential dt at t=0 is
fixed. Passing from one local coordinate to another has the effect of
replacing the filtration {FZ} by {exp (4 N) F?}, for some ieC. However,
the filtrations which {F?} induces on the kernel and the cokernel of N,
and on the quotients of the weight filtration, are completely canonical.
It is these induced filtrations which have geometric significance.

The Kihler operator L: HE — H&*? commutes with 7, and hence also
with N, and since it maps the subspace E? of Hg into the subspace
EP*! of Hg*?, for each ze U, it raises the index of the weight filtrations
by two and the index of the filtrations (6.15) by one.

(6.16) Theorem. The two filtrations {W} of (6.5) and {F?} of (6.15)
determine a mixed Hodge structure on HX. With respect to this mixed
Hodge structure, N is a morphism of type (—1, —1), and the Kihler
operator L: Hg— Hg*? is a morphism of type (1,1). In particular, the
mixed Hodge structure of HE restricts to one on the primitive part Pt HE.
The induced Hodge structures of pure weight | on Gr, (B W,) further
restrict to Hodge structures on

PGr(BNW,), Izk,

which are polarized with respect to the nondegenerate bilinear forms S,
on Z, (¢f. Lemma (6.4)).

This statement had been conjectured by Deligne, and he also deduced
it from an earlier version of Theorem (5.13).

As the theorem asserts, for each I, the filtration {FZ} induces a
Hodge structure of weight ! on Gr(W,). Since N operates trivially on
Gn(W,), {exp(zN) F2} induces the same filtration on Gr(W,) as {F2},
for every zeC. Hence the theorem is equivalent to saying that the two
filtrations {W;} and {exp(z N) F?} determine a mixed Hodge structure,
for each ze €. According to (4.9), as Im z — oo, the filtration {exp(z N)F2}
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asymptotically approaches the filtration (6.14). One might therefore
suspect, that for all zeU with sufficiently large imaginary part, {F?}
and {W,} give a mixed Hodge structure on Hg. Deligne had originally
conjectured this stronger version of (6.16), which is listed as problem (9.17)
in [12]. However, as Deligne has pointed out since, (6.16) is all that
should be expected: if the Hodge filtration of a mixed Hodge structure
is perturbed slightly, the result will usually not be a mixed Hodge struc-
ture any more; not even the horizontal nature of the period mapping
suffices to remedy this problem. In some special cases, which include
the periods of Abelian varieties and of K3 surfaces, the stronger version
of (6.16) does become correct. This fact was observed by Deligne, and
it may be worthwhile to state it explicitely:

(6.17) Proposition. Let Pt HE be the primitive part, and suppose that
the classifying space for the Hodge structure on P& happens to be Hermitian
symmetric. Then, for every zeU with sufficiently large imaginary part,
the two filtrations {FP N RY} and {W,n B} determine a mixed Hodge
structure on BY. The resulting Hodge structures of pure weight | on
Gr(W, N RY), viewed as a function of z, have a limit as Imz— o0; the
limit coincides with the Hodge structure of weight | induced by the filtration
{FEnRE}.

I shall prove the proposition at the end of this section, following the
proof of Theorem (6.16).

I now suppose temporarily that n: ¥"— 4* can be continued to a
family over thedisc 4, by inserting a pos51bly singular fibre over the origin.
More precisely, let ¥~ be Zariski open in a complex submanifold ¥
of some projective space, such that n extends to a proper, surjective,
holomorphic mapping n: ¥"— 4. The polarization of the fibres V;, t+0,
are to be the ones induced by the given projective embedding. The
central fibre V,=n"1(0) the has the structure of a projective variety.
According to Clemens [3], V, is a strong deformation retract of ¥; so
that H*(V,, C)=H*(¥,C). Composing this isomorphism with the
mapping which corresponds to the inclusion ¥,~>7¥] one obtains a map
H*(V,, €)— H*(V,, €), t+0. The image consists of cohomology classes
which come by restriction from the total space to the fibre of the C*
bundle V,— ¥ — A4*, and these must be invariant under the action of
the Picard-Lefschetz transformation y. Since there is an identification
between HY and H*(V;, €), which is distinguished up to the action of y,
this gives a well-defined map

(6.18) H*(V,, ©)— HE.

According to Deligne’s construction on the one hand and to Theo-
rem (6.16) on the other, both the domain and the target of the mapping
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(6.18) carry canonical mixed Hodge structures. It is thus natural to ask
if the mapping is a morphism. An affirmative answer to this question
and a discussion of its geometric significance, along with a number of
related matters, will be contained in a forthcoming paper, jointly written
with H. Clemens.

Now to the proof of (6.16)! Once the filtrations {F?} and {W} are
known to give a mixed Hodge structure on HE¢, the statements about
N and L do not present any problems: as was pointed out above (6.16),
L raises the index in the Hodge filtration by one, and in the weight
filtration by two; according to the definition of the weight filtration,
N(W)<=W,_,, and in view of the final statement in (4.9), combined with
Lemma (3.18), N maps F2 to F2~!. As for the main assertions of Theo-
rem (6.16), since N and the Kiihler operator commute, it suffices to
consider the primitive part B¥ of H. To simplify the notation, I shall
refer to the filtration {FZ R} as {F?} from now on, and similarly to
{W.nR¥} as {W}. It should be recalled that the filtration {F?} corre-
sponds to the point aeD. According to (5.13),

a=exp(—zN)g(—iz)oy(z).
On the other hand, ¥ (z) is the exp(z N)-translate of the base point oeD.
Hence, whenever g(—iz) is defined,
(6.19) a=Adexp(—zN)(g(—iz))oo.

For reasons of convenience, I shall assume that the base point has
been chosen as in (5.13h), so that g(c0)=1.

(6.20) Lemma. The limit of Ad exp(—zN)(g(—iz)), as z tends to infinity,
exists in Gg. Let g, be the value of this limit; then g, preserves the filtra-
tion {W} and operates as the identity on Gr(W,), for each .

Because of (6.19), the point a coincides with the g_-translate of o.
Hence:

(6.21) Corollary. For each I, the reference Hodge filtration and the
filtration {F?} determine the same filtration on Gn(W,).

Proof of (6.20). It follows from the next to last statement in (6.4)
that W, can be described as the direct sum of those eigenspaces of Y (Y)
which correspond to eigenvalues less than or equal to I—k; this was
already observed in the proof of (6.6). Hence if g(—iz) is expanded as

g(_iz)=1+2ngl gn(_-iz)_n’

the coefficient g, maps W, into W,,,_, (cf. (5.13g). Consequently,
(Ad N)"g, maps W, into W,_,_,; in particular, for all | and all n>1,

(6.22) (AdN)y'g,(W)=W,_,.
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According to (5.13h),
(Ad Ny'+'g,=0,

which leads to the identity
Adexp(—zN)(g(—iz))
=1+Y 21 Yosisa(—1) "(Ad N)' g, z~ =,
Hence lim, _,,, Ad exp(—z N) g(—i z) exists and equals
8o=1+Yu21(~)'(AdN)"g,.

The remaining assertion now follows from (6.22).

In view of (6.21), as far as the proof of (6.16) is concerned, I may as
well assume that {FZ} is the reference Hodge filtration, and I shall now
consider this special case. In the original definition of a weighted Hodge
structure, the underlying vector space comes equipped with a Q-structure
and a lattice. In the following arguments, various Q-structures and lattices
can be dragged along; however, they would only be excess baggage.
Hence, for the remainder of the proof, the underlying vector spaces of
Hodge structures will be required only to carry an R-structure.

In (5.10), I defined generators Z, X, X_ of s1(2, €); they satisfy
[Z, X, 1=2X,, [Z, X ]=-2X_, [X,.X_1=2Z
Z--7z, X,=Xx_.

Now let {H”?} be a Hodge structure of weight k on the vector space
He=Hir @gC. A linear action of s1(2,C) on Hgy — for simplicity, I
shall denote it by juxtaposition — will be called horizontal if it is defined
over R, and if

X, HPic HP-VLa+l x Hric Hp+ba-1  ZHPd- [P

for all p,q. Incidentally, the second and third of these relations are
consequences of the first. When the Hodge structure happens to be
polarized by a bilinear form S, I shall say that the s1(2, €)-action is
compatible with the polarization if s1(2, €) acts as a Lie algebra of in-
finitesimal isometries of S. A subspace H, c H is invariant with respect
to the given Hodge structure and horizontal s [(2, C)-action, if it remains
stable under complex conjugation, the s1(2, €)-action, and under the
projections onto the Hodge subspaces H? ?c Hg. The subspace H, = Hg
shall be said to be irreducible, again with respect to the given data, if it
is a minimal nontrivial invariant subspace.

For the statement of the next lemma, I need a repertoire of basic
examples. The one-dimensional complex vector space €, with the obvious
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real structure, carries a unique Hodge structure of weight 2. Deligne
denotes it by H(1) and calls it the “Hodge structure of Tate”. For n=0,
H(n) shall be the n-th symmetric power of H(1), and H(—n) the dual of
H(n) (cf. (2.12)). The trivial sI(2, C) action is clearly horizontal with
respect to H(n). Also, each H(n) has a natural polarization: the under-
lying vector space of H(n) can be identified with C; the nondegenerate
bilinear form S on €, which is normalized by S(1, 1)=1, then gives the
polarization. Next, let e;, e, be the standard basis vectors of €2 For
p#g4, I define a Hodge structure E(p, q) of weight p+4q on €2, with the
natural real structure, by requiring that

v,=e +ie,

shall be of type (g, p), and
v_=e —ie,

of type (p, q). Again the trivial s1(2, €) action is horizontal, and with
respect to it, the Hodge structure E(p,q) becomes irreducible. The
bilinear form S on €2, which is described by the identities

S(U+, U+)=0, S(v_,v_)=0,

(6.23)
Sw,,v)=2i""% S@v_,v,)=2i1"7,

polarizes E(p, q). Next, I let S(1) denote the same Hodge structure as
E(1, 0), but equipped with the standard s1(2, €)-action on the underlying
vector space €. One can check directly that this action is horizontal.
With respect to the bilinear form S of (6.23), in the special case when
p=1,q=0, s1(2, C) acts as a Lie algebra of infinitesimal isometries, so
that the action and the polarization become compatible. Finally, S(n)
shall be the n-th symmetric product of S(1), as polarized Hodge structure
(cf. (2.12)); from S(1), S(n) also inherits a horizontal s1(2, C)-action,
compatible with the polarization. Since S (n), for n>0, is irreducible even
as an s[(2, €)-module — this follows from a comparison of the eigen-
values of Z with the statement (6.3)— it must certainly be irreducible with
respect to the Hodge structure and sl(2, €)-action, considered as an
entity. The following result was first used by Deligne:

(624) Lemma. Let He=Hg ® € be a complex vector space with a Hodge
structure of weight k and a horizontal s1(2, €)-action. Then Hg can be
decomposed into a direct sum of subspaces which are invariant and irre-
ducible with respect to the given structures. Every irreducible subspace is
isomorphic — relative to the Hodge structure and horizontal action — to
one of the following types: H(k,) ® S(k,), with k,e€Z, k,=0, and k=
2k +k,; or E(p,q)® S(k,), with p>gq, k;20, and k=p+q+k,. If the
Hodge structure of Hg happens to be polarized, compatibly with the
s1(2, €)-action, then the decomposition can be chosen to be orthogonal
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with respect to the polarization, and the isomorphisms between the irre-
ducible constituents and the irreducible structures of special type can be
chosen with the further restriction that they should preserve the polariza-
tions.

Proof. Since Z leaves the Hodge subspaces invariant and acts semi-
simply, with integral eigenvalues, one can define an SO(2)-action on
Hpg as follows: if ve H”? also lies in the l-eigenspace of Z, the element

( cosf sin 0)
—sinf cos6

of SO(2) shall operate on v as multiplication by e‘‘*?~9% The action
of SO(2) is orthogonal with respect to any polarization which Hg might
carry. I may regard SO(2) as the group of real points of an algebraic
1-torus T, which is defined and anisotropic over R. The SO (2)-action
extends to a representation of T over IR. The action of s(2, C) on Hg
determines a representation, again defined over R, of the algebraic
group SL,. Because of the horizontal property, the representations of T
and SL, commute. Hence they determine a representation of the product
T x SL,. A Z-stable subspace of Hg carries a sub-Hodge structure if and
only if it is self-conjugate and invariant under the SO(2)-action. It follows
that the subspaces which are invariant, respectively irreducible, with
respect to the Hodge structure and s (2, C)-action correspond bijectively
to those invariant, respectively irreducible, subrepresentations of the
representation of T'x SL,, which are defined over IR. Because of the
reductive nature of the product group T x SL,, this proves the first
assertion of the lemma. If a bilinear form S on Hg polarizes the Hodge
structure in question and is compatible with the s1(2, €)-action, then
T x SL, operates as a group of isometries; moreover, on each sub-
Hodge structure, S must be nondegenerate. Hence the decomposition
can be performed orthogonally with respect to S.

An irreducible representation over R of the group T x SL, either
remains irreducible under SL,, in which case T acts trivially, or splits
into two conjugate subspaces, each of which is T-stable and SL,-irre-
ducible, with T acting nontrivially. The first situation corresponds to
an irreducible Hodge structure with sI(2, C)-action of the type
H(k,)® S(k,); here k, is the dimension of Hg plus one, and k, is deter-
mined by k=2k, +k,. The second case corresponds to a Hodge struc-
ture of the type E(p,q)® S(k,); now Hg has dimension 2(k,+1), the
integer p—gq is an invariant of the action of T, and k=k,+p+q; this
determines k,, p, q completely. The final details of the verification are
left to the reader. For an irreducible representation of T x SL, over IR,
the space of bilinear forms over IR, which are preserved by the represen-
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tation, has dimension one. Also, a real multiple of a polarization form
is again a polarization precisely when the multiplicative constant is
positive. Hence any two polarizations on an irreducible Hodge structure
with horizontal s1(2, €)-action, as long as they are compatible with the
action, must be related by a multiple of the identity transformation.
Hence the lemma.

In the following, He= Hx ®xr € will be a complex vector space with
a Hodge structure {H" %} of weight k, and a horizontal s1(2, C) action.
The elements Y=i(X_—X_),

N,=L(X,+X_-2iZ), N =iX,+X_+2iZ)

satisfy the same commutation relations as Z, X, X_. Thus Y acts
semisimply, with integral eigenvalues, and N_ maps the I-eigenspace
of Y into the (I—2)-eigenspace. I let W, denote the direct sum of all
those eigenspaces of Y which correspond to eigenvalues less than or
equal to [—k. Then {W} forms an increasing filtration of Hg, defined
over R. By 4, I denote the projection into Gr(W,) of the kernel of
N!~*+1 on the (I—k)-eigenspace of Y.

(6.25) Lemma. The Hodge filtration {F?} of the Hodge structure { H” 9},
together with the filtration {W}, determines a mixed Hodge structure
on Hg. The induced weighted Hodge structure of Gr(W,) restricts to a
Hodge structure on the subspace %,. If a bilinear form S polarizes the
original Hodge structure, compatibly with the s1(2, C)-action, then S,
defined as in (6.4), polarizes the induced Hodge structure on %,.

Proof. If Hg can be decomposed into a direct sum of subspaces which
are invariant with respect to the given data, and if the statement holds
for each of the summands, then it holds for the entire space. Hence,
and in view also of the preceeding lemma, I may assume that Hg is of
type H(k,) ® S(k,), or of type E(p, 9) ® S(k,).

In the first situation, the tensor product with the one-dimensional
Hodge structure H(k,) only has the effect of shifting the indices in the
Hodge filtration by k,, and in the weight filtration by 2k,. I may thus
limit myself to the case when k; =0, k, =k. The underlying vector space
Hg is now the k-th symmetric product of €. The vectors e;, e,,v,,v_
shall have the same meaning as in the definition of S (1), or more accurately,
as in the definition of E(1,0). Then H”*~? is spanned by v~ ?v” ;
{ei=ieh|2i< 1} forms a basis of W,. Evidently Gr(W,) vanishes for all
odd integers I. In the even case, I claim that

Wy, e Wy, +F, and

6.26 :
( ) W2j¢W2j_2+F‘,+l, lfjg()
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Because the s[(2, C)-action is known to be irreducible, N_ must map
W, onto W,_, (unless [—2=k; cf. (6.3)). Hence it suffices to verify the
containment for j=k, and the non-containment for j=0. The vector v*
spans F*; moreover,

vt =(e;—ie)'=(—i)é5 mod Wy, _,,

so that Wy, =H¢=W,,_,+F* On the other hand, ¢ spans W, but
does not lie in F!:

=2, +v_)¢F =span of {v“\"Pv? |p=1}.
+ +

This gives (6.26). Consequently, for 0= j<k, {FP} induces a Hodge
structure of weight 2j on Gr,;(W,), which is isomorphic to H(j). Except
for I=2k, &, is zero; in the remaining case, %,,=Gr,, (W,). On S(1),
the polarization form S, which is described by (6.23), must satisfy

S(er, e))=S8(ez,€)=0, S(e;, e;)=—S8(ez, €)= —1.

Consequently, for the resulting bilinear form on the k-th symmetric
product of €* — I shall also denote it by S — one has S(¢, e)=1.
If e designates the image of &% in 2, according to the definition of S,

in (64), Soule )= S(h, Nk )= S(h, ) =1.

Since e is a real basis vector for £,,, this shows that S,, polarizes the
Hodge structure of &,,.

The remaining situation, when the Hodge structure is of type
E(p, 9 ® S(k,), can be reduced to the case which was just treated. Since
s1(2, €) acts trivially on E(p, g), the (I+ p+ q)-th quotient in the gradation
of the tensor product is naturally isomorphic to the [-th quotient in the
gradation of S(k,), tensored with E(p, q). The isomorphism is also an
isometry with respect to the various bilinear forms. Hence I may quote
(2.12), to obtain the desired conclusion.

In order to deduce Theorem (6.16), I choose the base point oeD as
in (5.13g). As was pointed out already, I may then assume that {F2} is
the Hodge filtration of the reference Hodge structure. According to
(5.13), the reference Hodge structure comes equipped with a horizontal
s[(2, €)-action. Since the action is described by a homomorphism of
s1(2, €) into the Lie algebra of infinitesimal isometries of the polariza-
tion, the horizontal s1(2, C)-action and the polarization are compatible.
The linear transformation N in (5.18) corresponds to N_, as defined
above (6.25); also Y, N,, N_ satisfy the same commutation relations as
Z, X,, X_. Hence the filtration {W;} and the subspaces #cGn(W,),
which were introduced just before the statement of (6.25), coincide with
the weight filtration and the spaces of primitive elements for the weight
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filtration; this may be inferred from the final assertions in Lemma (6.4).
Lemma (6.25) now gives the theorem.

Proposition (6.17) still remains to be proven. Again in order to
simplify the notation, I shall refer to the filtrations {F2 n B}, {F? n R},
{W,n R} of R¢ simply as {FZ}, {F?}, {W}. At this stage, one should
recall Theorem (4.9). The filtration {F2} corresponds to the point

a= lirnlm z—00 lfl (Z)
of D, and the filtration {F?} to the point
d(z)=exp(zN)o P(m~'2).

For any zeC, exp(zN) preserves the weight filtration and operates
trivially on the successive quotients. Hence, without altering the con-
clusion of (6.17), I may replace the filtration {F?} by the filtration
corresponding to the point ¥(m~'z). I choose the base point oeD as
in (5.13g), and the element g,eGy as in Lemma (6.20). Since g,
operates trivially on the quotients Gr,(W,), I may further simplify the
situation by translating both a and ¥ by gZ'. In other words, I can
assume that a coincides with the base point o, and that

o=limy, .. P().

Every filtration which is sufficiently close to a given Hodge filtration
must again be a Hodge filtration. Hence the preceeding remarks,
Theorem (6.16), and the following lemma together imply (6.17).

(6.27) Lemma. Suppose that the classifying space for Hodge structures
happens to be Hermitian symmetric. Then there exists a Zariski open
subset U of D, which contains D, and which has the following property:
the filtration {FF} corresponding to the points b of U induce filtrations
on the quotients Gr,(W,), which depend continuously on b.

Proof. In the case of a Hermitian symmetry space, the isotropy
group V at the base point must be maximal compact in Gg. I shall
therefore denote it by K. It is possible to choose an Iwasawa decom-
position UAK of Gg, such that the Lie algebra of 4 contains ,(Y)
(notation of (5.13)), and such that the Lie algebra of U includes all
eigenspaces of ¥, (Y) on g, which belong to negative eigenvalues. Let
M be the centralizer of 4 in K. Then UAM is the group of real points
of an R-parabolic subgroup P of G. Since UA acts transitively on D,
the Pe-orbit of any point of D contains all of D. I denote the orbit by %.
As an orbit of a parabolic subgroup of G¢, which contains an open
set relative to the Hausdorff topology, % has to be Zariski open in D.
The groups U, A, M all preserve the weigth filtration (4 and M even
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preserve the gradation defined by v, (Y)); hence so does B;. The action
of B on the quotients Gr,(W,) is certainly continuous. This gives the
assertion of the lemma.

§ 7. Global Properties of the Period Mapping

By looking at the curvature of the Hodge bundles, Griffiths [11]
established certain global properties of the period mapping of a variation
of Hodge structure — and thus in particular for the period mapping
of a family of polarized algebraic manifolds — under the assumption
that the base space is compact. In rough outline, the arguments proceed
by considering the square lengths of certain holomorphic sections of the
Hodge bundles. These functions on the base space turn out to be pluri-
subharmonic, because of the nature of the curvature in the Hodge bundles.
A compact manifold does not carry any nonconstant plurisubharmonic
functions. Through further reasoning, this then leads to the conclusions
about the period mapping.

In the geometric situations which usually occur, the base is not
compact, but only Zariski open in a compact variety. Such manifolds
do admit nonconstant plurisubharmonic functions, but only unbounded
ones. Griffiths’ arguments therefore extend to this more general setting,
as soon as the plurisubharmonic functions which come up are known
to be bounded. The results of §6, in particular (6.7), do give the
boundedness of the functions in question, and hence they make it
possible to apply the curvature arguments, even if the base is not
necessarily compact. As was mentioned in the introduction, Deligne [6]
had already proven Griffiths’ theorems for algebraic families with
quasi-projective base, by algebraic geometric methods. The transcen-
dental arguments which are based on the curvature of the Hodge
bundles have the minor advantage that they do not depend on the
presence of any algebraic structures.

In this section, I shall prove Griffiths’ theorems about the period
mapping for families whose base is Zariski open in some compact
analytic space, and more generally, for an arbitrary variation of Hodge
structure with a base space of this type. Passing to the more general
abstract setting has the advantage of actually simplifying the proofs.
The starting point, of course, is the curvature of the Hodge bundles,
which was computed by Griffiths in [11]. I shall include a derivation
of the curvature properties; not only for the sake of completeness, but
also because some simplifications are possible. These simplifications
were the result of a conversation with Griffiths.

I begin by recalling some basic facts about connections. Let M be
a complex manifold, and E— M a holomorphic vector bundle. A con-
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nection for E is a C-linear mapping

V: C*(E)— C*(I¢®E)
(T =complexified C* cotangent bundle), which satisfies the derivation
rule Vie=df ® e+f Ve,

for every C*® section e of E and every C* function f. If X is a C*® vector
field, V(X) will denote the operation of V, followed by contraction
with X. The connection V is said to be of type (1, 0) if ¥ (X) e=0, when-
ever e is a holomorphic section and X an antiholomorphic vector field.
Let {e,..., e} be a local holomorphic frame for E. The connection
matrix of V, relative to the local frame, is the » x r matrix of 1-forms

((pl), such that Vei=2j (P{ ® ej;

on its domain of definition, it determines the connection completely. The
connection forms have type (1, 0) precisely when ¥ is a (1, 0)-connection.

Next, I suppose that E carries a nondegenerate, but not necessarily
positive definite, Hermitian pseudometric. A connection V will be
called compatible with the pseudometric if, for every vector field X
and sections e;, e, of E,

(V(X) er, e2)+ (e, V(X) e3)=X(ey, e3).

In terms of the connection matrix (¢}) of a local holomorphic frame
{ey, ..., e,}, this condition becomes equivalent to

(7.1) Zz ¢5hz,~+21 hil¢}=dhij’

where h;;=(e;, ¢;). When V happens to be of type (1, 0), the first summand
in (7.1) has type (1,0), and the second has type (0, 1). Thus, equating

terms of the same type, one finds ), ¢} h;;=0h;j; or, in matrix notation,

(72) (‘Pf) =(ahij) (hij)_ L.
In particular, this proves:

(7.3) A holomorphic vector bundle with a nondegenerate Hermitian
pseudometric carries a unique (1, 0)-connection which is compatible
with the pseudometric.

I shall refer to this connection as the metric connection.

To each connection V of E, there corresponds a dual connection V*
on the dual bundle E*, which is uniquely determined by the require-

ment that F*Aed+ A Vey=d{4,e),

for every section e of E and A of E*. If (¢i) is the connection matrix
of V relative to a local holomorphic frame {e,,...,¢,} of E, and if
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{4}, ..., A"} is the dual frame,
(7.4) Pri=—Y,0ld,

as one checks directly. A Hermitian pseudometric of E induces one
also on E*. With respect to it, the matrix of inner products (4} %)
coincides with the transposed inverse of the matrix (h;). In view of
(7.2) and (7.4), the last remark implies that

(7.5) the dual connection of a metric connection is the metric con-
nection corresponding to the dual pseudometric.

It will be necessary to study induced connections on subbundles
and quotient bundles. For this purpose, I consider an exact sequence
of holomorphic vector bundles

(7.6) 0—E —SE—2>E" —0.

Let ¥ be a (1, 0)-connection on E. Every C*® splitting s: E’ —E of the
sequence (7.6) determines a connection V' on E":

(7.7 Ve=j"'(1-sq)Vje, eeC (E).

Evidently F’ is again a (1, 0)-connection, even though the splitting s
need not be holomorphic. If E comes equipped with a Hermitian
pseudometric, whose restriction to E’ shall be nondegenerate, the C*
orthogonal decomposition E=E’ @ E'* defines a C* splitting s: E"—E.
In this situation, under the assumption that V is the metric connection,

(7.8) the connection V' of (7.7) coincides with the metric connection
of E/, relative to the restricted pseudometric.

In order to verify the statement (7.8), one only has to check that P’
is compatible with the restricted pseudometric. Let e, e, be sections
of E', and X a vector field. Then

V(X)je=jay+sb,, V(X)jey=ja,+sb,,
for suitable C® sections a;, b; of, respectively, E' and E". By definition
of V", V'(X)ey=a,, V'(X)e,=a,.
Since sE” is perpendicular to E',
(V'(X) ey, e5)+(er, V'(X) e))=(iay, je))+( eg.j az)
=(ja;+sby,je)+(jey,ja+sby)
=(F(X)jen,jer) (e, V(X)jes)

=X(jel9je2)=X(e1’ 82),
as was to be shown.
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Again I assume that E carries a Hermitian pseudometric, whose
restriction to E' is nondegenerate, and that V is the corresponding
metric connection. Because the pseudometric is nondegenerate on the
subbundle E’, it projects to a pseudometric on the quotient bundle.
With respect to the projected pseudometric, the splitting s: E’ —E
becomes an isometry. By dualizing the sequence (7.6), one obtains an
exact sequence of vector bundles

0—E*—LE-L,E* 0

(j and ‘q are the bundle maps dual to j and q). As before, I let s: E' > E
denote the C* splitting of the exact sequence (7.6) which corresponds
to the pseudometric. Its dual ‘s coincides with the orthogonal projection
of E* onto E"*. According to (7.8), the metric connection of E* is
therefore given by the formula

PrXA='sV*'qh  (AeC®(E"¥).
Dualizing again, and using (7.5), one finds:
(7.9)  the metric connection V" of E” satisfies V" e=q V s ¢, for ee C*(E").

In order to review the definition of the curvature form, I consider
a holomorphic vector bundle E with a (1, 0)-connection V. If X, Y are
vector fields and e a section of E, the expression

O(X, Y) e=(V(X)V(Y)-P(Y)V(X)-V([X, Y]) e

is linear over the ring of C* functions in each of the three variables,
and it is skew in X and Y. Thus © may be regarded as a differential
2-form with values in the vector bundle Hom(E, E); @ is the curvature
form of the connection. I let @* denote the curvature form of the dual
connection F* on the dual bundle E*. If X, Y are vector fields, and e
and 4 sections of, respectively, E and E*, one finds

O¥(X,Y) A ep=—(VX(Y) AV (X) ep+{V*(X) A V(Y)ed

+LV([X, Y] ed+ X{P*(Y) 4, e)
=YF*(X) A, ed—[X, Y]<{4 e)

=ALFMVX)-V(X)P(Y)+V (X, Y])e)
=Y, V(X)e)+ XA, V(Y)ed
+X{P¥Y) A, ed—YV*(X) 4, e>
—[X, Y], e

=—L4LOX,Y)e)+XY{ed—-YX{ ed
—[X, Y14 e

=—{4L,O(X,Y)e).

18 Inventiones math., Vol. 22
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Hence — ©@*(X, Y) coincides with the transpose of O (X, Y):
(7.10) O*X,Y)=-'0(X, 7).

In the definition of the curvature form, if both vector fields X and Y
happen to be antiholomorphic, @ (X, Y) e must vanish, because of the
(1, O)-property of the connection. Consequently, the curvature form has
no component of type (0,2). I now suppose that V is the metric con-
nection corresponding to a Hermitian pseudometric. Then, for every
pair of vector fields X, Y,

(7.11) O(X,Y) is adjoint to —O(X, Y), relative to the pseudometric.
This can be verified by a computation which is formally identical to
the computation preceeding (7.10), except for the fact that the pseudo-

metric is conjugate linear in the second variable. In particular, since ©
has no (0, 2) component, it cannot have a (2, 0) component, either. Hence

(7.12) the curvature form of a metric connection is of type (1, 1).

One other observation should be made in this context. Let e,, e, be
holomorphic sections of the pseudo-Hermitian vector bundle E. The

MAPPINE (¢ ¥y (7 (X) 1, P (T) €)= (P (¥) 1, V() €2)

is linear over the ring of C* functions in both variables, and it is skew
symmetric. It therefore may be viewed as a differential 2- form, which
I denote symbolically by (Vel, Ve,). It has type (1,1), because V is a
(1, 0)-connection. The expression (@ ey, e,) also defines a scalar valued
(1, 1)-form. The difference of these is the Levi form of the function
(ey, e,); explicitly,

(7.13) 00(ey, e5)=(Ve,,Ve,)—(Oey, e,).
Since both sides of the equality are forms of type (1, 1), in order to
prove (7.13), it suffices to check it on a pair of vector fields X and Y, with
both X and Y holomorphic. For such vector fields, [X, Y] 0; also,
O(X,Y)e=—V(Y)V(X)e, provided e is a holomorphic section. Thus
aé(el, eZ)(X, ?)':dé(el’ el)(Xa ?)
= X(é(ex > ez)(?))— ?(é(el, 32)(X))_3(91, e)(LX, ?])
=XY(e;,e))=YX(e, ;)= Y(V(X) €, ez)
=(V(X) ey, V(Y) e))+(F(Y)V(X) ey, €)
=(V €15 Vez)(xa Y)—(@ €, eZ)(X9 Y)a
which verifies (7.13).
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Again, I look at an exact sequence of holomorphic vector bundles
0—E-—SE-1>E —0,

in which E carries a Hermitian pseudometric with a nondegenerate
restriction to the subbundle E'. Both E’ and E” then inherit a pseudo-
metric from that of E. I denote the metric connections on the three
bundles by V, V', V", and the corresponding curvature forms by @, @',
and @". For C* sections e of E' and vector fields X, the expression

0(X)e=qV(X)jeecC*(E")

depends linearly on both variables, linearly over the ring of C* functions.
Hence ¢ may be regarded as a (1, 0)-form with values in Hom ()", E");
it is the second fundamental form of the subbundle E'. I define o*(X)
as the adjoint of o(X). This makes ¢* C®-linear in X, so that ¢*
becomes a (0, 1)-form with values in Hom(E”, E'). The wedge products
c* Ao and 6 Ao* can therefore be viewed as (1, 1)-forms with values
in, respectively, Hom(E', E') and Hom(E", E”). It should be remarked
that if the Hermitian pseudometric of E happens to be positive definite,
for any two vector fields X, Y of type (1, 0), the bundle map c*ro(X,Y)
of E' is pointwise negative semidefinite, whereas o A 6*(X,Y) is point-
wise positive semidefinite.
(7.14) Lemma. Let s: E'—E be the C*® inclusion defined by the
pseudometric. Then

O'=j"'1-59)@j+0*Arc

O0"=qOs+0 Ac*.

Proof. In order to verify the first identity, I consider two holomorphic
sections ey, e, of E' and two holomorphic vector fields X, Y. In particular,
O'(X,Y)ey=—V'(Y)V(X)e;,and O(X, Y) jey=—V(Y)V(X)je,. Using
(7.8), as well as the orthogonality of jE' and sE”, one finds

(O (X, Y) ey, e)=—(V'(Y)V'(X) ey, €3)

== =5V (A -sq)V(X)jey,e,)

= ’(V(Y)(l —sq)V(X)j el,jez)
—(F(NV(X)je, jer)+(V(Y)so(X)ey,je,)
=(0(X,Y)jer,jer)—(sa(X) e, V(Y)je,)
=(0(X,Y)je;,jes)—(c(X) ey, 0(Y)e,)
=(T'1-59O(X,Y)jey, e,)—(6*(Y) 6(X) ey, ¢,)
=(7'1-s59)O(X,Y)je;, e;)+(0* Aa(X, V) ey, e;).

18*



270 W. Schmid

This proves the first identity, because both sides of it are (1, 1)-forms
with values in Hom(E',E’). By a straightforward computation, one
checks that the first fundamental form of the bundle E"* in the dual
exact sequence

(7.15) 0— E*LE* L, E*——0

is —'o (‘o(X)=dual of o(X)). I now use the first formula in the dual
exact sequence, taking into account (7.10):

_'@" = —'5'@ rq+to,*/\to,_

Since ‘o* Ao is the transpose of —o A o* (the wedge product is skew
symmetric!), by dualizing the last identity, I obtain the second assertion
of the lemma.

These basic facts about the curvature of Hermitian vector bundles
will now be applied in the context of a variation of Hodge structure
{M, Hg, F}, of weight k. For each p, I let E? denote the quotient bundle
F?/FP+!. As was remarked just after the definition of a variation of
Hodge structure in §2, one has a natural isomorphism of C® vector
bundles

(7.16) EPxHP P (=FPAF?),

The bundle Hg, it should be recalled, carries a flat, nondegenerate
bilinear form S, of parity (—1)¥, which polarizes the Hodge structures
on the fibres of Hg. In particular

(31, 82)=i2p—kS(el’é2)’ eiecuo(Hp,k_p),

defines a positive definite Hermitian metric on H?*~?. Transferring it
to EP via the isomorphism (7.16), one obtains a positive definite
Hermitian metric for the holomorphic vector bundle EP. The second
fundamental form of the subbundle F?cHg, with respect to the flat
connection on Hg, will be denoted by ¢7; it is a (1, 0)-form with values
in Hom(F?, He/F?). In view of the requirement ii) in the definition of
a variation of Hodge structure, for every field X and every ee C* (F?),
a?(X) e is really a section of the subbundle

EP~'=F?~YFPc He/F?.

Also, 6?(X) e=0 if ee C*(F?*'). Hence ¢” defines a (1,0)-form 77, with
values in Hom(E?, EP~Y). I want to record an immediate consequence
of the definition:

(7.17) if eeC®(Hg) takes values in the subbundle FPcHg, and if
¢e C*(E?) denotes its projection to E?, then ¢ =0 if and only if
Vee C*(T¢ @ FP).
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From 17, one can construct the (0,1)-form (¢?)* with values in
Hom(EP~',E?), by requiring that (t?)*(X) shall be the adjoint of
t?(X), relative to the positive definite Hermitian metrics of EP and
E* L

(7.18) Lemma (cf. Theorem (6.2) of [11]). The curvature form of the
metric connection on E? is

O=—(tP)* ATP— 1P+ A (TPHY)*,
Proof. On Hg, I consider the flat Hermitian form
(e1, ez)=(—i)ks(euéz), e,eC*(Hg).

As a consequence of the polarization condition, it restricts non-
degenerately to each subbundle F?. Hence the bundles F?, as well as
the quotients E”=F?/F?+!, inherit Hermitian pseudometrics from H.
With respect to the pseudometric on Hg, @ HP**~? becomes an orthog-
onal direct sum. Also, the induced metric on each E? agrees with the
previously defined, positive definite metric, but only up to sign: I shall
refer to the former as (, );; then, on E?,

G )i=(=17C, ).

This alternating change of sign will turn out to be crucial. However,
the change of sign affects neither the metric connection, nor its curvature
form.

For the rest of the proof, X and Y will denote vector fields of
type (1,0). Let @F be the curvature form of F?. Since Hg carries a flat
pseudometric, its curvature vanishes. Hence, and according to (7.14),
if e;, e,e C*(FP),

(O7(X. V) ey, e2)=(0"* A0”(X, V) ey, €5)
= —(07(X) e, 0°(Y) &,);

the inner product on the right is computed with respect to the induced
pseudometric of Hg/F?. Under the inclusion E?~!'>Hg/F?, ¢?(X)e,
coincides with t7(X) q” e, (¢”=projection of F? onto E?), and similarly
for e,. Thus

(O7(X,Y) ey, )= —(t*(X) q” ey, T (Y) gP e,);,

with the right hand side computed in the induced metric on E?. Next,
I consider the exact sequence

0— Fr+t L pr ¢, gp 0,
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The definition of ?*! shows that t7*!ogP+!=second fundamental
form of F?*!. The pseudometric determines a C* splitting s?: E? — F?,
which is adjoint to ¢g®, and which is an isometry, relative to ( , );. I use
the second identity of (7.14) to compute the curvature @ of EP: for
;€ C* (E?),
(O(X, Y) ey, e2)i=(q"O%(X, Y) 5"y, e2);
+H(@ o gPrY AP o PR (X, Y) g, €));
= ‘“(TP(X) ey, °(Y) ez)i
+(@ o gP X (Y) ey, (1P o g7+ )*(X) e);
—(TP(X) e, °(Y) ez)i
+ (P (Y)* ey, P (X)* ey);

((g°*")*: EP+* > FP+! js an isometry!). In this computation, the super-
script * always designates the adjoint, relative to the induced pseudo-
metrics on the bundles E?. Since these metrics agree with the positive
definite metrics at least up to sign, so do the resulting adjoints. In the
expression (t7+!(Y)* e;, 77+!(X)* e,);, the same adjoint occurs twice,
so that the potential sign changes cancel. In other words,

(O(X,Y)ey, e,);=—(t*(X) ey, 7°(Y) &,);
H(@ YY) ey, (P H)*(X) ),

where now (t?+)* is given the same meaning as in the statement of
the lemma. The inner products on the right are computed in E?~!
and E”*1, the one on the left in E?. Because of the alternating changes
in sign, in terms of the positive definite metrics ( , ), the identity becomes

(O(X,Y) ey, e;)=(17(X) ey, 7°(Y) e,)
—((@*)*(Y) ey, (2P H)*(X) e)
=—(t*ATP(X,Y) ey, €,)
—(PHAEPHY*(X, Y) ey, €5),

so that @ = —(t?)* A 1P —tP*1 A (TP*1)*, as asserted.

(7.19) Lemma (cf. (5.5) and (5.8) of [11]). Let e be a holomorphic section
of Hg, with values in the subbundle ¥P, and such that Ve takes values
in T¢ @ F?. Let € be the induced section of EP. Then ¢=(€,€) is a
plurisubharmonic function. Furthermore, if ¢ happens to be constant,
there exists a flat section e, with values in the C* subbundle H?*~? c Hg,
and a holomorphic section e, of Hg, with values in FP*1, so that e=e, +e,.
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Proof. According to (7.13) and (7.18), for any (1, 0)-vector field X,

000(X, X)= (Ve (X) €, Vo (X) €)
+((@)* AP (X, X) €, &) +(tPH A (PH)*(X, X) €, ¢)
=(Veo(X) €, Vo (X) €)
= (TP (X) €, P (X) €)+ (P )*(X) €, (tP+)*(X) €)
(Vg» =metric connection on EP). Because of (7.17) and the hypotheses,
t?(X) e'=0. Thus
209 (X, X)=(Veo (X) €, Ve (X) €)
+H((@@Y*(X) €, (P H)*(X) €) 20,
which means that ¢ is plurisubharmonic. If ¢ is a constant function,

the Levi form vanishes identically. In this case, the two nonnegative
terms on the right must vanish, so that

Ver€'=0 and (tP*!)*¢'=0

(¢ is a holomorphic section; hence Vg, (X)e' =0 for any (1, 0)-vector
field X!). With respect to the Hermitian pseudometric on H¢ which
was defined in the proof of Lemma (7.18), and which will be used
throughout the remainder of this proof, one has an orthogonal de-

composition FP=Fr+l @ HP -7,

In particular, there exist C* sections e,, e, of Hg, with values in the
subbundles H”*~7 and F?+1, respectively, which add up to e. In view
of (7.9), Vg, €' coincides with the image of Vg, e, under the projection
F? —EP. On the other hand, because of (7.8), Fzre; can be computed
by orthogonally projecting Ve, onto F? (V=flat connection of Hy).
Therefore, the vanishing of Vg, ¢’ becomes equivalent to:

(7.20) under the orthogonal projection of Hg onto its subbundle
H”*-? pe, goes to zero.

Now let X be a (1, 0)-vector field, fa C* section of FP*!, f' its image
in C*(E”*"). Then o¢”*!(X)f projects to t?*!(X)f’ under F? —E?.
Since e, is an orthogonal lifting of the section ¢’ of E? back to Hg, and
since e, L FP+1,

(V(X) ey, f)=—(es, V(X) f)+ X (e, f)
=—(es, V(X) f)=—(e, a"*'(X) f)
=+(¢, "*1(X) f)= +((**)*(X) €, ) =0.
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In the final two expressions, the inner product is computed with respect
to the positive definite metric of E?, and this accounts for the possible
change in sign. Consequently, V(X)e, LF?*'. Next, I consider a
holomorphic section f of F?*+!, and again a (1, 0)-vector field X. Then
e, 1 f, and V(X) f =0, so that

(V(X) ey, f)=—(e1, V(X) f)+ X (e;, £)=0.

At each point of M, the local holomorphic sections of F?+! span the
fibre of F7*!. I may therefore conclude that F(X) e, L F**+!. Together
with the previous orthogonality statement and (7.20), this gives

(7.21) Ve, LF?.

Because of the condition ii) in the definition of a variation of Hodge
structure, Ve, takes values in T¢ ® F?. According to the hypotheses,
the same is true of Ve, and hence also of Ve,=Ve—Ve,. Since the
Hermitian pseudometric of Hg, restricts nondegenerately to F?, (7.21) is
now only possible if Ve, =0, i.e. if ¢, is a flat section. As the difference
of a holomorphic and a flat section, e, must also be holomorphic.

I can now prove the central technical result of this section. As
before, I consider a variation of Hodge structure {M, Hg, F?}. The
following theorem was originally proven by Griffiths, for the case of a
compact base space M (Theorem 7.1 of [11]). Deligne then proved it
in the geometric setting, for algebraic families with quasi-projective
parameter space ((4.1.2) of [6]). It was remarked already that the proof
which I shall give below is essentially that of Griffiths, coupled with
the results of §6.

(7.22) Theorem. If M can be embedded as a Zariski open subset in a
compact analytic space, for any flat, global section e of Hg, the Hodge
(p, 9)-components of e are also flat.

Proof. One can certainly express e as a sum e=),e, with
e,€C*(H?*~7). Let | be the least integer such that e,=0 for p>1.
I shall argue by induction on . For the lowest possible value of I, there
is nothing to prove. If | is arbitrary, I consider the function

p=(c,€)=i*'"*S(e,;, ¢)

(¢'=image of e under the projection F' — E'). According to the previous
lemma, ¢ is plurisubharmonic; also, if ¢ were known to be constant,
e; would have to be flat, hence also e—e,, and this would complete the
induction step. A Zariski open subset of a compact analytic space does
not admit any nonconstant, bounded, plurisubharmonic functions [22].
It therefore suffices to prove the boundedness of ¢. Although it is not
strictly necessary to appeal to Hironaka’s desingularization theorem,
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it will be convenient to do so. 1 assume that M lies as a Zariski open
subset in a compact manifold M, with complement M — M, which is a
divisor with no singularities other than normal crossings. One can choose
an open neighborhood % of M —M in M, having the following property:
for every point of M, there exists an embedded copy of the unit disc
A<M, passing through the point in question, intersecting M — M only
in the origin or not at all, and such that 94 N =@. As will be shown
presently, the restriction of ¢ to such a disc 4 remains bounded from
above near the origin. Hence the restriction extends as a plurisub-
harmonic function to all of 4 [22]. By the maximum principle, ¢|, is
bounded from above by its maximum on 04, which in turn is bounded
by the maximum of ¢ on the compact subset M — % of M. Let then Ac M
be an embedded disc, with 4~ (M —M)={0}, and let 4*=4 —{0}. On
this copy of the punctured disc, e restricts to a well defined (i.e. single
valued), flat section of Hg. Thus one can apply (6.7'), which asserts that
the sum of the squares of the lengths of the Hodge components e, Temains
bounded mear the puncture. In particular, the squared length of ¢,
namely ¢, stays bounded. This completes the proof.

(7.23) Corollary. Under the hypotheses of the theorem, if a flat global
section e of Hg is of pure Hodge type (p,q) at some point, then it has
Hodge type (p, q) everywhere.

As was remarked in § 2, the operations of tensor products, symmetric
and exterior products, Hom, and duality can be performed on polarized
Hodge structures. Also, the category of flat vector bundles over a given
space is closed under these operations. As a result, one can do the opera-
tions on variations of Hodge structure with a given base M: the only
point which has to be checked is the property ii) in the definition of a
variation of Hodge structure, and this presents no major problem.

By a morphism between two variations of Hodge structure
{M,H; ¢, F/} with the same base space M (i=1,2), I shall mean a
morphism of the underlying flat bundles H; ¢, which induces a morphism
of the Hodge structures corresponding to every te M. In other words,
a morphism is a global, flat section of Hom(H, ¢, H, o), everywhere of
Hodge type (0, 0), and rational, relative to the flat lattice bundles H, ,.
According to (7.23), if M lies as a Zariski open set in a compact analytic
space, the condition on the Hodge type needs to be checked only at one
point. Without any condition on M, the rationality of a flat section at a
single point implies the rationality everywhere. Hence, under the hypoth-
esis of (7.22), for any te M, the morphisms between the two variations
of Hodge structures correspond in a 1:1 manner to the n,(M, t)-invariant
morphisms between the two Hodge structures on the fibres over . In
particular, this proves the
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(7.24) Rigidity Theorem (cf. (7.4) of [11]). Let {M,H; ¢, F?} be two
variations of Hodge structure, with base M, which is Zariski open in a
compact analytic space. If for some point te M the two Hodge structures
at t are isomorphic, and if the isomorphism preserves the action of n,(M),
then the isomorphism extends to an isomorphism of the variations of
Hodge structure.

Loosely speaking, the period mapping of a variation of Hodge
structure is completely determined by its value at a single point, plus the
action of the fundamental group — provided the base can be compactified.
For families of Abelian varieties, the rigidity theorem is due to Grothen-
dieck [15]. Borel and Narasimham proved (7.24), in effect, whenever
the classifying space D is Hermitian symmetric [2].

Deligne has deduced a remarkable fact from the flatness Theo-
rem (7.22): under the usual hypothesis on the base, the monodromy
group of a variation of Hodge structure acts semisimply:

(7.25) Theorem (Deligne, cf. 4.2.6 of [6]). Let {M, Hg, F?} be a variation
of Hodge structure, such that the base M can be embedded into a compact
analytic space as a Zariski open set. Then the representation (3.23) is
completely reducible.

I shall outline the proof. As usual, M will refer to the universal
covering of M, and Hg to the fibre of the pullback of Hg to M. I keep
fixed a point te M, and I choose some point lying above ¢ in M. This
choice determines an isomorphism between Hg and the fibre of Hg at ¢,
with which one can transfer the Hodge structure at t to Hg. I shall
denote the Weil operator of the Hodge structure on Hg by C. According
to (7.22),

(7.26) the space of n,(M)-invariants in Hg is C-stable.

Now let L= Hg be a one-dimensional, m;(M)-invariant subspace,
such that the action of ;(M) on L factors through a finite group. In a
suitable symmetric product of Hg, the line generated by L becomes
trivial under the action of =, (M). If one applies (7.26) to the corresponding
symmetric product of the variation of Hodge structure, it follows that
the line generated by CL in the symmetric product of He must be m,(M)-
trivial. Hence, under the assumption at the beginning of the paragraph,

(7.27) CL is invariant under m,(M).
Because m,(M) preserves the lattice H; < Hg, if a line L < Hg is rationally

defined and n,(M)-invariant, n,(M) can only act on it by +1. In par-
ticular, (7.27) holds in this situation.
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(7.28) Lemma. Let V,, V, be n,(M)-invariant subspaces of Hg, which do
not intersect, and whose sum is defined over Q. Then m,(M) leaves CV;
invariant, i=1, 2.

Proof. 1 set n;=dim V,, V=V, ® V,, n=n,+n,. Since
AV=A"V,Q A"V,

is an isomorphism of 7;(M)-modules, the remark below (7.27) shows
that 7,(M) can act only by +1 on the one-dimensional n,(M)-submodule
A"V, ® A™ V, of A™ He ® A" Hg. Applying (7.27) to the induced varia-
tion of Hodge structure on A™ Hy® A"> Hg, one finds: A™ CV;, and
hence also CV;, are n,(M)-invariant, for i=1, 2.

Deligne’s argument for the complete reducibility of the n,(M)-action
on Hg now proceeds as follows. Let I be the least dimension of all 7;(M)-
invariant subspaces, and W the span of all [-dimensional n,(M)-sub-
modules of Hg. As a sum of irreducible submodules, W must be semi-
simple. Thus each I-dimensional, 7;(M)-irreducible subspace V of H¢
has a 7,(M)-invariant complement in W. Also, since n; (M) acts rationally,
W is defined over @. Hence (7.28) gives the containment CV < W, for
any such V. These subspaces V span W, so that CW=W. Consequently,
the polarization form S restricts nondegenerately to W. Both n,(M) and C
preserve the orthogonal complement of W. The same argument can
therefore be applied again to W+, and one can continue by induction.

Instead of the Weil operator C, Deligne works with an action of S!,
defined by p(e®)v=¢"""9%yp, for ¢®eS", ve HP4. This does not really
affect the argument, and gives the following additional information:
the subspace W, and the other subspaces constructed inductively, cor-
respond to a sub-variation of Hodge structure.

§ 8. Proof of the Nilpotent Orbit Theorem

I shall begin with some preliminary remarks and constructions. The
choice of a base point o € D determines a reference Hodge structure on Hg,

HC=®Hp’q, p+q=k7
which in turn leads to a Hodge structure
g=®g" "

on g, of weight zero, as described in § 3. Let 6: g— g be the Weil operator
of this Hodge structure; explicitly

0X=(—1PX for Xeg” >.
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Then 6 is an automorphism of g, as follows from (3.12), it is involutive,
and is defined over IR. The +1 and —1 eigenspaces of 0 will be denoted
by, respectively, f and p, and I set

fh=tngo, Po=PNQGo-
The properties of 8 which were just mentioned imply

g=f®p’ Qo=fo@poa
(t,fl<t, [Lplcep, [p,pl=t.

Composing 6 with complex conjugation (relative to g,), one obtains a
conjugate linear, involutive automorphism of g, whose fixed point set is

(8.2) my=1, @ ip,.

It follows that m, is a real form for g, i.e. an R-subalgebra such that

8.1)

g=my@img.
Now let C be the Weil operator on Hg which corresponds to the
reference Hodge filtration. Then

(8.3) (u,v)=S(Cu,v), wu,veHg,

defines a Hermitian inner product on Hg. As can be checked directly,
C is an element of the group Gg, whose adjoint action on g coincides
with 0. Thus m, can be described as the intersection of g with the Lie
algebra of all skew Hermitian transformations, relative to the inner
product (8.3). One may conclude that the connected subgroup M < Gg,
which corresponds to the subalgebra m, < g, coincides with the connected
component of the identity in the intersection of G¢ with the unitary
group. In particular, this forces M to be compact. Also, a compact real
form in a connected, complex semisimple Lie group is always connected
and is its own normalizer; hence M equals the full intersection of G¢
and the unitary group.

The intersection

is a compact subgroup of Gg, whose Lie algebra f,=m,Ng, consists
of skew Hermitian transformations, whereas the complement p, of f,
in g, consists of Hermitian transformations. Now one can appeal to
standard arguments on semisimple Lie groups (e.g. [16], Chapter III),
to conclude: the connected component of the identity in K forms a
maximal compact subgroup of the connected component of the identity
in Gg. The maximal compactness of K in Gg would follow, if it were
known that K meets every component of Gg. In order to establish this
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latter fact, I shall make use of Lemma 4.3 in Chapter IX of [16]. According
to the description of M, K is equal to the intersection of Gg and the
unitary group of the inner product (8.3). Also, the adjoint of geGeg,
relative to the inner product, is the complex conjugate of CgC~!;
since C lies in Gg, Gg must thus be closed under adjoints. Hence the
lemma applies, which asserts the connectedness of Gy /K. I may deduce:

(84) K is a maximal compact subgroup of Gg and it meets every con-
nected component of Gg.

At this point, one should recall the identifications D~ G¢/B, D= Gg/V.

(8.5) Lemma. The groups M and B have V as their intersection,and K
contains V.

Proof. Since K=GgnM and V <Gy, the latter assertion follows
from the former. The elements of M N B leave the subspaces Ff=
@3, Hy*~* invariant, and they preserve the inner product. With respect
to the inner product, the reference Hodge decomposition of Hg is orthog-
onal, so that the elements of M nB must also leave the subspaces
HY 9 invariant. On the other hand, every geM is self-adjoint, i.e.

CgC'v=gv for veHg.

If ge M also happens to preserve the subspaces HS 9, it commutes with C.
It must then respect the real structure of Hg, and thus belongs to Gg.
Hence M n B< Gg. Conversely, any ge V=Ggn B leaves the subspaces
HY? invariant (cf. §3), therefore commutes with C and preserves the
inner product (8.3). This gives the containment V=Ggn B< M. Finally,
then, M " B=GgnB=V.

In view of the lemma, the M-orbit of the identity coset in Go/B=~ D
becomes naturally isomorphic to M/V. Since Gg and M have the same
dimension (both are real forms in Gg), the dimensions of M/V and
D=Gg/V also agree, so M/V must be an open orbit. Because of the
compactness of M, the orbit is also closed. Hence M operates transitively
on D, and this gives the identification

(8.6) D=M/V.

As usual, I regard the elements of g as linear transformations on the
vector space Hg. The bilinear form

8.7 B(X, Y)=trace XY, X,Yegq,

is clearly symmetric, invariant under the adjoint action of G¢ on g, and
defined over IR, relative to the real structure g,<g.
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(8.8) Lemma. The bilinear form —B( , ) polarizes the Hodge structure
g=dg"” "

Proof. For Xeg” ~P, Yeg® ~%, with p+ —q, the linear transforma-
tion XY shifts the subspaces H5 ? of Hg nontrivially. It follows that XY
has zero trace, and that B(X, Y)=0. With respect to the inner product
(8.3), the elements of m,, are skew Hermitian. This makes the eigenvalues
of any X em, all purely imaginary, and if X 0, not all eigenvalues can
vanish. Thus B( , ) is negative definite on m,. By complex extension,
since complex conjugation composed with 6 is the conjugation operator
relative to the real form mycg, one finds —B(0 X, X)>0 for Xeg, X +0.
This concludes the proof.

As a consequence of (8.8), the inner product
89) (X,Y)=—B(@0X,Y), X,Yeg,

turns g into a complex Hilbert space and g, into a real Hilbert subspace.
Under the adjoint action, the Lie algebra m, operates in a skew Hermitian
manner, which makes the adjoint action of M on g unitary. For emphasis:

(8.10) the adjoint actions of ¥, K, and M leave the inner product on g
invariant.

The norm which results from the inner product will be denoted by
double bars.

At this point, it is useful to insert an observation for later reference:

(8.11) Lemma. If Tegq, is nilpotent, and if T is expressed as T=Y+Z,
with Yet, and Zep,, then ||T||=1/2_||Y|| =1/§[|Z||.

Proof. According to (8.8), T and p are orthogonal, so that || T||*>=
Y2+ ||Z]|% On the other hand, the nilpotency of T forces T2 to have
zero trace, which leads to

0=B(T, T)=B(T, T)=B(Y+Z,Y+Z)
=B(Y,Y)+B(Z, Z)=B(0Y,Y)-B(0Z,Z)
=—[Y|*+|Z|%.

The statement follows.

The holomorphic tangent space to D= G¢/B at the identity coset is
naturally isomorphic to the quotient g/b; the quotient, in turn, is iso-
morphic as a V-module to the orthogonal complement of b in g, namely

¢=@,,08" .
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From g, ¢~g/b inherits a V-invariant inner product. When this inner
product is translated via Gg and M, one obtains, respectively, a Gg-
invariant Hermitian structure h( , ) on D=~Gg/V, and an M-invariant
Hermitian structure hy( , ) on D=~M/V. The corresponding distance
functions shall be denoted by d( , ) and d,,( , ); the value oo is allowed
ford( , ), since D need not be connected.

For geGg, 1 let I(g): D— D denote left translation by g, and I(g),
the differential of this mapping. It will be necessary to estimate the
operator norms of the linear transformations I(g),, with respect to the
Hermitian metric h,,. Any given ge G can be expressed as g=mb, with
meM and be B, because M operates transitively on G¢/B. Then

l(g)y=1(m), = I(b),-

At the identity coset, the action of I(b), on the holomorphic tangent
space corresponds to the action of Adb on g/b. The operator norm of
Adb on this quotient is bounded by that of Adb acting on g, and since
b=m"!g, with m operating unitarily on g, it is also bounded by the
operator norm of Ad g on g. With respect to h,,, [(m), becomes an isom-
etry; hence: relative to the Hermitian metric h,,, the operator norm
of the linear transformation I(g), from the holomorphic tangent space
at the identity coset to that at the g-coset is bounded by the operator
norm of Adg, measured with respect to the inner product (8.9) on g.
The same estimate must then hold at any point of D, for M operates
unitarily on g and transitively and isometrically on D. This proves:

(8.12) Lemma. At each point of D, the operator norm of the linear trans-
formation l(g),,, measured relative to the Hermitian structure hy,, is bounded
by the operator norm of Adg acting on g.

The statement (8.12) implies a relation between the two metrics h
and hy on D. Let X be a holomorphic tangent vector at the point
gVeGg/V=D, with geGg. Then there exists a holomorphic tangent
vector Z at the identity coset, such that I(g), Z=X, or equivalently
Z=I(g™"), X. By construction, the two metrics h and h,, agree at the
identity coset. With respect to h, both I(g), and I(g™!), are isometries;
with respect to h,,, they are not, but (8.12) limits their dilation. Hence:

(8.13) Corollary. If the point aeD is the g-translate of the base point,
with ge Gy, and if X is a holomorphic tangent vector at a, then

h(X, X< |Adg ™" | by (X, X)?,
hy (X, X)E< |Adgll h(X, X)*;

in this statement, double bars denote the operator norm, relative to the
inner product (8.9) on g.
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In order to prove (4.9), I consider a particular holomorphic, locally

liftable map ®: A% S TD
: —I'\D,

which has horizontal local liftings. Let t be the universal covering map
(4.2) of U onto A*, &: U — D a lifting of @ o 7 to D, and yeT an element
with the transformation property (4.4). The map ¥: U — D is defined by
(4.7), and pushing ¥ down to A* via 1, one obtains the map ¥: 4* — D.
According to (3.17), & is uniformly bounded relative to the Poincaré
metric on U and the Gg-invariant metric on D, both globally and in-
finitesimally; the particular value of the bound depends only on the
normalization of the metrics. This boundedness property of & is the most
important ingredient of the proof of (4.9). In rough outline, the argument
proceeds as follows: Under the translation z > z+m, ® gets transformed
by the element y =exp(mN) of I Because of the boundedness of &, and
because N is nilpotent, it can be deduced that & becomes asymptotically
tangent to the holomorphic vector field determined by N, as the imaginary
part of z tends to infinity. In view of its definition, ¥ can then vary only
little for large values of Imz, and this forces ¥ to have a removable
singularity. The lemmas below will be stated in slightly greater generality
than would be necessary for (4.9) alone, in preparation for the proof of
4.12).

( F)or each ze U, I choose an element g(z)e Gg whose V-coset represents
the point ®(z)e D= Gg/V.Although g(z) is determined only up to right
multiplication by an element of V] which operates unitarily on g, the
following statement is meaningful:

(8.14) Lemma. There exist positive constants o, B, which depend only on
the choice of base point in D and on the integer m, such that Imz>a
implies

|Adg(z)~' N|<p(Imz)~".

Proof. Two preliminary remarks are necessary. The tangent space
to Gg/K at the identity coset is isomorphic as K-module to go/fo. This
quotient inherits an inner product from g,, which is invariant under K
and can thus be translated into a Gg-invariant Riemannian structure;
the Riemannian structure then defines a Gg-invariant distance function
dgg( » ) on Gg/K. Because of the Gg-invariance of the metrics of D
and Gg/K, the quotient map D= Gg/V—Gg/K has a uniformly bounded
differential; by renormalizing the metric on Gg/K, the bound can be
arranged to have the value one. Now let Gg = UAK be an Iwasawa
decomposition (cf. [16], Chapter VI, for example; if G happens not to be
connected in the Lie topology, K still meets every connected component
of Gg according to (8.4), so that this case does not create any additional
difficulty). Here A stands for a vector subgroup of Gg, and U for a
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suitable maximal unipotent subgroup. The Lie algebra u, of U is then
known to contain a conjugate, relative to Ad Gg, of any given nilpotent
element of g,; since 4 and U normalize u,, the conjugation can even
be performed in K. In particular, for each ze U, I can choose k(z)e K

such that Adg(z)"' NeAdk(z)~'u,.

Because of the uniform boundedness property of &, for a suitable positive
constant C, one finds

mC(Imz)~' 2d(®(z+m), d(z))
=d(y" d(2), B(2)=d(g(2)" Y g(2) V, eV)
2dgax(g(2)7! Vi g(2) K, eK)
=dgx(k(2)g(2)! Vi g(2) K, eK)
=dG]R/K(exp(m Adk(z)g(z)"'(N)) K, eK).
According to the choice of k(z), Ad k(z) g (z) ! (N) lies in u,.The mapping
from u,x A4 to Gg/K, which is given by
(X,a)—(expX)aK, Xeuy, aeA,
is a diffefomorphism and maps (0, e) to the identity coset. With respect
to any given metrics, a diffeomorphism is locally bounded. Applying
this remark to the Euclidean metric on u,, an arbitrary metric on A,
and the Riemannian metric on Gg/K, one finds that |Adk(z) g(z)~*(N)|

can be bounded by a multiple of (Imz)~!, if only Imz is sufficiently
large. Since K operates unitarily on g, the lemma follows.

The mapping (X, b)>expX ob of gx D into D is infinitely differen-
tiable and sends a sufficiently small neighborhood of (0,eB) into D.
Like any C! map, this one must be locally bounded. Hence:

(8.15) Lemma. There exists a neighborhood U of the base point in D,
and positive constants 1, C, such that X eg, | X| <n, ae%, together imply
expXoaeD,and d(expXoa,a)<C | X]|.

As before, for each ze U, I let g(z) be some element of Gy such that
& (2)~g(z) VeGg/V=D.
I now define a mapping F,: U—z— D by
E(u)=g(z)~! exp(—muN)o &(z+mu)
=exp(—mu Adg(z)~'(N)) g(z)~! o B (z+mu);

it is holomorphic and periodic of period one. Let 2 be a polycylindrical
coordinate neighborhood of the base point in D; after shrinking & if

19 Inventiones math., Vol. 22
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necessary, I may assume that the Gg-invariant metric of D and the
Euclidean metric of £ are mutually uniformly bounded on 2.

(8.16) Lemma. There exist positive constants a, {, which depend only on
the choice of base point, the choice of %, and on the integer m, such that
E,(u)e P whenever Imz> o, |Imu|<{Imz.

Proof. To begin with, after shrinking % and # in (8.15), one can
arrange that exp X o a lies in £ provided || X || <n and ae%. Until further
notice, « shall have the same meaning as in (8.14). As a consequence of the
uniform boundedness of @, for a suitable positive constant {; (which
depends on «), Imz>a and |u|<{; (Imz)~! together imply

d(®(z+mu), d(z)) < diameter of %,

and hence also g(2) Lo B(z+mu)e.

According to the initial assumptions on % and #, if § has the same
meaning as in (8.14), and if

Imz>a, |u|l<((Imz)~Y, mlu|B(Imz)~' <y,

F,(u) must now lie in 2 Let { be the smaller of the two numbers 2-*(;,
2=ty Bp~'m=1; for Imz>a, F, maps the u-disc of radius ]/EC Imz,
centered at u=0, entirely onto £ This disc contains the rectangle

|IReu|=al, |Imu|<{Imz.

Enlarging « does not destroy any of the previous properties, which
allows me to assume that a{=1. The periodicity of F, then gives the
conclusion of the lemma.

The following lemma, which replaces a clumsier one in the original
version of the proof of (4.9), was suggested by Deligne:

(8.17) Lemma. For each n>0, let %, be the collection of all bounded
holomorphic functions on the strip |Imu|<n which are periodic of period
one. Each fe%, then satisfies

of

I < (si -2
30 Sn(sinhnn)™* sup|f(w).

©

Proof. Let fe %, be given, and let M =sup|f(u)|. Since f is periodic
of period one, there exists a holomorphic function ¢(t), defined on the
anulus e—-2m’<|t|<82nq’
such that @(t)=f(u) if t=exp(2miu); ¢ is then also bounded by M.
Evidently, of

u

o 09
O)=2mi— (1)
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For the purpose of estimating the derivative of ¢ at 1, let r be any real
number between 1 and e?"". Then

Gy =er [ (=) pl0dr

t]=r

—@mi)t | (=1)"2e@dt,

ritj=1

and therefore
oo -1 an i0 -2, .—1),.-1 i -2
7(1)§(2n) Mj{r[re‘—ll +r -t jr e’ =172} do
0
SMr—=D24r 1 =1)" 2} =2Mr(r-1)"2

oo
Letting r tend to e2™", one obtains the bound for 6— (1) which gives the
desired inequality.

According to (8.16), for Imz>a, the coordinate functions of E,
relative to the coordinate Polycylinder £ belong to %,, with n=¢ Imz

0
Consequently, again for Imz>a, the image of the tangent vector M
u

under the differential of the mapping F, at u=0 is bounded by a multiple
of exp(—2n{ Imz); through increasing o and shrinking ¢, the value of
the bound can be arranged to be one. By infinitesimal left translation,
N determines a holomorphic tangent vector field on D; its value at a
point ae D will be denoted by N(a). In the following, stars as subscripts
designate differentials of mappings, and vertical bars will be used, when
necessary, to describe the point in the domain at which the differential
of the mapping in question is being considered. For ge G let I(g): D — D
be left translation. Then

F*(%) =l (’”‘I’* (Fi‘) )

Since g(z)~' € Gy, I(g(z)~"), is an isometry with respect to the Hermitian
structure h, and one finds:

—mN(é(z))) )

(8.18) Corollary. There exist positive constants a and &, which depend
only on the choice of base point and on the integer m, such that Imz>o

implies 5 ( 6)
*\az

in this statement, length is measured with respect to h.

—N(9(2)

2z

sexp(—¢Imz);

(8.19) Lemma. Let a>0 be given. For suitable positive constants C, B,
the operator norms of both Adg(z) and Adg(z)~* are bounded by C(Imz),

19*
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provided that Imz>a and |Rez|<m. The constant § can be~chosen inde-
pendently of @ (but not independently of m), and as long as @ (i) is known
to lie in a particular compact subset of D, C can also be chosen uniformly.

Proof. Let Gg= UAK be an Iwasawa decomposition, as in the proof
of (8.14), and let a, be the Lie algebra of A. Then every element of Gy
can be expressed as k,exp Yk,, with Yea,, k;, k,€K (cf. [16], again
this holds even if Gk has more than one component in the Lie topology,
since K meets all of them). In particular, I shall write g(z) in this form:
g(z)=k, exp Yk,. With respect to the Riemannian structure on Gg/K,
which was defined in the proof of (8.14), and the Euclidean metric on a,,
which comes from the inner product (8.9), the mapping X —exp XK
embeds a, globally isometrically in Gg/K, except possibly for the nor-
malization of the metrics [16]. Thus, for a suitable positive constant 7,

1Yl =ndegxlexp YK, eK)=ndg k(g (2) K, eK)
(8.20) <ndg (e (@) K, g() K)+ndggx(g () K, eK)
<nd(d(z), B(i))+ndgg(g (i) K, eK).

If & (i) is restricted to lie in some fixed compact subset of D, g (i) will have
to lie in a compact subset of Gg, and so the second summand on the
right hand side of the inequality can be bounded by a constant. Because
of the boundedness of @, the first summand can be at most propositional
to the Poincaré distance between z and i in the upper half plane. For
|Rez|<m, Imz>a, this distance in turn is bounded by ma~!+|log Imz|;
since Imz stays away from zero, the absolute value bars may be dropped,
provided ma~! is replaced by a possibly larger constant. Under the
adjoint action, a, operates semisimply on g, with real eigenvalues.
Hence the operator norm of AdexpY cannot exceed a multiple of the
exponential of the largest eigenvalue of AdY; the eigenvalues of AdY
can be estimated in terms of || Y. Putting all of these inequalities together,
one finds a bound for the operator norm of Ad exp Y,

Ad exp Y||< C(Imz),

which is valid under the assumptions made on z. The dependence on &
is confined to the second term on the right hand side of (8.20), which
affects only C. Since g(z)=k, exp Yk,, with k;, k€K, the same bound
holds for the operator norm of Adg(z). Replacing Y by —Y in the
above argument, one also gets the same inequality for Adg(z)~!.

By means of (8.13) and (8.19), the inequality contained in (8.18)
gives an analogous one in terms of the M-invariant metric, which is
valid, however, only on a vertical strip. Since the imaginary part of z
remains bounded away from 0 by a«, the constant C of (8.19) can be
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increased, and the constant ¢ of (8.18) decreased, so that the exponential
term absorbs the factor (Imz)’. Thus there exist positive constants C,
o, & such that Imz>o, |Rez| <m together imply

0
D _
* ( 02)
where length is now measured with respect to h,,.

Since N is nilpotent, the operator norm of Ad exp(zN) can be bounded
by a polynomial in |z|. The definition of ¥ gives

" (52)

In view of (8.12), one now obtains an estimate for the h-length of

(8.21) _N(&()

¥

< Cexp(—¢Imz),

=l(exp(—mzN))*(m<§* (a—az) —mN(tii(mz))).

z mz

- (0 . . .
¥, (T) . For this purpose, I adjust the constants a, C, ¢, to take into
zZ

account the change of scale by the factor m. By further changing the
constants, I can absorb the polynomial which estimates the norm of
Ad exp(—mzN) into the exponential factor. The estimate can thus be
brought into the form
. (0
2 (5)
. *\oz

822  hy, (qf* (7%)

provided Imz> a. The restriction on the real part of z becomes un-
necessary, since ¥ is invariant under z+—»z+1. Now let § be a fixed
positive number greater than a, and let z,, z, be two points in U, with
Imz,, Imz, 2 B. By integrating the inequality (8.22), taking into account
the periodicity of ¥ one finds that the M-invariant distance between
¥(z,) and ¥(z,) can amount to at most

C(1+e Y exp(—ep).

When this estimate is rephrased in terms of the mapping ¥ and un-
cluttered by absorbing the factor (1+¢~!) into C, one obtains:

k]
) S Cexp(—elmz),

(8.23) Corollary. There exist positive constants p, A, C, such that for any
two complex numbers t; and t,, with 0<|t|, |t,|Sr, r<p, the inequality
dy (P (1), ¥ (ty)) < Cr? holds.

Clearly, then, ¥ extends continuously, and therefore holomorphicly
to a mapping from 4 into D. Let a denote the point ¥ (0). The trans-
- 1 o . -
formation property ¥ (z+;1—) =7,0 ¥ (z) translates into ¥ (e*™™ )=
950 P (2); letting ¢ tend to zero in this identity, one finds that a is a fixed
point for y;.
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For sufficiently small values of te4, the d\-distance between a and
¥ (t) grows at most linearly with |¢|. Hence

dy(a, exp(—zN)o &(2))=dy(a, ¥ (exp2nim~' z))

is bounded by a constant multiple of exp(—2nm~! Imz), for all large
values of Imz. According to (8.12), left translation by any ge G¢ distorts
the metric h,, by no more than a factor equal to the operator norm of
Adg; the global version of this statement clearly follows from the in-
finitesimal one. As was pointed out before, if z is restricted to a vertical
strip and bounded away from the real axis, the operator norm of
Ad exp zN does not increase faster than a power of Im z. On such a vertical
strip, then, if Im z is large enough, one obtains an estimate

dy(exp(zN)oa, #(z)) < C(Imz)f exp(—2nm~" Imz),

where C and B are suitable constants. I recall the choices of g(z)eGg,
for ze U, which were made just before the statement (8.14). From the
preceeding estimate, translating both points by g(z)~!, again using the
global version of (8.12), together with (8.19), one can deduce the same
type of bound for the d,,-distance between g(z)~! exp(zN)oa and the
base point eB in G¢/B=D. In particular, for any given neighborhood of
the base point, if z is constrained to a vertical strip and has a sufficiently
large imaginary part, the points g(z)~! exp(zN)oa are forced to lie in
that neighborhood. One can pick such a neighborhood, entirely contained
in D, such that the two distance functions d and d,, are mutually bounded
on it. Hence there exist positive constants a, f, and C with the following
property: if |[Rez|<m and Imz> «, the point g(z)~* exp(zN)oa lies in D,
and its Gg-invariant distance from the base point does not exceed
C(Imz)? exp(—2nm~! Imz). By enlarging « and B, if necessary, the
constant C can be absorbed. Translation by g(z) leaves D invariant and
preserves the distance function d. I have therefore proven that Imz>a
implies

exp(zN)oaeD, and d(exp(zN)oa, &(z))<(Imz)f exp(—2nm~! Imz);

the restriction |Rez|<m becomes unnecessary, because the substitution
z>z+m has the effect of translating both &(z) and exp(zN)oa by
Y=

In order to complete the proof of (4.9), it remains to be shown that
z>exp(zN)oa is a horizontal mapping. As usual, N(b), for be D, will
refer to the value at b of the holomorphic tangent vector field which is
defined by infinitesimal left translation by N. The tangent vector to the
holomorphic curve z+ exp(zN)o a, for any particular value of z, equals
the exp(z N)-translate of the vector N(a) at a. Since G¢ leaves the hori-
zontal tangent subbundle invariant, it suffices to verify that N(a) lies
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in the fibre of this subbundle at a. For reasons of continuity, this would
follow if it were known that N(¥(z)) differs from a horizontal vector at
¥(z) by a vector whose hy-length tends to zero, as z tends to oo in a
vertical half strip. Since ¥ extends holomorphically over the origin,

and since ¥ (z)= ¥ (exp2niz), the hy-length of ¥, (i) \ does tend to
zero as Imz— + oo, On the other hand, 0z/ 1.

¥,

(5]

The vector &, (%)

| ) . (0
> == N(¥@)+I(exp(~mzN), &, ()

z

is horizontal because @ is a horizontal mapping,

and thus the translate of this vector by I(exp(—mzN)) must also be
horizontal. This concludes the argument.

I now turn to the situation described above the statement (4.12). To
begin with, I shall prove that ¥ continues holomorphically to 4*. For
this purpose, two simplifications can be made. First, since the problem
is a local one, I only need to continue ¥ to a neighborhood of the origin
in 4¥; for any other point of the subvariety on which ¥ is not yet deter-
mined, the same argument can be applied to a smaller polycylinder
centered at the point in question. Secondly, nothing is lost by assuming
k=1: 1 merely choose y;=1, N;=0 for /+1=<i<k. By applying (8.18) to
each of the variables separately, one can find positive constants « and ¢,
such that the restrictions Imz;> o, 1 i<k, imply the inequalities

- 0
®*(azj)

1<j<k. Here (z) is shorthand for the k-tuple (z,, ..., z,)e U, and the
metric h is used to measure length. Just as in the proof of (4.9), the next
step is to replace the metric h by h,, in the inequality. To this end, for
(2)eU*, * I choose an element g(z)e Gg whose V-coset represents the point
d(z)e D Gg/V. In complete analogy to the statement and proof of (8.19),
one may conclude:

(8.24)

—N;(®(2)

(2)

Sexp(—eImz),

(8.25) Lemma. For any a>0, there exist positive constants C, B, such
that, subject to the constraints |Rez |Sm;, Imz;>a, 1Si<k, the operator
norms of Adg(z) and Adg(z)~! remain bounded by C[]- (Imz)’. The
constant B can be chosen independently of ® (though not independently of
the my), and if & (i, ..., i) is known to lie in a particular compact subset of D,
C can also be chosen independently of &.

In conjunction with (8.13), Lemma (8.25) allows me to rephrase the
inequality (8.24) in terms of the metric hy. For Imz;>0a, |Rez]|<m;,
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1<i<k, the hy-length of the tangent vector
- 0 .
—)| —Ni(®
¢* ( aZj ) (z) J( (Z))

is bounded by C([ J-_, Imz,/ exp(—¢ Imz;); here j is any integer between
1 and k, and the various constants have the same meaning as before.
Since the N; are nilpotent, on each product of truncated vertical strips
Imz;>a, |Rez;/<m, 1<i<m, one can bound the operator norm of
Adexp(—Y*_, m;z; N) by a constant multiple of a suitable power of

!_yImz;. Let (mz) denote the k-tuple (m, z, ..., m, z,); the definition
of ¥ gives the formula

= (0

*

(eXP(mZ 1 m; 2 N))y ("'j‘i* (_6671) Nj(@(mz)))-

By combining the preceeding estimate with (8.26), and using (8.12), one

(8.26)

(mz)

0
obtains an estimate for the hy,-length of the tangent vector ¥, ( 3 )
Z

(z)
I adjust the constants C, «, B, ¢ to take into account the scale factors m;,

and to absorb the estimate for the operator norm of Ad exp(— Y *_; m;z;N)
into the term C([]¥_, Imz,)’. Thus, for Imz,>«, and 1 <j<k,

o 0
q’*( azl)

here length is measured with respect to h,,. The restriction on the real
parts of the z, can be dropped, because ¥ is invariant under z;+> z;+ 1.

Since D is acted on transitively and isometrically by the group M,
there exists a constant § >0, with the following property:

(8.27)

SC(]f.1 Imz) exp(—eImz);

(2)

(8.28) any subset of D of hy-diameter less than & can be enclosed in a
polycylindrical coordinate neighborhood.

It is certainly permissible to enlarge the constant a, without destroying
the estimate (8.27). I may therefore assume that

1 | k=18 § -7 g 1 | o1 6
(8.29) C{(a+ﬁ ogs) jy y+( +2—n ogz) e }<?.

Let (z), (z')e U* be two points which satisfy, for some integer j between

1 and k, , , L
Imz;, Imz;>a; z;=z for i%j;

(8.30) a<Imzi=ImZ£<a+5t'1°82 for i%j.
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By integrating the inequality (8.27), taking into account the periodicity
of ¥, one finds:

(8.31) under the hypotheses (8.30),
. . o
dy (P(2), 'P(z'))<T.
If necessary, I increase « further, so that
8.32 kC(1+ Lo 2)( +-L 1o 2)we‘“'<£
(8.32) 2 08 o OB 3°

With this new choice of o, as another consequence of (8.27) and the
periodicity of ¥, I conclude:

(8.33) theset ¥ ({(z)e Uk

1
; —log?2
a<Imz; <o+ o og })
. o
has h,.-diameter less than ER

Let p=e~2"*; then 0<p<1. The next statement is obtained by com-
bining (8.28), (8.31), and (8.33), and rephrasing the result in terms of the
mapping ¥.

(8.34) Lemma. There exists a polycylindrical coordinate neighborhood
P<D, such that ¥ maps the set

Uso1 {0ea40<Igl<p; $p<lti<p for i+))
into P.
Since the coordinate functions of ¥ with respect to 2 are bounded,
¥ extends holomorphically to the set
Uk- i {0ed*|Itl<p; $p<|til<p for i%j},

and maps the enlarged set also into 2. According to a classical theorem
of Hartogs, a holomorphic function which is defined on a set of this
form extends holomorphically to all of

{(ed*||ltl<p for 1<i<k}.

The mapping ¥, therefore, extends at least to some neighborhood of
the origin in 4*. As was pointed out before, this already implies that ¥
continues holomorphically to all of 4*. Thus:

(8.35) Corollary. The mapping ¥ has a holomorphic extension to A*.

I now drop the assumption I=k, and for (w)e 4*~", I set a(w)= ¥ (0, w).
Let n be given, with 0<n<1. Corresponding to each (z, w)e U' x 4%~
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I choose an element g(z, w)eGg, whose V-coset represents the point
®(z, we D=Gg/V. Under the restriction |w;|<n, for I+1=<j<k, the
points ®(i,...,i,w,,,,...,w,) are confined to a compact subset of D.
Thus, applied to the first | variables, for any given a>0, Lemma (8.25)
asserts the existence of positive constants 8, C, so that:

(8.36) under the hypotheses Im z;>a, |Re z;|<m; for 1 i< and |w;|<n
for I+ 1< j< k, the operator norms of Ad g(z) and Ad g(z)~! are bounded
by C([]i.; Imz).

Since ¥ is holomorphic on all of 4 its restriction to any compact
subset dilates distances at most linearly. Reinterpreted in terms of @,
this statement implies:

(8.37) Lemma. Let a>0 be given. For a suitable positive constant (,
if Imz,>a, 1<i<l and if |wj|Sn, I+1=j<k, then

dM(a(W), exp(— i-1Z; N)e <1~5(z, w))é{ Z§=1 exp(—2nm; ' Imz).

At this point, with the help of (8.36) and (8.37) the argument can be
continued just as in the proof of (4.9). As the conclusion of this argument,
for a suitable constant a>0, if Im z;>« for 1<i</, and if |w;|<n for
I+ 1< j<k, the point exp(}i_; z; N)) o a(w) lies in D, and its Gg-invariant

i=1

distance from the point @(z, w) does not exceed

([Ti-itmzf Y exp(—2nm; ' Imz));
in this estimate, the constant f may have to be larger than in (8.36).
In order to finish the proof of (4.12), I have to show that the mapping

(8.38) (z, W) exp(Yi_y z; N)oa(w)

is horizontal. As usual, for beD, I let N;(b) denote the value at b of the
holomorphic vector field generated by N;,. If one applies Theorem (4.9)
to the j-th variable separately, for 1< j<I, with all other variables kept
fixed, one finds that the tangent vector

Ivj(exp(Zi*j m; ' z; N)olimy, ;. , P(m 'z, W))

lies in the appropriate fibre of the horizontal tangent subbundle; here
(m~'z) is shorthand for the I-tuple (m{'z,...,mi'z), and z,...,
Zj 15241, k€ U, as well as (w)ed*~!, are arbitrary. Since the N,
commute, for any be D one has

Ivj(exp(Zi¢j m; ! z; N)o b)=l(exp(2i*j m; 'z, M))* N;(b).

Moreover, translation by any element of G preserves the horizontal
tangent subbundle. Thus under the restriction t;=0, and ;%0 if
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15i<j—1 or j+1=<ix<l, the tangent vector N;(‘¥(t)) must lie in the
fibre of the horizontal tangent subbundle of ¥(t). When the first / varia-
bles are made to tend to zero (except for the j-th one, which equals zero
already) and the others are kept fixed, ¥(w) tends to a(w,,y, ..., wy).
For reasons of continuity, then

(8.39) N;(a(w)) lies in the fibre of the horizontal tangent subbundle,
for all(w)ed*~'and 1 <j<I.

The mapping (z, w)> ®(z,w) is known to be horizontal. Since
translation by elements of G¢ preserves the horizontal property of a
map, in view of the definition of ¥

W) ¥(z,w)

is horizontal, for each (z)e U'. Thus, as long as each of the first I variables
differs from zero, ¥(w) depends horizontally on the last k—/ variables.
Since ¥ is holomorphic on all of 4% 1 may let the first [ variables tend
to zero, and conclude:

(840) (w)— a(w)is a horizontal map of 4*~'into D.

Taken together, (8.39) and (8.40) imply the horizontality of the mapping
(8.38). ’

§ 9. Proof of the SL,-Orbit Theorem

In this section, I shall freely use the notation established in the
beginning of § 8. In particular, a base point oeD will be chosen, which
corresponds to the identity coset under the identification D=Gg/V.
The base point determines an Ad V-invariant Hodge structure of weight
Zero on g,

CRY 9=®,8" "

it has the property that g °=p=complexified Lie algebra of V. I shall
denote the Weil operator of this Hodge structure by 6. In view of (3.12),

92) J: g—g, with JX=i"?X for Xegh >,
defines an automorphism of g. Then

J preserves the real structure g, g,

9.3)
J>’=0, and JX=X for Xev,

as can be checked directly. It will be convenient to have the notation

©4) a=g""'@g "', qo=qNg,.
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For the remainder of this section, I shall keep fixed a point aeD,
a nilpotent element Neg,, and a positive constant «, such that the
conditions (5.1) are satisfied. As was pointed out in §5, (5.1b) can be
replaced by (5.2). Since V preserves the Hodge structure (9.1),
9.5) 80=00 D {80 N (D40 8" 7}

defines an Ad V-invariant splitting. This splitting determines a Gg-
invariant connection on the principal bundle

V— Gg—Gg/V=D.
The mapping
y+—>exp(iyN)oaeD, yeR, y>a,

has a unique (except for the choice of some initial point) lifting from D
to Gy which is tangent to the connection..I shall denote this lifting by

9.6) y—h(y)eGg, yeR, y>a.

For the sake of notational simplicity, apostrophes will be used to desig-
nate derivatives. Because the map (9.6) takes values in a matrix group,
h(y)~' W (y) lies in its Lie algebra, g,, for all y>a. Thus

AY)==2h()" K (),

©.7) B
F(y)=Adh(y)"'N, E()=-0F(),

defines three gy-valued functions on the interval {yelR|y>a}. I recall
9.4).

(98) Lemma. For all yeR, with y>a, A(y)€qy, E()ev,@aqq,
F(y)evo®qo, E(y)—F(y)evy, and A(y)=—J(E(y)+F(y). Moreover,
these three functions satisfy the differential equations

2E(n)=—-[A0.EW] 2F(=[A),F)],
A'(y)=—-[EQ) Fy)].

Proof. The fact that the mapping (9.6) is tangent to the connection
determined by the splitting (9.5) immediately implies

99) h(y) ' K (0)EGo N (Dp+08” P

I choose an element goeGe whose B-coset represents the point
ae D=~ Gg/B. The condition (5.1a) is equivalent to

(9.10) Adg;! Neg ' @b.

By construction, the coset h(y)B represents the point exp(iyN)oa.
Hence there exists a B-valued function y+»b(y), such that h(y)=
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exp(iyN) g, b(y). Differentiation of this identity gives
(9.11) h(y)~' W (y)=i Adb(y)~" Adgs' N+b(y)~" b'(y).

Since b(y) takes values in B, b(y)~* b'(y) lies in the Lie algebra b. More-
over, the subspace ="' @b of g is Ad B-invariant. Thus (9.10) implies

(9.12) h(y)~' W (y)eg™ "' @b.
The values of h(y)~! i () lie in g,, hence

h(y)~' K (y)egon (g~ @Db)
=goh(g_l'l@b)n(gl'—l@s)=oo®cm~

In combination with (9.9), this gives A(y)eq,-
The formula (9.11) can be rewritten as A(y)= —2i Adh(y)"!N
—2b(y)"1b'(y), so that

(9.13) A(y)==2iF(y)-2b(y)~' b'(y).

In particular, F (y) must lie in b@g~"*. But F(y) also lies in g,, and I can
conclude F(y)ev, @ qq, just as in the case of h(y)~! h'(y). The subspace
v, @ qq is O-invariant, so that it must also contain E(y). According to
the definition of E(y), the components of E(y) and F(y) in q, coincide;
hence E(y)—F(y) lies in vy. On g~ '*, J acts as multiplication by i.
Thus, and in view of (9.13), A(y)+2JF(y) does not have a component
in g~!!. As was shown above, A(y) has a zero component in v. From the
definitions (9.7), it follows that J (E(y)+ F (y)) also has a zero component
in v, and that its component in g~ ! i

is equal to twice that of JF(y). Thus
AW +J(E)+F(y)egh ' ngo=0.

It remains to verify the differential equations. Differentiation of the
identity F(y)=Adh(y)"'N yields 2F (y)=[A(y), F(y)]. Applying the
automorphism 6 to both sides, I obtain the first of the three equations.
Combining these two, and taking into account that J operates as the
identity on E(y)— F (y), and that J>=46, I find

A'y)=—J(E'))+F ()=3J[A0), EG)-F ()]
=3[JAG)EW)—FW1=3[E0)+F (), EG)—F(y)]
=—[EO,FO),

as was to be shown.

The strategy of the proof of (5.13) is to show that A(y), E(y), F(y) can
be developed in a convergent series near y= oo. The differential equations
in (9.8) then give recursive relations on the coefficients of the series. If
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all possible information is squeezed out of these relations and applied
to the function h (y), Theorem (5.13) follows. The next few lemmas are
aimed at obtaining the convergent series for A(y), etc. As in §8, || || will
denote the AdK-invariant norm on g which comes from the inner
product (8.9).

(9.14) Lemma. For all sufficiently large values of y, |AWI, IEW)I,
|F ()|l are bounded by a constant multiple of y=*.

Proof. According to (5.1),
z>exp((z+ia)N)ea=E(z)
defines a horizontal mapping = of the upper half plane into D. In view of
0 .
(3.17), the length of the tangent vector =, (E) ‘ , measured with respect
to h, is bounded by a multiple of (Imz)~'. For z=i(y—a), with y>a, Z(z)
coincides with the h(y)-translate of the base point oe D. Since translation
by h(y) preserves the Gg-invariant metric, the length of

6, ()

which is a tangent vector at o, does not exceed a multiple of (y—o)~*.
For Xeg and beD, the value of the holomorphic vector field “infini-
tesimal translation by X will be referred to as X (b). Then

Ih() ™ )u By (;?) i(y—a)

=1(h()"), N(h(y)o 0)=(Adh(y)~" N)(0)=F (y)(0);

under the natural identification between the holomorphic tangent
bundle at o and g/b, this tangent vector corresponds to the image of F (y)
in g/b. It follows that the length of the projection of F(y) into g/b —
equivalently, the length of the component of F(y)in g~"! — is bounded
by a multiple of (y—a)~!, and hence also by a multiple of y~*, as long as y
is sufficiently large. Since F(y) is real, and since g¢" ' and g~"! are
mutually conjugate, also the length of the component of F(y) in q=
g ''@g" ! remains bounded by a multiple of y~*, as y— co. Being a
conjugate of N, F(y) must be nilpotent; also, F (y)ev, @ qq, With nycfo,
0o<=Po. Thus Lemma (8.11) gives the desired estimate for F(y). The
estimates for A(y) and E(y) follow, because E(y)=—0F(y), A(y)=
~J(EW)+F)).

In view of the differential equations (9.8), the k-th derivative of A(y)
can be expressed as a Lie polynomial, homogeneous of degree k+1, in
A(y), E(y), and F(y). Thus:

b
i(y—a)
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(9.15) Corollary. For k=0,1,2, ...,
[AYWII=0(p~*") as y—oo.

I let Gg= UAK be an Iwasawa decomposition, as in the proof of
Lemma (8.14). For geGg, the components of g in U, 4, K depend real
analyticly on g. Thus, if I express h(y) as

(9.16) h(y)=u(y)a(y)k(y), with u(y)eU, etc,

u(y), a(y), k(y) will be real analytic functions on the interval {veR|y>a},
with values in U, 4, K.

(9.17) Lemma. The matrix entries of u(y) and a(y)* are rational functions
of y, which are regular on the interval yeR, y > a.

Proof. For y>a, the point exp(iyN)oa defines a polarized Hodge
structure on Hg, which will be denoted as

(9.18) He=@® H™(y).

Let He= @ HE? be the reference Hodge filtration. Since h(y) lies in Gg,
and since exp(iyN)ea coincides with the h(y)-translate of the reference
point,

(9.19) H>4(y)=h(y) H§ 1,

for all p,g. I choose an element g e G¢, whose B-coset represents the
point ae D~ G¢/B. Then for each integer p,

exp(iyN) go(@jng(J;'k_j)= @jngj'k—j(Y)-

Let (w;, w,, ..., w,) be a basis of Hg, such that the first few basis vectors
span the last nonzero subspace in the reference Hodge filtration

HCD'--DFO"‘IDE{’DE)”“D---DO,

the next few basis vectors span the next to last nonzero subspace, and so
forth. Then, for y>a,

(9:20) {exp(iyN) go wjl1Sj<s}

forms a basis with the same property relative to the Hodge structure
(9.18); also, because N is a nilpotent linear transformation, these basis
vectors have polynomial dependence on y.

I shall have to digress briefly on the Gramm-Schmidt orthogonali-
zation process. Let E be a finite dimensional complex vector space,
F cE a subspace, (x, y)— h(x, y) a nondegenerate Hermitian form, such
that h is positive definite on F, negative definite on the orthogonal
complement of F in E. I suppose that a basis {v,, ..., v,} for E is given,
with vy, ..., v, spanning F, for some /<n. Inductively, I define vectors
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Uy, Uy, ..., u,€e E by
Uy =0y, U=0,—3 ;. h,u)h;, u) " u;.

Because of the hypotheses, the process is well-defined: each u, lies
either in F or F, and thus has nonzero “length”. One verifies easily
that the u; are mutually orthogonal with respect to h, and that {u,, ..., u,}
forms a basis for E, u;eF for 15j= I ujeFl for j> 1. With respect to an
arbitrary fixed basis of E, the coordinates of the u; are rational functions
of the coordinates of the v;. This “Gramm Schmidt process without
normalization” evidently works in the more general setting of a filtration
F,c---cF,cE, as long as h is nondegenerate on F; and of definite sign
on the orthogonal complement of F;_, in F;, for LSj<k.

Since S polarizes the Hodge structure (9.18), I can apply the Gramm-
Schmidt process without normalization to the basis (9.20) and the
Hermitian form (u, v)— S (u, ). The result will be a basis {w; (y), ..., ws(y)}
for Hg, with the following properties:

a) S(Wj()’)’ Wl(y))=0 for j*1, S(WJ(J’)’ Wj()’))*();

b) w;(y)is a rational function of y, for 1 <j=§;

c) each subspace H”(y) has a basis {w;(y)|/(p, 9)<j<I(p—1,9+ 1)},
for suitable integers l(p, q).

The projection of H¢ onto the subspace H”?(y) in the decomposition
(9.18) can therefore be represented explicitly as

o> 38 (0, w; ) S (w0, w;0)) " w0,

with j running from I(p, q) to I(p—1,q+1)—1. In particular, this pro-
jection becomes a rational function of y, regular for yeR, y>o. The same
assertion then holds also for the Weil operator C(y) corresponding to the
Hodge structure (9.18). Let C be the Weil operator of the reference Hodge
structure. As was pointed out in §8, CeGg and =Ad C. In particular,
0 lifts from the Lie algebra to an automorphism of Gg, which shall also be
denoted by 6. According to the definition of K, 6 acts on K as the identity.
The Lie algebra a, of the group A in the Iwasawa decomposition lies in
the (— 1)-eigenspace of 6, so that 8(a)=a~" for ae A (cf. [16]). In view of
(9.19), C(y)=h(y) Ch(y)~*; as was pointed out before, this linear trans-
formation depends rationally on y, with no singularities on the interval
yeRR, y>a. Hence the same is true of

C™' C(y)=C~"h(y) Ch() ™' =(0"" h(Y) h(»)™*
=(0h() R ={0@0) a®) kG)} k) a) ™ u ()™
=(Ou()a() " k) k) a®) T u®)
=0u(y)a(y)">u()
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and thus also of its inverse
(9.21) u(y)a(y)* Qu(y)—".

Since the Weil operator C is defined over IR, the inner product (8.3)
restricts to a real inner product on Hy. With respect to this inner product,
the adjoint of each geGyg equals C~!g~! C=0g~!. Thus, relative to
any orthonomal basis of Hg, K is represented by orthogonal matrices,
and g 0g~", for ge Gy, corresponds to transposition of matrices. As
can be deduced either directly, or from Lemma 9.3 and the proof of
Proposition 11.25 of [1], there exists some orthonormal basis of Hg,
relative to which

a) U is represented by lower triangular matrices, with 1’s in all
diagonal entries;

b) A is represented by diagonal matrices;

c) g 0g~! corresponds to matrix transposition.

If a nonsingular square matrix M can be expressed as M=TD'T]
where D is diagonal and T lower triangular, with 1’s on the diagonal
(‘T=transpose of T), then this expression is unique, and the matrix
entries of T and D depend rationally on those of M. Since the matrix

entries of (9.21) are rational functions of y, this concludes the proof of
the lemma.

According to the definition of an Iwasawa decomposition, the
subgroup A <Gy is Abelian, connected, simply connected, and consists
wholly of semisimple elements with real eigenvalues. Thus, as a matrix
group, A can be diagonalized over R. From this, together with the
preceeding lemma, it follows that the entries of a(y)~! a’(y) must be
rational functions, with no singularities on the interval ye R, y>a; also,
the entries of a(y) must be linear combinations of square roots of rational
functions which assume positive values on {yeRR|y>a}. Rational
functions of y can be expanded as Laurant series in y~!, converging on
some punctured neighborhood of y=oo. Likewise, the square root of a
rational function r(y), with r(y)>0 for yeIR, y> a, can be expressed as a
Laurant series in the variable y~%, such that the series converges and
represents the function in question on some interval of the form yeIR,
y>p. Thus:

(9.22) Corollary. The matrix entries of u(y), u(y)~* «'(y), and a(y)~' d'(y)
all have series expansions of the form

amoy_mo+amo+l y—mo—l+amo+2y—mc—2+”,, moez’
and the matrix entries of a(y) can be expressed as a series in y~*, of the type
bno y—ﬂo/Z +b'to+1 y~("0+1)/2 +bno+2 y_{"0+2)/2+ Y nOEZ;

these series expansions are valid and converge on some interval {yeR |y > f}.

20 Inventiones math., Vol. 22
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(9.23) Lemma. For yeR, y>a,
K k() '=—3Ada(y) ()" v W)
—3Ada(n) (@@ v )
Adk(y)(A)=—2a()™" d(y)—Ada(y) (@) w' ()
+Ada(®)(Oy) " v ()
Proof. If the identity (9.16) is differentiated logarithmically and
rearranged, using the Definition (9.7), one obtains
FAdk()(AG)+K ) k()™
=—Adk) (R ()" RO +K ) k()
=—Ada(y) ' (@) W) —ak)td )
=—a(y) ' d()-3{Ada() (W) v ()
—0Ada(y) ()" v )}
—3{Ada(y) " () v (1) +0Ada(y) () W B)}-
According to (9.8), A(y) takes values in q,. Since qo< p,, and since
AdK (po)=p,, the first summand on the left hand side of the identity
above must lie in £, ; the second summand clearly lies in the Lie algebra
of K, namely f,. The subspaces I, and p, of g, can be described as,
respectively, the (+1)- and (— 1)-eigenspace of 6; furthermore, by the

very definition of an Iwasawa decomposition, the Lie algebra of 4 lies in
po- Thus, equating the components in fy, I find

K k@)™ =-3{Ada()" () v () +0Ada(y) " (@) ' O)}-

Since 6 acts as multiplication by —1 on the Lie algebra of the connected
subgroup A < Gg, the lifting of 6 to an automorphism of Gy acts on A4 as
inversion. Hence, for ae A, 0o Ada=Ada !¢ 6, and this now proves the
first of the two assertions; the second can be verified similarly.

In view of (9.22) and (9.23), the matrix valued function k'(y) k(y)~*
can be expanded as a series

(9.24) KW kO™ =Y 0zn Zay™"?

which converges and represents the function on some interval {yeIR |y>f}.
The values of this function lie in f,; hence Z,e¥,, for n=ng, ny+1, ....

(9.25) Lemma. For n<2, Z,=0.
Proof. 1 define Z(y)=Y n5no Z, ¥~ ", s that

k()=Zy)k®).

and
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If ny=2, there is nothing to prove. I shall therefore assume that the
leading coefficient Z, does not vanish, and that ny<2; from this I shall
deduce a contradiction. By induction on , one finds that the I-th deriv-
ative of k(y) satisfies an identity

k) =B(ZW), Z' (), ..., 24D y) k),

where F, is a noncommutative polynomial, homogeneous of weighted
degree | when Z"(y) is assigned the weight r+1, for r=0, 1, ...; more-
over, the monomial (Z(y)) occurs in B, with coefficient 1. Since n, was
assumed to be less than 2, this implies

B(ZW),Z (),...,Z"" V()

=(Z,,)' y~'"/2 + terms involving higher powers of y ~*.

As an element of the Lie algebra of a compact group of matrices, Z,,
must be semisimple; in particular, Z, +0 implies (Z, ) +0, for every
120. Since k(y)~! ranges over the compact group K, its matrix entries
are uniformly bounded. Putting these statements together, I find that,
under the hypotheses mentioned above,

IKP()|=0(y*) as y—oo if and onlyif s=—1in,,

9.26
©.26) for I1=0,1,....
As a consequence of (9.22), there exists a constant ¢, such that, for =0,

40
‘ rra (™)

=0(*"), and
9.27)
=0(*""), asy—o.

d(l)
‘d—y,(a(y)-‘)

Similarly, one obtains a bound for h(y)=u(y)a(y) k(y): because the
entries of k(y) are uniformly bounded, after enlarging , if necessary,

(9.28) IhII=0(*) as y—oo.

Since 24’ (y)= —h(y) A(y), there exists a noncommutative polynomial Q,,
such that

RO =h(y) Q(AY), A (), ..., AV (y);

Q, is homogeneous of weighted degree | if A®(y) is assigned the weight
r+ 1. Combined with (9.15) and (9.28), this gives the estimate

(9:29) 1PGI=005"") as y—oo,
201
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for 1=0,1,.... In view of (9.27) and (9.29), when the identity k(y)=
a(y)~! u(y)~! h(y) is differentiated ! times, each single differentiation of
one of the factors pushes down the order of growth by a factor of y~!; thus

(9.30) IK°WI=0(*"Y) as y—oo, I=0,1,....

Taken together, (9.26) and (9.30) contradict the original hypotheses,
namely that ny <2 and Z, +0. Hence the lemma is proven.

(9.31) Lemma. There exists an element L of the Lie algebra ,, and a
K-valued function ki (y), which is a real analytic function of the real
variable y=* on some interval |y=*|<n, such that k(y)=k, (y) exp(log yL).

(9.32) Remark. It will turn out that L=0.
Proof. When the differential equation

K ()= nz2Za Y "?) k(y)
is rewritten in terms of the variable t=y~%, it becomes

%’f—=(—22_ » t~! +higher order terms) k(t).
This latter equation at worst has a regular singular point at t=0. More-
over, the leading coefficient —2Z_,, which is an element of the Lie
algebra of a compact matrix group, has purely imaginary eigenvalues.
In particular, no two distinct eigenvalues of the leading coefficient
differ by an integer. Hence, from the theory of linear differential equations
with regular singular points (e.g. Chapter IV, §4 of [4]) it follows that
any solution, and hence also the definite solution k(y) occuring in (9.16),

is of the form
k(yy=m(y)exp(logy Z_,) mg

(because logy= —2logt); here m(y) denotes a matrix valued function
whose entries have power series expansions in y~* near y= oo, and such
that m(o0)=1; m, stands for a constant matrix. Since k(y), when defined,
is invertible, the matrix m, must also have an inverse. The matrix entries
of m(y)~! also have convergent power series expansions in y~*, because
m(oo0)=1. Thus

Im@)~ ' m@I=0(p"% asy—co.

Since exp(logy Z_,)eK for yeIR, the entries of this matrix, as well as
those of its inverse, remain bounded near y= co. [ deduce:

lim, , . (yk()~ K ()
=my' Z_, mo+lim,_ , {Ad(mg* exp(—logy Z_,))(ym(y)~' m' (¥))}

=myt Z_,mg.
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On the other hand, for those real values of y for which it is defined,
k(y)=! k'(y) lies in £y, so that mg* Z_, myet,. I now define L=mg' Z_, m,,
ky(y)=m(y)m,. Then k(y)=k,(y) exp(logy L), as desired. This last iden-
tity also forces k, (y) to take values in K, since Lef,. All the other stated
properties have already been verified.

The next step of the proof consists of showing that L=0. For this
purpose, a certain algebraic statement is needed. In my original version
of the proof of (5.13), this statement was implicit, though rather well
hidden; Deligne extracted it, cleaned up its proof, and recast it in the
following neat form:

(9.33) Lemma. Let ay, by be Lie algebras of compact Lie groups,
p: ag— by a linear map, and Leb, some element of b, such that

[pX,pY]=(1+adL)op[X, Y]
Jorall X, Yeay. Then p is a Lie algebra homomorphism.

Proof. It must be shown that L commutes with p [a,, a,]. The derived
algebra of a compact Lie algebra is semisimple and therefore equal to its
derived algebra; moreover, it is again the Lie algebra of a compact
group [16]. One may therefore assume that a, is semisimple. A compact
semisimple Lie algebra is the linear span of some number of subalgebras
which are isomorphic to su(2) [16]; this reduces the problem to the
case when a,=su(2). I let X, ¥, Z, denote the images under p of, respec-

tively, L(i 0) l( 01) l(0 i)_
2o -7 *\-1 0o 2\ o)’

then, according to the hypotheses,

[X,Y]=Z+[L, Z],

(Y, Z]=X+[L, X],

[Z,X]=Y+[L, Y]

Using this, together with the Jacobi identity, one finds
[X,[x,L]]+[Y[Y L]]+[Z (2 L]]
=—[X,[Y,Z]]-[Y,[Z X]1]-[Z, [X, Y]]=0.

Since by, is the Lie algebra of a compact Lie group, one can choose a

negative definite, ad-invariant bilinear form B( , ) on b, (for example,
the trace form of a faithful finite dimensional representation). Then

B([X, L], [X,L)+B(LY, L], [Y, L) +B([Z, L], [Z,L])
=-B([X, [X,L]],L)-B([Y [Y, L]}, L)-B([Z [Z,L]], L)
=0.



304 W. Schmid

Because of the negative definiteness of B, L must commute with
plag, ag]=p ay, as was to be shown.

(9.34) Corollary. Let g,, g, be real semisimple Lie algebras, with Cartan
involutions 0,, 0,, and p: g, — @, a linear map which is compatible with the
involutions (i.e. 0,0 p=po0,). If there exists some Leg,, with 0,L=L,
suchthat[pX,pY]=(1+adL)op[X, Y] forall X, Yeg,, then p is a homo-
morphism of Lie algebras.

Proof. 1 set m;={X eg;®xC|0; X = X}; then m,, m, are Lie algebras
of compact Lie groups [16]. Because of the hypotheses on p, the complex
linear extension maps m, to m,, and p, L, m,, m, satisfy the assumptions
of the lemma.

(9.35) Lemma. In the notation of Lemma (9.31), L=0.

Proof. According to (9.16), (9.22), and (9.31), one can express the
function h(y) as

h(y)=h,(y) exp(logy L),

where h,(y) is a Gg-valued function whose matrix entries have convergent
Laurant series expansions in y~* near y= oo, and Le{,. I define

A(y)=Ad exp(logy L)(A(»));
E(y)=Ad exp(logyL)(E(»)),
F(y)=Ad exp(logyL)(F (»)).

As one can compute easily,
(9.36) A)==2h,(0)" Ky (y)—2y~' L,

which implies that A (y) has a Laurant series expansion in y~* near y = co.
Similarly, 3
F(y)=Adh()"'N

and E(y)= —0F(y) (6 commutes with Ad K!) have such Laurant series
expansions. Since K operates unitarily on g under the adjoint action,
and in view of (9.14), the lowest power of y~* which can occur in these
expansions is the first power, so that

A=A,y '+ A3y 4+,

E()=E,y ' +Eyy ¥+,

F)=Fy ' +Fy 4.
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Using the differential equation for A(y) in (9.8), I find
— Ay -3 Ay i - =A()
=Ad exp(logyL)(A'(y)+y~"' [L, A(y)]
=—[EW), Fp1+y ' [L A()]
=(—[E, B1+[L, A, y~ 2+,
and hence [E,, F,]1=(1 +ad L)(4,). Similarly,
[4,,E;]=(1+adL)QE,), [A,,F]=(1+adL)(-2F).

Since Ad K commutes with 8, 84,= —A,, and F,=F,. There exists a
unique linear map p: s1(2, R) — g, which sends

(l 0) (0 1) (0 0
0 -1/’ 0 0/’ 1 0)
to, respectively, A, E,, F,. Under this map, the usual Cartan involution
on sl(2, R), namely X — —'X, corresponds to the Cartan involution 6

of go. In view of the identities above, and because L= L, (9.34) can be
applied to this situation; in particular, [L, 4,]=0. As a consequence of

9.36), )
039 hO) P ()=GA,— L)y t+-;

when this differential equation is rewritten in terms of the variable t=y~?,
it becomes
dh,

T {2L—A,) t~* +higher order terms} h, ().

According to the elementary theory of ordinary differential equations
with regular singular points (e.g. Chapter IV, §4 in [4]), the general
solution, near t=0, cannot have a Laurant series expansion in the
variable t, unless the leading coefficient (2L—A,) has only integral
eigenvalues. On the other hand, h,(t) does have a Laurant expansion
in ¢ near t=0; hence the eigenvalues of (2L— A4,) are all integral. Since
Lef,, L is semisimple and has only purely imaginary eigenvalues,
whereas the eigenvalues of A,ep, must be real (f,@ip, is the Lie
algebra of a compact Lie group; cf. §8). Also, L and A, are known to
commute. But all this is only possible if L=0.

Combined with (9.22) and (9.31), the lemma implies
(9.37) Corollary. The function k(y) extends to a real analytic K-valued
function of the real variable y=* near y= oo. In particular, k(o) lies in K.

The matrix entries of h(y),h(y)~', A(y), E(y), F(y) all have convergent
Laurant series expansions in y~* near y= co.
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Because of the statement (9.14), the lowest power of y~* which can
occur in the series expansions of A(y), E(y), F(y) is y~!. Thus I can

write
(9.38) A=Y 0204,y 22, E()=Y,50E,y "+
‘ F)=Ynzo by~ 4?2,

The coefficients A,, E,, F, lie in go, because A(y), E(y), F(y) are g,-valued
functions. The labelling of the indices in (9.38) does not agree with my
previous practice, but it will turn out to be more convenient. In terms
of the coefficients of the series, the differential equations (9.8) become

(n+2)E,=3%_o[A4x, Eq_il,
(9.39) (n+2)F=3%_o[Aw E i,

(n+2) A.,=Z£=o [Ei, F,_4].
By setting n=0, one finds

(940) [Ao,Eo]=2E,, [Ay,F]l=-2F,, [E,, F]= A,.

Thus Ay, E,, F, span a subalgebra of g,, which I shall denote by sq;
s will stand for the complexification of s, in g. The commutation relations
(9.40) are those of the standard generators of s1(2, R). Hence soxsl(2, R),
unless A, Eo, Fy all vanish. In this latter case, from (9.39) one deduces by
induction on n that all the coefficients 4,, E,, F, must be zero. But then

n> *n

A(y)=0, F(y)=0, so that h(y) must remain constant, and

N=Adh(y)(F(»)=0.
For emphasis:

9.41) so=sl(2,R), s=sl(2,C), unless N=0.

From now on, I specifically exclude the trivial situation, when N =0.
Via ad, s is represented on g. I recall the basic facts about representations
of s[,, which were stated in §6. In particular, g breaks up into a direct
sum of s-invariant, s-irreducible subspaces. For each such irreducible
subspace, the collection of eigenvalues of ad A4, is of the form

{r,r=2,r—4,..., —r}, with reZ, r=0;
the eigenvalues all have multiplicity one. Corresponding to every non-
negative integer r and every integer s, I define subspaces

(942) g(r)=linear span of all s-invariant, irreducible subspaces of g on
which ad 4, has eigenvalues r,r—2,..., —r; g(r, s)=s-eigenspace of
ad A, in g(r).
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Then g becomes the direct sum of these subspaces:
(9.43) 3=@,20 g(r), 9(")=@0§i§r g(r,r—2i).

The mapping [ , ]: g®g— g commutes with the action of s. Hence, for
r,1,20,[g(r), g(r,)] is an s-invariant subspace of g, on which ad 4, has
no eigenvalues exceeding r, +r,, and all of the same parity as r, +r,.
This implies

9.44) [8(r1, 51), @(r2, 501 = @ <; G (1 +1,— 21, 51+ 5,).

For future reference, I record the identities

[Eo’g(ras)]cg(r’s+2), [Fo,g(r,s)]cg(r,s—Z),
[A09 g(r’ s)]cg(r, S)’

which are a simple consequence of the commutation relations (9.40) and
the s-invariance of the subspaces g(r).

I define an element Q of the universal enveloping algebra of s by the
formula

(9.46) Q=2Ey Fy+2F, Eq+ Ao Ao

(9.45)

One can verify that Q lies in the center of the universal enveloping
algebra of s, either directly or by identifying Q with eight times the
Casimir operator of s. It follows that Q acts as a constant mutiple of the
identity under every irreducible representation of s. According to the
Definition (9.42) (if one takes into account the first identity in (9.45)),
each irreducible subspace of g(r) contains a nonzero element X, with the
properties [A,, X]=rX, [E,, X]=0. One computes easily

adQ(X)=(2adE,adF, +2 ad F, ad E, +(ad 4,)?)(X)
—(4ad Fy ad Eq+2 ad [Eq, Fy]+(ad 40)%)(X)
=(r?+2rX.

Hence Q acts on all of g(r) as multiplication by (r>+2r). For distinct
nonnegative r’s, these numbers are also distinct, and this gives another
characterization of g(r):

(9.47) g(r)={Xeglad Q(X)=(2+2r)X}.

I now decompose the coefficients of the series (9.38) into their compo-
nents in the various subspaces g(r, s):

A= ZF.S A:'s’ En= Zr.s E;’sa F,= Zr,s F:'s,
with Ap*% En® Fr'eg(r,s), for n=1,2,...
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(9.48) Lemma. The following statements holds for n>0:

a) If n<r, or if n—r is not an even integer, Ay *=E;*=F/*=0;

b) Ann An —n E:’_"=E:’2 n__ Fn n Fn n—-2 _0’

C) AL% n— 2, A:_%,Z—n, E::% 2- n, E:_% 4- n’ E|"—22 n— 2, E."—_Zz'"_4 all
vanish.

Proof. By induction on n. I let n>0 be given, and I assume that the
statements in the lemma have been verified for all coefficients 4,, E,, F,
with 0 <k <n. This induction hypothesis is vacuously satisfied for n=1.
I define

Xn =2 ZO <k<n [Ek, Eu—k]’ X;"=component of Xn in g(r’ S);
Yn‘_‘ZO<k<n[Ak’ E, ] Y;>*=component of Y, in g(r, s);
Z,=—Y0<xenlAr-F_ ],  Zp*=component of Z, in g(r, 5).

The induction hypotheses, together with (9.44), imply

a) if n<r,orif n—ris not an even integer,
Xps=Yr*=27Zn°=0;
b) Xr*=0ifs=+n +(n—-2); Y,*=0if s=—n,2—n,4—n,
(9.49) or s=n; Z"*=0if s=n,n—2, n—4,0r s= —n;
C) Xn 2,n— 2,_Xn 2,2—-n__ Yn 2,2-n_ Yn 2,4—n_ Zn 2,n—2

=Zp 24 =0.

From (9.39), by equating the components in the subspaces g(r, s), taking
into account (9.45), one finds

(n+2) By = [, By ]~ (o, 4721+ 177,
(9.50) (n+2)F*= —[Ay, Fr*]1+ [F,, A;’s+2]+Z:’s,
(n+2) Ay =2[Eo, F*~*]1-2[F,, E;*+* 2]+ X °

In the first and second of these equations, I replace s by, respectively,
s+2 and s—2; since ad 4, operates on g(r,s) as multiplication by s,
this gives

(n—5) Eg**2= —[Eq, A7+ 1,74,

951)
(n+3) Ep*=2=[Fy, AL*1+ 252,
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Next, I multiply the third equation in (9.50) by n? —s? and substitute the
equations (9.51):

(n+2)(n? —s?) AL
=(n*—=5) X;*+2(n—s)[Eo, [Fy, A*1]+2(n—5)[E,, AL~ 2]
+2(n+35)[Fy, [Eo, Ay*1]—2(n+s)[Fy, ¥*+2]
=2n(adE, ad Fy+ad Fy ad Eo) (A7) —2s[A4,, AL*]
+2(n—s)[Ey, Z;*~2]—-2(n+5)[Fy, Y s+2] 4+ (n2 —5%) Xo°
=n(2—(ad Ao)*)(A;*)—25% A7 +2(n—s)[E,, Z0° 2]
—=2(n+s)[Fy, Y, 2]+ (n? —s?) X7®
=n((r*+2r)—(n+2)s?) A;*+2(n—s) [E,, Z7°~ 2]
=2(n+9)[Fp, Y, 2]+ (n* —s%) X*
(cf. (9.46) and (9.47)). Thus
©52) n((n+1*—(r+1)) 4%°
=2(—s)[Ey. 205" 2]=2(n—s)[F,, Y5+ 2]+ (n*—s?) X7*.

If n<r, or if n—r is not an even integer, the right hand side of (9.52)
vanishes because of the induction hypotheses. In this case, since the
coefficient of A7* in (9.53) is nonzero, A7° must also vanish. But then
(9.52) and (9.49a) give

En*=0, except possibly for s=n+2;
FE*=0, except possibly for s=—n—2.
Still under the hypothesis that n<r or n—r¢2Z, according to the
previous conclusions and the third equation in (9.51),
[Fo,E;"+21=0, [E,, F~""*]=0.

For s+ —r, adF, maps g(r, s) injectively to g(r,s—2) (cf. (6.3)); also,
r is known to be nonnegative, and n>0. Hence E;;"+?=0, and similarly
one finds that F>~"~2=0. This concludes the induction step for (9.48a).
As a consequence of the definition, g(r, s)=0 unless s is an integer
between r and —r, of the same parity as r. Together with (9.49 b, c), (9.50),
and (9.51), the preceeding statement gives the following information:
9.53) ifr=norr=n-2,andif s=+n, +(n-2),
(n+2) A:,’s=2 [Eo, E,"S_z] -2 [FOa E;,s+ 2],
(n—s) Ey*+2= — [Eq, 45°], and
(n+s) B*~2=[Fy, 47°].
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Since E*"*2=0 and [E,, A*"]=0, I deduce
n(n+2) Ay"=2n[Eo, F"~*]1=[Eo, [Fo, A7"1]
= [E09 [FOa A:"]] - [F09 [EO’ A:'"]]
=[A0> A:’"]=HA:'",
so that A}"=0. Similarly,
(n—1)(n+2) 432" 2=2n-2)[E,, Fy~*""*]
=[Eo, [Fo, 477> 1]
= [AO’ A:—Z,"_ 2] =(n_2) A:—Z'”—- 2’

and hence A"~ 2"~2=0. For trivial reasons, A%"*?=A4"~2"=0. If these
conclusions are fed back into the last equation in (9.53), one finds

E,"'n=F,."’"_2=F;,n_2'"_2=E|"_2'”_4=0.

(For n=1, the coefficient of F'~*"~* in (9.54) vanishes, but F;~"' = is
zero because of trivial reasons.) By completely analogous arguments,

An—n___An 2,2-n__ En——n En2n En 2,2—n__ En 2,4—-n__ =0.
This concludes the proof by induction.

Since A, lies in the Lie algebra of g,, the function y— exp(—3logy 4,)
takes values in Gg. Hence the relation

(9.54) h(y)=g(y) exp(—3%logy Ao)

defines a Gg-valued function g(y).

(9.55) Lemma. The function g (y) is a real analytic, Gg-valued function of
the real variable y=! near y=co. Moreover, Fy=Adg(c0)~*(N).

Proof. Logarithmic differentiation of (9.54) gives
A(y)=4,y~' =2 Ad exp(} logy 4o)(g(»)~' &' (),
or equivalently,
g0 g ()= —5Adexp(—$logy 4)(A(¥)+1 40y~
= —}Adexp(—7logy 4o)
Aoy + Ynr0 L s ARy 43 4y
= =5 Vo0 Lps AgSy O,

According to (9.48), A7*=0 unless n and r have the same parity. Also,
g(r, s)=0 unless r—s is even. Hence only integral powers of y occur with
nonzero coefficients on the right hand side of (9.56). Again by (9.48), if

9.56)



Variation of Hodge Structure 311

n>0and A;°+0, n+s must be strictly positive. Thus g(y)~! g'(y) hasa
series expansion of the form

9.57) gy g M=Yz2 By 75

which converges near y=oco0. One can regard (9.57) as a differential
equation for g(y); as such, it has a regular point at y=co, and this implies
the first conclusion of the lemma. In view of the definition of the function
F(y),

Adg(y)~"(N)=Ad exp(—4logy Ao)(F(y))
=Ad exp(_% IOgyAO)(FO y_l +Zn>0 Zr,s EI",S y-("+2)/2)
=F0 + Zn>0 Zr,s Fnr‘s y—(n+s+ 2)/2'
In this last series, only positive powers of y~! can occur, since F"*=0 for
s< —n. By letting y tend to oo, one obtains the second statement.

According to the lemma, g(y) and g(y)~! can be expanded in series
of the form

g)=g(o)(1+g, y~ ' +g,y 2+,
g =1+ y "+ 2+ g(00) 7Y

which converge and are valid for all sufficiently large values of y. The
coefficients g, f; lic in Hom (Hg, Hy). In view of the facts about represen-
tations of s[, which were mentioned in §6, 4, operates on Hom (Hg, Hg)
semisimply, with integral eigenvalues. Thus I can decompose the
coefficients g, and f; as follows:

8k= Zsel gk.s’ fk = Zselﬁc,ss With gk,sa ﬁc,sEHom (Hlb Hll), and

(9.59)
[Ao’gk,s]=sgk,s’ [AO’fk,s]':sﬁ(,S'
(9.60) Lemma. Unless s<k—1, g, , and f,  vanish.

Proof. Slightly more detailed information will be needed below.
I shall therefore record certain statements which are not important for
the proof of (9.60) itself. Also, with a shift in notation, I shall replace
g(») by g(00)~! g(y); this has the effect of setting g(c0) equal to 1, which
simplifies the formulas below, but does not affect the general validity of
the argument. According to (9.56),

EW=gW{—3 Y0zt Dy Ay y=ts+2}
and A} *=0 unless n+sis even, r<n, and |s|<r—2. Thus
g0=g k=2 Bcy*} with
Bk+1 = "117 chk-—l Zr§2k—s AZi_s-

(9.58)

(9.61)
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When the series (9.58) is substituted in (9.61), one finds

1
&=~ Y2<i<ks18ks1-1Bre

Hence, by induction on k:

(9.62) g, is a noncommutative polynomial in B,, Bs, ..., By, ;, homo-
geneous of weighted degree k when B, is assigned the weight [; B,

. . 1 . . 1
occurs with coefficient % and B% with coefficient (— 1)* R

Multiplying the two series in (9.58) gives the identities

fie= —Zl gl_s_kﬁz—l g, for k21
Hence, by induction on k, and using (9.62), it can be shown that

(9.63) f, is a noncommutative polynomial in B,, B;, ..., By, homo-
geneous of weighted degree k when B, is assigned the weight I; By,
. . 1
occurs with coefficient %, and B with coefficient o
As is asserted by (9.61), B, ; has a nonzero component in the s-eigenspace
of A, on Hom(Hg, Hg) only if s<I/—1. Under composition in
Hom (Hg, Hg), the s;- and the s,-eigenspace of A, get mapped into the
(s; +5,)-eigenspace. Thus the lemma follows from (9.62) and (9.63).

Instead of considering the action of Gg on Hg, one may compose g(y)

with any finite dimensional representation of G¢. The proof of (9.60)
carries over to this more general situation without difficulty.
(9.64) Corollary. Let  be a representation of Gg on a finite dimensional
complex vector space W, The coefficients of y~* in the power series ex-
pansions of m(g(c0)~"! g(y)) and of m(g(y)~"! g(c0)) have zero components
in the s-eigenspace of A, on Hom(W, W), whenever s= k.

So far, the choice of the base point oeD has remained arbitrary.
If o is replaced by g, o, for some g, Gg, V will be replaced by Adg, V,
v by Adg, v, q by Adgoq, h(y) by h(¥) 85", 8(¥) by g(») g5 ", and F(y) by
Adg, (F(y))- In particular, setting g, =g(c0), one finds

(9.65) Lemma. By choosing the base point o€ D appropriately, it can be
arranged that g(o0)=1 and that Fy=N.

At this point, the proof of (5.13) is more or less complete. The generators

Tod G o
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of s1(2, R) satisfy the same commutation relations as the triple 4, E,, F,.
Hence there exists a unique homomorphism ¥, sl(2,IR)— g,, which
maps these generators, in the given order, to 4,, E, and F,. Clearly y,,
extends complex linearly to the complexifications, and since SL(2, €) is
simply connected, it lifts to a homomorphism

¥: SL(2, €©)— Ge.

As in (5.8), Y determines the embedding . The Gg-valued function g(y)
has a convergent power series expansion in y~! near y=co. Replacing
y by the complex variable z, one obtains a holomorphic function g(z),
defined near z= oo, with values in Hom (Hg, Hg). For zeRR, g(z) lies in the
complex submanifold Gg of Hom(Hg, H); hence g(z)eGg, also for
complex z. According to (9.54), the definition of J, and (5.5),

exp(iyN)oa=g(y) exp(—%logy d,) o0
=g(y) exp(—zlogyy,(Y)eo=g(y)oy(iy),

which is the assertion a) for ze U niR. By the identity theorem for holo-
morphic functions, a) follows. The statement b) is a consequence of the
containment y, (s1(2, R)) = g,. As for c), Lemma (9.8) gives

V. (Z)=i(Ey,— Fy)ev;

V(X ,)=3(Ao+Eo+Fyen@®aq,
and

JW*(X+)=i‘//*(X+)’

hence Y, (X, )eg"! (cf. (9.2)). Similarly, ¥, (X _)eg" ~*. Next, d) follows
directly from the construction of g(y), and e) is asserted by (9.55). The
definition of h(y) in f) agrees with (9.54), and so the differential equation
is just the one which was used to characterize h(y) in the first place.
Lemma (9.60) leads to g), and the first part of h) is embodied in (9.65).
I assume then, that g(c0)=1 and N =F, (cf. (9.55)). In the notation of the
proof of Lemma (9.60), for I>1,

(AdN)lH Bl+1 =(AdFo)l+1 Bt+1 =Zs§t—1 ngzt—s(AdFo)I+l Sl_s

Under the indicated restrictions, s—21—2<s—2I<—r, so that
g(r,s—21—2)=0. On the other hand, (AdF,)'*' A%_, must lie in
g(r, s—21—2); hence (Ad N)'*! B, , =0. Combined with (9.62) and (9.63),
this implies the vanishing of (AdNy‘+!g, and (AdN)**'f,, which
completes the proof of the theorem.

I now turn to the proof of Lemma (5.25). The strategy will be to
investigate closely the functions u(y), a(y), k(y) in (9.16), with an appro-
priate choice of Iwasawa decomposition.
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Since I do not insist on the conclusions of (9.65), the choice of base
point can be made as in (5.19). It will be necessary to know that the group
K of the Iwasawa decomposition, which enters the statement (9.17),
agrees with the choice of K in §5. For this purpose, I consider a sub-
algebra f,=go, such that f, belongs to a compact subgroup of Gg, and
such that f, contains vy, the Lie algebra of V. Since 6=Ad C, with CeV
(C is the Weil operator of the reference Hodge structure), f, splits up as

fo=FonT)®(Fonpo)

(cf. (8.1)). Any X ef, has purely imaginary eigenvalues, which makes the
trace form (8.7) negative definite on f,. On the other hand, the trace form
is positive definite on p,. I conclude f,=f,. As a result, the group K of
the Iwasawa decomposition, which was defined in §8, contains the
identity component of every compact subgroup of Gg which contains V.
In a real, semisimple matrix group (which may have more than a single
component in the ordinary topology), a maximal compact subgroup is
the normalizer of its own identity component. It follows that K can be
described as the unique maximal compact subgroup of Gg which contains
V: hence the choices of K in §5 and §8 are consistent.

One of the identities which was used to define y, is y, (Y)=A4,. The
change of base point, which may have been necessary to accomplish
(5.19), does not destroy this identity. Similarly, F, is the image under y/,,
of the element (5.18) of s1(2, IR); combined with (5.19), this gives Fo=N.
For emphasis;

(9.66) Ao=y,(Y), Fo=N.

Let a, be the Lie algebra of the group A in the Iwasawa decomposition.
Aside from the datum of K, no special demands were made on the
decomposition. Thus a, may be any maximal Abelian subspace of the
(—1)-eigenspace of 6 on g,. According to (5.13¢c),

Ao=y,(V)=iy,(X_-X,)

belongs to this (— 1)-eigenspace of 6. Hence, without loss of generality,
I may assume that Ayea,.

Once A and K have been determined, the choice of U amounts to
the choice of a system of positive roots for (go, a,), such a system can be
selected so that it contains every root which assumes a strictly negative
value on A4,. In this case, the Lie algebra u, of U has the following

property:
(9.67) for every strictly negative number , u, contains the l-eigenspace
of ad 44: g0 — Go-
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Again, I can make this hypothesis without loss of generality. I recall the
definition of ¢, in (5.16). According to the representation theory of sl,,
as it was reviewed in §6, ¢, lies inside the direct sum of the eigenspaces
of ad 4, corresponding to strictly negative, integral eigenvalues. Hence
U, contains ¢,, and because of (5.19), g(co0)eexp ¢, < U. Also, the relation
[Ao, Fy]= —2F, gives N=Fye u,.

For the statement of the next lemma, one should remember the
decomposition (9.16) of the function h(y).

(9.68) Lemma. Suppose that the base point o and the Iwasawa decom-
position Gg= UAK have been chosen subject to the following conditions:
K>V, Ayea,, g(0)eU, and (9.67). Then u(y), k(y), exp(}logyd,)a(y)
are regular functions of the variable y=* near y= oo, and u(00)=g(0),
k(c0)=1,lim,__ exp (3logy o) a(y)=1.

Proof. 1 define auxiliary functions
u(y)=Ad exp(z log y 4o)(g(c0)~" u(y)),
a,(y)=exp(z logy Ao) a(y).
The linear transformation A, acts semisimply, with integral eigenvalues.
Because of this, and because of (9.22), (9.31), and (9.35), all of the functions
u(y), u1(y), a(y), a;(y), k(y) have Laurant series expansions in terms of the
variable y~*, which converge and are valid around y=co. The group A

normalizes U, and A4,€a,; hence u, (y) takes values in U, and a,(y) in A.
From the definition (9.54) of g(y), one obtains

Adexp( logy 4o)(g(0) ™" g () =u; () a, (y) k (y).
In the notation of (9.60), the left hand side can be expressed as
1 +Zkg1 ngk—l i sy~ 2hmIN2

which tends to the identity as y—co. The Iwasawa decomposition
establishes a diffeomorphism between Gy and U x 4 x K. Thus each of
the factors on the right tends to the identity individually: k(y), a; (y), u, (y)
are regular functions of y~* near y= oo, and k (c0) =1, g, (00) =1, u, (c0)=1.

The statement about u(y) is more difficult; it will come out of a
careful consideration of the differential equations in (9.23). I recall that
AW =Y p20 A, y~"*?'2 and I define

L(y)=Adk()(A(D)— Aoy =Y uz3 Loy,
k/(y)k(Y)_l=Zn§3Bny—"/2 Wlth BnefO'
By induction on n, one shows:

(9.69) the coefficient of y="2 in the series expansion of k(y) (respectively,
of k(y)~') is a noncommutative polynomial in the B,’s, homogeneous of
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weighted degree n when B,  , is assigned the weight k; B, , occurs with

. 2 . . .2
coefficient s (respectlvely, with coefficient —;) .

As a consequence,

(9.70) L, is a noncommutative polynomial in the B,’s and the A,’s,
homogeneous of weighted degree n—2 when B, , , and 4, are assigned

the weight k; the only term involving B, and 4, is —n% [4,, B,].

Ilet A,, B, s, L, ; denote the components of 4,, B,, L, in the s-eigen-
space of ad 4, on g,. Lemma (9.48) asserts that

9.71) A,,=0 if n>0 and |s|>n-2.

The Cartan involution 6 is the identity on f,, and § A= — 4, . Hence
9.72) 0B, =B, _;.

The Lie algebra u, contains all eigenspaces of ad 4, corresponding to
strictly negative eigenvalues, and 6u, contains all eigenspaces corre-
sponding to strictly positive eigenvalues. Also, ad 4, acts trivially on a,.
These facts, together with (9.23), give

(9.73) L,=2B,, for s<O.

By induction on n, I shall show that \

9.74) B,s=0 unless [s|<n—3.

For n<3, this is vacuously satisfied. Let me assume, then, that (9.74)

has been verified for all integers less than a given n=3. According to the
induction hypothesis and (9.70),

2 2s .
L"’s=_n?2— [4o, B,,,3]=—m B,s, provided s<3—n.
If s<3—n, s is negative, and (9.73) now implies the relation
(n—2)B, =sB,, if s<3—n, nz3.
This is possible only if B, ;=0. By invoking (9.72), I complete the in-
duction step.
In the power series expansion of k(y)~!, the coefficient of y~"2 has a

zero component in the s-eigenspace of 4, on Hom(Hg, Hg), unless
n=0or |s|<n—1, as follows from (9.69) and (9.74). I may conclude that

lim,_,, Ad exp(—#%logy 4o)(k()~")=1.
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Finally, then,

u()=h() k()" a(y)" =g () exp(—}logy Ao) k(y)~! a(y)?
=g(y) Ad exp(—}logy Ao) (k(y)~*) a;(y) — g (c0)
as y— oo, and this proves the lemma.
Let r be the subalgebra of g which was defined in (5.21), and ry=r N g,.
From the construction of r and (9.67), it follows that ToC U,; in fact,

to is an ideal in u,. The centralizer of 4,=y,(Y) in u,, which will be
denoted by rj, is a complementary subalgebra for r, in u,, so that

9.75) uy=ro@ry (semidirect product).

The same argument which gave the containment ¢,<u, also implies
¢y, =to. Hence, and because of (9.68),

u(co)=g(o0)EexXp co=expry,.

Near the identity, the group U is real analytically diffeomorphic to the
product of its two subgroups expro,=RnN Gg and expr,; the global
statement is also true, but not necessary in this context. Hence the
U-valued function u(00)~! u(y) can be expressed as a product

u(o0) ' u(y)=n ) r,();

here r, (y) takes values in R N Gg, 1, (y) in exprp, both are regular functions
of the variables y~* near y=co, and r,(00)=1, r,(c0)=1. As in the proof
of (9.68), I set

(.68) Tse ay(0)=exp(} logy Ao) a(y);

then a, (c0)=1. Since t,, centralizes A4,

h(y)=u(0) r,(y) r2(y) a(y) k()
=u(c0) r;(y) exp(—%logy Ap) z(y) k(y),

with z(y)=r,(y) a,(y). The function z(y) takes values in the centralizer
of 4, in Gy, it is a regular function of y~* near y = 00, and z(c0)=1.

I shall denote by Z(4,) the centralizer of 4, in Gg, or, equivalently,
the centralizer of the image under y of the diagonal subgroup of SL(2, C).
Then Z(A,) is a reductive Q-subgroup of Gg; it contains the maximal
Q-split torus T<Gg which was defined in §5. Consequently, PN Z(4,)
must be a minimal Q-parabolic subgroup of Z(4,). Since 6 4o= — A,,
the Lie algebra of Z(A4,) is 6-stable. It follows that K N Z(A) is maximal
compact in Z(A4,)N Gg, certainly if one considers only the connected
components of the identity, in the Lie topology. Hence the product

(RN Z(Ao)g) Ty M(Z(Ao)~ K)
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contains at least the identity component of the centralizer of 4, in Gg
(the subscripts R refer to the groups of real points). Now I can express
the function z(y) as

z()=r;(y) t, ) m(Y) k; (v);

the factors are regular functions of the variable y~* near y= oo, with
values in, respectively, RN Z(Ao)g, T, Mg, and Z(A4,)n K; all assume
the identity as value at y= 0. Since r;(y) commutes with 4,

h(y)=u(c0) 1;(y) 13(y) exp(—3 logy Ao) t; (y) m(y) ky (¥) k ().

I define r(y)=u(0) 1, (¥) 73 (), t(y)=exp(—3logy 4o) t;(y), and I change
notation, replacing k, (y) k(y) by k(). This proves Lemma (5.25).
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