LECTURE 15 (MARCH 25)

Group schemes. This was the first lecture after spring break, so I briefly re-
viewed what we had done before the break. Let X be an abelian variety over an
algebraically closed field k. We are interested in the group

Pic’(X) = { L € Pic(X) | tiL = L for every z € X }

of translation-invariant line bundles on X, and in particular, in constructing an
abelian variety X, the so-called “dual” abelian variety, that is isomorphic to PicO(X )
as a group. Let L be an ample line bundle. We showed that

or: X = Pic®(X), ¢p(z)=t'Le L,
is a surjective homomorphism, and that K (L) = ker ¢, is a finite subgroup of X.
In characteristic zero, we then defined the dual abelian variety as the quotient
X = X/K(L).

We also constructed a universal line bundle P on X x X, called the Poincaré bundle,
with the property that

(idx7)*P=2m*Lopi L' @ psL .

The pair (X, P) serves as a “moduli space” for families of line bundles in Pic®(X),
but we were only able to prove this for families parametrized by normal varieties.

To construct the dual abelian variety in all characteristics, we need to take
into account that K (L) is not just a finite set, but that it has a natural scheme
structure. This follows from the scheme version of the seesaw theorem. Indeed, by
Proposition 14.8, there is a maximal closed subscheme Xy C X with the property
that the line bundle

M=m"Lep;L ' @psL*

is trivial on X x Xj; the set of closed points of X is exactly our subgroup K(L),
and this endows K (L) with a scheme structure. In fact, K(L) is an example of a
“group scheme”: a group-object in the category of schemes (of finite type over k).

Definition 15.1. A group scheme is a scheme G (of finite type over the field k)
with a closed point e € G(k) and two morphisms

m:GXxGE—->G and i:G— G,
subject to the following conditions:

(1) m is associative, meaning that the diagram

GxGxG™ axa

[ixm |

m

GxG —— G

is commutative.
(2) e is the unit element, meaning that the diagram

id

N

%e)
GxG =25 @G

4O
g

is commutative; here we view e as a morphism e: Speck — G.



(3) i is the inverse, meaning that the diagram

o GxG
(1d7? YI

G —— Speck —— G

N
Gx@G

If G is a group scheme, then for every scheme S (of finite type over k), the set of
G-valued points G(S) = Homgpec (S, G) becomes a group; conversely, if G(S) is a
group in a way that is functorial in S, then G has the structure of a group scheme.

is commutative.

Ezxample 15.2. An abelian variety is obviously a group scheme; by definition, every
abelian variety is reduced and irreducible. If we define

X, = ker(nX: X — X)

as the kernel of the morphism = — nz, then X, is a closed subscheme of length
degnyx = n?dmX  We saw earlier that it has n?4™X points when n is not a

multiple of the characteristic char(k); but for example X, always has at most

p3™ X many points, and must therefore be nonreduced.

Example 15.3. For n > 1, the n-th roots of unity form a group scheme
tn = Speck[x]/(x"™ — 1).
The group operation is given by the morphism of k-algebras
klz]/ (2" — 1) = kly, z]/(y" — 1,2" = 1), x> yz.

When the field k has characteristic p, the group scheme p,, is nonreduced and only
has a single closed point, because

klz]/(a? = 1) = klz]/(z — 1)".
Example 15.4. In characteristic p, the Frobenius morphism
F: klx] — klz], F(z)=2",
is a ring homomorphism. The fiber over the origin is the group scheme
Specklx]/ ("),

which is again nonreduced with a single closed point. (The group operation is now
Z +— y + z, in the same notation as in the previous example.)

The examples show that, in characteristic p, group schemes can have a nontriv-
ial (meaning nonreduced) scheme structure. In characteristic zero, this does not
happen, because of the following theorem.

Theorem 15.5. FEvery group scheme over a field of characteristic 0 is nonsingular.

The proof has two steps. First, one shows that the sheaf of Kéhler differentials
Qé /i ON & group scheme G is always locally free. Recall that, according to one
construction of the Kahler differentials, Q, , = Z/Z?, where T is the ideal sheaf of
the diagonal A: G — G x G. Because G is a group scheme, we can describe the
diagonal in terms of the group operations. Let

s=mo(id,i): G x G — G
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be the morphism that acts on closed points as s(x,y) = zy~!. One can show that

G—2 GxG

J |

Speck —%— G
is a Cartesian diagram, and therefore
Qg 2 I/ = 5" (me/m?) = Og @) me/mg,

where m, is the ideal sheaf of the closed point e € G(k). This proves that the sheaf
of Kahler differentials is locally free of rank equal to the dimension of the k-vector
space m,/m2. This much is true independently of the characteristic of the field.

Ezample 15.6. For u, = Spec k[z]/(zP — 1), we have d(xz — 1)P = p(x — 1)P~! =0,
and so the module of Kahler differentials is isomorphic to

Qhia /b Okla) k2] /(2P — 1) = k[z]/(a? - 1),
hence free of rank one.
The characteristic zero magic happens in the following lemma.

Lemma 15.7. Let X be a scheme of finite type over a field k of characteristic zero.
If the sheaf of Kahler differentials Q}(/k 18 locally free, then X is nonsingular.

Proof. T did not present the proof in class, but here it is. Let 2 € X (k) be an
arbitrary closed point. It is enough to show that the local ring Ox ;. is regular. So
we may assume that (A, m) is a local k-algebra with residue field A/m = k, and
that the module of Kahler differentials Qi‘ /k is locally free. We need to show that A
is regular, which means that dim A = dim; m/m?. Set n = dim; m/m?, and choose
n elements fi,...,f, € m whose images in m/m? form a basis over k. Because
qu/k ®4 k = m/m?, the rank of the free A-module Qk/k is equal to n, and so we
have an isomorphism of A-modules
Oy =A™

By the universal property of the Kahler differentials, this gives us n derivations
01,...,0, € Derg(A), with the property that 6;(f;) = 1 if ¢ = j, and 0 otherwise.
It follows that (5i(m€) Cmf ! foral ¢>1.

Now both dimj m/m? and dim A don’t change under completion, and so we may
replace A by its completion

A =lim A/m".
‘

Because 6;(m) € m‘~! our derivations extend to A as well; we may therefore
assume that A is complete to begin with. Because A is complete, we then get a
homomorphism of k-algebras

a: k[[zy,.. ., xn]] = Ay alxg) = fi,

from the ring of formal power series, and « is easily seen to be surjective. For any
f € A, we denote by f(0) € k its image in A/m. Because char(k) = 0, we can also
define a function

B A Hlor, ol B = Y e (08 a1 0),

that sends every f € A to its Taylor series; a short computation proves that g is a
ring homomorphism. The composition

Boa: k[[z1,...,z.]] = E[[z1,- ., 4]
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is the identity modulo (z1,...,7,)?, and is therefore an automorphism; in partic-
ular, o must be injective, and so « is an isomorphism. This proves that A is a
regular local ring. (|

We also need talk briefly about quotients. Suppose that G is a finite (hence
affine) group scheme. An action of G on a scheme X is a morphism G x X — X
subject to the condition that certain diagrams commute. As in Lecture 12, one can
define the quotient X /G, under the assumption that the orbit of every closed point
is contained in an affine open subset of X. If U = Spec A is a G-invariant affine
open subset, then G x U — U corresponds to a morphism of k-algebras

0: A=T(G,06) ® A,
and one defines the subalgebra of G-invariant functions as
AC={feAl|sf)=1®f}.

One can show that A is again a finitely-generated k-algebra, and the quotient
U/G is defined as Spec A®.

The dual abelian variety in general. Let X be an abelian variety, and let L
be an ample line bundle on X. Consider the line bundle

(15.8) M=m"LepiL '@ p;L~*

on X x X, and let K(L) C X be the maximal closed subscheme such that the
restriction of M to X x K (L) is trivial; the set of closed points of this subscheme is
the group ker ¢y that we used earlier. This is actually a group scheme: the group
operation is induced by m: X x X — X.

Lemma 15.9. The group operation m: X x X — X on the abelian variety restricts
to a morphism m: K(L) x K(L) — K(L).

Proof. Set K = K(L). We need to show that the composition
KxK— XxX "5 X

factors through the closed subscheme K. By the universal property in Proposi-
tion 14.8, this is equivalent to the pullback line bundle (id xm)*M being trivial on
X x K x K. We are going to use the following notation:

X" XxK—" 43X

] Jmia |m

XxK &2 X xKx K2 xwx Py x

Jps 2
KxK —"——X
Because of (15.8), we have
(id xm)*M = (m x id)*m*L @ piym* L~ @ pj L.
We can rewrite the first factor as
(m x id)*m*L = (m x id)*M ® (m x id)*p]L @ p5L = pjom™ L @ p5L,
because M is trivial on X x K (by definition of K). Similarly, we have
pram"L = piyM @ piL @ py L = pi L& psyL,

again because M is trivial on X x K. Combining the three previous lines gives

(id xm)*M = pjL @ psL @ p3L @ pham L™ @ piL™"

=~ pis(m* L @ piL @ p3L) = p3s M,



which is trivial because M is trivial on K x K. This proves the lemma. U

We can now define the dual abelian variety as the quotient
X = X/K(L)
by the finite group scheme K (L). If we let m: X — X be the quotient morphism,
we again get a Poincaré bundle P on the product X x X, with the property that
(idx7)*P=m*Lopi L' @ psL .
By construction, the two line bundles
Plxxqoy and Pl x

are trivial, and the maximal closed subscheme Z C X such that P is trivial on
X x Z is the reduced singleton Z = {0}. The pair (X, P) is now a moduli space
for translation-invariant line bundles on X on the category of all schemes (of finite
type over k). Indeed, one can prove the following universal property (similar to
what we did in Lecture 13, but using Proposition 14.8).

Theorem 15.10. Given a scheme S, and a line bundle L on X xS such that

Ly = L|xx{s) € Pic’(X)
for every closed point s € S(k), and such that L|oyxs is trivial, there is a unique
morphism f: S — X with the property that L = (id x f)*P.

Cohomology of the structure sheaf. We showed that nontrivial line bundles
in PicO(X ) have no cohomology whatsoever. But we still haven’t computed the
cohomology groups of the trivial line bundle &x. We are going to do this by
computing the cohomology of the Poincaré bundle P at the same time. The result
is exactly the same as over the complex numbers.
Theorem 15.11. Let X be an abelian variety of dimension g.
(a) We have dimy, H'(X, Ox) = g
i
(b) The cohomology of the Poincaré bundle is
. . 0 ifi
HX xX,p)= ] 1179
k ifi=g.
From (a), it follows that the natural map
N\ H'(X,6x) —» H(X, 0x)
is an isomorphism of k-vector spaces. We will carry out the proof of the theorem
in six steps; the main ingredient is (as usual) the base change theorem.
Step 1. Let pa: X x X — X be the second projection. For i € N, define
yi = Rl(pQ)*Pa

which is a coherent sheaf on X. Because dim X = g, we have %, =0 for i > g. We
are going to prove (b) by computing these higher direct image sheaves. For any
closed point « € X (k), we set

P, = Plxy{a} € Pic’(X),
and observe that P, is trivial iff @« = 0. By Observation 7 in Lecture 13, we therefore

have HY(X,P,) = 0 for all i € Z and all a # 0; the base change theorem (in
Corollary 9.9) therefore tells us that .%; is supported at the closed point 0 € X (k).
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Step 2. Since Supp .#; = {0}, we have Hj()A(,ﬁi) = 0 for 5 > 0, and so we get
(from the Leray spectral sequence) that
H' (X xX,P)=H(X,%) =0

for ¢ > g. From this, one can deduce by Serre duality that the same thing is true
for ¢ < g, and hence that .%; = 0 for i # g; this is a nice exericse, but we will prove
it in a different way in the next two steps of the argument.

Step 3. Now let’s study what happens near the point 0 € X(k) We can work
over the local ring A = 0% ,; as usual, we denote the maximal ideal by m = m,.
According to Theorem 9.4, we can find a bounded complex

0K’ K' ... 5 K" >0

of finitely-generated free A-modules that “universally” computes the higher direct
images R'(p2).P, in the sense that for any A-algebra B, one has

H'(K*®4 B) 2 H'(X x X,P®4 B).

Since we are working over a local ring, we may choose the complex K*® to be
minimal, which means that all the differentials d: K? — K'*! have entries in the
maximal ideal m. From

H'(K*®ak) = H'(X,P) = H(X, 0Ox)
and minimality, we see that
tk K* = dimy, H (X, Ox).
In particular, we have K* = 0 for i > g, and so our minimal complex takes the form
0K K'—»... 5 K90

Let M; be the finitely-generated A-module corresponding to .%; = R(p2). P; these
are the cohomology modules of the complex K*°.

Step 4. The following simple lemma from commutative algebra now lets us conclude
that M; =0 for i < g.

Lemma 15.12. Let (A, m) be a regular local ring of dimension g. Let

0K’ K' ... 5 K" >0

be a bounded complex of finitely-generated free A-modules, such that all cohomology
modules H'(K*®) have finite length. Then H'(K®) =0 fori < g.

Proof. The statement is trivial for ¢ = 0, and so we can argue by induction on g > 0.
Choose an element f € m such that f ¢ m?; then the quotient ring A = A/Af is
regular of dimension g — 1 (by dimension theory). If we set K®* = K*®4 A, we get
a short exact sequence of complexes

0— K* L ke 5K =0
and therefore an exact sequence in cohomology
Hi(K*) L Hi(K*) — HI(K®*) — HY(K*) L B+ (K*).

Because all cohomology modules of K*® have finite length, it follows that the co-
homology modules of K*® also have finite length. By induction, we therefore get
HY(K®*) =0 for i < g — 1. From the exact sequence, f: H(K) — H*(K) is then
injective for i < g; but because H?(K) has finite length, it is annihilated by some
power of f, and so H(K) =0 for i < g. O
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If we apply this to our complex, we find that M; = 0 for ¢ < g, and hence
that M, is the only nontrivial cohomology module of K*. In other words, K* is a
minimal free resolution of the A-module M,.

Step 5. Now let’s combine this with what we know about the Poincaré bundle
(from the construction of X). We have H(X, Ox) = k, and so K° = A; setting
n =1k K', we also get K' =2 A™. The differential
d: K° — K!
is therefore given by n elements f1, ..., f, € m (by minimality). We showed during
the proof of Proposition 14.8 that the maximal closed subscheme of X over which
P is trivial is defined by the ideal (f1,..., fn). In our case, this closed subscheme
is {0}, and so we must have (f1,..., fn) = m. Consider now the dual complex
0= (K")* = - = (KY)* = (K%* > 0.

By the lemma from Step 4, this complex is again exact in all places except at the
right end, and there, the cohomology is A/(f1,...,fn) = A/m = k. The dual
complex is therefore a minimal free resolution of the residue field k.

Step 6. But we know from commutative algebra what the minimal free resolution of

A/mlooks like in a regular local ring;: it is the Koszul complex for a regular sequence

Z1,...,24 € m. The Koszul complex is the tensor product of the g complexes
0— A5 A4A—0

and therefore has the shape
0 A0 5 a0 5 4@ .. AG%) &5 A6) & 0.

Because minimal free resolutions are unique (up to isomorphism), the dual complex
of K*, and hence K* itself, must be a Koszul complex as well. This gives

dimy Hi(X, Ox) =k K' = (?),
(3

which proves (a). We also find that M, = H9(K®) = A/m, and so %, is the
structure sheaf of the closed point 0 € X (k). We now get (b) from the computation
in Step 2. O

Note. In fact, we have shown that

RZ(pQ)*Pg {0 1 71#97

ﬁo if 1= g.
This result will be important when we study derived categories of abelian varieties.

Corollary 15.13. We have dim H9(X, 0%, )= (7} ( 7).
X/k P q

Proof. The Kahler differentials Qﬁ( /), are locally free of rank g = dim X. Therefore
ar . = N Q% /18 locally free of rank (), and the formula follows from the

g
X/k P
theorem. O



