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Brief review

Last time, we studied the root decomposition

g=b® P g

a€ER

in a semisimple complex Lie algebra g.

Recall that R C b* is the root system of g, and
Oa = {x €g ‘ [h, x] = a(h)x for all h € f)}

are the root root subspaces (with go = b).



Brief review
Concerning the root subspaces

go={xe€g|[hx]=a(hxforalhep},

we proved the following:
1. For each root a € R, one has dimg, = 1.

2. If o, B € R, then [ga, 5] = Gaip-
3. For a € R, there is a distinguished element h, € h with

_ 2(a.)
(aa)

4. For a € R, the subspace

B(hy) for all 3 € b,

9o @ Ch, ® g_q

is a Lie subalgebra of g isomorphic to s((2, C).



Brief review

Concerning the root system R C h*, we proved the following:

1.

One has h* = E @ iE, where E C bh* denotes the real
subspace spanned by the root system R.

2. The bilinear form (—, —) is positive definite on E.

3. For every a, 8 € R, one has

2(a, )

(@, ) €.

5(ha) =

For a € R, define the reflection operator s, : h* — h* by

2(a, )

sa(A) = A — A(ha)ar = A — o)

Q.

If 8 € R, then also s,(3) € R.

. The only multiples of & € R that are also roots are +a.



Abstract root systems

Let E be a finite dimensional real vector space.

Let (—, —) be a positive definite inner product on E.

A subset R C E \ {0} is called a (reduced) root system if
1. R is finite and spans E.
2. Ifa€e R and ca € R, then ¢ = +1.
3. For every a, 8 € R, one has

4. If o, € R, then also f — ng,a € R.

The number dim E is called the rank of the root system.



Reflections
The geometric meaning of (4) is the following. Let

2(a, x)

St E—= E, su(x)=x— )

Q,

be the reflection in the hyperplane orthogonal to o € R.

Then (4) is saying that R is closed under s,.



The root system A,_1

Recall our computation of the root system of sl(n, C):

E=R"/R(1,1,....1)= {x€R"

a0l

with (—, —) induced by the standard inner product on R".

The set of roots is
R:{e,—ej‘/7éj}
It consists of n(n — 1) vectors, each of length V2.

The reflection corresponding to e; — ¢; swaps the i-th and j-th
coordinate of a vector.

This root system is called A, ;.



Angles and lengths

The most restrictive condition in the definition is that

2(a, B)

o= c 7.
" = () a)

Let 6 € [0, 7] be the angle between o and /3. Then

. 2lolllBlcost _ 2)3) cost
’ o] ol

and therefore 4 cos? 0 = ng 4na. 5 € Z.
The only possibilities are 4 cos? € {0,1,2,3,4}.



Angles and lengths

We can list all possibilities, assuming that « is longer than :

4eos’d ngo nap |lall/]B] 4
0 0 0 any /2
1 1 1 1 /3
1 -1 -1 1 2m/3
> 1 2 2 /4
2 -1 -2 V2  3n/4
3 1 3 V3 /6
3 -1 -3 V3  57/6
4 2 2 1 0
4 -2 -2 1 T

Remember that +a are the only possible multiples of «.



Angles and lengths

Here is the same information in pictorial form:

Bo (o = 5)




Examples in rank 1

Every root system of rank 1 looks like this:

B T

The only roots are £a (but the length of « is arbitrary).

This is the root system Ay, up to rescaling.



Examples in rank 2

In rank 2, the root system is almost completely determined by
the angle 6 between adjacent roots:

v = —5a()

—s,(a)

In fact, the angle between any two adjacent roots must be 6.



Examples in rank 2

In rank 2, the root system is almost completely determined by
the angle 6 between adjacent roots.

If 6 =7/2, we get A; x As: If 0 = 7/3, we get A;:

The two lengths are arbitrary. Ratio of lengths is 1.



Examples in rank 2
If 0 = /4, we get Bo:

Ratio of lengths is V2. Ratio of lengths is V3.

G, is the root system of a Lie algebra g. How big is dim g?



Examples in rank 3
In rank 3, there are three new irreducible examples (which are

not products of root systems of lower rank).

The root system As: The root system Bs:

&



Examples in rank 3

In rank 3, there are three new irreducible examples (which are
not products of root systems of lower rank).

The root system Cs:




Isomorphisms

We are interested in the numbers ng,, more than in the
lengths of individual roots.

Definition
Two root systems R; C E; and R, C E, are isomorphic if there
is a vector space isomorphism

Q. E1 — E2
such that ¢(Ry) = R> and ny ) p(a) = N forall a, 8 € Ry.

Isomorphisms do not need to preserve the inner product.

Example

The root systems R and cR (with ¢ > 0) are isomorphic.



Reducible and irreducible root systems

Example
If R, C E; and R, C E, are root systems, then

R]_X{O}U{O}XRQQE]_@Ez

is another root system, denoted R; x R,. (The inner product
on E; @ E; is the one where E; and E; are perpendicular.)

A root system R is reducible if it can be written as a product
of two smaller root systems in a nontrivial way. Equivalently,

R=RUR,

with Ry L R,. If this is not possible, R is called irreducible.



Weyl group

Definition
The Weyl group of a root system R C E is the subgroup
W C GL(E) generated by all the reflections s,, for & € R.

One can think of they Weyl group as being a sort of
“automorphism group” of the root system.

Example
Let R be the root system of type A, ;.

» The reflection corresponding to e; — e; swaps the i-th and
J-th coordinate of each vector.

» In coordinates, it is the transposition (i ).
» The symmetric group is generated by transpositions.
» Therefore W = S,, in this case.



Weyl group

Lemma

1. The Weyl group is a finite subgroup of the orthogonal

group O(E), and R is invariant under the action of W.
1

2. Foranyw € W and any o € R, we have s,,(o) = ws,w™".
» Every reflection s, is an orthogonal transformation.

» Therefore W C O(E).

» By the axioms, s,(R) = R, hence w(R) = R for w € W.

» If w € W leaves every o € R invariant, then w = id
(because R spans the vector space E).

» Since R is a finite set, W must be a finite group.



Weyl group

1. The Weyl group is a finite subgroup of the orthogonal

group O(E), and R is invariant under the action of W.

2. Foranyw € W and any a € R, we have s,,(q) = wsow 1L,

For w € W and o € R, consider ¢ = ws, w1,

v

Let L, be the hyperplane orthogonal to «.

Since w € O(E), we have w(L,) = Ly(a).

Clearly ¢ acts as the identity on L.

Also p(w(a)) = w(sy(@)) = —w(a).

» Therefore ¢ is the reflection in the hyperplane L, . [

Do isomorphic root sytems have isomorphic Weyl groups?

v

v

v

v




