
On the algebraicity of
Compact Kahler varieties



I Algebraicity



-labraicdimensioncompact complex Canalytic variety
M(X) := field of meromorphic functions on X

Algebraic dimension all) := Jodega M() E Co
, dimX]

Siegel , Thimm, Remmert
f

⑧ X--- :Y => M(y) &E M(x) => a(y) = a(x)

· X-So, => M(Y) EriteM(x) =) a(y) = a(x)



Algebraic varieties X : compact complex variety

We call X algebra or Moisheyon if

a(X) = dimX

· X Moishegon (=) X ...> projective variety
· X-Y Then X Moisheyon => Y Moisheyon
· (Moisheyon) Moisheyen + Kahler <) Projective

· (Artin) < proper algebraic spaces/c7E [Moisheyon spaces)



Campana's algebraicity criterion

Thu (Campana) X : compact complex variety. Equivalent :-

· X Moishezon

· X algebraically connected and c...> compact Kahler

X is called algebraically connected if Va
, y EX general,

-> compact connected are < <X S
.8. 4

, % =

"X Moisheyon () X has
many cuwes/subvarieties

"



Sketch of proof zeX general point
G

X alg. conn. mis 2 es X

univ
.↓ P
S component of Curves <X through 21

Campana
z c..... I(m-jet bundle of X)

For Mo
I & = G"(x) algbraic

G
SX C- u Y

divisor
N30

D : = g"(x) cZ C = - - -] P(PEU(ND)) Saly =) Pl...) alZ

-
=> Z aly .



#I Algebraicity & positivity



Kodaira embedding theorem

X : compact complex manifold

Thm (Kodaira) If 5 Kahler form won X S
.E.

[v] E H
,Q)
,

then Xa pr

[W] Hi
, i) Kahlen Letschett

positive line bundle <unD

(1, 1)
Kodaira

unD

vanishing
Neey ample

,
i. .e . I sufficiently many sections yielding
X Pr



-> positive/-dim rational class =) projective

X compact Kahler manifold

K(X) : = [Kahler classes) CH"(X
, M) == H"() & H(x,

k(x) < Hd-,d(x
,m) (d := dimX)

w .
r.E .. H"(X

, R) @ Hd" , d "(x
,d) Es H**(X

,m) = R

Problem(Ogniso-Pefernell) Suppose

Int(k(x)) n H
*

(
, @) ** (k)

How algebraic is X ?

Remark wek() => w
*
"Int(F(Y) So projectivity => (KY



Thu CHuybrechts , Oguiso-Peternell) X Smooth compact Kahler surface

Then (1% for X (=) X projective

Pf . If F line bundle L on X S.8 . C
, (4) " so ,

then X is projective

(R-R => (N. ) or 1Kx-NL) has dim : 1 for NI

(1)
,

(Kx-NL)" >0 E X algebraically connected (



Thu CHuybrechts , Oguiso-Peternell) X Smooth compact Kahler surface

Then (k) for X (=) X projective

Pf . If F line bundle L on X S.8 . C
, (4) " so ,

then X is projective
· Suppose X non-proj X

V := R . H"(
, i) CH"(x,) .

No UEV

Sgn (H"(X, r)) = 10
,

h"- 1) = FWEH"(
,m)00 S

. &
.

we r+ and w" = 0

Demailly-Pain) wor-wEK()10 ~evi Inf(k(x))nH"(x
, Q) = ↑



X : compact Kahler manifold

Psef(x) : = \Cabsed positive (1, 1) - current]) < H'"(x
,+)

Problem Suppose
-

Inf (Psef(x)") +H
**
(
,
Q) = & (PY

Is X algebraic ?

k() < Psef(x) =) Pref < K(x)

This X projective f (PV) => (KY
·

Both""still unknown



Hodge classes in Psef(x)" and movable creves

X : compact Kahler manifold

Question V
& E Int(Psef(x)") 1 H

<
(x
,
Q)

- ? very movable curve <cX 3.8. for some Na
b [C] = N .r

Va
,y =X connected by deformations of C

· YES if X projective (Boucksom - Demailly - Paun-Peternell(

· By Campana's criterion
,

YES (=) ((PY => projective)



- No Hodge conjecture for curves when X non-projective

Example E
,
F elliptic curves

,
Xo = E + F

X : very general small deformation of Xo S .%.

x := [Expt] - (ptxE] E HiNo
,
Q)

remains Hodge
Then H"(x

,
Q) = Q · (x)

,

and a = -z 0 => X has no curves

Question X compact Kahler manifold of dim . &

Let < H
**"(

,Q) which is positive (e .g. EKG or Psef(x))
Is N . 1 algebraic for some Nso ?



known results of (K) or (PY =) ?? (2 :)

Thm (C .)

() (k) => Alb(x) is projective

(2) Suppose Ky = 0
.

(KY => X projective

(3) Suppose dimX = 3
.

(K) =) a(x) = 2

COgniso-Peterrell : (curve) <Int(kW) => a(x) = 2)

(4) Suppose dim X = 3
. (PY) => X projective

We will focus on (3) and (4)



Non-Kahler interlude



X : compact complexe manifold

Hi (X) :=
[d-closed (p,p)-forms H,

Im 25

Psef(x) : = [sclosed real positive b, 1) - currents]) C Hic(X ,m)

Thu (Ji-Shiffman)

Lut(psef(x))) H(x
,Q) + 0 = X Moisheyon



Let d = dim X

H*P(X) :=

965 - closed (P. P) - forms)
= Hp dv

In2 + Im5

Kamari) H(X, m) ,
dual
, HE ,d(X,

U U

Psef(x) G(
.X)

where G(X) := <Su
*

) w : Ganduchon metric on XY
i.e. ↳ real definite positive
(0
, 1) - form 5.% . 35(d) = 0



Hdrd-Rd(X
,
p) -dx

, x)

Question (Dual Ji-Shiffman)

G(x) 1S(H2*(X
,Q) = P =) algebraicity of X

Ex (Iwasawa 3-fold) R : ring

Heis(R) : = (b))GL(R) X :Heise
T

·D :=J1, Bi = dyc
,
V := dys-J ,dja T-invariant

w :=( + Pr + -) Satisfies w" G(x) & S(H(x,@))
· a(x) = 2 (X -/(i) x 45/(i))



#II Non-algebraic threefolds

(k) => a(X) = 2
X : compact Kahler 3-fold

(PY) => X projective



X compact Kahler 3-fold
Ihm (Fujiki + Abundance for Kahler 3-flds CHP-DO-GP)

If a(x) - 1
,

then X-- X'with X :

⑪ P-fibrationI ② (surface x curve)/finite group

③ 3-forms/finite group

⑭ X IB fibration
, general fiber = 2-forms

without multi-section
If a(x) = 2

,
then

⑤ X. elliptic fibration



Recall : Int((Y +H
*
(
,
Q) = & (15)

Inf (Psef(x)") 1 H
**
(
,
Q) = P (i)

Both (KY and CPY) descend :

Lem (2 .) X
,Y : compact Kahler manifolds s.% . X---Y

(1) for X = (1% for Y (dim =3 : Ogniso-Peternell)
(PJ for X => (PY for Y

S

Cor X : compact Kahler manifold.

Suppose X--S surface
.

Then

(k) for X =) a(X) = 2
#

(PY)



X compact Kahler 3-fold
Ihm (Fujiki + Abundance for Kahler 3-flds CHP-DO-GP)

If a(X) = / Then X-- X'with X :

⑪ P-fibration Cor

② (surface x curve)/finite group 3 impossible # (KV)
,

(PY

③ 3-forms/finite group

⑭ X EB fibration
,

general fiber = 2-formsI
without multi-section

If a(x) = 2
,

then

⑤ X. elliptic fibration



IV Torus fibrations



X compact Kahler 3-fold
Ihm (Fujiki + Abundance for Kahler 3-folds CHP-DO - GP)

If a(x) = 1 Then X .... X'with X :

I ⑪ P-fibration
② (surface x curve)/finite group

③ 3-forms/finite group

⑭ X↳B fibration
,

general fiber = 2-forms

without multi-section
↳ impossible, if we can show that

If a(x) = 2
,

then any 2-forus fibration X- B S.E.

⑤ X. elliptic fibration X satisfies (KT has multi-sections



Producing multisections for smooth forms fibrations

X to is smooth forus fibration

with X
,
B compact Kahler manifolds

Prop g := dimX-dirB. Equivalent :

⑪ 8x : H9 .5(X
,Q) = Hi B

,
Q)I② f has litale) multi-sections

Gr Suppose dimB = 1. Then

(KY) for X => I has a multi-section



~eligne cohomology X complex manifold. Let 8 o

Deligne complex Dx(g) :

deg o

-- + o++ 0x5 ...20 e ...

X

MD &c e Dx(8) - 4x

Assume XCompact Kahler
, applying RP and truncating

fields a short exact sequence

0 + Jef"() + H *(X
, Dx(g)) -> H8 %

(
, (1) -> 0

intermediate
Jacobian e .g. if X = forus of ding

,
52g() =X



Relative Deligne complexe X&B Smooth forus fibration
Fiber dim = g

deg o

D(g) : - . + o++ 0x55 ...20 e ...

lis X 15 /B

unt ge D)-

Rf
uD

·- + RE Dys) + R
**f**y = 0

12 i

where I is the sheaf of
germs of holomorphic sections

of the Jacobian fibration J-B of8



Deligne cohomology & J-forsors f : x + B forus fibration
rel

.
dim =

g
· + 2 + RofPy's) + <B = 0

Dx(g) -> Dxp(s) yields

125(X
, Dx (g) +< H9(x

, 4)

↓ ↓
und H%B

, r5fDyp(81) - HB
, 4) -HLB

, 7) exact

1 it (f) (Nakayama
, Claudon)

Supp 8x : H9 .5(X
,Q) = Hi B

,
Q)

Then m . 16) =o for some metso mi XFesection

up multisection of f
is



I Elliptic threefolds



Support of Hodge classes

Prop(Hodge theory) X : compact Kahler manifold

YcX algebraic subvariety, jiy desingyaX with T projective

If B = ken(r(
,
2) - H"(X(Y

, Q) , then

B =j

for some HPP(Y
,

Q

· Proof based on (mixed) Hodge theory , and
Hom · Proj, Q) = ① polarized Q-rlodge structures

· Without the projectivity assumption
,

Proposition is unknown



Question (Property (H) X : smooth compact Kahlen 3-fold

Y X Surface
, jiy desing

,ya X

Let B = ke(r"(
,
2) - H

"
(XY

, Q)) , F?H"(Y
,

Q1 S
.&
.

B =j

Lem (2 .) Yes
,

if y is irreducible

Ihm( .) X : compact Kahlen 3-fold with an elliptic fibration.

· (PV) for X =) X projective (unconditional
,

based on Lem)
· Assure (H) for X. Then (KV for X =) X projective



Ihm( .) X : compact Kahlen 3-fold with an elliptic fibration.

· (PV) for X =) X projective (unconditional
,

based on Lem)
· Assure (21) for X. Then (12) for X =) X projective

Sketch of proof XIs elliptic fibration with S smooth

Let <e Int(y() H*
(
,

Q) for 2() = KC) or Psef(x)

Then 8 EH" (S
,Q) is ample if 3() = Psef(x)

& big if3M) = k(*)



Ihm( .) X : compact Kahlen 3-fold with an elliptic fibration.

· (PV) for X =) X projective (unconditional
,

based on Lem)
· Assure (21) for X. Then (12) for X =) X projective

Sketch of proof XIs elliptic fibration withS smooth

Let <e Int(y() H*
(
,

Q) for 2() = KC) or Psef(x)

Then N . 8 = [C] eM"(Q) for N

where C = Ave

Y - = 0 if J(x) = Psef(x)
very ample in S

For a suitable model of XES
,
we show

& ker (H*(X
,
Q) e H

"

(XIf"(c)
,

Q)



Ihm( .) X : compact Kahlen 3-fold with an elliptic fibration.

· (PV) for X =) X projective (unconditional
,

based on Lem)
· Assure (21) for X. Then (12) for X =) X projective

Idea XIs elliptic fibration, C
= AvECS
X X = 0 if((x) = Psef(x)

very ample in S

For a suitable model of XES
,
we show

& ker (H*(X
,
Q) e H

"

(XIf"(c)
,

Q)

C irreducible or (H) => & is supported on f"(c) as Hodge
class

As a dominates a f"() is algebraicS

Finally
,
we vary the very ample crive A and apply Campana i



#
Varying C mo X algebraically connected

=> X algebraic
Campana



Conclusion
-

· Algebraicity <) many algebraic subvarieties (curves)

· F positive divisors => algebraicity
·I positive higher codimension classes

E positive higher codimension subvarieties & algebraicity
· For 3-fold , Int(Psef(x) nr(

,@) ** =) X proj

Inf (k()) nHP(
,Q) * =) a(x) = 2

· If 7 non-aly . 3-fold X with Inf(k() nr(
,Q) 0

,

it also yields a negative answer to the-cycle support problem



Thank you !


