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Yau’s theorem and applications

X compact Kähler manifold s.t. c1pX q “ 0 P H2pX ,Rq.

Theorem (Yau ’78)

Given a Kähler class α P H2pX ,Rq, D!ω P α such that Ricω “ 0.

Some applications

1 AlbX : X Ñ AlbpX q is a holomorphic submersion, étale trivial.
2 TX is polystable wrt any Kähler class.
3 Any tensor σ P H0pX ,Tbp

X b Ωbq
X q is parallel wrt ω (i.e.

∇σ “ 0q.
4 rX » Cr ˆ Y with Y compact (ñ rX can be compactified)
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Question

Vague question
What are larger classes of Calabi-Yau varieties where all or some of
these properties still hold ?
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Log terminal CY varieties

If X is compact Kähler with log terminal singularities s.t.
c1pX q “ 0, then :

1 Xreg admits an incomplete Ricci-flat Kähler metric (EGZ’06)

2 TX is polystable with respect to any Kähler class (GKP’11, G’14)

3 AlbX : X Ñ AlbpX q is étale trivial˚ (K’81, CGGN’20)

4 Bochner principle holds for holomorphic tensors on Xreg
(GGK’17, CGGN’20)
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Log canonical varieties

If X is compact Kähler with log canonical singularities s.t.
c1pX q “ 0 then

TX is still semistable (G’14)

but there are examples (Bernasconi, Filipazzi, Tsakanikas, Patakfalvi +
Müller ’25) s.t

1 TX is not polystable with respect to any Kähler class.
2 AlbX : X Ñ AlbpX q is not isotrivial (not even birationally).
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Log Calabi-Yau manifolds

Definition of a log CY manifold
A log smooth pair pX ,Dq with X compact Kähler of dimension n,
D “

řk
i“1 Di snc reduced such that KX ` D „ OX .

Questions

1 Existence a complete CY metric on XzD ?
2 Validity of Bochner principle ? What is the holonomy ?
3 Is AlbpX ,Dq locally trivial ?

4 Structure of ĆXzD ?
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Today’s goal

Focus on two examples of log CY pairs :
1 X Fano, D smooth
2 X Fano, D “ D1 ` D2 with Di mutually proportional.

Upshot
In both cases, XzD admits a complete CY metric but the
geometry of pX ,Dq is vastly different in each case.
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D smooth, first observations

If X is Fano and D P | ´ KX | is smooth, then
‚ H0pX ,Ω1

X plog Dqq “ 0 (ð residue theorem)

‚ π1pXzDq finite (ð Nori theorem)

ù AlbpX ,Dq is trivial, ĆXzD is quasi-projective.

Next : Existence of CY metric, holonomy, Bochner principle,
stability of TX p´ log Dq ?
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The Tian-Yau metric

Assume X Fano and D P | ´ KX | smooth.

Theorem (Tian-Yau ’90)

There exists a complete Ricci flat Kähler metric ωTY on XzD.

Asymptotics. Near D “ pz1 “ 0q, we have

ωTY »
idz1 ^ dz̄1

|z1|2p´ log |z1|q
1´ 1

n
` p´ log |z1|q

1
nωD

Volume growth : volpBpRqq » R
2n

n`1 (! R2) as R Ñ `8.
Asymptotic tangent cone : pR, dt2q
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Holonomy

1. Asymptotics ñ E non-zero parallel p-form on XzD for p ‰ 0, n.
[alternatively use vanishing H0pX ,Ωp

X plog Dqq “ 0]

2. π1pXzDq finite + Berger-Simons classification ñ

Holx pXzD, ωTYq » SUpnq

for any fixed point x P XzD.
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Bochner principle and stability

X Fano, D P | ´ KX | smooth, ωTY complete CY metric with
holonomy G :“ SUpnq. Pick p, q P N and set
E :“ TX p´ log Dqbp b ΩX plog Dqbq, V :“ pCnqbp b ppCnq˚qbq.

Theorem (Collins-G. ’25)

1 [Bochner] There is a 1 :1 correspondence

H0pX ,E q V G

tσ P C8pXzD,E q; ∇σ “ 0u

evx
»

restXzD
evx

2 [Stability] TX p´ log Dq is stable wrt ´KX .
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Elements of proof

1. Take σ P H0pX ,E q, then ∆|σ|2 “ |∇σ|2. Then f :“ log |σ|2
satisfies

∆f ě 0, and f “ Oplog Rq.

Choose χR cutoff function supported on BpRq ; ∆χR “ OpR´2q.

0 ď
ż

X
χR∆f “

ż

X
f ∆χR

“ O
´

volpBpRqq ¨ log R ¨ R´2
¯

Ñ 0

ù ∆f ” 0 Yau
ùñ f ” ct (as f grows sublinearly) ñ |σ|2 ” ct

ùñ 0 “ ∆|σ|2 “ |∇σ|2.
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Elements of proof II

2. More involved (cf related work by Junsheng Zhang).

TX p´ log Dq semistable ñ only need to show EF Ă TX p´ log Dq
proper s.t. c1pF q ¨ Dn´1 “ 0. By contradiction, consider such an F
(say rkpF q “ 1).

Step 1. TX p´ log Dq|D is polystable.
ù WLOG F is a subbundle near D.

Step 2. Use ωTY and Griffiths formula.
ωTY induces a singular metric hF on F |XzD.

iΘhF pF q ^ ω
n´1
TY “ ´iβ ^ β˚ ^ ωn´1

TY ď 0

with β P C8pXzD,Ω1,0
X bHompFK,F qq.
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Elements of proof III

Step 3. Show that
ş

XzD iΘhF pF q ^ ω
n´1
TY “ 0.

The integral diverges a priori. One uses cutoff functions and
‚ Vanishing of D-slope of F

‚ Step 1

‚ Closeness of ωTY to its model on ND

Given Step 2 :
ż

XzD
iβ ^ β˚ ^ ωn´1

TY “ 0

i.e. F |XzD is parallel, which reduces the holonomy of ωTY.
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The two component case, first observations

X Fano of dimension n ě 3, D “ D1 ` D2 snc s.t. KX ` D „ OX .
Assume d1D1 „ d2D2 for some di P N˚.

‚ The meromorphic function a :“ sd1
D1
{sd2

D2
induces

a : XzD ÝÑ C˚ » C{Z

which is the quasi-Albanese AlbpX ,Dq of the pair pX ,Dq.
‚ The logarithmic 1-form d log a generates H0pX ,Ω1

X plog Dqq.
‚ π1pXzDq is a finite extension of Z.
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Albanese has moduli + No polystability

X “ Pn with n ě 9 odd and D1,D2 general of degree n`1
2 .

Proposition (Collins-G.)

1 Two general fibers of AlbpX ,Dq are not birationally equivalent.
2 TX p´ log Dq is not polystable.

Compare [BFTP+M].
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The complete Calabi-Yau metric

X Fano of dimension n ě 3, D “ D1 ` D2 snc s.t. KX ` D „ OX .
(still assume d1D1 „ d2D2 for some di P N˚)

Theorem (Collins-Li ’24)

There exists a complete Ricci flat Kähler metric ωCL on XzD.

Volume growth : R
4n

n`2 (" R2)
Asymptotic tangent cone : ppRą0q

2, explicit warped metricq

Bochner principle fails
The logarithmic 1-form d log a is not parallel wrt ωCL !
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Holonomy of ωCL and universal cover

Theorem (Collins-G. ’25)

1 HolpXzD, ωCLq “ SUpnq.

2 The universal cover pĆXzD, rωCLq has volume growth R
6n

n`2 and
asymptotic tangent cone pRą0q

2 ˆ R.
3 There exist examples pX ,Dq such that ĆXzD cannot be

compactified analytically.
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Summary

Table – Properties of log CY pairs pX ,Dq

D? CY AlbpX ,Dq TX p´ log Dq Bochner ĆXzD
metric loc. trivial polystable q. proj

X smooth, D “ 0 X X X X X
X klt, D “ 0 X X X X ?
X lc, D “ 0 ? ˆ ˆ NA ?
X Fano, D smooth X X X X X
X Fano, D singular X ˆ ˆ (s-stable) ˆ ˆ
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