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Yang-Mills Theory (1954)

Introduction of non-Abelian gauge theory
Lagrangian ‖F‖2
But geometry was missing!
Just phrased in terms of “vector potential”
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Yang-Mills Theory (1954)

Introduction of non-Abelian gauge theory
Lagrangian ‖F‖2

F = dA +
1

2
[A,A]
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1966: Frank Yang leaves IAS for Stony Brook
Created our outstanding program in Physics

1968: Jim Simons comes to Stony Brook
Created our outstanding program in Mathematics

C.N. Yang helped recruit Simons, based on advice
from his friend and former professor S.S. Chern.

(Simons had just been fired by IDA in Princeton
because of his criticism of the Vietnam War.)
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Both departments were originally housed in the
same temporary, one-storey building.

This led to a considerable amount of contact
between their faculty members.

This in turn resulted in a series of joint brown-bag
lunch seminars, organized by Yang and Simons.

By 1970, it began to emerge that gauge fields are
actually connections in fiber bundles!
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1966: Frank Yang leaves IAS for Stony Brook
Created our outstanding program in Physics

1968: Jim Simons comes to Stony Brook
Created our outstanding program in Mathematics

In the early 1970s, it then emerged that the YM
field-strength F is just the curvature 2-form
of the relevant connection, while the vector
potential A is just the connection 1-form
relative to a specific local trivialization.

This series of observations later became known as
the Wu-Yang dictionary, after they appeared in a
joint paper that Yang wrote with T.T. Wu.
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Yang was also doing work on this problem:

Understand Yang-Mills instantons, defined as

SU(2)-connections on R4 with

F = ± ? F
and with ∫

R4
‖F‖2dµg0 <∞.

This finite-action condition is equivalent to saying
that the solution extends to S4, by a later theorem
of Karen Uhlenbeck, proved in 1982.

But AHS just assumed this extension by fiat.
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a visit to Oxford. Atiyah in turn drew it to the
attention of his former student Nigel Hitchin.

Together they would write the first paper in pure
mathematics concerning Yang-Mills instantons.

By the Atiyah-Singer Index Theorem for
elliptic operators on compact manifolds,
and a vanishing theorem, the moduli space
of self-dual Yang-Mills instantons on S4 with
p1 = k was shown to have dimension 8k − 3.

By contrast, previously-known explicit solutions
of Jackiw et al. depend on only ∼ 5k parameters.
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self-dual instantons on (S4, g0).

The same result was proved simultaneously
in the Soviet Union by Drinfeld and Manin.

Ultimately, they published a single joint paper.
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This translation dictionary then came to the
attention of Isadore “Iz” Singer, who then shared
it with his collaborator Michael Atiyah during
a visit to Oxford. Atiyah in turn drew it to the
attention of his former student Nigel Hitchin.

Together they would write the first paper in pure
mathematics concerning Yang-Mills instantons.

A year later, Atiyah and Hitchin classified all
self-dual instantons on (S4, g0).

The same result was proved simultaneously
in the Soviet Union by Drinfeld and Manin.

The proof reduces the problem to classifying
suitable holomorphic vector bundles on CP3,
using a twistor correspondence discovered by
Richard Ward, inspired by ideas of Roger Penrose.

73



This translation dictionary then came to the
attention of Isadore “Iz” Singer, who then shared
it with his collaborator Michael Atiyah during
a visit to Oxford. Atiyah in turn drew it to the
attention of his former student Nigel Hitchin.

Together they would write the first paper in pure
mathematics concerning Yang-Mills instantons.

A year later, Atiyah and Hitchin classified all
self-dual instantons on (S4, g0).

The same result was proved simultaneously
in the Soviet Union by Drinfeld and Manin.

74



This translation dictionary then came to the
attention of Isadore “Iz” Singer, who then shared
it with his collaborator Michael Atiyah during
a visit to Oxford. Atiyah in turn drew it to the
attention of his former student Nigel Hitchin.

Together they would write the first paper in pure
mathematics concerning Yang-Mills instantons.

A year later, Atiyah and Hitchin classified all
self-dual instantons on (S4, g0).

The same result was proved simultaneously
in the Soviet Union by Drinfeld and Manin.

This Ward correspondence is in fact foreshadowed
by some of Yang’s comments about integrability.
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Poincaré Model of Hyperbolic 5-Space
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Naturally parameterizes k = 1 Instantons
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But this only works for standard (S4, g0)!
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theorem naturally filled in the interior.

This allowed him to prove. . .
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Warning: homeomorphic 6⇒ diffeomorphic!
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ϕ ∧ ψ

Then X is homeomorphic to a connected sum

mCP2 = CP2# · · ·#CP2︸ ︷︷ ︸
m

,

where, by convention, 0CP2 := S4.

Here the statement has been simplified by using
results of Mike Freedman,

who initially refused to believe Donaldson’s result!
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Theorem (Donaldson, 1983). Let X be a smooth
closed, simply connected 4-manifold with positive-
definite intersection form

H2
dR(X,R)×H2

dR(X,R) −→ R

( [ϕ] , [ψ] ) 7−→
∫
X
ϕ ∧ ψ

Then X is homeomorphic to a connected sum

mCP2 = CP2# · · ·#CP2︸ ︷︷ ︸
m

,

where, by convention, 0CP2 := S4.

Here the statement has been simplified by using
results of Mike Freedman,

who showed⇒R4 has an exotic smooth structure!
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Over the next decade, Donaldson used ASD
YM instantons to define Donaldson invariants of
smooth closed 4-manifolds.

Moduli spaceMk has dimension

dimMk = 8|k| − 3(1− b1 + b+)(X).

When dimMk = 2dk even, Donaldson defined
polynomial invariants

DX,k : �dkH2(X,Z)→ Z

by integrating cohomology classes in space B of
“off-shell” gauge fields onMk.

Then used algebraic geometry to calculate these
invariants for many compact complex surfaces X .
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Over the next decade, Donaldson used ASD
YM instantons to define Donaldson invariants of
smooth closed 4-manifolds.

Upshot:

Many topological 4-manifolds, such as |K3|, have
infinitely many inequivalent smooth structures!

This does not happen in any dimension 6= 4 !!!!
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A = iσ(Φ).

where Φ ∈ Γ(S+ ⊗ L1/2) is a spinc spinor,
coupled to U(1) connection A on L→ X .
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Associated with Seiberg-Witten equations

DAΦ = 0

F+
A = iσ(Φ).

where Φ ∈ Γ(S+ ⊗ L1/2) is a spinc spinor,
coupled to U(1) connection A on L→ X .

Much easier to calculate than Donaldson
invariants, but contain at least as
much information.

Provide the basis for most 21st century progress
in the field.
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1994:

Witten introduced the Seiberg-Witten invariants.

Associated with Seiberg-Witten equations

DAΦ = 0

F+
A = iσ(Φ).

where Φ ∈ Γ(S+ ⊗ L1/2) is a spinc spinor,
coupled to U(1) connection A on L→ X .

But we never would have gotten here without
the contributions of Frank Yang and Jim Simons!
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