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Basic problems: For given smooth compact M.
e What is inf 77

e Do there exist minimizers?
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Euler-Lagrange equations B = 0 elliptic mod gauge.

Here |
By = (vcvd + §%Cd)Wa,cbd

called Bach tensor.
Solutions called Bach-flat metrics.

Bianchi = Any Einstein (1%, ¢) is Bach-flat.

Of course, conformally Einstein good enough!
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By contrast:

For M™
7 (g]) = / W[ 2du,
M

has degenerate Euler-Lagrange equation
‘Wg‘(n—ﬂr)/?(vv.w 4o ) =0
when n > 4.

Einstein metrics are usually not critical points.
For n > 4, product K3 x T % not critical,

since, for fixed CY on K3, % (g)ocVol(T"™%).
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The Lie group SO(4) is not simple:

s50(4) = s0(3) @ s0(3).
On oriented (M4, g), —
A=At @A~
where AF are (£1)-eigenspaces of
x 1 A% = A2
x> = 1.

AT self-dual 2-forms.
A7 anti-self-dual 2-forms.
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R: A% — A°
splits into 4 irreducible pieces:

AT* ATF

AT W_|_—|—1—82 r

s = scalar curvature
1 = trace-free Ricci curvature
W4 = self-dual Weyl curvature (conformally invariant)

W _ = anti-selt-dual Weyl curvature !
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where P(R) is SO(4)-invariant polynomial
function of curvature.

Scale invariance = P quadratic.

Any such P(R) is linear combinations of
2 0 |2 2 2
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Integrals give four scale-invariant functionals.
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Suppose g Kahler metric on (M, .J).
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Then
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More general Riemannian metrics?
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with equality < g 1s a Kahler-Einstein metric.

Method: Seiberg-Witten theory:.

Hypotheses = 3 solution (P, 8) of SW equations
for spin® structure determined by w. —

0 = 2A|D) + 4|V®|* + s|D) + |D*
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2 ’ 5°
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M M

for all metrics g on M.
But this is actually a silly question!
Ju W 4] 2d,ug conformally invariant.

2
f M%dﬂg is certainly not!

Standard lore for Yamabe problem =—

Any complex surface M with by even carries
both metrics with > and with <.



Thus, our question only becomes sensible if we



Thus, our question only becomes sensible if we

e restrict our question to a class of metrics where
general conformal rescaling is not possible:



Thus, our question only becomes sensible if we

e restrict our question to a class of metrics where
general conformal rescaling is not possible:

— Kahler metrics;



Thus, our question only becomes sensible if we

e restrict our question to a class of metrics where
general conformal rescaling is not possible:

— Kahler metrics;

— Finstein metrics;



Thus, our question only becomes sensible if we

e restrict our question to a class of metrics where
general conformal rescaling is not possible:
— Kahler metrics;
— Finstein metrics;

— almost-Kahler metrics.



Thus, our question only becomes sensible if we

e restrict our question to a class of metrics where
oeneral conformal rescaling is not possible; or



Thus, our question only becomes sensible if we

e restrict our question to a class of metrics where
oeneral conformal rescaling is not possible; or

e modify problem to make it conformally invariant.



Thus, our question only becomes sensible if we

e restrict our question to a class of metrics where
oeneral conformal rescaling is not possible; or

e modify problem to make it conformally invariant.

One conformally-invariant version:



Thus, our question only becomes sensible if we

e restrict our question to a class of metrics where
oeneral conformal rescaling is not possible; or

e modify problem to make it conformally invariant.

One conformally-invariant version:

/]W\Qd i/ <7,
o e = o\ T )



Thus, our question only becomes sensible if we

e restrict our question to a class of metrics where
oeneral conformal rescaling is not possible; or

e modify problem to make it conformally invariant.

One conformally-invariant version:

/]W\Qd i/ <7,
o e = o\ T )

agrees with previous question in the Einstein case.



Thus, our question only becomes sensible if we

e restrict our question to a class of metrics where
oeneral conformal rescaling is not possible; or

e modify problem to make it conformally invariant.

One conformally-invariant version:

/]W\Qd i/ <7,
o e = o\ T )

agrees with previous question in the Einstein case.

Equivalent to



Thus, our question only becomes sensible if we

e restrict our question to a class of metrics where
oeneral conformal rescaling is not possible; or

e modify problem to make it conformally invariant.

One conformally-invariant version:

/]W\Qd i/ <7,
o e = o\ T )

agrees with previous question in the Einstein case.

Equivalent to

{?

1 , 2
— | W Pduy > <(2x + 37)(M).
4772/]\4’ +|dpg 2 (2x + 37)(M)



A
=)
|

—127%7 (M) + Q/M\W+\2dug

this is really a question about inf 7.



For (M*, g) compact oriented Riemannian,

Signature
1
(M)

= o5z . (WP = 1) d



Here 7(M) = by (M) — b_(M) defined in terms of
itersection pairing



Here 7(M) = by (M) — b_(M) defined in terms of
itersection pairing

H*(M,R) x H*(M,R) — R
(1 1) [ e
M



Here 7(M) = by (M) — b_(M) defined in terms of
itersection pairing

H*(M,R) x H*(M,R) — R
(1 1) [ e
M

Diagonalize:



Here 7(M) = by (M) — b_(M) defined in terms of
itersection pairing
H?(M,R) x H¥(M,R) — R
(1 1) [ e
M

Diagonalize:

+1

+1




Here 7(M) = by (M) — b_(M) defined in terms of
itersection pairing

H*(M,R) x H*(M,R) — R
(1 1) [ e
M

Diagonalize:

+1




Hodge theory:

H*(M,R)={p e D(A°) | dp =0, d*p =0}



Hodge theory:

H*(M,R)={p e D(A°) | dp =0, d*p =0}
Since « is involution of RHS, =—

H*(M,R) =H} dH,,



Hodge theory:

H*(M,R)={p e D(A°) | dp =0, d*p =0}
Since « is involution of RHS, =—

H*(M,R) =H} dH,,

where

Hy ={p € I(A\") | dp = 0}

self-dual & anti-self-dual harmonic forms.



Hodge theory:

H*(M,R)={p e D(A°) | dp =0, d*p =0}
Since « is involution of RHS, =—

H*(M,R) =H} dH,,

where

Hy ={p € I(A\") | dp = 0}

self-dual & anti-self-dual harmonic forms. Then

b+ (M) = dimH.



Hodge theory:

H*(M,R)={p e D(A°) | dp =0, d*p =0}
Since « is involution of RHS, =—

H*(M,R) =H} dH,,

where

Hy ={p € I(A\") | dp = 0}

self-dual & anti-self-dual harmonic forms. Then

b+ (M) = dim#H.

The subspaces ?—[;t are conformally invariant:



Hodge theory:

H*(M,R)={p e D(A°) | dp =0, d*p =0}
Since « is involution of RHS, =—

H*(M,R) =H} dH,,

where

Hy ={p € I(A\") | dp = 0}

self-dual & anti-self-dual harmonic forms. Then

b+ (M) = dim#H.
The subspaces ?—[;t are conformally invariant:

Same for ¢ and any § = u?g.



Hodge theory:

H*(M,R)={p e D(A°) | dp =0, d*p =0}
Since « is involution of RHS, =—

H*(M,R) =H} dH,,

where

Hy ={p € I(A\") | dp = 0}

self-dual & anti-self-dual harmonic forms. Then

b+ (M) = dim#H.
However, they are genuinely metric-dependent as
soon as we allow for more general changes of g.
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1985-1995: 3 anti-self-dual ¢ on many M2,
Poon, L, Donaldson-Friedman, Taubes ...

Often using complex geometry, via twistor spaces. . .
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Proposition (Atiyah-Hitchin-Singer '78). The Fubini-
Study metric on CPy 1s self-dual. Consequently,
minimaizes Weyl functional.
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Osamu Kobayashi ’86:

What about S2 x 527

Conjecture (Kobayashi). The Kdhler-Einstein
product metric on S? x S? minimizes the Weyl
functional W' .

Commonality between CPy and S x 527

Kahler-Einstein, with A > 0.
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(M*,.J) for which ¢; is a Kahler class [w].
Shorthand: “c; > 0.”

Blow-up of CPy at k£ distinct points, 0 < k <8,
in general position, or CIPy x CIPy.

Theorem. Each del Pezzo (M*,J) admits a
J-compatible conformally Kahler, FEinstein
metric, and this metric is geometrically unique.

Uniqueness: Bando-Mabuchi 87, L. "12.
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Theorem (CLW '08). Suppose that M is a smooth
compact oriented 4-manifold which carries some
symplectic form w. Then M admits an (unre-
lated) Finstein metric g with A > 0

CPy#kCPy, 0<k <38,
— M=~ or
S2 % G2

Diffeotypes: exactly the Del Pezzo surfaces.

For known ¢, can take w related to g.

But this is not needed in above result.
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Conjecture. On any del Pezzo surface (M4, J),
conformally Kahler, Einstein metric minimizes

the Weyl functional 7.

Persuasive partial results.

But problem still not settled.
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for self-dual harmonic 2-form w.
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A different use of self-dual harmonic forms
yields a complementary result.

Definition. A conformal class |g] on a compact
oriented 4-manifold M 1s said to be of symplectic
type <3 self-dual harmonic 2-form w on (M, g)
such that w # 0 everywhere.

Open condition in C? topology on metrics.

(Harmonic forms depend continuously on metric. )
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satisfies

9 47'('2
(W |%dp = ——(2x + 37)(M),
Y 3

with equality <|g| contains a Kdahler-Einstein
metric g.

However, only works for M del Pezzo.

This is apparently not an accident!
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But Gursky’s theorem also works for (S? x S2)#(S? x S?).

And for iterated connect-sums (S? x S?)# - - - #(S% x S?).

What happens here in the Yamabe-negative realm?
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Theorem A. Let N be a smooth simply-connected
compact 4-manifold that admits a metric gy of
scalar curvature sq, > 0. Then, for any suffi-

ciently large integer m > my, the smooth simply
connected 4-manifold

M = N#m(S?xS?)
= N#(SxS%)#- - #(5*x 57

admits metrics with s > 0, but nonetheless also
admits conformal classes [g| such that

9 47'('2
W Pdp < —(2x + 37)(M).
Y 3

That is, Gursky’s estimate fails for some s < 0
metrics once we “stabilize” by taking the connected
sum with enough copies of S?x S2.



Key facts used in proot:



Key facts used in proot:

Wall '66: It Y and Z are homotopy-equivalent simply-
connected smooth compact 4-manifolds,



Key facts used in proot:

Wall '66: It Y and Z are homotopy-equivalent simply-
connected smooth compact 4-manifolds,

then Y#0(5% x S?) ~ Z#0(5?x S?) for all £ > 0.



Key facts used in proot:

Wall '66: It Y and Z are homotopy-equivalent simply-
connected smooth compact 4-manifolds,

then Y#0(5% x S?) ~ Z#0(5?x S?) for all £ > 0.

Since a spin 4-manifold with s > 0 must have 7 = 0,
we therefore just need the following two lemmas:
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In proof, we apply this to
M = (k+ O)(X#X)#(k + 20)(5? x S?)

where X simply-connected minimal complex sur-
face of general type with 7(X) > 0.

Such X now known to exist in profusion!
Roulleau-Urzta "15: 3 sequences with 7/x — 1/3.
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Wall '66: It Y and Z are homotopy-equivalent simply-
connected smooth compact 4-manifolds,

then Y#0(5% x S?) ~ Z#0(5?x S?) for all £ > 0.

In proof, we apply this to
M = (k+ O)(X#X)#(k + 20)(5? x S?)

where X simply-connected minimal complex sur-
face of general type with 7(X) > 0.

Equip pluricanonical model X with orbifold K&hler-
Einstein metric. Flatten on small balls. Glue in
oravitational instantons to desingularize. Delete
small flat balls. Glue by conformal reflections. . .
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A final result involving these ideas.
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Theorem B. If (M, g,w) is a compact almost-
Kahler 4-manafold such that oW = 0, where 0
denotes the divergence operator, then

2
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with equality < (M, g,w) is Kahler. By con-
trast, if (M,qg,w) instead has scalar curvature
s >0, then

/ ‘W+‘2dﬂg / dig,

again with equality < (M, g,w) is Kdhler.

In particular, any compact almost Kahler 4-manzifold
(M, g,w) with W =0 and s > 0 is Kahler.
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A la prochaine, j’espere!




