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Hodge theory:

H2(M,R) = {ϕ ∈ Γ(Λ2) | dϕ = 0, d ? ϕ = 0}.
Since ? is involution of RHS, =⇒

H2(M,R) = H+
h ⊕H

−
h ,

where

H±h = {ϕ ∈ Γ(Λ±) | dϕ = 0}
self-dual & anti-self-dual harmonic forms.

Decomposition is conformally invariant.

The numbers
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are important homotopy invariants of M .
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Definition. Let M be smooth compact oriented
4-manifold, and Ω ∈ H2(M,R) with Ω2 > 0.
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harmonic form ω representing Ω with respect to
h is self-dual.

A Riemannian analog of Kähler class:
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GΩ := { Ω-adapted metrics h ∈ G}.
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Definition. Let M be smooth compact oriented
4-manifold, and Ω ∈ H2(M,R) with Ω2 > 0.

We will say the metric h is adapted to Ω if the
harmonic form ω representing Ω with respect to
h is self-dual.

A Riemannian analog of Kähler class:

Definition. In above situation, set

GΩ := { Ω-adapted metrics h ∈ G},

where G =
{
C∞ metrics on M

}
.
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Definition. Let M be smooth compact oriented
4-manifold, and Ω ∈ H2(M,R) with Ω2 > 0.

We will say the metric h is adapted to Ω if the
harmonic form ω representing Ω with respect to
h is self-dual.

A Riemannian analog of Kähler class:

Definition. In above situation, set

GΩ := { Ω-adapted metrics h ∈ G}.

Remark Notice, however, that

GΩ = GλΩ

for any λ ∈ R×. Moreover, GΩ invariant under
Diff0(M) and conformal rescalings.
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Proposition. For any Ω ∈ H2(M,R) with

Ω2 > 0,

GΩ ⊂ G is a Fréchet submanifold of finite codi-
mension b−(M). Moreover, GΩ 6= ∅ for an open
dense set of such Ω.
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GΩ ⊂ G is a Fréchet submanifold of finite codi-
mension b−(M). Moreover, GΩ 6= ∅ for an open
dense set of such Ω.

Open: Donaldson. Dense: Gay–Kirby

79



Proposition. For any Ω ∈ H2(M,R) with

Ω2 > 0,
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Proposition. For any Ω ∈ H2(M,R) with

Ω2 > 0,

GΩ ⊂ G is a Fréchet submanifold of finite codi-
mension b−(M). Moreover, GΩ 6= ∅ for an open
dense set of such Ω.

Open: Donaldson. Dense: Gay–Kirby

For any h ∈ GΩ, let ω ∈ Ω harmonic rep, and

H−h = {ϕ ∈ Γ(Λ−) | dϕ = 0}
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Proposition. For any Ω ∈ H2(M,R) with

Ω2 > 0,

GΩ ⊂ G is a Fréchet submanifold of finite codi-
mension b−(M). Moreover, GΩ 6= ∅ for an open
dense set of such Ω.

Open: Donaldson. Dense: Gay–Kirby

For any h ∈ GΩ, let ω ∈ Ω harmonic rep, and

H−h = {ϕ ∈ Γ(Λ−) | dϕ = 0}
Then

ThGΩ = {ω ◦ ϕ | ϕ ∈ H−h }
⊥
L2
h
⊂ Γ(�2T ∗M).
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For M chosen smooth compact 4-manifold, recall

G = { smooth metrics h on M}.
Einstein metrics = critical points of normalized
Einstein-Hilbert action functional

S : G −→ R
h 7−→ V −1/2

∫
M
shdµh
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Famous Variational Problem:

For M chosen smooth compact 4-manifold, recall

G = { smooth metrics h on M}.
Einstein metrics = critical points of normalized
Einstein-Hilbert action functional

S : G −→ R
h 7−→ V −1/2

∫
M
shdµh

where V = Vol(M,h) inserted to make scale-invariant.
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For M chosen smooth compact 4-manifold, recall

G = { smooth metrics h on M}.
Einstein metrics = critical points of normalized
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Restricted Variational Problem:

Given Ω ∈ H2(M,R) with Ω2 > 0, now consider
restricted Einstein-Hilbert functional

S|GΩ
: GΩ −→ R

h 7−→ V −1/2
∫
M
shdµh.

94



Restricted Variational Problem:

Given Ω ∈ H2(M,R) with Ω2 > 0, now consider
restricted Einstein-Hilbert functional

S|GΩ
: GΩ −→ R

h 7−→ V −1/2
∫
M
shdµh.

Proposition. An Ω-adapted metric h is a crit-
ical point of S|GΩ

iff (h, F ) solves the Einstein-

Maxwell equations for some F with F+ ∈ Ω.
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Restricted Variational Problem:

Given Ω ∈ H2(M,R) with Ω2 > 0, now consider
restricted Einstein-Hilbert functional

S|GΩ
: GΩ −→ R

h 7−→ V −1/2
∫
M
shdµh.

Proposition. An Ω-adapted metric h is a crit-
ical point of S|GΩ

iff (h, F ) solves the Einstein-

Maxwell equations for some F with F+ ∈ Ω.
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Remarkable fact:
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Remarkable fact:

Let (M4, h, J) be cscK:

Kähler surface with

s = constant.

Set

F =
1

2
ω + ρ̊

where

primitive part of Ricci form.

Then (h, F ) solves Einstein-Maxwell equations.
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This provides key ingredient in proof of following:

Theorem (L ’10). Let M be the underlying smooth
4-manifold of a compact complex surface.

• If b1(M) is even, then M carries Einstein-
Maxwell solutions (h, F ).

• If b1(M) is odd, and if pg(M) = 0, then M
carries no Einstein-Maxwell solutions.
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This provides key ingredient in proof of following:

Theorem (L ’10). Let M be the underlying smooth
4-manifold of a compact complex surface.

• If M of Kähler type, then M carries Einstein-
Maxwell solutions (h, F ).

• If M is not of Kähler type and has pg = 0,
then M carries no Einstein-Maxwell solutions.
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This gives CSCK orbifold.
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This gives CSCK orbifold.

Replace C2/Z2 with Eguchi-Hansen metrics.
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This gives CSCK orbifold.

Replace C2/Z2 with Eguchi-Hansen metrics.

Arrezzo-Pacard ⇒ ∃ CSCK metric.

114



Typical example of Kodaira dimension 1:

Σ

E

Σ× E
× × × × × ×

× × × × × ×

× × × × × ×

× × × × × ×
.............................................................................................................................................................................................................

.........
........
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
.......
........
.........
..................................................

.................................................................................

.....................................................

..................
.................................

.................................................................................................................................................................................................................................................................................................................
....................

..

..................
.................................

.................................................................................................................................................................................................................................................................................................................
....................

..

.............................................................................
.... .....................................................

.............................................................................
.........................................................

...................................
.......
.......
...

....................................................

...............

...............

..............................

................................................................

................................................................

.......

......

.......

......

.......

......

.......

......

............. ............. ............. .............

This gives CSCK orbifold.

Replace C2/Z2 with Eguchi-Hansen metrics.

Arrezzo-Pacard ⇒ ∃ CSCK metric.

Systematic study: Yujen Shu’s thesis.
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This provides key ingredient in proof of following:

Theorem (L ’10). Let M be the underlying smooth
4-manifold of a compact complex surface.

• If M of Kähler type, then M carries Einstein-
Maxwell solutions (h, F ).

• If M is not of Kähler type and has pg = 0,
then M carries no Einstein-Maxwell solutions.
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This provides key ingredient in proof of following:

Theorem (L ’10). Let M be the underlying smooth
4-manifold of a compact complex surface.

• If M of Kähler type, then M carries Einstein-
Maxwell solutions (h, F ).

• If M is not of Kähler type and has pg = 0,
then M carries no Einstein-Maxwell solutions.

Einstein-Maxwell deeply related to Kähler!
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The following thus seems entirely natural:

Question If M is the underlying 4-manifold of a
compact complex surface, is every Einstein-Maxwell
metric on M actually cscK?

However, the answer is No!

Theorem. Both CP2#CP2 and S2 × S2 admit
families of Einstein-Maxwell metrics which are
not cscK.
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The following thus seems entirely natural:

Question If M is the underlying 4-manifold of a
compact complex surface, is every Einstein-Maxwell
metric on M actually cscK?

However, the answer is No!

Theorem. Both CP2#CP2 and S2 × S2 admit
families of Einstein-Maxwell metrics which are
not cscK.

We will show this using yet other Kählerian ideas.
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Definition. Let (M4, J) be a complex surface.
An Einstein-Maxwell solution (h, F ) on (M,J)
is called strongly Hermitian if h and F are both
J-invariant:
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We will study only a special class of solutions:

Definition. Let (M4, J) be a complex surface.
An Einstein-Maxwell solution (h, F ) on (M,J)
is called strongly Hermitian if h and F are both
J-invariant:

h = h(J ·, J ·),
F = F (J ·, J ·).
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Theorem. Let (h, F ) be a strongly Hermitian
Einstein-Maxwell solution on compact complex
surface (M4, J). Then ∃ Kähler metric g on
(M,J), and a holomorphy potential f > 0 such
that h = f−2g, and such that F+ ∝ ω, Kähler
form of g.
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Theorem. Let (h, F ) be a strongly Hermitian
Einstein-Maxwell solution on compact complex
surface (M4, J). Then ∃ Kähler metric g on
(M,J), and a holomorphy potential f > 0 such
that h = f−2g, and such that F+ ∝ ω, Kähler
form of g.

Holomorphy potential:

∇(1,0)f holomorphic
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Theorem. Let (h, F ) be a strongly Hermitian
Einstein-Maxwell solution on compact complex
surface (M4, J). Then ∃ Kähler metric g on
(M,J), and a holomorphy potential f > 0 such
that h = f−2g, and such that F+ ∝ ω, Kähler
form of g.

Holomorphy potential:

∇µ̄∇νf = 0
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Theorem. Let (h, F ) be a strongly Hermitian
Einstein-Maxwell solution on compact complex
surface (M4, J). Then ∃ Kähler metric g on
(M,J), and a holomorphy potential f > 0 such
that h = f−2g, and such that F+ ∝ ω, Kähler
form of g.

Holomorphy potential:

∇µ̄∇ν̄f = 0
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Theorem. Let (h, F ) be a strongly Hermitian
Einstein-Maxwell solution on compact complex
surface (M4, J). Then ∃ Kähler metric g on
(M,J), and a holomorphy potential f > 0 such
that h = f−2g, and such that F+ ∝ ω, Kähler
form of g.

Holomorphy potential: f real =⇒

J∗(∇∇f ) = ∇∇f
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Theorem. Let (h, F ) be a strongly Hermitian
Einstein-Maxwell solution on compact complex
surface (M4, J). Then ∃ Kähler metric g on
(M,J), and a holomorphy potential f > 0 such
that h = f−2g, and such that F+ ∝ ω, Kähler
form of g.

Holomorphy potential: f real =⇒

J∇f Killing
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Theorem. Let (h, F ) be a strongly Hermitian
Einstein-Maxwell solution on compact complex
surface (M4, J). Then ∃ Kähler metric g on
(M,J), and a holomorphy potential f > 0 such
that h = f−2g, and such that F+ ∝ ω, Kähler
form of g.

Conversely, if Kähler surface (M4, g, J) carries
holomorphy potential f > 0 such that h = f−2g
has constant scalar curvature, then ∃! F with
F+ = ω such that (h, F ) solves the Einstein-
Maxwell equations.
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Theorem. Let (h, F ) be a strongly Hermitian
Einstein-Maxwell solution on compact complex
surface (M4, J). Then ∃ Kähler metric g on
(M,J), and a holomorphy potential f > 0 such
that h = f−2g, and such that F+ ∝ ω, Kähler
form of g.

Conversely, if Kähler surface (M4, g, J) carries
holomorphy potential f > 0 such that h = f−2g
has constant scalar curvature, then ∃! F with
F+ = ω such that (h, F ) solves the Einstein-
Maxwell equations.

F = ω +

[
fρ + 2i ∂∂̄f

]
0

2f3
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Hirzebruch surfaces:

CP1-bundles over CP1.

Up to biholomorphism,

Σk := P(O ⊕O(k))

where k ∈ N.

Up to diffeomorphism,

Σk ≈

{
CP2#CP2, if k is odd; or

S2 × S2, if k is even.
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Theorem. Let (M,J) = Σk be the kth Hirze-
bruch surface, with its fixed complex structure,
and let Ω be any Kähler class on (M,J). Then
∃ Kähler g ∈ Ω which is conformal to Einstein-
Maxwell metric h.
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Moreover, if k ≥ 2, there is a unique such g
which is also U(2)-invariant, and this g is never
extremal.
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Theorem. Let Ω be a Kähler class on
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Theorem. Let Ω be a Kähler class on

(M,J) = Σ0= CP1 × CP1

for which the area of one factor CP1 is more
than double the area of the other. Then Ω con-
tains a pair of Kähler metrics which engender
two geometrically distinct Einstein-Maxwell so-
lutions.
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Theorem. Let (M,J) = Σ1≈ CP2#CP2 be the
one-point blow-up of the complex projective plane,
and let
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be a Kähler class, where L and E are respectively
the Poincaré duals of a projective line and the
exceptional curve. Thus u > v > 0.

• If u/v ≤ 9, there is only one U(2)-invariant
g ∈ Ω conformal to an Einstein-Maxwell h.

• If u/v > 9, there are three distinct (g, f ), with
g ∈ Ω, such that h = f−2g is Einstein-Maxwell;
however, two of the g are identical, and two of
the h are isometric, in an orientation-reversing
manner.
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other values of u/v, the Kähler metrics g ∈ Ω
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rics h are not Bach-flat, and hence not even con-
formally Einstein.
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Prototype: S2 × S2

Take g product metric: axisymmetric ⊕ round.

Use holomorphy potential f as coordinate t.

g =
dt2
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+ Φ(t)dθ2 +

2

c
gS2
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Prototype: S2 × S2

Take g product metric: axisymmetric ⊕ round.

Use holomorphy potential f as coordinate t.

g =
dt2

Φ(t)
+ Φ(t)dθ2 +

2

c
gS2

h =
g

t2

Equation for h to have s = d = const:

t2Φ′′ − 6tΦ′ + 12Φ = ct2 − d.

=⇒ Φ(t) = At4 + Bt3 +
c

2
t2 − d

12
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Global solution:

Φ(a) = Φ(b) = 0, Φ′(a) = −Φ′(b) = 2, Φ′(0) = 0.
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]
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in every Kähler class.
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[
dx2
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+ 2(σ1

2 + σ2
2)
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+
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x + α
σ3
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g = (x + α)

[
dx2

2Ψ
+ 2(σ1

2 + σ2
2)

]
+

2Ψ

x + α
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2

and

h =
g

x2

where {σj} left-inv. o.n. coframe on S3 = SU(2),

Ψ(x) = Ax4 + Bx3 + x2 + Cx +
Cα

2

generic quartic with Ψ′′(0) = 2.

234



Global solutions:

235



Global solutions:

Ψ(x) =
(b− x)(x− a)

b− a
[k(x + α) + E(b− x)(x− a)]

236



Global solutions:

Ψ(x) =
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with

E =
kα− (k + 1)a− (k − 1)b

a2 + 4ab + b2

237



Global solutions:

Ψ(x) =
(b− x)(x− a)

b− a
[k(x + α) + E(b− x)(x− a)]

with

E =
kα− (k + 1)a− (k − 1)b

a2 + 4ab + b2

and

α =


− ab

a+b for any k ∈ Z+; or

− 4a2b
(a+b)2
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Global solutions:

Ψ(x) =
(b− x)(x− a)

b− a
[k(x + α) + E(b− x)(x− a)]

with

E =
kα− (k + 1)a− (k − 1)b

a2 + 4ab + b2

and

α =


− ab

a+b for any k ∈ Z+; or

− 4a2b
(a+b)2 for k = 1.

239



Einstein-Hilbert Functional:

240



Einstein-Hilbert Functional:

Hirzebruch, k ≥ 1:

241



Einstein-Hilbert Functional:

Hirzebruch, k ≥ 1:
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1/2 = 8π

√
6

b2 − a2 + kab√
k(b2 − a2)(a2 + 4ab + b2)

.

Tends to S4/Zk value as b/a→∞.
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Are any of these metrics Yamabe?
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Koca & Tønnesen-Friedman: minimal ruled.
Ann. Glob. An. Geom. 50 (2016) 29–46.
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• Existence on other rational surfaces?

• Toric case?

Pioneering work by Apostolov-Calderbank-Gauduchon.
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• Existence on other rational surfaces?

• Toric case?

Pioneering work by Apostolov-Calderbank-Gauduchon.
J. reine angew. Math. 721 (2016) 109–147.
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• Toric case?

• Isometry group? Matsushima-Lichnerowicz-Calabi?

Maximal compact of Z(ξ) ⊂ Aut0(M)?
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Some interesting problems:

• Existence on other rational surfaces?

• Toric case?

• Isometry group? Matsushima-Lichnerowicz-Calabi?

• Preferred Killing field?

Futaki-Ono 2017: Variational approach.
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• Preferred Killing field?

•Obstructions?

Apostolov-Maschler 2016:

Generalized Futaki invariant.

Also for higher-dimensional problem:

h = f−2g conformally Kähler,

s = constant, r(J ·, J ·) = r.
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• Isometry group? Matsushima-Lichnerowicz-Calabi?

• Preferred Killing field?

•Obstructions?

Apostolov-Maschler 2016:

Generalized Futaki invariant.

Also for higher-dimensional problem:

cKEM: “conformally Kähler Einstein-Maxwell.”

Although only Einstein-Maxwell in dimension 4!
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• Toric case?

• Isometry group? Matsushima-Lichnerowicz-Calabi?

• Preferred Killing field?

•Obstructions?

Futaki-Ono 2017:

Reinterpreted Apostolov-Maschler in terms of

constrained Einstein-Hilbert variational problem.
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• Preferred Killing field?

•Obstructions?

•Hermitian vs. Strongly Hermitian?

•Non-Kähler surfaces with pg 6= 0?

• Essentially non-Kähler solutions?

•General 4-manifolds?
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