Solutions to Final Exam, MAT 125, Spring 2002

Question 1 Compute each of the following limits:
(a) lim

Va2 — 4z +4
(b) lim T 4r +4

x—2- 12421 —8
(c) fILEI%) sin (% + h)

_ sin (% +h)
(d) - fim ——

Answer 1

(a) If we simply plug in = 2 to the function ””1‘5326, we obtain %. Thus we must factor the polynomials first.
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(b) Again plugging in x = 2 results in an answer of the form %, so we must simplify first.
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Now if z — 27, then < 2 so x — 2 < 0. Therefore |z — 2| = —(z — 2), and so % = —1 for < 2. So in the
end we have
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(c) This one is easy. Since the function f(x) = sinz is continuous, we can pull the limit inside the function. So
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(d) We recognize this formula as the definition of the derivative. In general, the derivative is

fa@) = 1 £ )~ F@)

h—0 h



and the limit 7
in(Z +p) — 3
lim s (3 + ) 2

h—0 h

is the same thing if we let f(z) = sinz and a = 3.

Since f’(x) = cosz, we have

in(Z 4 p) - V3 1
lim i (5 +5) — % = cos (I> = -
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Question 2 Compute each of the following derivatives:

d

(a) = V't — 2

(b) % In G i Z)

(c) %[cos (32)]

@ Ly
Answer 2

(a) To compute the derivative, we first rewrite the root as a power, and then use the Chain Rule. We have

d d , d ,
—Vt—2=—(t-2)3 =Lt 2723 S(t—2)= Tt—2)727 1=

t—2)"2/3
dt dt ( )

1
3
(b) Although we could use the Chain Rule directly on this function, it is much easier to simplify algebraically first,

using the general formula
A
In (B) =InA-InB

dln(H“) = 1w (1 - w)

So we have
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(c) The first derivative of cos (3x) is

4 [cos (3z)] = —sin (3z) dd (3z) = —3sin (3x)

dx dx



Therefore the second derivative of cos (3z) is the derivative of —3sin (3z), which is

d2

dz?

[cos (3z)] = % [ — 3sin (3z)]

d ;.
= —3£ [sin (3z)]

= —3cos (3z) % (3x)

= —9cos (3x)

(d) This problem is really difficult if you don’t simplify algebraically first. One should first rewrite the function as

(ex)Z — 6295

since a power raised to a power is the product of the powers. Then we have

The first derivative is

the second is

and the third is
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Question 3 Consider the function f(z) = Lopad 222

4

(a) Locate all the relative maxima and relative minima of f(x).

(b) Locate the absolute maximum and absolute minimum of f(z) on the interval 0 < z < 2.

Answer 3

(a) To find relative (local) maxima and minima, we must first compute the critical points. To do this, we compute

the derivative:

fl(z) = 2%+ 32% — 4z

The derivative exists everywhere, so the critical points are those values of x for which f’(z) = 0. We solve this

equation to find

fllz)=0

23+ 322 — 4z =0

(2> +32—-4)=0
z(z+4)(x—1)=0

So the critical points are =0, x = —4, and z = 1.

To determine whether these are local maxima, local minima, or stationary points, we can use either the First
Derivative Test or the Second Derivative Test. For the First Derivative Test, we check the sign of the derivative

at



(b)

— points to the left of x = —4, for example x = —5. Then

f(=5)=(=5)3 +3(=5)2 —4(-5) = —125+ 75+ 20 = =5 < 0.

Therefore the derivative is negative everywhere to the left of x = —4, and so the function is decreasing on
(—o0, —4).
— points between z = —4 and = = 0, for example x = —1. Then

f(=1)= (=12 +3(-1)> —4(-1) = -1+3+4=6 > 0.
So the derivative is positive everywhere between x = —4 and z = 0, and the function is increasing on
(—4,0).

— points between z = 0 and = = 1, for example x = % Then
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So the derivative is negative everywhere between £ = 0 and =z = 1, and thus the function is decreasing on

(0,1).
— points to the right of x = 1, for example x = 2. Then

fl(2)=23+3(2)%-4(2)=8+12-8=12>0.
So the derivative is positive for > 1, and therefore the function is increasing on (1, c0).

Since the function goes from decreasing to increasing at * = —4, x = —4 is a local minimum. Since the function
goes from increasing to decreasing at = 0, x = 0 is a local maximum. Since the function goes from decreasing
to increasing at z = 1, x = 1 is a local minimum. So

relative maxima at * = —4, 1

relative minimum at © = 0

The easier method is to use the Second Derivative Test: first compute f”(z) = 322 + 6x — 4. Since f"(—4) =
3(—4)? +6(—4) —4 =20 > 0, x = —4 is a local minimum. Since f”(0) = —4 < 0, z = 0 is a local maximum.
Since (1) =346—4=5>0, x =1 is a local minimum. Clearly the result is the same either way.

Absolute maxima and minima are easier. We have already computed that the critical points are x = —4, z = 0,
and = 1. The only ones we care about are the ones in the interval [0, 2], that is, z = 0 and = 1. So we list
the values of f(z) at the critical points and the endpoints:

4

f(0) = OZ +0%—-2(0*) =0
4

f() = 1? +1% - 2(1%) = —0.75
24
f(2) = T +2%-2(2%) =4

Since f(2) = 4 is the largest of these values, z = 2 is the absolute maximum. Since f(1) = —0.75 is the smallest
of these values, z = 1 is the absolute minimum. So the answers are

absolute maximum at x = 2

absolute minimum at x = 1



Question 4 Boyle’s Law states that when a sample of gas is compressed at a constant temperature, the pressure
P and volume V satisfy PV = C, where C' is a constant. At a certain instant, suppose that the volume of a given
sample is 900 cm?, the pressure is 300 kilopascals, and the pressure is increasing at a rate of 20 kilopascals per
minute. At what rate is the volume decreasing at this moment?

Answer 4 This is a related rates problem; we are trying to find % given P = 300, V = 900, and ‘il—f = 20. The
easiest way to do this is to simply compute the time derivative of the equation PV = C.

d dc
av dt(Pc;/P) &
P g + VE =0
using the Product Rule and the fact that the derivative of a constant is zero. Solving this equation for %’ we get
av._ _Var
dt P dt
Now we can plug in numbers and obtain
av. 900

—— = —2—(20) = —60 cm?® per second
at = 30020 P
So the volume is decreasing at a rate of 60 cubic centimeters per second.
Students did not get full credit for obtaining this answer by dimensional analysis or by randomly multiplying and
dividing the given numbers; such methods do not work in general and will usually give the wrong answer.

Question 5 A cylinder is inscribed inside a cone of height 2 meters and radius 1 meter. What is the maximum
possible volume of the cylinder?

Fr4

Answer 5 The variables we will need to find the volume of the cylinder are its height h and radius r. These
are labeled in the picture as shown.

The geometry in this situation comes about because the full cone and the little cone at the top (between the top
of the cylinder and the top of the cone) are proportional in size. This means that the ratio of height to radius of the
two cones are equal. Since the height of the small cone is 2 — h, the equation we have is

2—h 2
T 1




so that 2 — h = 2r or

h=2-2r
The volume of the cylinder is

V =mr?h

and since we know h = 2 — 2r, we can plug in to get a function of r alone:
V(r)=mr?(2 = 2r) = 7(2r? — 2r®%)

To find the maximum volume of the cylinder, we compute the derivative V'(r) and set it equal to zero. The
derivative is computed as
V'(r) = w(4r — 6r?) = 27r(2 — 3r)
so that g
V'(r)=0 = 7":001”7“:§

Since r = 0 corresponds to a degenerate situation, the actual answer must be

2
r=-

3

It is intuitively clear that this must be the radius for which the volume is maximized.
2

Now we obtain A from the equation h = 2 —2r, and get h = 5 as well. So the volume of the maximum cylinder is

v 2\* 2 8
= 2 h = - - =
" I<3) 3 27



